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1. INTRODUCTION

1.1. The moduli space of Abelian differentials. Fix a positive integer g > 1,
and let H = H, denote the moduli space of pairs (X,w), where X is a Riemann
surface of genus ¢ and w is a holomorphic one-form on X. Equivalently, H is the
total space of the Hodge bundle over the moduli space M, of complex curves of
genus g; H is typically referred to as the moduli space of Abelian differentials.

For any (X,w) € H, the one-form w has 2¢g — 2 zeros (counted with multiplicity)
on X. Thus, the moduli space of Abelian differentials can be decomposed as a
disjoint union H = Um€Y29_2 H(m), where m is ranged over all partitiond!] of
2g — 2, and H(m) C H denotes the moduli space of pairs (X,w) where X is again
a Riemann surface of genus g and w is a holomorphic differential on X with n
distinct zeros of multiplicities mq,ma,...,m,. These spaces H(m) are (possibly
disconnected [12]) orbifolds called strata.

There is an action of the general linear group GL3(R) on the moduli space H that
preserves its strata #H(m). This action is closely related to billiard flow on rational
polygons [14,22]24); dynamics on translation surfaces [14,22][24]; the theory of
interval exchange maps [BLI3LI420,24]; enumeration of square-tiled surfaces [5L24];
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942 AMOL AGGARWAL

and Teichmiiller geodesic flow [71[24]. We will not explain these topics further here
and instead refer to the surveys [141[22[24] for more information.

In any case, there exists a measure on H (or equivalently, on each stratum #(m))
that is invariant with respect to the action of SLy(R) C GL2(R); this measure can
be defined as follows. Let m = (mq,ma,...,my) € You_o, let (X,w) € H(m) be
a pair in the stratum corresponding to m, and define k¥ = 2g + n — 1. Denote the
zeros of w by p1,p2,...,pn € X, and let 71,72, ...,V denote a basis of the relative
homology group Hy (X, {p1,p2,...,pn},Z). Consider the period map ® : H(m) —
C* obtained by setting ®(X,w) = (f71 w, [ w,..., fw w). It can be shown that
the period map ® defines a local coordinate chart (called period coordinates) for
the stratum H(m). Pulling back the Lebesgue measure on C* yields a measure v
on H(m), which is quickly verified to be independent of the basis {~;} and invariant
under the action of SLa(R) on H(m).

As stated, the volume v(#(m)) will be infinite since (X, cw) € H(m) for any
(X,w) € H(m) and constant ¢ € C. To remedy this issue, let Hi(m) C H(m)
denote the moduli space of pairs (X,w) € H(m) such that & [, w AW = 1; this is
the hypersurface of the stratum #(m) consisting of (X,w) where w has area one.

Let v4 denote the measure induced by v on H;(m). It was established indepen-
dently by Masur [I3] and Veech [20] that v is ergodic on each connected component
of Hi(m) under the action of SLy(R) and that the volume vy (H1(m)) is finite for
cach m. This volume v; (H1(m)) is called the Masur-Veech volume of the stratum
indexed by m.

1.2. Explicit and asymptotic Masur-Veech volumes. Although the finite-
ness of the Masur-Veech volumes was established in 1982 [I3/20], it was nearly
two decades until mathematicians produced general ways of finding these volumes
explicitly. One of the earlier exact evaluations of these volumes appeared in the
paper [25] of Zorich (although he mentions that the idea had been independently
suggested by Eskin-Masur and Kontsevich-Zorich two years earlier), in which he
evaluates 1 (7—[1(m)) for some partitions m corresponding to small values of the
genus g.

Through a different method, based on the representation theory of the symmetric
group and asymptotic Hurwitz theory, Eskin-Okounkov [I0] proposed a general
algorithm that, given g € Zs1 and m = (m1,ma,...,my) € Yoq_o, determines the
volume of the stratum vy (H1(m)). Although this intricate algorithm did not lead
to closed form identities, Eskin-Okounkov were able to use it to establish several
striking properties of these volumes. For instance, they showed that 14 ('Hl(m)) €
729Q for any m € Ya, o, a fact that had earlier been predicted by Kontsevich-
Zorich.

Once it is known that these volumes are finite and can in principle be determined,
a question of interest is to understand how they behave as the genus ¢ tends to co.
In the similar context of Weil-Petersson volumes, such questions were investigated
at length by Mirzakhani-Zograf in [TI5[1623].

To that end, the algorithm of Eskin-Okounkov enabled Eskin to write a computer
program to evaluate the volumes v (7—[1 (m)) for m € Yp4_o such that g < 10. Based
on the numerical data provided by this program, Eskin and Zorich predicted in 2003
(although the conjecture was not published until over a decade later; see Conjecture
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1 and equations (1) and (2) of [I1]) that

(1.1) vi(Hi(m)) = mGJJ)(g%)),

uniformly in g > 1 and m € Yo _».

Remark 1.1. Eskin and Zorich mention at the end of Section 2 of [11] that their
data suggest that the error on the right side of (II]) should be smallest (over all
m € Yo,_2) when m = 12972 consists only of ones and largest when m = (2g — 2).

Remark 1.2. Tt was observed as a curiosity in Remark 1 of [I1] that the right side of
([T is asymptotically a rational number, while for each m the left side is a rational
multiple of 729 (as mentioned above). Our method will see this as a consequence
of the fact that the Riemann zeta function ((2g) is a rational multiple of 729 but
converges to 1 as g tends to oco.

Remark 1.3. Theorem 2.12 of the recent work of Delecroix-Goujard-Zograf-Zorich
[5] shows that () implies (and is essentially implied by) asymptotics for the rel-
ative contribution of one-cylinder separatrix diagrams to the Masur-Veech volume
of a stratum H;(m). This provides an alternative interpretation of (I.I]).

Before this work, the asymptotic (II]) had been verified in two cases. First, the
work of Chen-Méller-Zagier [3] established (IL1I) if H(m) is the principal stratum,
that is, when m = 12972; this corresponds to the stratum in which all zeros of the
holomorphic differential w are distinct. By analyzing a generating function for the
sequence {11 (7—[1(129’2))}g>1, they show as Theorem 19.3 of [3] that

(1.2) v (Ha(1%97%)) = 2472 (1 - ;Tg + O(g%))

Second, the work of Sauvaget [18] established (LI in the case of the minimal
stratum m = (2g — 2), when w has one zero with multiplicity 2g — 2. Through an
analysis of Hodge integrals on the moduli space of curves (based on his earlier work
[T7]), he shows as Theorem 1.9 of [18] that

(1.3) vi(Hi1(29—2)) = 294_1 <1+O<$>>.

1.3. Results. In this paper we establish the asymptotic (1)) for all strata, as
indicated by the following theorem.

Theorem 1.4. Let g > 1 be a positive integer, and let m = (mq,ma,...,my)
denote a partition of size 2g — 2. Then,

4 22200 4 22200
A T (1— p ) < v (Hi(m)) < T <1+ ; )

Remark 1.5. Observe that the error in (L)) (which is of order %) is in fact smaller

than what was predicted by (II)). However, this is consistent with Remark [T and
([@3). Indeed, the former states that the error should be largest when m = (29— 2),
and the latter states that if m = (2¢g — 2), then the error is of order é. Thus, one

1 .
should expect the error to be of order ¢ for all m, as in (L.4).
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The proof of Theorem [[4] (or in fact the equivalent Theorem below) will
appear in Sections ll and B} we will very briefly discuss this proof (see Section
for a slightly more detailed description) and describe the organization for the
remainder of this paper in Section [[L4l However, before doing so, let us make a few
additional comments about the conjectures in [IT].

Eskin-Zorich made a number of asymptotic predictions in addition to (LI). In
particular, they also have conjectures on the large genus asymptotics for the area
Siegel-Veech constants of the strata H(m). Although we will not carefully define it
here, the area Siegel-Veech constant is a different numerical invariant of a stratum
H(m) of Abelian differentials, and it can be directly equated with several quantities
of geometric interest, such as asymptotics for the number of closed geodesics on a
translation surface [§] and the sum of the positive Lyapunov exponents of the Hodge
bundle under the Teichmiiller geodesic flow [7]. The previously mentioned results
of Chen-Moller-Zagier [3] and Sauvaget [18] confirm the predictions of [IT] on the
asymptotics for these constants (in addition to (L)) for the principal stratum and
the minimal stratum, respectively.

We have not attempted to see whether our methods can be applied to estab-
lish these predictions on the area Siegel-Veech constants in full generality, but let
us recall that the work of Eskin-Masur-Zorich [9] provides identities that express
Siegel-Veech constants of a given stratum in terms of the Masur-Veech volumes of
(often different) strata. By combining these results with Theorem [[4] the fappendix]
by Anton Zorich evaluates the large genus asymptotics for Siegel-Veech constants
counting various types of saddle connections. It might be possible to also use The-
orem [[4] to determine the large genus asymptotics for area Siegel-Veech constants
of some families of strata, but we will not pursue this here.

Remark 1.6. Subsequent to the appearance of this paper, we in [I] established
the Eskin-Zorich prediction on area Siegel-Veech constants for connected strata of
Abelian differentials. After this, Chen-Moller-Sauvaget-Zagier [4] proposed an inde-
pendent and very different algebro-geometric proof of both the volume asymptotic
([T4) and area Siegel-Veech constant asymptotic predicted in [II]. Later, using
both combinatorial ideas from the present work and algebro-geometric methods
from [4], Sauvaget in [19] proved an all-order genus expansion for the Masur-Veech
volume of an arbitrary stratum. In [2L[6], several predictions were proposed for
asymptotics for Masur-Veech polynomials and volumes associated with strata of
quadratic differentials under various limiting regimes.

1.4. Outline. The proof of Theorem [[L4lis based on a combinatorial analysis of the
original algorithm proposed by Eskin and Okounkov for evaluating v (’Hl(m)) in
[10]. However, as mentioned previously, this algorithm is intricate; it expresses the
Masur-Veech volume through the composition of three identities, each of which in-
volves a sum whose number of terms increases exponentially in the genus g. What
we will show is that each of these sums is dominated by a single term, and the
remaining (nondominant) terms in the sum decay rapidly and can be viewed as
negligible. However, instead of explaining this method in full generality immedi-
ately, it might be useful to see it implemented in a special case.

Therefore, after recalling some notation and combinatorial estimates in Section[Z]
we will in Section [B.1] consider the case of the principal stratum, m = 12972, In this
setting, Eskin-Okounkov provide an explicit identity (see Lemma B below) for the
volume 14 (Hl(m)) This identity will retain the complication of involving a large
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sum, but it will allow us to avoid having to implement the three-fold composition
mentioned above. Thus, we will use Lemma [B] to obtain a quick proof of (2]
and, in so doing, hopefully provide some indication as to how one can estimate the
types of large sums that will appear later in this paper.

Next, we will recall the Eskin-Okounkov algorithm in Section and explain
how it can be used to provide a heuristic for Theorem [[.4] in Section B3l The
remaining Sections ] and [B] will then be directed towards establishing the estimates
required for the proof of Theorem [[4] (or rather its equivalent version Theorem

The by Anton Zorich then applies Theorem [[4] to evaluate the large
genus asymptotics for certain classes of Siegel-Veech constants.

2. MISCELLANEOUS PRELIMINARIES

In this section we recall some notation and estimates that will be used throughout
this paper. In particular, Section 2.I] will set some notation on partitions and set
partitions, and Section will collect several estimates to be applied later.

2.1. Notation. A partition A = (A1, Aa, ..., Ag) is a finite, nondecreasing sequence
of positive integers. The numbers A1, Ao, ..., \; are called the parts of A; the number
of parts £(\) = k is called the length of A; and the sum of the parts |A\| = Zle Ai
is called the size of A\. We will also require the (slightly nonstandard) notion of the
weight of the partition, which is defined as follows.

Definition 2.1 ([I0, Definition 4.26]). The weight of X is defined to be wt(\) =
A+ £(N).

For each integer n > 0, let Y,, denote the set of partitions of size n, and let Y, (k)
denote the number of partitions of size n and length k. Further let Y = {J,,~, Y»
denote the set of all partitions. For each i > 1 and any A € Y, let M;(\) denote
the multiplicity of 7 in A; stated alternatively, M;(\) denotes the number of indices
j € [1,€()\)] such that \; = i.

Observe in particular that >~ M;(A) = ¢(\). Furthermore, for any positive
integers n and k, we have that

k! n—1
(2.1) ———— = ( )
Ae%;(k) Hj:l M;(A)! k=1
since both sides of (2I) count the number of compositions of n of length k, that is,
the number of (ordered) k-tuples (ji,j2,. - ., jk) of positive integers that sum to n.
We denote the set of compositions j = (j1, j2, - - -, Jk) of k-tuples of positive integers
summing to n by C, (k). Also denote the set of nonnegative compositions of some
integer n > 0, that is, the set of (ordered) k-tuples (j1, jo,-..,jx) of nonnegative
integers that sum to n, by G, (k). Observe that

22 |Yalk)| < |Cat®)] = (Z: i) G, (k)| = ("Zf} 1).

In addition to discussing partitions, we will also consider set partitions. For
any finite set S, a set partition o = (a(l),a(Q), .. .,oz(k)) of S is a sequence of
disjoint subsets a(¥ C S such that Ule a® = S; these subsets a(? are called the
components of a. The length ¢(a) = k of a denotes the number of components of
Q.
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946 AMOL AGGARWAL

Depending on the context, we may wish to (or not to) distinguish two set parti-
tions consisting of the same components but in a different order. To that end, we
have the definition below; in what follows, &(k) denotes the symmetric group on k

elements.
Definition 2.2. We say that two set partitions o = (agl),agm, . ,agkl)) and
Qg = (aél),aéz), .. .,aék2)) are equivalent as reduced set partitions if k1 = ko and

there exists a permutation o € &(k;) such that agi) = ag(i) for each 1 < i < k;.
However, we will consider them inequivalent as nonreduced set partitions unless
o = Id. For instance, if S = {1,2,3,4}, then the set partitions ({1, 2}, {3,4}) and
({3, 43,41, 2}) are equivalent as reduced set partitions but not as nonreduced ones.

For any positive integers n and k, let P, denote the family of (equivalence
classes of) reduced set partitions of {1,2,...,n} and let P,.; denote the family of
(equivalence classes of) reduced set partitions of {1,2,...,n} of length k. Similarly,
let 9B,, denote the family of nonreduced set partitions of {1,2,...,n} and let P,
denote the family of nonreduced set partitions of {1,2,...,n} of length k.

