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Abstract We study the combinatorial geometry of a random closed multi-
curve on a surface of large genus g and of a random square-tiled surface
of large genus g. We prove that primitive components yi, ..., ¢ of a ran-
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dom multicurve m 1y + - - - + myy, represent linearly independent homology
cycles with asymptotic probability 1 and that all its weights m; are equal to 1
with asymptotic probability +/2/2. We prove analogous properties for random
square-tiled surfaces. In particular, we show that all conical singularities of a
random square-tiled surface belong to the same leaf of the horizontal foliation
and to the same leaf of the vertical foliation with asymptotic probability 1. We
show that the number of components of a random multicurve and the number
of maximal horizontal cylinders of a random square-tiled surface of genus g
are both very well approximated by the number of cycles of a random permu-
tation for an explicit non-uniform measure on the symmetric group of 3g — 3
elements. In particular, we prove that the expected value of these quantities
has asymptotics (log(bg — 6) 4+ y)/2 + log2 as g — o0, where y is the
Euler—Mascheroni constant. These results are based on our formula for the
Masur—Veech volume Vol Q, of the moduli space of holomorphic quadratic
differentials combined with deep large genus asymptotic analysis of this for-
mula performed by A. Aggarwal and with the uniform asymptotic formula for
intersection numbers of ¥-classes on ﬂg, » for large g proved by A. Aggarwal
in 2020.
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1 Introduction and statements of main results

We aim to study random multicurves on surfaces of large genus g. Before
proceeding to the statements of our main results we consider the classical set-
ting of random integers and of random permutations which allow to set up
the concept of a random compound object. For more information on the prob-
abilistic analysis of decomposition of combinatorial objects into elementary
components we recommend the monograph of Arratia et al. [8] and the survey
of Pitman [72]. An enlightening introduction can be found in the blog post of
Tao [78].

Prime decomposition of a random integer The Prime Number Theorem
states that an integer number n taken randomly in a large interval [1, N] is
prime with asymptotic probability k’g N Denote by (1) the number of prime
divisors of an integer n counted Wlthout multiplicities. In other words, if n
has prime decomposition n = p;"' . p,i"", let w(n) = k. By the Erdés—Kac
theorem [31], the centered and rescaled distribution prescribed by the counting
function w (n) tends to the normal distribution:

lim icard{n<N w(n) — loglogn < } / e 2dt
N=+o0 N - Vioglogn  — Nz
(1.1)
The subsequent papers of Rényi and Turdn [74], and of Selberg [76] describe
the rate of convergence.
Cycle decomposition of a uniform random permutation Denote by K, (o)
the number of disjoint cycles in the cycle decomposition of a permutation
o in the symmetric group S,. Consider the uniform probability measure on
S A random permutation o of n elements has exactly k cycles in its cyclic
decomposition with probability P(K, (o) = k) = V(” L) where s(n, k) is
the unsigned Stirling number of the first kind. It is 1mmed1ate to see that
(K (o) = 1) = rll Goncharov proved in [37] the following expansions for
the expected value and for the variance of K;, as n — +o0:

EK,) =logn +y +o0(1), VK, =logn+y —¢2)+o0(1), (1.2)

as well as the following central limit theorem

) 1 K, (o) — logn
_ nv e 2
ngl}rloo - card { Togn <ux \/_ f e dt (1.3)

Here y in Formula (1.2) is the Euler—Mascheroni constant.
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Fig. 1 Simple closed multicurve on a surface of genus two

As can be seen in (1.2) and in (1.3), the number of cycles in the cycle
decomposition of a random permutation is of the order of logn. In such a
situation one expects the distribution to be close to a Poisson distribution.
Recall that the Poisson distribution with parameter X is

)Lk
Poi; (k) = e o where k =0, 1,2, ... (1.4)

Hwang proved in [43] that the distribution of the random variable K,, is
approximated by the Poisson distribution Poijeg , in a very strong sense, which
can be formalized as “mod-Poisson convergence with parameter logn and
limiting function 1/ T'(¢)”, using the terminology of Kowalski and Nikeghbali
[51]. We discuss the notion of mod-Poisson convergence in Sect. 3.2. We
emphasize that such approximation is much stronger than the central limit
theorem.

The result of Hwang [45] (representing a particular case of results in [43,
Chapter 5]) implies, that for large n and for any positive x, the distribution
of the number of cycles is uniformly well-approximated in a neighborhood
of xlogn by the Poisson distribution with parameter logn + a(x), where
the explicit correctional constant term a(x) is completely determined by the
limiting function and does not depend on n. Namely, for any x > 0 we have
uniformly in 0 < k < xlogn

_ _ (logn)* 1 k
P(K,=k+1) = — (F(1+ T )+0((1ogn)2))' (1.5)

logn

Shape of a random multicurve on a surface of fixed genus Consider a
smooth oriented closed surface S of genus g. A multicurve y = ) m;y; (as
the one in the picture by Calegari from [19] presented in Fig. 1) is a formal
weighted sum of curves y; with strictly positive integer weights (also called
“multiplicities”) m; where y1, . .., Yk is acollection of non-contractible simple
curves on S that are pairwise non-isotopic. Following the usual convention,
we do not distinguish between the free homotopy class of a multicurve and
the multicurve itself.
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Asymptotic geometry in large genera

Every multicurve y = ) m;y; defines a reduced multicurve Vyedyced =
> yi. Note that the number of reduced multicurves on a surface of a fixed
genus g considered up to the action of the mapping class group Mod is finite.
We say that two multicurves have the same topological type if they belong
to the same orbit of Mod,. For example, a simple closed curve has one of
the following topological types: either it is non-separating, or it separates the
surface into subsurfaces of genera g’ and g — ¢’ for some 1 < g’ < g/2.

Multicurves on a closed surface of genus g (considered up to free homo-
topy) are parameterized by integer points ML, (Z) in the space of measured
laminations ML, introduced by Thurston [79]. Any hyperbolic metric on §
provides a length function £ that associates to a closed curve y the length
£(y) of its unique geodesic representative. The length function £ extends to
multicurves as £(y) = m€(y1) + - - - + mpl(yx). Fixing some upper bound
L for the length of a multicurve, one can consider the finite set of multicurves
of length at most L on § with respect to the length function £. See also the
paper of Mirzakhani [61] and works of Erlandsson, Parlier, Rafi and Souto
[32,33,73] for alternative ways to measure the length of a multicurve.

Choosing the uniform measure on all integral multicurves of length at most
L and letting L tend to infinity we define a “random multicurve” on a surface
of fixed genus g in the same manner as we considered “random integers”,
see Sect. 2.4 for details. We emphasize that studying asymptotic statistical
geometry of multicurves as the bound L tends to infinity we always keep the
genus g, considered as a parameter, fixed. One can ask, for example, what
is the probability that a random simple closed curve separates the surface of
genus g in two components? Or, more generally, what is the probability that the
reduced multicurve y,eguceq associated to a random multicurve y separates the
surface of genus g into several components? With what probability a random
multicurve myyy + may> + -+ +myyr hask = 1,2,...,3g — 3 primitive
connected components y1, ..., yx? What are the typical weights m 1, ..., my?

A beautiful answer to all these questions was found by Mirzakhani in [62].
She expressed the frequency of multicurves of any fixed topological type in

. . d
terms of the intersection numbers fﬂg/ § wfl . n,"/, where 2g' +n' < 2g.

(These intersection numbers are also called correlators of Witten’s two dimen-
sional topological gravity). For small genera g the formula of M. Mirzakhani
provides explicit rational values for the quantities discussed above. For exam-
ple, the reduced multicurve associated to a random multicurve on a surface of

genus 2 without cusps as in Fig. 1 separates the surface with probability %

and has 1, 2 or 3 components with probabilities % g, % respectively.

The formulae of Mirzakhani are applicable to surfaces of any genera. The
exact values of the intersection numbers can be computed through Witten—
Kontsevich theory [50,84]. However, despite the fact that these intersection
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numbers were extensively studied, there were no uniform estimates for Wit-
ten’s correlators for large g till the recent results of Aggarwal [3]. This is one
of the reasons why the following question remained open.

Question 1 What shape has a random multicurve on a surface of large genus?

The present paper aims to answer this question to some extent. Denote by
K¢ () the number of components k of the multicurve y = Zle m; y; counted
without multiplicities.

Theorem 1.1 Consider a random multicurve y = Zle m;y; on a surface S
of genus g. Let Vyeduced = Y1+ - - - + Vi be the underlying reduced multicurve.
The following asymptotic properties hold as g — +00.

(a) The multicurve Yyequced does not separate the surface (i.e. S — Uy; is
connected) with probability which tends to 1.

(b) The probability that a random multicurve y = Zle m;y; is primitive (i.e.
thatm; =my = --- = 1) tends to 4 (Here the number k of components
is not fixed and might take any value from 1 to 3g — 3.)

(c) Forany sequence of positive integers kg with k, = o(log g) the probability

. k . Lo .
that a random multicurve y = ) .* m;y; is primitive (i.e. that my =
e =mg, = 1) tends to 1.

There is no contradiction between parts (b) and (c) of the above Theorem
since in (c) we consider only those random multicurves for which the under-
lying primitive multicurve has an imposed number k, of components, while
in (b) we consider all multicurves. In other words, in part (c) we consider the
conditional probability. Part (b) of the above Theorem admits the following
generalization.

Theorem 1.2 For any positive integer m, the probability that all weights m;
of a random multicurve y = m1y1 + may» + - - - on a surface of genus g are
bounded by a positive integer m (i.e. that my < m,my < m,...) tends to

_m_

| as g — —+00.

We describe the probability distribution of the random variable K (y) later
in this section. However, to follow comparison with prime decomposition of
random integers and with cycle decomposition of random permutations we
present here the central limit theorem stated for random multicurves.

Theorem 1.3 Choose a non-separating simple closed curve pg on a surface
of genus g. Denote by ((pg, y) the geometric intersection number of pg and y .
The centered and rescaled distribution defined by the counting function K ()
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Asymptotic geometry in large genera

tends to the normal distribution:

3ng 9\ 2872 1
lim /=2 12g- (4g—M)!- (= lim ——
gtV 2 g (g =4 (8) N— oo N6&—6

Kq(y) — 10%

log g
2

card({y € MLg(Z) | t(pg,y) <N and

< X}/Stab(pg))

1 x4
= — e 2dt.
N2 ./—oo

Here Stab(pg) C Mod, is the stabilizer of the simple closed curve pg in the
mapping class group Mod,.

In plain words, the above theorems say that the components yy, ..., y of
a random multicurve y = Zle m;y; on a surface of large genus g have
all chances to go around k independent handles, where k is close to %log g,
and that with a high probability all the weights m; of a random multicurve
are uniformly small. In particular, with probability greater than 0.7 a random
multicurve is primitive, i.e. all the weights m; are equal to 1.

Our description of the asymptotic geometry of random multicurves on sur-

faces of large genus and of random square-tiled surfaces of large genus relies
on fundamental recent results [3] of A. Aggarwal, who proved, in particular,
the large genus asymptotic formulae for the Masur—Veech volume Vol Q, and
for the intersection numbers of 1-classes on ﬂg, n, conjectured by the authors
in [26,29].
Random square-tiled surfaces of large genus A square-tiled surface is a
closed oriented quadrangulated surface (i.e. a surface built by gluing identical
squares along their sides), such that the quadrangulation satisfies the following
properties. Consider the flat metric on the surface induced by the flat metric on
the squares. We assume that sides of the squares are identified by isometries,
which implies that the induced flat metric is non-singular on the complement
of the vertices of the squares. We require that the parallel transport of a vector
v tangent to the surface along any closed path avoiding conical singularities
brings the vector v either to itself or to —v. In other words, we require that
the holonomy group of the metric is Z /27 (compared to Z /47 for a general
quadrangulation). This holonomy assumption implies that defining some side
to be “horizontal” or “vertical” we uniquely determine for each of the remain-
ing sides, whether it is “horizontal” or “vertical”. Speaking of square-tiled
surfaced we always assume that the choice of horizontal and vertical sides is
done.

Our holonomy assumption implies that the number of squares adjacent to
any vertex is even. In this article we restrict ourselves to considering square-
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tiled surfaces with no conical singularities of angle . In other words, vertices
adjacent to exactly two squares are not allowed. Square-tiled surfaces satisfy-
ing the above restrictions can be seen as integer points in the total space Q4
of the vector bundle of holomorphic quadratic differentials over the moduli
space of complex curves M.

