
1, 2, 3; a, b, c; …

Antoine Chambert-Loir
October, 22 2019

Université Paris-Diderot



Diophantine equations

Basically:

• Unknowns are integers, or rationals numbers
• Equations are given by polynomial relations between the
unknowns.

Roughly, three parameters:

• The number of variables;
• The number of equations;
• The degree of the equations.
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Warm-up

Diophantine equations in one variable are easy to solve.

Theorem
Let a0, . . . ,an−1,an ∈ C, with an 6= 0. Every root x of the nth
degree equation:

anxn + · · ·+ a1x + a0 = 0

satisfies

|x| 6 sup
(
1, |a0|+ · · ·+ |an−1|

|an|

)
.

If we seek for integer solutions, it then suffices to try one by
one all integers in the interval that is described by the
theorem.
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Geometry of diophantine equations



Equations of degree 1

An old problem: (iii-ve century c.e):

有物不知其數，三三數之剩二，五五數之剩三，七七數之

剩二。問物几何？

That means:
A number of things is unknown. If one counts them by
three, there remains 2; if one conts them by five, there
remains 3; if one counts them by seven, there remains 2.
Find this number of things.

This “Chinese problem” is due to Sūnzǐ, and was published in
the Sūnzǐ Suàngjīng孫子算經, The Mathematical Classic of
Master Sun
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Sūnzǐ Suàngjīng,
reproduction of a page
from a Qing dynasty edition

Source: Wikipedia
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The Chinese problem

Such exercises were then reproduced in other manuals, such
as the

Shùshū Jiǔzhāng —數書九章,
Mathematical treatise in nine sections, 1247,

itself included in the

Sìkù quánshū —四庫全書,
Complete Library of the Four Treasuries, xixth c.,

a kind of encyclopaedia commissionned by the Qing emperors
to attest their supremacy over the former Ming encyclopaedia
(ca. 1403)
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A Mathematical Book in
Nine Chapters
(數書九章, Shùshū
Jiǔzhāng)
reproduction of the Sìkù
Quánshū四庫全書 (1847)

Source: Wikipedia
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Le problème chinois

有物不知其數，三三數之剩二，五五數之剩三，七七數之

剩二。問物几何？

That is,
A number of things is unknown. If one counts them by
three, there remains 2; if one conts them by five, there
remains 3; if one counts them by seven, there remains 2.
Find this number of things.

Or,
again, solve

n = 3x + 2 = 5y + 3 = 7z + 2,

in the main unknown n.

The “Chinese theorem” teaches us that the smallest solution is
n = 23, and that all other solutions are obtained by adding a
multiple of 105 = 3× 5× 7.
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Equations of degree 2
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Equations of degree 2

Archimedes’s cattle problem
Archimedis Opera omnia, cum
commentariis Eutocii
Edited by J. L. Heiberg
B. G. Teubner, Leibzig, Volume 2
(1881), pp. 448–450
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The Brahmagupta (Pell–Fermat) equation

If n is a (non-square) parameter, find the solutions in rational
integers to the equation

x2 − ny2 = 1.

Example: x2 − 2y2 = 1. Solutions (3, 2), (17, 12),...

In Archimedes’s problem: n = 4× 609× 7766× 46572...
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Solving the Brahamagupta equation

Brahmagupta (628 c.e.): if (x, y) and (x′, y′) are solutions, one
may build a third one (x′′, y′′) by the formula:

x′′ = xx′ + nyy′, y′′ = xy′ + x′y.

All solutions (more or less) are obtained from a minimal one.

Modern explanation :

x2 − ny2 = (x +
√
ny)(x −

√
ny),

is the norm of the quadratic number x +
√
ny; it is

multiplicative and one has

(x +
√
ny)(x′ +

√
ny′) = (xx′ + nyy′) +

√
n(xy′ + x′y).
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The Pythagoras equation

Solving the equation
x2 + y2 = 1.

Only integer solutions: (±1, 0), (0,±1).

Rational solutions?

A

M
P

B

If M has coordinates (1, t),
then P has coordinates (x, y)
with 

x = 1− t2

1+ t2

y = 2t
1+ t2

t = arctan(B̂AP) = arctan(B̂OP/2)
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Rational parameterizing of conics

The procedure explained for the circle works for every conic
(given by a degree 2 equation in two variables)
provided there exists at least one solution in rational numbers.

Examples:

• x2 + y2 = −1 — sign issue.
• x2 + y2 = 3 — congruence modulo 4.

Theorem (Hasse, 1921)
If there is no sign issue, no congruence issue, then there is a
solution in rational numbers.

More generally: If a quadratic form q(x, y, z, . . . ) with
coefficients in Q has non-trivial solutions in all p-adic
fields Qp, as well as in R, then it has a non-trivial solution
in Q.