Furthermore, for any set of positive integers A = (Ay, Aa, ..., Ap) C Zso with
SF A = n, let P(A) = P(Ar, Aa, ..., Ay) = Pral(Ar, As, ..., Ay) denote the
family of nonreduced set partitions a = (a(l), a® ... 7oz(k)) of {1,2,...,n} such
that o has A; elements for each 1 < i < k.

Observe in particular that

(2.3)

fPasl =l = (" ) B U w

AeC, (k)

We say that a reduced set partition ay € P, refines as € P, if, for each agi) € oy,
there exists some aéj ) € ay such that agl) c aéj ). Then there exists a partial order
on P, (and thus one on ,,) defined by stipulating that a; < as if «; refines as.

This allows one to define the notion of complementary partitions, given as follows.

Definition 2.3 ([10, Definition 6.2]). Two reduced set partitions a;,as € P, are
complementary if (cq) + £(c2) = n + 1 and the minimal element of P, greater
than or equal to both a1 and ay is the maximal set partition ({1,2,...,n}). For
any v € P, let C(y) denote the set of reduced set partitions a € P, that are
complementary to .

For instance if n = 5, then ({1},{2},{3,4,5}) and ({1,3},{2,4},{5}) are com-
plementary. However, ({1,2},{3},{4,5}) and ({1,2,3}, {4}, {5}) are not since they
both refine ({1,2,3}, {4,5}).

The following lemma indicates that two complementary set partitions a; and g
are transverse, in that any component of oy can intersect any component of as at
most once.

Lemma 2.4. If a1 € P,, and as € C(ay), then ’agi) N aéj)| <1 for each i,j.
Proof. Denote a1 = (agl),a?), e ,agr)) and ap = (aél),aéz), .. .,aés)), and as-

sume to the contrary that there exist ¢ € [1,7] and j € [1, s] such that ’agi) Oaéj)‘ >
2. For notational convenience, let us set i = 5 = 1.
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We will define distinct indices k1, ko, .. ., ks € [1, s] inductively as follows. First,
set k1 = 1. Now, suppose we have selected ki, ks, ..., kn_1 for some integer m €

[2,s]. Let Rm 1 denote the set of indices ¢ € [1,7] such that a(li) is not disjoint
with 72 a2 ; observe that 1 € R;.

Smce ({1,2,...,n}) is the minimal reduced set partltlon that is refined by
both oq and as, 1t follows that (Jj2, aék ) c Uier,_ ) (and Ujer, . ag) #
UJ 1 gk )). Thus, there exists an index k € [1, s] dlstmct from ki, ko, ..., km_1

such that ag ) is not disjoint with UlGR agi); set k., equal to any such k.

Now observe that ‘R1| < Z(a21 ) — 1, since ‘a ‘ N |a(1 ‘ > 2 and there can be
at most £ (aél)) -2 1nd1ces 1 # 1 such that ag) intersects ozg ). We also have that
(R | < [Rim—1] —l—@( o ) — 1 for each m > 2, since ‘aQ o) NUier,, . al ’ > 1.
Together these estimates yield |Rs| = f(a1) < D77, (é(aéi)) —1) = n—{(az), which

contradicts the fact that £(c;) = n+1—4£(a2) as a; and ag are complementary. O

2.2. Estimates. In this section we collect several estimates that will be used at

various points throughout this paper. In the below, for any integer & > 1, we denote

by ((k) = Z;’;l 4% the Riemann zeta function. Moreover, if ¢ is some constant

and k is some integer variable, then we write ck! to denote c - k! (instead of (ck)!).

For instance, 2k! = 2-k! # (2k) and 2(k—4)! = 2- (k—4)! # (2(k—4))! = (2k—8)!.
We will repeatedly use the bounds

k+1/2 k+1/2
gt 2 <m< T < >
ek ek
(2.4) 1 )
il(k —i)! < 4(k— 1)} [C(k) =1 < 7

1

.
Il

which hold for any nonnegative integer k (and for the last estimate in ([24]) we
additionally assume that k& > 1). The first three estimates in (Z4)) are quickly
verified; let us explain how to derive the fourth and fifth. The fourth follows from
the fact that

E:ﬂ — i)l =2(k— 1)l +( —JJEfk()lgam—D<2+k%—3WE>1)

=1 [

< 4(k — 1),

where in the second statement above we used the fact that minp<;<x—o (f) = (’;)
To deduce the fifth bound in ([2.4]), observe for k € Z~ 1 that

(k) 1| =27F (1 +i G)k> <27k (1 +i G)Q> — 2R (4¢(2) —4) < ;ik

Let us state a further (known) bound that we will also often use throughout this
paper. If n,r are positive integers and {A4;} and {4, ;} for1 <i<nand1<j<r
are nonnegative integers such that 22:1 A; ; = A; for each i, then one can quickly
verify the multinomial coefficient estimate

e Tt a)=( =i )
el A11’A127... Ez 1A117Z Al,2""7Z;L:1Ai,T
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948 AMOL AGGARWAL

Now we have the following lemma bounds products of factorials and this will be
used several times throughout the proof of Theorem B.10l

Lemma 2.5. Let k > 1 and C1,Cs,...,Cy be nonnegative integers with C7 =

maxi<i<i Ci. Fiz some integer N, and let Ay, As, ..., Ay be nonnegative integers
such that Zle A; = N. Then,
k k
(2.6) [JAi+cor< (v + e ] e
i=1 =2

Moreover, if we stipulate that A; are all nonnegative integers; that at least two of
the A; are positive; that C1 = maxi<i<y C;; and that Cy = maxa<;<i C;, then we
have that

k k
(2.7) [[Ai+cr< (N + = DiC + ] Cit

i=1 1=3
Furthermore, if we impose k > 2 and that the A; are all even positive integers
(meaning that N is even) with at least two of them greater than or equal to four,
then

k

(2.8) [[24; = 3)1t < 152N — 4k — 3)!1.

i=1

Remark 2.6. Equality in each of the bounds 26, (7)), and [28)) can be achieved
when one of the terms in the product on the left side is as large as possible. Specifi-
cally, equality in (2.0) is obtained when A; = N and A; = 0 for each i > 1; equality
in (27) is obtained when Ay = N — 1, Ay = 1, and A; = 0 for each ¢ > 2; and
equality in (Z8)) is obtained when A1 = N — 2k, As =4, and A; = 2 for each ¢ > 2.

Proof of Lemma 25 The proofs of ([2:6]) and (Z7) are very similar, so let us omit
the proof of ([2.7)). To establish ([2.0]), we induct on k, observing that the statement
holds if k = 1. Thus, let m > 2 be a positive integer and suppose that the statement
is valid whenever k < m — 1.

Let Cy,Cs,...,C,, be nonnegative integers with C; = max;<;<,, C; and let
Ay, As, ..., Ay, be nonnegative integers such that y ;" | A; = N. Then,
(2.9)
m n m
[I(Ai + Gyt = (Ar + CON J(Ai + Ci)! < (Ay + COUN + Co — A ] G
i=1 i=2 i=3

Since C] = max;<;<m C; and A; < N, we have that

A1+C1—Co A1+C1—C
A+ Cy)! . )
(107|1>: I[I G+e< JI G+N+C—4)
z j=1 j=1
N+ OY)!
(N4 Cy— A

and so we deduce (26) from (Z3]).
To establish (2.8)), we again induct on k. To verify the statement for k = 2, let
A= A; > Ay = B > 4, and observe that (Z8) holds if B = 4. If instead B > 5,
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LARGE GENUS ASYMPTOTICS 949

then
A—-1 B—1
A-3)M@2B-3)=J]@i-1) J]@-1
i=1 i=1
B-1 B-1 .
20+ A—-4)-1
< H 2 —1) 1;[ 22—1)2—%_1
A+B—5
=15 J[ 2i—1)=1524+2B-11)!,
=1

where to deduce the second statement we used the fact that 2(i+A4—4)—1 > 2i—1
for each i € [1,B — 1] (as A > B > 5). Thus, (2.8)) holds.

Now, let m > 3 be a positive integer and suppose that (Z8)) is valid whenever
k <m—1. Let Ay, As,..., A, be positive even integers such that > i A, = N
and such that at least two of the A; are greater than or equal to four; assume that
Ay > Ay > .- > A, so that Ay > 4. Then, we have that

m m—1

24; — 3 = ( 3 TT (24; - 3)!
[I24:=3) 11«
i=1 =1

315(2Am—3) (2(N = 4,) —4(m — 1) = 3)!!
< 15(24,, — )N(2(N — Ay,) — 4(m — 1) — 3)!!

XAﬁ12(N—Am—2m)+2i—1
i 2 — 1
15(2N — 4m — 3)!I,

where we have used the fact that N > A, + 2m (since A; > Ay > 4 and each

of the m — 2 other A; are all positive, even integers and thus are at least equal to
two); this verifies (2.8). O

The following lemma estimates sums of products of factorials and will be used in
the proofs of Propositions 5.1l and 5.3l In what follows, we recall the sets C,, (k) of
compositions and G, (k) of nonnegative compositions, as explained in Section 211

Lemma 2.7. Let L > a > 0 and b > 0 be integers with L positive. For any
composition A = (Ay, Aa, ..., Ap_at1) € CL(L—a+1) and nonnegative composition
B=(B1,Bs,...,Br_qt1) €Gy(L—a+1), let s =s(A,B) € [1,L —a+ 1] denote
the minimal index such that As + 2B, = maxi<i<r—a+1(4; + 2B;), and if L # a,
then let h = H(A,B) € [1,L — a+ 1]\ {s} denote the minimal index such that
Ay + 2By = max;xs(A; + 2B;). In particular, b is an index such that Ay + 2By is
second largest among all A; + 2B;.
Then,

(2.10) 3 3 H (Ai +2By)! _ 2°0%(a + 20)!

A;lB;! alb!
A€eCr(L—a+1) BEG,(L—a+1) =1
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and if L # a, then

(2.11)
L—a+1 L+5
(A; +2B;)!  29EF5(q + 2b)!
2 >, W2+ [T s —m—
A€eCr(L—a+1) BEGy,(L—a+1) i=1

Proof. If L = a, then the left side of [2I0) is equal to (a;r!ilb)! and so ([ZI0) holds.

Thus, we may assume that L > a, in which case ([210) would follow from (2.I1)).
It therefore suffices to establish (2-TTI), to which end we set

L—a-+1
(A; +2B;)!
sebl)= 3 3 B+ JT e
AeCr(L—a+1) BEGy(L—a+1) i=1 v
First observe that, for any composition A = (Ay, Aa, ..., Ar_q4+1) € Cr(L—a+1)
and nonnegative composition B = (B1, Ba, ..., Br_a1+1) € Go(L — a + 1), we have
that
Lﬁ“ A; +2B; _Lﬁ“ A; +2B; — 1\ A; +2B;
+t \4i.Bi,B;) 1t \A-L1B.B) A

L—a+1
a+2b—1 2B;
< 1
<(20) 1 ()
where in the second statement we used (23] (with the n there equal to L —a + 1
here; r there equal to 3 here; the A; ; there equal to A; —1 here; and the 4; 3 = A4; 3

there equal to B; here) together with the facts that EL a+1(A —1)=a—1and
Zleaﬂ B; = b. Hence, since 22t +1 < 2(B; 4+ 1) and a < L < 2% (recall the first
estimate in (24)), it follows that

L—a+1 L
Ai + 2B1 22L(a + 2b — ].
2.12 < —— | |(B; +1).

Additionally, since Ay < L —1 < 2271 we have Ah + 2Bh +1 < 25(By +1).
Together with ([Z12) and the fact that [CL(L —a+1)| = ( ~1) <281 (recall the
first identity in (Z2])), this yields

(2.13)
g(a,b; L)
22 (a +2b—1)! Latt
< > > (Ay+2By+1) [ (Bi+1)
AeCr(L—a+1) BEG,(L—a+1) =1
2L (q 4 2b — 1) Ladt
—_— B 1 B; +1)!.
alb!? AGCLn(llinfaJrl) Z (By +1) U (Bi+1)
BeGy(L—a+1) i=1

To bound the right side of (ZI3]), observe that any B = (B1, Ba,...,Br_q+1) €
Gy(L — a + 1) is uniquely determined an integer s € [0, L — a + 1]; a subset T' =
{t1,t2,...,ts} € {1,2,...,L —a+ 1}; and a composition C = (C1,Cs,...,Cs) €
Cp(s). Indeed, given such an s, T, and C, one produces B by setting B;, = C; for
each i € [1,s] and B; =0 for each j ¢ T
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Therefore, instead of summing the right side of (2ZI3) over B, we can sum it
over all s, T, and C. Denote by C}, by the second largest element in C' (unless
s < 2, in which case set Cj, = 0), and observe that By, < L + Cj, < 2E71(C), + 1)
since @ < L < 2L~1, Thus, since there are (L_SH) < oL+l possibilities for T" and
L — a4+ 2 < 2841 possibilities for s, we find that

L—a+1

g(a,b;L)S% Yoy > Gh+2 H(cl-+1)!

s=0 |T|=s CECy(s)

25L (g + 20 — 1)1 " !
- N 7 7 . |
(2.14) < > > 2 G [T @+
s=0 |T|=s C€eCy(s) 1{;%3
27E+2(q +2b — 1)
< Ch +2)! C;+ 1.
STaE ey 2 @ e
h

Next, if the maximum of the right side of (2.I4)) is taken at s = 0, then the right

S 1 27EF3 (a42b—1)! . ire
side is bounded by =—— 7, and so the lemma holds. Similarly, if it is taken

at s = 1, then C, = 0 and C = (b), meaning that the quantity on the right side

of ([2.I4) is equal to 27L+3(b+(11!é!1(2a+2b71)! < 27L+Z§Z!+2b)!, and the lemma again holds.
Thus, we may assume that the maximum on the right side of ([2.14) is taken at
s > 2, s0 that Cp > 1.

Now we apply (2:6) with the k there equal to s — 1; the C; there each equal to
2; and the A; there equal to the C; — 1 here (for ¢ # h). Since >, (C; — 1) =

b—s—Cjp+1andsince b—s— Cp + 3 < a+ 2b, this yields
(2.15)

27L+s+1(g 4 2b —1)!
Cr+2)!(b-Ch — 3)!
alb!? se[21,1ia32+1] Z (Ch +2) h=s+3)

CECb(S)

g(a,b; L)

IA

28L+1 (g 4 2p)!