A stronger restriction on the quadrangulation imposing trivial linear holon-
omy to the induced flat metric defines Abelian square-tiled surfaces; they
correspond to integer points in the total space H, of the Hodge bundle of
holomorphic Abelian differentials over the moduli space of complex curves
M. The subset of square-tiled surfaces having prescribed linear holonomy
and prescribed cone angle at each conical singularity corresponds to the set
of integer points in the associated stratum in the moduli space of quadratic or
Abelian differentials respectively.

A square-tiled surface admits a natural decomposition into maximal hor-
izontal cylinders. For example, the square-tiled surface in the left picture
of Fig. 2 (which, for simplicity of illustration, contains conical points with
cone angles ) has four maximal horizontal cylinders highlighted by differ-
ent shades of grey. Two of these cylinders are composed of two horizontal
bands of squares. Each of the remaining two cylinders is composed of a single
horizontal band of squares.

For any positive integer N, the set S7, (N) of square-tiled surfaces of genus
g having no singularities of angle 7 and having at most N squares in the
tiling is finite. Choosing the uniform measure on the set S7,(N) and letting
the bound N for the number of squares tend to infinity, we define a “random
square-tiled surface” of fixed genus g in the same manner as we considered
“random multicurves” on a fixed surface, see Sect. 2.5 for details. We empha-
size that studying asymptotic statistical geometry of square-tiled surfaces as
the bound N tends to infinity we always keep the genus g, considered as a
parameter, fixed. One can study the decomposition of a random square-tiled
surface into maximal horizontal cylinders in the same sense as we considered
prime decomposition of random integers or cycle decomposition of random
permutations.

For each stratum in the moduli space of Abelian differentials, we computed
in [28] the probability that a random square-tiled surface in this stratum has
a single cylinder in its horizontal cylinder decomposition. This result can be
seen as an analog of the Prime Number Theorem for square-tiled surfaces.
In particular, using results [2,23] we proved that for strata of Abelian dif-
ferentials corresponding to large genera, this probability is asymptotically é,
where d is the dimension of the stratum. However, more detailed description
of statistics of square-tiled surfaces in individual strata of Abelian differentials
is currently out of reach with the exception of several low-dimensional strata.
Conjecturally, for any stratum of Abelian differentials of dimension d, the
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Asymptotic geometry in large genera

statistics of the number of maximal horizontal cylinders of a random square-
tiled surface in the stratum becomes very well-approximated by the statistics
of the number K,, (o) of disjoint cycles in a random permutation of d elements
as d — +o0o; see Sect. 6.2 for details.

In the present paper we address more general question.

Question 2 What shape has a random square-tiled surface of large genus
assuming that it does not have conical points of angle w ?

Denote by K (S) the number of maximal horizontal cylinders in the cylinder
decomposition of a square-tiled surface S of genus g.

Theorem 1.4 A random square-tiled surface S of genus g with no conical
singularities of angle m has the following asymptotic properties as g — +00.

(a) All conical singularities of S are located at the same leaf of the horizontal
foliation and at the same leaf of the vertical foliation with probability
which tends to 1.

(b) The probability that each maximal horizontal cylinder of S is composed
V2

of a single band of squares tends to 5.

(c) Forany sequence of positive integers kg with k, = o(log g) the probability
that each maximal horizontal cylinder of a random kg-cylinder square-
tiled surface of genus g is composed of a single band of squares tends to 1.

Similarly to the case of multicurves, part (b) of the above Theorem admits
the following generalization.

Theorem 1.5 For any m € N, the probability that every maximal horizontal
cylinder of a random square-tiled surface of genus g has at most m bands of

squares tends to /mLJrl as g — +oo.

We state now the central limit theorem for square-tiled surfaces.

Theorem 1.6 The centered and rescaled distribution defined by the counting
function K4 (S) tends to the normal distribution as g — +00:

Jim e (5) e

Ko(S) — %88
card SeSTg(N)‘M@c

[logg -
2
1 /x 2
= — e 2dt.
\/27‘[ —00
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Approach to the study of random multicurves and of random square-tiled
surfaces of large genera: from p, (k) to g, (k). It is time to admit that the
parallelism between Theorems 1.1-1.3 and respectively Theorems 1.4-1.6 is
not accidental.

Recall that we denote by K, () the number of components k of the multi-
curve y = Zf: 1 m;y; on a surface of genus g counted without multiplicities
and by K,(S) the number of maximal horizontal cylinders in the cylinder
decomposition of a square-tiled surface S of genus g. The following theorem
is a direct corollary of Theorem 1.22 from Section 1.8 in [29]. (For the sake
of completeness we reproduce the original Theorem in Sect. 2.5 below.)

Theorem 1.7 For any genus g > 2 and for any k € N, the probability p¢(k)
that a random multicurve y on a surface of genus g has exactly k components
counted without multiplicities coincides with the probability that a random
square-tiled surface S of genus g has exactly k maximal horizontal cylinders:

pe(k) =P(Kg(y) = k) = P(Kg(S) = k). (1.6)

In other words, K¢ (y) and K¢(S), considered as random variables, deter-
mine the same probability distribution pg(k), where k =1,2,...,3g — 3.

The above Theorem shows that Questions 1 and 2 are, basically, equivalent.
The description of the large genus asymptotic properties of the resulting prob-
ability distribution pg (k) can be seen as the main unified goal of the present
paper.

The starting point of our approach to the study of the probability distribution
pg (k) is the formula for the Masur—Veech volume Vol Q,, of the moduli space
of holomorphic quadratic differentials derived in our recent paper [29]. This
formula represents Vol Q, as a finite sum of contributions of genus g square-
tiled surfaces of all possible topological types (Sect. 2.3 describes this in
detail). However, the number of such topological types grows exponentially
as genus grows. Moreover, the contribution of square-tiled surfaces of a fixed
topological type to Vol Q, is expressed in terms of the intersection numbers
of ¥r-classes (Witten’s correlators) which are difficult to evaluate explicitly in
large genera.

We conjectured in [26] that in large genera, the dominant part of the contribu-
tion to Vol Q, comes from square-tiled surfaces having all conical singularities
at the same horizontal level. The topological type (see Sect. 2.1 for the rigorous
definition of the “topological type”) of such square-tiled surfaces is completely
determined by the number k of maximal horizontal cylinders which varies
from 1 to g. This conjecture suggested a strategy for overcoming the first
difficulty, reducing the study of all immense variety of topological types of
square-tiled surfaces to the study of g distinguished topological types. We also
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conjectured in [26] that under certain assumptions on g and r, the intersection
numbers fﬂg . w{i b wfll” are uniformly well-approximated by an explicit
closed expreséion in the variables dy, . . ., d,, and that the error term becomes
uniformly small with respect to all possible partitions dy+- - -+d,, = 3g—3+n
for large values of g. This conjecture suggested a plan for overcoming the
second difficulty reducing analysis of volume contributions of square-tiled
surfaces of g distinguished topological types to analysis of closed expres-
sions in multivariate harmonic sums. Such analysis led us, in particular, to the
conjectural large genus asymptotics of the Masur—Veech volume Vol Q,.

In terms of the probability distributions, we replace the original distribu-
tion pg (k) with an auxiliary probability distribution g, (k) in this approach.
The distribution g, (k) describes the contributions of square-tiled surfaces of
g distinguished topological types (corresponding to the situation when all
conical singularities are located at same horizontal layer and the surface has
k = 1,..., g maximal horizontal cylinders), where, moreover, we replace
the Witten’s correlators with the corresponding asymptotic expressions. The
precise definition of g, (k) is given in Eq. (3.17) in Sect. 3.1. Informally, our
conditional asymptotic result in [26] stated that for large genera g the auxil-
iary distribution g, (k) well-approximates the original probability distribution
Pg (k) modulo the conjectures mentioned above.

Deep analysis of volume contributions of square-tiled surfaces of differ-
ent topological types was performed by Aggarwal in [3]. Moreover, in the
same paper A. Aggarwal established uniform asymptotic bounds for Witten’s
correlators using elegant approach through asymmetric random walk. In par-
ticular, he proved all conjectures from [26] (in a stronger form) transforming
conditional statements from [26] into proven results.

In the present paper we follow the original approach, approximating the
probability distribution pg (k) with a slight modification of the probability
distribution g (k). The fine asymptotic analysis of A. Aggarwal allows to
state that g4 (k) “well-approximates” pe (k) in a much stronger sense than
it was claimed in the original preprint [26]. Moreover, we realized that our
“slight modification of the probability distribution g, (k)" has combinatorial
interpretation of independent interest and admits a detailed description based
on the technique developed by Hwang in [43].

Having explained the scheme of our approach we can state now the main
results concerning the probability distribution pg (k). We start with a formal
definition of the “slight modification of the probability distribution g (k)”
through random permutations. It plays an important role in the present paper.

Non-uniform random permutations and distribution g, ~,1/2. Let 6 be a
sequence {6 }x>1 of positive real numbers. Given a permutation o € S, with
cycle type (14122 . ntn), where 1- 1 +2- o +- - -+n-pu, = n, we define
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its weight wg (o) by the following formula:
wg(0) = 0116, - ofn.

To every collection of positive numbers 6 = {6 }r>1, we associate a prob-
ability measure on the sym-met-ric group S, by means of the weight function
defined above:

we (o) 1
Pon(0) = ———, where Wy, :=— > wy(o). (1.7)
’ o.n ‘oeS,

Denote by IP; o0, 1/2 the non-uniform probability measure on the symmetric
group S, associated to the collection of positive numbers 6, = ¢ (2k)/2, where
k =1,2,... and ¢ is the Riemann zeta function. Consider the random vari-
able K, (o) on the symmetric group S,, endowed with the probability measure
Py, 0,172, where K;,(0) is the number of disjoint cycles in the cycle decom-
position of such a random permutation o. The random variable K;, (o) takes
integer values in the range [1, n]. We introduce the notation:

Gn,00,1/2(k) =Py 00.1/2(Kn(0) = k) (1.8)

for the distribution law of the random variable K,, (o) with respect to the prob-
ability measure IP; oo, 1/2. We prove in Sect. 3 a series of results which can
informally be summarized as follows: the probability distribution q3g_3 0,12
well-approximates the probability distribution q,. We admit that the approxi-
mating distribution g, will be formally defined only later, namely, in Eq. (3.17)
in Sect. 3.1 and, strictly speaking, would not be used explicitly. The above claim
explains, however, our interest for the probability distribution g34-3 c0,1/2
which would be actually used for approximation. An important step of com-
parison of distributions p, and g3g-3 00,12 18 established in Lemma 3.6
stated and proved in Sect. 3.2. Theorems 1.8 and 1.10 below carry com-
prehensive information on the probability distribution g34-3 00,1/2(k) =
P3g-3,00,1/2(K3g—3(0) = k).

Theorem 1.8 Let P, oo 1/2 be the probability distribution on S, associated to
the collection 6 = £ (2k)/2. Then for all t € C we have as n — 400

- L (140(3)
En,oo,1/2 (1) = (2n) 2 FOT D) 1+ 0 -) (1.9)

where the error term is uniform in t on any compact subset of C.
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Forany A > O and k € N, let u;_1,2(k) be the coefficients of the following
Taylor expansion

T (3
A 1f(1—452£)) = wp1pk) - 15, (1.10)
2 k>1

1
Recall that I’ (%) = Lzz) = */TE We have

k

1 k 1\ .
up12(k) = /m - e 0 Z (l> . <§> ki

i=l

where ¢; is defined by the Taylor expansion

t 1 R4
ra+n T0) ;¢j v (1D

The first few values of ¢; are given by

pr=1 dr=2y; ¢3=3(y*-¢Q),

where y is the Euler—Mascheroni constant. Theorem 1.8 has the following
consequence.

Corollary 1.9 For A, = @ we have

1
Gn,00,1/2(k) = uy, 12(k) + O (;) asn — 0o
uniformly in k > 1.

Theorem 1.8 and Corollary 1.9 are particular cases of, respectively, Corol-
lary 3.11 and Corollary 3.12 stated and proved in Sect. 3.3. We also illustrate
the numerical aspects of this approximation in Sect. 6.1.

