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ABSTRACT. In this article, we introduce topological adelic curves. Roughly speaking, a
topological adelic curve is a topological space of (generalised) absolute values on a given field
satisfying a product formula. Topological adelic curves are the topological counterpart to
adelic curves introduced by Chen and Moriwaki. They aim at handling Arakelov geometry
over possibly uncountable fields and give further ideas in the formalisation of the analogy
between Diophantine approximation and Nevanlinna theory. Using the notion of pseudo-
absolute values developed in [Séd25], we prove several fundamental properties of topological
adelic curves: algebraic coverings, existence of Harder-Narasimhan filtrations and of volume
functions. We also define heights of cycles and give a generalisation of Nevanlinna’s first
main theorem in this framework. Another important feature of topological adelic curves is
that they come equipped with Zariski-Riemann type spaces that admit a natural locally
ringed space structure and usual Arakelov theoretic objects (e.g. adelic vector bundles)
admit a natural interpretation in terms of metrised objects on these Zariski-Riemann spaces.
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INTRODUCTION

Motivations and background.

Arakelov geometry over number fields and arithmetic function fields. Arakelov theory stems
from the analogy between number fields and function fields. Roughly speaking, one can
formulate this analogy as follows: the geometry of schemes of finite type over Spec(Z)
should be similar to the geometry of schemes of finite type over a smooth projective curve.
Unfortunately, schemes over Spec(Z) are not "compact" and it is not quite clear how to
"compactify" them within the world of schemes. To address this issue, Arakelov [Ara74] added
analytic data to algebro-geometric objects. Arakelov’s ideas have been used by Faltings
[Fal91] in his proof of Mordell’s conjecture and in the proof of Bogomolov’s conjecture
[UI198, [Zhads).

Studying the arithmetic of fields that are more general than global fields has also been
developed to a great extent. Lang remarked that it was natural to study arithmetic function
fields, namely finite type field extensions of Q [Lan86]. Indeed, Mordell-Weil’s and
Faltings’ theorems both hold over such fields [Lan91]. Later, Moriwaki constructed a height
theory over arithmetic function fields [Mor00] (see also [BGPS16]). Recently, Vojta proved a
version of Roth’s theorem over arithmetic function fields [Voj21].

The study of infinite algebraic extensions of number fields has also been a great inspiration
for developing analogues of the tools of Diophantine geometry. Let us mention for instance
a version of Siegel’s lemma [RT96], the study of tensorial semistability and the
introduction of Siegel fields [GR17].

Arakelov geometry over adelic curves. In [CM19],Chen and Moriwaki introduced an Arakelov
theory over arbitrary countable fields. The central object of the theory is called an adelic
curve. Namely, an adelic curve is the data S = (K, (Q,v), (| - |w)wen), where K is a field,
(Q,v) is a measure space and (| - |,)weq is a family of absolute values on K. Moreover, an
adelic curve S = (K, (,v), (| - |w)weq) is called proper if the following product formula holds:

Va € K*, / log | flv(dw) = 0.
Q

Adelic curves arise naturally in various number theoretic situations. In particular, any
global field can be naturally equipped with an adelic structure. More generally, any countable
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field can be endowed with an adelic structure. Furthermore, adelic curves allow us to study
global fields, trivially valued fields and arithmetic function fields uniformly.

Let us now introduce the counterpart of the usual tools of Arakelov geometry over adelic
curves. Let S = (K, (2, v),(] - |w)wea) be an adelic curve. For any K-scheme X, for any
w € Q, we denote by K, the completion of K with respect to the absolute value |- |, and set
X, = X ®k K,. The avatar of a line bundle in algebraic geometry is called an adelic line
bundle. Let X be a K-scheme, an adelic line bundle over X is the data L = (L, ¢), where L
is a line bundle over X and ¢ = (¢ )weq is a family of continuous metrics (in the sense of
Berkovich analytic spaces) over each L, := L ®p, Ox,. In addition, the metric family is
subject to dominance and measurability conditions (cf. §6.1 in [CM19]).

Among the results of the theory, let us first mention the development of the geometry
of numbers via the slope theory of adelic vector bundles ([CM19], Chapter IV). Note that
even in the case of number fields, Chen-Moriwaki’s approach yields a new interpretation of
known results. An arithmetic intersection theory for adelic line bundles is also constructed
in [CM21]. The study of the positivity of adelic line bundles and a Hilbert-Samuel formalism
are introduced in [CM24]. As an application, a generalisation of Bogomolov’s conjecture
over a (countable) field of characteristic zero is proven. Note also that a version of Roth’s
theorem over a particular class of adelic curves is established by Dolce and Zucconi in [DZ25].
This result generalises Vojta’s aforementioned result [Voj21].

Nevanlinna theory and M-fields. Another, but yet not disconnected, motivation for our work
is to study the analogy between Diophantine geometry and Nevanlinna theory. This analogy
was spotted first by Osgood [Osg81] and further explored by Vojta in [Voj87]. Roughly
speaking, Nevanlinna theory is the study of equations of the form f(z) = a, where f is
meromorphic on C and a € P}(C). It builds on two fundamental theorems. In the analogy,
the first one corresponds to Weil’s theorem for heights (e.g. [BG06], Theorem 2.3.8). The
second one is seen as an analogue of Roth’s theorem [Rot55]. In Appendix [A] we recalled
the basic notions of Nevanlinna theory as well as the main ideas of the analogy.

In [Gub97], Gubler introduced the notion of M-fields, with the idea of including Nevanlinna
theory in an Arakelov theoretic framework. Roughly speaking, an M -field K is a field K
equipped with a measure space M such that any element a in K defines an integrable real
function |a|. defined almost everywhere on M. Moreover, these functions are assumed to
satisfy the axioms of absolute values almost everywhere. The following example of an M-field
coming from Nevanlinna theory is fundamental for our purposes. Consider the field M(C) of
meromorphic complex functions. Fix a real number R > 0 and set My := {z € C: |z| < R}
where the boundary {z € C : |z| = R} is equipped with the Haar probability measure and
the open disc {z € C: |z|oc < R} is equipped with a counting measure. For any f € M(C),
consider the map

F(2)leo i [2]oo = R,
(z € MR) — {e—ord(ﬁz) if |20 < R,

which is well-defined everywhere except poles of f on the circle of radius R, hence almost
everywhere. Then one can check that we have an Mp-field M(C).
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Using M-fields, Gubler obtains a generalisation of Nevanlinna’s first main theorem which
includes notably the construction of a height function for fields of arithmetic nature. Nonethe-
less, it does not seem clear how one could hope to obtain further results, e.g. geometry of
numbers, in the framework of M-fields.

Goal. The goal of this article is to introduce objects of Arakelov geometric nature, allowing
us to handle uncountable fields and to formalise the analogy with Nevanlinna theory. We
focus on the foundation of the theory, but we list at the end of the introduction several
future works and open questions that could be handled using the material we develop here.

Hints from the above discussion. On the one hand, in the theory of adelic curves, the
countability condition is imposed by the fact that the parameter space of absolute values
is a measure space. This is due to the apparition of suprema and infima of measurable
functions when considering operations on adelic vector bundles. Although this approach
gives a lot of flexibility, we cannot expect the tools to transpose directly in the uncountable
setting. A natural idea is to consider a topological space as parameter space and replace the
measurability conditions with (semi-)continuity ones.

On the other hand, the Nevanlinna theory example of M-field suggests that the space of
possible arithmetic inputs should be larger than the space of usual absolute values. Note that
even in the case of a classical adelic curve structure on Q(7"), namely coming from classical
Arakelov geometry over P} (JCMI9], §3.2.5), the natural topological space parametrising the
Archimedean absolute values is the set of transcendental elements of the complex unit disc.
From the point of view of measure theory, it is just the difference of the complex unit disc
and the countable subset of algebraic numbers. However, this space, equipped with its usual
topology, is very pathological.

Pseudo-absolute values, globally valued fields and Zariski-Riemann spaces. The framework of
globally valued fields, introduced by Ben Yaacov-Hrushovski [Hrul6], gives another approach
to handling arithmetic over fields. Roughly speaking, a globally valued field (GVF for short)
is a field equipped with a family of heights satisfying the usual height compatibility axioms.
This notion originates from model theory and there are several equivalent characterisations
of GVFs ([BYDHS24], Theorem 7.7). The link with the above discussion is the following:
a countable GVF is an equivalence class of proper adelic curves (loc. cit., Corollary 7.11).
This link with model theory yields another motivation for developing Arakelov geometry over
uncountable fields: indeed, the ultraproduct construction is fundamental in model theory
and in general, ultraproducts are uncountable.

Over a possibly uncountable field K, the GVF structures can be interpreted as a suitable
measure on the space of pseudo-absolute values (or of pseudo-valuations) on K. More precisely,
a pseudo-absolute value on a field K is a map |- | : K — [0, +00] satisfying

(i) |1] =1 and |0 = 0;
(ii) for all a,b € K, |a+b| < |a| + |b];

(iii) for all a,b € K such that {|a|, |b|} # {0, +0c}, |ab| = |a||b|.

Moreover, A := {a € K : |a] < +oco} is a valuation ring of K with maximal ideal
my.:={a € K :|a| = 0} and |-| induces an absolute value on the residue field | := A}, /m/,.
In other terms, a pseudo-absolute value is an absolute value allowing "singularities". This
notion was first introduced by Weil in [Wei51] and was developed independently by Ben
Yaacov-Destic-Hrushovski-Szachniewicz [BYDHS24] and the author in [Séd25].
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Considering the development of Berkovich’s non-Archimedean analytic geometry [Ber90,
CL06, [CLD12, IGK17, [GK19, [LP24], it is natural to expect a "global analytic" approach to
Arakelov geometry [Pau09, [YZ21l [CG24] [Son25|. In this article, we propose a framework to
do so, starting from the observation that the space Mg of all pseudo-absolute values on a
field K equipped with the topology of pointwise convergence is compact Hausdorff and can
be interpreted as a Berkovich analytic Zariski-Riemann space ([BYDHS24], Proposition 2.7
and [Séd25], Theorems A-C): namely My can be described as a projective limit of Berkovich
analytic spaces (over the prime subring). This observation allows us to equip Mg with the
structure of a locally ringed space and opens the door for studying coherent sheaves on it.
Pseudo-absolute values are thus the natural candidate to encode the local aspects of the
theoretical constructions that will follow later on. The work [Séd25] was done with this goal
in mind.

Heuristic guideline. The general philosophy of this article is the following. To an "algebraic
object" X (a locally ringed space of algebro-geometric nature), we associate an analytic one:
namely

X" :={z=(p,| ]z) :p€ X and | - |, is an absolute value on x(p)},

or rather, a subset of the latter. This space is equipped with a topology (in a similar way to
the one of the Berkovich analytification of a variety over a completely valued field) and should
enjoy sufficiently nice topological properties (e.g. Hausdorff, locally compact, paracompact...).
We now attach an "adelic object" to our analytic object by essentially specifying a Borel
measure. Arakelov geometry is performed on this object. However, this Arakelov adelic
geometry should be governed by the geometry of the adelic space. We list the instances of
this philosophy that we study in this article.

Algebraic object Analytic object Adelic object
_ Spec(K), where K is a field {Absolute values on K} Adelic curve over K
& . My = Topological adelic curve with
ZR(K), where K is a field {Pseudo-absolute values on K'} adelic field K

| ZR(K/A) = Spec(A), where . Integral topological adelic
A is a Priifer domain with M(%’ I H%l’ where || 1! sa curve with adelic field Kand
fraction field K anach Lot on integral structure (A, || -||)

The arrow going down is the generic point and the one going up is the inclusion of a quasi-
compact subset. In particular, we think of adelic curves as the generic fibre of the topological
adelic curves we introduce here.

Content of the article.

First part. This article consists of three parts. In the first one, we start by some reminders
and by introducing our Zariski-Riemann spaces ( Then we introduce topological adelic
curves. A topological adelic curve is the data S = (K, ¢ : Q@ — Mg, v), where K is a field, 2
is a locally compact Hausdorff topological space, ¢ : (w € Q) — |- |, € Mk is a continuous
map between 2 and the set M of all pseudo-absolute values on K, and v is a Borel measure
on  such that, for any f € K*, the function (w € Q) — log|f|w € [—00, +00] is v-integrable
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(. We say that the topological adelic curve S is proper if the following product formula

f e KX, /log\f|wy(dw) 0,
Q
holds. Moreover, to a topological adelic curve S as above, we attach two Zariski-Riemann
spaces ZR(K)g and ZR(K)& (§2.3).
Let us give an example of a topological adelic curve arising in Nevanlinna theory. We fix
R > 0. We define a topological adelic curve Sg = (Kg, ¢r : Qr = Mg,,Vr), ¢r), where

Kp, is the field of (germs of) meromorphic functions over the closed disc
D(R):={z€C: |zl <R} CC;

OQr ={2 € C: |z|lwo < R}[[{z € C : |2z|]c = R}, where {z € C : |z|c < R} is
equipped with the discrete topology and {z € C : |z|oc = R} is equipped with the
usual topology;

the map ¢r : Qr — M, is defined by

o (f € KR) — ’f(z)|oo € [07 +OO] if |Z’OO = R,
Vz € Qp, ¢R(Z) = { (f c KR) s eford(f,z) c RZO if ’Z’oo < R;

the measure vg is defined by

log% if 0<|2|le0 <R,

v "eC:|¢ R =
z€{ €C: || <R}, vr({z}) {logRif 2 =0,

and vg is the Lebesgue probability measure on {z € C: |z| = R}.

From the point of view of Nevanlinna theory, we are not only interested in the study of
heights over one Sg as above, but rather on the collection (Sg)r~o. More precisely, we study
characteristic functions, which are functions R~y — R and especially their asymptotic growth
when R — +o00 ( This means that our height should take values coming from functions
R-o — R (instead of R). We are also interested in comparing these heights, especially in view
of slope theory and Harder-Narasimhan filtrations, as we will see later. A natural framework
to do so is non-standard analysis. We fix a free ultrafilter & on R-(. Our height functions
will be elements of [];; R, the ultraproduct of the reals w.r.t. the ultrafilter ¢ (cf. .
Then [];; R is an ordered field. Note that if ¢/ avoids finite Lebesgue measure subsets of R+,
then inequalities of the form f < g in [];, imply that f(R) < g(R) for all R > 0 except on a
subset of R~ that does not belong to Y. Even though the latter is weaker than the assertion
"f(R) < g(R) for all R > 0 except on a subset of finite Lebesgue measure" appearing in
Nevanlinna theory (cf. Theorem , it gives a reasonable starting point.

The major obstacle to defining heights lies in the fact that the product formula is not
satisfied on the Sg’s. Indeed, Jensen’s formula yields

Vfe Kg, /Q log | fluvr(dw) = log|c(f,0)],

where ¢(f,0) denotes the first non-zero coefficient in the Laurent series expansion of f in 0. In
the context of Diophantine geometry, the product formula is the ingredient that allows us to
define height functions relative to a metrised line bundle. The analogue of this construction
in Nevanlinna theory is the so-called First Main Theorem (Theorem . The latter results
from the fact that the defect in the product formula for the collection of topological adelic
curves (Sgr)r>o is a bounded function of R (in fact, constant in the present case). Since the
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height functions that we consider are typically divergent as R — +o0, we can quotient [[;, R
by an equivalence relation ~ to force the product formula. Another advantage is that the
total order on [];, R restricts to [[;; R/ ~.

Using the two above paragraphs, we introduce the notion of families of topological adelic
curves (§3.2)). This includes the above discussion and also gives a natural framework to
formulate Diophantine approximation over topological adelic curves.

We conclude the first part by studying algebraic coverings of topological adelic curves
(, namely the extension of topological adelic structures w.r.t. algebraic extensions of the
base field. More precisely, we have the following result (which is a variant of Proposition 1.9
in [BYDHS24]).

Theorem A (Propositions [4.3.1] and Remark [£.4.2). Let S = (K,¢: Q= V,v) be a
topological adelic curve. Let K'/K be an algebraic field extension.
(1) There exist a topological adelic curve 8" := S@k K':= (K',¢/ : Q' — Mg+,v') and a
morphism of topological adelic curves S — S. Moreover, S" is proper if so is S.
(2) Assume that K'/K is Galois and that, for any w € Q, the residue field of the
pseudo-absolute value | - |, is perfect. Then we have a homeomorphism

O/ Aut(L/K) = Q.

Moreover, if v is Radon, then S’ is the only topological adelic curve with base field
K' extending S" with Galois-invariant measure.

We also have an analogue of this result for families of topological adelic curves (§4.5). In
Nevanlinna theory, it means that our framework allows us to include Nevanlinna theory of
meromorphic functions of finite coverings of C (and even families of such).

Second part. In the second part, we build the foundation of the geometry of numbers over
topological adelic curves. As initiated by Bost [Bos96, Bos01], this is done by studying slopes
of (adelic) vector bundles. Let S = (K, ¢ : Q@ — Mg, v) be a topological adelic curve. An
adelic vector bundle on S is then defined as a pair E = (E, ), where E is a K-vector space
of finite rank and & = (|| - ||weq) is a family of pseudo-norm (the suitable generalisation
of a norm over a pseudo-valued field) on E satisfying suitable regularity and integrability
conditions (cf. . Adelic vector bundles can also be interpreted as metrised vector bundles
on the Zariski-Riemann space ZR(K)g (cf. §5.2)).

In the case where the base topological adelic curve is proper, the Arakelov degree of an
adelic vector bundle E = (E,¢) is defined as

deg(B) i= — [ 1og [nll.qerv(de),

where 7 € det(E) \ {0}, is independent of the choice of . Denote also by u(E) := (Te\g(E =
)/ dimg (E) the slope of E. Define as well the mazimal slope pumax(E) := supypcp u(F)
and the minimal slope [imin(E) := inf g0y 1(G).

In §7 we adapt the Harder-Narasimhan formalism for adelic vector bundles over a proper
topological adelic curve. Our result is the following.

Theorem B (Theorem [7.3.2). Let E = (E, &) be an adelic vector bundle on S. We assume
that the pseudo-norm family & is ultrametric on Qum. Then there exists a unique flag

0=EyCEC - CE,=E,
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of £, such that

(1) for any i = 1,...,n, E;j/E;_1 is semistable, i.e. for any non-zero vector subspace

FC E; we have /mein(F) < ,umin(E);
(2) we have the inequalities

[(E1/Eo) > - > [i(En/En-1).

We also obtain the existence of such Harder-Narasimhan filtrations in our example of
families of topological adelic curves S = (Sg)r>o arising in Nevanlinna theory. In this case,
inequalities between slopes are understood in Rg, the Dedekind-MacNeille completion of the
ultraproduct [];; R/ ~ (cf. Theorem . This opens the door for studying adelic vector
bundles in Nevanlinna theory, with a possible interpretation of transcendental methods of
Diophantine geometry in an Arakelov geometric framework.

Third part. In the third and last part, we introduce height functions attached to adelic line
bundles on a projective scheme. Classically in Arakelov geometry, an adelic line bundle is the
data of a line bundle together with a family of metrics at each place (where the metrics are
understood in the sense of Berkovich over non-Archimedean places). Since we are working
over pseudo-absolute values, we need some adjustments.

We fix a topological adelic curve S = (K,¢ : 2 — V,v) and a projective K-scheme
m: X — Spec(K). There are two Zariski-Riemann spaces ZR(X)g, ZR(X)¥" attached to X.
A pseudo-metric on a line bundle L over X is a family ¢ = (||, (X)xezr(x)z» of pseudo-norms
on the fibres of L satisfying a glueing condition (§9.1]). This glueing condition is equivalent
to saying that a line bundle equipped with a pseudo-metric is the same thing as a metrised
line bundle on ZR(X)g ( Adelic line bundle are then such objects satisfying certain
regularity and integrability conditions (§9.349.6).

This notation admits a natural generalisation for families of topological adelic curves
(§9.8)). The most natural example from the point of view of Nevanlinna theory is the adelic
line bundle determined by a metrised line bundle on a projective complex variety. In this
case, the height functions we obtain coincide with the classical characteristic functions of
Nevanlinna theory.

We also discuss the pushforward of adelic line bundles ( Assume that X is geomet-
rically integral and that Q = M. Let L = (L, ) be an adelic line bundle on X. Define
Tup = (| * [lo)wen, where

Vs € HY(X,L), |[$]lo:= sup ||, (%),

x€(f§") W)
where f3" : ZR(X)¥ — Q is the structural map.

Theorem C (Theorem and Proposition|9.5.9)). 7L := (7. L, T.() is a upper-semicontinuous
adelic line bundle on S.

Theorem |C| allows us to define arithmetic (x-)volume functions on proper topological
adelic curves (§9.9).

In the final two sections, we introduce height functions attached to adelic line bundles on
X. Our results are the following.

Theorem D (Theorem [10.1.2{ and Theorem-Definition [11.1.2)). Assume that the topological
adelic curve S is proper.
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(1) Let L be an adelic line bundle on X. We have a height function

he:| X(K) — R
P +—— h(P).

(2) Let LD = (LW, W), L) = (L@, o) be adelic line bundles on X.
(i) For any closed point P of X, we have

hiw,z@ (P) = himy(P) + hyg(P).
(ii) Let P be a closed point of X. Assume that L'Y) = L®). Then we have

he55(P) = hey(P) + O(1),

where the bound does not depend on P (but depends OMU, cp(Q)).
(3) For anyl-cycle Z on X and any integrable adelic line bundles L) = (L), o) . L1

(LW, o0) on X, we have the multi-height of Z w.r.t. LO), ..., LO

hiw,. zw(Z) €R.

Moreover, this multi-height is symmetric and multi-linear w.r.t. the L()’s and satisfies
a projection formula. If furthermore the LD ’s are semi-ample and the 075 are
semi-positive, the multi-height hm W(Z) depends on the go(z) s up to a bounded

quantity independent of Z.

We also have an analogue result for asymptotically proper families of topological adelic
curves. Let us describe it in the Nevanlinna theory example. We consider the family
S = (Sr)r>0 of topological adelic curves as above. Let Xy be a projective C-scheme. Recall
that any continuously metrised line bundle on X determines an adelic line bundle L = (L, )
on X := Xo®c M(C) over S. Note that closed points of X are in one-to-one correspondence
with holomorphic curves f : A — Xy, where A runs over finite holomorphic coverings of
C. We have the following generalisation of Nevanlinna’s first main theorem of ([Gub97],
Theorem 3.18).

Theorem E (Example|11.2.2| and cf. Theorem [10.2.2] for a more general statement). Let X
be a projective M(C)-scheme.

(1) Let L be an adelic line bundle on X over S. We have a height function

hp | X(M(C) — TIyR/ ~

Moreover, if L is determined by a continuously metrised line on Xy, the height of a
closed point P € X w.r.t. L coincides with the (class in [[,; R/ ~) of the characteristic
function attached to the holomorphic curve corresponding to P.
(2) Let L) = (LMW M) L@ = (L®), @) be adelic line bundles on X.
(i) For any closed point P of X, we have

hiw z@(P) = hyay(P) + hg (P).
(ii) Let P be a closed point of X. Assume that X = Xy ®@c M(C), where Xy is

a projective C-scheme and that L), L(2) are both determined by continuously
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metrised line bundles (L((Jl), (péQ)), (L((JQ), (p(()Q)) on Xo, where Lél) = LE)Q). Then we
have

hi(P) = h=(P).

(3) For anyl-cycle Z on X and any integrable adelic line bundles L(©) = (L, @), . LO

(L(l), ©®) on X, we have the multi-height of Z w.r.t. L(©), ,W

hiw  zao(Z) € [[R/ ~.
u

Moreover, this multi-height is symmetric and multi-linear w.r.t. the L) ’s and satisfies
a projection formula. If furthermore there exist a projective C-scheme Xo such that

X = Xy ®@c M(C) and integrable continuously metrised line bundles L(()O), ...,L(()l)

on Xg determining respectively W, ...,W, then the multi-height h (Z) is

independent of the ¢ ’s.

Upcoming work. Let us mention open questions of interest for future developments.

e In this text, the notion of family of topological adelic curves is developed with the
example of Nevanlinna theory in mind. However, the flexibility of the framework
allows us to include what should correspond to Diophantine approximation over
proper topological adelic curves (cf. Example (1)). A natural question is thus
to try to formulate classical results in Diophantine approximation in our context,
where the use of topological arguments should be helpful (cf. [Voj21] [DZ25] where
the authors implicitly use a hypothesis of topological nature on the adelic curve
involved).

e As mentioned above, slope theory in the context of Nevanlinna theory should be
useful to reformulate transcendental arguments in Diophantine geometry in a purely
Arakelov geometric framework (cf. e.g. [Gas25]).

e In this article, we focus our attention on vector bundles on Zariski-Riemann spaces.
In view of Propositions and it is natural to hope for a satisfactory study
of metrised coherent sheaves on Zariski-Riemann spaces. For instance, we expect
coherence to be preserved via direct image. This property, combined with the fact
that coherent sheaves on Zariski-Riemann spaces have Tor-dimension < 1, and thus
that Zariski-Riemann spaces behave like a smooth projective curve, should be of
crucial help for tackling the next questions below.

e Harder-Narasimhan filtrations are a fundamental tool in algebraic geometry but
also in a wider range of context (e.g. in p-adic Hodge theory over the Fargues-
Fontaine curve). Our Harder-Narasimhan filtrations relate adelic vector bundles to
semi-stable ones and the interpretation of adelic vector bundles, or more generally
"adelic" coherent sheaves, in terms of the corresponding metrised algebraic object
on Zariski-Riemann spaces should allow us to study moduli spaces of adelic vector
bundles.

e The definition of arithmetic volumes invites questions concerning the regularity
of these volumes. In light of [SEd23], we expect Siu inequality and differentiability
properties to hold for these volumes. Note that this differentiability is a key ingredient
for proving existential closedness for globally valued fields (cf. [Sza23]) and would
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achieve a major step towards the existence of a model companion for the language of
GVF ([BYDHS24], Conjecture 12.7).

e Our formulation of heights over topological adelic curves and families of the latter
allows us to define essential minima and other Arakelov geometric tools that encode
equidistribution phenomena (cf. e.g. [BS25]). In Nevanlinna theory, this should
lead to equidistribution results for Nevanlinna and Ahlfors currents attached to
holomorphic curves. Moreover, assuming any strong enough Siu-type inequality
for arithmetic volumes, logarithmic equidistribution results would follow using the
methods from loc. cit..

e Finally, our formulation of Arakelov geometry as coming from analysis on a Berkovich-
type space of global nature naturally invites to formulate global pluripotential theory
on such spaces (cf. e.g. [Mor25]).
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remarks and suggestions. Finally, we thank Debam Biswas and Michat Szachniewicz for a
lot of fruitful discussions.

CONVENTIONS AND NOTATION

e All rings considered in this article are commutative with unit.

e Let A be a ring. We denote by Spm(A) the set of maximal ideals of A.

e By a local ring (A, m), we mean that A is a local ring and m is its maximal ideal. In
general, if A is a local ring, the maximal ideal of A is denoted by m 4.

e Let A be a ring and let X — Spec(A) be a scheme over A. Let A — B be an
A-algebra. Then we denote X ®4 B := X Xgpec(a) Spec(B).

o Let K be a field and X — Spec(K) be a K-scheme. For any domain A with
fraction field K, we call model of X/A any A-scheme X — Spec(A) whose generic
fibre is isomorphic to X. A model of 7 : X — Spec(A) X/A is respectively called
projective,flat,coherent if 7 is projective, flat, finitely presented.

e Let k be a field. We denote by | - |uiv the trivial absolute value on k. If we have
an embedding k < C, we denote by | - | the restriction of the usual Archimedean
absolute value on C.

e Let (k,|-|) be a valued field. Unless mentioned otherwise and when no confusion
may arise, we will denote by k the completion of k w.r.t. |-

e Let (X,Ox) be a locally ringed space. We respectively denote by Fp(X), Coh(X)
the categories of finitely presented, coherent sheaves on X. Moreover, we call vector
bundles on X any locally free sheaves of Ox-modules of finite rank and we denote by
Vb(X) the corresponding subcategory of Coh(X) and we use the additive notation
for tensor products of line bundles.

e Let (9,4, v) be a measure space. Denote by £1(£, A, v) be the set of all v-integrable
functions f : Q — [—o0, +00]. Let f: Q — [—o0, +00], we define

/Qf(w)u(dw) := inf {/Qg(w)u(dw) i g € Ll(Q,A, v)and f <g u—a.e.},
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/f v(dw) —sup{/g v(dw):ge LY A v)and g < f I/—a.e.}.
We say that f is v-dominated if

/f v(dw) < +o0 and /f dw) > —o0.

Equivalently, f is v-dominated iff there exists g € £1(Q, A, v) such that |f]| < g v-a.e.

Part 1. Topological adelic curves: definition and algebraic coverings

1. PSEUDO-ABSOLUTE VALUES, ZARISKI-RIEMANN SPACES, ADELIC CURVES AND GLOBALLY
VALUED FIELDS

1.1. Pseudo-absolute values.

1.1.1. Definition. Let K be a field. A pseudo-absolute value on K is a map |-|: K — [0, +00]
satisfying
(i) 0] =0 and |1] =1,
(ii) for all a,b € K, |a+b| < |a| + |b];
(iii) for all a,b € K such that {|a|, |b|} # {0, +0c}, |ab| = |a||b|.

Recall that any pseudo-absolute value |-| on K determines a finiteness ring Aj| = {|-| < +oo},
which is a valuation ring of K with maximal ideal m|.| = {|-| = 0}, called its kernel. Moreover,
| - | induces an absolute value on the residue field .| := A}, /m called the residue absolute

value. A pseudo-absolute value is called Archimedean, non-Archimedean, residually trivial if
the associated residue absolute value is Archimedean, non-Archimedean, trivial.

We use the same notation as in [Séd25]. Namely, by "let (|- |, 4, m, k) be a pseudo-absolute
value", we mean that |- | is a pseudo-absolute value on K with finiteness ring A, kernel
m, residue field k. By default, when we write "let v be a pseudo absolute value", we mean
v = (] |v, Av, My, Ky). Moreover, if v is a pseudo-absolute value on K, we denote by &, the
completion of the residue field k, w.r.t. the residue absolute value induced by v.

1.1.2. Eztension of pseudo-absolute values. Let L/K be a finite separable field extension.
Let v be a pseudo-absolute value on K. Denote by A’ the integral closure of A, in L. This is
a Priifer domain, namely its prime localisations are valuation rings. Moreover, the extensions
of A, to L are in bijection with Spm(A’). For any m,, € Spm(A’), we denote by k, the
corresponding residue field, this is a finite field extension of x,,.

Proposition 1.1.1 ([Séd25], Proposition 3.1.2). (1) There is a bijective correspondence
between the set of pseudo-absolute values on L above v and the set of extensions of
the residue absolute value of v with respect to extensions of the form ky, — Ky, where
w runs over the set of maximal ideals of A’.

(2) Furthermore, we have the equality

ﬁwz
> yspm @ |Z

K, IR
Mo ESpm(A’) w t Rls

Rols

=1

: (1)

where, for all my, € Spm(A’), i runs over the set of extensions of the residue absolute
value of | - |y to Ky and Ry denotes the completion of Ky, for any such absolute value.
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Now consider an arbitrary finite field extension L/K. Denote by K’ the separable closure
of K in L.

Proposition 1.1.2 ([Séd25], Corollary 3.2.2). Let v be a pseudo-absolute value on K. Then
the set of extensions of v on L is in bijection with the set of extensions of v on K'.

The following proposition characterises the action of the group of automorphisms on
pseudo-absolute values.

Proposition 1.1.3 ([Séd25], Propositions 3.3.1 and 3.3.4). Let L/K be an algebraic field
extension.

(1) Aut(L/K) induces a right action on My as follows. For all x € My, for all T €
Aut(L/K), the map

‘ : ’T(m) L — [07+OO]
a +— |7(a)|s
defines a pseudo-absolute value on L denoted by x o T.

(2) Assume that L/K is Galois with Galois group G. Let v € Mg such that the residue
field K, is perfect. Then G acts transitively on the set My, of extensions of v to L.

1.1.3. Space of pseudo-absolute values and integral structures. Let K be a field. Recall that
the set Mg of all pseudo-absolute values on K equipped with the topology of point-wise
convergence is a (non-empty) compact Hausdorff topological space (loc. cit., Theorem 7.1.2).
We denote by Mg ~ and Mg um respectively the set of Archimedean and non-Archimedean
pseudo-absolute values on K. Define a map € : Mg o, —]0, 1] by sending any | - | € Mk o to
the unique (]| - |) €]0, 1] such that the restriction of the residue absolute value of | - | to Q is
-

An integral structure for K is a Banach ring (A, || - ||) such that A is a Prifer domain
with fraction field K. If (A, | - ||) is an integral structure for K, then the Berkovich analytic
spectrum M (A, || - ||) identifies as a closed subspace of Mg (loc. cit., Proposition 9.1.5).
Moreover, an integral structure (A, || - ||) for K is called tame if

(i) M(A,| -|) contains the trivial absolute value on K;
(ii) for any ultrametric element |- |, € M(A, | -||) and any f € A, the inequality

1fls <1

is satisfied;
(iii) (A, |- ) is a uniform Banach ring.

Proposition 1.1.4 ([Séd25], Proposition 9.3.3). Let (A, | - ||) be a tame integral structure
for K. Let L/K be an algebraic extension. Then the integral closure B of A in L can be
equipped with a norm || - || such that (B, | - ||B) is a tame integral structure for L. Moreover,
M(B, || -||B) can be identified with the preimage of M(A, | -||) via the restriction My — M.

1.1.4. Ezamples of integral structure in Nevanlinna theory. Let R > 0 and let D(R) denote

the complex closed disc of radius R. We denote respectively by Ap = O(D(R)) and
Kr = M(D(R)) the ring of germs of holomorphic functions and the field of germs of
meromorphic functions on D(R). Let || - ||z denote the supremum norm on D(R) and define
|- lRpyb = max{|| - ||r,| - |triv}, where ||| - ||wiv denotes the trivial norm on Ag. Then

(AR, | - [|[Rnyb) is a Banach ring and (Ag, || - ||rnyb) defines an integral structure for K
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([Séd25], Example 9.2.1 (4)). Moreover, results from (loc. cit., §9.4.3) imply that the integral

structure (AR, || - [|rnyb) is tame and the space Vg := M(AR, || - ||rnyb) has the following
description.
Proposition 1.1.5 (loc. cit., Proposition 9.4.7). (i) We have homeomorphisms
VR,oo g]oa 1] X (R)7 VR,um = |_| [07 +OO]/ ~
z€D(R)
where ~ denotes the equivalence relation which identifies the extremity 0 of each
branch.
(ii) VR0 is dense in Vpg.
(iii) The Banach ring (AR, | - ||rnyb) i a geometric base ring.

Remark 1.1.6. The notion of geometric base ring was introduced in ([LP24], Définition
3.3.8). It is a technical definition that includes the usual examples of Banach rings that we
will be concerned with. The reader who is unfamiliar with this notion should think of it as
the general condition to ensure a reasonable notion of Berkovich analytification.

1.1.5. Pseudo-norms. Let K be a field and v € Mg be a pseudo-absolute value on K. Let F
be a finite-dimensional vector space over K of dimension d. A pseudo-norm on E in v is a
map || - ||y : E — [0, +00] satisfying the following conditions:
(i) ||0]l, = 0 and there exists a basis (e1,...,eq) of E such that |lei|y, -+ ,]|ledlls € Rso,
such a basis is called adapted to || - ||v;
(ii) for any (A, z) € K x E such that {|A|,, |||} # {0, +00}, we have || Az|l, = |Als]|z]|v;
(ili) for any z,y € E, |z +yllo < [[z[lo + [[yllo-

Under these assumptions, (E, || - ||») is called a pseudo-normed vector space in v.

Proposition 1.1.7 ([Séd25], Proposition 6.1.3). Let (E,|| - ||v) be a pseudo-normed vector
space in v. The finiteness module &, = {|| - [[» < +oo} is a free Ay-module of rank d
generated by any basis of E satisfying condition (i) above, the kernel Ny, = {|| - [|, = 0} is
equal to the Ay-submodule m,&)., of the finiteness module. Moreover, || - ||, induces a norm

on the residue vector space By, = SH-IIU ® A, Ky called the residue norm.

Remark 1.1.8. The construction from Proposition [I.1.7| can be reversed ([Séd25], Proposi-
tion 1.1.7). Moreover, we will see in Example [1.2.21] that pseudo-normed vector spaces can
be interpreted as metrised vector bundles on some Zariski-Riemann space

We say that a pseudo-norm || - ||,, is ultrametric, resp. Hermitian if so is the residue norm.
We also use the notation from ([Séd25], §6). Namely, by "let (|- ||, €, N, E) be a pseudo-norm
on the K-vector space E in v", we mean that || - || is a pseudo-norm on K in v with finiteness
module &, kernel N and residue vector space E. Moreover, without additional specification,
by "let || - ||, be a pseudo-norm on E in v", we mean the pseudo-norm (|| - ||y, &, Ny, Ey).
Moreover, if no confusion may arise, we omit "in v".

Recall that in (loc. cit., §6.2), we have introduced the usual algebraic constructions for

pseudo-normed vector spaces. More precisely, let (E, || - ||,) be a pseudo-normed vector space
inv € Mg.
(1) Let F be a non-zero vector subspace of E. Then || - ||, induces a pseudo-norm on F

denoted again by || - ||,.



TOPOLOGICAL ADELIC CURVES 15

(2) Let G be non-zero quotient of E. Then || - ||, induces a quotient pseudo-norm on G
denoted by || - ||s,c-

(3) || - [l induces a dual pseudo-norm on EY denoted by || - ||vx-

(4) Let (E',|| - ||}) be another pseudo-normed vector space. Then this data induces
an e-tensor product pseudo-norm on FE in. Likewise, we have a w-tensor product
pseudo-norm on FE.

(5) Let i > 1 be an integer. Then | - ||, induces the i"e-exterior power pseudo-norm
and i'"-exterior power pseudo-norm on A’E denoted respectively by || - ||, Aip and
| llo,az - In the particular, when i = d, the pseudo-norm || - [[, x: g is called the
determinant pseudo norm on det(E) and is denoted by || - ||4,det-

We now list generalisations of useful properties of norms in the context of pseudo-norms.

Proposition 1.1.9 ([Séd25], Propositions 6.2.2-6.2.4). Let (E, (]| - HU,SU,NU,EU)) be a
pseudo-normed finite-dimensional K -vector space in v € Mg.
(1) Let G be a quotient of E. Then the dual pseudo-norm || - ||v.c« on GV identifies with

the restriction of the pseudo-norm || - ||y« on EY to GV.
(2) The inequality

[ Mo < I 1l
holds, where || - ||y« denotes the dual pseudo-norm of || - v« on EVY = E. Moreover,
if either v is Archimedean, or if v is non-Archimedean and the pseudo-norm || - ||, is
ultrametric, then we have

1 llogex = 1 - [lo-

(3) Let (e1,..,e,) be a basis of E which is adapted to || - ||,. Then, for any n € det(E),
we have the equality

Inllv,det = inf {||z1]lo - [|zrllo s 21,y zr € Ey and n =21 A -+~ N2y}

Definition 1.1.10. Let F be a finite-dimensional vector space over K and let e = (e, ..., ;)
be any basis of E. A pseudo-norm |- || on E in v = (] - |, A,m, ) for which e is an adapted
basis is called diagonalisable if there exists a basis € = (€], ..., e}.) of E such that the transition
matrix from e to €’ belongs to GL,(A) and we have

.
, , > lail?|[€f]|>  if v is Archimedean,
Vai,...,ar € K", |la1e] + ... + are,|| = =

max la;l|le;|l  if v is ultrametric.
i=1,...,r

In that case, we say that € is orthogonal for || - ||, it is moreover called orthonormal if it
satisfies the additional condition: ||ej|] =1 for all i =1, ..., 7.

1.2. Algebraic and analytic Zariski-Riemann spaces. Zariski-Riemann spaces will play
a fundamental role in this article. They have already appeared in ([Séd25], §8 and 10) for fields
and we extend their definition for general projective schemes. Our algebraic Zariski-Riemann
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will serve as the building blocks for the adelic vector bundles we will study in our Arakelov
geometric applications.