< % s 3 (Ch42)b—Ch—s+2).
CeCy(s)

Let us estimate the right side of (ZIH). To that end, observe that there are

s < L+ 1 < 2L possibilities for h € [1,s] and that C), € [1, 2] (since C), denotes

the second largest element of the composition C, which has total size b). Thus,

relabeling C;, = D, summing over all possible D and h, and using the fact that

ICh—p(s—1)| = (b;?gl) < (b;_g) (again due to ([Z2))) yields

(2.16)
L6/2]

29L+1 (g + 2b)!
_ _ _ | |
< PR znia)fzﬂ] E |Cb p(s—1) ’ (b—s+2—-D)(D+1)!

A

g(a,b; L)
99L+1 (g + 2b)! W” b—D -1
e e [2n£a>;+l]z< 7 >(b—s+2—D)!(D+2)!

99+ (¢ 4 2p)! W2
< % > (b-D)(D+2).
o D=1
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To bound the right side of ([2.16)), observe for b < 3 that Zg’fﬂ (b—D)(D+2)! < 3b!
and for b > 4 that

1b/2] -
> (b—D)(D +2)! Z (D +2)!
D=1 D=1

b—3 —1
b+ 2
< 6(b— 1)1+ 251+ (b+2)! ( + )
D=2

D+2
2
<4+ (b+2)1(b ( + > < 100,

where we have used the fact that ming<;<p—1 ( fz) = (g*f) = (b+2) Together with
([218), this establishes the lemma. O

The following lemma also bounds sums of products and will be used in Section
Lemma 2.8. Letn <7 and ki, ks, ..., ky, be positive integers; denote k = Z?Zl k;.
Then,

n k% -2 L2(r—n)
Z H 2¢; — 2)! (27‘ —2n)!"
LeCr.(n) i= 1
Proof. This follows from the fact that
n kzz -2 i
(2r — 2n)! Z H 2, 7)) 7 < (2r —2n)! Z A'
LeC,(n) i= 1 A€Gar_an(n)i=1
2r — 2n L A, 2r—92
= k L— k T n
Z (A1>A27"'>An)H ¢ ,
A€Gar_2n(n) i=1

where in the last equality we used the fact that > ., k; = k. O

We conclude with the following lemma, which also will be used in Section [(.2]
that estimates factorials.

Lemma 2.9. Let k and a be positive integers with k > 2a. Then,
28a(k —1)! 28a(k —1)!
2.17 < =7 o G S A
(2.17) ~ (k—2a)!"’ = (k—=2a-1)V
Proof. We only establish the second estimate in (ZI7), since the proof of the first
is very similar.
meaning that

ifk>2a+1.

2a 1
k2a < 22(1
IT= =<2
=1
from which we deduce the second estimate in (ZIT). If k < 4a, then since & >1

for any i € [2a+ 1,k — 1] and since (k —1)! > 2(§)k_1 (due to the second estimate
of (24)), we have that

2 o1 E 1k_1 1 Kkt eh ! 2k—1 8
|2e < kR = < < 2eRTL L 90
gk—i— [[lk—z Go1)p = 2 = =2
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from which we again deduce (2.17). O

3. EVALUATING THE VOLUMES

The goal of this section is to explain several ways to explicitly evaluate the strata
volumes vy (Hi(m)) for various partitions m. We begin in Section Bl by using
an identity of Eskin-Okounkov [I0] to establish Theorem [[4] in the case of the
principal stratum m = 12972, Then, in Section we recall the general algorithm
of Eskin-Okounkov [I0] that finds the stratum volume v (#;(m)), for any given
m = (mi,ma,...,my,). In Section B3 we outline how to use this algorithm to
establish Theorem [[4] (or in fact the equivalent Theorem [B10]).

3.1. The principal stratum. In this section we establish (L4) when m = 12972
is the principal stratum using an identity of Eskin-Okounkov [I0] that provides
an explicit expression for the volume v (#1(12972)). Following the notation in
[10], we will use and estimate a quantity c¢(m) instead of the Masur-Veech volume
v1(H1(m)). In view of Remark 2 of [I1], the two quantities are related by

(3.1) vi(Hi(m)) = 2¢(m + 1),

where if m = (my,ma,...,my), thenm+1=(m;+1,ma+1,...,m,+1); we can
take (BI) to be the definition of c(m + 1).

The below Lemmal[3] which originally appeared as Theorem 7.1 of [I0], yields an
identity for ¢(2,2,...,2) (for any even positive integer n) that will be asymptotically
analyzed in PropositionB.2} this will imply (4] in the case of the principal stratum.
In what follows, we define the quantity (which was originally given by Definition
6.6 of [I0] and will also appear later)

(3.2) 3(k) = (2 - 22_k)<(k)1k€22205

where ((k) denotes the Riemann zeta function and 1 denotes the indicator for
any event F.

Lemma 3.1 ([I0, Theorem 7.1]). For any even positive integer n, let k = k,, denote
the partition 2™ = (2,2,...,2), in which 2 appears n times. Then, we have that

(Kp) = n! Z (- 61(_[;0(2 i — 33 (s)
R R CIRIMEI | EATAIE S R
1 Even

where p is summed over all partitions of n + 2 with only even parts and we recall
from Section 211 that M;(u) denotes the multiplicity of i in .

Using Lemma 3.l we will establish the below proposition, which verifies Theorem
[[L4l in the special case of the principal stratum.

Proposition 3.2. For any positive integer g > 1, we have that

(3.3) ‘229—% (H1(1%972)) — 1‘ <2
. 1 1 = q :
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Proof. Throughout this proof, set n = 2g — 2. Combining (B.]) and Lemma [3.1] we
deduce that

(3.4)

_ n n—1 n=1.1 (_1)“”)71
vi(Hi(1")) = 2" te(ky) = 2" 'nl Z (2n — £(p) + 21 TI2, M;(p)!

[H|E€EY nto
n Even
()
< [ ] @i —3)13(m)-
=1

Let us begin by removing the one-part partition g = (n+2) from the sum on the
right side of (34). To that end, observe that the contribution of the p = (n + 2)
term (which satisfies ¢(u) = 1) is equal to

27~ Ipl(2n + )N
(2n+1)!

3(n+2)
2
=(1-2"""(n+2) e[t -2 14277,

3(n+2) =

where to deduce the last statement we used the last estimate of (2.4]).
Thus, it follows from ([34]) that

()
1
2" 2y (H1 (1™ —1‘<2"—1! S 20 — 33 (i
Vl( 1( )) S n ‘ g (2n—€(,u)+2)! };[1( K M3 (ki)
(35) IU;LEVTS;Z)
L(p)>2
_'_21771.

It remains to show that the sum on the right side of B.3) is O(L), to which
end we will divide this sum into two contributions. Specifically, for each integer
r>2 let £ = ¢ = (51,52,...,&) denote the partition of length r such that
Gi=n+4-2rand & =& = =& = 2. Set == {¢@ O /24D
Furthermore, for each r > 2, let Q(r) = Q,(r) denote the set of partitions pu =
(1, 12y« -« s por) € Yyq0 such that €(u) = r; each u; is even, and p ¢ =. The last

condition is equivalent to po > 4 and implies that £(u) < 5
Then B3] implies that

(3.6) 272y, (H, (1)) —1‘
where
£(p)
¢ =2""tnl Y | [ (2 — 3)"3(pa);
/; (2n—€( )+ 2)! pale
n/2 r
= 2"~ 1pl 20 — 33 ().
nzz > 2n—r—|—2) H(u )3 (1as)
r=2 peQ(r) =1
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Let us first estimate ;. Since Z(f(r)) = r for each integer r > 2 and 3(k) < 4 for
each k > 2 (in view of the last estimate in (2Z4])), we find that

(3.7)
< 2"~ 1n|n/z23r1 22T —47“+5)!
(2n—r+2)!
s 1n'"/§fl 927 (2 — 47 + 5)!
= 2" 2r+2(n — 2r + 2)1(2n — r + 2)!

Y2 gastl(2 — 454 1))

=n!
— (n—25)!(2n — s+ 1)!
n/2 2s—1 . s—1 n/2 s 10
— 1 16 2
=) odstl nTe <2 2) <i-
; g2n—28+1—ig2n—s+l—i_ ; n - n’

where we set s = r—1 and used the facts that m <1 for each i € [0,2s —1]
and that 2n — s+ 1 —14 > n for each i € [0,s — 1] and s < 5.

Next we bound €5. To do this, let us apply Z8) with A; = u;, k¥ = r, and
N = n+ 2 to deduce that max,cq) [[;_; (21 — 3)!! < 15(2n — 4r + 1)!! (since
p1 > po > 4). Combining this with the fact that 3(k) < 4 (which follows from the
last estimate in (24]), as above) yields

n/2

< on- 1”‘2 Z n_r+2 HZ/“
r=2 pneQ( r) i=1
n/2 or

227|Q(r)|(2n — 4r + D)
n+3 n!
=2 Z (2n—r+2)!
Since ’Q(r)| < Y, 2(r) ’ < (r /2) < 11),(”)“1 (here, we recall from Section

21 that Y, (k) denotes the number of partitions of size n and length k, and we are
using the first estimate in ([2.2])), it follows that
n/2 1
(2n)"1(2n — 4r + )N
@, < 2"Hon)
Z (r=1!'2n—r+2)!

n/2 e
—2"+5n'z (2n)"~1(2n — 4r + 1)!
- er—l N(n—2r)1(2n —r + 2)!
n/2 87— 1 n’— 1 1
= 128n!
nz (r—1)! n—ZT'H n—r+2—j
Therefore, since ("n!frfl n=2 HJ on+r+1—j) (sincen+r+1—j>n for
j €10,r]), we obtain
(3.8)
128 2 sr L nhrt1—g 1282 sl 19865 219
€2<_2 |H <_2 'S 2 <_2;
n? = ( 7“—|—2— n? = (r—1)! n n
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where we used the facts that % < 1 for each r < § and that e < 23/2 to

deduce the fourth and fifth inequalities, respectively. Now the proposition follows

from (B6), (370), B.8), and the first estimate in (24). O

The method used to establish Proposition will be used many times in the
proof of Theorem [[L4l Upon encountering a large sum, such as the one that appears
on the right side of [3.4), we will sometimes remove a leading order term that should
in principle dominate the sumP This is analogous to the removal of the = (n+2)
term used to establish (B5]) from (B4)).

It will then remain to estimate the error, which is still a sum with many sum-
mands. In some cases, we will remove a few “exceptional summands” from this
sum, whose contribution can be estimated directly (in the proof above, these were
the £("), and then partition the remaining summands according to a certain statis-
tic. In the proof above, this statistic was the length of the partition (although it
will not always be in the future), which led to the partition Ufi 22 Q(r) of the “non-
exceptional summands”. We then bound the sum over each part using the largest
possible value of a summand, and then sum over all parts to estimate the error.

Remark 3.3. Through a similar procedure as used in the proof of Proposition B.2]
it is also possible to obtain the second order correction to vy (7—[1(129*2)), as in the
asymptotic (L2)) of Chen-Moller-Zagier [3]. Although we will not pursue a complete
proof here, it can be shown that the second order correction in the sum on the right
side of (B3] occurs at p = £?) = (n,2). In this case, £(u) = 2 and this correction
becomes

et 2n=3@)5(n) _ 2mal(1 = 2 (20 = 3)C)C(n)

(2n)! N 2n=2(n — 2)!(2n)!
O B
2n 24g’
where we used the fact that ((2) = 7'6—2 and n = 2¢g — 2. This matches the second
order correction —% appearing on the right side of (2.

3.2. The Eskin-Okounkov algorithm. In this section we explain the algorithm
of [T0] that evaluates the quantity c(m) for any m with mq,ma, ..., m, > 2. Recall
from @BI) that 2¢(m) = v1(H1(m — 1)) and thus that any Masur-Veech volume
can be directly expressed in terms of such a quantity. As mentioned in Section [[.4]
the algorithm that determines c(m) essentially proceeds through the composition
of three identities.

We begin with a countably infinite set of indeterminates {p1, p2, ...} and consider
the algebra A = C[py, po,...] that they generateE Two of the three identities will
define a multilinear form (-|...|-) : A™ — C, the first of which will define the form
on the subset of A given by the vector space spanned by pi, ps,.. ..

In particular, we have the definition below, which essentially appears as Theorem
6.7 of [I0]. In what follows, we recall the notions of reduced set partitions (as
explained in Section [Z]) and the definition [B.2]) of 3.

2In some cases this will not be done, if our goal is to bound the sum instead of approximate it.
3In [10], the indeterminates {p;} are shifted power sums, and A = A* is the algebra of shifted
symmetric functions. However, these facts will not be necessary for us to state the algorithm.
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Definition 3.4. For any reduced partition a@ € P, let A(a) = gg(a)_g(é(a))
denote the set of £(a)-tuples of nonnegative integers (dy,ds,...,dyq)) such that

S d; = (a) —

For any sequence of n positive integers m = (my, ma,...,m,) € 75y, define
(3.9)
(m) = (malma| -~ [mn) = Py Pma| - Pm,) = Imll3(Jm] = n +2) + E(m),
where |m| =", m;, and E(m) = E(mq, ma, ..., my) is given by
Em)= > (1)1 (t(a) —2)!
aEP,
L(a)>2
(3.10) o)
< 5 T Lol (Jmao] - [0 — -+1).

deA(a) i=1

In (39), we have denoted o = (a( Jua®@uU---U a(é(a))); |a(i)’ by the number
= > jcat» M;. Observe that each
summand on the right side of ([B.I0) is well-defined since it does not depend on the
representative of the equivalence class of a € P,,.