Theorem 1.10 Let 1, = log(2n) /2. Then, for any x > 0, we have the follow-
ing asymptotic behavior that is uniform in k € [0, xA,] as n — +o00:

Qn,oo,l/Z(k +1) = IP>n,oo,1/2(Kn(U) =k+1)

An)¥ k+1
:ef)‘n.(n') . ﬁ +O( + 2)
k! N (1 + %) (logn)

(1.12)
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For any x > 1 such that xA,, is an integer we have

n
> dnooapk+1) =Pyoo12(Ka(0) > xhy + 1)
k=xXp,+1
x logx—x+1

o 2n)~ 2 . x ' ﬁ L
C V2mhax x—1 <2F (1+3) +0 (logn)) ,(1.13)

where the error term is uniform in x on compact subsets of (1, +00). Similarly,
forany 0 < x < 1 such that x\, is an integer we have

XAp

D noonptk+1) =Py oo 1/2(Ka(0) < xhy + 1)
k=0
xlogx—x+1

. (21’1)_ 2 ‘ X ‘ ﬁ L
27y 1 —x (2F(1+§) +0<10gn>>’(1-14)

where the error term is uniform in x on compact subsets of (0, 1).

Theorem 1.10 is a particular case of Corollary 3.17 stated and proved in
Sect. 3.4. Note that for x # 1, we have x logx —x+1 > 0. Hence, Egs. (1.13)
and (1.14) provide explicit polynomial bounds in n for the tails of the distri-
bution.

Remark 1.11 Let G(x) = Lx and define
2r(+4%)
log G
a(x) = 086 (1.15)
x—1

Since log G(1) = 0, the function a(x) admits a continuous extension at x = 1
. / 14
lim a(x) =G'(1) = = +log2 — 1,
x—1 2
where y is the Euler—Mascheroni constant. Now, for any x > 0, we have

() - G (Aﬁ) =) (2 +a (H)k ' (1 o (Ak_z»

uniformly in £ € [0, xA,] as n — +o00. We can, hence, rewrite the right-
hand side of (1.12), namely, for any x > 0 we have the following asymptotic
behavior:
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s

ety LBk

Gn,co12(k+1) =e T

uniformly in k € [0, xA,] as n — +o0. In the latter expression, the right-
hand side reads as the value of a Poisson random variable with parameter

An+a (ﬁ)

The extended version of the above results as well as the closely related notion
of mod-Poisson convergence are discussed in Sect. 3.2. The above theorems
follow from singularity analysis at the boundary of the domain of definition of
holomorphic functions representing the relevant generating series performed
by Hwang in [43].

Properties of the probability distribution p, (k). The key theorems below
strongly rely on the asymptotic analysis of the Masur—Veech volumes of the
moduli spaces of quadratic differentials performed by Aggarwal in [3] and on
the uniform asymptotic bounds for Witten’s correlators obtained in the same

paper.

Theorem 1.12 Let K, be the random variable satisfying the probability
law (1.6). For all t € C such that |t| < % the following asymptotic relation is
valid as g — 400!

) o2 T
E(t )_(6g—6) T (o). (1.16)

B~

Moreover, for any compact set U in the open disk |t| < % there exists
8(U) > 0, such that for all t € U the error term has the form O(g_‘s(U)).

Note that the right-hand side of expression (1.16) is very close to the right-
hand side of the analogous expression (1.9) from Theorem 1.8 evaluated at
n=3g—3.

We expect that the mod-Poisson convergence (1.16) holds in a larger domain
than the disk |7]| < %. If our guess is correct, the asymptotics (1.17) for the dis-
tribution p, should hold for larger interval of x than described below. We also
expect that the mod-Poisson convergence analogous to (1.16) holds for all non-
hyperelliptic components of all strata of holomorphic quadratic differentials;

see Conjecture 2 in Sect. 6.2 for more details.
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Theorem 1.13 Let A3, 3 = log(6g — 6)/2. For any x € [O, @) we have
i
pgk+1) =P(Kg(y) =k + 1)
k
— o33 353 ) v L0 ( k+1
k! k (log g)?
o (14 55 g8
(1.17)
uniformly in k € [0, xA3g_3].
For any x € (1, 1.236] such that xA3g_3 is an integer we have
3g—-3
D pelk+ 1) =P(Ky(y) > xdzg 3+ 1)
k=xA3g-3+1
xlogx—x+1
_ (6g—6)" 2 X JT +0( 1 )
C 2mhzeax x—1 \2r(1+%) logg) )
(1.18)

where the error term is uniform in x on compact subsets of (1, 1.236 ). Similarly
forany x € (0, 1) such that xA3g_3 is an integer we have

XA3g—3
Y petk+1) =P(Kg(y) < xhsg3+1)
k=0
xlogx—x+1
6g—6) 2 1
_ (68 —-6) x VT 0( ) ’
V27 h3g_3x I—x \2r(1+%) log g

(1.19)

where the error term is uniform in x on compact subsets of (0, 1). Finally,

[0.6210og g1

Yo pe = P<0.09 logg < K,(y) < 0.62log g>
k=10.09log g |

=1- 0 ((logg)*g™'*). (1.20)

Similarly to Remark 1.11, Eq. (1.17) tells, in particular, that any x in the
interval [0, 1.236] (which carries, essentially, all but O(g_l/ 4 part of the
total mass of the distribution) and for large g, the values pg(k + 1) for k in a

@ Springer



Asymptotic geometry in large genera

neighborhood of x 928 of size o(log g) are uniformly well-approximated by

the Poisson dlstrlbutlon Poi, (k) with parameter A = M + a(x), where
a(x) is defined in (1.15).

The approximation results given in Theorem 1.8 for g, ~,1,2 and in Theo-
rem 1.12 for p, imply an asymptotic expansion of the moments that we present
now. Recall that the Stirling number of the second kind, denoted by S(i, j), is
the number of ways to partition a set of i objects into j non-empty subsets.

Theorem 1.14 Forany fixed k € N the difference between the i -th moments of
random variables with the probability distributions pg and q3g—3,00,1/2 tends
to zero as g — +00.

Furthermore, the i-th cumulant k;(Kg(0)) of the random variable Kg
associated to the probability distribution p, admits the following asymptotic
expansion:

1
ki (Kg) = M+ L +log2
i ) ) 1 j
=386 (=1 e Gy (G =D (27— 1) (5)
j=2
+0 (l> as g — 400, (1.21)
8

where S(i, j) are the Stirling numbers of the second kind. In particular, the
mean value E(K) and the variance V(K ) satisfy

E(Kg):Kl(Kg)zw g+10g2—|—0<;)
log(6g — 6 3 1
V(Kg) = k2(Kyg) = % + g +log2 — Z;(Z) +0 (;)

where y = 0.5572... denotes the Euler—-Mascheroni constant. The third
and the fourth cumulants k3(Ky) and k4(K) admit the following asymptotic
expansions:

log(62 — 6 9 7 1

K3(Ky) = %) n ; +log2 — 2¢(2) + 7¢(3) + 0 (g) ,
log(6g — 6

K4(Kg)=% Z+1g2——4“(2)

21 45 1
—§(3) - —4“(4) +0 (g)
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Other approaches to random multicurves. One more interesting aspect of
geometry of random multicurves is the lengths statistics of simple closed hyper-
bolic geodesics associated to components of multicurves of fixed topological
type. Mirzakhani studied in [65] random pants decompositions of a hyper-
bolic surface of genus g. She considered the orbit Mod, y of a multicurve
Y = y1 + -+ y3g_3 corresponding to a fixed pants decomposition. Choos-
ing multicurves of hyperbolic length at most L in this orbit, she got a finite
collection of multicurves. Letting L — +o00 she defined a random pants
decomposition. M. Mirzakhani proved in Theorem 1.2 of [65] that under the

normalization x; = i((]});’)) fori =1,...,3¢ —3,and f € Modg, the lengths
statistics of components of a random pair of pants f -y has the limiting density
function const - xy ... x3g_3 with respect to the Lebesgue measure on the unit
simplex. F. Arana-Herrera and M. Liu independently proved in [9,11,54] a
generalization of this result to arbitrary multicurves. In terms of square-tiled
surfaces the resulting hyperbolic lengths statistics coincides with statistics of
flat lengths of the waist curves of maximal horizontal cylinders of the square-
tiled surface (see Section 1.9 in [29]).

One can define unconstrained random integral multicurves (considering all
integral multicurves of bounded length at once) in an analogous way. In this
setting the number of components of f - y is not fixed anymore, so it is natu-
ral to list the normalized lengths of components i((?.y")) in a decreasing order
completing them with an infinite sequence of zeroes. {\/I Liu and V. Delecroix
proved recently in [30] that in the large genus limit, the resulting vector con-
verges (in distribution) to the asymptotic vector of normalized and ordered
lengths of cycles in a cyclic decomposition of a random permutation of n
elements under the probability measure PP, 1,2 when n — +o00.

In the regime where one considers simple closed curves of length at most L
for any fixed L > 0 and lets the genus tend to 400, a very precise description
of the distribution of lengths was provided by Mirzakhani and Petri in [66].
A similar result but with discrete metrics instead of hyperbolic ones has been
proved by Janson and Louf in [46].

It would be interesting to establish relations between random multicurves
and the general framework of random partitions introduced by Vershik in [82].
Random quadrangulations versus random square-tiled surfaces. In this
article we are concerned with random square-tiled surfaces, which are a partic-
ular case of random quadrangulations, which are themselves a particular case
of random combinatorial maps (surfaces obtained from gluing polygons). The
latter two families have a much longer mathematical history. The two important
parameters are the number of polygons N and the genus g.

Surfaces obtained by random gluing of polygons have been studied for a
long time. Their enumeration can be traced back to the works of Tutte [80] for
g = 0 and of Walsh and Lehman [83] for arbitrary g. In particular, their results
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allow to compute the probability of getting a closed surface of genus g as a
result of a random pairwise gluing of the sides of a 2n-gon. Somewhat later
Harer and Zagier [41] were able to enumerate genus g gluings of a 2n-gon
in a more explicit and effective way. This was a crucial ingredient in their
computation of the orbifold Euler characteristic of the moduli space M, of
complex algebraic curves.

Surfaces obtained from randomly glued polygons have been studied since
a long time in physics in relation to string theory and quantum gravity as in
the paper of Kazakov et al. [47]. In this approach the main attention is paid to
surfaces of genus zero (planar approximation) with several perturbative terms
corresponding to surfaces of low genera.

In the case g = 0 and N — 400, the Brownian map has been shown to be
the scaling limit of various models of combinatorial maps, see the surveys of
Miermont [60] and of Le Gall [52] and the references therein. Combinatorial
maps also admit local limits, as proved, in particular, in the papers of Angel
and Schramm [5], of Krikun [49], of Chassaing and Durhuus [20], of Ménard
[59]. In higher but fixed genus, the scaling limits giving rise to higher genera
Brownian maps have been investigated by Bettinelli in [13,14].

Surfaces obtained by gluing polygons without restriction on the genus have
been studied by Brooks and Makover in [15], by Gamburd in [36], by Guth,
Parlier ang Young in [40], by Chmutov and Pittel in [24], by Alexeev and
Zograf in [7], and by Budzinski, Curien and Petri in [16,17]. In this approach
the genus g of the resulting surface is a random variable whose expectation is
proportional to the number of polygons N. See also the recent paper of Shresta
[77] studying square-tiled surfaces in a similar context. Finally, in the regime
g = 0N with 6 € [0, %) a local limit has been conjectured by Curien in [25]
and recently proved by Budzinski and Louf in [18], see also Louf [55].

Note that our approach is different from all approaches mentioned above.
We fix the genus of the surface, and consider square-tiled surfaces build from
at most NV squares (or geodesic multicurves of length bounded by some large
number L). We define asymptotic frequencies of square-tiled surfaces or of
geodesic multicurves of a fixed combinatorial type by passing to the limit when
N (respectively L) tends to infinity. Only when the resulting limiting frequen-
cies (probabilities) are already defined in each individual genus we study their
behavior in the regime when the genus becomes very large. This approach is
natural in the context of dynamics of polygonal billiards, dynamics of interval
exchange transformations and of translation surfaces, and in the context of
geometry and dynamics on the moduli space of quadratic differentials.