13
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Equations of degree 3 or more

Diophante, Arithmetica. Bachet de Méziriac edition, 1670.
Source: Wikipedia 14



A cubic equation

y2 = x3 − 2x

x

y

15



A cubic equation

y2 = x3 − 2x

x

y

p•

15



A cubic equation

y2 = x3 − 2x

x

y

p•

q•

15



A cubic equation
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A cubic equation

y2 = x3 − 2x

x

y

p•

q•

•p ∗ q

•p+ q

This defines a
commutative group law
on the set of rational
solutions.
The neutral element is
the “point at infinity”;
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Ellipti curves

Elliptic curves are those curves defined by a cubic equation of
the form

f (x, y) = y2 − x3 − ax − b = 0, ∆ = −4a3 − 27b2 6= 0.

The condition on the discriminant ∆ states that the curve in
non singular: if (x, y) is a singular point,

∂

∂x
f (x, y) = ∂

∂y
f (x, y) = 0

implies that y = 0 and x is a multiple root of x3 + ax + b.

Contrary to conics, elliptic curves cannot be parameterized by
rational functions.
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Elliptic curves — Another Poincaré conjecture

Let an elliptic be given by a cubic equation of the form

y2 = x3 + ax + b, ∆ = −4a3 − 27b2 6= 0

where a and b are rational numbers.

Theorem (Mordell, 1922)
The group of rational solutions is a finitely generated abelian
group.

Theorem (Siegel, 1929)
There are only finitely many integer solutions.
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Equations of higher degree

Let us now consider an equation of degree > 1, defining a
nonsingular curve. It is important to work in the context of
projective geometry and to forbid singularities at infinity, or
complex.

Theorem (Faltings, 1983; conjectured by Mordell)
There are only finitely many rational solutions.

Consequence : for every integer n > 4, the Fermat equation
has only finitely many solutions.
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Geometric trichotomy

Up to now, we saw three classes of equations:

• degree 1 or 2 (conics): rational parameterizations,
sometimes infinitely many integer solutions;

• degree 3 (elliptic curves) : no rational parameterization,
sometimes infinitely many rational solutions, finitely many
integer solutions;

• degree 4 or higher : finitely many rationnal solutions.

The correct way of understanding this trichotomy requires to
consider the complex solutions — they form a Riemann surface
and the distinction is then

• genus 0 (Riemann sphere, positive curvature;
• genus 1 (zero curvature);
• genus 2 or higher (negative curvature).
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What in higher dimension

For systems of equations whose geometry gives rise to higher
dimensional varieties, the situation is wide open.

Let us assume that our system of polynomial equations gives
rise to a smooth complex projective variety.

The analogue of the condition “genus > 2” is that of a variety
of general type.

A conjecture of Lang then predicts that the rational solutions
are contained in a strict algebraic subvariety. In other words,
they satisfy an additional algebraic condition!

Only (?) known cases: subvarieties of abelian varieties
(Faltings, 1991).
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Deciding the solvability of a
diophantine equation



Hilbert’s 10th problem

David Hilbert, 1900, International congress of mathematicians

Entscheidung der Lösbarkeit einer diophantischen Gle-
ichung.
Eine diophantische Gleichung mit irgendwelchen Un-
bekannten und mit ganzen rationalen Zahlkoefficien-
ten sei vorgelegt: man soll ein Verfahren angeben,
nach welchen sich mittels einer endlichen Anzahl von
Operationen entscheiden lässt, ob die Gleichung in
ganzen rationalen Zahlen lösbar ist.

On the possibility of solving a diophantine equation.
Let be given a diophantine equation in any number of
unknownw and with coefficients in rational integers:
one asks to find a method by which, using finitely many
operations, one will distinguish whether the equation
is solvable in rational integers.

21
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The Entscheidungsproblem (Hilbert, 1928)

In 1928, Hilbert generalizes his 10th problem and states the
decision problem (Entscheidungsproblem): the question is to
prove (or disprove) the existence of an algorithme that
correctly answers by yes or no every mathematical question
(suitably formalized, in first order logic).

1936: Gödel, Turing, Church prove that no such algorithm exists.
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But what about diophantine equations?

Once the general decision problem has no positive solution,
one may still hope that Hilbert’s initial 10th problem has a
positive solution.

Theorem (Matyasevich, 1970)
There is no algorithm that, given an arbitrary diophantine
equation, says whether or not it has a solution or rational
integers.

Strong version: There exists a polynomial

f (t, x1, . . . , x9) ∈ Z[t, x1, . . . , x9]

in 10 variables for which no algorithm can tell, given an
integer a ∈ Z, whether or not the equation f (a, x1, . . . , x9) = 0
has a solution in Z9.

For rational solutions: the question is still open!
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But what about equations in 2 variables?