Remark 3.5. In Theorem 6.7 of [10], the ¢(c)-tuple d = (di,ds, ..., dys)) was not
summed over A, but instead only those elements of A such that ’mau) — |oz(i)‘ —
d; + 1 is even. Due to the definition (2] of 3, one quickly verifies that it is only
these elements of A that contribute to the right side of (BI0).

of elements in the component a(?: and |ma(i>

Remark 3.6. For any a € P,,, observe from the second identity in (Z2) that
20(a) — 3 o0
11 Ala)| = < 92((a)
(8.11) ’ (a)‘ <€(a)—1) -

Now we must extend the inner product partly defined in Definition B.4] to all
of AF, which will be done through the second identity, given by the definition
below that essentially appears as Theorem 6.3 of [I0] (under the name of a “Wick-
type identity”). In what follows we recall the notion of complementary set par-
titions explained in Definition 3] and we let py = Hf(:)‘l) py, for any partition
A= (A1, A2,..., Agn)) € Y; observe that the {px}acy generate A and thus it suf-
fices to define the inner product on any family of pj.

Definition 3.7. Fix partitions A1), A2 . A" € Y; set L; e 1€(A(i)) for

each j € [1,n]; and denote Ly = 0 and L = Ln. Let p = ( (1),p(2), S pn ) € Prn

denote the reduced partition of {1,2,..., L} such that p® = {Li,l +1,L;_1 +
., L;} for each i € [1,n]. Define

L—n+1
(3.12) (Pro[pae |- Ipaen ) = Z H Aato))
acl(p) =1
where the sum is over all reduced set partitions o = (04(1), a® 701(L7n+1)) € P

that are complementary to p, and A, C Z>; is a set of |a(i)’ integers defined as
follows. We stipulate that a positive integer u is in A ) if and only if there exist

€ [1,n] and k € [1,£(AY))] such that u = )\,(cj) and L1 +k € a(¥. Observe
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that the product on the right side of ([B.I12)) does not depend on the representative
of the equivalence class of «. Now, using (8:I1Z), extend the inner product (-|...|[)
by linearity to all of A™.

For instance, if n = 3, p = ({1,2,3}, {4}, {5,6}), and a=({1,4},{2,6}, {3}, {5}),
then (Lo, L1, L2, Ls) = (0, 3,4,6) and

X = A2 e = AP Ae = () daw = (0.

The corresponding summand in ([3.12]) is then <)\g1) |)\g2)><)\él) |)\é3)><)\é1)><)\§3)>.

The quantities ¢(m) will not be directly expressed in terms of inner products of
the py, but rather in terms of inner products of a different family of elements of
fr. € A. The third identity, which appears as Theorem 5.5 of [10], expresses these f
in the {py} basis. In what follows, we recall the notion of the weight of a partition
from Definition 211

Definition 3.8. For any integer k& > 2, define the function f througlﬂ

1 k L(N)—1
(3.13) fp = - A)Zk 1_([ 1)M( )'p,\
+1 the=

Using the above definitions, we can express ¢(m) as an inner product through
the following proposition, which follows from combining equation (1.8), Theorem
5.5, Definition 6.1, Theorem 6.3, and Theorem 6.7 of [10].

Proposition 3.9 ([I0]). Let m = (my,ma,...,my,) € Y be a partition such that
mi, Mo, ..., my, > 2. Then,

c(m) = ﬁ<fml Hmzl e |fmn>

The goal of the remainder of this article is to establish the following theorem,
which in view of (B implies Theorem [

Theorem 3.10. Let g > 1 be an integer and let m = (mq,ma, ..., my) € Yog4n_o
be a partition such that m; > 2 for each i € [1,n]. If we denote Fy, = kfy for each
k> 2, then

(3.14)

(FonslFonl =+ 1 F, ) = 2]t | < 25 (jm] = 1)1

In particular, since |m| =2g+n —2 > g, we have that

Hml—2

3.3. Outline of the proof of Theorem BI0L Let us briefly indicate why one
might expect the estimate (3I4]) to hold.

First, using the identity F = kfi and the definition BI3) of f, observe that
(Fmi|Fmzl -+ |Fm, ) can be expressed as a linear combination of inner products
of the form <p>\(1> Ipac |- Pa ). One of these terms is (pm, |Pms,| - - [Pm,, ), which
occurs when A\ = (m;) for each 4; it is quickly verified that this is the term
corresponding to the maximal value of the total size ) ., ‘/\(i)‘.

200
22

41n [10], the functions fz denote the highest weight part in the expansion of certain (normalized)
characters of the symmetric group in the shifted power sum basis {p)}. However, this fact is again
not required to state the algorithm.
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We will establish that this term in fact dominates (Fpn, | Fm,| - - - |Fm, ), that is,

<]:m1|]:m2| e |]:mn> ~ <pm1|pm2| T Ipmn> = <m>
To analyze the latter expression, recall from ([B:9) that
(m) = |m[l3(|Im| —n +2) + £(m),

where £ is defined by [BI0). We will show that, if m does not contain any parts
equal to one (which is the case in the setting of Theorem BI0), then £(m) is of
smaller order than |m|l. Therefore, (m) ~ |m|3(|m| — n + 2); since 3(k) = (2 —
2277)((k)1keoz., =~ 2 for k large and even, this would show (Fpn, [ Fin,| -+ - [ Fm,, ) =
(m) ~ 2|m|!, as in Theorem B0

To fully justify this procedure will require some additional bounds. Specifically,
we will begin in Section M by estimating the inner products (m) for partitions
m = (my,ma,...,my). If each m; > 2, then Lemma 1] will verify the above
statement that £(m) = O((|m| — 1)!). However, this will not quite suffice for our
purposes. Indeed, although the partition m in the statement of Theorem B0 has
all parts at least two, it is possible that when we use [B.I3]) to express F as a linear
combination of the p) that some of these p) will have some parts equal to one.

Therefore, we will still be required to bound (m) in the case when some parts of
m are equal to one. In this case, we are in fact not certain if £(m) = O((|m| —1)!)
holds, but we will establish a weaker bound for this quantity as Proposition [4.2],
which will suffice for our purposes.

Next, we must bound the more general inner product given by [BI12)). To gain an
initial idea for how these bounds should look, one might first attempt to understand
the contribution of any one summand to the sum on the right side of (B1Z). For
simplicity, let us suppose as above that the ideal approximation

|

<ma(i)> ~ Q‘ma(i)

holds. In this case, each summand on the right side of (312]) becomes approximately

gL—ntl [Th ! |my |1, which can be shown to be bounded by 25X~ (|m| — L +

n)!.

) This heuristic holds for any individual summand in ([B.12]). However, if the terms
defining the sum on the right side of (812)) decay sufficiently quickly, then one might
expect it to in fact be possible to estimate the inner product on the left side of (B12)
by CE=F1(|m| — L + n)! for some constant C. We will be able to establish such
an estimate through a more careful analysis, as we will see in Proposition [5.1] and
its refinement Proposition (.3 below.

Once the multifold inner products (pya|pae |-+ |pac ) have been appropri-
ately estimated as indicated above, we will be able to justify the approximation
(For|Final -+ 1 Fmn) = (Pmi|Pmsl - |Pm,, ) and conclude the proof of Theorem
[BI0 in Section

50bserve that this heuristic does not use the multifold inner product given by BI2) (in the
generic case when at least one of the A there has at least two parts). Indeed, this will be due
to the fact that the sum of these terms will not contribute in the large |m| limit.
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4. ESTIMATING (m)

In this section we estimate £(m) as |m| tends to oo. Specifically, in Section [£1]
we bound this quantity in the case when m has no parts equal to one, and in Section
we establish a weaker bound for this quantity when some parts of m equal one.

4.1. The case when each m; > 2. Our goal in this section is to establish the
following lemma, which estimates £(m) when each part of m is at least two.

Lemma 4.1. Let n be a positive integer, and let m = (mq,ma,...,my) be an
n-tuple of integers with each m; > 2. Denoting |m| = Y ;" m;, we have that
|E(m)| < 240(|m| — 1)L

Proof. Observe by the definition (3I0) of £(m), we have that

E(m)| < Z Z H|ma(;>|'3 (|mau)| |ov (j)}—dj+1>.

a€Pnp deA(a) j=1
L(a)>2

Applying the fact that ’ 3(k)| < 4 and BII), we deduce that

()
£(m)| < Z 24z(a) ) —2)! H|ma(])|l
;(5)7;2"2

Setting /() = r and applying the first and third identities in (Z3]) yields

i[M]=

Z 247" — H ‘ma(J)"

=2 a€Pp;r

1"—1 Z H|ma(”|'

ae‘l?n rJ=1

oD 2 X [T mao -

éecn(r) acP ) j=1

3

/\
e
il

S~—

|

%
||
o

Il
513

ﬂ
I|
)

Now, for any composition ¢ € C,(r), let s = s(¢) denote the minimal index
s € [1,7] such that £, = maxy<j<, ¢;. Then, since 7, |mqm| = Im|; Y1, & =n;

and |m i (since m; > 2 for each i € [1,7]), (26) applied with C; = 2¢; and
A, = ’m — 2¢; yields
49 1< (Im| — 2n + 20 20,)!.
(4.2) Jélq?)i) H Mo |! < (Im] —2n+ 2¢,)! 1<Hi<r( )
i#s
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Applying the second identity in (23] and ([@2]) in (1) yields

n 247" n
< —2n+20,)! 20;)!
|£(m)| *ZT(T‘—l) Z <€1a£27~'~agr>(m nt2t) H )
=2 0€C, (1) lsisr
i#s
n 2n—20,—1
n! 3 1 (24;)!
(4.3) Z oo 2 o o= 7
—2 EeCn(r) i=0 lsisr
i#s
n 9dr n! HT»,I G o0,
<2 -y — — o Z
- n(|m| ) Z:Q r(r—1) ze; (2n)! 1:[ (Ei >7
rT= n 7") i=1
where in the last estimate we used the fact that
2n—20,—1 2n—26,-1
5 1 2 - 1 2 21&- '
H - < an H — n(2Ls) , since |m| > 2n.
|m| —¢ = |m)| 2n—i  m(2n)!

=0

Since [];_, (222) < (*™) (due to [ZH)), we deduce from (Z3) that

o] < 2n(ml - 112" Y L e

r=2 LeCy (r) T =1

n 4T7" n—r !
(4.4) < an(jm| - 1ry] FH T

r=2

| < 4r ngl 4!
+2n(m| 1)1y 2 YT e
r=2 LeCrn ()
maXi;£g fi 22
where the first sum on the right side of ([4]) corresponds to “exceptional” composi-
tions ¢ € C, (r) with one part equal to n —r 4 1 and the remaining r — 1 parts equal
to one, and the second sum corresponds to the remaining compositions (which must
satisfy max;zs {; > 2).
Applying (£4), [22)), and 7)) (with A; = ¢; — 1 and C; = 1) we obtain

" tr(n —r !
E(m)] < 2n(m] — 1)1y 2= r L

= n!
n
+ 2n(jm| — 1)!2247"’0"(7‘)‘ max ]7‘
(4.5) r=2 mfiii(er‘)» "

n n
1672y 16"(n—r)! fn—1
< 512 — 1 ! 4 — 1 !
(ml =13 gy +anml =1 3 R (07 )
< 215616(|m| _ 1)|7
from which we deduce the lemma, since e < 23/2. O

4.2. The case when m has parts equal to 1. Our goal in this section is to
establish the following proposition that estimates }5 (m)| when m has some parts
equal to one.
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Proposition 4.2. Let k < n be positive integers, and let m = (my,ma,...,my,)
be an n-tuple of positive integers with at most k parts equal to 1. Denoting |m| =
Sor 1 ms, we have that |E(m)| < 278 |m.

For the remainder of this section we will for notational convenience assume that
Mp_kt1 = Mp_kt2 = -+ = my, = 1 and that m; > 2 for each 1 < i <n — k. We
begin with the bound below.

In what follows, for any nonnegative integers u,r < n, let U,,..,, denote the set
of nonreduced set partitions a = (a(l),a(z), .. .,oz(r)) € Bp,r with the property

that a9 contains at least one element in {1,2,...,n — u} for each i € [1,7] or,
equivalently, no a(*) is a subset of {n—u+1l,n—u+2,...,n}

Lemma 4.3. Let k < n be positive integers, and let m = (mq,ma,...,my,) be an
n-tuple of positive integers with my_g11 = Mp_g12 = -+ = my = 1 and m; > 2

for each 1 <i<n—k. Then,

(4.6)

ETSIES 3 seeul () ot Loy R SRS | (CO00

r=2s=0 t=s A€V _tir—sik—t J=1

Proof. Recalling the definition ([BI0Q) of £, applying the first identity in (23)), and
setting r = ¢(«) yields

(4.7)

Z:: DS T I 1 (fracs | ~ [0~y +1).

aEmn rdeA(a) j=1

In order to analyze the right side of (7)), we will fix which components of «
are subsets of {n —k+ 1,n — k + 2,...,n}; this will correspond to understanding
when |[m,m | = |a(k)| (the cardinality of a(®)). To that end, let s < r and t < k
be nonnegative integers; s will denote the number of components in « that are
contained in {n —k 4+ 1,n — k+ 2,...,n}, and ¢t will denote the total number
of elements in these components. Also let C' = (C1,Cq,...,Cs) € Ci(s), and let

T = (i1,12,...,1s) denote an s-tuple of positive integers such that 1 < i; < ip <
- < iy < r. The sequence Z will specify which o) are contained in {n—k+1,n—

k+2,...,n}, and the composition C will specify how many elements each of these
QRN

@ as.

Now, let us define 8&,.,.(C;Z) to be the family of nonreduced partitions o =
(a(l), a® oz(r)) € B such that the following holds. First, for each 1 < j <'s,
we have that o(%) C {n—k+1,n—k+2,...,n} and |a(ii)| = C}. Second, for each
i€ {1,2,...,r}\ {41,%2,...,is}, the component a?) contains at least one element
less than n — k + 1. Thus, 8&,,,(C;Z) identifies which components of « are subsets
of {n—k+1,n—k+2,...,n} and also identifies how many elements they have.

Observe that

“UU U U fwleD),

=01=s CeCy(s) |T|=s
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which upon insertion into (@7 yields
(4.8)

n T k

VD ID DD ZHI%M'

r=2s=0t=5s CeCy(s) |Z|=5 a€Rpn;r(C;I) dEA(cx

x H5 (Imac | = 0] - d; +1)

n o r k

=222 > > 2 ZHC'Hal—

r=2s=0 t=s CeC4(s) |I|=5s a€Rn;r(C;I) dEA(cx i€l

X H g !3(’m

1<i<r
i¢T

—|al)|—di+1),

where we have used the fact that m,_p41 =mp_gr2=---=m, = 1.