Note also that all but negligible part of our square-tiled surfaces of genus
g have 4g — 4 vertices of valence 6, while all other vertices have valence
4, and the number of such vertices is incomparably larger than g. This is
one more substantial difference between our random surface model and the
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random quadrangulations considered in the probability theory literature where,
usually, there is no such degree constraint imposed and vertices, typically, have
arbitrary degrees even if the resulting surface has genus 0. As a result, our
square-tiled surfaces locally look like a tiling of R? by squares except around
4g — 4 conical singularities with cone angle 37. This is not the case for a
random planar quadrangulation.

A regime similar to ours was used by H. Masur, K. Rafi and A. Randecker
who studied in [58] the covering radius of random translation surfaces (corre-
sponding to Abelian differentials).

In the hyperbolic setting, another regime similar to ours was studied by

M. Mirzakhani and by M. Mirzakhani and P. Zograf in [67]. M. Mirzakhani
considered in [64] random hyperbolic surfaces of fixed large genus g, where
“randomness” is defined by means of the Weil-Petersson measure. In par-
ticular, M. Mirzakhani proved that with probability which tends to 1 when
g — o0, the spectrum of Laplacian of a random hyperbolic surface admits
a uniform spectral gap (i.e., it is separated from zero). The pioneering ideas
of M. Mirzakhani had very successful development in recent works of Anan-
tharaman, Monk, and Thomas [4,68,69]. The lower bound for the spectral
gap obtained by M. Mirzakhani was improved in independent recent papers
of Lipnowski and Wright [53] and of Wu and Xue [85] to 13—6 — ¢&. Finally,
the recent papers of W. Hide, Magee, Naud and Puder [42,56] investigated
random covers of growing genus. In this settings Hide and Magee proved in
[42] the optimal asymptotic spectral gap }1 — ¢ awaited since more than half
of a century.
Structure of the paper. To make the present paper self-contained, we repro-
duce in Sect. 2 all necessary background material. We start by recalling in
Sect. 2.1 the definition of the Masur—Veech volume of the moduli space of
quadratic differentials Q4. We sketch in Sect. 2.2 how Masur—Veech volumes
are related to the count of square-tiled surfaces. In the same section we asso-
ciate to every square-tiled surface a multicurve and we recall the notion of
a stable graph, particularly important in the framework of the present paper.
We present in Sect. 2.3 a formula for the Masur—Veech volume Vol Q, and
the theorem of A. Aggarwal on the asymptotic value of this volume for large
genus g. The reader interested in more ample information is addressed to the
original papers [3,29] respectively. In Sect. 2.4 we recall Mirzakhani’s count
[62] of frequencies of multicurves. In Sect. 2.5 we explain why Questions 1
and 2 are equivalent and demystify Theorem 1.7. In Sect. 2.6 we recall the
recent breakthrough results of Aggarwal [3] on large genus asymptotics of
Witten’s correlators.

In Sect. 3 we recall general background from the works of Hwang [43],
and of Kowalski, Méliot, Nikeghbali, Zeindler [34,51,71] on random permu-
tations and on mod-Poisson convergence and apply this general technique to
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the probability distribution ¢33 o0,1/2. In particular, we prove Theorems 1.8
and 1.10.

We then introduce a probability distribution pg)(k) of the random vari-
able K¢ (y) = K, (S) restricted to non-separating random multicurves y on a
surface of genus g (equivalently, restricted to random square-tiled surfaces
of genus g having a single horizontal critical level). Using the results of
Aggarwal [3] on asymptotics of Witten’s correlators we prove that the distri-
bution g3¢3,00,1/2 very well-approximates the distribution pél) (namely, that

they share the same mod-Poisson convergence, but pél) has smaller radius of
convergence). This allows us to extend all the results obtained for random per-
mutations to these special random multicurves (special random square-tiled
surfaces).

It remains, however, to pass from the special multicurves (and square-tiled
surfaces) to the general ones. The necessary estimates are prepared in Sect. 4.
In a sense, this step was already performed by Aggarwal in [3], who proved a
generalization of our conjecture from [26] claiming that random multicurves

(random square-tiled surfaces) which do not contribute to the distribution pél)

become rare for large genera. This justifies the fact that the distribution pél)
well-approximates the distribution pg. However, to prove this statement in
a much stronger form stated in the present paper we have to adjust certain
estimates from Sections 9 and 10 from the original paper [3] to our current
needs.

We recommend the readers interested in all the details of Sect. 4 to read
it in parallel with Sections 9 and 10 of the original paper [3]. (Actually, we
recommend reading the entire paper [3] of A. Aggarwal. We have no doubt
that the reader looking for a deep understanding of the subject will appreciate
the beauty, strength and originality of the ideas and proofs in [3] as we do.)

Having obtained all the necessary estimates in Sect. 4 we prove in Sect. 5 that
the distribution pg,l) well-approximates the distribution p,. By transitivity this
implies that the distribution ¢33 ~,1/2 well-approximates the distribution
pg- We show in Sect. 5 how the properties of ¢33 00,1/2 derived in Sect. 3
imply all our main results.

In Sect. 6.1 we compare our theoretical results with experimental and exact
numerical data. We complete by suggesting in Sect. 6.2 a conjectural descrip-
tion of the combinatorial geometry of random Abelian square-tiled surfaces
of large genus and of random square-tiled surfaces restricted to any non-
hyperelliptic component of any stratum in the moduli space of Abelian or
quadratic differentials of large genus.

This article is born out of Appendices D-F of the original preprint [26].
The latter contained several conjectures, and all other results were derived
from them as “conditional theorems”. All these conjectures were proved by
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A. Aggarwal; see Theorems 2.3, 2.6, 2.7, 2.8, and Corollary 5.3 in the present
paper or, respectively, Theorem 1.7 and Propositions 1.2, 4.1, 4.2, 10.7 in the
original paper [3]. Moreover, most of the results are proved in [3] in a much
stronger form than we initially conjectured. Combining our initial approach
with these recent results of A. Aggarwal and elaborating close ties with random
permutations we radically strengthened the initial assertions from [26].

2 Background material
2.1 Masur—Veech volume of the moduli space of quadratic differentials

Consider the moduli space M, , of complex curves of genus g with n distinct
labeled marked points. The total space Qy ,, of the cotangent bundle over M ,,
can be identified with the moduli space of pairs (C, g), where C € M, , isa
smooth complex curve with n (labeled) marked points and g is a meromorphic
quadratic differential on C with at most simple poles at the marked points and
no other poles. In the case n = 0 the quadratic differential ¢ is holomorphic.
Thus, the moduli space of quadratic differentials Qg , is endowed with the
canonical real symplectic structure. The induced volume element dVol on
Q,.n 1s called the Masur—Veech volume element. In the next Section we provide
alternative more common definition of the Masur—Veech volume element. The
two definitions are equivalent up to a global multiplicative constant.

A non-zero quadratic differential g in Qy ,, defines a flat metric |g| on the
complex curve C. The resulting metric has conical singularities at zeroes and
simple poles of g. The total area of (C, q)

Area(C, q) = /C lq|

is positive and finite. For any real a > 0, consider the following subset in

Qo .n:
Q?r:afa — {(C, q) € Qg,n | Area(C, q) < a}-

Since Area(C, g) is a norm in each fiber of the bundle Qg , — M, ,,
the set Q?f,faf" is a ball bundle over M ;. In particular, it is non-compact.
However, by the independent results of Masur [57] and Veech [81], the total
mass of Q?f,fafa with respect to the Masur—Veech volume element is finite.
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Fig. 2 Square-tiled surface in Qg 7, and associated multicurve and stable graph

2.2 Square-tiled surfaces, simple closed multicurves and stable graphs

We have already mentioned that a non-zero meromorphic quadratic differential
q on a complex curve C defines a flat metric with conical singularities. One
can construct a discrete collection of quadratic differentials of this kind by
assembling together identical flat squares in the following way. Take a finite
set of copies of the oriented 1/2 x 1/2-square for which two opposite sides are
chosen to be horizontal and the remaining two sides are declared to be vertical.
Identify pairs of sides of the squares by isometries in such way that horizontal
sides are glued to horizontal ones and vertical sides to vertical ones. We get
a topological surface S without boundary. We consider only those surfaces
obtained in this way which are connected and oriented. The form dz? on each
square is compatible with the gluing and endows S with a complex structure
and with a non-zero quadratic differential ¢ with at most simple poles. The
total area Area(S, g) is % times the number of squares. We call such surface a
square-tiled surface.

Suppose that the resulting closed square-tiled surface has genus g and n
conical singularities of angle 7, i.e. n vertices shared by only two squares. For
example, the square-tiled surfaces in Fig. 2 has genus ¢ = 0 and n = 7 conical
singularities of angle 7. Consider the complex coordinate z in each square and
a quadratic differential (dz)2. It is easy to check that the resulting square-
tiled surface inherits the complex structure and globally defined meromorphic
quadratic differential g having simple poles at n conical singularities of angle
7 and no other poles. Thus, any square-tiled surface of genus g having n
conical singularities of angle 7 canonically defines a point (C, g) € Qg p.
Fixing the size of the square once and forever and considering all resulting
square-tiled surfaces in Q, ,, we get a discrete subset S7g ,, in Qg 5.

Given a sequence of integers & = [41...MLm> Mm+1 - - - Mm+n], Where
[1e1 ... um]is apartition of 4g — 4 +n and wp+1 = -+ = Uptm = —1, the
corresponding stratum of quadratic differentials Q(u) is the space of equiv-
alence classes of pairs consisting of a complex curve C with m + n distinct
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marked points z1, ..., Zm, P1, ---» Pn and a quadratic differential g with the
divisor Y 'L puizi — Z?:l pj (both zeroes and poles of g are considered to
be labeled).

For any pair of nonnegative integers (g, n) satisfying 2¢g + n > 3, the
principal stratum is Q(1*8~4+t" —17) (that is, u = [1*¢~4+" —1"]). For
example, the square-tiled surface in Fig. 2 belongs to the principal stratum
Q(13, —17). The natural morphism Q(148=4+" —1") — Q, , that forgets
the labeling of zeroes of g is a (4g — 4 + n)!-sheeted ramified cover of its
image in Q, ,. Moreover, this image is open and dense in Oy ;.

In the two special cases (g,n) = (0, 3) and (g,n) = (1, 1) which cor-
respond to 2¢g + n = 3 the moduli space Qg , does not admit any natural
interpretation in terms of meromorphic quadratic differentials with simple
zeros and simple poles.

Denote by S7; ,(N) C ST, , the subset of square-tiled surfaces in Q, ,
made of at most N identical squares. The strata have a natural linear structure
and the square-tiled surfaces form a covolume one lattice in associated period
coordinates in every stratum. This justifies the following conventional defini-
tion of the Masur—Veech volume of Q, , (for (g, n) different from (0, 3) and

(1, 1)):

card (87, ,(2N
Vol Q , := Vol Q%™ 1"y =24 . lim ( g ))
’ N——+o0 N4

, (2.
where d = dim¢ Q(1%~4", —1") = dim¢ Qg » = 6g — 6+ 2n. We empha-
size that in the above formula we assume that all conical singularities of
square-tiled surfaces are labeled.

The cardinality of the subset of square-tiled surfaces in 7, ,(2N) which
belong to strata different from the principal one is negligible as n — 400,
so restricting the count to square-tiled surfaces in the principal stratum
Q(148~4+n _1") does not change the above limit.

We admit that certain conventions used in the definition (2.1) might seem
unexpected. For example, the square-tiled surfaces in S7; ,(2N) are made
of at most 2N squares, while we normalize the cardinality of this set by N¢.
Also, as we already mentioned, the principal stratum Q(148~4+" —1") is a
(4g —4+-n)!-sheeted cover over an open and dense subspace in Q,, ,,. However,
the normalization in (2.1) follows the one used in the literature including
[3,6,12,21,29,38].

Multicurve associated to a cylinder decomposition. Any square-tiled surface
admits a decomposition into maximal horizontal cylinders filled with isometric
simple closed flat geodesics. Every such maximal horizontal cylinder has at
least one conical singularity on each of the two boundary components. The
square-tiled surface in Fig. 2 has four maximal horizontal cylinders which are
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represented in the picture by different shades. For every maximal horizontal
cylinder choose the corresponding waist curve y;.

By construction each resulting simple closed curve y; is non-peripheral
(i.e. it does not bound a topological disk without punctures or with a single
puncture) and different y;, y; are not freely homotopic on the underlying n-
punctured topological surface. In other words, pinching simultaneously all
waist curves y; we get a stable curve representing a point in the Deligne—
Mumford compactification M, .