1.2.1. Projective (sub)-models. Let K be a field and k be a subring of K (we do not necessarily
assume that k is a domain with quotient field K). Let X be a projective K-scheme. By
a projective sub-model X of X over k, we mean a projective k-scheme X together with a
factorisation X — X — Spec(k), where the first arrow is schematically dominant and the
second is projective, i.e. a X-modification of Spec(k) in the terminology of [Teml11]. Let
X1, Xo be two projective sub-models of X over k. We say that Xy dominates X if there
exists a k-morphism of schemes X — A} compatible with the schematically dominant maps
X — &1 and X — AX5. In this case, such a morphism is unique. The category of projective
sub-models is cofiltered: indeed given two projective sub-models X — X; — Spec(k),
X — Xy — Spec(k), let X be the Zariski closure of X in X7 Xgpec(k) X2, this is a projective
sub-model of X over k dominating both X7 and X.

If k£ is a domain with fraction field K, a projective sub-model X of X over k is called
a projective model of X over A if the generic fibre of X is isomorphic to K. Note that
any closed immersion X — P} yields a projective model of X over k by considering the
scheme-theoretic image of X — P}.

1.2.2. Algebraic Zariski-Riemann space. Let K be a field, k be a subring of K and X be a
projective K-scheme. Denote by Mx ;. the category of projective sub-models of X over k
introduced above. Define the (algebraic) Zariski-Riemann space of X over k as
ZR(X/k) := Jm &
XEMx/k

This is a locally ringed space and we denote its structure sheaf by Ozgx/r). Recall that

Ozr(x/k) = lim Py Ox,
XeMx /i
where, for all X € M/, px : ZR(X/k) — X denotes the projection. Moreover, assume
that k is an integral domain with fraction field K, in the projective limit defining ZR(X/k),
one can only consider projective models of X over k.

Example 1.2.1. When X = Spec(K), the space ZR(X/k) := ZR(Spec(K)/k) is the classical
Zariski-Riemann space consisting of the valuation rings of K containing k equipped with the
Zariski topology (cf. e.g. [Séd25], Theorem 1.4.3). For any A € ZR(K/k), the local ring at
A is simply A itself. If we further assume that k is a Priifer domain with fraction field K,
then ZR(K/k) is isomorphic to Spec(k).

In the general case, ZR(X/k) admits a similar description. Let Val(X/k) denote the set
of triples x = (z, 4, ¢), where x € X is a scheme point, A is a valuation ring of x(z) and
¢ : Spec(A) — Spec(k) is a morphism that is compatible with Spec(k(x)) — X such that
the induced morphism Spec(x(z)) — Spec(A) Xgpec(k) X i a closed immersion. Denote by
Ox the preimage of the valuation ring A in Ox ,. To give the algebraic properties of the
ring Oy, let us recall the following notions. Let R be a ring we call semié-valuation on R a
valuation v : R — I" U {0} such that its support p, contains the set of zero-divisors of R and,
for any a,b € R such that v(a) < v(b) # 0, then bla. A ring equipped with a semi-valuation
is called a semi-valuation ring. Let v be a semi-valuation on a ring A. We say that the local
ring Ay, is the semi-fraction ring of A.
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Theorem 1.2.2 ([Temll], Corollary 3.4.7 and Theorem 3.5.2). We use the same notation
as above.

(1) For any x = (x, A, ¢) € Val(X/k), Ox is a semi-valuation ring.

(2) There ezists a bijective map 1 : Val(X/k) — ZR(X/k) inducing, for any x =
(z, A, ¢) € Val(X/k), an isomorphism of local rings Ozr(x/k)p(x) = Ox-

(3) The natural map n: X — ZR(X/k) is an injective morphism of locally ringed spaces
and induces a sheaf Myg x/k) = 1:Ox. Any point y € ZR(X/k) possesses a unique
minimal generalisation x € n(X), we have an isomorphism Myg(x /i)y = Ox 2 and
MzRr(x/k),y 18 the semi-fraction field of Ozr(x/k),y- Moreover, Ozr(x k) is a subsheaf
of Mzr(x/k)-

Let us now briefly discuss some elementary functorial properties of algebraic Zariski-
Riemann spaces. First, assume that f : ¥ — X is a dominant K-morphism between
projective K-schemes. Then any projective sub-model of X over k is a projective sub-model
of Y over k. Therefore, we get a topologically surjective morphism of locally ringed spaces
ZR(Y/k) — ZR(X/k).

Now assume that f : Y — X is a closed immersion of projective K-schemes. Let
y = (y,A,¢) € ZR(Y/k), where y € Y is a scheme point, A is a valuation ring of x(y) and
¢ : Spec(A) — Spec(k) is a morphism that is compatible with Spec(x(y)) — Y such that
the induced morphism Spec(r(y)) — Spec(A) Xgpec(k) Y is a closed immersion. Then the
morphism Spec(k(z)) — Spec(A) Xgpec(ry X induced by ¢ is again a closed immersion, as it
is the composition of the closed immersion Spec(r(y)) — Spec(A) Xgpec(r) Y and pullback of
the closed immersion Y — X along the projection Spec(A) Xgpecry X — X. Therefore we
get an injective map ZR(Y/k) — ZR(X/k). Moreover, this map is continuous by ([Tem11],
Lemma 3.1.1). Alternatively, one can see the map ZR(Y/k) — ZR(X/k) by looking at
projective sub-models as follows. Let X be a projective sub-model of X over k. Denote by Y
the scheme-theoretic image of Y in X, this is a projective sub-model of Y over k. Moreover,
using Segre embeddings, one can see that any projective sub-model of Y over k is dominated
by a projective sub-model as above. Thus, the map ZR(Y/k) — ZR(X/k) is the projective
limit of the closed immersions Y — X, where X’ runs over the projective sub-models of X
over k and ) denotes the scheme-theoretic closure of Y in ). In particular, we see that the
map ZR(Y/k) — ZR(X/k) is a morphism of locally ringed spaces.

Consider an arbitrary K-morphism f : Y — X between projective K-schemes. Let Y’
denote the scheme-theoretic image of Y in X. Then f is the composition of a dominant
morphism and a closed immersion. Using the two cases above, we get a morphism of locally
ringed spaces fzr : ZR(Y/k) — ZR(X/E).

Finally, assume that A is a Priifer domain with fraction field K and that k is the
prime subring of K. Then we have seen that ZR(K/A) is a subspace of ZR(K/k) which
identifies with Spec(A). More generally, using Temkin’s interpretation of ZR(X/A) and
ZR(X/k) as spaces of semi-valuations on X, we get a morphism of locally ringed spaces
ZR(X/A) — ZR(X/k) that is topologically injective.

1.2.3. Analytic Zariski-Riemann space. Let us now give the analytic counterpart of the spaces
introduced in Let K be a field, k£ be a subring of K and X be a projective K-scheme.
Assume that k is equipped with a norm || - || such that (k,|| - ||) is a geometric base ring.
This implies that for any projective sub-model X € M/, we have an associated Berkovich
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analytic space X?". As a set, X?" is described as
XM ={r=(p,|-]z) :p€ X and |- [; is an absolute value on x(x) s.t. |- [, € M(k, [ -]])}.

Moreover, for any = = (p, |- |z) € X", we denote by k(z) the completion of k(p) w.r.t. |- |s.
It is proved in [LP24] that X*" is a compact Hausdorff topological space that comes equipped
with a structure sheaf O%".
Define the analytic Zariski-Riemann space of X over k as
ZR(X/k)™ = l&n P
XEMx/k

This is a locally ringed space whose structure sheaf is denoted by O%Iﬁ( X/k)- Recall that

Ozr(x/kyen = lim (P5) " Oyen,
xeMy
where, for all X € Mx, p¥' : ZR(X/k)* — &X*" denotes the projection. Let x =
(zx)xemy), € ZR(X/Kk)™. Then its residue field £(x) is described as the union of the
residue fields x(xx), where X runs over the projective submodels in My/,. It is thus a
Henselian valued field ([Poil3], Théoréme 5.1 and Corollaire 5.3 and [Sta23], Lemma 04GI).
The completion of k(x) w.r.t. to its absolute value is called the completed residue field of x
and is denoted by r(x). Note that we have a commutative diagram of locally ringed spaces

ZR(X/k)™ —— ZR(X/k)

! !

Mk, || -1I) — Spec(k)

The analytic Zariski-Riemann space also admits a description in terms of pseudo absolute
values. Let x € ZR(X/k)*". Then the description given in implies that jx/,(x) can be
seen as a triple (z, 4, ¢), where z € X is a scheme point, A is a valuation ring of x(z) and
¢ : Spec(A) — Spec(k) is a morphism satisfying several properties. we call x the underlying
scheme point of x. Note that the residue field x(jx/i(x)) is the residue field of A and thus,
we obtain the following description.

Proposition 1.2.3. We have a bijection between ZR(X/k)** and
{x=(p,||x):p € Val(X/k) and | - [x € M,

Example 1.2.4. (1) Assume that X = Spec(K). Let k denote the prime subring of K
equipped with the norm || - || defined to be | - |o if char(K) = 0 and the trivial norm
if char(K') > 0. Then ZR(K)*" := ZR(X/k) is homeomorphic to the space My of
pseudo-absolute values on K ([Séd25], Corollary 10.2.4).

(2) Assume that X = Spec(K) and that k is a field equipped with the trivial norm. Then
ZR(K/k)* := ZR(K/k)*" is homeomorphic to the space of pseudo-absolute values
on K that restrict to the trivial absolute value on k.

(p) With finiteness ring Ap}.

As in the algebraic case, we discuss two cases of functoriality. First, let f : Y — X be a
K-morphism, where Y is a projective K-scheme. Then the morphism ZR(Y/k) — ZR(X/k)
described earlier induces a morphism of locally ringed spaces f*" : ZR(Y/k)*™ — ZR(X/k)>".
This morphism is topologically surjective, resp. topologically closed and injective, if f is
dominant, resp. a closed immersion. Second, assume that A is a Priifer domain with fraction
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field K and that k is the prime subring of K. Assume that A is equipped with a norm || - ||
such that (A, | - ||) is an integral structure for K. Recall that ZR(K/A)** = M(A,| -||) is a
subspace of ZR(K )™ = Mg. More generally, ZR(X/A)*" is a (closed) subspace of ZR(X)?".

A variant of bullet (2) above is as follows. Assume that k is a valuation ring such that

Frac(k) C K with residue field . Let |- | be an absolute value on . This data determines a
pseudo-absolute value v on Frac(k). Denote by & the completion of k w.r.t. | -|. Then
ZR(X/k)*™ = lim (X ® k)™
XeMx i

is the local Zariski-Riemann analytic space associated with X above v defined in ([Séd25],
§8.3). As above, we have a commutative diagram of locally ringed spaces

ZR(X/k)™ —— ZR(X/k)

! !

{v} ——— Spec(k)

For any = = (zx)xemy, € ZR(X/k)™, we define the completed residue field as the
completion of the union of the residue fields #x(zx), where X' runs over Mx .

In the particular case where X = Spec(K), then ZR(X/k)*" is homeomorphic to the set of
pseudo-absolute values on K extending v on Frac(k) ([Séd25], Theorem 8.2.4). If we further
assume that K = Frac(k), then ZR(X/k)*" is simply the point {v} C Mg whose residue
field is .

Remark 1.2.5. Although we use similar notation for global and local Zariski-Riemann
spaces, the definitions do not coincide. The reason is the following. Assume that k is the prime
subring of a field K and let f : X — Spec(K) be a projective K-scheme. As it is customary in
algebraic geometry, we want to consider the morphism f*" : ZR(X)*" — Mg = ZR(K/k)*"
as a family of fibres. Let v € My. The fibre (f2")~1(v) := ZR(X)*® x s, {v} is isomorphic
to the space ZR(X/A,)*" (cf. [LP24], Proposition 4.5.3).

1.2.4. Coherence of the structure sheaf and coherent modules: algebraic case. Let K be a field
and k C K be a subring that is assumed to be stably coherent (e.g. k is the prime subring
or a Priifer domain). Let X be a projective integral K-scheme. Let us recall a well-known
fact about finitely presented sheaves of Ozg x/r)-modules on ZR(X/k).

Proposition 1.2.6. Let U be a quasi-compact open subset of ZR(X/k), written as U =
@XGMU Ux, where My is cofinal in Mx;, and the Ux’s are open subsets of the X’s. Then
we have an equivalence of categories between @XGMU Fp(Ux) and Fp(U). Moreover, this
equivalence restricts to an equivalence of categories between @XGMU Vb(Uy) and Vb(U).

Proof. Note that ZR(X/k) is coherent (i.e. quasi-compact, quasi-separated and admits a
basis of quasi-compact open subsets) and sober by ([FK18], Chapter 0, Theorem 2.2.10).
Thus U is coherent and sober as well as the Ux’s (loc. cit., Chapter 0, Proposition 2.2.9).
Moreover, the transition maps between the Uy’s are quasi-compact. Therefore, the result
follows from (loc. cit., Chapter 0, Theorem 4.2.2). O

We now prove that the structure sheaf of ZR(X/k) is coherent.
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Proposition 1.2.7. Let U be a quasi-compact open subset of ZR(X/k), written as U =
l'&nXeMU Ux, where My is cofinal in Mx, and the Ux’s are open subsets of the X'’s.
The sheaf Oy is coherent. In particular, a sheaf of Oy-modules is coherent iff it is finitely
presented. Moreover, any coherent sheaf on U has Tor-dimension < 1.

Proof. 1t suffices to prove the result for U = ZR(X/k). Throughout the proof, we denote by
M the category of projective sub-models of X over k that are integral. Note that since X
is integral, M is cofinal in M/, and thus ZR(X/k) = @Xe/vl X. We adapt a part of the
proof of ([KST17], Proposition 6.4). Let us start by proving two lemmas.

Lemma 1.2.8. (i) Let X € M. Then for any X' € M with arrow q : X' — X, the
pullback functor q* preserves coherent modules of Tor-dimension < 1. Moreover, the
restricted functor is exvact.

(ii) Let X € M. Let ¢ : F — G be a morphism of coherent sheaves on X such that F,G
and coker(yp) are of Tor-dimension < 1. Then for any morphism q : X' — X, the
natural maps

q*(ker(¢)) = ker(q*p), ¢*(im(yp)) — im(q*p)

are tsomorphisms.

Proof. (i): Let F be a coherent O y-module of Tor-dimension < 1. Recall that Oy is coherent

since k is stably coherent. Thus, there exists an exact sequence 0 — &; L& > F =0
with &y, & vector bundles, of rank n,m respectively. Let ¢ : X’ — X be an arrow in M.

By right-exactness of ¢*, the sequence 0 — ¢*& L5 ¢*& — ¢*F — 0 is exact at ¢*&, ¢* F.
Let us prove that ¢*¢ is injective. Let 7', n be the generic point of X’, X’ respectively. Then
(¢*¢),y identifies with ¢, and is hence injective. Therefore, for any 2’ € A’, the map
(@*Q)ar : OF1 oo = O%y s is injective since Oxv ;v embeds into K (X”). Hence ¢*¢ is injective
and ¢*F is of Tor-dimension < 1. The exactness of the restriction ¢* follows from the nine
lemma.

(ii): It is a direct consequence of (i). O

Lemma 1.2.9. Let X € M.

(i) Let F be a coherent Ox-module. Then there exists a map q : X' — X in M with
k(X" = k(X) and ¢*F is of Tor-dimension < 1.

(ii) Let ¢ : F — G be a morphism of coherent Ox-modules. Then there exists a map
q: X = X in M with k(X") = k(X) such that ¢*F,q*G, ker(¢*¢),im(¢*¢) and
coker(q*y) are of Tor-dimension < 1.

Proof. (i): By ([Sta23], Lemma OESR), there exists a non-empty open subset U C X and a
U-modification ¢ : X’ — X such that ¢*F is of Tor-dimension < 1.

(ii): Note that for any morphism ¢ : X’ — X, we have ¢* coker(¢) = coker(q*y) by
right-exactness. By (i), there exists ¢ : X’ — X such that ¢*F, ¢*G and coker(q*y) have
Tor-dimension < 1. It follows that ker(q¢*¢) and im(qg*y) also have Tor-dimension < 1.

O

To prove that Ozg(x k) is coherent, it suffices to prove that for any open subset U C
ZR(X/k) and for any morphism f : Of, — Oy, the kernel ker(f) is of finite type. First assume
that U = ZR(X/k). Let f : (’)QR(X/k,) — Ozr(x/k) be such a morphism. By Proposition@
there exists & € M such that f is induced by a morphism ¢ : O% — Oy. By Lemma [1.2.9



https://stacks.math.columbia.edu/tag/0ESR

TOPOLOGICAL ADELIC CURVES 21

(ii) there exists a morphism ¢ : X’ — X in M such that ker(¢*¢),im(¢*¢) and coker(q*p)
have Tor-dimension < 1. Moreover, since X’ is coherent, ker(¢*) is of finite type, namely
there exists a surjection O%, — ker(¢*¢). Note that ¢*¢ also defines f and by Lemma m
(ii), ker(¢*¢) defines ker(f), which is therefore of finite type. The case of a general U is
treated exactly the same way using Proposition [1.2.6 U

Remark 1.2.10. The fact that coherent sheaves on ZR(X/k) have Tor-dimension < 1
indicates that cohomologically speaking, algebraic Zariski-Riemann spaces behave like a
smooth projective curve over a field.

1.2.5. Finitely presented modules on analytic Zariski-Riemann spaces. We now want to give
an analytic counterpart to the results of in the analytic case. Let K be a field and k be
a subring of K. Let X be a projective K-scheme. Assume that k is equipped with a norm
|| - || such that (k,|| -||) is a geometric base ring. We first want to link the category of finitely

an 1 an . e .
presented sheaves on ZR (X/k)™ = lim M X" to the inductive limit of the categories

of finitely presented sheaves on the X*"’s. Unfortunately, the results of ([FK18], Chapter 0)
do not apply and, since we did not find any suitable reference in the literature, we have to
prove the analogue of Proposition directly.

Proposition 1.2.11. Let (X,Ox) be a locally ringed space and let F be an Ox-module of
finite presentation. Let (G;)icr a filtered inductive system of Ox-modules. Then the canonical
map of sheaves of Ox-modules

lim Homo (F,Gi) = Homo, (F, lim Gi)
el iel
s an isomorphism.

Proof. It suffices to check that for any x € X, the induced map on stalks

(@Homox(]‘—, gz)> — HOInoX (f,h_nggl)x
iel © iel
is an isomorphism. Let x € X, we have isomorphisms

(h_rg Homo, (F, Qi)) = lim Homo,, (F, Gi)o = lim Homoy , (Ox ¢, Gia)
icl T | iel
= Homo, , (Ox,e,im Gip) = Homo (F,1im Gi)o,
icf icl
where the second and the fourth isomorphisms are given by ([GW10], Proposition 7.27) and
the third is given by the fact that compact objects in the category of modules over a ring are
precisely the finitely presented ones. U

Let us now consider the following setup. We consider a cofiltered projective system (X;);cr
of locally compact topological spaces whose transition maps p;; : X; — X; are surjective and
proper. Consider the projective limit X := l'ml,e I X;. This is a locally compact Hausdorff
space and the projections p; : X — X; are surjective and proper.

Proposition 1.2.12. For any i € I, let F; be a sheaf of Ox,-modules. Assume that for any
i,7 € I such that i < j, we have a morphism @;; :p;jl]:i — Fj such that ;1 = @k OP;klt,Oij if
1 < j <k, so that (p[l]:i) s am inductive system of sheaves on X. Denote F := liglielpjl}'i.
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(1) Letig € I and K;, C Xi, be a compact subset. For anyi > ig, denote K; := p;Olz(Kl ),
this is a compact subset of K;, and K := @npio K, this is a compact subset of X.
Then the canonical map B

h_HgHO(Ki,fi) — HO(K, F)
i>io

is an isomorphism.
(2) Letig € I. Then the canonical morphism

W pigi«PigiFio — Pio,xPigFio

1>10
is an isomorphism.

Proof. (1): We may assume that I = {j > i}. Since K is compact, ([Sch23], Proposition
11.1.2) yields an isomorphism

HY(K, F) = lim HO(K,p; ).
el
Therefore it suffices to show the bijectivity of the map hLQZ
By ([KS90], Proposition 2.5.1), the canonical map

: -1
 HOGLF) =l HOK. ;).
hgtho(UwFl) — thO(Klv‘Fl)a

i€l U i€l

where, for any ¢ € I, U runs over the open neighbourhood of K; in X, is an isomorphism.

Now let s € hﬂie[ HO(K,pi_l). By compactness of the K;’s and K, there exist a finite
compact covering K = (J;_; Vj, of K and i € [ such that: for any k = 1, ..., n, there exists a
compact subset Vj,; C K; such that Vj, = p[l(Vm) and s|y, lies in ligU H°(U, F;), where U
runs over the open neighbourhood of Vi, ; = p;(V}) in X.

Thus, for any k = 1,...,n, sy, define an element in lignjzl. hﬂv H°(V, F;), where for any
j > i, V runs over the open neighbourhoods of p;(Vy) =: Vi ; in X;. By the previous
isomorphism, this defines an element in hﬂj>i H O(Vk’j,}"j), Since the Vi ; N Vi ;’s are
compact, the first isomorphism above ensures that we can glue these elements to obtain a
unique element in hﬂz‘%o H°(K;, F;) that is mapped to s by construction.

(2): Let x € X;,. By ([KS90], Remark 2.5.3), we have isomorphisms

(hg pioi,*p;'koifm) 22 Lin (pioi,«DiyiFio )y = M HO (7o, (), 93y Fio),
1210 - >0 >0

(pi07*p;<0EO)x = Ho(p;)l(‘r)ap;koflo)

Now since p; Yx) = Jim, <io Pio 1(2), (1) yields an isomorphism

lig HY (pyo; (), 9} Fio) = HO (3" (2), 05, Fi)

i>ig

which finishes the proof. O
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Proposition 1.2.13. Letig € I and F;,, G;, be two OXZ-O -modules. If F;, is finitely presented,
then the canonical map

hﬂ Homoxi (pfoj]:io ) pzﬂoigio) - HOHI@X (p;'ko}—ioap:o gio)

i<ig
s an isomorphism.
Proof. We have isomorphisms

HOHloX (p;‘ko]:io’pfo gio) = Hom(’)xio (}—iovpio,*p;’kggio) = HOHI(')XZ,O (]:ioa hglpioh*p;oifio)
i>ig
= hﬂ HomOXiO (Eo)pioi,*pfoifio) = hﬂ HOI’H(QXi (p:()ifi07p;<0iﬂo)7
>0 1210

where the first and fourth ones are given by adjunction, the second one by Proposition [1.2.12
(2) and the third one by Proposition [1.2.11 O

We can now prove the analogue of Proposition [I.2.6]

‘s . . . an
Proposition 1.2.14. We have an equivalence of categories between hﬂXeMX/k Fp(xam)

and the category Fp(ZR(X/k)*"). Moreover, this equivalence of categories restricts to an
equivalence of categories between lim , ) Vb(X?") and Vb(ZR(X/k)*).
X/k

Proof. Concerning the first part of the statement, it suffices to prove the essential surjectivity,
since the full faithfulness will follow from Proposition Denote M := My, and
X2 := ZR(X/k)*. Note that the transition maps between the X*"’s are proper and
surjective. Let F be a finitely presented Oxan-module. There exists a finite open covering
X* = Up_ Uy such that, for any k = 1, ..., n, there exists a presentation

oft = Ofp — Fy, — 0.
Write each Uy, as @XeMk Uk,x, where My, is cofinal in M and the U x’s are open subsets

of the X*’s. The transition maps between the Uy »’s (for a fixed k) are proper and
can be assumed to be surjective. By Proposition for any k = 1,...,n, there exist
X, € M;, and a morphism O:{}X — ngx inducing the morphism (’)’&k — Oqu. Then
k k

Fi = coker((’)’l}xk — Oquxk) is a finitely presented Oy, -module whose pullback to U, is
isomorphic to Fy, . Since we have only finitely many Uy’s, up to pulling back on a bigger
sub-model, we may assume that X = Xy =: X for all k, k' = 1,...,n. Since the (p¥')*Fi’s
glue on X?*, Proposition implies that there exists a morphism ¢ : ) — X in M such
that the ¢*Fi’s glue on Y, yielding an Oyan-module Fy. By construction, Fy is finitely
presented and (p3')*Fy = F.

Finally, let £ be a vector bundle on X?". Choose a finite open covering X" = (J;_; Uy
such that &y, = Op, for all £ =1,...,n, where r is an integer. Let X € M and Ex be a
finitely presented Oyan-module such that £ = (p¥')*Ex. By Proposition there exist
an arrow ¢ : Y — X in M and an open covering Y = |J;_; Vi such that for any £k =1,...,r,

~

the isomorphism &5, = Of, is the pullback of a morphism ((¢*")*Ex )y, — Of, . Since the
morphism induced by &y, = O, on the stalks is an isomorphism and using the surjectivity
of py, we deduce that the morphism ((¢*")*€x)y;, — Oy, is an isomorphism. Then the
((¢*)*Ex) v, ’s glue to get a vector bundle on J whose pullback to X*" is isomorphic to

E. O
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Under certain conditions, we are able to prove that finitely presented sheaves on ZR (X /k)*"
are in fact algebraic. This will rely on the following "GAGA type" result, whose proof
reproduces the argument of Poineau in ([Poi25], Theorem 2.43).

Proposition 1.2.15. Assume that k is a Prifer domain equipped with a norm || - || such
that | - |giv < || - || and (k,|| - ||) is a geometric base ring and the specification morphism
Jspec(k) : M(k, || -[|) — Spec(k) is flat and surjective. Let X be a scheme locally of finite type
over k (i.e. locally of finite presentation since k is stably coherent). For any coherent sheaf
F on X, denote by F*" := j3F, this is a coherent sheaf on X** by ([LP24], Lemme 6.5.6).

The following assertions hold.
(1) The specification morphism jx : X** — X is flat.
(2) F — F2 defines an equivalence of categories between the categories of coherent
sheaves on X and X?".
(3) The analytification functor above restricts to an equivalence of categories between the
categories of locally free sheaves on X and X?".

Proof. (1): Flatness of jgpec(x) allows us to adapt the proof of ([LP24], Proposition 6.6.4)
to obtain, for any integer n, the flatness of jan : A — AT, One can then argue as in the
proof of (loc. cit., Théoreme 6.6.5).

(2): By ([LP24], Corollaire 6.6.7), the analytification functor is exact and faithful. By
definition of the structure sheaf on M(k, || - ||) and since | - |gmiv < || - ||, we have inclusions
k C OM(k,| - |I)) C Frac(k). Since jgpec(r) : M(K, || - |) = Spec(k) is surjective, we have
OM(K, [ - 1)) € Nimespec(k) km = k, thus O(M(k, || - ||)) = k. Now using ([Poil3], Corollaire
2.8), we get that, for any integer n, O(A;"*") = k[T1, ..., T,]. Then one can reproduce the
proof of ([Poi25], Theorem 2.43) to get (2).

(3): This follows from ([LP24], Proposition 6.6.9), whose proof remains valid by flatness

of jx : X 5 X. 0
Proposition 1.2.16. Assume that k is a Priifer domain equipped with a norm || - || such
that | - |lwiv < || - || and (k,|| - ||) is a geometric base ring and the specification morphism

Jspec(k) : Mk, || - [|) — Spec(k) is flat and surjective. For any Ozg g /k)-module F, denote
F = jx T, where jx i ZR(X/k)*™ — ZR(X/k) is the specification morphism. The
following assertions hold.

(1) F — F? defines an equivalence of categories between the categories of finitely
presented sheaves on ZR(X/k) and ZR(X/k)*".

(2) The analytification functor above restricts to an equivalence of categories between the
categories of locally free sheaves on ZR(X/k) and ZR(X/k)*".

Proof. Throughout the proof, we denote M := My, and X*" := ZR (K /k)*".

(1): For any finitely presented sheaf F on ZR(X/k), the sheaf F" is finitely presented
since finitely presented sheaves are preserved by pullback. Now by Propositions and
one between lim,, Coh(X) = im0 Fp(X) and Coh(ZR(X/k)) = Fp(ZR(X/k))
and one between lim, Fp(x2") and Fp(ZR(X/k)*"). Now the analytification functor
Fp(ZR(X/k)) — Fp(ZR(X/k)*") is the direct limit of the analytification functors from
Proposition [I.2.15] Since the latter are equivalences of categories, we deduce the desired

equivalence of categories.
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Proof of (3). By Propositions and again, the categories of locally free
sheaves on ZR(X/k) and ZR(X/k)*" are respectively equivalent to the direct limit of the
corresponding categories of locally free sheaves on the X’s and X?"’s. Now using Proposition
1.2.15] (3), we get the desired equivalence of categories. O

Remark 1.2.17. We do not know if the structure sheaf Ozg g /x)an is coherent. It would
be a key step to study coherent sheaves on analytic Zariski-Riemann spaces. However, for
our applications in Arakelov geometry presented in this article, we will mainly care about
vector bundles for which we have a complete description.

Example 1.2.18. We made several hypotheses that condition the use of Propositions
Let us give the two cases of applications we will be concerned with in this
article.

(1) First assume that k is the prime subring of K equipped with the norm || - || defined
to be | - | if char(K) = 0 and the trivial norm if char(KX) > 0. Then Propositions

hold.

(2) Let R >0 and (k, | - |I) = (AR, || - [|[rnyb) from Proposition [1.1.5| Then Propositions
[1.2.15}[1.2.16| hold. Indeed the morphism M (k,||-||) — Spec(Ag) is flat and surjective,
this follows from the explicit description of the stalks of O .y given in ([Séd23],
Proposition 9.4.10).

1.2.6. (Metrised) coherent sheaves on Zariski-Riemann spaces. Let K be a field, k be an
integral subdomain of K and X be an integral projective K-scheme. Assume that either k
is the finiteness ring of a pseudo-absolute value v € Mg or k is equipped with a norm || - ||
making it a geometric base ring. In both case, we have a morphism of locally ringed spaces
Ix/k  ZR(X/k)™ — ZR(X/kK). Recall that the structure sheaf of ZR(X/k) is coherent and
thus coherent sheaves on ZR(X/k) coincide with finitely presented sheaves.

Let £ be a coherent sheaf on ZR(X/k). By a metric on £, we mean a family ¢ =
(|- lo(%))xezr(x/k)an Where, for any x € ZR(X/k)*", |- |,(x) is a norm on the K(x)-vector
space &(x) 1= & @0 p y /1, F(x). We further assume that the norms appearing in the metrics
are ultrametric over non-Archimedean absolute values.

Let ¢ = (|- |4(2))zezr(x/k)>n be a metric on . We say that ¢ is Isc/usc/continuous if, for
any open subset U C ZR(X/k) and for any s € H°(U, &), the map

s[o(-) : | U™ — Rxg
o |s(x)]p(w)

is Isc/usc/continuous, where U?" := j;(}k(U ).

Definition 1.2.19. A metrised vector bundle on ZR(X/k) is the data & = (€, ) where
& is a vector bundle on ZR(X/k) and ¢ is a metric on £. In that case, £ is called an
Isc/usc/continuous metrised vector bundle if ¢ is lsc/usc/continuous.

Proposition-Definition 1.2.20. Let £ = (£,¢ = (| - |x(X))xezr(x/k)=) be a metrised
vector bundle on ZR(X/k).
(1) Let F be a vector subbundle of £. Let x € ZR(X/k)*". Then the map F(x) — £(x)
is injective and the norm | - |,(x) induces a norm |- |, (x) on F(x). Then ¢ :=
(| lox(%))xezr(X/K)2n 18 @ metric on F called the restriction of ¢ to F. Moreover,
o F is usc/lsc/continuous if so is ¢.
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(2) Let g : £ — G be a surjective homomorphism between vector bundles on ZR(X/k).
Let x € ZR(X/k)*". Then the map £(x) — G(x) is surjective and the norm |- |,(x)
induces by quotient a norm |- |,;(x) on G(x). Then g = (| - |pg (X))xezr (X /K)n 18
a metric on G called the quotient metric induced by ¢ on G. Moreover, g is usc if
so is .

(3) Let x € ZR(X/k)*". Denote by |- |_,(x) the dual norm induced by |- |,(x) of | - |,(x)
on (=&)(x). Then —¢ = (| - |-4(X))xezr(x/k)en 15 @ metric on —& called the dual
metric of ¢. Moreover, if ¢ is usc, then —¢ is Isc.

(4) Let q : £ — G be a surjective homomorphism between vector bundles on ZR(X/k).
Then the dual morphism —q : —G — —& is injective and we have

—pg = (—¢)-g-
(5) Let f: Y — X be a projective morphism between projective integral K-schemes
inducing a morphism f*" : ZR(Y/k)*" — ZR(X/k)*. Let y € ZR(Y/k)** with
x := f*(x). Define | - [+, (y) to be the norm on (f*&)(y) = £(x) @) k(y) defined
as the m-extension of scalars of | - |,(x) if the absolute value on K(y) is Archimedean
and as the e-extension of scalars of |- |,(x) if the absolute value on K(y) is non-
Archimedean. Then f*¢ := (| - [t+,(¥))yezr(x/k)en is a metric on f*E called the
pullback of p. Moreover, f*p is usc if ¢ is usc.

Proof. The fact that the constructions define metrics being clear and since (4) follows from
([CM19], Proposition 1.1.20), we only show the assertions about the regularity. For (1) and
(3), this is clear. For (5), this follows from the fact that the extension of scalars can be
expressed as an infimum of functions that are usc if ¢ is usc.

Let us prove (2). Let X € Mx/;. Then by ([FK18|, Chapter 0, Theorem 4.2.1), the
morphism p : £ — G is the pullback of a surjective homomorphism gy : £y — Gy, where
Ex, Gy are vector bundles on some projective submodel X'. Moreover, by (loc. cit., Chapter
0, Theorem 2.2.13), the projection px : ZR(X/k) — X is closed. Thus ZR(X/k) admits a
basis of neighbourhood consisting of inverse image of open affine subschemes of X'. On such
an open subset U = p3!(Ux) of ZR(X/k), by (loc. cit., Chapter 0, Proposition 4.4.1), for
any ¢ > 0, we have an isomorphism

H (U, ker(q)) = hg H'(a Y (Ux), ker(a*px)).
a:X'—X
Up to passing to a dominating submodel, we may assume that ker(a*py) = o* ker(py) for
any arrow « : X’ — X in M x/k (cf. Lemma . Moreover, by Stein factorisation, we can
factor any such arrow o : X’ — X as the composition of 5 : X’ — Y and v: )Y — X, where
B+«Ox = Oy and 7 is finite. Therefore, for any ¢ > 0, we have isomorphisms

H'(a™'(Ux), o ker(px)) = H'(v~' (Ux), 7" ker(px))-

Since 7 is finite, it is affine and v 1(Ux) is affine. Since v*ker(py) is coherent, we have
H{(y"Y(Ux),v* ker(px)) = 0 for all i > 1. Therefore, for any i > 1, we have H*(U, ker(q)) = 0.
We deduce that we have a surjective map ¢(U) : HY(U, &) — H®(U,G) and for any () and

any section s € HY(U, G), we have
|sleq (%)

|t]e(x).

The assertion follows. O

= inf
te HO(U,E),q(U)(t)=s
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Example 1.2.21. (1) Assume that k is the finiteness ring of a pseudo-absolute value
v E Mg.
(i) When X = Spec(k), ZR(X/k) = Spec(k) and a metrised vector bundle on
ZR(X/Ek) is the data of a free k-module of finite rank £ together with a norm
on &€ ® Ky, i.e. a pseudo-normed K-vector space in v (cf. .
(ii) In general, if L is a metrised line bundle on ZR(X/k), its pullback to X via
n: X — ZR(X/k) will be defined as a pseudo-metrised line bundle on X (cf.

Definition |8.1.10] and Proposition [8.2.1)).

(2) Assume that k is the prime subring of K equipped with the norm | - |« if £ = Z and
the trivial norm if £ is a finite field.
(i) When X = Spec(K), a metrised vector bundle on ZR(X/k) is the data of
a finite-dimensional K-vector space equipped with a family of pseudo-norms
(Il l|o)venrry - We will study these objects in more detail in
(ii) In general, if L is a metrised line bundle on ZR(X/k), its pullback to X via
n : X — ZR(X/k) will be defined as a line bundle on X equipped with a
pseudo-metric family (cf. Definition
(3) Assume that k is equipped with a norm || - || such that (k, || -||) is an integral structure
for K. Metrised line bundles on ZR(X/k) are the object of

1.3. Adelic curves.

1.3.1. Adelic structures over a field. An adelic curve is the data S = (K, (2, A, v), (| |w)wen)
where K is a field, (2, A, r) is a measure space and (| - |o)weq is a family of absolute values
on K satisfying the following condition:

Vae K*, (weQ)w—loglal, €R
is A-measurable and v-integrable. The adelic curve S is called proper if the product formula
Va € K*, / log |a|,v(dw) =0
Q

holds.
In that case, for any integer n > 1 and for any (a1, ...,a,) € K™\ {0}, we define the height

hs(ay,...,an) := /Qlogmax{]aﬂw,...,|an\w}1/(dw).

Let S = (K,(Q,Av),(] - |w)wea) and 8" = (K, (Y, A, V), (| - |o)weq) be two adelic

curves. A morphism a : S' — S of adelic curves is a triplet o = (af, ay, I,,), where

e of : K — K’ is a field extension;
o a;: (Y, A') — (2, A) is a measurable map such that

Vo' €, Vae K, |af(a)l = [alayw):

Moreover, the direct image of v/ by a4 is assumed to be equal to v, namely, for any

f € LYQ,v), we have
/ fdl/:/ foayd/;
Q Qo
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I LYY, A V) — L1(Q, A, v) is a disintegration kernel of ay, namely I, is a linear
map such that, for all g € £L1(€Y, A’,v), we have

/Ia(g)duz/ gdv/,
Q Q/

and which, for all f € £1(9, A,v), sends the equivalence class of f o ay to the class

of f.

1.3.2. Algebraic coverings of adelic curves. Let S = (K, (Q, A,v), (| - |w)weq) be an adelic
curve. Let K'/K be an algebraic extension. Then it is possible to define an adelic curve
S @k K" and a morphism ag//k : S @ K' — S. Moreover, if S is proper, then S ®@x K’ is
also proper.

1.3.3. Ezamples of adelic curves. On a field, there are many possible adelic structures. We
list some examples.

Any global field (i.e. number field or function field) can be equipped with a natural
adelic structure which corresponds to the classical way to perform arithmetic geometry
over these fields (JCM19], §3.2.1-3.2.2).

Given any field K and any measure space (€2, A, v), we can consider the proper adelic
curve S = (K, (Q, A, v), (| - |triv)weq), where the family (| - |triv)weq consists of copies
of the trivial absolute on K. This kind of adelic curve is of particular importance
when considering the geometry of numbers and appears naturally when considering
Harder-Narasimhan filtrations of adelic vector bundles ([CM24]).
Function fields of polarised varieties and arithmetic varieties can be endowed with
proper adelic structures ([CM19], §3.2.4-3.2.6). This gives a unified approach to
higher dimensional of classical arithmetic geometry over global fields.

Let K be a countable field of characteristic zero. In (JCM21], §2.7), it is proved that
there exists an adelic curve S = (K, (Q,A,v), (] - |u)weq) satisfying the following
properties:

(1) S is proper;

(2) for any w € Q, | - |, is a non-trivial absolute value on K;

(3) the set {w € Q: ||, is non-Archimedean} is infinite and countable;

(4) let K be an algebraic closure of K, for any subfield Ey C K which is finitely

generated over QQ, then the set

{a €K : hS®K?(1,a) < C and [Ky(a) : Ko] <6}
is finite for all C' € R>g and ¢ € Z>1.

1.4. Globally valued fields. In this subsection, we recall the essential definitions in the
theory of globally valued fields introduced in [BYDHS24]. These objects can be described as
an "axiomatisation of heights" and are similar to adelic curves.