To further estimate the right side of ([.8]), first observe that the summand on the
right side of (@8] does not depend on the choice of Z C {1,2,...,r} with |Z| = s.
Thus we can fix Z = 7 = J, = {1,2,..., s} and multiply the summand by (7).

Further observe that 3(1—d;) = 14,—1, since 3(k) = 0 if & is either odd or negative
and 3(0) = 1. Thus, let Az(a) € A(a) denote the subset of (di,da,...,dya)) €
A(a) such that d; = 1 for i € Js.

Inserting these two facts and the additional fact that |A 7 ()| = (2“0‘)_25_3) <

l(a)—s—2
220(a)=2s — 92(r=9) (see (FIT)) into @) yields

(49) 2224<”>()zz > I[e I I

r=2 s=0 t=s CeCy(s) a€ERp;r(C;T) 1=1 1=s+1

where we used the bound (due to the last estimate in [24])) 3(k) < 4 when i ¢ J.

To proceed, observe that any o € R®,..(C;J) can be identified as an ordered
union o/ Uy Ul U+ - -UUs, where the UY; are disjoint subsets of {n —k+1,n—k+
2,...,n} such that ’L[l‘ = C; for each i € [1, 5], and ' is a nonreduced partition of
{1,2,...,n}\U._; Ui, none of whose components is a subset of {n —k+1,n—k+
2,...,n}. Since the rightmost summand in (£9)) does not depend on the explicit
choice of the U; satisfying these properties, we can fix some choice of the U; and
multiply the summand on the right side of (£9) by the number of such choices,
which is (, 4.Ch 22, C ) If we fix J,_, Uy ={n—t+1,n—t+2,...,n}, then o/
becomes a member of ‘Bn,tyr,s,k,t

It follows upon insertion into (€3] that

(4.10)

ZZTM S’()Z > > <k;_t,cl,k02,...,cs>

r=2s=0 t=s CeCt(8) a€EVp_t;r—sik—t
S rTr—S
X Hci! H oo |-
=1 =1

Now the lemma follows from (I0), the fact that the summand on the right side

of [@I0) does not depend on C, and the fact (from (22)) that ‘Cs(t)‘ < (zj) O
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Now we can establish Proposition in a similar way to how we established
Lemma [A£T1

Proof of Proposition 2. We will begin by rewriting the sum over « in ([@6]). To
that end, for any o = (a(l),a(Q),...,a(T*S)) € Vp_tr—sk—t, define g = B(a) =
(6(1),5(2), ... ,,B(T_s)) € PBrrrs by 8O =a@n{1,2,...,n — k} for each 1 <
i < r — s; observe that no B(i) is empty since o € Uy,_4;p—s5;5—¢. Further define the
(possibly empty) sets T1,T2,...,Tr—s by Ti = Tila) = oD n{n —k+1,n -k +
2,...,n —t}; then the 7; are disjoint and satisfy |J;_;7: = {n —k+1,n—k+
2,...,n—t}.

Any o € U,,_¢.p—sk—+ can be uniquely recovered from f(a) € Pp_kr—s and
disjoint family of sets T = (71,72, ..., Tr—s) such that J,_{ 7o = {n —k+1,n —
k+2,...,n —t}. Thus, instead of having the sum on the right side of (L&) be
over all & we can therefore take it over all 5 and T satisfying the above conditions.
More precisely, let ¥,._(n; k;t) denote the family of all (r — s)-tuples of disjoint
sets T = (T1,72,..., Tr—s) such that U:_lsT ={n—-k+1ln—k+2,....,n—t}
We find from (6] (and the fact that oot = 1! ( )) that

(4.11)
- Z T k —
soml < 32 (1) 32e(5) (1))
D SR S | |

BEPn—kir—s TET,_s(nsk;t) i=1

i)

+|7;| since My 1 = My—pq2 =

where we have used the fact that ‘mau) = ‘mﬁm

=Myt = 1.

Now observe that, for fixed 3, the summand on the right side of (£II]) does not
depend on the explicit choice of 7 but only on the sizes |7;|. Thus, for any non-
negative composition A = (Ay, Aa, ..., Ar_s) € Gr_t(r — s), let T(A) = T(A;n;k)
denote the set of all T € T,_;(n;k;t) such that |T;| = A; foreach 1 <1i <r —s.
Using the last identity in (2.3) and the fact that T, _s(n; k;t) = Uacg, ,—s) T(A),

we deduce from (LI1) that

£E (00

r=2s=0 t=s

D D I SRS S | [

BeC,,_k(r—s) BE‘,B(B) A€GK_t(r—s)Te

- ()20

k—t r—s
’ Z Z Z (A1,A2,...,Ar_s) H (’mﬁ@') -i-AZ)!7

BEC,, _(r—s) BEP(B) A€Gk_1(r—s) i=1

!
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where we have used the fact that |T(A)| = ( k_tA ). So, in view of the
estimate (i:i) < 2t < 2% we have that

|&(m) <2’%!ZZz4<T S>( )

r=2s=0

3 oy oy oy qpleet)

=5 A€Gr—t(r—s) BECh_k(r—s) BEP(B) i=1

Using the fact [B(B)| = (B1 B:i.kB,.,) (recall the second identity in ([Z3])), we

deduce

(4.12)

CIEEE0 9 el (SD oD VERNED DR (RN

r=2 s=0 =$ A€Gy_1(r—s) BEC_k(r—s)
s ( .)'
i)}
X max

BEB(B) 1 A;l '

Next we use ([2:6) with their A; and C; equal to our ‘mW) i
respectively (which we may do since m; > 2 for each i € [1,n — k]). Setting
h=H(A,B) € [1,r — s] to be the minimal index such that

Ah -+ 2Bh max (Az + 2Bi),

’L rT—S

we deduce from (£I2)) that

(4.13)

|E(m)| < 2’%!2224(7“ s)( ) Z Z Z (Bl,BZi.k,Br_s)

r=2s=0 t=s A€G_(r—s) BECy_(r—s)
rT—S8 1
x (ml = k=2~ k) + Ay +2B) [T TT (4i+2B:),
i=1"" 1§i§r—s
1#h

where we have used the fact that > .} ( ) =|m|—k—2(n—k).
Since |m| —t > 2n — k —t > Ay + 2By, we have that

2n—k—t—Ay—2By—1

1
(Im| — k — 2(n — k) + Ay + 2Bg)! = (Im| — t)! 1}) g
2n—]€—t—Ah—QBh—1 1
— ! - - @
< (Iml = 2)! 1}) m—k—t—i
_ (Im] —)!(Aq + 2Bp)!
N (2n —k —t)! ’
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so it follows from ({I3) that

nL ) [T k ‘m‘_t)
|E(m)| < Qkk!;ggzx( >(S> ; o
(A; + 2B;)

x Z Z H A+'B'

A€GK_t(r—s) BEC,_(r—s) i=1

Using the fact that k! = tI(k — t)'(’;) < 2kl(k — t)! for any 0 < t < k, we deduce
that

(4.14)

k
<4’“ZZ24<’“ ‘?)( )Zt' Im| —t)!
t=s

r=2s=0

(k = (A +2B;
) Z Z (271———7521_[131'11_[1 <Ai,Bi,Bi)

A€Gk_¢(r—s) BEC, _k(r—s)

S4k n 24(7« S)()Ztl |m|—t
r=2 s=0
1 r—s
D S S I

A€Gy_t(r—s) BEC,_k(r—s) i=1

where we have used the fact that [];_; ( ji 22?3) < ( k_f’;;_k,;f_ k), which holds due

to [2H), since >.\_[A;=k—tand >, Bi=n—k.

Now, since maxpec, ,(r—s) [ ;1 Bi! < (n k—r+s+1)! by (2.6) (applied with
each A; equal to B; — 1 and each C; equal to 1); since ‘Cn,k(r — s)} = (:f:’;:ll)
(where if r = s we replace this quantity by 1) from the first statement of ([2.2); and
since |Gp—i(r—s)| = (k_i'::i_l) < 2875 from the second statement of ([Z.2), we
deduce that

(4.15)
"< r\ < n—k—1\(n—k—r—s+1)!
m)| < 23k;§)25(r—s) (S) ;t!(\m\ _t)!<7=_5_ 1)( . +1)
P& r 1
< 23421 Z::O ;25@75) <S> P
P r 1
= 2382 |1k + 1) 4+ 232 |m)! Z Z 25(r=s) (S) 7(7“ —

s=0r=s+1
< 24k+2|m|!—|—23k+7|m|!(51 "1‘52),
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where we have used the facts that Z‘ml (|m| —t)1t! < 4m! and k + 1 < 2% (which
follow from the fourth and first estimates in ([2.4]), respectively), and we have de-

noted
ko 3k , 1
& = 25(7“—5—1)( > :
Y
P r 1
E = 25(r—s—1) ( )
s=0 r:g:-i-l s/ (r=s=-1)
Now, since () < 2" and k + 1 < 2" (recall the first bound in ([Z4)), we have that
(4.16)
R DID S SRl U o o 4
s=0r=s+1 T_S_l s=0r=0

< 632(k+ 1)23k S e3224k S 24k+48.

Furthermore, since (:) < (2) <rkFfors<k< 5 and rk < 3k (T_z_l)k! for r > 3k,
we have that

s=0 r=3k+
—  327*
4.17 <(k+1  EE——
(417) <+) Y oy
r=3k
- 327
< k 1 k 213]@-’1—5 <213k+53.
_( ! )3 rg?,:k( — 2k - ‘7 Z

Since 24F+2 4 23k+T(4k+48 4 913k+53) < 916k+62 < 978k " the proposition follows

from (@15), (@16), @I O

5. PROOF OF THEOREM [3.10

In this section we establish Theorem B.I0l In Section 5.1l we provide bounds on
the multifold inner product <p>\(1> [P | [Paem > These estimates will be used in
Section to conclude the proof of Theorem [3.10)

5.1. Estimating the multifold inner product. Our goal in this section is to pro-
vide two estimates for the multifold inner product given by [BI2]). The first, stated
as Proposition (] below, provides estimates on such inner products in general;
the second, Proposition [5.3] provides a stronger estimate if we make an additional
assumption on the partition sequence {)\(i) }

Proposition 5.1. Let a > 1 and b > 0 be integers; let AV X®) . X pe par-
titions of lengths at least two; and let D1, Ds,..., Dy > 2 be integers. Denote

6This in fact shows |€(m)| < 216F+62|m|1 < 278k ||l However, due to the way in which we
will use Proposition in Section [B.1] below, the constants 2785 and 2165462 will be of similar
efficiency, and so we use the former.
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968 AMOL AGGARWAL

l; = €(A(i)) for each i € [1,a], L =50, 0;, [N\ = >0, ‘)\(Z ‘, and B = Zi.’:l D;.
Then,

(5.1) ’<P,\<1> lpaen |-+ [pa@ [Py PDs | - - IpDy) | < 2552 (Al +a+ B = L)L
Remark 5.2. If we define the one-part partitions \(@+7) = (D;) for each j € [1,b],
then the expression || + a + B — L appearing on the right side of (51l can be

rewritten as Z?Lb (\)\(i)| - g()\(i)) + 1)'

Proof of Proposition 51l As in Definition 3.7 let us define the set partition p =

(pV,p?, . plath) of {1,2,...,L + b} as follows. For each integer i € [1,a],

define the partial sum L; = Z;Zl £ (with Ly = 0); then set p) = {L;—1+1,L;—1+

2,...,L;} for each i € [1,a], and set pl) = {L + j — a} for each j € [a + 1,a + b].
In view of the definition ([BI2]), we have that

L—a+1
(5.2) (pxw Iprea |- Ipa@poy ool - Ipp,y = Y [ (War)
acClp) i=1
where the sum is over all reduced set partitions a = (a(V,a®, ... alL=atD) ¢

Pr4p that are complementary to p, and w,e C Z>; is a set of ‘a(i)’ integers
defined as follows. We stipulate that positive integer u € w, ) if and only if either
a+j € o and u = D; for some j € [1,b] or there exist j € [1,a] and k € [1,5()\(j))]
such that v = )\g) and Lj ;1 +k € o). Let |w ;
in w,u foreach i € [1,L —a+1].

Now let a = (a(l), a® oz(r)) be a reduced set partition complementary to p.
Then, we must have that r = ¢(a) = L+ 1 — a due to Definition Furthermore,
each a(® must contain at least one element from {1,2,...,L}. Indeed, otherwise,

there would exist some a® C {L+1,L+2,...,L + b}, meaning that both o and
p would be refinements of (a(i), {1,2,...,L+b}\ oz(i))7 which is a contradiction.

Now, for any composition A = (A1, Aa, ..., Ar—a+1) € CL(L—a+1) and nonneg-
ative composition B = (B1, B, ..., Br_a+1) € Gy(L—a+1), let R(A, B) denote the
set of nonreduced set partitions of @ = (oz(l), a® a(L_“‘H)) € Brtb:L—a+1 sat-
isfying the following three properties. First, we have that ‘a(i) n{L,2,..., L}‘ =A
second, that ’a(i) N{L+1,L+2,...,L+ b}‘ = B;; and third, that « and p
are transverse, meaning that |p(i) N oz(j)| < 1 for each 4,j. Observe that C(p) C
Uaees (n—at+1) Upeg,(1—ar1) R(A, B) in view of Lemma 2.4 Further observe that
|o.) | > 5, since w,i» has A; + B; (positive) elements, B; elements of which
are in {D1, Do, ..., Dy} (and therefore bounded below by 2).

In view of (52) and the third identity in (Z3]), we have that

(5.3)
<PA<1> |P,\<2>| T |Px<a> |10D1 |PD2| T Ipr>

1 L—a+1
S VErES P 2 > I )

" AeCr(L—a+1) BEG,(L—a+1) aem(A;B) i=1

279L

Sm Z Z Z H |w

AcCp(L—a+1) BEG,(L—a+1) a€R(A;B)  i=1
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LARGE GENUS ASYMPTOTICS 969

where we used ([B.9), the fact that 3(k) < 4, Lemma [} Proposition 2] and the
fact that the total number of ones among the w,) is at most equal to L. In (53),
’Wa(i) = Zjew o j denotes the sum of the elements in w,q).