We encode the number of circular horizontal bands of squares contained
in the corresponding maximal horizontal cylinder by the integer weight H;
associated to the curve y;. The above observation implies that the resulting
formal linear combination y = ) H;y; is a simple closed integral multicurve
in the space ML, ,(Z) of measured laminations. For example, the simple
closed multicurve associated to the square-tiled surface as in Fig. 2 has the
form 2y; + y2 + 3 + 2ya.

Given a simple closed integral multicurve y in ML, ,(Z), consider the
subset ST, ,(y) C ST, , of those square-tiled surfaces, for which the asso-
ciated horizontal multicurve is in the same Mod, ,-orbit as y, where Mod,
preserves the labelling of punctures. Denote by Vol(y) the contribution to
Vol Q, ,, of square-tiled surfaces from the subset ST, ,,(y) C ST »:

d(S7, ,2N)N ST, ,
Vol(y) =2(6g — 6+ 2n) - lim card(57g.n( 3 g. ()/)).
N——+o00 N

The results in [27] imply that for any y in MLy ,,(Z) the above limit exists,
is strictly positive, and that

Vol Q, , = Z Vol(y), (2.2)

[v1eO

where the sum is taken over representatives [y ] of all orbits O of the mapping
class group Mod, , in ML, ,(Z).

Definition 2.1 Formula (2.2) allows to interpret the ratio Vol(y)/ Vol Q, , as
the asymptotic probability to get a square-tiled surface in S7; ,(y) taking a
random square-tiled surface in S7; ,(N) as N — +o00. We will also call the
same quantity by frequency of square-tiled surfaces of type S7, ,(y) among
all square-tiled surfaces.

Stable graph associated to a multicurve Following Kontsevich [50] we
assign to any multicurve y a stable graph I'(y) = I (Vreduced). The stable
graph I'(y) is a decorated graph dual to yyeguceq- It consists of vertices, edges,
and “half-edges”, also called “legs”. Vertices of I"(y) represent the connected
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components of the complement S, ,, \ Vreducea- Each vertex is decorated with
the integer number encoding the genus of the corresponding connected com-
ponent of Sg ;, \ Yreduced- By convention, when this number is not explicitly
indicated, it equals to zero. Edges of I'(y) are in the natural bijective corre-
spondence with curves y;; an edge joins a vertex to itself when on both sides
of the corresponding simple closed curve y; we have the same connected com-
ponent of Sg ;, \ Vreduced- Finally, the n punctures are represented by n legs.
The right picture in Fig. 2 provides an example of the stable graph associated
to the multicurve y = 2y1 4+ y2 + y3 + 2y4.

Pinching all components of a reduced multicurve y;eqyceq On a complex
curve of genus g with n marked points by we get a stable complex curve
representing a point in the Deligne-Mumford compactification ﬂg? n. In this
way stable graphs parameterize the boundary cycles of Mg,n. In particular, the
set G, , of all stable graphs is finite. It is in the natural bijective correspondence
with the set of boundary cycles of Mg,n or, equivalently, with Mod, ,,-orbits
of reduced multicurves in ML, ,(Z).

2.3 Formula for the Masur-Veech volumes

In this section we introduce polynomials Ng ,, (b1, ..., b,) that appear in dif-
ferent contexts, in particular, in the formula for the Masur—Veech volume.

Let g be a non-negative integer and n a positive integer. Let the pair (g, n)
be different from (0, 1) and (0, 2). Let dy, ..., d, be an ordered partition of
3¢ —3-+n into a sum of non-negative integers, |d| = dy+- - -+d, = 3g—3+n,
let d be a multiindex (d, . .., d,) and let b2¢ stand for b7 - .- .. by,

Define the following homogeneous polynomial N, , (b1, ..., b,) of degree
6g — 6 + 2n in variables by, . .., b, in the following way.

New(bi,....b) = > cab™, (23)
|d|=3g—34+n
where
1
Cq = W (le e Td,,)g,n, (24)
d
(Tdy - - - Td,,)g,n = / wll ce w;fﬂ, (2.5)
Mg.n
andd! =d,!---d,!. Note that N, , (b1, ..., b,) contains only even powers of
b;,wherei =1,...,n.
Following [12] we consider the following linear operators Y(H) and Z
on the spaces of polynomials in variables by, b, ..., where Hy, Ha, ... are
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positive integers. The operator Y (H) is defined on monomials as

k k
; m;!
yH) [ —T] Pl (2.6)
i=1 i=1 4
and extends to arbitrary polynomials by linearity. The operator Z is defined
on monomials as

k k
Z . ]_[b;."f — ]_[(mi!.;(m,-+1)), 2.7)
i=1 i=1

and extends to arbitrary polynomials by linearity.

Given a stable graph I', denote by V (I") the set of its vertices and by E(I")
the set of its edges. To each stable graph I' € G, , we associate the following
homogeneous polynomial Pr of degree 6g — 6 + 2n. To every edge e € E(I")
we assign a formal variable b,; we associate 0 to each leg. Given a vertex
v € V(I') denote by g, the integer number decorating v and denote by n, the
valency of v, where the legs incident to v are counted towards the valency of v.
Take a small neighborhood of v in I". We denote by b, the resulting collection
of size n,. If some edge e is a loop joining v to itself, b, would be present in b,
twice; if an edge e joins v to a distinct vertex, b, would be present in b,, once;
all the other entries of b, correspond to legs; they are represented by zeroes. To
each vertex v € V(I') we associate the polynomial Ng, ,, (by), where Ny ,, is
defined in (2.3). We associate to the stable graph I" the polynomial Pr defined
as follows:

208=3+2n (40 — 4 4 p)!
(6g — 7+ 2n)!

1 1
XSVa-T | Aut(D))| .eellzf([F)be : uel;!r)N sy (By). (2.8)

Pr(b) =

Theorem ([29]) The Masur—Veech volume Vol Qg ,, of the principal stratum
of quadratic differentials with 4g — 4 + n labelled simple zeros and n labelled
simple poles has the following value:

Vol Qg = Y Vol(I), (2.9)

regen
where the contribution of an individual stable graph I" has the form

Vol(I') = Z(Py). (2.10)
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Remark 2.2 The contribution (2.10) of any individual stable graph has the
following natural interpretation. We have seen that stable graphs I' in G, ,, are
in natural bijective correspondence with Mod, ,,-orbits of reduced multicurves
Yreduced = Y1 +Y2+-- -, where simple closed curves y; and y; are not isotopic
foranyi # j.TakeI" € G, »,andputk = |E(I')|. Let Vieducea = v1+- -+ vk
be the reduced multicurve associatedto I'. Let yg = y(I', H) = Hyy1+- - -+
Hyyi, where H = (Hy, ..., Hy) € N*. We have

Vol(T) = Z Vol (T, H), (2.11)
HeNk

where the contribution Vol (F, H) of square-tiled surfaces with the horizontal
cylinder decomposition of type (I', H) to Vol Qg , is given by the formula:

Vol (T, H) = Y(H)(Pr). (2.12)

In other words, we can rearrange the sum in (2.2) as

Vol Qgp= Y Vol(y)= Y~ > Vol(y), (2.13)

[v]eO FeGen Iyl (y)=T}

where

> Vol(y) = Vol(I").

{ly1IT(y)=r}

In this way we can extend Definition 2.1 and speak of asymptotic probability
of getting a square-tiled surface in S7; ,(I') = Uy, 1(y)=r}S 7,0 (y) taking
arandom square-tiled surface in §7, ,(N) as N — +o00. In the same way we
define frequency of square-tiled surfaces having exactly kK maximal horizontal
cylinders among all square-tiled surfaces of genus g.

In particular, we define the probability IP(K ¢(8) = k) from Eq. (1.6) as

P(Ky(S) =k) =

> Vol(I). (2.14)

eG,
|E@)|=k

Vol Q,

We complete this section with a theorem that is one of the two keystone
results on which rely all further asymptotic results of the present paper. Morally,
it serves to establish explicit normalization allowing to pass from a finite
measure with unspecified total mass to a specific probability measure. This
statement was conjectured in [26,29] and proved in [3, Theorem 1.7].
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Theorem 2.3 (Aggarwal [3]) The Masur—Veech volume of the moduli space of
holomorphic quadratic differentials has the following large genus asymptotics:

4g—4
Vol Q, = % : <§> (14 0(1)) asg— +oo. (2.15)

Remark 2.4 The exact values of Vol Qg for g < 250 (and more) can be
obtained by combining results of Chen et al. [21] with the results of Kazarian
[48] or of Yang et al. [86]. Supported by serious data analysis, the authors of

[86] conjecture that the error term in (2.15) admits an asymptotic expansion

. . . 2 .
in g~! with the leading term -5 é and with terms of order g=2 and g3

with explicit coefficients. In Theorem 5.1, using a refinement of the estimates
from [3] we prove that the error term o(1) in 2.15 can be improved to a finer
estimate 0(g‘1/4).

Conjectural generalization of formula (2.15) to all strata of meromorphic
quadratic differentials and numerical evidence beyond this conjecture are pre-
sented in [6]. Actually, [3, Theorem 1.7] provides the volume asymptotics in
the more general setting for Vol Q , under assumption that the number n of
simple poles satisfies the relation 20n < log g.

2.4 Frequencies of multicurves (after M. Mirzakhani)

Recall that two integral multicurves on the same smooth surface of genus g
with n punctures have the same topological type if they belong to the same
orbit of the mapping class group Mod ;.

We change now flat setting to hyperbolic setting. Following M. Mirzakhani,
given an integral multicurve y in ML, ,(Z) and a hyperbolic surface X in the
Teichmiiller space 7, , consider the function sx (L, y) counting the number
of simple closed geodesic multicurves on X of length at most L of the same
topological type as y. M. Mirzakhani proves in [62] the following Theorem.

Theorem (M. Mirzakhani) For any rational multicurve y and any hyperbolic
surface X € Tg 5,

sx(L,y) ~ B(X) - ? . [ 68—6+2n (2.16)
g.n

as L — +oo.

The factor B(X) in the above formula has the following geometric meaning.
Consider the unit ball By = {y € MLg , |€x(y) < 1} defined by means of
the length function £x. Then B(X) is Thurston’s measure of By in MLy ,:

B(X) = urh(Bx).
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The factor by, is defined as the average of B(X) over M, , viewed as the
moduli space of hyperbolic metrics, where the average is taken with respect
to the Weil-Petersson volume form on Mg ,:

byn = / B(X)dX. (2.17)
M

8g.n

Mirzakhani showed that

ben= Y. ) (2.18)

[y1€eO(g,n)

where the sum of ¢(y) taken with respect to representatives [y ] of all orbits
O(g, n) of the mapping class group Mody , in ML, ,(Z). This allows to inter-

C(y)

pret the ratio as the probability to get a multicurve of type y taking a “large

random” multlcurve (in the same sense as the probability that coordinates of
a “random” point in Z? are coprime equals —2)-

In particular, we define the quantity ]P’(K V) = k) from Eq. (1.6) as
1
P(Ker) =k) ==+ > c), (2.19)
& y1eow(s)

where, by = bg o and Ok (g) C O(g) = O(g, 0) is the subcollection of orbits
of those multicurves y, for which yequceq has exactly k connected components.

M. Mirzakhani found an explicit expression for the coefficient c(y) and for
the global normalization constant b, , in terms of the intersection numbers of
Y-classes.

2.5 Frequencies of square-tiled surfaces of fixed combinatorial type

The following Theorem establishes a bridge between flat and hyperbolic count.

Theorem ([29]) For any integral multicurve y € MLyg ,(Z), the volume
contribution Vol(y) to the Masur-Veech volume Vol Qg ,, coincides with the
Mirzakhani’s asymptotic frequency c(y) of simple closed geodesic multicurves
of topological type y up to the explicit factor:

Vol(y) = constg ;, - c(y), (2.20)
where

constg, =2-(6g —6+2n) - (4g — 4 +n)! - 2473 (221)
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Proof of Theorem 1.7 Definitions (2.14) and (2.19) and Formulae (2.13)
and (2.18) combined with relation (2.21) imply that P(K,(y) = k) =
P(K4(S) = k). O
Corollary ([29]) For any admissible pair of non-negative integers (g, n)

different from (1, 1) and (2, 0), the Masur—Veech volume Vol Qg , and the
average Thurston measure of a unit ball bg ,, are related as follows:

Vol Qg =2+ (68 —6+2n) - (4g —4+n)! - 2%y, (222)
Remark 2.5 In [63, Theorem 1.4] M. Mirzakhani established the relation
Vol Q, = const, - by,

where by was computed in [62, Theorem 5.3]. However, Mirzakhani does not
give any formula for the value of the normalization constant const, presented
in (2.22). This constant was recently computed by Arana-Herrera [10] and by
Monin and Telpukhovskiy [70] simultaneously and independently of us by
different methods. The same value of const, , was obtained by Erlandsson
and Souto in [33] through an approach different from all the ones mentioned
above.