Let K be a field and e € R>q. By a height with Archimedean error e on K, we mean a
function h : A(K) := | |, A"T(K) — R U {—o0} satisfying the following axioms:

height if zero: Vo € A(K), h(x) = —oc0 & x = 0;
height of one: h(1,1) = 0;
invariance: Yo € A"TY(K), Vo € &,.1, h(o(x))

= h(z);
additivity: Vz,y € A(K), h(z ® y) = h(z) + h(y);
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e monotonicity: Vz,y € A(K), h(z) < h(z,y);

e triangle inequality: Vz,y € A"TY(K), h(z +y) < h(z,y) + e.
Such a height h on K is called global if h(xz) = 0 for all z € K*. In that case, we say that (K, h)
is a globally valued field (GVF for short) and h induces a function P(K) := | ],,~¢ P"(K) = R>o
which is called the GVF height. -

The formalism of globally valued fields can be naturally interpreted through unbounded
continuous logic, which allows the use of model theoretic methods to tackle arithmetic
problems (cf. e.g. [DHS24]). Moreover, there are several equivalent ways to view globally
valued fields. Roughly speaking, a GVF can be interpreted either as a field equipped with a
global height, a linear functional on the space of so-called lattice divisors, or an equivalence
class of proper adelic structures over the field (assuming that the latter is countable). The
only precision we give, as it will be used in is as follows. A GVF structure over a
countable field K determines a Borel measure supported on the subspace of Mg consisting
of absolute values on K, yielding a proper adelic curve realising the GVF height. This means
that, as long as we are interested in quantities involving heights, we may safely assume that
the adelic space of an adelic curve with base field K is a subset of My equipped with the
Borel o-algebra and a Borel adelic measure. We refer to ([BYDHS24], Theorem 7.7) for the
precise statements. If the base field is uncountable, we will see that GVFs are essentially
equivalent to proper topological adelic curves.

In this article, we will be mainly interested in the GVFs/adelic curves relation. Let us just
mention for now that given a proper adelic curve S = (K, (2, A, ), (| - |w)weq), the height
hs : Uy>o P"(K) — R>g introduced in is a GVF height on K.

Globally valued fields turn out to be particularly useful in the situation where we can
naturally define a height of interest on a field without a priori knowing a possible underlying
adelic structure. Then ([BYDHS24], Theorem 7.7) ensures that there exists a suitable
(topological) adelic curve realising this height.

2. TOPOLOGICAL ADELIC CURVES
2.1. Definitions.

Definition 2.1.1. We define the category TAC of topological adelic curves as follows. An
object of this category is the data S = (K, ¢ : Q@ — Mg, v) where
e K is a field;
e () is a Hausdorff topological space called the adelic space of S and ¢ : Q@ — My is a
continuous map called the structural morphism of S;
e v is a Borel measure on 2 satisfying the following condition: for all f € K*, the map

Ifl.:] Q2 — RsoU{+oc}
w ’f’(b(w)
is such that the function log|f|. is v-integrable. Note that as ¢ : Q@ — Mg is

continuous, by definition of the topology of My, for all f € K*, the map |f]. is
continuous.

Then we define morphisms between topological adelic curves. Let Sk = (K, ¢x : Qg —
My, vi) and Sp, = (L, ¢r, : Q, — My, vr) be two topological adelic curves. A morphism
«: S;, — Sk is the data (au,aﬁ,la), where

e of : K — L is a field extension;
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o oy : {1y — Q is a continuous map inducing a commutative diagram

Moreover, the direct image of v, by ay is assumed to be equal to vx. Namely, for
any f € LY(Qk,vi), we have

fdl/K = / f o aﬁdVL;

Qx Q

o I, : LY(Qp,vp) — LYk, vk) is a disintegration kernel of ay, namely I, is a linear
map such that, for all g € L'(Qp,v), we have

/ Ia(g)dVK:/ gdvy,
Ox Qr

and which, for all f € L'(Qx,vk), maps the equivalence class of f o ay to the class
of f.
If S=(K,¢:Q — Mg,v) is a topological adelic curve, for all f € K*, we define the
defect ds(f) by

ds(f) = [ log|fluv(de).

The topological adelic curve S is called proper if, for all f € K* we have dg(f) = 0.

Remark 2.1.2. Let S = (K, ¢ : Q@ — Mg, v) be a topological adelic curve. It is harmless
to assume that there exists w € Q such that ¢(w) is an absolute value on K. Indeed, if it
not the the case, let Q' := Q U {*} equipped with the disjoint union topology. Extend the
map ¢ to a map ¢ : Q' — Mg by sending * to the trivial absolute value on K. Extend as
well v to a measure v/ on ' by setting /(%) := 1. Then S’ = (K',¢' : Q' — Mg,V') is a
topological adelic curve that is proper iff S is proper. From now on, we always assume that
this condition is satisfied.

Definition 2.1.3. An integral topological adelic curve is a topological adelic curve (K, ¢ :
Q — Mk, v) such that there exists a tame integral structure (4, || - ||4) for K (cf.
such that the image of the structural morphism ¢ :  — My lies in the global space of
pseudo-absolute values V := M(A, || - ||). The space V is called the integral space of S and
the integral structure (A, || - ||4) is called the underlying integral structure of S.

Let Sx = (K, ¢x : Qx — Mg,vk) and Sp = (L, ¢r : Qp — Mp,vr) be two integral
topological adelic curves with respective integral spaces Vi, Vz,. A morphism o = (af, ag, Iy)
S1, — Sk of topological adelic curves is called integral if there exists a continuous map
ay : VI — Vi such that the diagram

0, -, v M;

b e

Qe —25 Vi Mg
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is commutative.

We define the category ITAC of integral topological adelic curves as the subcategory of
TAC curves whose objects are integral topological adelic curves and whose morphisms are
integral morphisms of topological adelic curves.

Notation 2.1.4. (1) Let S = (K,¢: Q — Mg,v) be a topological adelic curve. Expect
mentioned otherwise, for any w € €, we denote by A, the finiteness ring of the
pseudo-absolute value ¢(w). Likewise, the kernel, resp. the residue field, resp. the
underlying valuation of ¢(w), is denoted by my,, Ky, V.

(2) By "let S = (K, ¢: Q — V,v) be an integral topological adelic curve, we mean that
(K,¢:Q,— Mg,v) is a topological adelic curve with integral space V.

(3) We can use the notation from in the context of topological adelic curves.
Let S = (K,¢ : Q — Mg,v) be a topological adelic curve. Then we define Q,
Qum as the respective preimages of Mg o0, M um through the structural morphism
¢ :Q — Mg. We also have a map € : (w € Q) — €(d(w)) =: €(w) €]0, 1].

Proposition 2.1.5. Let S = (K, ¢ : Q — Mg, v) be a topological adelic curve.

(i) Forall f e K, let Qp :={w e Q: fe A,}. Then we have v(2\ Qy) = 0. Moreover,
if fe K™, thenv({weQ:|flo=0})=0.
(ii) Qoo, resp. Qum, is an open, resp. a closed subset of Q.
(iii) If € is bounded from below on Qu, then v(Qs) < +00 and Qs is a closed subset of
Q.

Proof. Let f € K. If f =0, then Qy = Q and thus v(2 \ Qf) = 0. Assume that f # 0.
Then log|f|. is v-integrable and Q; = {w € Q : log|f|, # +oo0}. Hence v(Q2 \ Q) = 0.
Finally, as f # 0, log|f~!| is v-integrable and {w € Q : |f|l, = 0} = Q ~ Qy-1. Thus
v({w € Q:|flw =0}) =0. This concludes the proof of (7).

We now show (i7). Qoo = ¢ (M ) is open as ¢ is continuous. Likewise, Qyy is closed.

To show (iii), we may assume that Q. # @. Then char(K) = 0 and log |2|. € L1(Q,v).
Therefore, the function f := max{0,log |2|.} is v-integrable. Let 0 < m a lower bound for €
on . Then

mlog(Q)/Q v(dw) < /Qf(w)y(dw) log < 400,

hence v(2s0) < 400. Let (wq)aer be a generalised convergent sequence in Qs with limit
w € Q. Then the generalised sequence (€(wa))acr € [m,1]! is bounded. By Bolzano-
Weierstrass, up to considering a subsequence, we may assume that (€(wq))acs converges to
some € € [m,1]. Then |2|, = limaey [2]o,, = limaes 2€@e) = 2¢ > 1. Therefore, w € Q4 and
it follows that Q. is closed. O

2.2. Height function on a proper topological adelic curve. In this subsection, we fix
a proper topological adelic curve S = (K, ¢ : Q — Mg, v).

Definition 2.2.1. Let n € N be an integer and f = (fp : --- : fn) € P"(K). Define the
height of f w.r.t. S by

s(f) = [ togma{|folus . fulu v (d).

This quantity is well-defined by virtue of the product formula. Moreover, for any f € K, we
set hg(f) :=hs(1: f).
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The following observation relates topological adelic curves and globally valued fields (cf.
).

Proposition 2.2.2. The height function hg : | |,cnP"(K) — R defines a GVF structure on
K with Archimedean error hg(2).

Remark 2.2.3. Using ([BYDHS24], Theorem 7.7), we see that topological adelic curves
and globally valued fields are not too far away from each other, as long as the quantities of
interest can be related in terms of height. More precisely, a GVF structure on a field K yields
an equivalence class of so-called admissible measures. For any admissible measure v in this
equivalence class, S" = (K,id : M — Mp, ) is a proper topological adelic curve with locally
compact adelic space and Radon adelic measure. Conversely, the proper topological adelic
curve S = (K, ¢ : Q — Mg, v) determines a GVF structure on K yielding an equivalence
class of admissible measure. For any measure p as above, we have hg = hgs, although in
general S and S’ are different as topological adelic curves.

2.3. Zariski-Riemann spaces over adelic curves. Building on the material introduced
in we attach a "Zariski-Riemann" type space to any topological adelic curve. We fix a
topological adelic curve S = (K, ¢ : Q — Mg, v) and a projective K-scheme X.

We denote by k the prime subring of K equipped with the norm |- | if ¥ = Z and
the trivial norm if k is a finite field. In we have introduced the locally ringed spaces
ZR(X) := ZR(X/k) and ZR(X)*" := ZR(X/k)*". Recall that they fit in a commutative
diagram

ZR(X)™ —— ZR(X)

| |

My = ZR(K)™ —— ZR(K)

Definition 2.3.1. (1) Denote by £ the quotient of Q by the equivalence relation identify-
ing points of 2 having the same image via the composition jxo¢ : Q@ — Mg — ZR(K).
jK o ¢ factors through Q and we equip Q with the initial topology associated with this
map ¢ : Q — ZR(K) (in this case, it is the subspace topology). We endow Q with
the structure of a locally ringed space whose structure sheaf is Og := 5_1OZR( K)-

(2) We define the algebraic Zariski-Riemann space of X over S as ZR(X)s 1= ZR(X)Xzr (k)

(NZ, where the fibre product is considered in the category of locally ringed spaces.
The structure sheaf of ZR(X)g is denoted by Ozr(x)s- Note that (cf. e.g. [Gilll],
Theorem 9) the underlying topological space of ZR(X)g is homeomorphic to the fibre
product ZR(X) XZR(K) Q in the category of topological spaces. In this case, it is
homeomorphic to a subset of ZR(X) equipped with the subspace topology. Moreover,
via this homeomorphism, the structure sheaf Ozg(x)y corresponds to the inverse
image of Ozr(x) via the projection ZR(X)s — ZR(X). Since there exists w €
such that ¢(w) is an absolute value on K, the map n : Spec(K) — ZR(K) factors
through €, yielding a map ng : Spec(K) — Q. Moreover, the map nx : X — ZR(X)
factors through ZR(X)g, yielding a map nx,s : X = ZR(X)s.

(3) We equip 2 with the structure of a locally ringed space whose structure sheaf is

OQ = ¢_IOZR(K)an .
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(4) As in bullet (2), we define the analytic Zariski-Riemann space of X over S as
ZR(X)Y = ZR(X)™ X §2, where the fibre product is again considered in the
category of locally ringed spaces. Here again the underlying topological space of
ZR(X)%" is homeomorphic to the fibre product ZR(X)*" X, 2 in the category of
topological space and the structure sheaf Ozr(x X)an is the inverse image of Oz (x)an
via the projection ¢x : ZR(X)¥" — ZR(X)*". Note that the map ZR(X)*" — Q
is proper (as the pullback of the proper map ZR(X)*" — Mg). Moreover, for any
xz € ZR(X)%", we define its completed residue field R(x) as the completed residue
field of its image in ZR(X)*" via the projection ¢x.

(5) Finally, by a metrised vector bundle ZR(X)s, we mean the data & = (£, ) where & is
a locally free Ozg (x)-module of finite rank together with a family (|- |¢<$))erR(X)%n
where, for any z € ZR(X)%", | - |o(x) is a norm on the K(z)-vector space £(z) :=
& ®(9ZR(X)S R(x).

We summarise everything in the following commutative diagram in the category of locally
ringed spaces

ZR(X)& ZR(X)™"

Spec(K)

whose front right and back right squares are Cartesian.

Let us now describe finitely presented sheaves on ZR(X)g.

Proposition 2.3.2. Assume that Qisa locally closed quasi-compact subset of ZR(K). The
following assertions hold.

(1) The natural functor limy, Fp(U) — Fp(ZR(X)s), where U runs over the quasi-
compact open neighbourhoods of ZR(X)g in ZR(X) is an equivalence of categories.
Moreover, this equivalence of categories restricts to an equivalence of categories
between lim, Vb(U) — Vb(ZR(X)s).

(2) Assume that X is integral. Then the structure sheaf Ozr(x)s is coherent and the

natural functor lim, Coh(U) — Coh(ZR(X)s), where U runs over the quasi-compact
open neighbourhoods of ZR(X)g in ZR(X), is an equivalence of categories.

Proof.

Claim 2.3.3. Let (X,Ox) be a locally ringed space and let i : Z — X be a quasi-compact
subset. The following holds.

(i) For any sheaf F on X, the natural map
lim H(U, F) — H*(Z,i"'Z),
U
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where U runs over the open neighbourhoods of Z in X, is bijective.

(ii) Assume that Z admits a basis of quasi-compact open subsets. Then the natural functor
between @U Fp(U) and Fp(Z), where U runs over the open neighbourhoods of Z in
X, is an equivalence of categories. Moreover, this equivalence of categories restricts
to an equivalence of categories between limy Vb(U) and Vb(Z).

(iii) Assume that Z admits a basis of quasi-compact open subsets and that Ox is coherent.
Then i~*Oy is coherent.

Proof. (i): (JKS90], Proposition 2.5.1) implies the injectivity. Now let s € H°(Z,i"17).
Then there exist a collection (U;);er of open subsets of X together with a family (s;)ier
such that Z C U,c; U; and, for any i € I, s; € HO(U;, F) is such that Sijvinz = S|ju;nz- BY
quasi-compactness of Z, we may assume that [ is finite. Let

V.= {xe UUi:W,jEIs.t. zeU;NU;j, si,x:sm}.
el
Since [ is finite, V is open in X and contains Z by definition. Since for any ¢,j € I, we have
Silvau,nU; = Sjlvnusnu;s there exists a section t € H°(V, F) such that Lo, = sivnu, for
any i € I. By construction, the image of t in H°(Z,i~1F) is s.
(ii): Let us first prove the essential surjectivity. Let F be a finitely presented module on Z.
There exist a finite covering (J;c; Vi of Z by quasi-compact open subsets and, for any ¢ € I,
a presentation

Pi qi
Oy, = Oy = Fy, — 0,

where p;, ¢; are integers. Let i € I. By (i), there exist an open neighbourhood U; of V; in
X and a morphism ¢; : (’)ﬁ, — (’)qUii whose pullback to V; is isomorphic to the morphism
(’){Z — Og}i of the presentation. Let G; := coker(y;), this is a finitely presented Op,-module.
By right exactness of the pullback of sheaves of modules, the pullback of G; to V; is isomorphic
to F|y;. Since [ is finite, up to shrinking the U;’s, we may assume that the G;’s agree on the
intersections of the form U; N Uj;, where 4,7 € I. Thus, they glue to a finitely presented sheaf
G on U;c; U;. By construction, the pullback of G to Z is isomorphic to F. Moreover, we see
that if F is locally free of finite rank, then G is also locally free of finite rank.

Let us now prove the full faithfulness. We want to show that, for any objects (Fu/)u, (Guv)u
of hﬂU Fp(U) with respective image F,G in Fp(Z), the map

ligHom@U(]:U,gu) — Hom;-10, (., G)
U

is bijective. Let x € Z. Since F and the Fi;’s are finitely presented, we have isomorphisms
(hg Homoe, (Fu, gU)) = lim Homo,, (Fu, Gv)e = lim Homoy, , (Fu,2; Gua)
U U U

T

= Homoy, (Fz, Gz) & (Homy-10, (F,G)), -

(iii): It suffices to prove that for any quasi-compact open subset U C Z and any morphism
¢ : Of — Oy, ker(f) is of finite type. Let ¢ : Off — Oy be such a morphism. Since
U is quasi-compact, (i) implies that there exist an open neighbourhood V of U in X and
a morphism ¢ : Oy — Oy such that (z|_z_11 (V)w)IU is isomorphic to ¢ as a morphism of
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Op-modules. Since Ox is coherent, ker(v) is of finite type. By exactness of the inverse
image functor, we deduce that ker(yp) is also of finite type. O

(1): Since Q is a locally closed quasi-compact subset of ZR(K), Q is a coherent and
sober topological space and the inclusion Q — ZR(K) is quasi-compact ([FKI8], Chapter
0, Propositions 2.1.1 and 2.2.3). Let X € My, Write Q as an intersection A N B,
where A, B are respectively open in ZR(K). Then ZR(X)s = (ZR(X)s — Q)~(Q) is
a locally closed subset of ZR(X). Let us prove that ZR(X)g is quasi-compact, then by
ibid., ZR(X)g is also a coherent and sober topological space. , it suffices to prove that the
map ZR(X) — ZR(K) is quasi-compact. Let Y € Mg/;. The full subcategory of My,
consisting of projective submodels of X over Y is cofinal in M/, and we obtain that the
map ZR(X) = l.&nXeMy — ) is quasi-compact ([FK18], Chapter 0, Theorem 2.2.13). Now
the map ZR(X) — ZR(K) is the projective limit of the maps ZR(X) — Y, when ) runs
over M, and is quasi-compact by ibid. Therefore, Claim W (ii) yields (1).

(2): Proposition implies that, for any quasi-compact open subset U of ZR(X), the
structure sheaf Oy is coherent. Thus (2) follows from (1) and Proposition [1.2.7] O

Let us discuss the material introduced in Definition in the case where the topological
adelic curve is integral. Assume that (A4, | - ||) is an integral structure such that ¢ factors
through V := M(A, || - ||). Then the map Q — ZR(K) factors through ZR(K/A) = Spec(A).
More generally, the map ZR(X)s — ZR(X) factors through ZR(X/A) and ZR(X)g identifies
with the fibre product ZR (X/A) Xzr (k/4) Q. Likewise, the map ZR(X)¥ — ZR(X)*" factors
through ZR(X/A)*" and ZR(X)¥" identifies with the fibre product ZR (X/A)*" X zr (5 /4)an §2.
We can moreover describe finitely presented sheaves on ZR(X)g in terms of finitely presented
sheaves on models. By abuse of notation, we denote again by Mx,, the category of
projective models of X over A. For any X € Mx 4, define Xg := X Xgpec(a) Q and XE" =
X X (a1 €25 where the fibre products are understood in the category of locally ringed
spaces. Note that the respective underlying topological space of Xg, X&" identifies with the
topological fibre product X' Xgpec(a) Q, XX a4, §2- Moreover, we have homeomorphisms

R(X)s= fm Xs, ZROOPZ fm A
XeEMx )k XeEMx /i

Proposition 2.3.4. Assume that Q is a locally closed quasi-compact subset of ZR(K/A) =
Spec(A). The following assertions hold.
(1) The natural functor hﬂXeMX/A Fp(Xs) — Fp(ZR(X)s) is an equivalence of cate-
gories. Moreover, this equivalence of categories restricts to an equivalence of categories
between @XEMX/A Vb(Xs) — Vb(ZR(X)s).

(2) Assume that X is integral. Then the structure sheaf Ozr(x), is coherent and the
natural functor ling ) Coh(Xg) — Coh(ZR(X)s) is an equivalence of categories.
X/A

Proof. (1): First assume that Q is open. Then ZR(X)g is a quasi-compact open subset of
ZR(X/A) and the result follows from Proposition Let us now consider the general case.
Let X € Mx,4 and Vx be a quasi-compact open neighbourhood of Xs in X. Choose an

open neighbourhood U of ZR(X)g in ZR(X/A) contained in p3*(V). By ([FKI8], Chapter
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0, Proposition 2.2.9 and Corollary 2.2.12), there exists an arrow ¢ : X’ — X in M4 and
a quasi-compact open subset Uyr C X’ such that Xg C Uy C Vyr := ¢~ 1 (V). This fact,
combined with the previous case and Proposition [2.3.2] yields equivalences of categories

Fp(ZR(X)g) = limFp(U) =lim lim Fp(Ux)= lim Fp(Xs),
U U XeMy XGMx/A

where U runs over the quasi-compact open neighbourhoods of ZR(X)g in ZR(X).
(2): This is a consequence of Proposition [2.3.2] (2). O

2.4. Constructions on topological adelic curves. Before giving explicit examples of
topological adelic curves, let us give several general constructions that one is allowed to
perform over adelic curves that will be useful for applications.

2.4.1. Restriction to a subfield. Let S = (K,¢ : Q@ — Mg,v) be a topological adelic
curve. Let Ko be a subfield of K. Recall that we denote by g /i, : Mk — Mg, the
restriction of pseudo-absolute values on K to Ky. We obtain a topological adelic curve
So = (Ko, ¢ o T /K, : 2 = M, ) and a morphism S — Sp. Note that Sy is proper if so is
S.

We now address the question for integral adelic curves. Roughly speaking, this question
can be formulated as: "Can we restrict an integral structure of K to subfields?". Let (A, ||-||4)
be an integral structure for K and denote V = M(A).

Proposition 2.4.1. Let Ko C K be a subfield. Let Ag := AN Ky. We assume that V is
tame (cf. and that the morphism Spec(A) — Spec(Ay) is surjective. Denote by ||| 4,
the restriction to Ay of the norm || - ||a. Then (Ao, || - ||a,) defines a tame integral structure
for K.

Proof. First, note that we have Frac(Ag) = Frac(A) N Ko = Kp. Since V is tame, the trivial
absolute value on K is in V. Thus, the trivial absolute value on Ky is bounded from above
by || - |l4, and (Ao, || - ||.4,) is a discrete normed topological ring, hence is Banach. It remains
to prove that Ag is Priifer, since tameness is immediate by restriction of the norm. Let
po € Spec(Ap). By hypothesis, there exists p € Spec(A) such that p N Ay = po. Since
Ay is a valuation ring of K, A, N Ky is a valuation ring for Ky. From pg = p N Ky and
(Ao)p, = Ap N Ko, we get that Ay is Priifer. O

Definition 2.4.2. Let Ky C K be a subfield and assume that S = (K,¢: Q — V,v) is an
integral topological adelic curve with underlying integral structure A. Let Ag := AN Ky and
assume that Spec(A) — Spec(Ap) is surjective. Proposition implies that Ay defines
an integral structure for Ky whose global space of pseudo-absolute values V) := M(Ay) is
tame. Let ¢g : 2 — V be the composition of ¢ with the projection g/, : V' — Vo. Then
So == (Ko, ¢0 : Q@ — Vp,v) is an integral topological adelic curve. Furthermore, for any
[ € Ky, we have dg,(f) = ds(f). In particular, Sy is proper if so is S.

2.4.2. Restriction to a Borel subset. Let S = (K, ¢ : Q — Mg, v) be a topological adelic
curve. Let 7 : Q' < Q be a Borel subset. Moreover, if v/ denotes the restriction of the measure
v to ', then (K, ¢jqr : ¥ — My, V') is a topological adelic curve called the restriction of
S to €. Moreover, if S is an integral topological adelic curve with integral space V, then
(K, ¢por ' — V,//) is an integral topological adelic curve. Note that, in general, if S is
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proper, S’ need not be proper. If we further assume that v(Q ~ Q') = 0, then the triple
(id,4,I), where I : LY(€Y, V') — LY(Q,v) is defined by

Ve LN, I(f):(weﬂ)w{f(ow) i:;g,

defines a morphism of topological adelic curves and S’ is proper iff S is proper. We will make

Remark 2.4.3. For applications, we will sometimes need the adelic space €2 to be locally
compact. In that case, if we further assume that Q' C Q is a locally closed subset, then Q' is
a locally compact Hausdorff Mg-topological space (cf. [BouT7l], Chapitre I, §9.7, Proposition
13). Likewise, if S is an integral topological adelic curve with integral space V', €' is a locally
compact Hausdorff V-topological space and (K, ¢|q : Y — V,v') is an integral topological
adelic curve.

2.4.3. Disintegration. As we will see, the geometry of a topological adelic curve is related
to the geometry of its Zariski-Riemann space. For technical reasons, it is sometimes more
convenient to work with the full space of pseudo-absolute values as adelic space. The naive
idea is to pushforward the adelic measure to the space of pseudo-absolute values. However,
since we want to preserve the integration theoretic features, this amounts to the following
question: given a topological adelic curve S = (K,¢ : Q — Mg, v), does there exist a
morphism of topological adelic curves o : S — (K,id : Mg — Mg, p.v)? This amounts to
the existence of a disintegration of v over p,v.

Proposition 2.4.4 ([Fre03], Proposition 4520). Assume that (Q,v) is a Radon measure
space ([Fre03], Definition 411H). Then there exists a disintegration kernel I : L' (Q,v) —
LY (M, pov).

Remark 2.4.5. In all the examples we will encounter, the adelic measure is Radon. Thus
using a disintegration kernel, it suffices to prove any property of topological adelic curves
preserved by morphism on a topological adelic curve with adelic space the space of all
pseudo-absolute values.

2.5. Examples of topological adelic curves. Let us now introduce the main examples
of topological adelic curves that we are concerned with in this article.

2.5.1. Numpber fields. Let K be a number field with ring of integers Og. Let Qum be the set
of closed points of Spec(Ok) and ., be the set of all field embeddings o : K — C, both
equipped with the discrete topology. Then 2 := Qum, U Q0 is a discrete topological space.
For any w € Qu, let ¢(w) € Mg denote the Archimedean absolute value on K corresponding
to the complex embedding such that e(w) = 1. For any w € Qy;, above a prime number p,
let ¢(w) denote the non-Archimedean extension of the p-adic absolute value such that the
absolute value of p equals 1/p. Then the morphism ¢ : Q@ — My is continuous. For any
w € €, denote by K, resp. Q, the completion of K, resp. Q, w.r.t. the absolute value
¢(w), resp. the restriction of ¢p(w) to Q. Now set v({w}) := [K, : Qu]. Then the usual
product formula implies that S = (K, ¢ : Q — Mk, v) is a proper topological adelic curve.
Moreover, the homeomorphism Mg = M(Og,maxyeq. {| - |v}) from ([SEd25], Proposition
7.2.1) implies that S is an integral topological adelic curve. Note that the discrete topology
is the coarsest topology on €2 making the map ¢ : 2 — Mg continuous. This follows from
the fact that, for any w € Q, one can exhibit a neighbourhood U, of ¢(w) in Q2 such that
¢~ (U) NQ = {w}.



38

ANTOINE SEDILLOT

Remark 2.5.1. For any projective K-scheme X the Zariski-Riemann spaces ZR(X)g and
ZR(X)¥ identify respectively to X and | J,cq(X @k K,)*".

2.5.2. Ezamples of adelic curves in [CM19] I[CM21].

(1)

All the examples of proper adelic curves in ([CM19], §3.2) naturally define proper
topological adelic curves. Indeed, all the involved o-algebras are the Borel o-algebra
of a Hausdorff topological space. For any such example S = (K, (2, A, v), ¢), similarly
to Remark for any projective K-scheme X, ZR(X)s = X. Moreover, as a set,
we have a bijection ZR(X )¢ = || cq(X ®k K,)*". ZR(X)¥ can be seen as the
topological counterpart of the global adelic space in the sense of ([CM24], Chapter 7).
More generally, let S = (K, (2, A,v), (| - |w)weq) be an adelic curve such that K is
countable, € is a subset of Mg and A is the Borel o-algebra (and hence v is a Borel
measure). We further assume that for all f € K, the map (w € Q) — log|f]. € R is
continuous. Then S determines the data of a topological adelic curve, which is proper
if so is S. This includes the examples of (1) above as well as all the constructions
given in ([CM21], §2.3-2.7), assuming that the admissible fibrations involved satisfy
the above assumptions.

In case further topological properties of the adelic space are required, e.g. (local)
compactness for analytic purposes, one can make the following construction. Let
S =(K,(Q,Av),(||s)wea) be an adelic curve satisfying the properties introduced
in bullet (2) above. Recall in particular that @ C M. Consider the closure
Q in Mg (w.r.t. the topology of M), this is a compact Hausdorff topological
space. Let 7 := 1,v be the pushforward measure of v by the inclusion ¢ : Q < Q,
this is a Borel measure on 2 by construction. Let f € K*. Then the function
log|f|. : © € [~00,+0o0] is continuous by definition of the topology of My. More
generally, using e.g. ([Eng89], Theorem 3.2.1), we can extend any continuous function
g : Q — [~00,+00] to a continuous function g : @ — [—o0,+0c]. Moreover,
by classical measure theory (cf. e.g. Theorem 3.6.1 in [Bog07]), the function
log | f|. : @ — [~00, +o0] is D-integrable. Therefore, S determines a topological adelic
curve (K, ¢ : Q — My, 7), whose adelic space is compact Hausdorff.

Conversely, let S = (K, ¢ : Q2 — My, v) be a topological adelic curve, where K is
countable. For any f € K*, the subset

S(f) ={weQ:|fl, €{0,+0}} CQ

is closed and v(S(f)) = 0. Now set S := Ucxx S(f). Since K is countable, S is a
Borel subset of Q such that v(S) = 0. Denote Q' := 2~ S and consider the restriction
S = (K, ¢ : ¥ — Mg, ') of S to ' (cf. 2.4.2). Then ¢/(€?') lies in the subset of
M consisting of absolute values on K. It is directly seen that S’ determines an
adelic curve in the sense of Chen-Moriwaki. Moreover, this adelic curve is proper if
S is proper. In this case, we see that the corresponding GVF heights coincide.

2.5.3. Nevanlinna theory of meromorphic functions on a compact disc. We fix R > 0 and a real
number Cg > 0. We define a topological adelic curve Sg ¢, = (KR, ¢r : Qr = MKy, VR.CR)
(simply denoted by Sr when Cr = 1), where

e Kp is the field of meromorphic functions on the closed disc D(R) :={z € C: |z|x <

R} C C;
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e Op ={2€C: |zl < R}[[{z € C: |z|o = R}, where {z € C : |z]x < R} is
equipped with the discrete topology and {z € C : |z| = R} is equipped with the
usual topology;

e the map ¢g : Q0 = Mk, is defined by

_ Jvseon = [(f € Kg) = [ [(2)|oo € [0, +00]] if |2|oc = R,
Vz € Q, ¢R(Z) = { (f c KR) — e—ord(f,2) ¢ RZO if |Z‘oo <R;

® VR cy is defined by

L if 0 < |z]oo < R,
QR =< n
Vz € R,um; VR,CR({Z}) { CLR log R if =0,

and vp is the Lebesgue with total mass 1 on Qg .

Moreover, results in §I.1.4] imply that Sg is an integral topological adelic curve w.r.t. the
integral structure (Ag, | - || rnyb)-
Finally, the Jensen formula yields

VfE Ky, dpen(f)i=dspe (f) = ClR log [¢(f,0) e,

where ¢(f,0) denotes the first non-zero coefficient in the Laurent series expansion of f in 0.

Remark 2.5.2. Let X be a projective Kp-scheme. Then the algebraic Zariski-Riemann
space ZR(X)sy, is ZR(X/AR) and the analytic Zariski-Riemann space ZR(X)g is a subspace
of ZR(X/AR)*".

2.5.4. Nevanlinna theory of meromorphic functions on the complex plane. The goal of this
paragraph is to introduce a proper topological adelic curve structure on different subfields of
the field of meromorphic functions on C. These subfields will be parametrised by functions
7 : Rso — Ry and ultrafilters on R satisfying additional properties. From now on, we fix
a non-decreasing unbounded function 7 :] Ry, +0o[— R, for some Ry > 0, and an ultrafilter
U on Ry, +oo] that avoids finite Lebesgue measure sets, i.e. it contains the filter from
Example (3), note that it is a free d-incomplete ultrafilter. By translation, we assume
that Ry = 0.

Let R > 0, recall that we have defined a topological adelic curve (M(D(R)), ¢r : Qr —
M, vR (k). Define

log |c(f,0)]0o

U € MR, i) = || Tom | flovinym (@) = “50 E0
Vi € MDR),  haa(L )= [ 108" |flovign(de).

where by convention, we have hg,(0) = —oco. Using the usual notation in Nevanlinna theory
as in §A] we have

¥ € MO, hig(1.S) = Tl

More generally, let n be an integer. For (fo, ..., fn) € M(D(R))"*! \ {0}, define

hry(fo, - fn) 12/9 10g0121?<>§1|fi|wVR,n(R)(dw)a
R —v =
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Note that, for any (fo, ..., fn) € M(D(R))"*! \ {0}, we have the inequality

hitn(fos o ) <3 b1, £2) + O(L/n(R)). 2)
1=0

For any R > 0, we have a field extension M(D(R))/M(C) and, for any meromorphic

function f € M(C), we denote its image in M(D(R)) by fr. Consider the subset
M@y = {1 € M(C) ¢ lim hi (1, 1)}

This is a subfield of M(C) which contains the subfield of n-finite order functions (cf. §A.1.2)).
Let n be an integer and (fo, ..., fn) € (M(C),2)" 1. Define

hn,lxl(f(]a "'7fn) = }erz}lhR,n(f07 ’fn)
I (for oo f) % 0 and gy (for s fr) = —00 i (fosoons fu) = 0. Note that iy zt(fo, s fr) <
400 by .

Proposition 2.5.3. The function hy,y defines a GVF height on K, 11 with Archiemedean
error Q.

Proof. All the axioms except additivity, triangle inequality and product formula are clear
from the definition. Let f = (fo,..., fn) € (M(C)yz)"™ ~ {0} and g = (go,..., gm) €
(M(C)pyze)™ 1\ {0}. Then

VR>0, hp,(f®g)= /Q log max | figjlwVRrm(r)(dw) = hry(f) + hry(9)-
R 9.

Hence hyy(f ® g) = hyu(f) + hyu(g) which proves the additivity axiom.
For the triangle inequality, let f = (fo,..., fn) € (M(C)yz)" ™ {0} and g = (go, ..., gn) €
(M(C)yz)"* \ {0}. Then

log 2
VR>0, hry(f®@g)= / log max | figjlwVrn(r) (dw) < maxhry,(f), hry(g) + :
Qr ] n(R)

Finally, for any f € M(C);ua

log |e(f, 0)loo
hu(f) = lim () = }%%‘W =0.

O

Definition 2.5.4. Using Remark we can represent the GVF (M(C)y, hyy) by a
proper topological adelic curve T;,, = (M(C),y,id : My ey, — MM(C)n,u’VmU)’ where
vpu is a Radon measure on M (C), 4. Moreover, since the Archimedean error is zero, the
support 2,1/ := Supp(vyu) is a closed subset of M M(C),, that is contained in the ultrametric

part MM(C)mu,um‘
Example 2.5.5. (1) Assume that n(R) = o(log(R)). Then Proposition yields

. T(R,f) TR, )
J € M@y & lim = 5= < oo = liminf T

In that case, the GVF (M(C),u, hyy) is the trivial GVF (C, hgriv).

=0« feC.
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(2) Assume that n = log. We directly have C(7') C M(C), . Conversely, Proposition
again yields

f e M(C),y = liminf TR 1)

T).
R—+oo log(R) < oo JECT)

Moreover, the GVF (M (C); 1, hyy) can be represented by the proper topological
adelic curve coming from the function field of P}(C) (cf. [CMI19], §3.2.1).

Remark 2.5.6. (1) If M(C), 14 contains a transcendental function, and therefore limpg_,;s n(R)/log(R) =
400, it is not obvious to explicit a proper topological adelic curve representing the
GVF (M(C)yu, hyy). However, Definition together with Example (2)
indicate that the adelic space of a proper topological adelic curve representing
the GVF M(C),,34 will contain non-Archimedean pseudo-absolute values that are
not associated with the order of vanishing at a complex point. The subset of all
such pseudo-absolute values, together with the adelic measure, behaves like (the
exponential of) the degree for rational functions.

(2) As the reader familiar with Nevanlinna theory might notice, the asymptotic height
hyu is not the typical asymptotic quantity that is classically considered: the order,
or more generally the n-order, of a meromorphic function is arguably a richer notion.
If one tries to mimic the above construction to view the (7-)order as a GVF height,
one encounters a failure of the "additivity axiom". Although this may be fixed by
considering GVF heights with target R equipped with the tropical semi-ring structure
instead of the usual ring structure, this construction seems, at this stage, too artificial.

(3) Consider the GVF (M(C),u, hyu), where n(R) > R. Then C(T') ¢ M(C), and
hyu(C(T)) = 0. More generally, let f € M(C) such that h, 1(f) € Rso, for some
function ' : R~y — R~g. Then

hu(f) € Reo < lim :77,((?) €Rxo, hyu(f) =0 lim 0 (R

In other words, if one needs to consider meromorphic functions whose heights do not
grow the same way, only considering the asymptotic limit of the height w.r.t. to a
test function 7 loses too much information, as this procedure does not differentiate,
for instance, a rational function from a transcendental function whose characteristic
function is not growing "so fast". This suggests that a more refined formulation is
required to capture the information contained in the characteristic function.

3. FAMILIES OF TOPOLOGICAL ADELIC CURVES

In this section, we introduce to notion of families of topological adelic curves. It should be
seen as a preliminary approach to including the analogy between Diophantine approximation
and Nevanlinna theory in an Arakelov theoretic framework. Roughly speaking, we patch
several topological adelic curves by means of an ultrafilter. In some sense, a family of
topological adelic curves can be thought of as an ultraproduct of topological adelic curves,
in the sense that the adelic field is a subfield of some ultraproduct and the adelic measure
is a non-standard measure instead of a real measure. We motivate the abstract definition
by giving our main example coming from Nevnalinna theory . Then we give several
definitions and elementary properties related to families of topological adelic curves (§3.213.5)).
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3.1. Motivation: example in Nevanlinna theory. Let us first fix the needed notation.
For any R > 0, denote by Kg the field of meromorphic functions on the closed disc D(R)
and let Sp = (KR, ¢r : Qr — Mk,,vr) be the topological adelic curve introduced in
Fix an ultrafilter on R+ avoiding sets of finite Lebesgue measure. Let

Ky =[[Kr Qu=][% w:=]]va
u u u

where the precise definition of these ultraproducts are given in Note that O is
a Hausdorff space.
Let us construct a continuous map ¢y : 4y — Mf,,. First, note that we have a map

L HMKR —)MKM
u

defined by mapping any class [(| - |r)r>0] € [1yy Mk to ([(fr)r>0] € Kuy) — limp_y/ |fr|R €
[0, +0c]. Note that this definition makes sense by construction of ultraproducts. Since, for
any R > 0, the map ¢g : Qg — Mk, are continuous, we have a continuous map €y — Mk, .
We denote by ¢;; the composition of this map with ¢. The claim below shows that ¢, is
continuous.

Claim 3.1.1. The map ¢ is continuous.

Proof. It suffices to show that for any a € K, the map ¢, : (v € [[;y Mk,,) — t(v)(a) €
[0, +00] is continuous. Fix an element a = [(ar)r>0] € Ky and an open subset V' C [0, +00].
For any R > 0, set Ug := {|-| € Mk, : |lag| € V}. By definition, for any [(| - |r)r>0] €
[y Mk, we have

(|- [R)R>0] € 15 (V) & {R>0:|arlr € V} €U & [(| - |r)r>0] HUR

Thus ¢, 1(V) is open by definition of the topology of [[,; M, O

We denote Sy = (Ky, ¢y : Qu — Mk, vu). Define the defect function dy : f =
[(fr)r>0] € K7; — [(dr(fR))Rr>0] € [Ty R, where we recall that

dr(fr) = /Q 10 | R v (dw) = log [¢( fr, 0)]so-

Of course, it is not possible to expect any kind of control on the defect for arbitrary
elements of K. Note that M(C) is a subfield of K;; and that for all f € M(C)*, dy(f) =
[(log |e(f,0)|o0) R>0], namely the diagonal image of log |c(f,0)|s0 in [T R.