Let’s go back to equations in 2 variables defining a nonsingular
projective plane curve.

In genus 0, the Hasse–Minkowski theorem allows to decide
effectively whether or not the equation has a rational solution.
The point is that there are only finitely many congruences to
check.

In genus 1, there exists an upper bound for the size of an
integer solution (A. Baker, 6 1970). For rational solutions, there
is a device that, in practice, will sooner or later furnish
generators of the group of solutions (Tate, 1974), but it is still a
conjecture, because it depends on the (yet unproven)
finiteness of the “Tate–Shafarevich group”.

In genus > 2, finding an effective version of Mordell conjecture
is a completely open question.
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The ABC conjecture

Conjecture (Masser, Oesterlé, 1985)
For every θ > 1, there exists Kθ > 0 so that the following holds:

If A,B, C are three coprime integers such that A+ B = C, then

sup(|A| , |B| , |C|) 6 Kθ
(
rad(ABC)

)θ
.

The radical rad(ABC) is the product of the prime numbers that
divide it.

In other words, this conjecture predicts that the multiplicities
of the prime factors of A,B, C are not too large.

Record (Reyssat, 1987) :

2+ 310 × 109 = 235

θ(a,b, c) := log(sup(a,b, c))
log(rad(abc)) ≈ 1.63
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Fermat’s Last Theorem as a consequence the ABC conjecture

Let (x, y, z) be a nontrivial solution (xyz 6= 0) of the Fermat
equation

xn + yn = zn.

One may assume that x, y, z are coprime.

Set A = xn, B = yn, C = zn.

Since rad(xnynzn) = rad(xyz), assuming the truth of the ABC
conjecture, one has

sup(|x| , |y| , |z|)n 6 Kθ
(
rad(xyz)

)θ
.

On the other hand, it is obvious that
rad(xyz) 6 |x| |y| |z| 6 sup(|x| , |y| , |z|)3. Consequently,

sup(|x| , |y| , |z|)n 6 Kθ sup(|x| , |y| , |z|)3θ,

hence, if n > 3θ,

sup(|x| , |y| , |z|) 6 K1/(n−3θ)θ .

In other words, we control the solutions of the Fermat
equation with degree n > 3θ.

If n is large enough, they must be trivial.
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The ABC conjecture for polynomials

Theorem (Stothers, 1981; Mason, 1984)
Let A,B, C ∈ C[t] be three coprime polynomials such that
A+ B = C. Then

sup(deg(A),deg(B),deg(C)) 6 ν(ABC)− 1

Here, ν(ABC) is the number of complex roots (without
multiplicities) of the polynomial ABC.

Proof: Set D = AB′ − A′B = AC′ − A′C = CB′ − C′B.

One has D 6= 0, and deg(D) 6 deg(A) + deg(B)− 1.

If x is a root of A, B, or C, with multiplicity m,
it is a root of multiplicity > m− 1 of D, hence

deg(D) > deg(A) + deg(B) + deg(C)− ν(ABC).

Then deg(C) 6 ν(ABC)− 1, and similarly for deg(A) and deg(B).
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Application to geometric irrationality

Thanks to the Sothers–Mason theorem, the same argument
than for ABC⇒ Fermat proves that for n > 3, the Fermat curve
cannot be parameterized by rational functions.

Let Pn + Qn = Rn, for three coprime polynomials P,Q,R ∈ C[t].
Then

n sup(deg(P),deg(Q),deg(R)) 6 ν(PQR)− 1
6 deg(P) + deg(Q) + deg(R)− 1
< 3 sup(deg(P),deg(Q),deg(R)),

hence n < 3.
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ABC⇒ Mordell

Theorem (Elkies, 1991)
If the ABC conjecture is true, the “effective” version of Mordell
conjecture is true as well: one can give an explicit bound for
the size of the solutions.

Principle: Construct a rational function φ of x and y whose
restriction to the plane curve is unramified everywhere but
possibly above 0, 1,∞.

Apply the ABC conjecture to the relation φ(P) + (1− φ(P)) = 1,
and conclude.

Conversely:

Theorem (Moret-Bailly, Szpiro, 1990)
An effective version of Mordell conjecture would imply the
ABC conjecture (with some exponent rather than 1+ ε).
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Proving the ABC conjecture?

September, 17, 2012, New York Times :
A Possible Breakthrough in Explaining a Mathematical Riddle

9 mai 2013, http://projectwordsworth.com/
the-paradox-of-the-proof/ :
The Paradox of the Proof

« I decided, I can’t possibly work on this. It would drive me
nuts. »

« You don’t get to say you’ve proved something if you
haven’t explained it. A proof is a social construct. If the
community doesn’t understand it, you haven’t done your
job. »

August 2018, Peter Scholze, Jakob Stix :
Why abc is still a conjecture
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