2.6 Uniform large genus asymptotics of correlators (after A. Aggarwal)

We denote by I1(m, n) the set of nonnegative compositions of an integer m
as sum of n non-negative integers. For any nonnegative composition d €
I1(3g — 3 4+ n, n) define ¢(d) through the following equation:

B (6g — 5+ 2n)!!
 Qdi+ D! Q2d, + D gl 248

(tay .- Ta,)gn (1+e@@d). (2.23)

By construction, the intersection numbers are nonnegative rational numbers,
so&(d) = —1foranyd € TI(3g — 3+ n, n). We conjectured in [26] that £ (d)
tends to zero uniformly for all nonnegative compositionsd € I1(3g —3+n, n)
as soon as n < 2logg and g — 4o0. This conjecture was proved in much
stronger form in the recent paper of Aggarwal [3].

The following Theorem corresponds to [3, Proposition 1.2].

Theorem 2.6 (A. Aggarwal) Let n € Z>y and d € 7., satisfy |d| = 3g +
n — 3, for some g € Zxq. Then, -

3 n—1
1+ed) < (5) . (2.24)
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Fig. 3 The stable graph I'; (g) (on the left) corresponds to the reduced multicurve Y,eguced =
y1 + - -+ + yx represented by k linearly independent homology cycles on a surface of genus g
(on the right)

The next Theorem corresponds to [3, Proposition 4.1].

Theorem 2.7 (A. Aggarwal) Let g > 2'° and n > 1 be integers such that
g > 30n, and letd € T1(3g — 3 + n, n). Then we have

(n+4logg)

e(d) > —20- (2.25)

Finally, the following Theorem corresponds to [3, Proposition 4.2].

Theorem 2.8 (A. Aggarwal) Let g > 2°° and n > 1 be integers such that
g > 800n2, and let d € [1(3g — 3 + n, n). Then we have

(2.26)

2log g)?
1+ e(d) <exp (625 . w) .

8

Remark 2.9 We proved in [29] explicit sharp upper and lower bounds for
2-correlators. Guo and Yang suggested in [39] an alternative proof of our
conjecture [26] on the large genus asymptotics on the intersection numbers of
psi-classes and stated an interesting polynomiality conjecture.

3 Random non-separating multicurves and non-uniform random
permutations

Consider the stable graph I'x(g) having a single vertex decorated with genus
g — k, and having k loops, see the left picture in Fig. 3. This stable graph
corresponds to multicurves on a closed surface of genus g, for which the
components yi, . .., Y of the underlying reduced multicurve Vyeguced = y1 +
--- + y, represent k linearly independent homology cycles. The square-tiled
surfaces associated to this stable graph have single horizontal singular layer
and k£ maximal horizontal cylinders.

Recall from Sect. 2.3 that by Vol(I'x(g)) we denote the volume contribu-
tion from all square-tiled surfaces corresponding to the stable graph I'x(g).
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By Vol (l"k (g), (my, ..., my)) we denote the volume contribution from those
square-tiled surfaces corresponding to the stable graph I'x(g) for which one
maximal horizontal cylinder is filled with m | bands of squares, another cylinder
is filled with m; bands of squares, and so on up to the kth maximal horizontal
cylinder, which is filled with m; bands of squares. The corresponding mul-
ticurve has the form my| + - - - + myyx, where yy, ..., yx are as described
above. By (2.11) we have

Vol(Ti(g) = Y Vol (Ti(g). (my, ....my).

In this section we prove the following result, which relies on the uniform
asymptotics of Witten’s correlators proved by A. Aggarwal (see Theorems 2.6—
2.8 in the present paper or, respectively, Propositions 1.2, 4.1, 4.2 in the original
paper [3] of A. Aggarwal).

Theorem 3.1 Let m € N U {4o00}. For any complex number t in the disk
[t|] <2 we have as g — 400

8
> > Vol(T(g), (mi, ..., my)) - 1*
k=1 my,...,mg

1<m;<m fori=1,....k

2m 1/2

22 () =1 g\ % (log g)?
=———+—-(83-32 = 1+0(—=—)),

V7 T(%) 3 g

3.1

where for every compact subset U of the complex disk |t| < 2 the error term is
uniform inm € NU {+oo} and t € U. In particular, for m = +oo andt = 1
we obtain

8 4 8 4g—4 1 2
> Vol(Tk(g) = = (5) (1 o <( Oig) )> . (32

k=1

We prove Theorem 3.1 in Sect. 3.7. We note that asymptotics (3.2) was first
obtained by A. Aggarwal in [3, Proposition 8.3]. Our refinement consists in the

2
bound O (%) for the error term. Conjecturally, the bound can be further

improved to O (é); see Remark 2.4.
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3.1 Volume contribution of stable graphs with a single vertex

In this section, we show how to express an approximate value of the contri-
bution Vol(I'x(g)) of square-tiled surfaces corresponding to the stable graph
'k (g) to the Masur—Veech volume Vol Q, in terms of the following normalized
weighted multi-variate harmonic sum.

Definition 3.2 Let m € N U {400} and let o be a positive real number. For
integers k, n such that 1 < k < n, define

> Em(2)1) - § (2j2) XS (2Jk)
Hymall)=— Y = “ i (3.3)
where the sum is taken over all k-tuples (ji, ja, ..., jx) € NF of positive

integers summing up to n and

1 1 1
In(s) =14+ — +33+ +ﬁ

is the partial zeta function.

Remark 3.3 The particular cases of the above numbers, namely,

1 ~
Hy(n) = Z fzk!'Hn,l,l(k),
e
£@2j) - £ Qi) ~
Zim)y = Y = k! Hy.c0,1(k)
jibrgemm T2 T

appeared in the preprint [26]; the asymptotic expansions for these quantities
were obtained by A. Aggarwal in Sections 6 and 7 of [3]. The framework
which we develop here allows to treat all normalized weighted multi-variate
harmonic sums H, ,, (k) in a unified way.

Theorem 3.4 There exists a constant Cy such that for sufficiently large g € N
the following property holds. For any couple m, k, such that m € N U {400},
k € N, 800k < g, we have

3 Vol (Tk(g), (m1, ..., my))

L<miem itk
2\/5 8 4g—4 ~
= 3g—3-(§) Hyy 5,1 (0) - (1+€1(8.0)). 34)

@ Springer



Asymptotic geometry in large genera

k +2log g)?
where |e1(g, k)| < Cy - ﬂ

There exists a constant Cy such that for all triples (g, k, m), where g € N,
g>2,keN k<g;meNU{+oo}, we have

Z VOl(Fk(g)9(mlavmk))

mi,..., my
1<m;<m fori=1,....k
<Gz (5) Hyy 10 (Z) , (3.5)
where ﬁ3 g—3,m, 1 (k) is the normalized weighted multi-variate harmonic sum
defined in (3.3).

In order to prove Theorem 3.4 we first state and prove Lemma 3.5 below.
LetD = (D, ..., D) € I1(3g — 3 + 2k, k). Define cg 1 (D) as

gl-(3g—3+2k) 38
(6g + 4k —5)! 238615k

diy ,dip )
X Z T Z / Yy Yy Yy
Mg,Zk

dy,1+d12=D di,1+dy,2=Dy
k

1 2D; +2)!

djil-djn!

cg k(D) =

j=1
(3.6)

The following result is a corollary of the uniform asymptotics of Wit-
ten’s correlators proved by A. Aggarwal (see Theorems 2.6-2.8 in the present
paper or, respectively, Propositions 1.2, 4.1, 4.2 in the original paper [3] of
A. Aggarwal).

Lemma 3.5 There exists a constant C3 such that for sufficiently large g € N
and for k € N satisfying 800k*> < g we have

(k + 21og g)*
leu(D) — 1] < C3 - —— =088

(3.7)
For any positive integers g, k € N satisfying 1 < k < gand g > 2, we have

o\
cgk(D) =< (Z) . (3.8)
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Proof Passing to double factorials and applying definition (2.23) of e(d) we
get

g! 38
cg,k(D) = 238—3+2k . (6g + 4k — 5)!! ) 23g—6+5k
X Z T Z (Tdy 1 Tdy s - - - Tdyy Tdg 2 ) g2k
di,1+d12=Dy di,1+dk2=Dy
<(2dj,1 + 1)! ' 2dj + 1! ‘ <2DJ- +2 ))
i dj1! dj»! 2d;1+1
1 (2D +2

— .« .. J
= 26g—6+5k Z Z (1+e@)- 1_[ (2d,- |+ 1)

di+dip=D1  di1+di2=Dx Jj=1 .

Applying the combinatorial identity

~1

”2: 2n — 22n—1
2m + 1

m=0

we get

> 2,06

dy,1+d12=Di di,1+dk 2=Dy j=1

k
1—[ Zj: 2Dj+2\ ) _ [] 220+ | = 2te-s+sk
2dj71 + 1 izl ’

j=1d; =0

The claim that bound (3.7) is valid for sufficiently large g now follows
from combination of bounds (2.25) and (2.26) from Theorems 2.7 and 2.8 of
A. Aggarwal (respectively, Propositions 4.1, 4.2 in the original paper [3]).

For k > 2 the universal bound (3.8) follows from the universal bound (2.24)
from Theorem 2.6 of A. Aggarwal (see Proposition 1.2 in the original paper
[3]), using the fact that for k > 2 we have 1 + (3/2)%~!1 < (3/2)%.

We proved in [29, Proposition 4.1] that e(d) < Oforanyd € [1(3g — 1, 2).
This implies bound (3.8) for k = 1, which completes the proof of the Lemma.

O
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Proof of Theorem 3.4 Let us denote

8
Vini(g) = D> Vol(Tk(g). (mi,....my)) and Viu(g) =D Vi (g).
k=1

My,...,Mg
1<m;<m
fori=l1,..., k

(3.9)
The automorphism group Aut(I'x(g)) consists of all possible permutations
of loops composed with all possible flips of individual loops, so

| Aut(I)| = 2% - k!.

The graph I'x(g) has a single vertex, so |V (I'k(g)| = 1. Thus, apply-
ing (2.12) to I'x(g) we get

2083 . (4 — 4)! 1
k&) =@
X Z V(H,biby...by - Ng_g2k(b1, b1, by, ba, ..., by, b))

H = (my,...,my)
1<m; <m
fori=1,...,k

_ (4g— ! 2685 1 Z (Ta) g—k.2k

- —_ 7\ 9k .1 95(g—k)—6+4k '
(6g —7)! 2k k! 2 oS @

k

X

i=1

Rewrite the latter sum using notationD = (Dy, ..., Dy) € [1(3g—3—k, k)
and cg_r (D) defined by (3.6). Adjusting expression (3.6) from genus g to
genus g — k we get

Z (Td) g—k.2k
d!

del(3g—3—k,2k)
k
X l_[ ((2d2i—1 + 2o + D! - 5 (2oi—1 + 2dp; + 2))
i=1
(6(g — k) + 4k — 5)!

= Y D)
DelGs—3—k.0) (g—Kk)! - B(g—k) —3+2k)!
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23(g—k)—6+45k ' k Cm(ZDj+2)

—k . ’
38 HETIE)

X

which allows us to rewrite (3.10) as

Vm,k(g)
_ (Be =D e 1) (6g —2k—5)! 2670
(6g —7)! k! (g—k)! - Bg—3—k)! 38—k
k
Co—k k(D) tmn(2Dj +2)

x Z g o ]_[ D-il . (3.11)

Dell(3g—3—k,2k) j=1 J
Let us define
c('g"i’,’(’k = mI;n co—k k(D) and c;"fi’k = mDax Co—k k(D).