Let n be an integer and (fo, ..., fn) € A" (M(C)) \ {0}, we have defined in §2.5.4 the
height

R(for e f / log mavx | flv(d).
Now define the U-height
hl/{(foa ceey fn) = [(hR(an ceey fn))R>0] € HR

u

Since the defect is non-identically zero, the U-height does not induce a U-height on
projective spaces. As we mentioned earlier, we are interested in the asymptotic behaviour of
the heights as R — 400 and the latter diverge to 400 as long as we do not consider constant
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functions. To obtain a well-defined height machinery, we introduce the equivalence relation
~fn on [[;; R defined by

Vg €[IR, foang e BM € Rso, [(=M)rs0) < f — g < [(M)r=o)).-
u

In other words, ~g, identifies ultrareals that differ by a finite amount. It is straightforward
to check that ~g, is indeed an equivalence relation that is compatible with the addition law.
For any f € M(C)*, we have

hu(f) = dy(f) ~gn 0.

Therefore, the U-height hy : A(M(C)) — ]y R induces a well-defined map P(M(C)) —
[I;y R/ ~gn denoted again by hys by abuse of notation.

Another important feature of the target space [[;; R/ ~gn of our heights is that it carries a
natural total order compatible with the addition law and the R-action. Let f,g € [[; R/ ~fn
represented respectively by some f, g € [[; R. We write f < g if there exists M € R such
that a < b+ [(M)r>o).

Claim 3.1.2. < defines a total order on [[y R/ ~an. Moreover, this order is compatible
with the addition law and the R-action.

Proof. Let us justify first that < is well defined. Let f,q, f, g, M as above and assume that
f, g are also represented respectively by f/, g’ € [IyR,ie. f— f and g — ¢ are finite. Let
M’ > 0 such that [(—=M")gso] < f— f',9— ¢ < [(M')r>0]. Then f' < ¢ + [(M +2M')r=0].
Thus < is well defined.

The fact that < is an order relation satisfying the stated compatibility relations is
straightforward to check and we only justify that the order is total. Let f,g € [I,,/ ~fin,
represented respectively by [(fr)r>o], [(9r)r>0]. Let M e R. If {R>0: fr<gr+ M} €U,
then f < g. Otherwise, since U is an ultrafilter, {R > 0: fgp > gr + M} € U, which implies
that g < f. O

3.2. Family of topological adelic curves. We now give the abstract definition of a family
of topological adelic curves, building on the observations of

Definition 3.2.1. A family of topological adelic curves is the data S = (I, U, (S;)icr, K),
where

I is an infinite set called the index set of S;
U a free ultrafilter on I called the wltrafilter of S;
for any i € I, S; = (K, ¢i - Qi — M, v;) is a topological adelic curve;
K is a subfield of Kg := [];; K; called the base field of S.
The defect function of a family of topological adelic curves S = (I,U, (Si)ier, K) is a
function dg : K* — [];; R defined by

Vf=[(fiier] € K, ds(f) = [(ds;(fi))ie1]-

Moreover, a family of topological adelic curves S = (I,U, (S;)ier, K) is called proper if the
following product formula holds:

Vfe KX, ds(f)=0.
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Example 3.2.2. (1) Let S = (K,¢: Q — Mg,v) be a topological adelic curve. Let I
be any infinite countable set and U be an arbitrary free ultrafilter on I. We consider
the field Ky := [[;; K. The data S = (I,U, (S)icr1, Kiy) is a family of topological
adelic curves, which is proper iff S is proper. This example should be seen as the first
step in the implementation of classical Diophantine approximation in the language of
topological adelic curves.
(2) The construction of §3.1]yields a family of topological adelic curves S = (Rso,U, (Sr) >0, M(C)).
As we saw earlier, S is not proper.

3.3. Asymptotically proper family of topological adelic curves.

Definition 3.3.1. Let S = (I,U, (S;)icr, K) be a family of topological adelic curves. Let ~
be an equivalence relation on [[;; R which is compatible with the additive group structure.
We say that the family S is asymptotically proper w.r.t. ~ if

Ve K>, d(f)~o0.

Example 3.3.2. (1) A family of topological adelic curves is proper iff it is asymptotically
proper w.r.t. =.
(2) Consider the family S = (Rs0,U, (Sr)r>0, M(C)) and the equivalence relation ~gy
introduced in Then S is asymptotically proper w.r.t. ~gy.

3.4. Adelic space of a family of topological adelic curves.

Definition 3.4.1. Let S = (I,U,(S; = (K, ¢i : Qi — Mk,,v;))ier, K) be a family of
topological adelic curves. The adelic space of S is defined as the ultraproduct Qg := [[;; .
Note that this is a Hausdorff topological space.

Moreover, using the construction done in (which transposes mutatis mutandis in this
case), we obtain a continuous map ¢s : dg — M called the structure morphism of S and a
ultraproduct measure (cf. vs : B(Q2s) — [1y[0, +o0] called the adelic measure of S.

We also denote by L'(Qg,vs) the ultraproduct vector space [, L' (%, v;) of vs-integrable
functions (modulo the null equivalence). For any f = [(f;)ics] € L'(Qs,vs), we set

/QS Fdvg = [(/ﬂ fidui)id] e E[R

and call it the integral of f w.r.t. vg. One can check in the usual fashion that it is well-defined
and linear.

3.5. Morphism between families of topological adelic curves.
Definition 3.5.1. Let S = (I,u, (Sz = (Kl,qbl : Ql — MKiaVi))ielyK),S, = (I,L{, (S{ =
(KL, ¢ Q) — My, v)))ier, K') be two families of topological adelic curves. A morphism
a: S — S is the data (af, oy, I,,), where
e of is a commutative diagram of fields
KS — KS/
K— K’

e oy : Qg — (g is a continuous map inducing a commutative diagram
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Qs —255 My

laﬁ lﬂ—K//K .

Qs&MK

Moreover, the direct image of vg by «ay is assumed to be equal to vs. Namely, for
any E € B(Qs), we have vg(F) = Vsl(ozﬁ*l(E));

o I,: L'(Qs,vs) — LY (Qg/,ve) is a linear map such that, for all g € L (Qg/, vg/), we
have

Ia(g)dus:/ gdrsr,

Qs Qg

and which, for all f € L'(Qs,vs), maps the equivalence class of f o ay to the class of
f.
Remark 3.5.2. Let oo : S’ — S be as in Definition One can check directly from the

definition that U-almost everywhere, a determines a morphism «; : S, — S; of topological
adelic curves in the sense of Definition 2.1.1]

4. ALGEBRAIC COVERING OF TOPOLOGICAL ADELIC CURVES

The goal of this section is to associate to any topological adelic curve S with adelic field
K and any algebraic extension L/K, a topological adelic curve S @i L with adelic field L
sharing many properties with S ( If the extension L/K is Galois, then from the
topological point of view the topological adelic curve S ® ¢ L behaves like a covering of S
(. We also introduce the analogue notion for families of topological adelic curves (§4.5]).

4.1. Finite separable extension. Throughout this subsection, we fix a topological adelic
curve S = (K, ¢k : Qg — Mg, vk) and a finite separable extension L/K. We will construct
a canonically determined adelic structure on L whose corresponding adelic curve maps to .S.

4.1.1. Case of a general topological adelic curve. Let Qr := Qg X, M1 equipped with
the fibre product topology. Denote by ¢, : 0, — My, the pullback of ¢x. Then Qf is a
Hausdorff space, which is also locally compact if so is Q. By definition of the fibre product
topology, for any f € L*, the map w € Qr, — log|f|, € [—00,+00] is continuous.

Proposition 4.1.1. The restriction morphism 7y, /x : My, — Mk is surjective, proper, with
finite fibres.

Proof. 7,k is proper since it is continuous and both My and My, are compact Hausdorft.
7L K 18 surjective by construction and has finite fibres by Proposition @ O

We now adapt the constructions in (JCM19], §3.3) to define a measure vy, on Q. For any
w € Q, let 2, denote the fibre of w through the restriction map 7y i : 2 — Q. Let
w € Q. Denote by I, the cardinality of the set of valuation rings on L extending A,,.
Proposition 4.1.2. Using the same notation as in Proposition the measure €,
defined by
| [ il
Ve e Qry, Pro({z})=—r——,
,w 70-)({ }) ‘Iw| [Kx . Kw]

is a probability measure.
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Proof. 1t is a direct consequence of . O

Definition 4.1.3. Let f : Qy — [~o0,+00]. Define I,/ r(f) : Qx — [—00, +00] by

Iye(Hw) = Y Pru({z})f(z).

CCEﬂ';/lK (w)

The o-algebra defined in (JCM19], §3.3) coincides with the Borel o-algebra on €2;. There-
fore, we can reproduce mutatis mutandis the arguments of ibid. to obtain a measure vy, such
that the equality

vn(d)= [ 30 Bra{e)iatave, (3

wGQLM

holds for any Borel subset A C 2, where 14 denotes the characteristic function of A.
Furthermore, vy, satisfies all the conditions of ([CM19], Theorem 3.3.7). Thus, we deduce
the following proposition.

Proposition 4.1.4. We use the above notation. Then Sp = S Qg L := (L, ¢ : Qp —
My, vy) is a topological adelic curve. We further have a morphism apkx @ Sy — Sk.
Moreover, for any f € L™, we have

1

ds, (f) = mdsK(NL/K(f))- (4)

In particular, if Sk is proper, then St is proper.

Proof. We only need to justify that we have a morphism of topological adelic curves oy, /k :

St — Sk. Denote by ozﬁL/K : K — L the field extension. Define ap/Ky - Q; — Qp as the
pullback of 7y /i : M, — M by pk : Qx — M. By construction, the diagram in Definition
is commutative. Moreover, ([CM19], Theorem 3.3.7 (3)) implies that o, ks V1 = VK.
Finally, from ([CMI19], Theorem 3.3.7 (1-2)), we get that I/ (cf. Definition is a
disintegration kernel of oy, /k 4. O

Example 4.1.5. In ([Gub97], Example 2.8), Gubler gives a construction of an extension of
the M-field structure on the field of meromorphic functions of a complex closed disc. The
counterpart of this construction in the language presented here is as follows.

Fix R > 0 and consider the topological adelic curve Sgp = (KR, ¢r : Qr = Mg, vr) from
Let L/Kp be a finite extension. Let S;, := Sp @k, L = (L, ¢, : Q, — My, vy) the
topological adelic curve from Proposition In [Gub97], showed that one can realise L as
the field of meromorphic function of a branched holomorphic covering 7 : X; — Qg, where
we consider the complex topology on Q. We claim that Q7 and X7, are in bijection (as sets).
Indeed, the ultrametric points of €27 are absolute values associated with discrete valuations
on L that must be equivalent to the order of vanishing at a point of Xy, by ([Iss66], Theorem
III). Since Int(Xy) = 71 (Qrum), we obtain a bijection for the ultrametric points. By the
same argument, we obtain the bijection for the Archimedean points. It is now straightforward
to check that the measure theoretic features in ([Gub97], Example 2.8) coincide with the
ones we consider here.
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4.1.2. Case of an integral topological adelic curve. Assume that Sk is integral. Let (A, |- ]|a)
be the underlying integral structure and let Vix = M(A, ||-||4) be the integral space. Denote by
B the integral closure of A in L. As recalled in there exists a norm ||- || g on B such that
(B, | - ||B) is a tame integral structure for L and Vg, := M(B, | - ||B) = WZ/IK(M(A, |- 1a))-
This is a compact Hausdorff topological space and we denote by 7, : V, — Vi the
(continuous) restriction morphism. Now the following proposition implies that the image of
structural morphism ¢y, : Qp — My, lies in Vi, and S ®x L = (L, ¢r, : Qr, — Vi, vr) is an
integral topological adelic curve.

Proposition 4.1.6. The restriction morphism 7y i : Vi, — Vi is surjective, proper, with
finite fibres.

Proof. 7,k is proper since it is continuous and both Vi, and Vi are compact Hausdorff.
7L K 18 surjective by construction and has finite fibres by Proposition O

4.2. Finite extension. Throughout this subsection, we fix a topological adelic curve Sk =
(K, ¢x : Qi — Mg, vi) and a finite extension L/K. Denote by K’'/K the separable closure
of K in L and let Sk := S @k K' := (K', ¢ : Qg — My, vkr) be the topological adelic
curve constructed in §4.1]

Proposition 4.2.1. (1) The spaces My, et My are homeomorphic.

(2) There ezist a topological adelic curve St := (L, ¢r, : Qr, — Mp,vr) and a morphism
St — Sk — S of topological adelic curves.

(3) Assume that Sk is an integral topological adelic curve and denote by (A, || - ||a) its
underlying integral structure and by Vi its integral space. Let A’ and Ay denote
respectively the integral closures of A in K’ and L. We respectively endow A’ and Ay,
with the norm || - ||ar and || - ||a, from Proposition|1.1.4] Then Vi, := M(AL) and
Vi = M(A’) are homeomorphic and the topological adelic curve Sy, is integral.

Proof. (1) Corollary provides a continuous bijection 7,/ g : My, — M. Since both
M;, and Mg are compact Hausdorff, we obtain (1).
(2) The homeomorphism 7,/ : My, — M+ induces by pullback a homeomorphism €, :=

WZ/IK,(Q k') — Qg and a continuous map ¢y, : Q0 — M. Denote by vy the pushforward of

vk by the inverse of the latter homeomorphism. Then S7, := (L, ¢ : Qp — Mp,vr) is a
topological adelic curve.

(3) (Az,| - |la,) is an integral structure for L (cf. Proposition [L.1.4). Moreover, the
restriction map 7y, /g : M(Ar) — M(A’) is a restriction of the homeomorphism of (1) which
is surjective. Hence it is a homeomorphism. The last part of the assertion follows directly. [

We now state a compatibility result for successive extensions of the base field.

Proposition 4.2.2. Let Ko/K; /K be successive finite extensions. Then we have a canonical
isomorphism of topological adelic curves

(Sk ®x K1) @K, Ko = Sk @i Ka

making the below diagram commute.
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Sk @k Ks el Sk ®@x K1

J{OCKI/K .
Ky /K
Sk

Moreover, if Sk is integral, the above isomorphism and diagram lie in the category of integral
topological adelic curves.

Proof. Let (Sk @k K1) @k, K2 = (Ka, ¢4 : Q4 — Mg, ,vh) and Sk @k Ko = (Ka, ¢a : Qo —
Mk, ,v2). The definition of Qg, Q) implies that there exists a canonical homeomorphism
Qo = 2. From ([CM19], (3.15)), we deduce that v can be identified with v4 via the
previous homeomorphism. Commutativity of the diagram follows from Proposition 14.2.1 (3).

In the integral case, we denote respectively by Ay and As the integral closures of A in K3

and K. Note that the construction of the extension of the norm || - |4 from Proposition
is compatible with successive extension. Since V4 is obtained by considering the integral
closure of A; in L, which is equal to Ay, we obtain Vo = VJ. O

4.3. Algebraic extension. Throughout this subsection, we fix a topological adelic curve
Sk = (K, ¢x : Qx — M, vi) and an algebraic extension L/K. Let £k be the set of all
sub-extensions L/K’'/K with K'/K finite. It is a directed set with respect to the inclusion
relation and we have

L= \J K.

K’/KGSL/K

Then Proposition [£.2.2] ensures that we have a cofiltered inverse system of topological adelic
curves (Sk/)kree, /K whose arrows are denoted by 7 /g : Sk — Skr. We will prove that
the inverse limit of this inverse system exists and is a topological adelic curve with field L.

Proposition yields an inverse system (S = (K', ¢ : Qrr — Mg, VK')) K€€y I
TAC which induces an inverse system of Cartesian diagrams of the form

Qe 255 My

I

QKLMK

indexed by &7 and whose vertical arrows are proper. Hence its inverse limit can be written
as

where 7, := m Kregs i Q. Qp is a Hausdorff topological space. Moreover, if Qg is locally

compact, since the map 77,k is proper and the {2 are locally compact Hausdorft topological
spaces, €17, is locally compact.

We can now adapt the arguments from ([CM19], §3.4) to construct a Borel measure vy, on
Q, and a disintegration kernel for 7y /5 : Qf — Qk.

Hence we obtain the following proposition.



TOPOLOGICAL ADELIC CURVES 49

Proposition 4.3.1. We use the same notation as above. Then Sy := Sk @k L := (L, ¢ :
Qp — My, vp) is a topological adelic curve and we have an isomorphism
. /
im Sk @ K.
K/EgL/K
Moreover, if Sk is proper, then S, is proper. Finally, if Sk is integral, then S, is integral.
Finally if Qg is assumed to be locally compact, 1, is again locally compact.

Proof. Except for the assertion about integrality, the proposition follows from the above
paragraph. We now assume that Sk is integral. Let (A, | -|/4) denote its underlying integral
structure and let Vi be its integral space. Let B denote the integral closure of A in L. Then
Proposition and its proof yield a norm || - ||g as well as an isomorphism

V= MB, |- ll5) = lim M(Ag |- [la) = Vier

KIGSL/K
where, for all K' € &k, (Agr,| - [|4,,) denotes the extension of (A, || - [la) over K'.
Therefore, we see that the image of the structural morphism ¢y, : Q7 — My, lies in V7, and
S, is integral. O

Example 4.3.2. We give an example in Nevanlinna theory building on Example [£.1.5] Let
R > 0 and consider the topological adelic curve Sgp = (KR, ¢r : Qr = Mg, vr) from §2.5.3
Let L/Kg be an algebraic extension. We have seen that in the case where L is finite, our
construction of the topological adelic curve S ® i L recovered the construction of ([Gub97],
Example 2.8). In the general case, we can check that the adelic space of S ® g L coincides
with the M-field constructed by Gubler and that the same measure theoretic properties are
satisfied. We refer to loc. cit. for the interested reader.

4.4. Action of the Galois group. Throughout this subsection, we fix a topological adelic
curve S = (K,¢ : Q@ — Mg,v) and an algebraic extension L/K whose group of K-linear
automorphisms is denoted by Aut(L/K). Let S;, := (L, ¢, : Q0 — M, vr) be the topological
adelic curve S @ L defined in

Proposition 4.4.1. (i) The action of Aut(L/K) on M, introduced in Proposition[1.1.5
(1) induces continuous and proper actions of Aut(L/K) on My, and Q. Moreover,
if S is integral and Vi, denotes the integral space of Sr, the action of Aut(L/K) on
My, induces a continuous and proper action on Vr,.

(ii) We assume that L/K is Galois and that, for any v € Mg, the residue field K, is
perfect. Then for any w € Q, the actions of Aut(L/K) on Qp . and My 4., are
transitive. Moreover, if S is integral with underlying global space of pseudo-absolute
values V. Then for any v € V, Aut(L/K) acts transitively on Vr, ,,, where Vi, denotes
the underlying global space of pseudo-absolute values of Sy,

(iii) We use the same assumptions as in (7). Then we have homeomorphisms

Qp/Aut(L/K)=Q, Mp/Aut(L/K)= Mg.
Moreover, if S is integral, we have a homeomorphism
Vi/Aut(L/K) = V.

Proof. By considering the trivial actions on V and €2, we see that Aut(L/K) induces actions
on 7, and Vi. Let us show that these actions are continuous. First, assume that L/K is
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finite. Since Aut(L/K) is discrete, it is enough to prove that, for any 7 € Aut(L/K), for
any a € L, the map (|- [, € Mp) + |al;() is continuous. This is clear by definition of the
topology on M, and since |a|,(;) = [T(a)|,. If now L/K is infinite, let us show that the map

op /K - Aut(L/K) x M, — My
(r,v) — wor

is continuous. By definition of the topology on M, it is enough to prove that for any
intermediate extension L/K'/K with K'/K finite, the map oy, x o 7k is continuous. Let
K’ be such an intermediate extension. By definition of the topology on Aut(L/K) and
M, the map 3 : (1,v) € Aut(L/K) x Mp + (7, v)xr) € Aut(K'/K) x Vi is continuous.
The finite case implies that ags i is continuous. We conclude by using the fact that
ar/Kg © T /K = Qi © B. Since ¢r, : 1, — M, is continuous, we obtain the continuity of
the action on Q. These actions are proper since My, is compact Hausdorff and Aut(L/K) is
Hausdorff and the action on €27, is the pullback of the one on M. In the case where S is
integral, the action of Aut(L/K) on M, induces a continuous and proper action on Vi, as Vi,
is a compact subset of M}, which is stabilised by the action. This concludes the proof of (i).

(ii) is a direct consequence of Proposition (2).

We now prove (iii). Denote G := Aut(L/K). Since K = LY the restriction maps
w2 Ve — Voand mp g 0 Q — Q induce continuous maps Mp/G — Mg and Qr/G — Q
such that the diagram

l l

QL/G e ML/G

| |

Q—2 5 My

is Cartesian. (ii) ensures that the arrows Q7 /G — Q and M1 /G — M are injective, hence
bijective. Since both My and Mg are compact Hausdorff, the arrow My /G — M is a
homeomorphism. Therefore, the arrow 7, /G — Q is a homeomorphism as it is the pullback
of M1,/G — Mg by ¢ : @ — M. In case where S is integral we use that the map V;,/G — V
is the pullback of My /G — Mp by the natural inclusion. Hence it is a homeomorphism.
This concludes the proof of the proposition. O

Remark 4.4.2. We assume that the hypotheses of Proposition (ii) hold. Using
(IBYDHS24], Lemma 10.4), if the measure v is assumed to be Radon, we see that the
measure vy, is the only Aut(L/K)-invariant measure on €2, whose pushforward via 7y /5 is v.

4.5. Algebraic coverings for families of topological adelic curves. In the last sub-
section of the first part of this article, we construct algebraic coverings for families of
topological adelic curves. We fix a family of topological adelic curves S = (I,U, (S; =
(K, ¢i : Qi — Mk, vi))ier, K). Let L/K be an algebraic extension. We want to construct
a family of topological adelic curves S ® i L with base field L together with a morphism
O(L/KS®KL—>S
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4.5.1. Finite case. Assume first that L/K is finite. Consider the field extension, Kg(L)/Ks).
It is a finite extension. Moreover, by Lo$ theorem, the field Kg(L) can be realised as an
ultraproduct [[,; L;, where for A-almost all ¢ in I, L;/K; is a field extension of degree [L : K].
Letiel. Ifie{jel:[L;: K;]=[L:K]}. Weset Sg; :=S; ®k, L;. Otherwise, we set
SL,i = SZ

Proposition-Definition 4.5.1. S ®x L := (I,U, (S;1)icr, L) is a family of topological
adelic curves that comes naturally with a morphism ay, : S ®x L — S obtained by
combining all the morphisms «; : S ; — S;, where i runs over I. Moreover, Proposition f.1.4]
implies that

¥ = (e € I, L Kldsew ) = | (45 (Ve (), |

where we set Ny, k., (fi) :=1if L;/K; is not finite. Therefore, we see that S @ L is proper,
or more generally asymptotically proper w.r.t. to any equivalence relation compatible with
the addition law on [[;; R, if S is so.

4.5.2. General algebraic case. Consider now the general case. Using the previous case, we
can embed Kg(L) in an ultraproduct [[;; L;, where for -almost all ¢ in I, L; is an algebraic
extension of K;. Let i € I. As above, if L;/K; is algebraic, we set Sr; := S; ®k, L;.
Otherwise, we set S ; := S;.

Proposition-Definition 4.5.2. S ®x L := (I,U, (S;1)ier, L) is a family of topological
adelic curves that comes naturally with a morphism oy : S®k L — S as in Proposition-
Definition [4.5.1] Proposition-Definition [4.5.1] again implies that S ® ¢ L is proper, or more
generally asymptotically proper w.r.t. to any equivalence relation compatible with the
addition law on [];; R, if S is so.

4.5.3. Case of a finite Galois extension. Now assume that L/K is finite Galois. Realise L as
an ultraproduct [];, L;, where for all i € I, L;/K; is a field extension that is finite of degree
[L : K] for U-almost all 7 as in By Lo$ theorem again, L;/K; is Galois of degree [L : K]
for U-almost all ¢ in I. Moreover ([Ngu24], Proposition 3.9) implies that Gal(L/K) identifies
with the ultraproduct [[,, Gal(L;/K;), where we set Gal(L;/K;) for all i € I such that L;/K;
is not Galois. Consider the family of topological adelic curves S ® g L = (I,U, (SL4)icr, L)
introduced in Proposition-Definition

Proposition 4.5.3. Assume that for all i € I and for all w € Q;, the residue field corre-
sponding to w is perfect. Then Gal(L/K) acts continuously, properly and transitively on
Qsg 1. and we have a homeomorphism

Qso,r/ Gal(L/K) = Qg.

Proof. Proposition implies that for U-almost all ¢ € I, Gal(L;/K;) acts continuously,
properly and transitively on {17, ; and that we have an homeomorphism

These actions induce an action of Gal(L/K) = [];, Gal(L;/K;) on Qsg, 1. = [I;y 1, that is
continuous by definition of the topology, proper since Gal(L/K) is discrete, and transitive.
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Moreover, we have homeomorphisms

Qsgxr/ Gal(L/K) = (H QL) / (H Gal(Li/Kz‘)) = T[] (u,/ Gal(Li/K;)) = Qs.
u u

u
g

4.5.4. Ezample in Nevanlinna theory. We conclude this first part by explaining how our
Nevanlinna theoretic example of family of topological adelic curves fits in the material devel-
oped above. Consider the family of topological adelic curves S = (Rs,U, (Sr) r>0, M(C))
from Example (2), where for all R > 0, Sg = (Kgr,¢r : 0 = Mk, vR) is the
topological adelic curve from Let L/M(C) be an algebraic extension. Let us explicit
the family of topological adelic curves S ® vq(c) L from Proposition-Definition

Case 1: L/M(C) finite. Let g € L be a primitive element of L/ M(C) with minimal
polynomial

P(T): =T+ f4 1T + -+ fo,

where fo,..., fi—1 € M(C). Then for all R > 0, Lg := Kg(g)/K is a finite extension of
degree [L : M(C)] with primitive element g, and L C [];; Lr. Denote Sp g := Sr ®k, Lr =
(Lr,¢r,R : QLR — ML, VL R).

Arguing as in ([Gub97|, Example 2.8), or using ([For81], Theorem 8.9), there exists a
branched holomorphic covering 77, : X7 — C of degree [L : M(C)] such that L identifies
with M(Xp), the field of meromorphic functions on Xj. Moreover, as we saw in Example
we have a bijection of sets Qg = 77 (QRr).

Thus, the family of topological adelic curves S® ()M (XL) = (Rx0,U, (SL,r) rR>0, M(XL))
can be seen as the formulation of the Nevanlinna theory of branched coverings of C in our
context (cf. e.g. [LCI0], Chapter III).

Case 2: L/M(C) infinite. In the infinite case, We realise L as the union of all the
fields M(Xg), where K’ runs over the intermediate extensions of L/M(C) that are finite
over M(C), and for any such K’, X+ denotes a branched covering of C such that M(Xg)
identifies with K’. Using the previous case, it turns out that the family of topological adelic
curves S ® pq(c) L formulates the Nevanlinna theory over all the branched coverings X as
above in a single object.

Part 2. Adelic vector bundles and Harder-Narasimhan filtrations over
topological adelic curves

In this part, we study the intrinsic geometry of topological adelic curves. This is done
by introducing what plays the role of a vector bundle on a curve in algebraic geometry. We
introduce the counterpart of norm families in our context and introduce various regularity
and dominance conditions ( After that, we define adelic vector bundles on a topological
adelic curve (§6)). Finally, we study slope theory for adelic vector bundles on a topological
adelic curve (

5. PSEUDO-NORM FAMILIES

In this section, we globalise the constructions of §I.1.5] Roughly speaking, this is done by
glueing metrised vector bundles on Zariski-RIemann spaces.
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Throughout this section, we fix a topological adelic curve S = (K, ¢ : Q — My, v). Recall
that, for any w € ), we denote by A, and k,, the finiteness ring and the residue field of w
respectively. From now on, we assume that for any w € Q, we have ¢(w) = 1. In that case
Proposition implies that v(Qs) < +00 and Qeo, Qum are open subsets of Q. Note that
this assumption is not too harmful to the generality since we can replace, for any w € Q,
the pseudo-absolute value | - |, by the pseudo-absolute value | - e
the measure v := (1g,,, + €lg o).

and the measure v by

Recall that we denote by jg : 2 — Q the quotient map corresponding to the equivalence
relation on w identifying elements in ) having the same finiteness ring. Q is equipped with
the pullback of the Zariski topology on the set ZR(K) of valuation rings of K. Namely, a
basis of the topology on Qs given by elements of the form

Ulay,...,an) = {@ €Q:a,....a, € Az},

where n runs over the integers and (ay, ..., a,) runs over K". For any open subset U C Q,
we denote U?" := jgl(U) C Q. This is an open subset of €.

5.1. Definitions. Let E be a finite-dimensional K-vector space. For any w € €2, we call
pseudo-norm in w on E any map || - ||, : E — [0, +00] such that || - ||, is a pseudo-norm in

o(w) on E (cf. §LT5).

Definition 5.1.1. Let F be a finite-dimensional K-vector space. We call pseudo-norm
family on E any family &€ = (|| - ||,)weq where, for any w € Q, || - ||, is a pseudo-norm in w
on E. We assume that the following condition holds:

(%) for any w € €, there exist an open neighbourhood U of @ := jg(w) in Q and a basis
(e1,...,er) of E such that, for any i € {1,...,r}, for any v’ € U?" = jgl(U), we have
lleill.r € Rso. Such a basis is called adapted to the pseudo-norm family £ in w.
Moreover, if there exists a basis (e, ..., e,) of E such that, for any w € , for all i = 1,...,r,
we have ||e;||. € Rso, we say that (e, ..., e,) is globally adapted to £ (on §2). Finally, we say
that the pseudo-norm family & is ultrametric, resp. Hermitian, if || - ||, is ultrametric for any
w € Qum, resp. if || - ||, is Hermitian for any w € Q.

Notation 5.1.2. Let F be a finite-dimensional K-vector space.

(1) By "let £ = (|| - lw) ws Nuws E;)weg be a pseudo-norm family on E", we mean that, for
any w € €, the pseudo-norm || - ||,, has finiteness module &,, kernel N,, and residue
vector space E:,

(2) In case there is no explicit notation as above, for any pseudo-norm family { =
(Il “ [|lw)weq on E, for any w € €2, we denote by

— &, the finiteness module of || - ||,;
— N,, the kernel of || - ||.;
— E,, the residue vector space of || -+ ||«-
Example 5.1.3. (1) Assume that for any w € €2, ¢(w) is an absolute value on K, and

thus that S determines an adelic curve in the sense of Chen-Moriwaki. Then any
norm family & on a finite-dimensional K-vector space E (cf. [CM19], §4.1) is a
pseudo-norm family and any basis of F is globally adapted to &.
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(2) Let E be a finite-dimensional K-vector space and fix a basis e = (eq,...,e,) of E.
We fix w € 2 and we denote respectively by &, and E,, the restriction of scalars
of E to A, and the corresponding residue vector space. Then e defines compatible

isomorphisms
E Eu E,
K" Al Fo'

For any A1,..., \. € Ky, We set

max{[ Al Arlu}, i € Dy,

Aer + -+ Me =
|| 1€1 7‘7“”67‘” {|)\1|w+"'+|>‘7’|w’ if we Qyo,

where | - | denotes the residue absolute value on &,. Then || - |[e., defines a norm on

E,. By lifting || - ||ew to a pseudo-norm on E in w, we obtain a pseudo-norm family
e = (€ew)wen on E called the model pseudo-norm family associated with the basis
e.

We also define a Hermitian pseudo-norm family &e 2 as follows. For any A1, ..., A, €
Fo, We set

max{‘)\/\ﬂaﬂ A mw}7 if w 6 QUD’U
—9 )
(ML, + -+ MY ifw e Q.

By the same arguments as above, we can lift the construction to obtain a pseudo-norm
family £c2 on E. Note that e is a basis of &/ which is globally adapted to both &
and 5972.

The following lemma studies more closely condition (x) in Definition

H)\lel + -+ )\rerHe,Q,w = {

Lemma 5.1.4. Let E be a finite-dimensional K -vector space equipped with a pseudo-norm
family € = (]| - ||lw)weq- Let w € Q and let (eq,...,er) be a basis of E such that, for any
i=1,...,r, we have ||&;|l, € Rso. Then (e1,...,e,) is an adapted basis to & in w.

Proof. By hypothesis, there exist a basis (€}, ..., €].) of E together with an open neighbourhood
U of @ in ) such that,

Vo' e U, Vi=1,...,r, |€i]l. € Rso.

r

For any i = 1,...r, write e; = }_}

_1 a;jej, where a;1,...,a;, € K. Consider

W’

V::UO{JGQ:VISi,jST,ai,j€A~ and V1 < <r,d1 <j <rs.t. a@jeAi,},
w

this is an open neighbourhood of & in Q since ||e1]|w, ..., €l € Rso. By construction, for
any w’' € V2 we have |le1]|w, ..., ||er]lw € Rso. O

We end this subsection with two results concerning pseudo-norm families that possess a
globally adapted basis.

Lemma 5.1.5. Let E be a finite-dimensional K -vector space equipped with a pseudo-norm
family &€ = (|| - llw)weq- Assume that there exists a basis (ey,...,e;) of E which is globally
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adapted to §. Let (€}, ...,el) be another basis of E. Then there exists an open subset Q' C
such that, for all w € ', the basis (€}, ...,e.) is adapted to & in w and v(Q Q') = 0.
Proof. For any i = 1,...,r, we write €} = agi)el 4+ a&i)er, where agi), ...,ag) € K. Let w € Q.

Note that the basis (€], ..., e..) is adapted to £ in w iff, for any 4,5 € {1,...,7}, a§~i) € As. As

e
the functions log |a§-z)|. : 0 — [—00, +00] are continuous and v-integrable for i,5 = 1,...,r,
we obtain the desired assertion. O

Lemma 5.1.6. Let E be a finite-dimensional K -vector space equipped with a pseudo-norm
family & = (]| - ||w)wea- Let s € E X {0}. Then the set

{w e Q: sl € {0, +00}}
is a locally closed subset of Q which has measure zero with respect to v.

Proof. Let s € E\ {0}. And denote Fs := {w € Q: ||s||u € {0,+00}}. We may assume that
Fy is non-empty. Let wy € Fs. Let (ey,...,e,) be a basis of E which is globally adapted to &.
Write s = sje; + -+ + spe., where s1,....,8, € K. Then, for any w € €0, w belongs
to Fy iff there exists ¢ € {1,...,7} such that s; € K ~ AX. For any i = 1,...,r, denote
Fi={weQ:s,€ K~AX}. As |s1]., ..., |sr|. are continuous, Fy is locally closed. Thus

FsCRhiU---UFE.

As the functions log|s;|. : © — [—o0,4+00] for ¢ = 1,...,r are v-integrable, v(F}) = --- =
v(F,) = 0 and therefore Fs has measure zero. O

5.2. Zariski-Riemann interpretation. Before moving on to the definition of constructions

on vector spaces equipped with a pseudo-norm family, let us interpret these objects by means
of the Zariski-Riemann spaces attached to S (cf. §2.3)).

Proposition 5.2.1. There is a one-to-one correspondence between the pairs of the form
(E, &) where E is a finite-dimensional K -vector space equipped with a pseudo-norm family &
and metrised vector bundles on S). Moreover, for any such pair (E,§), there exists a basis of
E that is globally adapted to £ iff the corresponding metrised vector bundle on Q is free.

Proof. First, consider a vector bundle £ of rank r» > 0 on ZR(K). By definition, for any open
subset U C ZR(K) such that & is free of rank d, there exists a family (s, ..., s) of sections
of £ over U such that the map of sheaves

T
((a1,...,ar) € Oy) — Zaisi €&u
i=1

is an isomorphism. Thus, the stalk Fx at the generic point of ZR(K) is a d-dimensional
K-vector space and for any v € U corresponding to a valuation ring A, of K, the stalk &, is
a free A,-module of rank d such that £, ® 4, K = E. Since ZR(K) can be covered by such
U’s, € gives rise to a d-dimensional K-vector spaces together with a family (€y)yezr(x) of

free modules of rank d over the A,’s that are generically £.
Now, let € be a vector bundle of rank r > 0 on ZR(K)g = Q. By definition, there exists
a vector bundle £ of rank r on ZR(K) such that € is the inverse image ¢ &’. Since we
assume that ) contains an element wy such that ¢(wp) is an absolute value on K (cf. Remark
, & yields a family (&)~ o of free modules of rank d over the A~’s that are generically
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E = &~. For any w € Q whose equivalence class through jg : Q — Q is w, we denote
E, =&~

w ~
Let € be a vector bundle of rank r > 0 on ZR(K)s = Q and (] - ||(w))weq be a metric on
E. By definition, for any w € Q, || - ||, is a norm on £(w) := &, ®4, R(w). In the terminology

of we see that || - ||, gives rise to a pseudo-norm on E := £ ®p. K with finiteness
module &, kernel m, &, and residue vector space £(w) equipped with residue norm || - ||,,.
By abuse of notation, we denote again this pseudo-norm by || - ||,. Moreover, for any U C Q
such that &y is free, the generic stalk of any local trivialisation of & over U yields a basis of
E which is adapted to & := (]| - ||u)weq at every point of the open subset U?" C Q.
Conversely, consider a r-dimensional K-vector space FE equipped with a pseudo-norm
family € = (|| - |lo)weq, where 7 > 0. Let U C Q be an open subset such that there exists a
basis (s1,...,$,) of E that is adapted to £ on U?". Let V C U be an open subset. We set

wev =

SU(V) = m ( T A;‘&) & OQ(V)T
1

This defines a free Oy-module of rank r on U. Moreover, if U’ is another open subset of Q
such that ¢ admits an adapted basis (s}, ...,s,) on V and U NV # &, since the transition

matrix between (si,...,s,) and (s7,...,s;.) has coefficients in GL4(Ngcpnp Ag), We get an

S
isomorphism Ey (U NU") = Ey (U NU'). Since € is a pseudo-norm family, there exists an
open covering Q= Uier Ui, where for any i € I, U; is as above and by glueing the &y,’s, we
get a vector bundle on Q denoted by £. By construction, for any w € SNI, the stalk of £ at @
is the finiteness module of || - ||,. Thus, the pseudo-norm family ¢ induces a metric on £. It
is clear that this construction is inverse to the one above.

The assertion concerning globally adapted bases is now clear since the existence of a

globally adapted basis corresponds to a global trivialisation. O

Remark 5.2.2. By suitably defining a notion of morphism between K-vector spaces equipped
with a pseudo-norm family, one can prove that the correspondence constructed above yields
an equivalence of categories.

Proposition [5.2.1] implies that pseudo-norm families on a vector space are the same thing
as metrics on a vector bundle on 2. In other words, we consider objects determined on
the algebraic Zariski-Riemann space. We could also give a definition involving the analytic
structure. This would give the following definition of a pseudo-norm family on a finite-
dimensional K-vector space E: a family £ = (|| - ||w)weq Where, for any w € Q, || - || is a
pseudo-norm in w on E is an analytic pseudo-norm family if the following condition holds:

(%an) for any w € Q, there exist an open neighbourhood U of w in 2 and a basis (e, ..., e4)
of E such that, for any ¢ € {1,...,d}, ||ei|l € Rso.

One can note that all the results of this section can be proven mutatis mutandis for analytic
pseudo-norm families (cf. [Séd24], Chapter III). Moreover, we have the following proposition.

Proposition 5.2.3. Let E be a finite-dimensional K -vector space and & = (|| + ||w)weq be a
family such that, for any w € Q, || - ||, s a pseudo-norm in w on E. Assume that one of the
following conditions hold:

(1) Q= Mg;
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(2) S is integral whose underlying integral structure (A, | - ||) is a geometric base ring
such that the specification morphism M(A, || -||) — Spec(A) is flat and surjective and
Q= M(A )

Then £ is a pseudo-norm family iff it is an analytic pseudo-norm family.