Now let s € [1,L — a + 1] denote the minimal index such that A; + 2B; =
maxi<i<r—q+1(A; +2B;). Then, apply (Z6]) with the A; and C; there equal to our
’wam —A;—2B; > 0 and A; +2B;, respectively (observe that we may do since each
D; > 2). Since ZiL:_laH A; = L; ZiL:_laH B; = b; and ZiL:_laH ‘wau) = |\ + B,
this yields

(5.4)

(P |pr@ |-+ [Pa@ [PD,y [PD,| -+ IPD,)
279L

gm > > > (IM+B+ A +2B, — L—2b)!

" AeCr(L—a+1) BEG,(L—a+1) a€R(A;B)

< JI (Ai+2By)!

1§i§i—a+1
1F£S
279L
SToaril 2 S (M4 B+ A, +2B,— L—2)!

A€eCr(L—a+1) BEGy(L—a+1)

L b
X A; +2B;)!,
(A17A27 cee 7AL—a+1) <B1; B27 cee 7BL—a+1> 1<i<1[_1[—a+1( )

i#s

where we have used the fact that }SR(A,B)} < (A11A21~»-I:AL—(1+1)(317327»--quL—a,+1).

The latter fact holds by first ignoring the transversality condition between « and
p, and then by using the second identity in ([23]), which implies that there are at
;nost (Al,Az,‘..L,ALfaH) possibilities for A and at most (BI;BQ7~~bBL—a+1) possibilities
or B.

Observe that since |A| + B > L + 2b, we have that

(Al + B + As+2B; — L — 2b)!

2b+a—A,—2B,—1

1
=(N+a+B-L) 11 N+a+B—L—i

i=0
(5,5) 2b+a—As—2Bs—1 1
< (|\ B—-1L)! _
- (| [+t ) g) a+2b—1
(IAl+ a+ B — L)!(As + 2Bs)!

(a+2b)!

Inserting (&.3)) into (&4), applying (210), and using the fact that

a

L'=al(L - a)!(L) <2kal(L —a+1),
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we obtain

(Prw x|+ [pa@|pp, IpDo | -+ 1PDy)

279L (| B — L)!Lb! Lot )!
= (a(|+|2Jl:)?(Z —a+ i)' Z Z (Aj:';?l)
’ " AeCrp(L—a+1) BeEGy(L—a+1) i=1 v
288545 (X +a+ B — L)!L!
al(L —a+1)!
L
< 8B (|\+a+ B - L)!( ) <295 (N +a+B-1L)!,
a
from which the proposition follows. O

If at least one of the A(*) has at least two parts that are at least equal to two, then
the following proposition indicates that it is possible to improve upon the bound of
Proposition B.11

Proposition 5.3. Adopt the notation of Proposition 5.1l and additionally suppose
that there exists some jo € [1,a] such that at least two parts of \U°) are at least 2.
Then,

(P Ipa@ |-+ pa@ [PDy Do | -+ pD,) | S 2555 (A +a+ B — L—1)L.

Proof. The proof of this proposition will be similar to that of Proposition[B.1l except
that we will be able to use the existence of some jo such that AU0) has two parts
not equal to 1 to improve the estimate (5.4]).

To explain further, we begin in the same way as we did in the proof of Proposition
BIL in particular, adopt the notation of that proof. Then, the estimate (B.3]) still
holds.

Now let s € [1,L — a + 1] denote the minimal index such that A; + 2B =
maxj<;<r—a+1(A; +2B;), and let h € [1, L — a + 1] denote the minimal index such
that Ay + 2By = max;xs(A; +2B;); in particular, b is an index such that Ay + 2By
is second largest among all A; +2B;. Set ; = |wa(i) —A;—2B;and €; = A; +2B;
for each i € [1, L — a + 1]; since each D; > 2, each 2l; is nonnegative.

Furthermore, since p and «a are transverse, there exist two distinct indices u, v €
[1,L — a + 1] such that /\§j°) € wyw and /\gj‘” € W, . Since )\gjo) > )\éjo) > 2,
it follows that ‘wa(m’ > A, + 2B, + 1 and ’wa(v) > A, + 2B, + 1. Therefore,
2, and A, are positive, so applying ([@.3]), @1) (with the 4; and C; there equal
to the 2, and €; here, respectively) and using the facts that Zf;laﬂ A = L;
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LARGE GENUS ASYMPTOTICS 971

S B = by and YT lwam | = [A + B yield
(5.6)
<PA<1> Ipa@ |- [Pa |PDy [PD, | - - - |pr>

279L

< m Z Z Z (Ab—FQBb +1)!

A€Cr(L—a+1) BEG,(L—a+1) a€R(A;B)

X ((M+B+As+2B,—L—-20—1)!  [] (4+2B)!

1<i<L—a+1
i1#s,h
279L
ST ar1) > S (M+B+A4,+2B,—L—2—1)!

AeCr(L—a+1) BEGy,(L—a+1)

Cate ) s o)
A, Agy oo AL a1 ) \B1,Ba, .., Br a1

x(Ay+2By+1) ] (Ai+2B)
1<i<L—a+1
1#S
Observe that since at least one partition in A has at least two parts equal to 2, we
have that |A| > L + 1; moreover, since each D; > 2, we also have that B > 2b.
Therefore |A\| + B —1 > L + 2b, and so
(5.7)
(Al + B+ As + 2B — L —2b— 1)!
2b4+a—A,—2B,—1

1
= (A B-L-1)!
(A +a+ ) 11 N+atrB-L_i-1
2b+a—A;—2B;—1 1
< (Ir B-L-1)! -
< (Al +a+ ) 1}) at2b—i
- (IA[+a+B—L—1)1(As + 2Bs)!
- (a+20)! '

Inserting (5.7)) into (5.6), applying (2I1), and using the fact that m <
(5) < 2L we find that

(prwpa@ | [Pa@ P, PD, | -+ DD, )
295 (IA[+a+ B — L —1)!Lb!
ST @r)(L—at 1)

L—a+1

A; +2B;)!
<Y S Ay 42y 1) J] At2B) AﬁBJ)
AeCr(L—a+1) BEGy(L—a+1) i=1 v
L!
S 288L+5(‘)\| +CL+B —L— 1)|m S 289L+5(‘)\| +CL+B —L— 1)|,
from which we deduce the proposition. O

5.2. Estimating c(m). Using Lemma (1] and Propositions (1] and (3] we can
now establish Theorem BI01
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972 AMOL AGGARWAL

Proof of Theorem BI0. Recalling the fact that Fp, = kfi and the definition (BI3))
of fr, we deduce that

(5.8)

< mi |]:m2| | mn>

:<21(T>i

wt(A(1D))=m;+1

wt(AM)=m+1 wt(A())=m,, +1

)@(,\m) 1
(A(l)) p)\(l)

(=ma, )e(M")) 1
D R TAC I
wt(A(M))=m, +1 Hz 1 ( )

)\(J))
(Prw [paea |- [pae ) HH M;(AD)
i=1

Now let us rewrite the right side of (B.8). For each integer 1 < j < n, set
l; = £(AY9)), and denoting r = Z?Zl l; € [n,|m|]. Then (E8) can be alternatively
expressed as

< mi |]:m2| | n>
|m|
- Z Z Z Z (Prw|pro |- Ipae)
(59) r=nleC,(n) f()\(l)):ll Z(/\(")):ln

AD)=mi—11+1 AP |=m, —1,+1
—1

XHHZ 1M J>)

There is one | = (Iy,l2,...,1,) € Cr(n) when r = n, namely { = 1™. Thus, if
r = n, we must have that each I; = 1, so that A(¥) = (m;) for each 1 <i < n. The
corresponding summand is then (pp,, [pm,|- - - |Pm, ). Subtracting this term from
both sides of (B.9) yields
|(Fons | Fonal -1 Fm ) = (D IPna -+ 1P,
|m|
>y > > (Prw [pre |- [paen)
r=n+lleC.(n) ¢(AD)=1, LAY =1,

AD|=mi 141 (AW |=m, —1,+1

[m| 1

(5.10) X H Hz 1]\4 )\(3))
Im|
> > Yoo Y (olmel )

r=n+lleCr(n) oAM=y, eA™)=1,,
AP |=my—l14+1 (AW |=m, —1,+1

XHHZ 1]\/[ J))l’

where in the inequality we removed the signs (which will be irrelevant in the esti-
mates to follow).

To proceed, we will divide the sum on the right side of (3] into two parts; the
first will consist of “exceptional” sequences of partitions A = ()\(1), A2 )\(")),
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LARGE GENUS ASYMPTOTICS 973

in which all of the A(*) are of a specific form &(k, 1) to be defined below. The second
will consist of all of the remaining sequences of partitions.

More specifically, for any nonnegative integers k > s > 1, define £ = (k —
25 +2,1571) € Yi_s11(s) denoting the partition with one part equal to k — 2s + 2
and s — 1 parts equal to one. For any sequence | = (I1,1s,...,1,), let Q1) = Q(l,m)
denote the set of sequences of partitions A = ()\(1), A2 )\(")) such that ‘)\(i)‘ =
m; — l; + 1; such that é()\(i)) = [; for each i € [1,n]; and such that there exists a
j € [1,n] such that AU) is not of the form £(*+*) for any integers k > s > 1. The
latter condition is equivalent to stipulating that there exists a j € [1,n] such that
A has at least two parts equal to two.

In view of (5I0), we have that

(511 [(FoalFmal -+ 1Fns) = B Pl )

S €1+€27

where

(5.12)

|m| i—1

n l
¢ = Z Z <p§(m1vl1) |p§(m2vl2)| T |p§(m"vln) H l — 1

r=n+11eC,(n)

|m|
¢ = Z Z Hm Z <pA<1>|p,\(2>| |p,\<n> H
r=n+11€C,(n) j=1 A€Q(l) )l b 1M /\(J))

To estimate &1, let | = (I1,la,...,1,) € Cr(n) with k of the I; equal to 1 (and
the remaining n — k of the I; at least equal to 2). Since % <l; —1 when l; > 2, we
P li=1) =" ;=7 and sor—k < 2(r—n). Since
each m; > 2, we can apply Proposition (1] with the a there equal to our n — k,
the b there equal to our k, the L there equal to our r — k, the {)\(i)} there equal to
our {f(mi’li)}li>2, and the {D;} there equal to our {m;};;,—;. Using the facts that

S li=rir—k<2(r—n);and Y1, [AD| = |m| —r+mn, this proposition yields

(Petmi i) [Petmaan | -+ [Petmntnr ) < 289(T*k)+5(|m| —2r + 2n)!

5.13
( ) < 2178(T—n)+5(|m| — %+ 2n)'

Inserting (5.13) into the definition (B.I2)) of &;, and then applying the fact (since
Yo mi=|mland > (l; —1)=7r— n) that

|7"I’L

Z H ._|71°n—n)!’

1€C,.(n) i= 1

yields

|m|

L
e <32 Y S 2T (| — 20 4 2 |Hm%
’L:1

r=n+11eC,(n)

k 178(r—n) _ 1 r—n
2 2r + 2n)!
39 (|m| r n) |m| .
Z (r—mn)!
r=n+1
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974 AMOL AGGARWAL

Using the first estimate in @2I7) and the fact that r > n, we deduce that (|m| —
2r 4 2n)!jm|"=" < 280"=") (|m| — 1)!, from which it follows that

k 186(r—n) L
r=n+1

Next we estimate €;. Recall that for each A = ()\(1), A2 )\(")) € Q(1) there
exists some j € [1,n] such that A9 has at least two parts that are at least equal
to two. Therefore, if k of the \(¥) have length one, we can apply Proposition [5.3]
with the a there equal to our n — k, the b there equal to our k, the L there equal
to our 7 — k, the {A\()} there equal to our {)\(i)}li>2, and the {D;} there equal to
our {m;};,—1. This yields -

max <p>\(1) |p)\(2)| |p)\(n)> S 289(T_k)+5(|m| —2r + 2n — 1)!
(5.15) read)
< 2= (1| — 2 4 20 — 1)L,

Inserting (B.15]) into the definition (5I2) of &;, we find that

i n
Z Z ( max (pyw[pa |- |]9,\<n)>> H m;j_l
AeQ(l ol

r=n+11cC,(n)

x Z 1_[1‘[Z 1M )\(J))

xeQ(l) j=1

<32 Z 2178(r— ”)(|m|—2r+2n—1 Z Hm

r=n+1 leCr(n) j=1
ﬁ ) —
S et Himt MO
Using (2.1)), it follows that

k n lj—1 )
€ <32 Y 20T (I —2r 420 — 1)1 Hm;' (”;J_llf).
; _

r=n-+1 leC,(n) j=1

1-—1
Therefore, since (7)) < iy, (24 -2)! < (=D (F077) < 226D (=111,

and 77 (l; — 1) = r —n, we obtain

n 21;—2
m;
180(r—n

€2<3222 = (Im| = 2 + 20— 1)! Z H 21_2

r=n-+1 ZECT(”) 1
5 i 2180(r7n)‘m‘27‘72n(|m| — %4+ 920 — 1)[
(2r — 2n)!

r=n+1

where we have applied Lemma 28 Applying the second estimate in (ZI7) then
implies

k 2188(r—n)

(516) €& <32(ml-1)! 37 F—p;
r=n+1 ’

< 64e?” (Im| — 1)1 < 227 (Im| — 1)1,
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LARGE GENUS ASYMPTOTICS 975

Now from the definition ([B9) of the inner product (pm, [Pms| " [Pm,, ), GII),
ETI4), (514), and Lemma 1] (using the fact that m has no parts equal to one),
we deduce that

(5.17) [(Fors Fonal - Fons ) = Imll3 (jm] =+ 2)| < 22 (jm] = 1)1

Thus the theorem, with the C' there equal to 22" < 22 follows from (5.17) and
the fact (which holds due to the first and last estimates in ([2.4])) that ‘3(|m| -—n+
2) — 2‘ < e S e O

m[—n = fm[’

APPENDIX: ASYMPTOTIC VALUES OF SIEGEL—VEECH CONSTANTS
BY ANTON ZORICH

(H

FIGURE 1. Saddle point with cone angle 67 on the left and two
saddle points with cone angles 47 on the right.

Siegel-Veech constants. A holomorphic one-form w on a Riemann surface de-
fines a canonical flat metric with conical singularities located at the zeros of w.
Namely, in the complement of a finite collection of zeros of w, the form w can be
represented in an appropriate local holomorphic coordinate z as w = dz. In the
associated real coordinates (x,y), such that z = x + iy, the flat metric has the form
dz? + dy®. The cone angle of the resulting flat metric at a zero of w of degree m is
27w (m + 1). The conical singularities are often called saddle points or just saddles.
Figure[dlillustrates a saddle point associated to a zero of degree two of the one-form
in the left picture and two distinct saddle points associated to two simple zeros of
the one-form in the right picture (see Figure 3 in [9] for more details on breaking a
zero into two). In certain situations it is convenient to interpret a regular marked
point on a translation surface as a saddle point.