Rearranging factors with factorials, collecting powers of 2 and 3, and passing
to notation H,, 5 =y (k) for the multivariate harmonic sum (3.3) we get the

following bounds:

C?H]lc’k = Vm,k(g)

-1
(6g — 2k — 5)! (4g—4)! 248 —3+2k 7 ©
6g —7)!  (g—k)'-(Bg—3—k) 38k 3g=3m.3
< ke (3.12)

We start by proving the first assertion of the theorem represented by rela-
tion (3.4). We rewrite the product of factorials in (3.12) as

(6g — 2k — 5)! - (4g — 4)!

6g =N (g—k)!-(GBg—3-K)!
(B3g=3)!  (g=1)!
4g —4\ Bg3-0!  (g—h!
=(6g_6)_<g )_(g ! (e=h)

g—1 (65—6)!
(6g—2k—5)!
4g—4\ (GBg—-3r-(g— D!
:(6g—6)-<g_1>. 65— 67 (1+e3(g, b))
2 28g—6—2k
=3g-3" ;'33g_—4+k(1+84(g’k))' (3.13)
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Note that there exist constants C and ag such that for any integer a satisfying
a > agp and for any b € N, satisfying b < /a, we have

b b? a! b?
“( G )‘(a—>'— (1+C3 )

This implies that there exists gog such that for any g € N satisfying g > go
and for any k € N satisfying 800k”> < g we have the bound

k2
les(g, k)| < C3 - <

for the error term in the third line of (3.13). Let

4g —4 2 2858
(8 - 1) T\ 7(Bg—3) 3%3 (14 65(9)).

There exist constants Cs and g1 such that for any g € N satisfying g > g1
we have

1
les(@) = Cs - —
4

The latter two bounds imply that there exist a constant C4 and a constant
g» such that for any g € N satisfying g > g» we have the bound

k2
lea(g)] < Cy4 - <’

for the error term on the right-hand side of the fourth line of (3.13). Using
the latter bound and collecting together the powers of 2, 3 and g, we can
rewrite (3.12) in the following way:

2 Vink(8)
gllrll(k<l_c4_)52\/§ 84g4
& JT (?) V38— 3g 3,m, l(k)

T

k2
< cmax <1 +Cy ;> . (3.14)

Now, using the bound (3.7) from the first part of Lemma 3.5 we get (3.4).
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The proof of the upper bound (3.5) is similar. For the product of factorials
we use the bound

(Bg—=3)!  (g=D! k—1 . k-1 .
B3R! (g=R! _ I1 3g =31 I1 § i
(6g—6)! J 6g —6-—-2i 1 16g—5—-2i
(6g—2k—5)! i=0 i=1
B li_ll 6g — 6i
12k 68 —5-2i
k—1 .
6 1 6g — 6i
~ S (14 [
12 6g —7 l,_26g—5—21
< 36 1 (3.15)
-5 128 '

valid for any couple (g, k) of positive integers satisfying g > 2 and k < g.
Here we used the inequality 6g — 6i < 6g — 5 — 2i valid for any integer g, i
such that g > 2 andi > 2. We also used the inequality 1/(6g —7) < 1/5 valid
for any integer g > 2. The upper bound for c;”j‘;’ « Was established in Eq. (3.8)
in the second part of Lemma 3.5. Plugging this bound for cgwx in (3.12) and
the bound for the product of factorials in (3.13) and proceeding as before we

obtain the result. O

Define

Vink(8) = (M L8tl . l) ' ( (6g —2k—5)! 238—6+2k)

(6g —7)! k! (g—k)! - Bg—-3—-k)! 38—k
k
1 tm(2D; +2)
y » ?.H—Dﬁl , (3.16)
Dell(3g—3—k,2k) j=1

where the partial ¢-function ¢, is defined below expression (3.3). Define
Voo’k(g) by an analogous expression, where ¢, is replaced by ¢.

This expressionis obtained by replacing ¢ x (D) with 1in (3.11). We have
seen that this is equivalent to replacing the Witten’s correlators in the right-hand
side of formula (3.10) for V,, «(g) by the asymptotic expression (2.23) from
Sect. 2.6. We are now ready to give the formal definition of the approximating
distribution g, (k) informally described in Sect. 1.

Define the probability distribution gg (k) as

8
“k(g), where Voo(g) = Y Viok(g)- (3.17)

(8 =1

qg(k) =
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It follows from the proof of Theorem 3.4 that for sufficiently large ¢ € N
and for k € N satisfying k> < g we have the bounds for Vi k(g) analogous
to(3.14), where cm"x  and c;"“;f’ i arereplaced with 1. This implies that Vi, x(g)
satisfies the lower bound

2«/5 8 4g—4 k2
Vink(8) = W (g) V3g =3 Hy ;5,100 (HO(?))’
(3.18)

where the constant in the error term is uniform in k € N satisfying k> < g.
The upper bound for the expression in factorials on the left-hand side
of (3.15) can be expressed for large g as 12k (1 + 0 ( )) Thus, ana-

log of (3.12) for Vm, ©(g), where cg’fz’ . and cg’fz’ « are replaced with 1 implies
that for sufficiently large g € N and for any k € N we have the upper bound

2v2 (8\*7! 1
mk(g) ﬁ (3> ' 3g -3 H3g 3,m l(k)'<1 + O (;)) . (3-19)

3.2 Multi-variate harmonic sums and non-uniform random
permutations

In this section we analyze the normalized weighted multi-variate harmonic
sum from Definition 3.2 and Theorem 3.4. We show how these kind of sums
naturally appear in the study of random permutations in the symmetric group.

Let us recall the setting of Sect. 1. Let 8 = {6 }x>1 be a sequence of non-
negative real numbers. From now on we assume for simplicity that 8; > 0.
Recall that given a permutation o € S, with cycle type (1#12#2 .. ntn) we
define its weight as

wy(o) = 01"105% -6l

To every sequence 8 = {6 }x>1 we associate a probability measure on the
symmetric group S, as in (1.7) by setting

wg (o) 1
Py n(o) = W , where Wy, = | Z wg (o).
. N

‘oeS,

Constant weights §; = 1 correspond to the uniform measure on §,,. More
generally, the probability measures on S, obtained from constant weights 6; =
o are called Ewens measures. The following lemma identifies our normalized
weighted multi-variate harmonic sums from Definition 3.2 as total contribution
of permutations having exactly k cycles to the sum Wy ;.
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Lemma 3.6 Let 0 = {6i}r>1 be non-negative real numbers and consider the
associated probability measure Py ,, on the symmetric group S, for some n.

Then | | 0050
— Y wglo)y=—- Yy (3.20)
n! k! / Iy -1k
gEeS, i|+-+ig=n
K, (0)=k

where K, (o) is the number of cycles in the cycle decomposition of o and the
sum in the right hand-side is taken over positive integers iy, ..., ix. In other
words, we have the following identity in the ring Q[[t, z]] of formal power
series in t and z:

<" Z
PR ICA )H = exp tZQk? . (3.21)

n>1o0es, k>1

The first few terms of the expansion of (3.21) in z have the following form:

-k
exp tZGk; =1
k>1

+ (01t) z

Z2
+ (621 4 071%) 5

Z3

2, p3,3
+ (2031 + 3616217 + 07t )5

+...
Proof of Lemma 3.6 From each permutation o in S, and a composition

(i1, ..., ix) of n we build the following permutation & with k cycles (in cycle
notation)

(c(),0Q2),....06D) (01 +1),...,001 +1i2))
(ol Fimr + D, o).

Here the cycles of & are ordered from 1 to k so that the first cycle has
length i1, the second has length i», etc. Since each cycle is defined up to cyclic
ordering, for each fixed (i1, ..., ;) we obtain the same permutation (with
ordered cycles) ij - i3 - - - iy times. Hence the number

n!—eilgi2 b .
iin - - ik
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is the weighted count of permutations with k labelled cycles of lengths iy, ...,
ir. Now summing over all possible compositions (i1, ..., ix) of n and dividing
by k! gives the weighted sum of permutations having exactly k cycles. O

We see that the normalized weighted multi-variate harmonic sums ﬁn,m,a (k)
defined in (3.3) represent the total weight of permutations having exactly k
disjoint cycles in their cycle decomposition, where the weights wg (o) cor-
respond to the sequence 6y = «{,(2k), k € N. Thus, Lemma 3.6 implies
the following relation for the generalization of the quantities g, o o, defined
in (1.8) for arbitrary m € N U {4o0}:

Hy 0 (k)
qn.m,o(k) =Py m o (Kn(a) = k) = ‘r)lvm—oé, (3.22)
n,m,o

where

n

Wama = Z ﬁn,m,a(k) Z Z wy (o).

k=1 o€eS,
K, (0)=k

(3.23)

Theorem 3.4 relates the contributions Vol (Fk (g)) of the stable graphs 't (g)
to the Masur—Veech volume Vol Q, to the total weight of permutations having
exactly k disjoint cycles in their cycle decomposition, where the weights wg (o)

corresponding to the sequence 6y = %; (2k), k € N, that is to the normalized

weighted multi-variate harmonic sums with m = +o0o and o« = %

The unsigned Stirling numbers of the first kind s (n, k) corresponding to the
uniform distribution on S, satisfy s(n, k) = n!- H, 1,1(k).

Theorem 3.7 Let t be a complex number and m € N U {4o00}. Then

om \¥ ar—1
<m+1> n 1
ZHnma(k)t T(l'i‘O(;)),
(3.24)

where the error term is uniform in m € N U {400} and in t over compact
subsets of complex numbers.

Here we use the convention

2m
S =2.
m+ 1 m=-+40o0
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A version of Theorem 3.7 stated for the values m = 1 and m = +o0,
o = %, t = 1, which are particularly important in the context of the present
paper, was stated as a conjecture in the preprint [26] and was first proved by
A. Aggarwal in [3, Proposition 7.2]. We suggest here a proof of Theorem 3.7
based on technique of Hwang [43] applied to the generating function in the
right-hand side of Eq. (3.21). We discovered this approach for ourselves after
the paper [3] became available.

We will use the following elementary facts in the proof Theorem 3.7.

Lemma 3.8 Let m € NU {+00}. The series
Zk
gn(2) = kZI tn (200

converges in the unit disk |z| < 1. Considered as a holomorphic function, it
extends to C\ [1, +00). Moreover, as z — 1 inside C \ [1, +00) we have

gm(z) = —log(l —z) +log (mz—fl) + 0 —2). (3.25)

Proof Expanding the definition of the partial zeta function ¢, and changing
the order of summation we find the alternative formula

gm(z) = — ibg (1 - nZ_2> :
n=1

which proves the first assertion of the Lemma.
Now, we have

- 1
gm(2) = —log(l —z) — Zlog (1 - n_2> + 0@z -—1).

n=2

For finite m, we can rewrite the constant term as

— ilog(] — i) = i(Z log(n) — log(n — 1) — log(n + 1))
n=2 n2 n=2

The case m = 400 is obtained by passing to the limit. O
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Proof of Theorem 3.7 Theorem 3.7 can be derived as a corollary of Theo-
rem 12 of [43] (see also [71, Lemma 2.13]). To make the proof tractable we
provide here a complete argument based on the asymptotic analysis performed
in the classical book by Flajolet and Sedgewick [35].

By Lemma 3.6 we have

> Hyma)t* = [2"Texp(tag,(2)), (3.26)

k=1

where g,,(z) is the function defined in Lemma 3.8 and [z"] stands for the
coefficient at z” in the expansion of exp(fag;;(z)). Plugging the asymptotic
expansion (3.25) into (3.26) we obtain the following expansion as z — 1

inside C \ [1, +00):
)

where the error term is uniform in # on compact subsets of complex numbers.
Now by [35, Theorem VI.I] we have
1
(10 (2)),

ot
[z"] ( ) —
n

where the error term is uniform in # over compact subsets of complex numbers.
The term <

1
1—z2

2m
m+1

at
exp(atgm(z)) = ( ) -(1+0(z—1)), (3.27)

nat—l

~ T(ar)

1
11—z

2m

at
m_+1) in (3.27) does not depend on z. In order to bound the

at
contribution of the error term (IL_Z) -0 (z—1)1in (3.27) we use the following

estimate [35, Theorem VI.3]:

s—1
n _ s—2
[z ]0((1_1) )—0(” )
Hence
[ n] t )) _ natil 2m ot 1 0 1
eesn@ =1 (57) (140 (7))

and the theorem is proved.