Proof. We have to show that £ satisfies (x) iff is satisfies (ay). The direct implication being
clear, it suffices to prove that if (%a,) holds, then (%) holds. In this case, by the same
arguments as in the proof of Proposition we see that (E,¢) defines a vector bundle G
on () equipped with a metric . By Proposition there exists a vector bundle £ on
such that £2" := j¢€ = G. Moreover, ¢ determines a metric on &£ (since £(w) = G(w) for any
w € Q) and the pair (£, ¢) corresponds to (F,§) via Proposition This concludes the
proof. O

Remark 5.2.4. As long as {2 C My is a Borel subset, the assumptions made in Proposition
are not too harmful for the generality. Indeed, we can pushforward the measure v
to Mg and obtain a topological adelic curve whose adelic space is Mk and such that the
corresponding GVF height coincides with the one of S. If S is integral, we do the same trick
by pushing forward v to the integral space of S.

5.3. Algebraic constructions on pseudo-norm families.

Proposition-Definition 5.3.1. Let E be a finite-dimensional K-vector space equipped
with a pseudo-norm family £ = (|| - ||w)wea-

(1) Let I C E be a vector subspace of E. Then the family of restrictions §p :=
(Il - llo})wen is a pseudo-norm family on F' called the restriction of .

(2) Let G be a quotient of E. Then the family of quotient pseudo-norms & := (|||
is a pseudo-norm family on G called the quotient of &.

(3) The family of dual pseudo-norms €Y := (|| - ||w.«)weq is @ pseudo-norm family on the
dual vector space EV called the dual of &.

(4) Let E' be another finite-dimensional K-vector space equipped with a pseudo-norm
family ¢ = (|| - ||/,)weq. For any w € Q, let || - || and || - |[w,e be respectively the
m-tensor product and the e-tensor product of the pseudo-norms || - ||, and || - ||/,. We
denote by & ®¢ » & the pseudo-norm family on E ® E’ consisting of the pseudo-norms
| - [|w,e for w € Qum and || - ||wr for w € Q. This family is called the €, 7-tensor
product pseudo-norm family of £ and £’. Similarly, we define the e-tensor product as
well as the w-tensor product of £ and &'.

(5) Let i > 1 be an integer. We denote by A’¢ the pseudo-norm family on A’E as the
quotient of the €, 7-tensor product pseudo-norm family on E®?. This family is called
the exterior power pseudo-norm family on A'E. If i = dimg (F), the pseudo-norm
family A’¢ is called the determinant pseudo-norm family of ¢ and is denoted by
det(&).

(6) Let & = (|| - |I.,, €., N\, E/.)weqr be another pseudo-norm family on E Assume that
for any w € (Q, there exists a basis e of E such that e is both adapted to £ and &' in
w. Then, for any w € €2, we have equalities

w,G>w€Q

,=E&, N,=N. E,:=E.
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We define the local distance function by

(We Q)= dy(&¢) = sup |logls]l —log ||| = sup [log ||s|l., — log [s]l.,],
s€E,~{0} s€E
where we use the convention that, for any w € 2, for any s € F such that ||s||, €
{0,400}, we have log||s||., — log ||s]|,, = 0.

Proof. Tt suffices to prove that condition (x) from Definition holds for the pseudo-norm
families in (1)-(5). Fix w € Q.

(1) By construction of {r, there exists a basis (eq, ...,e,) of F' which can be enlarged in a
basis (€1, ..., €, €41, ..., €4) such that [le1]|w, .., [|eq|lw > 0. Then Lemma [5.1.4] implies that
(e1,...,e,) is adapted to &p in w.

(2) Write G = E/F for some vector subspace F' C E. By construction of &g, there
exists a basis (ey, ..., €r, €741, ..., €q) of E such that (eq,...,e,) is a basis of F, the image of
(r41,...,eq) in E/F is a basis and, for any ¢ = r +1,...,d, ||€j]l, > 0. Then one can use
Lemma [5.1.4] to conclude as above.

(3) Let (eq, ..., eq) be a basis of E which is adapted to & in w, say on an open neighbourhood
of the form U?" of w, where U C €2 is open. Then it follows from the construction of €V that,
for any w’ € U", (ey,...ey) is a basis of EV such that [|€)||ws ..., ||€] |lw« > 0. Hence the
basis (e, ...ey) is adapted to £¥ in w.

(4) Let (e, ...,eq) and (€], ..., €);) respectively be basis of E and E’ that are adapted
to € and & in w on respective open neighbourhood U?" and V" of w, where U,V C Q
are open subsets. The construction of m-tensor product and e-tensor product implies that
the tensor product basis (e, ...,eq) @ (€], ...,€}y) is an adapted basis of E ® E’ in w on
arnvar =(Unv),

(5) This follows from (2) and (4). O

Remark 5.3.2. Using the interpretation given in Proposition [5.2.1 we can interpret the
operations described in Proposition-Definition [5.3.1] in terms of metrised vector bundles on
Q.

5.4. Dominated pseudo-norm families. In this subsection, we introduce a domination
condition for pseudo-norm families. Most of its content is an adaptation of ([CM19], §4.1.2)
in our context. As the reader can get easily convinced from our definition, all the results
presented here can be proven exactly the same way as in loc. cit. and we will simply refer to
the corresponding result for the proof.

Definition 5.4.1. Let E be a finite-dimensional K-vector space equipped with a pseudo-
norm family £ = (|| - ||u)weq. The family is called dominated if the pseudo-norm families £
and £V are upper dominated, namely we have

Vi e E~ {0}, / log || flluv(dw) < +o00,
Q
and
vip e B~ {0}, [ log]lel

¢ is called strongly dominated if £ is dominated and the distance function (w € Q) —
dy(£,6YV) € Rxg (cf. Definition [5.3.1] (6)) is v-dominated.

waV(dw) < +00.
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Example 5.4.2. (1) In the situation of Example (1), a pseudo-norm family is
dominated iff it is dominated in the sense of ([CM19], Definition 4.1.2).
(2) Using the notation of Example (2), we show that for any basis e = (e, ..., €;)
of a K-vector space E, the pseudo-norm families &g, &e 2 are dominated ([CM19)],
Example 4.1.5).

Remark 5.4.3 ([CM19], Rem. 4.1.12). If a pseudo-norm family £ consists of ultrametric
pseudo-norms &, for any w € Qyum, being dominated is equivalent to being strongly dominated.

Proposition 5.4.4 ([CM19], Proposition 4.1.16). Let E be a finite-dimensional K -vector
space equipped with a pseudo-norm family & = (|| - ||w)weq- Assume that dimg (E) = 1. Then
the following assertions are equivalent.

(i) & is dominated.
(ii) For any s € E \ {0}, the function (w € Q) + log ||s||. is v-dominated.
(iii) There exists s € E ~ {0}, the function (w € Q) +— log ||s||w is v-dominated.

Proposition 5.4.5 (JCM19], Proposition 4.1.19). (1) Let E be a finite-dimensional K -
vector space equipped with a pseudo-norm family & = (|| - ||w)wea- If € is dominated
(resp. strongly dominated), then for any vector subspace F C E, the restriction of §
to F' is a dominated (resp. strongly dominated) pseudo-norm family on F.

(2) Let E be a finite-dimensional K -vector space equipped with a pseudo-norm family
E= (] llw)wea- If & is dominated (resp. strongly dominated), then for any vector
subspace ' C E, the quotient pseudo-norm family {g,r is dominated (resp. strongly
dominated).

(3) Let E be a finite-dimensional K -vector space equipped with a dominated pseudo-norm
family € = (|| - |w)weq- Then the dual pseudo-norm family £V on EY is strongly
dominated.

(4.2) Let E,F be finite-dimensional K -vector spaces equipped with dominated pseudo-norm
families &,& respectively. Then the e, w-tensor product pseudo-norm family € e &
s a strongly dominated pseudo-norm family on E Qi F.

(4.b) Let E, F be finite-dimensional K -vector spaces equipped with dominated pseudo-norm
families &,& respectively. Then the e-tensor product pseudo-norm family & Q. &' is
a strongly dominated pseudo-norm family on E Qg F.

(5) Let E be a finite-dimensional K -vector space equipped with a dominated pseudo-norm
family €. Let i € N. Then the pseudo-norm family A€ is strongly dominated.

(6) Let E be a finite-dimensional K -vector space equipped with a pseudo-norm family
E= (|l l|w)wea- If & is dominated, then the determinant pseudo-norm family det(&)
s strongly dominated.

(7) Let K'/K be a finite extension of fields. Let 8" = (K',¢' : Q' — Mg/, V') be
the topological adelic curve constructed in . Denote by Tg: /i : Q' — Q the
projection. Let E be a finite-dimensional K -vector space and let E' == E @ K'.
Let £ = (|| - |lw)wea and & = (|| - ||/,))weqr be pseudo-norm families on E and E’
respectively such that

VweQ, e ({w)), VseB, sl = sl

If ¢ is dominated, then £ is dominated.
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Proposition 5.4.6 ([CM19], Proposition 4.1.6). Let E be a finite-dimensional K-vector
space equipped with two pseudo-norm families &1, &2 such that, for any w € Q2 € R>, there
exists a basis e, of E which is both adapted to & and & in w (so that the local distance
function (w € Q) — dy(&1,&) € R>q is well-defined). Assume that & is dominated and
that the local distance function (w € Q) — dy,(&1,&2) € Rx>q is v-dominated. Then & is
dominated.

Proposition 5.4.7 (JCM19], Corollary 4.1.8). Let E be a finite-dimensional K -vector space
equipped with two pseudo-norm families &1,&2 such that there exists a basis e which is both
globally adapted to & and &. Assume that &1 and & are ultrametric on Qum. If & and & are
both dominated, then the local distance function (w € Q) — dy,(&1,&2) € R>q is v-dominated.

Corollary 5.4.8 ([CM19], Corollary 4.1.10). Let E be a finite-dimensional K -vector space
equipped with a pseudo-norm family &. Assume that there exists a basis of E which is globally
adapted to £&. Then the following assertions are equivalent:

(i) the pseudo-norm family & is dominated and the local distance function (w € Q) —
dy,(£,€VV) € Rxq is v-dominated;
(ii) for any basis e of E such that e is globally adapted to &, the local distance function
(w e N) = dy(£, &) € Rxq is v-dominated;
(iii) there exists a e basis of E such that e is globally adapted to & and the local distance
function (w € Q) — dy, (&, &) € R>q is v-dominated.

5.5. Regularity and measurability conditions for pseudo-norm families. In this
subsection, we introduce regularity conditions for pseudo-norm families. Here the theory
differs from the classical theory of adelic curves, due to the topological nature of the adelic
space.

Definition 5.5.1. Let E be a finite-dimensional K-vector space equipped with a pseudo-
norm family & = (|| - ||u)weq-
(1) The family ¢ is called continuous, respectively usc, lsc if, for any s € E, the map
(w € Q) log ||s]|w € [~0o0, +00] is continuous, respectively usc, Isc. We denote by
N (E)eont | respectively N(E)"°, N(E)"° the set of continuous, respectively usc, lsc
pseudo-norm families on F.
(2) The family £ is called v-measurable if, for any s € E, the map (w € Q) — log s, €
[—00, +00] is v-measurable. We denote by N (E)” the set of v-measurable pseudo-
norm families on E.

Remark 5.5.2. Using the interpretation given in Proposition [5.2.1] one can prove that a
pseudo-norm family on a K-vector space E is continuous/usc/lsc iff the associated metric on
the corresponding vector bundle € on € is continuous /usc/lsc. This is a consequence of the
fact that any element s € E are interpreted as a meromorphic section of £.

Example 5.5.3. (1) Let & be a pseudo-norm family on a finite-dimensional K-vector
space FE. Assume that £ is either usc or Isc. Then £ is a v-measurable norm family
on E. In particular, if £ is continuous, then £ is v-measurable.

(2) Assume that Q is discrete. Let E be a finite-dimensional K-vector space equipped
with a pseudo-norm family £ = (|| - ||w)weq- Then £ is continuous.

(3) In the situation of Example [5.1.3| (1), a pseudo-norm family is v-measurable iff it is
measurable in the sense of ([CM19], §4.1.3).
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(4) Model pseudo-norm families constructed in Example (2) are continuous. Indeed,
as s and Qum are open, it follows from the definition of such pseudo-norm families
on each of these open sets.

Proposition 5.5.4. Let E be a finite-dimensional K-vector space equipped with a pseudo-
norm family § = (|| - [lw)weo-

(1) Let F C E be any vector subspace. Assume that & is Isc, resp. usc. Then the
restriction pseudo-norm family g = (|| - || Fw)wen on F induced by & is lsc, resp. usc.

(2) Assume that & is usc. Then the dual pseudo-norm family & = (|| - ||lw.«)wea on EY is
Isc, hence is v-measurable.

(3) Let 1 : E — G be a quotient vector space of E. Assume that & is usc. Then
the quotient pseudo-norm family éc = (|| - ||gw)wea induced by & is usc, hence is
v-measurable.

(4) Let n > 1 be an integer. For any i =1,...,n, let E; be a finite-dimensional K -vector
space equipped with a pseudo-norm family & = (|| - ||iw)wea-

(4.a) Assume that &, ...,&, are usc. Then the w-tensor product § Qr -+ Qr &y 1S a
usc and v-measurable pseudo-norm family on 1 ® - Q@ Ey,.

(4.b) Assume that &y, ..., &, are usc and ultrametric on Qum,. Then the e-tensor product
£ Re - R &y 18 a usc and v-measurable pseudo-norm family on E1 ® -+ Q E,.
Moreover, if the dual pseudo-norm families &), ...,&Y are continuous. Then
the e-tensor product & Q¢ -+ Q¢ &y 15 a continuous pseudo-norm family on
Ei® - QE,.

(4.c) Assume that the dual pseudo-norm families £, ..., &) are continuous. Then the
€, m-tensor product £ Q¢ x -+ Qex &n 15 a v-measurable pseudo-norm family on
Ei® - QE,.

(5) Assume that § is usc. The determinant pseudo-norm family det(€) on det(E) is usc
and v-measurable.

(6) Let L/K be an algebraic extension. Then the extension of scalars pseudo-norm family
&L= (I ll)zeq, on Er :== E®k L induced by § is lsc, hence v-measurable.

Proof. (1): It is immediate from the definition of a continuous pseudo-norm family.

(2): Let ¢ € EY \ {0} and a € R5. Assume that |||, .« €]a, +00]. Let us prove that
ol (Ja, +00]) is open. Let = € &, \ my,&,. By upper semi-continuity of ||z||. on €, there
exists an open neighbourhood U of w such that ||z||. has value in R>p on U. Then the

function (W' € U) — |<T\§:||)|7, € Ry is lower semi-continuous. Hence up to shrinking U, we

may assume that for any w’ € U, we have

(@)l
a< O o,
]|
We deduce the desired lower semi-continuity.
(3): Let m: E — G be a quotient vector space of E. By definition, for any T € E/F, we

have
= inf .
”'ﬂ’w,E/F a:€7lr—1(§) Hwa

Thus ||Z|..z/F is the infimum of a family of usc functions and hence is usc. Since log is
non-decreasing, log ||Z||. g/r is usc.
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(4.a): Let z € E1 ® -+ ® E,, and a € Rsy. We prove that ||:UH_7}([0, al) is open. Let w €
|#)|=1([0, a[). By definition of ||zl x, there exists a decomposition 2 = SN xg) R @Y,

with ’|$§'Z)||j,w < 4oo forany i =1,...,N and j = 1,...,n, such that

N ) )
S e e 2@ ne < a.
=1

Let U be an open neighbourhood of w such that, for any w’ € U, for any i = 1,..., N and
j =1,...,n, we have H:cgl)ijf < 4o00. Up to shrinking U, we may assume that, for any
w' € U, we have

N
Nz e < S 128 1w 120 | < @

Thus ||z|..~ and log Hac||,r are usc and v-measurable.
(4.b): Let 2 € By ® --- ® By, and a € Rsg. We prove that [[z[}([0,a[) is open. Let
w € ||z]|Z1([0,a]). Since the &;’s are ultrametric on €, there exists a decomposition

x = Zleg) ®- ®x%), with ||a:(Z l|ljw < +oo forany i =1,..., N and j = 1, ..., n, such that

(4)
[ 1 oD s <

Let U be an open nelghbourhood of w such that, for any w’ € U, for any i = 1, ..., N and
(%)

j =1,...,n, we have Hx |jw < +o00. Up to shrinking U, we may assume that for any

w' € U, we have
Jollore < max (o1 2 nr < o

Thus ||z|. and log ||z||. ¢ are usc and v-measurable.

Now assume that the &;’s are continuous. Let x € F1 ® --- ® E, and a € R-y. We prove
that ||z[|-}(Ja, +o0]) is open. Let w € [|z[ 7! (Ja, +0c]). By definition of |||, there exists
(f1,es fn) € EY x -+ x E) such that 0 < || f1||1.w.s s || frllnws« < 400 and

‘m(flr"?f?’b)‘w .
HfIHI wyk T anHnw*

By continuity |z(fi, ..., f)|- and Lemma [5.1.4] there exists an open neighbourhood U of w
such that, for any w’ € U, we have

0<|fr o 1 fllnwr s < 400
Up to shrinking U, by continuity of || fi|[1,.«, .., || fulln, «, We may assume that
Vo' e U a< |$(f17 -~ufn)|w’ < Hﬂfﬂw',e
Il s Il

Hence ||z||.  and log ||z||.. . are lsc and thus continuous.
(4.c): Let z € B4 ®---® By and A C [—00, +00] be a measurable set. By (4.a) and (4.b),
the sets

(log [l[|-) 7" (4),  (log [l]|.«) " (A)
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are v-measurable. We can then conclude by using the equality

(1og [a]l.c.r) " (A) = (g 2]l.x) " (4) N Q) U (o l2]-0) ™ (A) 1)

combined with the fact that Q. and Q. are both v-measurable.

(5): Let n € det(FE) and w € Q. Assume that ||9||y,det < +00. Let @ > [|n]|w,det. We show
that HnH:dlet([O, al) is an open neighbourhood of w. By Proposition Iﬁ (3), there exist
1, ...,xy € &, such that n =a1 A--- A, and

11l et < 1]l - -~ fl2r]le < a.

Let e = (ey,...,e;) a basis of E which is adapted to . Thus, for any i = 1,...,7, x; =
xl(l)el + -+ xl(-r)er € @._; Aue;. Let U be an open neighbourhood of w such that, for
any ' € U, for any ¢,5 € {1,...,7}, a:l(-j) € A./. By semi-continuity of ||z{]., ..., ||zr]., up to
shrinking U, we may assume that, for any w’ € U, we have

17l det < [l2afler - - 2 flor < a.

Hence, for any a > 0, the set HnH;}et([O, a[) is open and det(&) is usc and v-measurable. [

6. ADELIC VECTOR BUNDLES

Throughout this section, we fix a topological adelic curve S = (K, ¢ : Q — Mg, v).

6.1. Definitions.

Definition 6.1.1. Let § be a pseudo-norm family on a finite-dimensional K-vector space E.
Then E = (E,€) is called

(1) a upper/lower semi-continuous adelic vector bundle (usc/lsc adelic vector bundle for
short), if the pseudo-norm families £ and ¢V are upper/lower semi-continuous and &
is dominated;

(2) an adelic vector bundle if the pseudo-norm families £ and £V are continuous and ¢ is
dominated;

(3) a measurable adelic vector bundle on S, if the pseudo-norm families £ and ¢V are
v-measurable and £ is dominated.

Note that any (usc/lsc) adelic vector bundle is a measurable adelic vector bundle.

If £ = (E,¢) is a (usc/lsc/measurable) adelic vector bundle on S and if the pseudo-norm
family € is strongly dominated, then E is called a strongly (usc/lsc/measurable) adelic vector
bundle on S.

Moreover, an adelic vector bundle E = (E, &) on S is called Hermitian if £ is Hermitian.

Remark 6.1.2. (1) The terminology "adelic vector bundle" is justified by Proposition
Indeed, as a vector space equipped with a pseudo-norm family can be seen as a
metrised vector bundle on Q = ZR(K)g, when one assumes further global conditions
on the pseudo-norm family in order to perform Arakelov geometric constructions,
we add the adjective "adelic". In the case where K is an algebraic extension of Q
equipped with the topological adelic curve structure Sgp ®g K using the constructions
of % an adelic vector bundle on Sg ®q K is an integrable adelic vector space in the
sense of Gaudron ([Gau20], Definition 7).
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(2) In the situation of Example (1). Any adelic vector bundle on S is an adelic
vector bundle on the corresponding adelic curve (J[CM19], Definition 4.1.28).

Proposition 6.1.3. Let § be a pseudo-norm family on a finite-dimensional K -vector space
E and assume that § is ultrametric on Qym. Then B = (E, &) is a usc adelic vector bundle
on S iff E = (E,§) is an adelic vector bundle on S.

Proof. An adelic vector bundle is a usc adelic vector bundle. We show the converse implication.
Assume that F is usc. It suffices to prove that & and ¢ are both Isc. As ¢ is usc, Proposition
5.5.4] (2) implies that £V is Isc. Moreover, since £ is ultrametric on Quy, £ = €YY and, as ¢
is usc, we obtain that £ is lsc. O

Proposition 6.1.4. Let £ = (|| - ||lw)wea be a pseudo-norm family on a K -vector space E of
dimension 1. Then (E,§) is an adelic vector bundle on S iff £ is continuous and dominated.

Proof. The direct implication being immediate, it suffices to show the converse. Assume that
¢ is continuous and dominated. Let ¢ € EY \ {0}. Let € E such that ¢(z) = 1. Then,
for any w € Q, we have ||¢||w« = 1/||z||w, with the convention 1/0 = +o0 and 1/ + oo = 0.
Thus ¢ is continuous. O

Proposition 6.1.5. Let E = (E,£) be an adelic vector bundle on S.

(1) Let F C E be any vector subspace. Then (F,&p) is an adelic vector bundle on S.

(2) E = (EV,€Y) is an lsc adelic vector bundle on S. Moreover, if £V is continuous,
then E' is an adelic vector bundle on S. In particular, if € is ultrametric on Qum,
then B is an adelic vector bundle on S.

(3) Let m: E — G be a quotient vector space of E. Let g denote the quotient pseudo-
norm family on G induced by £. Then (G,&q) is a usc adelic vector bundle on S.
Moreover, if £ is ultrametric on Qum, then (G,&¢g) is an adelic vector bundle on S.

(4) Let n > 1 be an integer. For anyi = 1,...,n, let B; = (E;,&;) be an adelic vector
bundle on S. We assume that the pseudo-norm families &1, ...,&, are ultrametric on
Qum-

(4.a) The e-tensor product Ei ®¢ - ®¢ B, is a measurable adelic vector bundle on S.
(4.b) The (e, )-tensor product E@m e ®e,an is a measurable adelic vector bundle
on S.

(5) (det(E),det(§)) is a measurable adelic vector bundle on S. Moreover, if & is Hermit-

ian, then (det(E),det(§)) is an adelic vector bundle on S.

Proof. This is a consequence of Propositions [5.4.5 and [5.5.4l We leave the details to the
reader.

O

6.2. Arakelov degree.

Definition 6.2.1. Let £ := (E,£ = (|| - ||lw)weq) be a measurable adelic vector bundle on S.
Let s € E ~\ {0}, then the map log]||s||. : 2 — [—o0, +0o0] is v-integrable and we define the
Arakelov degree of s as

dege(s) = = | log s]luv(dw)
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Definition 6.2.2. We assume that the adelic curve S is proper. Let F := (E, & = (|| ||lu)wen)
be an usc adelic vector bundle on S. Then the quantity

deg(B) = degeney (1) = — | 10g [l st (dw),

where 7 € det(E) ~\ {0}, is independent of the choice of . We call it the Arakelov degree of
E.

6.3. Example in Nevanlinna theory. In this subsection, we give an example of adelic
vector bundles in the context of Nevanlinna theory. Fix R > 0 and consider the topological
adelic curve Sp = (KR, ¢r : Qr = Mk,,vr) constructed in For any w € Qp, we
denote by Ag, the finiteness ring on w. Let £ be an arbitrary finite-dimensional C-vector
space equipped with a norm || - ||. Let us see that this data induces an adelic vector bundle
on Sg. Let Fgr := F Q¢ Kg.

Let w € Qp oo, we denote gy, = E @c Apyw. It is a free Ag,, of rank dimc(E) and

E/Rz = ERw ®Wap, C identifies with E. By lifting the norm || - || on E, we obtain a
local-pseudo-norm on Eg in w, which is denoted by || - ||

Let w € Qpum. Recall that Ar,, = Kpg as | - |, is a usual absolute value. Then the
completion K, of Kg w.r.t. ||, is isomorphic to C((T')). Denote by K, , = C[[T]] the
corresponding valuation ring of Kpy,. Then K7 , is the completion of the discrete valuation
ring

{f € Kr: f(w) € PL \ {oo}}).

Let Epw = E@c K}, it is a free sub-Kp  -module of rank dimc(F) of Ery = EQk, KR w,
hence it is a (finitely generated) lattice of Er. We consider the ultrametric lattice norm
| - ||l induced by g, on Eg,, (cf. e.g. Definition 1.1.23 in [CM19]). Recall that, since | - |,
is discrete, Ep,, coincides with the unit ball of Eg,, w.r.t. |- ||e.

From the two above paragraphs, we have a collection § = (|| - ||)weq, of pseudo-norms on
Er.

Proposition 6.3.1. We use the same notation as above. Then Er := (ER,&R) is an adelic
vector bundle on Sg.

Proof. Let us first prove that £ is a pseudo-norm family on Eg (in the sense of Definition
[5.1.1). By construction of the pseudo-norms | - [|,, any basis of E defines a basis of Er which
is adapted to || - ||, for all w € Qg. Thus {g is a pseudo-norm family on Eg.

Let us now show that g is dominated. Fix an arbitrary basis (e, ..., e,;) of E' (which is
globally adapted to £g). Let s = sjeq + -+ + spe, € Eg ~ {0}, where s1,...,s, € K. Let
w € QR um, then [|s||, # 1 iff w is either a zero or a pole of s; for some i € {1,...,r}. Since
elements of K only have a finite number of zeroes and poles, this means that ||s||,, = 1 for
all but a finite number of w € Qr ym. As Qg um is a discrete topological space equipped with
a counting measure, (w € Qg um) — log |||/, € [—00, +00] is a vr-integrable function. Now
let w € Qg oo. Then we have

Isll < max |sil., max fle:|.
As vr(Qr o) = 1, the function (w € Qpo) — maxi<i<rloglle|| € [—oo,+o0] is vg-
integrable. Moreover, for any ¢ = 1,..,r, the function log|s;|. is vg-integrable. Hence
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(w € QRoo) — maxj<i<, log|s;|, € [-00, +00] is vr-integrable. Finally, we obtain that &g is
upper dominated.

Let o = aqef + - ape) € EY, ~ {0}, where a,...,a, € Kp. Let w € Qpuym. Denote
Epw = Homgeo (Erws Kp ). Then ([CMI19], Proposition 1.1.34) yields the equality

-l = 1 - llgy,

of norms on Eg,. Therefore, the same argument used in the above paragraph for the
lattice £y, instead of Eg,, implies that [all,« = 1 for almost all w € Qg um and thus
[(w € Qrum) — log ||a]|w,«] is & vr-integrable function. Now let w € Qp . Then we have

laflw,x < max Jeil. max [le] s,

and the same arguments of the above paragraph imply that £}, is upper dominated. Hence
&R is a dominated pseudo-norm family on E.

Finally, let us prove that £ and ), are continuous. We start by showing the continuity
of £g. Let s € Eg. By discreteness of Qg ym, it suffices to prove that ||s|. is continuous
on Qp . Fix an arbitrary basis (ey, ..., e,) of E (which is globally adapted to £r). Write
s =s1e1+ -+ spep € Eg {0}, where s1, ..., s, € Kp. By definition, for any w € Qg o, we
have

sl = ls1(w)er + -+ - sp(w)e|| if s1(w), ..., sr(w) € PL(C) \ {0},
¥ +00 otherwise.

Note that the set U := {w € Qg oo : 51(w), ..., 57 (w) € PY(C) \ {oo}} is the complement of a
finite set, hence it is open. The continuity of ||s||. on U is equivalent to the continuity of the
map

fi(welU)—si(w)er+ - sp(w)er € E,

where F is equipped with the topology induced by the norm || - ||. By continuity of the
maps 81|, ..., |sr|. on U, we see that f is continuous w.r.t. the topology on F induced by
the infinite norm w.r.t. the basis (ey, ..., e,), which is the same as the desired topology by
equivalence of norms. Therefore, |s||. is continuous on U. It remains to prove that ||s]|. is
continuous at any point of the finite set {0g o N U. Let wg € Qg o N U. Since Qp o N U
is discrete, it suffices to prove the continuity of ||s||. on a neighbourhood V' of wy such that
VN (Qroo NU) ={wo}. To show that |s||. is continuous at wy, it suffices to show that
Vali;rgwo [slles = [[8]lwo = +o0.

By symmetry, we may assume that s; has minimal valuation, i.e. has a pole of the greatest
order in wg, among sy, ..., s,. Denote this order by p < 0. We see that, up to shrinking V,
we can write s = (T — wg)Ps’, where s satisfies

Vw eV, |[|§o < +oo.

By the above case of continuity and compactness of Qp , we obtain that ||s’||. is bounded
on V. As

li —wo)P =
A (w—wo)” = +oo,

we obtain the desired continuity.



TOPOLOGICAL ADELIC CURVES 67

To conclude the proof, we prove that £y, is continuous. As in the previous case, it suffices
to prove that, for any a € EJ,, the function ||a||.,, is continuous on Qg . Note that, by

construction, for w € Qp o, the pseudo-norm || - ||« is the pseudo-norm constructed on EY,
by lifting the norm || - ||« on EY. Therefore, the above case can be applied and implies that
&Y, is continuous. O

Definition 6.3.2. Let F be a finite-dimensional complex vector space equipped with a norm
| -|l. Let R > 0. Let Er := Ec ®c Kr and g = (|| - [|w)weay, be the pseudo-norm family
on ER constructed as above. Then the adelic vector bundle Eg := (Fg,&R) is called the
induced adelic vector bundle on Sk by the complex normed vector space (E, || - ||). Note that
any basis of FE is globally adapted to &p.

Remark 6.3.3. Let E be a finite-dimensional complex vector space equipped with a norm
|- |l. Let R > 0. Consider a finite extension K’/Kpr. Then one can use the same arguments
as above to prove that (E, || -||) induces an adelic vector bundle on the topological adelic
curve Sgp Qg K'.

6.4. Adelic vector bundles on families of topological adelic curves.

Proposition-Definition 6.4.1. Let S = (I, U, (S; = (K;, ¢ : Qi — Mg, vi))ier, KX) be a
family of topological adelic curves.

(1) By a K-vector space equipped with a pseudo-norm family (E,§) on S, we mean
a finite-dimensional K-vector space E and an equivalence class & = [(E;, & )ierl,
where the (E;,&;)’s are finite-dimensional Kj-vector spaces equipped with a pseudo-
norm family over the S;’s such that £ ®g [[;; Ki = [[y B and two such families
(Ei,&)ier, (Bl €))ier are declared to be equivalent if there exist U/-almost everywhere
isomorphisms E; = E! yielding compatible isomorphisms & = ¢/. In this case,
£ is called a pseudo-norm family on S. Moreover, £ is said to be ultrametric at
non-Archimedean places if & is ultrametric on €2; um, U-almost everywhere.

(2) Let E be a finite-dimensional K-vector space. A pseudo-norm family & = [(E;, &;)icr]
on F is said to be dominated, resp. usc/lsc/continuous/measurable if &; is dominated,
resp. usc/lsc/measurable U-almost everywhere. This is independent of the choice of
the representative of &.

(3) A K-vector space equipped with a pseudo-norm family (E, [(E;)icz]) is said to be
a usc/lsc/measurable adelic vector bundle on S if the E;’s are usc/lsc/measurable
adelic vector bundles on the S;’s U-almost everywhere.

(4) Let E = (E,€) be K-vector space equipped with a pseudo-norm family on S.

(i) Let F' C E be a vector subspace. Then £ induces by restriction, a pseudo-norm
family £ on F. Moreover, if E is a usc/lsc/measurable adelic vector bundle on
S, then so is F := (F,{Fp).

(ii) ¢ induces a pseudo-norm family £V on EY. Moreover, if E is a usc adelic vector

bundle on S, then E' := (EY,¢Y) is an lsc adelic vector bundle on S. If we
further assume that ¢ and ¥V are continuous, then B is an adelic vector bundle
on S.

(iii) Let G be a quotient vector space of E. Then £ induces a pseudo-norm family
&g on G. Moreover, if E is a usc adelic vector bundle S, then so is G := (G, &g).
If we further assume that F is an adelic vector bundle on S and that & = ¢V,
then G is also an adelic vector bundle on S.
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(iv) Then ¢ induces a pseudo-norm family det(£) on det(E). Moreover, if E is a
usc adelic vector bundle on S, then det(F) := (det(E),det(£)) is a measurable
adelic vector bundle on S.

Proof. The definitions of pseudo-norm families and the corresponding algebraic constructions
follow from t.0§ theorem. The assertions concerning adelic vector bundles follow from
Proposition [6.1.5] combined with the fact that all the involved algebraic constructions are
compatible with the extension of scalars. O

Example 6.4.2. (1) Let S = (K,¢ : Q@ - Mg,v) be an adelic curve and consider
the family of topological adelic curves S = (I,U, (S)icr, [y K), where I is an
infinite set and U is a free ultrafilter on I. For any i € I, let E; = (E;,§;) be
a (usc/lsc/measurable) adelic vector bundle on S. Then ([[, Ei, [(Ei)icr]) is a
(usc/lsc/measurable) adelic vector bundle on S.

(2) Consider the family of topological adelic curves S = (R<o,U, (Sg)r>0, M(C)) from
Example (2). Let E be a finite-dimensional complex normed vector space. Let
R > 0. In §6.3, we have constructed the induced adelic vector bundle Er = (Eg, £R)
on Sg by E (cf. Deﬁnition. By construction, Erqcy = (E®cM(C), [(Er)r>0])
is an adelic vector bundle on S. We call it the adelic vector bundle induced by E on
S.

Definition 6.4.3. Let S = (I,U,(S; = (Ki,¢; : Qi — Mk,,v4))icr, K) be a family of
topological adelic curves and E = (E, [(E;);cs] be a measurable adelic vector bundle on S.
Let s € E ~\ {0}, writing s = [];; si, where U-almost everywhere s; € E; \ {0}, we define the
Arakelov degree of s w.r.t. E by

degE() {(degE sl) ] H]R

Let ~ be an equivalence relation on [[;; R which is compatible with the additive group
structure. Assume that S is asymptotically proper w.r.t. ~ (cf. Definition [3.3.1]). Assume
that E is a usc adelic vector bundle on S. Let 1,7’ € det(E) ~ {0}. Then

CT\‘3gdet(ﬁ) (n) - ‘TeT%det(E)(”/) ~ 0.

Therefore, the class of deg det(E) (n) in [J;; R/ ~ yields a well-defined element denoted by
Je\g(E) called the Arakelov degree of E.

Example 6.4.4. (1) Let S = (K,¢: Q — Mg,v) be a proper adelic curve and consider
the family of topological adelic curves S = (I, U, (S)ier, [y K), where [ is an infinite
set and U is a free ultrafilter on I. For any i € I, let E; = (E;, ;) be a adelic vector
bundle on S. Consider the adelic vector bundle E := (Es = [[,, Ei, [(Ei)ic1]) on S.
Then

(P = | (@), | < IT=

(2) Consider the family of topological adelic curves S = (R, U, (Sg)r>0, M(C)) from
Example (2). Let E be a one-dimensional complex normed vector space.
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Consider the adelic vector bundle Exq. := (F ®@c M(C),[(ERr)r>0]) induced by E
on S (cf. Example (2)). Let e € E {0}, then

deg(Enc) = [(~1og lel) o] € [TR/ ~hn -
u

7. SLOPES OF ADELIC VECTOR BUNDLES ON A PROPER TOPOLOGICAL ADELIC CURVE

In this section, we introduce slope theory for adelic vector bundles on a fixed proper
topological adelic curve adelic curve S = (K, ¢ : Q — Mg, v) (§7.147.3]). We then give the
Nevanlinna theoretic variant (§7.4).

7.1. Degree, positive degree.

Proposition 7.1.1 ([CM19], Propositions 4.3.8, 4.3.10, 4.3.19 and 4.3.13). Let E = (E,¢§)
be an adelic vector bundle on S. The following assertions hold.

(1) Assume that E is Hermitian. Then we have the equality
deg(E. £) = ~deg(E",£").

(2) In general, we have the inequality
— — 1
0 < deg(E,¢&) +deg(EY, ") < 3 dimg (F)log dimg (E)v(Qso).

(3) Let E' = (E',€') be another adelic vector bundle on S. Assume that the double-dual
pseudo-norm families £V, VYV are continuous (e.g. if & and &' are ultrametric on
Qum ). Then we have the equality

deg(E @cr B') = dimg (E')deg(E) + dimg (E)deg(E).
(4) Let
O0=FEyCE,C---CE,=F

be a flag of vector subspaces of EE. For any i =1,...,n, denote by & the restriction of
¢ to E; and by n; the quotient pseudo-norm family induced by & on E;/E;_i. Then
we have the inequality

N deg(Ei/Ei—1,m) < deg(E, ).

Moreover, if € is Hermitian, then the above inequality is an equality.

Definition 7.1.2. Let E = (E, £) be an adelic vector bundle on S. Let F' C E be any vector
subspace and denote by { the restriction of § to F'. Then Proposition (1) implies that
F := (F,&p) is an adelic vector bundle on S. We define the positive degree of E as

deg . (E) := sup deg(F),
FCE
where F' runs over the set of all vector subspaces of F.

Remark 7.1.3. The positive degree of an adelic vector bundle plays the role of the number
of "small sections" in the classical framework of Arakelov geometry over number fields.
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7.2. Slopes.

Definition 7.2.1. Let E = (E, ) be a usc adelic vector bundle on S. Assume that F # {0}.
(1) We define the slope of E as

_—  deg(E)
E) = —"—.
AE) = e (B)
(2) We define the mazimal slope of E as
ﬂmaX(E) = sup ﬂ(ﬁ),
{0}#£FCE

where F' runs over the set of non-zero vector subspaces of E.

(3) Assume that F is an adelic vector bundle. Let F — G be a quotient vector space
of E. Denote by £z the quotient pseudo-norm family on G induced by £ and let
G := (G, &q). Proposition (2) implies that G is a usc adelic vector bundle on S.
We define the minimal slope of E as

AminE = inf A§7
fmin(B) = inf  (G)

where G runs over the set of non-zero quotient vector spaces of F.

7.3. Harder-Narasimhan filtration over proper topological adelic curves. In the
recent work [CJ23], Chen and Jeannin developed a very general framework for proving the
existence of Harder-Narasimhan filtrations which is inspired by game theory. We construct
Harder-Narasihman filtrations over proper topological adelic curves using (loc. cit., Theorem
1.1).

Let E = (E,€) be an adelic line bundle on S. We assume that the pseudo-norm family &
is ultrametric on Q. We consider the set L(E) of vector subspaces of E, equipped with
the ordering defined by the inclusion relation, it is a bounded lattice. We also consider the
totally ordered set [—oo, +00] with the usual ordering. For any (F', F) € P-(L(FE)), namely
F’ C F are vector subspaces of E, recall that the subquotient F'/F”’ is an adelic vector bundle
on S (cf. Proposition (3)). Therefore we can define

W(F' F) = i(FJF') € R.

Then we obtain a Harder-Narasimhan game on £(F) with pay-off function u (cf. [CJ23],
§2.1). Note that, for any (F', F) € P<(L(F)), we have

pA(F' F) = fimin(F/F') € [—00, +00].

Definition 7.3.1. We say that E is semi-stable if for any non-zero vector subspace F' C E,
we have the inequality

ﬁmin(F) S ﬁmin(E)-
Note that F is semi-stable iff the Harder-Narasimhan game above is semi-stable is the sense
of (loc. cit., Definition 3.6).
Theorem 7.3.2. Let E = (E,£) be an adelic vector bundle on S. We assume that the
pseudo-norm family £ is ultrametric on Qum. Then there exists a unique flag

0=EyCEC - CE,=E,
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of E, such that
(1) for anyi=1,...,n, E;/E;_1 is semistable;
(2) we have the inequalities
i(E1/Eo) > - > [i(En/Ep-).