The resulting flat metric has trivial linear holonomy: the parallel transport of a
tangent vector along any closed loop on the Riemann surface brings the vector to
itself. Note that the holomorphic one-form w also defines the distinguished wvertical
direction (direction of y-axes in flat coordinates (z,y) as above) equivariant under
the parallel transport. A closed orientable surface endowed with a flat metric with
isolated conical singularities having trivial linear holonomy and endowed with a
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976 AMOL AGGARWAL

distinguished direction in the tangent space at some point (and hence at all points)
is called a translation surface. Similar to in the torus case, geodesics on translation
surfaces do not have self-intersections at regular points.

A geodesic segment joining two saddle points (or a saddle point to itself) and
having no saddle points in its interior is called a saddle connection. The right picture
in Figure [l illustrates a saddle connection joining two saddle points. The choice
of the vertical direction incorporated in the structure of translation surface endows
any oriented saddle connection v with a direction. In this way, we can consider
the corresponding affine holonomy vector as a complex number in C ~ R2. By
construction, this complex number coincides with the integral of the holomorphic
one-form w along 7. Since both endpoints of the saddle connection ~ are located
at zeros of the one-form, 7 defines an element of the relative homology group
H,(C,{Py,...,P,}), where C is the Riemann surface, and {Py,..., P,} is the set
of zeros of w. Thus, the integral f7 w defines a relative period of w.

’
n n
p
e}
Y et Y
T
B B
Oo0——0
p

FIGURE 2. Nonhomologous saddle connections which have the
same holonomy lose this property after a generic deformation of
the surface, while homologous ones, v ~ 71, share the same affine

holonomy.
The same period may be represented by several saddle connections 71, ..., V.
Any finite collection 71, ..., of saddle connections persists under small deforma-

tions of the translation surface. If the initial saddle connections are homologous
as elements of Hy(C,{Py,..., P,}), then the deformed saddle connections stay ho-
mologous, and hence define the same period of the deformed one-form. Figure
(copied from Figure 2 in [9]) presents an example of a configuration of homologous
saddle connections of multiplicity 2. The translation surfaces are obtained from
the corresponding polygons by gluing together pairs of sides marked by the same
symbol. The relative periods of the translation surface in the left picture along the
saddle connections represented by the positively oriented horizontal (vertical) sides
of the squares are equal to 1 (respectively, to i). However, after a generic small
deformation of the translation surface, the periods along nonhomologous saddle
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LARGE GENUS ASYMPTOTICS 977

connections become different, while periods along homologous saddle connections
7 and 7 coincide.

We refer to [9] for a detailed combinatorial description of the notion of configu-
ration of homologous saddle connections. The case when such saddle connections
join distinct saddle points is illustrated in Figure Bl borrowed from [9]. The number
k of homologous saddle connections in such a configuration is called the multiplicity
of the configuration. Cutting the surface along k& homologous saddle connections
we decompose the surface into k connected components. Each connected compo-
nent has boundary in a form of a slit composed of two geodesic segments having
the same length and the same direction. Gluing together the two sides of each slit
as in Figure [3] we get k translation surfaces without boundary of smaller genera
each endowed with a distinguished saddle connection. For example, applying this
operation to homologous saddle connections v and -, in any of the two surfaces as
in Figure 2] we get two flat tori with slits of the same length and direction. The
combinatorial geometry of the corresponding configuration of homologous saddle
connections is described by the geometry of the resulting geometric configuration.

Sa

7

FicURE 3. Multiple homologous saddle connections.

Consider a flat torus of unit area. The number of geodesic segments of length at
most L joining a generic pair of distinct points on the torus grows quadratically as
the number of lattice points in a disc of radius L, so we get asymptotics mL2. The
number of (homotopy classes) of closed geodesics of length at most L has different
asymptotics. Since we want to count only primitive geodesics (those which do
not repeat themselves) now we have to count only coprime lattice points in a disc
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of radius L, considered up to a symmetry of the torus. Therefore we get the
asymptotics
1 2 3 2
24(2)'7{'[/ = 7T2-7TL .

It is proved in [§] that the growth rate of the number of saddle connections for a
generic translation surface corresponding to any stratum 7 (m) in the moduli space
of Abelian differentials also has quadratic asymptotics ¢ - (7L?), and, moreover,
almost all flat surfaces of unit area in any connected component of any stratum
share the same constant ¢ in the asymptotics. The constant c is called the Siegel—
Veech constant. It depends on the connected component of the stratum and on the
geometric type of geodesic segments which we count. In the two examples for the
torus, the Siegel-Veech constant corresponding to the count of geodesic segments
joining a generic pair of distinct points is equal to 1 while the Siegel-Veech constant
corresponding to the count of primitive geodesic segments joining a fixed point to

itself equals % .

Volume asymptotics. Let m = (m4,...,m,) be an unordered partition of a
positive even number 2g — 2, i.e., let |m| = my + -+ + m,, = 29 — 2. Denote by
Yo4—2 the set of all partitions. Denote by 1 (’H(ml, .. ,mn)) the Masur—Veech
volume of the stratum #(myq, ..., m,) in normalization of [J].

Theorem [[.4] can be rephrased as follows.

Theorem. For any m € Ya,_o one has

(1) vi(Hi(ma,...,my)) = 1) 4 Ny p— (14 ¢e(m)),
where

2200
2) s [e(m)| <

The results in [9] combined with the bound () for the error term in ([Il) imme-
diately imply asymptotics of certain Siegel-Veech constants for connected strata in
large genus. Recall that saddle connections might appear in tuples, triples, etc.,
of homologous saddle connections having the same direction and the same length
(see [9] for details). The asymptotic formulae for Siegel-Veech constants become
particularly simple in the case when one restricts the count to saddle connections
of multiplicity one.

The original preprint version of this note stated as a conjecture that the Siegel—
Veech constants for higher multiplicities become negligibly small with respect to the
Siegel-Veech constants for multiplicity one computed below. This conjecture was
proved in the recent paper of A. Aggarwal [I] as part of the proof of the conjectures
of A. Eskin and the author on large genus asymptotics of Siegel-Veech constants.
The very recent paper of D. Chen, M. Méller, A. Sauvaget and D. Zagier [4] suggests
an alternative proof of the conjectures on large genus asymptotics of Siegel-Veech
constants. Combined with the computations below it implies an alternative proof
of the conjecture that the Siegel-Veech constants for higher multiplicities become
negligibly small in large genera.
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LARGE GENUS ASYMPTOTICS 979

Saddle connections joining distinct zeros. Consider any connected stratum
of the form H(m,ms,...), i.e., one which has at least two distinct zeros, where
mq, Mo denote their degrees. The situation when mi; = ms is not excluded. In the
case when one (or both) of mq,ms is equal to 0 the “zero of degree 0” should be
seen as a generic marked point (generic pair of marked points, respectively).

Corollary 1. There ezists a universal constant B*¢ > 0 such that the Siegel— Veech
constant ¢35, ., (H(mi,ma,...)) corresponding to the count of saddle connections
of multiplicity one joining a fized zero of degree mq to a distinct zero of degree mo
satisfies

sC

Coiry (H(my,ma,...)) = (my+1)(ma+1)- (1 + &y ma (m)),
where
BSC

.

Proof. By the formula preceding formula (17) in [9] the corresponding Siegel-Veech
constant equals

(3) max |5, ., (m)] <

my,mo —_
meYag_2 ’

(m1 —+ mo + 1)1/1 (Hl(m/))
v1 (Hi(m)) ’
where m = {mq,mo,...,} and m’ is obtained from m by replacing the first two

entries with the single entry m; + mo. Applying () to the ratio of volumes we get
the desired asymptotic expression. (Il

(4) Cfgl,m2(H(mlam2"")) =

Remark 1. The answer matches the following extremely naive interpretation (which
should be taken with reservation). Normalization of Masur—Veech volumes as in [9]
implies that

14} (’H(0,0,ml, ce 7T)’Ln)) =1 (’H(O,ml, ce 7T)’Ln)) =1 (H(ml, . ,mn)) .

Thus, by @), the Siegel-Veech constant c(sfo(O7 0,mq,...) corresponding to the num-
ber of saddle connections of multiplicity one joining a generic marked point P; to
a distinct generic marked point P; identically equals to 1. When the total angle at
Py is my + 1 times bigger and the total angle at P is mo + 1 times bigger we get
an extra factor (mjy + 1)(me + 1).

By the same formula (), the Siegel-Veech constant corresponding to the number
of saddle connections of multiplicity one joining a generic marked point P; to a fixed
zero Py of degree m; identically equals to (mq + 1)

cgfml(O,ml,...) =(mp+1).

The preprint version of this appendix stated a conjecture that the condition
“multiplicity one” in the statement of Corollary [I] can be omitted: the contribu-
tion of all higher multiplicities becomes negligible in large genus. Meanwhile, this
conjecture was proved first by A. Aggarwal in [I] and then by D. Chen, M. Méller,
A. Sauvaget, and D. Zagier in [4] by completely different methods. Moreover, ar-
ticle [4] proves that counting multiple homologous saddle connections as a single
one, the corresponding Siegel-Veech constant equals (mj + 1)(mg + 1) identically
for any nonhyperelliptic component of any stratum. Both proofs are quite involved,
so for the sake of completeness we keep the original proof in the simplest case of
the principal stratum, where the only higher multiplicity is two.
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980 AMOL AGGARWAL

Corollary 2. There exists a universal constant B3¢ > 0 such that the Siegel—
Veech constant ci?f(’;’-[(ng*z)) corresponding to the count of pairs of homologous

saddle connections joining a fized pair of distinct zeros satisfies
=
g
Proof. This configuration of homologous saddle connections is discussed in detail in
section 9.6 of [9]. The two homologous saddle connections joining two fixed distinct
simple zeros cut the surface into two subsurfaces of positive genera g;,go where
g1 + g2 = g. Formula 9.2 in [9] gives the value of the corresponding Siegel-Veech
constant for all possible pairs of 2g — 2 simple zeros. Dividing the corresponding
expression by the number (29 — 2)(2g — 1)/2 of possible pairs we get
sc;2 —
€11 (H(lzg 2))
1 3 (29— 4)! (491 — 3)! (492 — 3)! v (H(12772)) -1 (H(1%272))
1 (201 = 2)! (29> — 2)! (49 — 5)! 1 (H(1%9-7))

91+g2=g

(5) T (M%)

where g1, g2 > 1.

Applying () and taking into consideration that g; + g = g we conclude that
the ratio containing the volumes is uniformly bounded from above uniformly in
9,91, 92-

Consider the following expression as a function of g; depending on the parameter
g, where g1 + g2 = g:

u (29 —4)! (491 — 3)! (492 — 3)!
7 (291 — 2)1 (292 — 2)! (49 — 5)!

Then,
1

(49 —5)(49 — 6)
(491 +1)(4g1 — 1)

a = a . .
2T (4g, — 3)(4g2 — )
Hence, we have a4, 11 < a4, as soon as g > gi. Note that ag_,4, = ag4,. Thus,

a ‘=

and

g—1 g—1

Zagl S(g_l)alzf

= (49 —5)(4g — 6)
and ({) follows. O
Isolated saddle connection joining a zero to itself. Consider a connected
stratum H(mg,...). Let us count saddle connections joining a zero of degree m;
to itself.

—

FIGURE 4. A saddle connection joining a zero to itself and not
bounding a cylinder.
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We start with saddle connections which do not bound a cylinder and do not
have any homologous saddle connections. They can be obtained from a translation
surface of genus g — 1 by the following construction. Remove a parallelogram out of
a translation surface (as in the left picture in Figure d]). Glue one pair of opposite
sides of the parallelogram by parallel translation. We get a translation surface with
two parallel geodesic boundary components of the same length (as in the middle
picture in Figure M]). Gluing them together we get a translation surface in genus
g without boundary. By construction, the four corners of the initial parallelogram
are identified in one point, which is necessarily a saddle point, and the two geodesic
boundary components of the intermediate surface become a single saddle connection
joining this saddle point to itself.

One can apply this construction backwards: cut a surface along a saddle connec-
tion joining a zero to itself getting a connected surface with two disjoint geodesic
boundary components; join the two points on the boundary components coming
from the original saddle point by a nonself-intersecting path; cut the surface with
boundary along this path to get a surface of genus g — 1 with a single hole in a
form of curvilinear parallelogram with two opposite sides (coming from the original
saddle connection) represented by parallel segments of the same length.

Corollary 3. There exists a universal constant B'°°P > 0 such that the Siegel—
Veech constant cﬁ,olfl’p('}-l(ml, ...)) corresponding to the number of saddle connections
of multiplicity one joining a fized zero of degree mq to itself and mot bounding a
cylinder satisfies

(m1 =+ 1)(m1 — 1)

(6) cﬁﬁ‘i”(?—l(ml,mg,...)) = 5 . (1 + &m, (m))7
where
Bloop
7 my < .
(7) LB, lem ]S 5
micm

H(m) is connected

Proof. Note that by geometric reasons any closed saddle connection joining a simple
zero to itself bounds a cylinder filled with closed regular flat geodesics. Thus, for
myp = 1 we get

A7 (H(m)) =0,
which justifies (@) for m; = 1. From now on we exclude this trivial case and assume
that m; > 2.

We start with a more restrictive count. Namely, fix any integer j within bounds
1 <j<m;—1. Let us count first those closed saddle connections as above which
split the total cone angle 2(m; + 1)7 at the chosen zero of degree m; > 2 into
angles (25 + 1)m and (2m; — 25 + 1)m. Our saddle connection has multiplicity
one, which implies that there are no other homologous saddle connections. The
condition 1 < 7 < my — 1 automatically implies that our saddle connections do not
bound a cylinder.

Denote by clo°P(j; H(my, ...)) the Siegel—Veech constant corresponding to the
number of saddle connections of multiplicity one joining a fixed zero of degree my
to itself returning at the angle (2j + 1)7 and not bounding a cylinder.