Proof. Let us see that the hypotheses (i-iv) of (loc. cit., Theorem 1.1) are satisfied. (i), (iii)
and (iv) are trivially true. We only need to check that the pay-off function u is convex,
namely, for any vector subspaces F, I’ C E such that F" ¢ F, we have the inequality

a(F/(FOF)) < p((F+ F')/F)
of slopes of adelic vector bundles on S. The canonical isomorphism
f:F/(FNF)—= (F+F)/F

is constructed as follows. An element a € F'/(F N F'), represented by some 2’ € F’, is
mapped to the class of 2/, viewed as an element of F'+ F' in (F' + F’)/F. This is independent
of the choice of z'. Write £ = (|| - ||w)weq- For any w € 2, denote respectively by || - ||..1 and
| - |lw,2 the subquotient pseudo-norm induced by || - ||, on F'/(F N F’) and (F + F')/F. Let
a € F'/(FNF'). For any representative 2’ € F’ of «, by construction of f, we have the
inequality

1f(@)llw,2 < 12|
As 7’ is arbitrary, we obtain
Vae F'/(FNF), [If(@)llwz < llafw,:.
Therefore, we have
deg(F'/(F N F")) < deg((F + F')[F).
We can conclude by using the fact that
dimg (F'/(FNF")) = dimg (F') — dimg (F N F))
= dimg (F + F') — dimg (F) = dimg ((F + F')/F).
O

Definition 7.3.3. Let E = (E,&) be an adelic line bundle on S. We assume that the
pseudo-norm family £ is ultrametric on Qym,. Then the flag constructed in Theorem is
called the Harder-Narasimhan flag of E.

7.4. Slope of adelic vector bundles on an asymptotically proper family of topo-
logical adelic curves in Nevanlinna theory. In the last subsection of the second part
of this article, we introduce the notion of slopes and Harder-Narasimhan filtrations for the
family of topological adelic curves arising in Nevanlinna theory (Example (2)).

Throughout this section, we consider the family of topological adelic curves S = (Rso,U, (Sg)r>0, M(C))

from Example (2). It is asymptotically proper w.r.t. the equivalence relation ~g, on
[I; R. Recall from Claim [I;y R/ ~gn has the structure of a totally ordered R-vector
space.

Let Rg denote the Dedekind-MacNeille completion of [[;; R/ ~g,. This is a complete
lattice. Moreover, for any « € Rg . {0} and X € R+, there exists a unique element y € Rg
such that X -y = x. We denote it by z/A\.
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7.4.1. Slopes.
Definition 7.4.1. Let E = (E,£) be a usc adelic vector bundle on S. Assume that E # {0}.

(1) Define the slope of E as

— deg
E R/ ~gn -
i(E) = dlmK H/ f

(2) We define the mazimal slope of E as

ﬁmaX(E) ‘= Sup ﬁ(F) € Rg,
{0}#FCE

where F runs over the set of non-zero vector subspaces of E and for any such F, F
denote the adelic vector bundle constructed in Proposition-Definition (4.1).

(3) Assume that F is a usc adelic vector bundle. Let G be a quotient vector space of
E. With the notation of Proposition-Definition (4.iii), G is a usc adelic vector
bundle on S. We define the minimal slope of E as

imin(E) :=  inf  7(Q) € R,
fimin (E) Elg;{}u()ES

where G runs over the set of non-zero quotient vector spaces of F.

7.4.2. Harder-Narasimhan filtration. Let E = (E, £) be an adelic vector bundle on S. Assume
that £ is ultrametric at non-Archimedean places. Consider, as in the previous subsection,
the bounded lattice L(FE) of vector subspaces of E. For any vector subspaces {0} # F, F’ of
E such that F' C F, with the notation of Proposition-Definition (4.1) and (4.iii), F/F’
is an adelic vector bundle on S. Thus, we can define

W, F) = (FTF) € TR/ ~a
u

We obtain a Harder-Narasimhan game on £(E) with pay-off function u, for which
pA(F', F) := fimin(F/F') € Rs,
where F, F’ are as above.

Definition 7.4.2. We say that E is semi-stable if the Harder-Narasimhan game above is
semi-stable, i.e. if for any non-zero vector subspace F C E, we have

Fimin (F) < Limin(E).
Theorem 7.4.3. Let E = (E, ) be an adelic vector bundle on S. Assume that & is ultrametric
at non-Archimedean places. Then there exists a unique flag
0=EyGCEL1GC- G Ey=E,
of E, such that

(1) for anyi=1,...,n, E;/E;_1 is semistable;
(2) we have the inequalities

[(EL/Ep) > -+ > [i(En/Ep-1)
in Rg.



TOPOLOGICAL ADELIC CURVES 73

Proof. This is a consequence of ([CJ23], Theorem 1.1). As in the proof of Theorem
we only need to check that the pay-off function is convex. Looking at the proof of Theorem
[7.3.2], we can directly reproduce the argument and use the definition of the order on Rg to
conclude. O

Part 3. Arithmetic varieties over topological adelic curves: adelic line bundles
and heights

In this final part, we study the analogue of adelic vector bundles over projective scheme
defined over a topological adelic curve. We start by studying the local aspects of the theory
(. Then we globalise these local ingredients ( We finish by constructing global height

functions (§10HL1]).

8. PSEUDO-METRICS: LOCAL CASE

In this section, we introduce the analogue of pseudo-absolute values and pseudo-norms on a
projective schemes defined over a topological adelic curve. This is done in two steps. We first
introduce the notion of model pseudo-metrics. Roughly speaking, this is done by considering
models over the finiteness ring of a pseudo-valued field and by using the classical theory of
Berkovich spaces on the special fibre of the model. The second step is considering equivalence
classes of such model pseudo-metrics to obtain the notion of pseudo-metric ( These
equivalence classes can be interpreted as metrics on line bundles over Zariski-Riemann spaces
(§8.2). We then extend the usual notions of Fubini-Study, semi-positive and plurisubharmonic
metrics to the (model) pseudo-metric framework (§8.348.4)).

Throughout this section, we fix a field K equipped with a pseudo-absolute value v =
(|-],A,m,k) € Mg. Recall that we denote by & the completed residue field of v.

8.1. Pseudo-metrics.

8.1.1. Model pseudo-metrics. We first recall some notions from ([Séd25], §8.1). Fix a field K
equipped with a pseudo-absolute value v = (|- |, A,m, k) € M. Recall that we denote by =
the completed residue field of v. Fix a projective K-scheme X and a projective model X of

—~

X/A. The completed special fibre of X is defined by Xy := X ®4 k. Then the (local) model

analytic space associated with X is the Berkovich analytification Xsan.

Definition 8.1.1. Let L be a line bundle on X. A (local) model pseudo-metric on L (over
v) is the data ((X, L), ), where (X, L) is a projective model of (X, L) over A and ¢ is a
metric on the pullback of £ to /'/L’; In this case, we say that X is the underlying model of the
model pseudo-metric ((X, £),¢). Such a model pseudo-metric (£, (X, L), ¢)) is respectively
called Isc, usc, continuous if the metric ¢ is lsc, usc, continuous. When there is no possible
confusion on the model X', we allow ourselves to denote the model pseudo-metric by (£, ¢).

Remark 8.1.2. Assume that v is a usual absolute value on K. Then any model pseudo-metric
on a line bundle L on X is a metric on L over the Berkovich space (X ®x K,)?*".

Proposition 8.1.3. Let L be a line bundle on X. Then there exists a model pseudo-metric
on L.
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Proof. Write L as a difference L — Lo, where Ly, Lo are very ample line bundles on X.
For i = 1,2, choose a closed embedding ¢; : X — P}! defined by L; and denote by X; the
schematic closure of X in P'{', this is a projective model of X over A. Moreover, the pullback
L; of OPZZ' to X; gives a model of L;. Choose a projective model X of X over A dominating
X; and X,. Taking the difference of the pullback of the £;’s to X, we get a model of L on X.
Choosing arbitrary metrics on the pullback of the £;’s to the completed special fibre of the
X;’s, we get a model pseudo-metric on L. O

Proposition-Definition 8.1.4 ([SEéd25], §8.1). Assume that X is geometrically reduced if
A =K. Let L be a line bundle on X and ((X, £), ¢) be a model pseudo-metric on L, where
X is a flat coherent model of X/A. Then ¢ induces a pseudo-norm || - ||z, on H(X, L)
with finiteness module H°(X, L), kernel mH®(X, £) and residue norm || - ||,, namely the
supnorm over /'?San induced by the metric ¢. When no confusion may arise, we simply denote

I llezey By [~ llo-

Notation 8.1.5. Let L be a line bundle on X and let (X, £) be a model of (X, L). Then
we denote by L, the pullback of £ to the completed special fibre X, := X ® 4 K.

Proposition-Definition 8.1.6. (1) Let L be a line bundle on X. Let (£, ¢) be a model
pseudo-metric on L. Then (—L, —¢) is a model pseudo-metric on —L. Moreover, if
(L, ) is respectively continuous/usc/lsc, then (=L, —¢) is continuous/lsc/usc.

(2) Let L, L' be two line bundles on X. Let (£, p), (L', ¢’) be model pseudo-metrics on
L, I respectively with the same underlying model. Then (£ + L', ¢ + ¢'). Moreover,
if (£,¢) and (L', ¢’) are both respectively continuous/usc/lsc, then (£ + L', o + ¢')
is continuous/usc/lsc.

(3) Let f:Y — X be a projective morphism of K-schemes and X be a projective model
of X over A. Let )Y be a projective model of Y over A and let g : Y — X be a
projective morphism such that g extends f. Then we have a commutative diagram
with Cartesian squares

_r

— R

Y

y 2.

ys L Xs
Let L be a line bundle on X. Let (£,¢) be a model pseudo-metric on L with
underlying model X. Then (¢*L, §*¢) is a model pseudo-metric on L with underlying
model ). By abuse of notation, we denote this model pseudo-metric by ¢*(L, ¢) and
g o by g*p. g*(L, ) is called the pullback of (L, ) w.r.t. the morphism g: ) — X.
Moreover, g*(L, ) is continuous/usc/lIsc if ¢ is continuous/usc/lsc.

(4) Let K'/K be a field extension and let v = (|-|, A’,m’, ¥’) be a pseudo-absolute value
on L such that v" extends v. Let X’ be a projective model of X over A. Consider the
fibre products f: X' ==X Qg K' > X and g: X' ==X @4 A'.

(i) Then X’ is a projective model of X’ over A’. Moreover, X’ is flat/coherent if X
is flat/coherent. Moreover, we have a natural isomorphism X! = X, ®,, '
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(ii) Let (L, ¢) be a model pseudo-metric on L with underlying model X'. Let L', £’
denote the pullbacks of L, L to X', X’ respectively. Then (X', L) is a model
of (X', L") and denote by ¢’ the metric on L!, induced by ¢ on L,. Then
5L, ) := (L', ¢) defines a model pseudo-metric on L’ with underlying model
X’ which is called the extension of (L, ) w.r.t. the field extension K'/K.

Proof. (1): Since (X, L) is a model of (X, L), we deduce that (X, L") is a model of (X, L").
Moreover, ¢V defines a metric on L,/ which is respectively continuous/lsc/usc if ¢ is continu-
ous/usc/lsc.
(2): It is clear that (X, L+ L) is a model of (X, L+ L’). The assertion about the regularity
of (L4 L', o+ ¢) follows from the definition of the sum of two metrics on a Berkovich space.
(3): We first justify that the squares are Cartesian. For the first one, we have isomorphisms

Vxx X =Y xy(X@AK)=Y0,K2Y.
For the second one, we have isomorphisms
Vs 2Y R4k Z2Y Xy (X Rak)ZY xx X

Finally, the assertion about model pseudo-metrics is clear from the properties of usual metrics
on Berkovich spaces.
(4.1): We have isomorphisms

X’@A/K,g(X@AA,)®A/K/§X®AK/%(X@AK) ®KKI§X/,

hence X’ is a model of X’ over A. Moreover, X’ is a projective A’-scheme. Since being flat
and of finite presentation is preserved by base change, X' is flat/coherent if X is flat/coherent.
We now justify the assertion about the Cartesian squares. Finally, we have isomorphisms

Xy @kl = (X QaK) QK ZXRAK Z(X R4 A)@a K ZX @4 K =X,
(4.ii): This is clear using (4.1) and the properties of usual metrics on Berkovich Spaces. [

Remark 8.1.7. Let f: Y — X be a projective morphism of K-schemes. Let L be a line
bundle on X equipped with a model pseudo-metric (£, ¢) with underlying model denoted by
X. Then the extension of (£, ) to f*L is subject to the choice of a model ) of Y over A
extending f. Let ) be an arbitrary model of Y over A. Then consider the schematic closure
Y of the graph of f in )’ Xspec(4) X- Then we see that ) is a model of Y over A such that
Y dominates )’ and g : Y — X extends f.

Definition 8.1.8. Let L be a line bundle on X. Let (£, ¢), (£, ¢") be two continuous model
pseudo-metrics on L that have the same underlying model X. Then (Ox, ¢ — ¢') is a model
pseudo-metric on Ox with underlying model X. Then we define the distance between ¢ and
o as
dulp.¢) = sup_|log| - |,(x) ~ log| - | ()]
reXs

where, for all z € X, , log| - lo(x) —log| - |p(x) := log|l|,(x) — log ||y (x) for some
t € Ls(x) = Ls R0y, K(z) (this value does not depend on the choice of /).

We end this paragraph by defining an equivalence relation on model-pseudo-metrics on a
fixed line bundle.
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Proposition-Definition 8.1.9. Let L be a line bundle on X. We define a relation ~ on
model pseudo-metrics on L as follows. For any two model pseudo-metrics (X, £), @), (X', L), ¢"),
we write ((X, L), ) ~ ((X', L"), ¢’) iff there exists a projective model X" of X over A and A-
morphisms p: X" — X, ¢ : X’ — X’ such that we have an isomorphism p*(L, ¢) = ¢*(L, ¢').

Proof. 1t is clear that ~ is reflexive and symmetric. The transitivity follows from the fact
that for any two projective models X', X’ of X over A, there exist a projective model X" of
X over A and A-morphisms p: X"’ — X, q: X" — X'. O

8.1.2. Pseudo-metrics. We now make the general definition of a pseudo-metric on a projective
K-scheme. These objects are built from the model pseudo-metrics introduced in the previous
paragraph. We fix a projective K-scheme X.

Definition 8.1.10. Let L be a line bundle on X. A (local) pseudo-metric (in v) on L
is an equivalence class of model pseudo-metrics on L w.r.t. the equivalence relation ~
introduced in Proposition [8:1.9] A line bundle on X equipped with a pseudo-metric is called
a pseudo-metrised line bundle on X. A pseudo-metric is called continuous/lsc/usc if it
can be represented by a continuous/lsc/usc. Note that in this case, any representative is
continuous/lsc/usc.

Remark 8.1.11. (1) Proposition ensures that there exists a pseudo-metric on any
line bundle on X.
(2) The terminology "pseudo-metric" will be justified in Proposition

Notation 8.1.12. Let L be a line bundle on X and let ((X, £), ¢) be a model pseudo-metric
on L.

(1) By "let [((X, L), )] be a pseudo-metric on L", we mean that the pseudo-metric is the
equivalence class of the model pseudo-metric ((X, L), p) and we say that [((X, L), p)]
is represented on the projective model X.

(2) By "let [(L, )] be a pseudo-metric on L represented on a projective model X", we
mean that [(£, ¢)] is the pseudo-metric [((X, L), ¢)]. We will also omit the mention
of the projective model when no confusion may arise.

Remark 8.1.13. Although we will see that pseudo-metrics are more convenient than model
pseudo-metrics from the technical viewpoint, they appear naturally in light of Remark [T.1.8
Indeed, consider the space X7 := limy /?san, where X’ runs over all projective models of X
over A as in ([Séd25], §8.3). We can equip X3" with a structure sheaf by taking the direct
limit of the inverse image of the structure sheaves on the /'/\f;an’s. Then a pseudo-metrised
line bundle on X is exactly a "metrised line bundle on X}".

Let us now illustrate why pseudo-metrics are technically more convenient than model
pseudo-metrics.

Proposition-Definition 8.1.14. Let L be a line bundle on X equipped with a pseudo-
metric represented by some model pseudo-metric (£, ¢) whose underlying model is denoted
by X.
(1) The equivalence class of (—L, —¢) is a pseudo-metric on —L called the dual pseudo-
metric. Moreover, it is continuous/lsc/usc if so is (£, ¢).
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(2) Let L' be another line bundle on X equipped with a pseudo-metric [(L', ¢')] repre-
sented on some projective model X’ of X over A. Define a pseudo-metric [(L, p)] +
[(L,¢")] on L+ L as follows. Let X" be a projective model of X over A such that
there exists A-morphisms p: X" — X,q: X" — X’. We then set

(L, o)) + (£, )] = [(P"L+ ¢ L ™o + ¢"¢)],

this is a pseudo-metric on L + L’ represented on X" by Proposition (2).

(3) Let f: Y — X be a projective morphism of K-schemes. Using Remark and
Proposition-Definition (3), we can pullback the model pseudo-metric (£, ) to
obtain a model pseudo-metric f*(L, ¢) on f*L. We then define f*[(L, )] := [f*(L, ¢)]
and call it the pullback pseudo-metric via f.

(4) Let K'/K be a field extension and let v/ = (||, A’,m’, k") be a pseudo-absolute value
on K’ extending v on K. Consider the fibre product f: X' := X ®x K’ — X and
X' =X @4 A’. By Proposition-Definition (4), we have model pseudo-metric
f*(L,) on f*L whose underlying model is X’. We define f*[(L,¢)] := [f*(L, ¢)]
and call it the extension of [(L,¢)] w.r.t. the field extension K'/K.

(5) Assume that X is geometrically reduced if A = K. Assume that X is flat and
coherent, then the pseudo-norm ||- ||z, on H(X, L) from Proposition depends
only on the equivalence class [(£, ¢)]. In the case where X" is not necessarily coherent,
we use ([CM21], Lemma 3.2.17) to find a coherent model (X', £’) of (X, L) such
that X is a closed subscheme of X”’, the special fibres of X', X’ coincide and L is the
pullback of £’ to X. One can define ||-||(z,) to be || -[|(zr,4). Then [(£, )] = [(£, »)]
and thus, we get a well-defined pseudo-norm on H%(X, L) We denote it by | - lj£.»)
or simply by || - ||, when no confusion may arise and call it the supremum pseudo-norm
on H°(X, L) induced by [(£L, ©)].

(6) Let [(£',¢")] be another pseudo-metric on L represented on some projective model
X" of X over A. We say that [(L, )] and [(L', ¢')] have the same model if there exist
a projective model X" of X over A and A-morphisms p: X" — X,q: X" — X' such
that p*£ = ¢*£’. In this case, the distance d,(p*¢, ¢*¢') introduced in Definition
does not depend on the choice of X, p, q. We denote it by d,([(L, ¢)], [(L, ¢')]),
or by d,(p, ¢’) when no confusion may arise. This defines a distance on the collection
of pseudo-metrics on L having the same model.

8.2. Zariski-Riemann interpretation. Similarly to the interpretation given in pseudo-
metrised line bundles over v are nothing else than metrised line bundles on a Zariski-Riemann
space.

Proposition 8.2.1. Let X be a projective K-scheme. There is a one-to-one correspondence
between pseudo-metrised line bundles in v on X and metrised line bundles on ZR(X/A) (cf.

Definition .

Proof. Let L be a line bundle on X and [(£, ¢)] be a pseudo-metric on L represented on some
projective model X of X over A. Then, by definition, ¢ induces a metric on the pullback of
L to ZR(X/A), which gives a metrised line bundle on ZR(X/A).

Conversely, let (£, ¢) be a metrised line bundle on ZR(X/A). By Proposition there
exists a projective model & of X over A and a line bundle £y on X such that £ = p% Ly,
where py : ZR(X/A) — X denotes the projection. Then the metric ¢ induces a model
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pseudo-metric on L := n% L represented on X, where nx : X — ZR(X/A) is the generic fibre.
This construction is the converse of the above one. g

Let us now give a third equivalent way to interpret pseudo-metrised line bundles on a
projective K-scheme, which will justify the terminology "pseudo-metric".

Proposition 8.2.2. Let X be a projective K-scheme. The data of a pseudo-metrised line
bundle (L, p) on X is equivalent to the data (L), where 1 = (| - [4(X))xezr(x/a) 15 @
family such that, for any x € ZR(X/A)* with underlying scheme point x € X, | - |(x) is a
pseudo-norm on L(x) and v satisfies the condition:

(x) for any p € ZR(X/A), there exists an open neighbourhood U C ZR(X/A) of p and
a section s € HO(nx'(U), L) such that, for any x € U™ := j (U) C ZR(X/A)™,
‘SW(X) € Ryg.
Proof. Let (L, ) be a pseudo-metrised line bundle on X. Using Proposition we consider
it as a metrised line bundle on ZR(X/A). Let x € ZR(X/A)*". Recall that x = (p, | - |x),
where p = (p, 4, ¢p) € ZR(X/A) and |- |x is an absolute value on the residue field x(p) of
Ap. Then Proposition and Remark yield a family ¥ = (| - [y(X))xezr(x/a)2 Of
pseudo-norms on the fibres of L over ZR(X/A)*". The condition (*) is then automatically
satisfied using the fact that L is the pullback of a line bundle on ZR(X/A).

Conversely let L be a line bundle on X equipped with a family ¢ = (| - |4(X))xezr(x/4)n
as above. Let U C ZR(X/A) be an open subset such that there exists a section s €
HO(n' (U), L) such that, for any x € U*» C ZR(X/A)*™, |s|;(x) € Rsg. Then consider the
free sheaf of Op-modules of rank one L7 := Oy -s. By construction, for any p = (p, 4,, ¢p) €
U, s(p) generates the free A,-module of rank one Ly ®p,, Ap and the image of s(p) in the
fibre Ly ®p,, k(p) is non-zero. Assume now that V' C ZR(X/A) is another open subset
such that there exists a section t € HO(ny'(V), L) such that, for any x € V2 C ZR(X/A)™,
|t|4(x) € Rso. The previous construction gives rise to a free sheaf of Oy-modules of rank
one, denoted by Ly. Then multiplication by t/s gives an isomorphism between (Ly)yny
and (Lv)jynv- Since ZR(X/A) is assumed to be covered by such U’s, the Ly’s glue to obtain
a line bundle £ on ZR(X/A) which satisfies by construction n% L = L.

Let x = (p, |- |x) € ZR(X/A)*, where p = (p, Ap, ¢p) € ZR(X/A) and | - |x is an absolute
value on the residue field x(p) of A,. Choose an open neighbourhood U of p in ZR(X/A)
and a section s € H%(ny'(U), L) such that, for any x € U™ C ZR(X/A)™, |s|4(x) € Rxo.
By construction, the finiteness module of |- |, () is generated by s(p), and is thus isomorphic
to L ®0,p x4y Ap- Therefore | - [4(z) induces a norm on the fibre £(x). The fact that this
construction is inverse to the above one is again given by Proposition [1.1.7] and Remark

18 O

Remark 8.2.3. Let X be a projective K-scheme that is assumed to be geometrically
reduced if A = K. Let (L, 1) be the data of a line bundle L on X equipped with a family
Y = (| - |¢(X))xezr(x/4)2 such that, for any x € ZR(X/A)*" with underlying scheme point
x € X, |-|y(x) is a pseudo-norm on L(x) and 1 satisfies the condition (). Using Propositions
[8.2.1} and [8.2.2) we can view (L, 1)) as a pseudo-metrised line bundle (L, ¢) on X. Assume
that the pseudo-metric ¢ is continuous. Then the supremum pseudo-norm || - ||, on H°(X, L)
is given by

VSEHO(X,L), Islly = sup 5]y ().
C€ZR(X/A)n
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8.3. Fubini-Study pseudo-metric and Fubini-Study operator. The following con-
struction is a crucial example of pseudo-metrics. Let FE be a finite-dimensional K-vector
space. Let (|| - ||,€, N, E) be a pseudo-norm on E.

Consider the projective bundle P(£) — Spec(A) associated with £ and denote by Og(1)
the universal line bundle on P(£). Likewise, we have the projective bundles P(E) — Spec(K)
and P(E) — Spec(%) for which we denote respectively by Og(1) and Oz(1) the associated
universal line bundles. Then (P(£),Og(1)) is a model of (P(E), Og(1)) over A and we have
a commutative diagram whose horizontal arrows are surjective

E®k Opgy — Og(1)

I T

E®a Opgy — Og(1) .

E®7§ OIP’(E\) —_—> OE\(l)

For any x € P(E)*, we denote by | - |z ()

e the e-extension of scalars of the residue norm induced by | - || on E @z k(x) if v is
non-Archimedean;

e the m-extension of scalars of the residue norm induced by || - || on E ®n R(x) if v is
Archimedean.

For any x € P(E)™, we denote by |- 5 rs(@) the quotient norm on O3(1)(z) == Ox(1) ®;
K(z) induced by the norm |- |z(x) on E ®~ k(x) constructed above. Then the family
eErs = (|- |E,FS($))xeP(E)aﬂ defines a metric on Oz(1). Therefore, we obtain a model
pseudo-metric (Og(1), ¢5 pg) on Op(1).

Proposition-Definition 8.3.1. We use the same notation as above. The model pseudo-
metric (O¢(1), @5 pg) on Op(1) is called the Fubini-Study model pseudo-metric on Op(1)
associated with the locally pseudo-normed vector space F.

Proposition 8.3.2 ([CM19], Proposition 2.2.12). We use the same notation as above. Then
the Fubini-Study model pseudo-metric (Og (1), 5 pg) s continuous.

Example 8.3.3. Let F be a finite-dimensional K-vector space and fix a basis (e1, ..., eq) of
E. Fix A1, ..., Ar. Let || - || denote the diagonalisable pseudo-norm on E such that (eq, ..., eq)
is an orthogonal basis of | - || such that, for any i = 1,...,d, we have ||e;|| = e™*. Namely,
for any © = x1e1 + - -+ + xqeq € E, where x1, ...,z € K, we have

max_ lzile ™™ if v € M ym,
i=1,...,

| =

d
Z |zi|2e=2X  if v € ME .
i=1

Let E := (E,| -||). Then we can see ey, ..., eq as global sections of Og(1) without common
zeroes and (eq, ..., eq) is adapted to ||-||. Moreover, the Fubini-Study pseudo-metric (Og(1), ¢)
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is given as follows (cf. [BE21], Lemma 7.17). Let 7 be a local trivialisation of Oz(1), then
for any i = 1,...,d we consider the function f; := s;/7 and we have

411%axdlog |fil + A if v € Mg ym,
i=1,...,

—log|rlp = 11 d
510g D OIfil2eNif v € Mk oo
i=1

We now consider the general situation where we have a line bundle L on the projective
K-variety X. Fix a model (X, L) of (X, L). Assume that there exist a finite-dimensional
K-vector space E equipped with a pseudo-norm (|| - ||, &, N, E) and surjective morphism of
sheaves 8 : £ @4 Ox — L. Denote E := (E,|| - ||). Then 3 yields a morphism of schemes
g: X — P(E) such that £ is isomorphic to ¢g*Og(1). By considering generic fibres, g induces
a morphism f : X — P(E) which is extended by ¢g by construction.

Definition 8.3.4. We use the same notation as above.

(1) The pullback of the Fubini-Study model pseudo-metric on Og(1) by ¢ is a continuous
model pseudo-metric on L which is called the quotient model pseudo-metric induced
by E and .

(2) Consider the particular case where E C H°(X, L) is a basepoint free vector subspace.
Let | - || be a pseudo-norm on E. Let E = (E,| - ||). Then the quotient model
pseudo-metric on L induced by E and 3 is called a Fubini-Study model pseudo-metric
on L.

(3) More generally, if L is a semi-ample line bundle on X. We say that a model
pseudo-metric (L, ) is Fubini-Study if there exists an integer n > 1 such that nL is
globally generated and a Fubini-Study model pseudo metric (nL, 1) on nL such that
©=n"11.

Proposition-Definition 8.3.5. Let L be a line bundle on X equipped with a pseudo-metric
[(L, )] represented on some projective model X' of X over A.

(1) Assume that there exist a finite-dimensional K-vector space E equipped with a
pseudo-norm (|| - ||, €, N, E) and surjective morphism of sheaves 3 : £ ©4 Oy — L.
Denote E := (E, || - ||). Then for any A-morphism p: X’ — X of projective models
of X over A, the quotient model pseudo-metric induced by E and 3 on L coincides
with the quotient model pseudo-metric induced by E and p*$ on L. We say that
the pseudo-metric [(£, )] is a quotient pseudo-metric induced by FE if there exists a
model (X', L") of (X', L’) representing the pseudo-metric and a surjective morphism
B:E®4Ox — L such that [(L, )] is the class of the quotient model pseudo-metric
induced by E and 3 on L.

(2) Assume that E C HY(X, L) is a basepoint free vector subspace. Let || - || be a
pseudo-norm on E. Let E = (E, || - ||). Then the quotient pseudo-metric induced by
FE on L is called a Fubini-Study pseudo-metric on L.

(3) Assume that L is a semi-ample line bundle on X. A pseudo-metric on L is called
Fubini-Study if it is the equivalence class of a Fubini-Study model pseudo-metric on
L. The class of Fubini-Study pseudo-metrics on L is denoted by FS(L).

Proof. Let us prove the assertion in bullet (1). Since p* is a right exact functor, p*f is
surjective. The assertion on the quotient norms is checked directly using the surjectivity of
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X’ — X. This ensures that the definitions in bullets (1)-(3) are independent of the choice of
the representative of the pseudo-metric on L. U

We now introduce the Fubini-Study operator for pseudo-metrics.

Proposition-Definition 8.3.6. Let L be a line bundle on X. Let [(£,¢)] be a pseudo-
metric on L represented on some projective model X of X over A. We assume that L is
globally generated. Thus, we have a surjection 3 : HY(X,L£) ®4 Ox — L. Moreover, the
pseudo-metric [(£, ¢)] induces a pseudo-norm || - ||, on H°(X, L) (cf. Proposition-Definition
8.1.14] (5)). Then we can use the construction of Proposition-Definition (3) to produce
a continuous Fubini-Study pseudo-metric [(£, prs)] on L, it is called the Fubini-Study
pseudo-metric associated with [(L£, ¢)].

Proposition 8.3.7 (J[CM19], Proposition 2.2.23). Let L be a line bundle on X. Let [(L,p)]
be a pseudo-metric on L represented on some projective model X of X over A. We assume
that the model X is flat and coherent and that [(L,¢)] is a Fubini-Study pseudo-metric on L.
Then, for any integer n > 1, we have [(nL,np)] = [(nL, (ng)rs)].

8.4. Semi-positive pseudo-metrics.

Definition 8.4.1. Let L be a line bundle on X. Fix a continuous model pseudo-metric (£, ¢)
on L with underlying projective model X'. For any integer n > 1, we denote by (nL, ¢,) the
pseudo-metric (nL, (ng)rs).

(1) Assume that £ is semi-ample. Choose an integer n > 1 such that nL is globally
generated. Then the model pseudo-metric (£, o) is called semi-positive if the sequence

dy (nk907 Sonk:)
nk ’
converges to 0. Note that this definition does not depend on the choice of n.

(2) We say that a continuous pseudo-metric on L is semi-positive if it is the equivalence
class of a semi-positive model pseudo-metric on L (cf. Proposition-Definition
(6) for the justification that this is a well-defined notion).

(3) Assume that £ is semi-ample. Then (£, ¢) is called plurisubharmonic (psh for short)
if there exists a sequence (L, ¢;);>1 of Fubini-Study model pseudo-metrics such that
the sequence of function (¢ — ¢;);>1 converges uniformly to the null function.

(4) Like in bullet (2), we say that a pseudo-metric on L is plurisubharmonic if it is the
equivalence class of a psh model pseudo-metric on L.

(5) (L, ) is called integrable if there exist line bundles Ly, Ly on X equipped respectively
with plurisubharmonic model pseudo-metrics (L1, 1), (L2, p2) whose underlying
model is X’ such that £ and Lo are very ample, L = L1 — Ly and ¢ = @1 — 9.

(6) Like in bullets (2) and (4), we say that a pseudo-metric on L is integrable if it is the
equivalence class of an integrable model pseudo-metric on L.

k>1

Remark 8.4.2. (1) A plurisubharmonic model pseudo-metric is, at first glance, a special
case of semi-positive pseudo-metric. If & = C, then for any semi-positive model
pseudo-metric (£, ¢), ¢ is a plurisubharmonic metric in the usual sense (cf. [Zha95],
Theorem 3.5).

(2) The terminology and definition of plurisubharmonic (model) pseudo-metrics is inspired
by [BE21].
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Proposition 8.4.3. Let L be a line bundle on X. Let (L, ) be a continuous model pseudo-
metric on L with underlying model X. Let K'/K be a field extension and let v/ = (] -
' A, m' k') be a pseudo absolute value on K' extending v. Consider the fibre product
f:X = X®g K' - X and denote by L' the pullback of L to X'. If (L,p) is semi-
positive, then f*(L,p) is a semi-positive model pseudo-metric on L'. Moreover, f*[(L, )] is
a semi-positive pseudo-metric on L'.

Proof. Recall that the model pseudo-metric f*(L,¢) is equal to (L', ¢"), where L is the
pullback of £ to X' := X ®4 A" and ¢' is the pullback of ¢ to X! ®, . ([CM21], Remark
3.2.7) implies that the metric ¢’ is semi-positive. Therefore, the local model pseudo metric
(L', ¢") is semi-positive. The assertion concerning f*[(L, ¢)] then follows from its definition

(cf. Proposition-Definition [8.1.14] (4)). O

Proposition 8.4.4. (1) Let X be a projective model of X over A. Assume that the
special fibre Xs is geometrically reduced. Let L be a line bundle on X. Let (L,p)
be a continuous model pseudo-metric on L with underlying model X such that L is
semi-ample. Then (L, ) is psh iff it is semi-positive.

(2) Assume that A is a rank 1 valuation ring, K is algebraically closed and X is reduced.
Let L be a line bundle on X. A pseudo-metric on L is semi-positive iff it is psh.

Proof. (1): First, note that it suffices to prove that if (£, ¢) is semi-positive, then (£, ¢) is
psh. Thus, we assume that (£, ¢) is semi-positive. The & = C is treated in Remark
The k = R is dealt with by combining Proposition with ([BE21], Theorem 7.31).

The non-Archimedean and non trivially valued case follows from ([CM21], Proposition
3.2.19). For the trivially valued case, we choose a transcendental extension K'/K and a
pseudo-absolute value v' = (| - |, A, w’, ") extending v such that £’ is non-trivially valued.
Consider the fibre product f : X' := X ® g K’ — X and the pullback L’ of L to X’. Then
the pullback of (£, ) to X’ is semi-positive by Proposition Then by the non-trivially
valued case, f*(L,¢) =: (L', ¢') is psh. By ([BE2I], Theorem 7.31), ¢’ is continuous psh
metric on L], and therefore ¢ is psh and (£, ¢) is a (continuous) psh model pseudo-metric
on L.

(2): Note that by assumption x and thus & are algebraically closed. Let [(L,¢)] be a
pseudo-metric represented on some projective model X of X over A. ([BE21], Theorem 4.20)
implies that the integral closure X’ of X in X is a model of X over A dominating X such
that X is (geometrically) reduced. Thus, we get (2) using (1). O

9. PSEUDO-METRICS: GLOBAL CASE

In this section, we introduce the global counterpart of §8 We first introduce the global
version of local pseudo-metrics (§9.1). They also admit an interpretation in terms of metrics
on line bundles on a (global) Zariski-Riemann space (§9.2). Then we introduce integrability
and regularity conditions for pseudo-metric families (§9.349.4). After that, we introduce
the pushforward of a pseudo-metric family ( We are now able to define the notion of
adelic line bundles ( All the previously introduced notions are studied in the case of an
integral topological adelic curve ( Then we introduce adelic line bundles for families of
topological adelic curves ( Finally, we define the arithmetic volume and the y-volume of
adelic line bundles (§9.9)).
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9.1. Definitions. In this subsection, we fix a topological adelic curve S = (K,¢ : Q —
Mpg,v) and a projective K-scheme X. Recall that we have defined two Zariski-Riemann
spaces ZR(X)s = Q Xzr(x) ZR(X) and ZR(X)§' = Q x pp,, ZR(X)?" fitting in a commutative
diagram

ZR(X)Y — ox ZR(X)™
Jx,s Jx
X "X’J ZR(X)s ;& \ZR(X)
| |
Q i My
JK,S J JK
Spec(K) s Q ¢ \ZR(K)

Definition 9.1.1. Let L be a line bundle on X. A pseudo-metric on L over S is a family
¢ = (| [o(x))xezr(x)2n Where, for any x € ZR(X)¥" with underlying scheme point = € X,
| - |o(x) is a pseudo-norm on L(z) and ¢ satisfies:

(%) for any p € ZR(X)g, there exists an open neighbourhood U C ZR(X)g of p and
a section s € H(ny'(U), L) such that, for any x € U™ := j }(U) C ZR(X)%,
|s]o(x) € Rso.
A line bundle on X equipped with a pseudo-metric over S is called a pseudo-metrised line
bundle on X over S.

Example 9.1.2. In the situation of Example (1), namely where ¢(w) is an absolute
value on K for all w € Q, any metric family on a line bundle L on X in the sense of ([CM19],
§6.1) is a pseudo-metric on L.

Remark 9.1.3. We consider the case where X = Spec(K’), where K’/ K is a finite extension
of fields. Let L be a line bundle on X, i.e. a one-dimensional K’-vector space. Then the data
of a pseudo-metric ¢ = (| - |,(x))xezr( X)z on L over S'is the same as a pseudo-norm family

L, relatively to the topological adelic curve S’ := S @ K’. It is a consequence of the fact
that ZR(X)%" identifies with the adelic space of the topological adelic curve S’ (cf. §4.2)).

Proposition 9.1.4. Let (L, ¢ = (| - |o(X))xezr(x)2) be a pseudo-metrised line bundle on

X over S. Then for any w € Q, vy, = (| - |4(X))xezr(X/A,)2n 5 a local pseudo-metric on L
over w.

Proof. Let w € €. Recall that ZR(X/A,)*" identifies with the fibre over w of the morphism
f& ZR(X)E — Q. By Proposition it suffices to prove that, for any p € ZR(X/A.),
there exists an open neighbourhood U C ZR(X/A,) of p and a section s € H°(ny(U), L)
such that, for any x € U*" C ZR(X/A,)™, |s|,(x) € R5o. This is clear from the condition
(%) together with the fact that the inclusion ZR(X/A,)*" — ZR(X)%" is continuous. O

Remark 9.1.5. Proposition [9.1.4] suggests that there exists an interpretation of pseudo-
metrics as a family of local pseudo-metrics satisfying a "globalisation" condition. This was
the approach chosen in [Séd24]. In we will give such an interpretation, which agrees
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with the classical point of view of Arakelov geometry. However, in the general case, our use
of Zariski-Riemann spaces and their geometry allows us to work directly with pseudo-metrics
defined globally.

Proposition-Definition 9.1.6. Let L be a line bundle on X equipped with a pseudo-metric
o= \w(x))erR(X)gn over S.

(1) The family —¢ := (| - [p«(X)) fzezr(x)2, where, for any x € ZR(X)§", |- [ (%)
denotes the dual pseudo-norm of | - |,(x), is a pseudo-metric on —L over S called the
dual pseudo-metric of (.

(2) Let L' be another line bundle on X equipped with a pseudo-metric ¢’ = (] -
|/ (%))xezr (x)2n over S. Then the family ¢ + ¢" == (| - [o(x) - | - |7 (X)) xezr(x)20 18 @
pseudo-metric on L + L over S.

(3) Let f:Y — X be a projective morphism of K-schemes. Denote by fg:ZR(Y)s —
ZR(X)g and f3" : ZR(Y)¥ — ZR(X)¥ the induced morphisms (cf. [1.2). For any
y € ZR(Y)¥ with underlying scheme point y € Y, consider the pseudo-norm |- |« (y)
on (f*L)(y) defined by

Vs € (f"L)(y) = L(f(y),  slpo(y) = Islo(f§"(y))-
Then f*¢ = (|- [f+4(¥))yezr(v)z» is a pseudo-metric on f*L over S.

(4) Let P : Spec(K') — X be a closed point. Denote by S' = (K',¢' : Q" — Mg/, V')
the topological adelic curve S @ ¢ K’. Using (3) and Remark we interpret the
pseudo-metric P*¢ on P*L over S as a pseudo-norm family on the one-dimensional
K'-vector space P*L w.r.t. the topological adelic curve S’.

Proof. 1t suffices to check the condition () in bullets (1)-(3). For (2), for any p € ZR(X)g,
we may assume that there exists an open neighbourhood U of p in ZR(X)g and sections
s € H(ny',L) and s' € HO(ny'(U), L’) such that () holds on U for both s and s'. Then
s-s' € H(ny'(U),L + L'). For (1), we argue similarly, considering inverses. For (3), we
argue similarly by pulling back local sections of L to local sections of f*L. O

Example 9.1.7. A crucial example of pseudo-metric is the quotient pseudo-metric, which is
defined as follows.

Let E = (E,¢), where E is a finite-dimensional K-vector space and & = (|| - ||w)weq is
a pseudo-norm family on F. Let L be a line bundle on X. Assume that there exists a
surjective homomorphism 3 : E ®x Ox — L. Let x € ZR(X)¥ with underlying scheme
point z € X. Denote w := f&"(x) € Q Then the surjection £ ®k «(x) — L(z) of k(x)-vector
spaces induces a pseudo-norm | - [¢(x) on L(x), where we consider the extension of scalars
of || - || on E ®k k(z) (w.r.t. the extension k(z)/K of pseudo-valued fields). The family
(I - le(x))xezr(x)zn is then a pseudo-metric on L over S called the quotient pseudo-metric

induced by E and S. N

Let us justify that the condition (x) is satisfied. Let p € ZR(X)g with fg(p) =: @ € Q.
Since ¢ is a pseudo-norm family on F, there exists an open neighbourhood V' C Q of @ such
that there exists a basis of F which is adapted to £ on V. Let U := fs_l(V), this is an open
neighbourhood of p. By Lemma [5.1.4] the construction of quotient pseudo-norms and the
definition of the extension of scalars of pseudo-norms, up to shrinking U, there exists a basis
(s1,-.-,sr) of E such that, for any x € ZR(X)%", we have |3(s1)|¢(x) € Rso. This is the

condition (x).
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Proposition 9.1.8. Let L be a line bundle on X . Assume that there exist a finite-dimensional
K -vector space E equipped with two dominated pseudo-norm families £, &' such that there exists
a basis of E that is globally adapted to both & and &', together with a surjective homomorphism
B:E®kgOx — L. Let @, be respectively the quotient pseudo-metric on L over S induced by
(E,€),B and (E,&"),B. Then the local distance function (w € Q) — dy(p, ") is v-dominated.

Proof. By (JCM19], Proposition 2.2.20), for any w € ), we have the inequality

du(p, ) < dy, (Y, EVY).

Using Proposition as &V and &V are both ultrametric on Q,, the local distance
function (w € Q) > d,(£VY,€VY) is v-dominated. Hence so is (w € Q) — dy (¢, ¢). O

9.2. Zariski-Riemann interpretation. Similarly to pseudo-metric families have an
interpretation in terms of metrised line bundles on Zariski-Riemann spaces.

Proposition 9.2.1. There is a one-to-one correspondence between line bundles on X equipped
with a pseudo-metric over S and metrised line bundles on ZR(X)g.

Proof. Let L be a line bundle on X and ¢ = (| - [(x))xezr(x)2» be a pseudo-metric on L
over S. Arguing as in the proof of Proposition the condition (x) yields a line bundle £
on ZR(X)g such that n% £ = L and such that, for any x = ((p, 4p, ¢p), | - |x) € ZR(X)¥", the
finiteness module of | - [,(x) coincides with £ ®o,,, x)g Ap- Thus ¢ induces a metric on L.

Conversely, let (£, ) be a metrised line bundle on X. Let L := ny'£. The metric ¢
induces a family of pseudo-norms on the fibres of L by Proposition and Remark
Pulling back trivialising sections of £, we obtain open subsets of ZR(X)g and sections of L
fulfilling the condition (x). g

9.3. Dominated pseudo-metric family. In this subsection, we fix a topological adelic
curve S = (K, ¢ : Q — Mg, v) and a projective K-scheme X. We introduce a domination
condition on pseudo-metrics similar to the one from (J[CMI19], §6.1.2). As the reader can be
easily convinced from the definition, all the results presented in the section can be proved
using the same ideas as in loc. cit. and we will simply refer to the corresponding proposition
for the proof.

Definition 9.3.1. Let L be a line bundle on X equipped with a pseudo-metric ¢ over S.

(1) Assume that L is very ample. Then ¢ is called dominated, if there exist
(i) a pair E = (E,£), where E is a finite-dimensional K-vector space and ¢ =
(Il - llw)wen is a pseudo-norm family on E;

(ii) a surjective homomorphism 8 : E ®@x Ox — L;
such that the quotient pseudo-metric family ¢’ induced by (E, ) and (3 satisfies: the
local distance function (w € Q) — d,,(p, ¢') is v-dominated.

(2) In general, we say that ¢ dominated if there exist two very ample line bundles Ly, Lo
on X, respectively equipped with two dominated pseudo-metric o1, s over S, such
that L = L1 — Lo and ¢ = 1 — 9.

Example 9.3.2. In the situation of Example [9.1.2] a pseudo-metric on a line bundle L on
X determined by a metric family in the sense of Chen-Moriwaki is dominated iff it is so as a
metric family ([CM19], §6.1.2).
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Proposition 9.3.3 (JCM19], Proposition 6.1.8). Let L1, Ly be two very ample line bundles
on X equipped respectively with pseudo-metrics @1, p2 over S. If p1 and @2 are dominated,
then @1 + o is dominated.

Remark 9.3.4. We can adapt ([CM19], Remark 6.1.10) in our context to see that (1) and
(2) in Definition are equivalent when the line bundle is very ample. We leave the details
to the reader.

Proposition 9.3.5 (JCM19], Proposition 6.1.11). Let L be a line bundle on X. Let E be a
finite-dimensional K -vector space equipped with a pseudo-norm family £&. Assume that there
exists a surjective homomorphism B : E ®x Ox — L. If £ is dominated, then the quotient
pseudo-metric ¢ induced by E = (E, &) and 8 is dominated.

Proposition 9.3.6 (([CM19], Proposition 6.1.12)). Let L be a line bundle on X equipped
with a pseudo-metric @ over S.
(1) If v is dominated, then —p is dominated.
(2) Let L' be another line bundle on X equipped with a pseudo-metric ¢’ over S. If ¢
and ¢’ are dominated, then ¢ + ¢’ is dominated.
(3) Let ¢’ be another pseudo-metric on L over S. If ¢ is dominated and the local distance
function (w € Q) — dy,(p, ) is v-dominated, then ¢ is dominated.
(4) Let f:Y — X be a projective morphism of K-schemes. If ¢ is dominated, then f*¢
is a dominated pseudo-metric on f*L over S.
(5) Let ¢’ be another pseudo-metric on L over S. If ¢ and ¢’ are both dominated, then
the local distance function (w € Q) — dy,(p, ') is v-dominated.

9.4. Regularity conditions for pseudo-metric families. In this subsection, we fix a
topological adelic curve S = (K, ¢ :  — Mk, v) and a projective K-scheme X.

Definition 9.4.1. Let L be a line bundle on X. A pseudo-metric ¢ = (| - o (X))xezr(x)zr
on L over S is called respectively usc/lsc/continuous if the corresponding metric on the
associated metrised line bundle on ZR(X)g is usc/lsc,/continuous (cf. §1.2.6). This is
equivalent to say that, for any open subset U C ZR(X)g and any section s € HO(ny' (U), L),
the map (x € U™) = |s|,(x) € [0, +0o0] is usc/Isc/ continuous.

Remark 9.4.2. In the situation of Example any usc/lsc/continuous pseudo-metric
yields a measurable metric family in the sense of ([CM19], Definition 4.1.27).

Proposition 9.4.3. (1) Let L be a line bundle on X equipped with a respectively usc/lsc/continuous

pseudo-metric . Then the pseudo-metric —p on — L is respectively lsc/usc/continuous.

(2) Let Ly, Ly be two line bundles on X respectively equipped with usc/lsc/continuous
pseudo-metrics p1,p2. Then @1 + @a is a usc/lsc/continuous pseudo-metric on
L1+ L.

(3) Let f :' Y — X be a projective morphism of K-schemes. Let L be a line bundle
equipped with a respectively usc, lsc, continuous pseudo-metric . Then the pseudo-
metric f*p on f*L is respectively usc, lsc, continuous.

Proof. (1): Let U C ZR(X)s be an open subset such that L and —L are respectively
trivialised by sections s, on ny'(U) and the functions |[s|,(-), |a,(-) have positive real
values on U*". Then since

_ e(9)I()

et =0
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on U and |a(s)|() is continuous on U*", we get (1).
(2) and (3): It is seen directly from the construction of the sum and pullback operation
on pseudo-metrics. O

Proposition 9.4.4. Let L be a line bundle on X. Let E = (E,&) where E is a finite-
dimensional K-vector space and £ is a pseudo-norm family on E which is assumed to be
ultrametric on Qum. Assume that there exists a surjective homomorphism 8 : E Qg Ox — L.
Denote by ¢ the corresponding quotient pseudo-metric on L. The following assertion holds.

(1) If € is usc, then ¢ is a usc pseudo-metric on L.
(2) If € and £V are both usc, then ¢ is continuous

Proof. (1): B corresponds to a morphism of schemes g : X — P(E) such that L = g*Op(g(1).
Thus, it suffices to prove that Op( E)(l) equipped with the quotient metric induced by E is
usc. Let 7 : P(E) — Spec(K) be the structural morphism. Consider 7*FE = (7*E, 7*), this
is a metrised vector bundle on ZR(P(E))s (cf. Definition [2.3.1] (5)). Since £ is usc, then
¢ is usc as well (cf. Proposition-Definition (5)). The quotient metric on Op(gy(1)
is given as the quotient metric induced by the universal surjection 7*E — Op(g)(1), where
7" E is equipped with 7*¢. Since 7% is usc, the quotient metric on Op(g)(1) is usc as well
(Proposition-Definition (2)).

(2): We use the same notation as in the proof of (1). By Proposition-Definition (5),
the dual metric —¢ is obtained as the restriction of the metric 7*¢V to —L. By Proposition-
Definition (1) and (3), —¢ is usc. Thus ¢ = —(—y) is Isc, and thus continuous by
(1). O

9.5. Pushforward of pseudo-metric families. This subsection is devoted to studying
the behaviour of the supremum pseudo-norm family determined by a pseudo-metric. This
notion is crucial in view of developing volume functions on topological adelic curves. We fix
a topological adelic curve S = (K, ¢ : Q@ — Mg, v) and a projective K-scheme X.

Definition 9.5.1. Assume that X is geometrically reduced. Let L be a line bundle on X.
Let ¢ be a pseudo-metric on L over S determining a family (¢, )weq as in Proposition
For any w € 2, the pseudo-metric ¢, on L in w induces a pseudo-norm ||- ||, on H(X, L) (cf.
Proposition-Definition[8.1.4). In the case where the family &, := (||-[|o,, )weq is a pseudo-norm
family in the sense of Definition we call it the pushforward pseudo-norm family of .
In that case, we say that the pushforward pseudo-norm family of ¢ is well-defined.

Remark 9.5.2. We use the notation of Definition In general, it is not clear that the
condition (*) in Definition is satisfied for the family ¢ of supremum pseudo-norms. We
will give a sufficient condition to ensure this (Proposition [9.5.9).

Example 9.5.3. Let E be a finite-dimensional K-vector space and let £ be a pseudo-norm
family on E. Assume that X is geometrically reduced. Let L be a line bundle on X.
Assume that we have a surjective homomorphism g : E @ Ox — L. Denote by ¢ the
quotient pseudo-metric on L over S defined by (F, &) and 8. By construction of the quotient
pseudo-metric, we see that any adapted basis of E to £ (on a Zariski open subset U C SNZ) is
also adapted to the pushforward pseudo-norm family &§,. Thus &, is well-defined. Moreover,
if £ possesses a globally adapted basis, then §, possesses a globally adapted basis.
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Proposition 9.5.4. Assume that X is geometrically reduced. Let L be a line bundle on
X. Let ¢ be a pseudo-metric on L over S. Assume that the pushforward pseudo-norm
family &, of ¢ is well-defined. Let K'/K be a finite field extension. Let X = X @k K,
L':=L®g K and S" :=S @ K' = (K',¢ : O — Mg+, V') denote the topological adelic
curve constructed in . Denote by ¢’ the pseudo-metric on L' by ¢ induced by extension
of scalars. Then the following hold.

(1) The pushforward pseudo-norm family &, of ¢ is well-defined.
(2) If & is dominated, then &, is dominated.

Proof. (1) follows directly from the fact that the &, is well-defined. Moreover, the pseudo-
norm families &, &, satisfy the hypotheses of Proposition (7). Hence (2) holds. O

We are now able to prove the analogue of ([CM19], Theorem 6.1.13) in our setting.

Theorem 9.5.5. Assume that X is geometrically integral. Let L be a line bundle on X
equipped with a pseudo-metric ¢ over S. Assume that the pushforward pseudo-norm family £
of p is well-defined. If ¢ is dominated, then & is strongly dominated.

Proof. As £ is ultrametric on 2y, it suffices to prove that £ is dominated. Moreover, we claim
that we may assume that { admits a globally adapted basis. Indeed, by quasi-compactness
of ), we can cover €2 by finitely many open subsets such that on each of these subsets, there
is a basis of H°(X, L) that is globally adapted. By restricting the adelic structure to the
analytification of these subsets, we obtain a finite open covering of €2 and if the statement
holds when restricting the adelic structure to each of the members of the covering, then the
statement holds over S.

Claim 9.5.6. Assume that L is very ample. Then £ is dominated.

Proof. Let E = H°(X, L) and r := dimg (E). As in the proof of (JCM19], Theorem 6.1.13),
there exist a finite extension K’'/K and closed points P, ..., P. of X such that x(FP;) C K’
for all ¢ = 1,...,r. Moreover, we have a strictly decreasing sequence of K-vector spaces
{0}=E C---CE =Eox K,
such that
Vi € {1,...,7"}, Ei:{SEEO S(PI)ZS(PT):O}

By Proposition we may assume that K = K’.
Let aq, ..., a, denote respectively local bases of L around P4, ..., P.. Then we define a basis
(01, ...,0,) of EV as follows.

Vie{l,...,r}, VseE, 6is):=f(P)),

where, for any s € F, s = fsa; around P;. Denote by (eq, ..., e,) the corresponding dual basis
of F.

Let w € Q. Define a pseudo-norm on E in w as follows. Let s € E written as s =
s1e1 + - - - spe., where s1, ..., s € K. We set

Islll, = max |s;|o.
i=1,...,7

Then & = (|| ||/,)w is a pseudo-norm family on E and the basis (eq, ..., e,) is globally adapted
basis to &’. Note that ¢ is dominated. Moreover, Lemma implies that, there exists
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an open subset ) C Q such that, for any w € ', the finiteness modules of || - ||, and
| - ||/, coincide and v(2') = 0. From now on, we work on the topological adelic curve
S'=(K,¢': Q' — Mg, v|q) obtained by restriction of the adelic structure on Q' (cf. §2.4.2)).

We have a surjective homomorphism 8 : E @ Ox and we denote by ¢’ the quotient
pseudo-metric induced by (E,¢’) and 3. By Proposition we can write ¢ = (¢])weqr as
a family of local pseudo-metrics. Let us prove that, for any w € ', we have || - ||II, = || - ||, -
Let w € €. Using ([CM19], Proposition 2.2.23), we have the inequality || - [ < || - ||.,. We
prove the converse inequality. For any ¢ = 1,...,7 and w € €, the rational point P; defines a
unique point P;,, in ZR(X/A,)%". Let (i,5) € {1,...,r}. Then we have

(1 ifi=j,
‘BJ‘WL(PLUJ) - {0 if i ?é ]

Let s = s1e1 + -+ + sye,. € E, where s1,...,s. € K. Then
Vi=1,...r |slg;,(Piw) = lIsll, < [Isller-
Therefore, the following holds.
Vw e, du(&€) < du(ll llow: |+ lle) < du(e, &)

As ¢ is dominated, the local distance function (w € ') = du(p, ') is vjg-dominated.
Therefore, using Proposition [5.4.6] we obtain that ¢ is dominated. This concludes the proof
of the claim. O

Claim 9.5.7. For any s € HY(X, L)~ {0}, the function (w € Q) + log ||s||y., is v-dominated.

Proof. Let s € H°(X, L)\ {0}. Lemma implies that there exists a locally closed subset
V' C Q such that v(Q \ Q') = 0 and, for any w € &, ||s|,, ¢ {0,+0c}. We denote by
S = (K,¢' : Q' — Mg, vq) the restriction of the adelic structure introduced in

Choose a very ample line bundle L; on X such that Lo := L + L; is very ample. For
i = 1,2, L; define a surjective homomorphism 3/ : H%(X, L;) ®x Ox — L;. Note that
multiplication by s yields an injective homomorphism H%(X, L) — H®(X, Ls).

We consider an arbitrary dominated pseudo-norm family ¢, on HY(X, Ly) that admits a
globally adapted basis. Denote by &} the restriction of £} to H°(X, L1). Note that Proposition
5.4.5 (1) implies that &] is dominated. Let ¢ = 1,2. Denote by ¢} the quotient pseudo-metric
induced by & and f;. Let ¢’ := ¢h — ¢}, this is a pseudo-metric on L. Hence Proposition
9.3.6| (5) implies that the local distance function (w € Q') = du(, ¢') is v|q/-dominated.

Arguing as in the proof of (JCM19], Claim 6.1.16), we obtain that for any w € €', we have
sy < 1. Moreover, for any u € E such that ||u||(’pr1 € Ry for any w’ € € (which exists

up to shrinking '), we have
[sullyy . < Nl lully -

Using the fact that {] and & are dominated. we deduce that the function (w € Q') — log ||s]|,,
is v|g/-dominated. We can conclude using the fact that

Vw e, duo(llllgw: Il ller) < du(e, @)
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We now prove Theorem [9.5.5] Choose a very ample line bundle L; on X such that
Ly := L + Ly is very ample. Fix a global section t € H°(X, L;). Let ¢; be a dominated
pseudo-metric such that the pushforward metric family of ¢; is well-defined and possesses a
globally adapted basis and, for any w € €, we have [|t,, , <1 (it is possible to do so by
choosing a suitable quotient pseudo-metric family cf. Example . Let @9 := ¢+ 1 and
denote by & the pushforward pseudo-metric family of ps. Proposition (2) implies that
9 is dominated. As Lo is very ample, Claim [9.5.6] implies that & is strongly dominated.

Fix a basis (s1,...,s,) of H%(X, L) which is globally adapted to &. For i = 1,....,7,
write t; := ts; € HY(X,Ls). Enlarge (t1,...,t,) to a basis t := (t1,...,t,) of HY(X, Lo)
which is globally adapted to & (this is possible up to removing a measure 0 set from
Q). Let &2 = (|| - [[t.2.0)weq denote the model pseudo-norm family on H°(X, Ly) defined
by the basis t (cf. Example [5.1.3| (2)). Corollary implies that the local distance
function (w € Q) — dy,(&2,&,2) is v-dominated. Thus, there exists a v-dominated function
A Q — [—00,400] such that, for almost all w € Q, for any (A, ..., A\r) € K", we have

log [[Ars1 4 - + Arsplg, > log [ A1ty + -+ + Aty ||y
> log H)‘ltl +oe )‘TtTHWt,zw - A(w)v (5)

where the first inequality comes from the fact that [[t||,, , < 1. Moreover, we have the
inequality

log [A1s1 + -+ Arsrllp, <logl|Arts + - Aty llpg ., + max log |54 |, -

Claim implies that there exists a v-dominated function B : Q — [—o0, +00] such that
the inequality

log [Ars1 + -+ Arsrllo, <logllAty + -+ Artrlgy 5., + B(w) (6)

holds for almost all w € €.

Denote by ¢’ the restriction of the pseudo-norm family & 2 to H(X, L). Then the basis
(s1, ..., 8r) is both globally adapted to & and &'. Moreover and (6) imply that the local
distance function (w € Q) + d, (&, &’) is v-dominated. By Corollary [5.4.8] the pseudo-norm
family £ is strongly dominated. O

Proposition 9.5.8. We consider the case where X = Spec(K'), where K'/K is a finite
extension of fields. We denote S" .= S @k K' = (K',¢' : Q' — Mpg:,v'). Let L be a line
bundle on X equipped with a pseudo-metric . Denote by &1, the pseudo-norm family on L
(w.r.t. the topological adelic curve S") introduced in Remark . Then ¢ is dominated iff
&r is dominated.

Proof. As in the proof of Theorem [9.5.5] we may assume that £;, has a globally adapted
basis. One can then argue the same way as in the proof of ([CM19], Proposition 6.1.18).
O

Let us now give a criterion on pseudo-metrics that ensures that the corresponding push-
forward pseudo-norm family is well-defined.

Proposition 9.5.9. Assume that ) = Mg. Let L be a line bundle on X equipped with
a continuous pseudo-metric ¢ over S. Then the pushforward pseudo-norm family & =
(I * Il o Jwes associated with ¢ is well defined and is an usc pseudo-norm family on H°(X, L).
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Proof. Let s € H°(X, L), let us prove that the function (w € Q) ~ ||s||,, is upper semi-
continuous. We will use the following lemma.

Lemma 9.5.10 ([CM24], Proposition 2.2.4). Let m: A — B be a closed continuous mapping
of topological spaces and let f : A — [—00,+0o0] be an upper semi-continuous function.
Assume that, for any y € B, the fibre 71 (y) is compact. Then the function

¢f: B — [0,1]

Yy sup f(z)
zer~1(y)

1S upper semi-continuous.

Recall that the map mg : ZR(X)¥ — Q is a proper map, thus 7g is closed and, for all
w € Q, 75" (w) is compact. Let s € HY(X, L). Apply the above lemma with A = ZR(X)%,
B=Qand f:((z,w) € ZR(X)Y) — |s|,, (), which is continuous. Since, for any w € €,
we have

sup |slg, (2) = [[s]lg.
(zw)ep=t(w)
we deduce the desired upper semi-continuity.

Thus, it suffices to prove that for any w € €, there exists an adapted basis for £ in w.
We fix wo € Q. Since || - [y, is a pseudo-norm on E, there exists a basis (s1, ..., sq) of £
such that, for any i = 1,...,d, we have [[silly,, € R>o. As, for any i = 1,...,d, the map
(we Q)= [sille., € [0,+00] is upper semi-continuous, there exists an open neighbourhood
U of wg in ) such that, for any w € U, we have

Vi=1,...d, |sille, <4o0.
Therefore, it remains to prove that, up to shrinking U, we have
Vi=1,...d, |si|ls, >0.

Choose a projective model X of X over A, such that ¢, is represented over X’ (cf. Notation
8.1.12| (1)). For any closed point P of X and x any element € Q,p),, by the valuative
criterion of properness, we obtain a point in (X ®4,,, K(wo))*" which is denoted by (P, z)
and whose image in X ®4,, K(wo) is a closed point. Since closed points of X, are dense in
XZ", for any @ = 1, ..., d, there exist a closed point P of X and an element x € Q,(p),, such
that [s;[e,, (P 2) > 0. By continuity of ¢, up to shrinking U, we may assume that, for any
w € U, there exists a point P;,, € X2" such that |s|,, (P;.) > 0. In particular, we obtain

Vi=1,..,d, ”Sngow > 0.

Therefore, £ satisfies the condition (,y) from Since Q2 = Mg, Proposition implies
that ¢ is a pseudo-norm family on H°(X, L). O

9.6. Adelic line bundles. In this subsection, we fix a topological adelic curve S = (K, ¢ :
) — Mk, v) and a projective K-scheme X.

Definition 9.6.1. Let L be a line bundle on X equipped with a pseudo-metric ¢ over S.
We say that L = (L, ) is respectively a usc/lsc adelic line bundle on X if ¢ is both usc/lsc
and dominated. Moreover, we say that L is a (continuous) adelic line bundle if ¢ is both
continuous and dominated.
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Moreover, an adelic line bundle (L, p = (¢ )weq) is called semi-positive, resp. integrable,
if, for any w € Q, the (locally) pseudo-metrised line bundle (L, p,,) is semi-positive, resp.
integrable.

Remark 9.6.2. In the situation of Example any adelic line bundle on S yields an
adelic line bundle on the corresponding adelic curve in the sense of ([CM19], Definition 6.2.1).
Moreover, this association preserves the notions of semi-positivity and integrability. This

implies that in the case where K is countable, we can use all the results in [CM19, [CM21],
CM24].

Proposition 9.6.3. (1) Let L = (L, ) be a usc/lsc/continuous adelic line bundle on X.
Then —L := (=L, —p) is respectively a usc/lsc/continuous adelic line bundle on X .
(2) Let Ly = (L1, 1), Ly = (Lo, 2) be both usc/lsc/continuous adelic line bundles on X .
Then Ly + Lg := (L1 + Lo, 1 + ¢2) is respectively a usc/lsc/continuous adelic line
bundle on X.
(3) Let f:Y — X be a projective morphism of K-schemes. Let L = (L,¢) be an adelic
line bundle on X. Then f*L : (f*L, f*p) is respectively a usc/lsc/continuous adelic
line bundle on X.

Proof. This is a direct consequence of Propositions and O

Proposition 9.6.4. Let E = (E,£) where E is a finite-dimensional K-vector space and
&= (Il ||w,5w,Nw,E;)weQ is a pseudo-norm family on E which is assumed to be ultrametric
on Qum. Let L be a line bundle on X. Assume that there exists a surjective homomorphism
B: FE Rk Ox — L. Denote by ¢ the corresponding quotient pseudo-metric on L. Assume
that E = (E,€) is an adelic line bundle on S. Then L = (L, ) is an adelic line bundle on
X.

Proof. This is a consequence of Propositions [0.4.4] and [0.3.5 O

9.7. Pseudo-metrics and adelic line bundles over integral topological adelic curves.
In this subsection, we give another interpretation of pseudo-metrised line bundles over an
integral topological adelic curve. The upshot is the following: the Zariski-Riemann space
attached to such a topological adelic can be described as a projective limit of models of
the projective models over the integral structure. To any such model, one can define the
notion of a model pseudo-metric being a family of local model pseudo-metric satisfying a
"globalisation condition", and a pseudo-metric can be interpreted as an equivalence class of
such model pseudo-metrics. This point of view is more classical in the sense of Arakelov
geometry. Moreover, this point of view will give a convenient way to give examples of adelic
line bundles arising in Nevanlinna theory.

We fix an integral topological adelic curve S = (K, ¢ :  — V,v) with underlying integral
structure (A, -||) and V := M(A, || - ||) and a projective K-scheme X. We further assume
that (A, ] - ||) is a geometric base ring.

9.7.1. Zariski-Riemann spaces. Recall that in our situation, the Zariski-Riemann spaces of
interest admit the following description (we use the notations of §2.3)):

ZR(X/A)= lim X, ZR(X/A)"= lm A%, ZR(X)s= lm Xs, ZR(OP = lim AZ
XeMx XeMx XeMx XeMx
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where M x denote the full subcategory of Mx,4 consisting of projective flat and coherent
projective models of X over A. Moreover, these Zariski-Riemann spaces fit in the following
diagram of locally ringed spaces

ZR(X)n ox ZR(X/A)™
X Jl/
Q

Spec(K) Q ¢ ZR(K/A) = Spec(A)

9.7.2. Pseudo-metrics.

Definition 9.7.1. Let L be a line bundle on X.

(1) Let X € Mx. A metrised line bundle on Xg is the data (L, ), where £ is a line
bundle on Xg and ¢ is a metric on L.

(2) A model pseudo-metric ¢ on L over is the data ((X, L), ¢), where X € Mx, L is a
model of L on X and ¢ is a metric on L. (X, L) is called the model of the model
pseudo-metric ((X, L), p). Moreover, by "let ¢ be a model pseudo-metric with model
(X,L£)", we mean that (X, L) is a model of (X, L) over A with X € My, ¢ is a
metric on £ and that we are concerned with the model pseudo-metric ((X, L), ¢).

(3) Let (X, L),¢), (X', L), ¢") be two model pseudo-metrics on L, we say that these
two model pseudo-metrics are equivalent if there exist a model (X", L") of (X, L)
with X" € My and arrows p: X" — X,q: X" — X’ in Mx such that p*L = ¢* L’
p*p = ¢*¢’. Using Proposition-Definition it is straightforward to check that this
defines an equivalence relation on model pseudo-metrics on L. The equivalence class
of a model-pseudo-metric ¢ on L is denoted by [¢]. Moreover, by "let [(X, £, ¢)] be an
equivalence class of model-pseudo-metrics on L", we mean that we are concerned with
the equivalence class of a model-pseudo-metric (X, £, ¢) and we say that [(X, L, ¢)]
is represented on (X, L).

Proposition 9.7.2. Assume that Qisa locally closed subset of Spec(A). Let L be a line
bundle on X. There is a one-to-one correspondence between pseudo-metrics on L (in the
sense of Definition and equivalence classes of model pseudo-metrics.

Proof. Let [(L,¢)] be an equivalence class of model-pseudo-metrics on L represented on a
model X € Mx. Then by pulling back (£, ¢) to ZR(X)s, we get a metrised line bundle on
ZR(X)s, and thus a metrised line bundle on X over S by Proposition

Conversely, let (£, ) be a metrised line bundle on ZR(X)g. By Prop081t10n 4] there
exists a projective model X € Mx and a line bundle Ly on & such that p), E,y =L,
where py : ZR(X)s — Xg denotes the projection. Then the metric ¢ induces a model
pseudo-metric on L := n;(lsﬁ and we can consider its equivalence class. This construction is
inverse to the previous one. O
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9.7.3. Ezample of adelic line bundles in Nevanlinna theory. Let R > 0. Consider the
topological adelic curve Sg = (Kg, ¢r : Qr — Vg, vg) defined in Note that Qp =
ZR(K/A) = Spec(A). Let X be a reduced projective C-scheme and denote Xr = X ®@c K.
Set Xr := X ®c Ag, it is a projective model of Xp over Ap and (Xg)s, = Xg. Let (L, ¢)
be an lsc/usc/continuous metrised line bundle on X, namely L is a line bundle on X and ¢
is an Isc/usc/continuous metric on L. Let Lg := L ®o, Ox,, Lr := L ®o, Ox, and, for
any w € Qp.

Proposition 9.7.3. We use the same notation as above. Then (L, ) induces an lsc/usc/continuous
adelic line bundle (Lr, pr) on Xg over Sg. Moreover, if (L, ) is semi-positive, resp. inte-
grable, then so is (Lr, ¢R).

Proof. Definition of the pseudo-metric: Let or := (| - [p4())ze(xp)z be the family
R

defined as follows. Let x = (p, |[+) € (Xr)san, where p € Xg and |- |, is an absolute value on
the residue field k() mapping to an element of the image of  in Vz. First assume that |- |,
is Archimedean. Thus £(p) identifies with L(q), where ¢ denotes the image of p in X and we
define | - [, (x) to be |- |,(¢). Now assume that |- |, is non-Archimedean, mapping to an
element w € Qym. Then ¢r(w) is a usual absolute value on Kr and the completion Kg, of
Kpg w..t. ||y is isomorphic to C((T')). Denote by K3, ,, = C[[T7]] the corresponding valuation

ring of Kg,. Let 2:5:, = X ®c K%, and Z;g; =L ®o, O;v. Then (:Y_];;,Z};;) is a
) R,w
model of Xg @, Kgr over K})%,w and the model metric g, determined by this model
yields a norm | - |, (x) on Lg(p). Thus ¢g is a metric on Lr and taking its equivalence
class, we get a pseudo-metric on Lg (cf. Proposition [9.7.2)) that we denote again by ¢g.
pr is dominated: It suffices to prove it in the case where L is very ample, up to

passing to a multiple of L, we may assume that Lr and L are globally generated. Denote
E:= H%X,L) and

ER :IE@C KR, Yw € QR,ooa ER’W :IE@C AR,wa Yw EQR,uma g};’; :ZE@C K}o%,w.

Let || - ||, denote the supremum norm on E induced by ¢ and denote by ¢rg the Fubini-Study
(usual) metric on L associated with . Recall that g is the quotient metric associated with
the complex normed vector space (E, || - ||,). Moreover, using the results of we have an
adelic vector bundle Er = (Eg,£r) on Sg. We denote by ¢ rFs the quotient pseudo-metric
on Lp determined by the surjective homomorphism Er ®k, Ox, — Lr and FEp.

Let w € Qpum- As C — Kp , is flat, for any w € Qpum, flat base change yields

ERVM =H 0()/(;:“ Z};;) and the evaluation morphism 51;, ®Ke, (9;(;/ — ZE; is surjective.
Using ([CM19], Proposition 2.3.12), we obtain that ¢p,, identifies with the quotient metric
induced by the lattice norm defined by the lattice £g, inside Eg, := Erw ® KS, Kg,.,. Note

that from the description of £ given in we have YR FS W = Puw-
Moreover, we have

Yw € Qr,  duw($r, ¢rRFS) = lag . (W)d(p, ¢rs),

where d(¢, prs) denotes the usual distance between the (complex) continuous metrics ¢
and pps. As Vp(QReo) < 400, we obtain that the local distance function [(w € Q) —

dw (¥R, ¢RrFs)] is vr-dominated. Using Proposition and Proposition we obtain
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that pp rs is dominated. Therefore, by using Proposition m (3), we see that the pseudo-
metric g is dominated.

Regularity of ¢g: Since Qg ,m is discrete, we have to prove the regularity of g at
points lying over g . This follows from the construction of the norms |- |,(-) and the
regularity of ¢.

Semi-positivity /integrability of pg: It suffices to treat the case where L is very ample
and ¢ is semi-positive. Then Lg and Lg are nef. Let w € Qg ym. Then g, comes from a
model metric on a nef model of Xp. Thus by (JCM21], Theorem 3.2.19), ¢, is semi-positive.
The semi-positivity of ¢r ., where w € Qg « follows from the semi-positivity of ¢. O

Definition 9.7.4. Let R > 0. Then the Isc/usc/continuous adelic line bundle (Lg, ¢r)
constructed in Proposition is called the Isc/usc/continuous adelic line bundle induced
by (L,y) on Xg.

More generally, we have the following.

Proposition-Definition 9.7.5. Let F'// K be an algebraic extension. Then the usc/lsc/continuous
metrised line bundle (L, ) induces a usc/lsc/continuous adelic line bundle on Sp ®x, F'
which is given by extension of scalars of (Lg, ¢r) to F. Moreover, this usc/lsc/continuous
adelic line bundle is semi-positive/integrable if so is (L, ¢).

Proposition 9.7.6. Assume that X is reduced. Let R > 0 and let (L, ) be a continuous
metrised line bundle on X. We denote by Lr = (Lg, ¢r) the adelic line bundle on Xg induced
by (L,p). Denote by £g the collection of supremum pseudo-norms on Eg = H°(Xg, Lg)

induced by the pseudo-metric ¢. Then Eg := (Eg,£R) is a continuous adelic line bundle on
Skr.

Proof. We first note that £g is a well-defined pseudo-norm family on Er. Indeed, any basis
of the space of global sections F := H%(X, L) yields a globally adapted basis for £r. Denote

by || - || the supremum norm on H°(X, L) induced by the continuous metric ¢.
Write Er = (|| |4, Jwear- Let w € Qg . Then |- ||, coincides with the local pseudo-norm
on H°(X, L) in w whose residue vector space is E and whose residue norm is || - ||. Let

w € Qpum- As X is reduced, ([CM19], Proposition 2.3.16 (3)) implies that || - ||, coincides
with the lattice norm used in §6.3

Using this description, we see that (Er,{r) coincides with the adelic vector bundle induced
by the normed vector space (E, || - ||) (cf. Definition [6.3.2). This allows us to conclude. [

9.8. Adelic line bundles on families of topological adelic curves. Throughout this
subsection, we consider the following setting. Let S = (I,U,(S; = (Ki,¢; @ Q; —
Mk, ,vi))icr, K) be a family of topological adelic curves. Let X be a projective K-scheme.
Set Xs 1= X @k [y Ki.

Proposition-Definition 9.8.1. (1) By a pseudo-metrised line bundle (L, ¢) on X over
S, we mean the equivalence class of a family (Xj, L;, vi)icr, where the X;’s are
projective schemes over the K;’s such that [[;, X; = X ®k [[;; Ki =: Xs and the
(Ls, ¢;)’s are pseudo-metrised line bundles on the X;’s such that L ®o, Oxg = [y Li,
and where two such families (X;, Li, ¢;)ier, (X/, L, ¢l)ier are declared to be equivalent

if there exist U-almost everywhere isomorphisms X; = X! yielding compatible

isomorphisms (L;, p;) = (L}, ¢}). We use the notation (L, ) = [(Xi, Li, ¥i)icr] to
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denote such an equivalence class as above and ¢ = [(p;)ic] is called a pseudo-metric
on L over S.

Let L be a line bundle on X. A pseudo-metric ¢ on L over S is called dominated,
resp. usc/lsc/continuous, resp. semi-positive/integrable if there exists a family
of pseudo-metric (¢;);er as in (1) representing ¢ such that ¢; is dominated, resp.
usc/lsc/continuous, resp. semi-positive/integrable U-almost everywhere. This is
independent of the choice of the representative.

A pseudo-metrised line bundle (L, ) on X over S is called a usc/lsc/continuous
adelic line bundle on X over S if ¢ is dominated and usc/lsc/continuous. Moreover,
such a usc/lsc/continuous adelic line bundle is called semi-positive/integrable if ¢ is
semi-positive/integrable.

Let L = [(X;, L;)ic1] be a pseudo-metrised line bundle on X over S. Then —L :=
(X4, —L;)ic1] is a pseudo-metrised on X over S. Moreover, if L is a usc/lsc/continuous
adelic line bundle on X over S, then —L is also a usc/ lsc/ continuous line bundle on
X over S _

Let L) = (LW, M), L) = (L), ©(?)) be two pseudo-metrised line bundle on X

over S. For j = 1,2, write L) = [( 1(3)7 ())161]. By Lo$ theorem, Xl-( ) Xi@)

U-almost everywhere and we define L) 4+ L) = [(Xi(l),ﬁ + F)ig] (after
(4)s )

identification of the isomorphic X;”’’s). This is a pseudo-metrised line bundle on X

over S. Moreover, if both L(1) and L(2) are usc/lsc/continuous adelic line bundles on
X over S, then so is L(1) + L(2),

Let f:Y — X be a morphism between projective K-schemes. Let L = [(X;, L;)ic1]
be a pseudo-metrised line bundle on X over S. By ¥Lo$ theorem, we realise Ys as
an ultraproduct [];,Y;, where the Y;’s are projective schemes over the K;’s. By
L.o§ theorem again, f induces U-almost everywhere a morphism f; : Y; — X.
Define f*L := [(Y;, f*L;)ics]. This is a pseudo-metrised line bundle on Y over S.
Moreover, if L is a usc/lsc/continuous adelic line bundle on X over S, then f*L is a
usc/lsc/continuous adelic line bundle on Y over S.

Let P : Spec(K’') — X be a closed point. Let L be a usc/lsc/continuous adelic line

bundle on X over S. Then PL is a usc/lsc/continuous adelic line bundle on the
family of topological adelic curves S ® ¢ K’ (cf. Proposition-Definition {4.5.2)).

Proof. All the introduced notions are well- deﬁned The assertions concerning the adelic line
bundles are a consequence of Proposition [9.6.3] and Remark [9.1.3] O

Example 9.8.2. Consider the family of topological adelic curves S = (Rso,U, (Sr) r>0, M(C))
from Example (2). Let X be a reduced projective C-scheme and let (L, ¢) be an
Isc/usc/continuous metrised line bundle on X. Denote by L) the pullback of L on
X pm(c)- Using the construction of for any R > 0, we obtain an adelic line bundle
Lr = (Lgr,¢r) on Xg := X ®c Kg. Then Ly := [(Xr, Lr)r>0) is an lsc/usc/continuous
adelic line bundle on X ®¢ M¢ over S.