Let ¥ = j — 1 and let b = m; — j — 1. The saddle connections described in
Corollary Bl correspond to “creating a pair of holes assignment” in terminology of [9)]
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982 AMOL AGGARWAL

applied to a fixed pair of zeros of degrees b’,b” on a surface in a stratum H(m'),
where m = {my,..., } and m’ is obtained from m by replacing the first entry (i.e.,
m1) by two entries b, b".

Note that m’ corresponds to genus g — 1, but has an extra entry with respect to
m, so dim¢ H(m') = dim¢ H(m) — 1.

If ¥ = V" we have “y — —~ symmetry” in terminology of [9], and this is the
only possible symmetry. In notation of [9] we have |I'| = 1 and

o {2 if j=m/2— 1,
“' 11 otherwise,

We are in the setting of Problem 1 from section 13.2 in [9] when all the zeros are
labeled. Applying formula 13.1 from [9] from which we remove all terms containing
symbols o(+) responsible for unlabeling the zeros we get

o0op( ;. _ L (H 1 . 31 (H(m/))
cim (J; H(my,ma,...)) = T & +1)"+1) 7”(%(7”)) .

Applying (D)) to the ratio of volumes we get

vi(Hi(m')) _ my + 1 L4e(m)
() ~ GEDE D Te(m) |

Bounds (@) now imply that

1+e(m/
(8) sup g - max Ltelm)
g>2 meEYag_o 1+ €(m)
- mi€Em; 1<j<m;—1
H(m) is connected

— 1‘ =: B%°P « 40

and we conclude that ¢!9% (j; H(mi, mo, . ..)) satisfies

(m1 + 1)

9) cﬁ,‘;‘ip(j;}[(ml,m% ) = o (1 + €m1;j(m)) if j = (% - 1),
(m1+ 1) (14¢&my;;(m))  otherwise,
where
Bloop
ma; Emyii(m)| < .
I e 5(m)] €

Now we pass to the count with no restrictions on the return angle. We have to
take the sum of all Siegel-Veech constants as in ([@) over all possible return angles,
where the return angle (25 + 1)7 is equivalent to the return angle (2m; — 2j + 1)7
for we are counting unoriented saddle connections. Thus, letting j run all the range
1,2,...,m1 —1 of possible values, we count each configuration twice with exception
for the symmetric situation when m; is odd and j = (my + 1)/2. However, in this
symmetric situation we have extra factor 1/2 in (@) and our counting formula (@)
follows. O

Remark 2. Note that formula (B]) suggests the following naive interpretation. Con-
sider a conical point with angle 27w(m; + 1). There are m; + 1 ways to launch
a trajectory in any chosen direction and mi — 1 ways for such trajectory to come
back since we do not count the trajectories returning at the angle 7. Since we count

unoriented saddle connections we get %2("”_1) ways of pairing.
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Cylinders having a pair of distinct zeros on its boundaries. Consider any
connected stratum of the form H(my,ma,...), i.e., one which has at least two
distinct zeros, where mi, mo denote their degrees. The situation when my = my is
not excluded. We assume that my, ms > 1, i.e., that we have true zeros and not
just marked points.

Consider a configuration consisting of a flat cylinder embedded into our trans-
lation surface such that each of the two boundary components of the cylinder is
represented by a single saddle connection joining a zero to itself. We first consider
the situation when the two zeros are distinct. Such a surface can be obtained fol-
lowing the construction represented in Figure [ except that instead of identifying
the two geodesic boundary components of the surface in the middle picture, we
attach to them a flat cylinder.

By construction the two saddle connections bounding the cylinder are homolo-
gous. We assume that there are no other saddle connections homologous to them.

Corollary 4. There exists a universal constant BV > 0 such that the Siegel—
Veech constant Cfr?ﬁ,mz (H(my,ma,...)) corresponding to the number of configura-
tions of saddle connections of multiplicity one which bound a cylinder with o fixed
zero of degree my on one boundary component of the cylinder and a fixed zero of

degree mo on the other boundary component of the cylinder satisfies

cyl o cyl
(10) s (Ml mas ) = “g iy = (L s (7).
where
chl
cyl
(1) ma et (m) < 2

In the context of the above corollary the condition of “multiplicity one” means
that there are no other saddle connections homologous to the two ones on the
boundaries of the cylinder.

Proof. Let b’ :=mj;—1 and let b := mgo—1. In terminology of [9] the configurations
of saddle connections described in Corollary F correspond to the “creation of pair of
holes assignment” applied to a fixed pair of zeros of degrees b',b"” on a surface in a
stratum H(m'), where m = {mj,ma, ..., } and m’ is obtained from m by replacing
the first two entries (i.e., the entries mq, mg) by the entries m; — 1,mo — 1.

The new partition m’ represents the stratum in genus g — 1, so dim¢ H(m') =

dim¢ H(m) — 2.
We are in the setting of Problem 1 from section 13.2 in [9] when all the zeros are
labeled. Thus we do not have any symmetries, |[I'| = |I'—| =1 even if ¥/ = 1",

Applying formula 13.1 from [9] from which we remove all terms containing sym-
bols o(-) responsible for unlabeling the zeros we get

o _ WD 4D ()
le,m2(,H(m1’m2’“.)) o dim¢ H(m) -2 VI(H(m)
mi - Mo 141 (’H(m’)

~ dime H(m)—2 1 (H(m)
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984 AMOL AGGARWAL

Applying (I)) to the ratio of volumes we get
vi(Hi(m')) _ (mi+1)(ma+1) 1+e(m)

v1(Hi(m)) mi - Mo 14¢e(m)
Bounds (@) now imply that

1+e(m/
sup g - max Ltem) 1| = BY < +00
g>2 meEYog_o 14+ €(m)
B mi,ma€m
H(m) is connected
an OlIOWS.
d foll (]

Cylinders having the same fixed zero on both boundary components.
Consider a configuration consisting of a flat cylinder embedded into our transla-
tion surface with boundary components represented by saddle connections joining
the common saddle point to itself. We suppose that there are no other saddle
connections homologous to the two boundary components of the cylinder.

FiGURE 5. A flat cylinder bounded by two saddle connections
joining the common saddle point to itself.

Figure [ (reproduced from Figure 10 in [9]) describes how to create such a
configuration from a translation surface of genus g — 1. We start by slitting a
translation surface of genus g — 1 along a geodesic segment with no saddle points in
its interior. In this way we get a surface with boundary as in the left picture. We
identify the two endpoints of the slit (as indicated in the middle picture) getting
a surface with geodesic boundary in the shape of a figure eight. Finally we paste
a flat cylinder to the two saddle connections forming two loops of a figure eight
and get a translation surface of genus g. It is easy to see that the construction is
invertible.

Corollary 5. There exists a universal constant B¢ > 0 such that the Siegel—

Veech constant cﬁfl"dle(’)'-{(ml ...)) corresponding to the number of configurations of

saddle connections of multiplicity one which bound a cylinder having the same fized
zero of degree my on both boundary components satisfies
1 (m1 + 1)(m1 — 1)

handle _ . . handle
(12) C " (H(ma, ... ) = 3 dimo H(m) =2 (1 + ehandte(m)),

where

Bhandle
(13) max |ghondle(m)] < ——

meYaqy_2 -

9
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Note that we do not specify the angles between the pair of saddle connections
bounding the cylinder.

Proof. Note that by geometric reasons the common zero located at the boundaries
of the cylinder has order at least 2. Thus

hamde(¥(m) =0,

which justifies (I2)) for m; = 1. From now on we exclude this trivial case and
assume that mq > 2.

Let a := my — 2; let @’ + a” = a be a partition of a into an ordered sum of
nonnegative integers. The configurations described in Corollary [l correspond to
the “figure eight assignment” applied to a fixed zero of degree a = m; — 2 on a
surface in the stratum H(m'), where m = {mq,...,} and m’ is obtained from m
by replacing the first entry (i.e., the entry mq) by the entry my — 2.

The new partition m’ represents the stratum in genus g — 1, so dim¢ H(m') =
dim¢ H(m) — 2. The partition a’ + o’ = a encodes the angles between saddle
connections at the zero. In the setting of Problem 1 from section 13.2 in [9]. we
have |T'| =1 and

2 ifj=d =a",
IT_|= .
1 otherwise.

Applying the formula on page 135 of [9] for any fixed partition o’ + o” = a =
my — 2, where the combinatorial factor is computed on the top of page 140 in [9],
we get the value

1 a+1 n (H(m'))
T_| dimcH(m) -2 v (H(m))

for the Siegel-Veech constants for the more restricted count when the pair (a’,a”)
is fixed. Pairs of partitions (a’,a”) and (a”,a’) of a = m — 2 represent the same
configurations in our setting. Thus, the sum over all unordered partitions a’ +a” =
my — 2, where a’ =0,1,...,m; — 2, gives

my — 1 mi — 1 141 (’H(m’))

ccyl (H(mh R )) = 2 : dime H(m) -2 . 121 (H(m)) .

my

Applying () to the ratio of volumes we get

141 (Hl(m’)) _my +1 1+ €(m')

vi(Hi(m)) mi—1 14e(m)

Bounds (@) now imply that

14 e(m/
sup ¢ - max # — 1| =: Bhandle « 4
g>2 meEYag_2 1+4¢e(m)
- 2<miem
H(m) is connected
an OlIOWS.
d foll ]
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Count of all cylinders of multiplicity one. Combining results of Corollaries [
and [Bl we get the following result.

Theorem 1. The Siegel— Veech constant c.}) (H(m)) for the number of all cylinders

cyl
of multiplicity one on a surface of area one in a connected stratum H(m) has the
form
(14) e Hm)) = 5 ((@imeHim) ~2) — =) (1 zga(m)
eyl 2 dime H(m) — 2 Y ’
where
max(BCyl, Bhandle)
15 <
(15) mg%ng lEcyr(m)| < P

and the universal constants B!, Bhandle qre defined in equations (1) and (I3).

Under the same assumptions as above, the Siegel— Veech constant ct(llr)ea('f-l(m))
corresponding to the weighted count of cylinders of multiplicity one, with the area
of the cylinder taken as the weight, has the following form:

(1)
H(m)) 1
(1) — ccyl( _ .
(16) ca'rea(H(m)) dlm(c H(m) 1 92 (1 + Earea(m)) 9
where
B
17 area S R
(17) B2 |earca(m)l < 2

and B is a universal constant.

Proof. We are counting maximal cylinders of multiplicity one filled with closed flat
geodesics, i.e., we assume that there are no saddle connections homologous to the
waist curve of the cylinder outside of the cylinder. To count all such cylinders we

have to sum up the Siegel-Veech constants cﬁgfymj (H(mq, ma,...,my)) for all pairs
1 <i < j < nand the Siegel-Veech constants ci*"¢(H(my,...)) for all i in the

range 1 < i < n. Representing the sum over all unordered distinct pairs (Z,j) as
half of the sum of ordered distinct pairs and combining (I0) and ([I2]) we get

n

D (H(ma, ... my)) = %W( S (mi 1) (my+1)- (142, (m))

+ zn: ((mi+1)*>=2(m; +1)) - (1+ eﬁfi"dle(m))> :

Bounds () and (@3)) for %', (m) and €hamd¢(m) imply that there exists e.,(m)

mg,m; m;

satisfying bounds ([I3]) such that the above expression takes the form

bamen=s (o) 2R oo

i=1

Note that

dime H(ma,...,mp) = 1= (m; +1) = (29— 2) +n = [m| + £(m),

i=1
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where |m| and ¢(m) are the size and the length of the partition m, respectively.

Hence, we can represent the latter expression for cgz)l('H(m)) as

1) 1 (dimg H(m) — 2)2 -1

cey(Hm) =3 - dime H(m) —2 (L+ecy(m))

where €., (m) satisfies bounds (I5)). This completes the proof of the first part of
the statement.

By the formula of Vorobets (see (2.16) in [7] or the original paper [2I]), the
Siegel—Veech constant cqreq (H(m)) is expressed in terms of the Siegel—Veech con-
stants of configurations of homologous closed saddle connections as follows:

dlmCH 1 Zq Z ce(H(m)).

Configurations C
containing q cylinders

(18) Carea(H(m)) =

The Siegel—Veech constant cglr)ea(?’-l(m)) corresponding to the weighted count of

cylinders of multiplicity one represents the term of the above sum corresponding to

q = 1, namely,

1)

0, (A (m)) = 2P
Carea dimc H(m) — 1

Expression (Id)) for cgl)l(’}-l(m)) and bound (&) for ey (m) imply existence of a

W (24(m
universal constant B such that the ratio %(()))1 can be represented in the

form ([I6l) with €qreq(m) satisfying bound (7). a

Arithmetic nature of Siegel-Veech constants. By a result of Eskin and Ok-
ounkov [10] the Masur—Veech volume 7 (m) of any stratum in genus g has the form

of a rational number multiplied by 729. The Siegel-Veech constants c;¢ .. and
52, responsible for the count of saddle connections joining distinct zeros are

expressed as a rational factor times the ratio of volumes v; (H(m'))/v1(H(m)) of
strata in the same genus, so these Siegel-Veech constants are rational numbers.

The Siegel-Veech constants clrfl‘l’ps, cfﬁfﬁmQ, cfn“lndle, CSJ)Z, ct(llr)ea, Carea TeSponsible
for the count of saddle connections going from a zero to itself are also expressed as
a rational factor times the ratio vy (#(m’)) /vy (#(m)), but this time the stratum
v1(H(m')) corresponds to genus g — 1 while the stratum vy (#(m)) corresponds
to genus g. Thus these latter Siegel-Veech constants have the form of a rational
number divided by 2.

Final remark. It was conjectured in [II] that the Siegel-Veech constant cgreq
tends to % uniformly for all nonhyperelliptic connected components of all strata as
genus tends to infinity:

(19) T Carea(HE"(m)) = %
Theorem [I] proves the uniform asymptotic lower bound for all connected strata
H(m):

hgnl)g.}f Carea(H(m)) > %
and shows that the conjecture (I9]) for connected strata is equivalent to conjectural
vanishing of the contribution of configurations with ¢ > 2 cylinders in formula (I])
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988 AMOL AGGARWAL

uniformly for all connected strata in large genera. The conjectural asymptotic (I9)
was recently proved first by A. Aggarwal in [I] and then by D. Chen, M. Moller,
A. Sauvaget, and D. Zagier in [4] by completely different methods.
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