More generally, let K/ M(C) be an algebraic extension. Then the lsc/usc/continuous
metrised line bundle (L, ) on X induces for any R > 0 a usc/lsc/continuous adelic line
bundle on X ®c K over S ® ) K (cf. Proposition-Definitions and [9.7.5).
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9.9. Volume functions on a proper topological adelic curve. In this subsection, we
fix a proper topological adelic curve S = (K, ¢ : Q@ — Mg, v) and a geometrically integral
projective K-scheme 7 : X — Spec(K) of dimension d.

Definition 9.9.1. Let L = (L, ) be an adelic line bundle on X. For any integer n > 1, let
me(nL) := (H°(X,nL), m(ny)), where m.(n¢) denotes the collection of supremum pseudo-
norms on H°(X,nL) induced by ny. Assume that, for any integer n > 1, m.(ny) is well
defined and is dominated and usc (e.g. if Q2 = Mg by Theorem and Proposition ,

so that the Arakelov degree deg(m,(nL)) makes sense.
Then we define the x-volume

G
v = I e
and the arithmetic volume

—— . deg, (m(nL))
BT RV

10. HEIGHTS OF CLOSED POINTS

In this section, we introduce global heights over topological adelic curves. We start by
constructing height functions for closed points over a proper topological adelic curve (§10.1]).
Then we give the family counterpart for asymptotically proper families of topological adelic

curves (§10.2)).

10.1. Heights of closed points on a proper topological adelic curve. In this subsec-
tion, we fix a proper topological adelic curve S = (K, ¢ : Q@ — Mg, v) and a projective
K-scheme X.

Definition 10.1.1. Let L = (L, ¢) be an adelic line bundle on X. Let P be a closed point
of X. The pseudo-norm family P*¢ is continuous and dominated (cf. Proposition[9.5.8). As
P*L is a k(P)-vector space of dimension 1, Proposition implies that P*L := (P*L, P*p)
is an adelic line bundle on Sp := S @k #(P). As S is proper, Sp is proper as well (cf.
Proposition 4.3.1). We define the height of P w.r.t. L as

h(P) = degg(P*L).
Theorem 10.1.2. Let X be a projective K-scheme and let Ly = (L1, 1), Ly = (L2, ¢2) be
adelic line bundles on X. Then the following assertions hold.

(1) For any closed point P of X we have

(2) Let P be a closed point of X. Assume that Ly = Ly. Then we have

e (P) = hp(P)| < [ dulion,palw(de) < oo,

Proof. (1): This follows from Proposition (3).
(2): Let P be a closed point of X. Write S @ k(P) = (k(P),¢p : Qp — My (py,vp). By

definition, for any w € Q, for any x € W;(lp) /K (w), we have

dz(P*@lvP*(P2) < dw(QOlv(p?)
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By definition of hLT(P)v hE(P), we obtain

hiz(P) = hiy(P)| < [ du(P* o1, P*oa)up(da) < /Q do (1, p2)v(dw).

Qp
The finiteness assertion follows from Proposition [9.3.6] (5). O

Remark 10.1.3. Theorem [10.1.2] should be seen as the analogue of Nevanlinna’s first main
theorem in Arakelov geometry (cf. Theorem |A.2.1]).

10.2. Heights of closed points on asymptotically proper families of topological
adelic curves. In this subsection, we consider the following setting. Let S = (I, U, (S; =
(Ki, ¢i - Q4 — Mk, ,v4))ier, K) be a family of topological adelic curves. Let X be a projective
K-scheme. Set Xg := X ®g [[;; K;. We also fix an equivalence relation ~ on [];; R which is
compatible with the additive group structure and assume that the family S is asymptotically

proper w.r.t. ~ (cf. Definition [3.3.1)).

Definition 10.2.1. Let L be an adelic line bundle on X over S. Let P : Spec(k(P)) — X be
a closed point. By Proposition-Definition (7), P*L is an adelic line bundle on S @ k k(P)

and we define

hi(P) := deg(P*L HR/ ~

and call it the height of P w.r.t. L.

Theorem 10.2.2. Let W,m adelic line bundles on X over S. Let P be a closed point
of X. Then the following assertions hold.

(1) We have the equality

herm(P) = hLu)(P) + hL(z)(P)

(2) Assume that there exists a total ordering on [[;; R/ ~ that is compatible with the
equivalence relation ~, i.e. the quotient map [[,; R — [[; R/ ~ is increasing. For

j =1,2, write LU) = (L) [(L EJ),QDE ))Z‘GI]). Assume that, LEI) = L§2) U-almost
everywhere and that

d(LM, L(2) [(/ dy(p; ,gpl )Vi(dw)>ig] EI;IR

satisfies

d(LM, L@) ~ 0.
Then we have the equality

Proof. (1): This is a consequence of the definition of the height and Proposition (3).
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(2): Write S Qg I{(P) = (I,U, (Si,p = (Ki,p,(bi’p : Qi’p — MKZ-,PaVi,P))zEbKA(P))’ Let
w = [(wi)ier] € [1y . Define

dw(ﬁ,W) = |:<dwz(30( )7801 ) HR

this is well-defined. As in the proof of Theorem [10.1.2{ (2), for any = € [];, {2; p mapped to

w, we have

el

de(P*LO), P*L?)) < d, (LD, L?).
By definition of the height, we have
—d(LM, L®)) < h=5(P) — ho

(P) < AL, 1),

Using the assumption on the equivalence relation ~, we obtain the desired result. O

Example 10.2.3. Consider the family of topological adelic curves S = (R<¢,U, (Sr) r>0, M(C))
from Example (2). Recall that S is asymptotically proper w.r.t. the equivalence rela-
tion ~g, as defined in Moreover, there exists a total ordering on [[;; R/ ~gy, that is
compatible with the usual ordering on [];, R.

Let Xg be a reduced projective C-scheme and let (Lo, ¢g) be a continuously metrised line
bundle on Xj. Set X := Xo®cMc, Xg := Xo®c Kg and denote by L := (L, ¢) := (Lg R0x,
Ox,[(Xgr, Lr, vr)Rr>0]) the adelic line bundle on X associated with (L, ¢p) constructed in
Example

Let P € X be a closed point. It determines a family of closed points (Pr)gr~o of the Xg’s.
From the point of view explained in P corresponds to a holomorphic curve f: C — X
and for any R > 0, Pgr corresponds to the restriction of f to the closed disc of radius R in C.
Let sy be an regular meromorphic section of Ly such that f(C) ¢ | div(s)|. Then we have
the equality

HR/ ~fin,

hz(P) = [(Tﬁ(Lo,‘Po,So)( )R>0

(cf. for the notation T, (1, .s0)(12))- -
For any other continuous metric ¢{, on Ly determining another adelic line bundle L’ on X

< ) ] - 7
R>0

where sy denotes an arbitrary regular meromorphic section of Ly such that f(C) ¢ |div(so)|.
By compatibility of the orderings, we get d(L, L’) ~g, 0. Therefore, we can apply Theorem
and we see that it gives a generalisation of Theorem [A.2.1]in our context.

More generally, consider an arbitrary algebraic extension K/M(C). Consider the adelic
line bundle (Lg, ¢x) on Xk 1= X @) K over Sk := S ® ) K given by Proposition-
Definition [9.7.5] Then a closed point P € X corresponds to a family of holomorphic curves
f=(fx : Axr = Xo)g+, where K’ runs over finite extensions of M¢ contained in K and
for any such extension K', Ak is a finite covering of C such that M(Ag/) = K’, satisfying
some compatibility condition (cf. . Then Theorem yields ([Gub97], Theorem
3.18) for O-cycles on X.

s
max_lo 50l (7)

0<d(T,T) < i < ke
S AL D)< ||| 2 o8 1o @)
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11. ARITHMETIC INTERSECTION THEORY AND HEIGHTS OF CYCLES

In this final section, we introduce heights of cycles. As it is done classically in Arakelov
geometry, this is done by taking intersection products of adelic line bundles. To define the
arithmetic intersection product on a topological adelic curve, in a similar way to [Gub97], we
do it on a finitely generated (hence countable) subfield and using the arithmetic intersection
on adelic curves introduced in [CM21]. We then use the fact that arithmetic intersection
numbers are invariant w.r.t. coverings of topological adelic curves (§11.1). Using the
arithmetic intersection product, we obtain a notion of height of cycles over an asymptotically
proper family of topological adelic curves (§11.2). In our Nevanlinna theoretic example, we
recover (JGub97], Theorem 3.18).

11.1. Arithmetic intersection theory and heights of cycles on topological adelic
curves. Throughout this subsection, we fix a topological adelic curve S = (K,¢ : Q —
Mfp,v) and a projective K-scheme X of dimension d.

Theorem-Definition 11.1.1. Assume that K is countable and that for any w € Q, ¢(w) is
an absolute value on K. Let L(0) = LO), <p(0)), ...,W = (L(d), go(d)) be integrable adelic line
bundles on X over S. By Remark the L) ’s are integrable adelic line bundles on X
over the adelic curve S determined by S. Let s 5@ pe respectively reqular meromorphic
sections of L), ..., LD such that the Cartier divisors div(s\")), ..., div(s\®) intersect properly
on X.

(1) Using (ICM21], Theorem 4.2.11), we define the arithmetic intersection number
((W} sOy... (L@, S(d))) (div(s®) - div(s®D))

with the notation of loc. cit.. L L
(2) Assume that S is proper. Then ((L(O),S(O)) o (L) S(d)))s is independent of the

choice of s, ..., s\ and we simply denote it by (W . ~W)S. This arithmetic

s 8

intersection number is also called the multi-height of X w.r.t. L) .. L@ qand is

denoted by hﬁ.._W(X)' If W, ...,W are all equal to the same integrable adelic
line bundle L on X, this multi-height is denoted by h7(X) and is called the height of
X w.rt. L.

(3) Assume that S is proper. Let Z be a l-dimensional cycle on X . Define the multi-height

of Z w.r.t. LO ... LU by

h (2):= (2O 10| 7)

QN0 3’
with the notation of ([CM21], §4.4). Moreover, if LO) ... LU are all equal to the
same integrable adelic line bundle L on X, this multi-height is denoted by ht(Z) and
is called the height of Z w.r.t. L.

(4) Assume that S is proper. Then the arithmetic intersection product is a symmetric and
multi-linear pairing on the group of integrable adelic line bundles on X. Moreover,
for any projective K-morphism f:Y — X and l-dimensional cycle Z on'Y, we have

the following projection formula
hego. oo @) = e zao(f2).
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(5) Assume that S is proper, that LO . L9 are semi-ample and that ¢, ..., (@
are semi-positive. Let O ... (@ be respectively semi-positive pseudo-metrics on
LO L@, Foranyi=0,...,d, we set M@ := (LW @), Then we have

’(L(o) ) ,,L(d)>s _ (M(o) ) ,,M(d))s‘ < zd: /de(w(i)ﬂ(i))l/(dw) (L(O) LG L ) “L(d)> '
=0

Proof. The independence of the choice of the regular meromorphic sections is ([CM21],
Proposition 4.4.2). The assertion concerning the symmetry and multi-linearity of the
arithmetic intersection product is (loc. cit., Proposition 4.4.4 (1)), the projection formula is
(loc. cit., Theorem 4.4.9) and the final assertion concerning the change of pseudo-metrics is
obtained by integration of (loc. cit., Corollary 3.5.7). O

Theorem-Definition 11.1.2. Let L) = (LO O L@ = (L @) e integrable
adelic line bundles on X over S and s, ..., (D be respectively reqular meromorphic sections
of LO .. LD such that the Cartier divisors div(s), ..., div(s(®) intersect properly on X.
(1) Choose a finitely generated subfield Ky C K such that X, L L@ 50 gd)
are defined over Ky, namely there exist a projective Kg-scheme Xg and line bundles

Léo), ey Léd) respectively equipped with reqular meromorphic sections séo), . s[()d) such

that X = Xy ®k, K and for any i = 0,...,d, we have TrS(L(()i),s(()i)) >~ (L), 5(),
Consider the topological adelic curve Sy = (Ko, ¢o : Qo — Mg,, o) constructed in
(4). Recall that Qo C Q is a Borel subset such that v(2\ Qo) =0 and vy is
the restriction of v to Qy. The following assertions hold.

(i) The Cartier divisors div(s(()o)), e div(séd)) intersect properly on Xg.

(ii) For anyi=0,...,d, the pseudo-metric ¢V induces a metric family cpg) on L(()i)
such that the pullback pseudo-metric 7r6‘<p((f) obtained by pointwise extension of
scalars identifies with .

We then define the arithmetic intersection number

((EO.0)- @@, ) o= (2. 50)- (7. 55)
So

with the notation of Proposition-Definition|11.1.1. This does not depend on the choice
of Ko, Xo, L, .., LV 649 slP,
(2) Assume that S is proper. Then ((L(O),S(O)) o (L) s(d)))s is independent of the

choice of s, ... s\ and we simply denote it by (W . 'W)S' This arithmetic

intersection number is also called the multi-height of X w.r.t. LO), .. L@ and is
denoted by hm W(X)‘ If LO) .. L@ are all equal to the same integrable adelic

line bundle L on X, this multi-height is denoted by h7(X) and is called the height of
X w.rt L.

(3) Assume that S is proper. Use the same notation as in (1). Let Z be a l-dimensional
cycle on X assume that it is the base change of an l-cycle Zy on Xo. Define the
multi-height of Z w.r.t. W, ,W by

h (Z2) == hw (%)

LO),..,L® L,...L
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with the notation of Theorem-Deﬁnition (8). This multi-height does not depend
on the choice of KO,XO,LE)O), ...,Lgl) and Zy. Moreover, if L), ... LO) are all equal
to the same integrable adelic line bundle L on X, this multi-height is denoted by
h#(Z) and is called the height of Z w.r.t. L.

(4) Assume that S is proper. Then the arithmetic intersection product is a symmetric and
multi-linear pairing on the group of integrable adelic line bundles on X. Moreover,
for any projective K-morphism f:Y — X and l-dimensional cycle Z on'Y, we have
the following projection formula

hytw . prolZ) = e tw(f2).

(5) Assume that S is proper, that LO L@ gre semi-ample and that 90(0),...,g0(d)
are semi-positive. Let zp<0>, ...,w(d) be respectively semi-positive pseudo-metrics on
LO LD, Foranyi=0,...,d, we set M@ := (L® @), Then we have

’(L(O) ) ,,L(d))s _ (M(O) . ,,M(d))s‘ < Ed: /dew(i),w(i))y(dw) (L(U) LG ) _'L(d)> '
=0

Proof. Note that it suffices to prove (1) since (2), (3), (4) and (5) follow from (1) and
respectively Theorem-Definition (2), (3), (4) and (5).

(1): (i) follows from ([CM21], Remark 1.3.5) combined with the fact that the Cartier
divisors div(s“), ..., div(s(®) intersect properly on X. Let x € ZR(X)¥ with underlying
scheme point p € X. Denote by x¢ its image in ZR(X()%) with underlying scheme point

po € Xo. For any i = 0, ..., d, we have an inclusion Lgi) (po) — L®(p) and an isomorphism

L) (p) = L(()i) (P0) @r(py) K(p)- Then (ii) follows easily since the vector spaces at stake are
one-dimensional. - -
Let us now prove that the arithmetic intersection number ((L(()O), 5(()0)) e (L(()d), s[()d)))
So

does not depend on the choice of KO,XO,LE)O), ...,Ll(l), s(()o), ...,s(()d). Let K1/Kq be a field
extension, where K is a finitely generated subfield of K. Denote by 71 : X19 := Xo®xg, K1 —
Xy the projection and, for any i =0, ..., d, (Lgl), sgl)) = ﬂi‘o(L(()Z), s(()l)). By (JCM21], Remark
1.3.5), the Cartier divisors div(sgo)), ...,div(sgd)) intersect properly on X;. Moreover, the
construction (4) yields a topological adelic curve S; = (K1, ¢1 : Q1 — Mg, ,v1), where
Q, is a Borel subset of 2 contained in Qg such that v(2 \ 1) = 0 and for any w € 4, ¢
is an absolute value on Kj. Thus, we get a morphism S1 — (Ko, gja,, 11 — Mk, v1) of

topological adelic curves, inducing a morphism between the corresponding adelic curves. By
([CM21], Theorem 4.3.6), we have equalities

(7 030 ) | = (7 7o
0

= (@) @Ps) ™
S1
Now consider any other finitely generated subfield K; ¢ K such that X, L0, ... L@ 50 g(d)
are defined over Ki by a projective Kj-scheme X7, line bundles Lgo), v Lgd) respectively

equipped with regular meromorphic sections 350), s sgd). By the construction from §2.5.2{ (4),
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we get a topological adelic curve Sy. Using (i7), we define metrics @50), ey gpgd) on Lgo), - Lgd)
such that their pullback to X yields respectively ¢, ..., (@ Let Ky denote the composition
of Ky and K7, this is a finitely generated subfield of K containing both Ky and K;. Moreover,
if X5 denote the scheme theoretic image of X — (X; ®x, K2) X Spec(Ka (Xo®K, K2), we have
X2 ®k, K = X and by faithfully flat descent ([GW10], Proposition 14.51), that X; @, Ks
and Xy ®x, K> are isomorphic. Thus, we may assume that Ky = K; and Xy, = X;. Since,

for any ¢ =0, ..., d, the pullbacks of L(()i) and Lgi) to X are isomorphic, ([FK18], Chapter 0
Theorem 4.2.1) ensures that there exists a finitely generated subfield K’ C K containing K
such that, for any ¢ = 0, ..., d, the pullbacks of L(()l), ng) and 5(()1), sgl) to Xo ®k, K’ are both
isomorphic. We can thus conclude using . [l

Remark 11.1.3. The definition of the arithmetic intersection product over a proper topo-
logical adelic curve allows to use the results of [DHS24] and it is possible to show that the
arithmetic intersection is definable w.r.t. the GVF topology (loc. cit., Theorem 1.4).

11.2. Arithmetic intersection theory and heights of cycles on families of topologi-
cal adelic curves. In this subsection, we consider the following setting. Let S = (I,U, (S; =
(Ki, ¢i = Qi = Mk,,v;))ier, K) be a family of topological adelic curves. Let X be a projective
K-scheme of dimension d. Set Xg := X ®x [[;; Ki

Theorem-Definition 11.2.1. Let LO = (LO [(Z® = (¥ o)), 1)), ... 2@ = (L@ [(LP =

(Ll(d), gpgd)))ig)]) be integrable adelzc line bundles on X over S and s\, ( ) be respectively
reqular meromorphic sections of L), ..., L\% such that the Cartier dzmsors dlv( @), ..., div(s®)
intersect properly on X.

(1) For any j =0,...,d, pulling back sU) to Xg, yielding a reqular meromorphic section

s(sj), and using Los theorem, we can write s(]) = [(ng))zej] where the s(]) ’s are

()

reqular meromorphic sections of the Li
(0)y

Cartier divisors div(s; '), ..., div(sgd)) intersect properly on X; U-almost everywhere.
We define the arithmetic intersection number

(O, 5. (L@, 5D)) = K((Lé) s§“>>~-<Lé‘”75£d)>)S) ] ][R
i/ 4el u

This quantity is independent of the choice of the Ll(»j) s and SZ(-j) ’s.
(2) We fiz an equivalence relation ~ on [[;; R which is compatible with the additive group

structure and assume that the family S is asymptotically proper w.r.t. ~. Then

the class of ((W, sO) ... (L), s(d))>s in [Iy R/ ~ is independent of the choice of

s U-almost everywhere. By f.0$ theorem, the

s 5@ and we denote it by (W . 'W)S. This equivalence class is independent
of the choice of the X;’s and is called the multi-height of X w.r.t. L) ),. W and
we denote it by hL<0> L(d>( ). If LO), .. L) are all equal to the same integrable

adelic line bundle L on X, this multz—hezght is denoted by h1(X) and is called the
height of X w.r.t. L.

(3) We keep the same assumption as in (2). Similarly to Theorem-Definition
we extend by linearity the definition of multi-height for cycles on X. Let Z be
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a l-dimensional cycle on X, we denote the multi-height of Z w.r.t. W, ,W

by hmm(Z) € [IyR/ ~. Moreover, if L), ... L") are all equal to the same

integrable adelic line bundle L on X, this multi-height is denoted by hi(Z) and is
called the height of Z w.r.t. L.

(4) We keep the same assumption as in (2). Then the arithmetic intersection product is
a symmetric and multi-linear pairing on the group of integrable adelic line bundles
on X. Moreover, for any projective K-morphism f:Y — X and [-dimensional cycle
Z on'Y, we have the following projection formula

hizo ool =hie  zo(fd).

(5) We keep the same assumption as in (2). Assume that LO), ... LD are semi-ample
and that the adelic line bundles W, ...,W are semi-positive. Let (@, ... (@ pe
respectively pseudo-metrics on LO . L@ operS. Forj=0,....d, we set M) :=
(LD ) and assume that

d(LW), M) ~ 0.

Then we have the equality

h (X)=h (X)

L) .. L) MO, M)

Proof. The fact that the arithmetic intersection number is well-defined follows from ¥.o$
theorem. (2) and (3) follows follow from a direct computation using the asymptotic properness
of S w.r.t. ~. (4) follows by integration of ([CM19], Proposition 3.5.4) and the techniques
of the proof of ([CM19], Theorem 4.4.9). Finally, (5) is proven the same way as Theorem

10.2.2 (2). O

Example 11.2.2. Consider the family of topological adelic curves S = (R<¢,U, (Sr) >0, M(C))
from Example (2). Recall that S is asymptotically proper w.r.t. the equivalence rela-
tion ~g, as defined in Moreover, there exists a total ordering on [[;; R/ ~g, that is

compatible with the usual ordering on [];, R.

Let Xg be a reduced projective C-scheme of dimension d and let (LE)O) , <p(()0)), e (Lgo), Lp(()o))

be integrable continuously metrised line bundles on Xj. Set X := Xo®cMc, Xr := Xo®c KR
and for any j = 0, ..., d, denote by L0 == (L), o)) := (L @0, Ox.[(Xr. LY, o) rs0))
the integrable adelic line bundle on X associated with (Lo, ) constructed in Example
For any l-cycle Z on X, we have the multi-height hmm(Z) € [IyR/ ~. Then

Theorem-Definition [T1.2.1] shows that this multi-height does not depend on the choice of the
metrics <p(()0) yeees Lp(()d).
More generally, let algebraic extension K/M(C). Consider the integrable adelic line

bundles ng),...,L([?) on Xi = X @) K over S @) K respectively induced by

(L(()O), go(()o)), . (Léo), cp(()o)). Theorem-Definition [11.2.1| shows that, for any I-cycle Z on X,

the multi-height hw W(Z) does not depend on the choice of the metrics 90(()0), e go(()d).
S 2

Thus, our result gives a generalisation of ([Gub97], Theorem 3.18).
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Appendix
APPENDIX A. NEVANLINNA THEORY OF COMPLEX FUNCTIONS

A.1. Classical Nevanlinna theory.

A.1.1. The Nevnalinna height function. We denote K = M(C), namely the field of mero-
morphic functions on C, which is the fraction field of the ring of entire functions A := O(C).
Let E =3 a;]z] be a divisor on C, with the z; pairwise distinct. For any k € NU {oo}, we
define the truncated counting functions

YVt >0, ng(t,E):= Z min{k, a;},
|2i]oo <t
and
" ng(t, E)
t
For ease of notation, we let n(t, F) := ny(t, E) and N(r, E) := Noo(r, E).

Let f € K, for any a € P!(C), we denote by (f), the divisor of associated to (f — a), if
a # 0o, and to 1/f if a = co. Then the prozimity function in oo of f is defined by

Vr>1, Nu(rE) ::/ dt.
1

1 2 X
Vr >0, m(r,f):= %/ log™ | f(re®)|sod.
0

The function (r € Rsg) — m(r,1/(f — a)) is called the proximity function of f in a € C.
Finally, the height of f (with respect to 0o) is defined by

Vr > 1, T(T’, f) = m(T7 f) + N(Tv (f)oo)

Morally, the proximity function of f measures the mean approximation of f to co on
a circle of given radius. The counting function counts how many times f attains oo, i.e.
has a pole, in an open disc of given radius. The philosophy of Nevanllina is that these two
functions contain all the necessary information concerning the behaviour of f with respect
to co. The characteristic function, namely the sum of the two previous ones, behaves as a
height function in Diophantine geometry:

vfbeGK? T(T7f1+f2)ST(T>f1)+T(T7f2)+IOg2'

Theorem A.1.1 (Nevanlinna’s first main theorem, [NW14], Theorem 1.1.17). Let f € K
and a € C. Then

1
f—a
where the bound O(1) is a bounded function of r, with bound depending only on f and a.

T(r, ) =T(r, f) +0O(),

Proposition A.1.2 (Cartan’s formula, [BG06], Proposition 13.2.13). Let f € K. Let
C :=10g" |f(0)|so if f(0) # o0 and C :=log|c(f,0)|sc otherwise. Then

1 2 1
V?“ > 0, T(T‘7 f) / N (T, f67ﬂ> d@ + C
0 _

" or

In particular, the function T(-, f) is an increasing function that is convex in logr.
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In fact, other height functions may be defined. For our purposes, it is more convenient to
work in a more geometric framework, namely, we will consider any f € K as a holomorphic
curve f : C — PY(C). Let L be a holomorphic line bundle on P(C), equipped with a
hermitian metric ¢ and an invertible meromorphic section s. Denote D := div(s). We define

Ny¢(r, D) :=ord(f*D,0)logr + Z ord(f x D, z) log

0<|z|co<T

1 2 0
my(r. D) i= == [ log[s(f(re")) | b,
T¢(r, D) :== Nf(r, D) + my(r, D).

)

r
Zloo

The previous constructions are now the special case L = O(1), ¢ the standard metric, and
D = [o0]. Then Nevanlinna’s first main theorem is rephrased as follows. Consider L and f
fixed. Then the height function T (r, D) does not depend, up to a bounded function of r,
neither on the choices of the metric ¢ nor on the meromorphic section s.

A.1.2. Asymptotic of the height function. The Northcott property has a counterpart in
Nevanlinna theory: this is the Liouville theorem, which states that an entire function is
constant iff T'(r, f) is a bounded function of r. The following result makes the analogy more
precise.

Proposition A.1.3 (|[BG06], Proposition 13.2.17 and Example 13.2.18). Let f € K. Then
f is constant iff T(-, f) is bounded. Moreover, f is a rational function iff
T(r, f)

liminf ——= < 400,
r—+oco  logr

in that case, T(r, f) = deg(f)log(r) + O(1).
The above proposition indicates that in order to study the behaviour of transcendental
meromorphic functions, one has to compare the (unbounded) height to functions that grow

"faster than log".
Let f € K. Define the order of f as

p(f) := limsup log T'(r f) €

[0, +-00].
r—00 log r

Nevanlinna’s first theorem shows that this quantity does not depend on the choice of height
function.

Lemma A.1.4. The subset of K consisting of meromorphic functions of finite order is a
subfield of K.

Proof. This is a consequence of ([Nev70], p.216)
Vfige K, p(f +9) < p(f) + plg) and p(fg) < max{p(f),p(9)},

VfeK”, p(}) = p(f)-
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More generally (cf. e.g. [HWWY21]), for any non-decreasing unbounded function 7 :
|Ro, +00 = R+, for some Ry > 0, we define the n-order p,(f) € [0,+00] of a meromorphic
function f € K as

o log T'(r, f)
py(f) := limsup ORE

As in the case of the classical order pj,; above, the subset of K consisting of functions of
finite n-order is a field, called the field of finite n-order functions. If n = log o log, Proposition
implies that the field of finite n-order functions is the field C(7") of rational functions.

A.1.3. Second main theorem. As it was previously mentioned, Nevanlinna’s first theorem
yields an upper bound for counting functions of meromorphic functions. Nevanlinna’s second
theorem gives a result in the other direction: namely, it yields a lower bound. To state it, we
need to consider multiple proximity functions.

Theorem A.1.5 (Nevanlinna’s second theorem, [NW14], Theorem 1.2.5). Let f € K. Let
q > 1 be an integer and let ay, ...,a, € P1(C). Then

q
> mp(r, ai) <ee 2T5(r) + O(log™ Ty(r)) + o(logr),
i=1

or, equivalently,

> Ni(r (fa)) Zese (a = 2)T¢(r) — O(log™ Ty(r)) — o(log ),

=1

where <.z means that the inequalities hold for all r > 0 except on a set of finite Lebesgue
measure.

Roughly speaking, Nevanlinna’s second main theorem says that a meromorphic function
on C cannot avoid "too many points", in that case, at most 2.

It is possible to measure to what extent the counting function at a point is significantly
smaller than the height via the so-called defect. More precisely, let f € K, and let a € P*(C).
Then the defect of f at a is defined by
mg(r,a)

i 1 limsup Y (o)
Or(a) = lm it =0 g™ = 1 = limsup =205

I

where the second equality comes from Nevanlinna’s first theorem. The same theorem implies
that we have the inequality 0 < § f(a) < 1 and Nevanlinna’s second theorem yields

Z df(a) <2.

aePl(C)

In the d7(a) > 0 case, we say that a is a deficient value for f. With this notion at hand,
Nevanlinna’s second theorem implies that a given meromorphic function cannot have too
many deficient values.
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A.2. Holomorphic curves on a projective variety. In this subsection, we fix a complex
projective variety X and we study holomorphic maps f : C — X. The latter are called
holomorphic curves in X. Since X is projective, f induces a holomorphic map f : C — P"(C)
and Weierstrass factorisation theorem (JAhl66], Chapter 5, Theorem 8) implies that there
exist entire functions fy, ..., f,, without common zeroes such that f(x) = [fo(x) : - : fn(2)]
for all z € C. This way we can see f: C — X as a K-point f € X(K), where K = M(C).
In this context, we can extend the definitions of counting, proximity and height functions.

Let D be a divisor on X. Assume that f(C) ¢ |D|, so that f*D is a divisor on C. Define
the counting function

Ny¢(r,D) :=ord(f*D,0)logr + Z ord(f*D, z) log

0<]|z]co<T

_r
|Z|oo’

for all » > 0. Denote L := Ox(D) and let s be a regular meromorphic section of de L
such that D = div(s). Let ¢ be a continuous Hermitian metric on L. Define the prozimity
function

27

1 )
my(r, (L, p,s)) == “ox ), log|s|¢(f(rele))d0,

for all » > 0. Finally, the height function is defined by

Tt (L) (1) := m(r, (L, @, 5)) + Ny(r, D),
for all » > 0.
We can now state the two main theorems of Nevanlinna theory for holomorphic curves.

Theorem A.2.1 (Nevanlinna’s first theorem ([BGO06], Theorem 13.2.9)). Let f : C — X
be a holomorphic curve, with X a projective complex variety. Let L be a line bundle on X,
let s be a regular meromorphic section of L and let ¢ be a continuous Hermitian metric on
L. Denote D := div(s) and assume that f(C) ¢ |D|. This data defines a height function
(7“ > O) — Tf,(L,go,s)(T) e R.
(1) Let ¢’ be another continuous Hermitian metric on L. Then we have
T (r)—=Trpos(r)= 1 /27r log 3l (f(re®))ds
f7(L141075) f?Lv(p »S 27T 0 ’3‘@ )

for all v > 0. In particular, the LHS in the above equality is a bounded function of r.
(2) Let s' be another regular meromorphic section of L such that f(C) ¢ |div(s’)|. Then
we have

Tt (Lps) (1) = T (1) = log [c((s'/5) © £, 0)]oc,
for allr > 0, where c((s'/s) o f,0) denotes the first non-zero coefficient in the Laurent
series expansion of the meromorphic function (s'/s) o f.

As in the complex case, we study the asymptotic behaviour of the height function. The
latter tends to +00 as r — 400 if the holomorphic curve is not constant. Therefore, we
consider height functions associated with different choices of metrics and regular meromorphic
sections as equivalent. Properties of height functions are similar to those appearing in
Diophantine geometry.

Proposition A.2.2. Let f: C — X be a holomorphic curve, where X denotes a complex
projective variety.
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(1) Let (L1,¢1,81), (La,p2,s2) be continuous Hermitian metrised Cartier divisors on
X. Let 142 be a continuous Hermitian metric on L1 & Lo. Assume that f(C) ¢
|div(s1)| U |div(s2)|. Then

Tf7(L1®L2,<P1+2,81®82)(T) = Tfy(Ll,wlysl)(T) + Tf,(L2,¢2,52)(7") +0(1).

(2) Let a: X — 'Y be a morphism between complex projective varieties. Let (L, ) be a
continuous Hermitian line bundle Y and let s be a reqular meromorphic section of L.

Assume that f(C) ¢ |div(s)| and that a(X) ¢ |div(s)|. Then

Tfoa,(L,(p,s) (T) = Tf,(f*L,f*go,f*s) (T‘) + 0(1)

(3) Let (L,p) be a Hermitian line bundle L on X which is globally generated. Let s be
a regular meromorphic section of L. Then the height function T} g, , s is bounded
from below.

In the context of holomorphic curves, Nevanlinna’s second theorem is not known. Its
conjectural statement is known as the Griffith conjecture.

Conjecture A.2.3 (Griffiths’ Conjecture). Let A be an ample line bundle on a complex
projective variety X. Denote Kx = /\dim(X)T)*( the canonical line bundle on X. Let D be a
normal crossing divisor on X.

(1) Then, for any holomorphic curve f : C — X with Zariski dense image, the inequality
myp(r) + Tf iy (1) <exc Olog™ Ty a(r)) + o(log(r))

holds.
(2) For any € > 0, there exists an algebraic subset Z ¢ X such that, for any holomorphic
curve f: C — X such that f(C) ¢ Z, we have

VO R, myp(r) + Trry(r) <exc €lya(r)+C.

This conjecture is known in the case where X is a curve and in the X = P"(C) case (cf.
[Voj97| refining a result of Cartan). In the recent preprint [DH22|], Dong and Hu announced
a proof of the Griffiths conjecture. Unfortunately, there seems to be a gap in the paper.

A.3. Analogy with Diophantine approximation. We conclude this appendix by giving
the idea of the (heuristic) analogy between Diophantine approximation and Nevanlinna
theory. For more details, we refer to [Voj87, BG0G, [Voj10].

Diophantine approximation Nevanlinna theory
Z 0(C)
Q M(C)

{bi : i € I} C Q infinite f € O(C) non constant
1el r>0
{] oo} C S finite set of absolute values on Q {6:0€10,2n]}
Mg~ S {z€R:|z|l0 <7}
|bily, v €S | £(re)] o, 0 € [0, 27]
|bily, v & S ord(f,2), |2|ec < T
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Diophantine approximation Nevanlinna theory
Height Characteristic function
h(bl) - ZvEMQ 10g+ |bZ‘U T(f: 00, T)
Proximity function Proximity function
Va € Q, mg(a,b;) =3 ,cqlog’ ‘bil—a‘v Va € C, m(f,a,r)
Counting function Counting function
Va € Q, Ns(a,b;) =3 ,¢5l0g" ]bi%a]v Va e C, N(f,a,r)
Product formula Jensen’s formula
Y ves log|bil, =0 T(f,00,7) —=T(f,0,7) =1oglc(f,0)]c0
Height theory First main theorem
Va € Q, mg(a,b;) + Ns(a,b;) = h(b;)) + O(1) | YVa € C, T(f,a,7) =T(f,00,7) + O(1)
Roth’s theorem Second main theorem (weak form)
Ve >0,Vm e Z> 1, Vaq,...,a, € Q, Ve >0, Vm € Z>1, Yay, ...,am € C,
i1 m(bi, a;) Sexc (2+ €)h(bi) i=1m(f,a5,7) <exe (2+€)T(f, 00, r)
Defect Defect
Va € Q, §(a) := liminf;es mli((zi-’fi) Va € C, §(a) := liminf, ;o Z}L((]{:o?;

In the line concerning Roth’s theorem, <.y . means that the inequality holds for all ¢ € I
except a finite number.

APPENDIX B. ULTRAFILTERS AND ULTRAPRODUCTS

B.1. (Ultra)filters. Let I be a set. A filter on I is a subset F C P(E) such that
() @ ¢ F;
(ii) for any X,Y € P(I) such that X C Y, if X € F then Y € F;
(iii) for any X, Y € F, X NY € F.

A filter F on I is called an wltrafilter if for any X € P(I), either X € F or I ~ X € F. Zorn
lemma implies that any filter on I is contained in an ultrafilter ([Bou7l], Chapitre I, §6.4,
Théoréeme 1). An filter F on [ is called fixed if there exists an element = € I such that
x € Nxer X. In that case, F is called fired. A filter that is not fixed is called free.

Example B.1.1. Let I be a set. The following F C P([I) are filters on I.

(1) F:=F,:={X € P(I) : x € I}, for any € I. This is a fixed ultrafilter on I.
Moreover, all fixed ultrafilters arise this way.

(2) Assume that [ is infinite and set F be the subset of all subsets of I of finite complement.
This is a free filter.

(3) I = R-g and F is the subset of all subsets of R-y whose complement is of finite
Lebesgue measure. This is also a free filter.

Assume that [ is a topological space and F be a filter on X. We say that x € [ is a limit
point of F if for any open neighbourhood U of x in I, U € F. Note that I is Hausdorff, resp.
compact, iff any filter on I has at most one limit point, resp. has a limit point (loc. cit.,
Chapitre I, §8.1-§9.1).

Let f: I — J be a map of sets F be a filter on I. Then define the pushforward filter

fF ={Y ePJ): f 1Y) e F}.
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It is straightforward to check that f.(F) is a filter on J that is an ultrafilter if F is an
ultrafilter. Assume that .J is a topological space. We say that f admits a limit x € X along
F if x is a limit point of f,F.

Let F be a filter on a set I. We say that F is §-incomplete if there exists a countable
family (X, )nen € F such that MNpeny Xn = 9. For instance, any free filter on a countable
set is d-incomplete ([V&t07], Proposition 4.11). Moreover, the filter F on Rs( defined in
Example (3) is d-incomplete (take X, :=|n, +o0[ for all n € N).

B.2. Ultraproducts. From now on, we fix an infinite set I and U be a free ultrafilter on I.

B.2.1. Ultraproduct of sets. Let E = (F;);cr be a family of sets indexed by I. The ultraproduct
of E is defined as

Ey = I;IE = <H E) / ~us

icl
where ~;; denotes the equivalence relation on [[;c; F; defined by
(xi)ier ~u Wi)ier & i€l x; =y} €U.

B.2.2. Ultraproduct of fields. Let K = (K;);cr be a family of fields indexed by I. The
ultraproduct of the family K is defined, as a set, as
Ky =[] K.
u

It is a standard fact that Kj; is a field. Note that even if the K;’s are countable, the
ultraproduct Kj; is uncountable.

B.2.3. Ultraproduct of topological spaces. Let (£2;);er be a family of topological spaces indexed
by I. Their ultraproduct is defined, as a set, as

Qu = H Qz
u
We equip €%, with the topology generated by ultraboxes of the form
Uq =[] U,
u

where the U;’s run over the open subsets of the €2;’s. Note that this so-called ultraproduct
topology identifies with the quotient topology of the box topology on [];c; €.

Proposition B.2.1 ([Ban77], Appendix 1). Let (;)icr be a family of topological spaces
indexed by I. Assume that the §;’s are all discrete, resp. Hausdorff. Then the ultraproduct
Qs is discrete, resp. Hausdorff.

B.2.4. Ultraproduct of (Borel) measures. Let (€;);cr be a family of topological spaces indexed
by I. For any ¢ € I, denote by B; the Borel g-algebra of ); and fix a Borel measure
vi : B; = [0,400] on €;. For any family £ = (E;)er € [l;er Bi, let Ey =[], E; denote the
corresponding ultraproduct. Then the collection By := (Ey) g—(E,),.,>» Where the families F
are as above, is a g-algebra on (), that identifies with the Borel o-algebra.

Consider the map vy : By — [1]0, +0o0] defined by

VEy =[] Bi € Bu, wu(Ey) = [vi(Ey)).
u
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Then vy, satisfies the properties:

(i) v(2) = [(0)ier];

(i) VE) EZ) € By such that B N ES = @, u(EY UES) = vu(BY) + wu(BY).
We say that vy =: [];, is the ultraproduct of the family (v;)icr (w.r.t. the ultrafilter ).
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