O
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3.3 Mod-Poisson convergence

In this section we recall some facts about mod-Poisson convergence of
probability distributions. As a direct corollary of Theorem 3.7 we derive mod-
Poisson convergence of the probability distribution g, .0 = Pu m.« (K,, (o) =
k) of the number of cycles associated by Lemma 3.6 to the normalized weighted
multi-variate harmonic sums ﬁn m.a (k). For details we refer to the monograph
of Féray et al. [34] and, for the particular case of uniformly distributed random
permutations, to the original article of Nikehgbali and Zeindler [71].

Given a probability distribution p(k) of a random variable X taking values
in non-negative integers, we associate to it the generating series

400
Fp(t) =) plkyt*. (3.28)
k=1
The generating series of the Poisson distribution defined in (1.4) is ¢*¢~1.
Recall that given two independent discrete random variables with non-
negative integer values X and Y with distributions px (k) and py (k) respec-
tively, the distribution of their sum X + Y is the convolution

px+y®) = Y px()-pr(j).

i+j=k

The generating series of pxy is the product of the generating series of py
and py:
Fx+y = FxFy. (329)

We are particularly interested in the situations when we have a sequence of
distributions that are close to the convolution of the Poisson distribution with
a varying parameter A, which tends to +00 as n — +o00 and an additional
fixed distribution.

Definition 3.9 Let p, be a sequence of probability distributions on the non-
negative integers, let A,, be a sequence of positive real numbers tending to +o00
as n — +o00. Moreover, let R € (1, +o0], let G(¢) be an analytic function
on the disk || < R in C and let ¢, be a sequence of positive real numbers
converging to zero. We say that p, converges mod-Poisson with parameters
A, limiting function G, radius R and speed &, if forallt € Csuchthat || < R
we have

Fp, (1) =D G(@) - (14 O(en)), (3.30)

where the error term O (g,) is uniform in ¢ on compact subsets of the complex
disk || < R.
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We say that a sequence X, of random variables taking values in non-negative
integers converges mod-Poisson if the sequence of the associated probability
distributions p, converges mod-Poisson, where p, (k) = P(X, = k) for k =
0,1,....

The term ¢*~D . G(¢) in the right hand side of (3.30) is the product of
the generating series of Poiy, with G (). In other words, it looks like (3.29).
However, we emphasize that G (¢) is not necessarily the generating series of a
probability distribution.

Note that Eq. (3.28) implies that for any n we have F), (1) = 1. Thus,
condition (3.30) from the definition of mod-Poisson convergence implies that

G(1)=1. (3.31)

Remark 3.10 Let us emphasize that our definition of mod-Poisson conver-
gence differs from [34] in that we take generating series E(+X) of random
variables instead of the moment generating function E(e?X). One can pass
from one to the other by setting + = e*. In particular, our assumption that G
is analytic at t = 0 is not a requirement in the definition of [34]. This extra
assumption allows us to control the asymptotics of p,(k) when k is in the
range k < logn.

Let P, .« be the discrete probability measure on the symmetric group
S, corresponding to the weights wg (o) associated to the sequence 6; = « -
Im2i) for i = 1,2... as defined in (1.7). Recall that Lemma 3.6 and,
more specifically, Eq. (3.22) express the probability distribution g, m o (k) =
Py (Kn (o) = k) through multivariate harmonic sums H,, ;, (k) defined
in (3.3). The corollary below is a more general version of Theorem 1.8 from
the introduction.

Corollary 3.11 Let K, (o) be the number of cycles of a permutation o in
the symmetric group S,. Let E, ,, « be the expectation with respect to the
probability measure Py, 1, o on S, as in (3.22). Then for all t € C we have as
n — 400

9= (G5 H (o ()
Epma (¢ )_(m+1'") T 1+o(-)), 632

Moreover, the convergence in (3.32) is uniform in t on any compact subset
of C.

In other words the sequence of random variables K,, with respect to the
probability measures Py, p, o converges mod-Poisson with parameters A, =
o log (rf—j_’l . n), limiting function I' (o) / ' (at), radius R = 400 and speed
1/n.
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Proof of Corollary 3.11 Let us define

Gu(t) ==Y Hymakrr.

k=1

Formula (3.28) for an abstract generating function combined with For-
mula (3.22) for P, 5.« (Kn (o) = k) gives the following expression for the
generating series in the left-hand side of (3.32):

E <tKn(o')> _ Gnu(1)
n,m,o =

Gn(1)
and the corollary now directly follows from Formula (3.24) from Theorem 3.7.
O
Generalizing u; 1,2 given by (1.10) let us define
t-I'(1
gu-n LT+ Zum(k) % (3.33)

F(l +tor)

Corollary 3.12 Let m € N U {oo} and let o be a positive real. We have
1
Qn,m,a(k) = uk,,,a(k) + 0 (;) asn — +oo

uniformly in k > 1, where A, = « log( L )
Proof of Corollary 3.12 Note that

MNa)  at-T(w) 1-T'(l+a)
C(at) ot -T(et) Td+ta)’

Let

Fi(t) .= ZQH,m,a(k)tk )

k=1
o t- F(l—i—oe)
Fo(1) i= M1 Tarie —Z 13,0 (R~

Both Fi(t) and F>(t) are holomorphic in C. Since F,(¢) does not vanish we
have

Fi(t)— F(t) =0 (l> asn — 400
n
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uniformly in ¢ € D(0, 1 4+ ¢). Using the saddle-point bound (18) from [35,
Proposition I'V.1] with radius R = 1 we obtain that

1
Qrt,m,ot(k) - ukn,a(k) =0 (;) asn — 400
uniformly in k > 1. O

3.4 Large deviations and central limit theorem

Having proved the mod-Poisson convergence in Corollary 3.11, we could
have derived most of the following large deviation results by referring to The-
orem 3.2.2 from the monograph of Feray et al. [34] (see also Example 3.2.6
of the same monograph providing more details in the case of uniform random
permutations). However, as we mentioned in Remark 3.10, the monograph
[34] uses slightly weaker definition of mod-Poisson convergence which does
not allow to study the probability distribution in the range of values of the
random variable of the order o(A,). To overcome this difficulty we rely on
Theorem 14 in [43] and on Theorem 2 in [44] due to H. Hwang.

Theorem 3.13 (Hwang [43,44]) Let {X,}, be a sequence of random vari-
ables taking values in non-negative integers that converges mod-Poisson with
parameters Ay, limiting function G (t), radius R and speed at least ., U Assume
Sfurthermore that G(0) # 0. Then for any x € (0, R), we have

)\'k
P(X, =k) = e_k"k—’: (Gk/ )+ O((k+ 1)/(An)2)) asn — +oo (3.34)
uniformly in k € [0, A, ].
For all x € (1, R) such that xA,, is an integer
e—An(x logx—x+1)

N2 Ay X

where the error term is uniform in x on compact subsets of (1, R). Similarly,
forall x € (0, 1) such that x).,, is an integer

P(X, > x\A,) =

- = LG+ 00, (339)

e_}‘"(x log x—x+1)
P(X, < xAn) =

Nz —— (G + 00, (3.36)

where the error term is uniform in x on compact subsets of (0, 1).
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Remark 3.14 Note that by Stirling formula, for x = ﬁ we have

e—A,,(x logx—x+1) , ()»n)k |
_ = " 1 + O((logn)™— .

Note also that x log x —x + 1 is convex and attains its minimum at x = 1 for
which it has value zero. Hence both quantities in the right-hand sides of (3.35)
and (3.36) are exponentially decreasing in n.

Remark 3.15 1f the limiting function G vanishes at 0, we can apply the fol-
lowing trick. Let a € N be the order of zero. Then the sequence of shifted
variables X, — a converges mod-Poisson with the same parameters and radius
but with the limiting function =% G (t) which does not vanish anymore at zero.
We can then apply Theorem 3.13 to X,, — a.

Remark 3.16 Since [34, Theorem 3.2.2] is stated for the more general mod-¢
convergence let us explain how their notation translates in our context. Because
we use Poisson variables, we have n(t) = ¢’ — 1 whose Legendre—Fenchel
transform is F(x) = x logx — x — 1. Because of this # = log x. The limiting
functionis ¢ (e¢*) = G(z). This difference of notation for the limiting functions
is due to the fact that we used generating series E(¢%) instead of the moment
generating functions E(e?X).

The statement below is a generalization of Theorem 1.10 from Sect. 1 to an
arbitrary probability measure P, ,, «.

Corollary 3.17 Leta > 0, let m € NU {4-00}. Let Py, ;.o be the probability

measure as in (3.22) and let A, = alog (ﬁ—ﬁn) Then for any x > 0 we

have

Qn,m,a(k + 1) = IPzn,m,oz(Kn =k+ ])

s G [ T+ < k+1
k! F(l—i—a%) (log n)?

) asn — +oo

(3.37)

uniformly in k € [0, xA,].
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For x € (1, 400) such that x ), is an integer we have

n
Z qn,m,a(k +1) = IP>rl,m,o!(Kn > XAy + 1)

k=xA,+1
e—)un(xlogx—x—kl) X F(l +Ol) 1
— . +0 | —— asn — +o00o,
V2w XAy x—1 (F(l + ax) (logn))
(3.38)
where the error term is uniform in x on compact subsets of (1, +00).
For x € (0, 1) such that xA,, is an integer we have
XAn
Z‘In,m,a(k +1) = Pn,m,a(Kn <xip + 1)
k=0
e—)un(xlogx—x—kl) X F(l +Ot) 1
= . + O asn — +0o,
V2w Xy 1—x (F(l +ax) (logn))
(3.39)

where the error term is uniform in x on compact subsets of (0, 1).

Proof By Corollary 3.11, the sequence of random variables K;, (o) with respect
to the probability measures P, ,, o on the symmetric group S,, converges mod-

Poisson with parameters A, = o log (ﬁ—_ﬁn) limiting function I'(er) / I' (a?),
radius R = 400 and speed 1/n. The limiting function I' (o) / " («¢) has zero of
the first order at = 0, so we have to apply the trick described in Remark 3.15.
The sequence of random variables K, — 1 converges mod-Poisson with the
same radius R = +o00 and speed 1/n and has the limiting function I" (&) /(% -
["(at)). Applying the identity I'(z + 1) = zI'(z) we conclude that the new

limiting function

') al'(a) _ 'l +a)

GO = - T(a) TA+ar) TA+ar

does not vanish at # = 0 and Theorem 3.13 becomes applicable to the sequence
of random variables X, — 1. O

Corollary 3.18 Let o be a positive real number and let m € N U {+o00}. Let

Hy .o be the normalized weighted multi-variate harmonic sum (3.3), and let
{kn}n be a sequence of integers such that k,, = O(logn). Then as n — 400
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we have
Hy .o (kn)
kn—1
B (logn—i—log(mH)) 1 +0(kn_1)
n (kn — D! r (1 + ak"A—_I) (log n)2
(3.40)

If, moreover, k, = o(logn), then as n — +00 we have

Hy .o (k)

kn—1
21 n
_ b (lozn +1og (1)) AN N (LTI
on (k, — 1) logn logn '

(3.41)

Proof of Corollary 3.18 Applying (3.37) with A, = « log (rj—gn) we get

S O T 4o 0<kn—1>

Gn,m,a(kn) = e

—u alo 2m =1
( 2m > _ g\ m+1"
= E—— n

(1 k, — 1
&_’_0 (n—2)
r (1 —I—oz%) (logn)

Applying Eq. (3.24) with r = 1, we get

a
noo o (%) na—l |
Wam,a = Z Hypmoo(k) = ﬁ (1 + 0 (;)) )

k=1

where we used the identity o' (o) = I'(14-«). By definition (3.22) of g, o (k)
we have

ﬁn,m,a(k) = Qn,m,a(k) *Wam,a

Multiplying the two expressions computed above we get (3.40).
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To prove (3.41) we use the asymptotic expansion

14 yt+ 0@ t — 0,
NI +yt+0(t°) as t —

where y = 0.5572 ... denotes the Euler—Mascheroni constant. O

Note that for the values of parameters m = o = 1 and for the constant
sequence k, = 2 forn = 1,2, ..., the expansion (3.41) gives

. 1 y !
k) = Og”< T iogn * (<logn>2>>

in agreement with the classical formula

1”_1 1 1 +y+0 !
— 0 - .
2 _1] (n—]) n gnTvy n

J

The following strong form of the central limit theorem corresponds to The-
orem 3.3.1 of [34].

Theorem 3.19 (Féray et al. [34]) Let {X,,} be a sequence of random variables
on the non-negative integers that converges mod-Poisson with parameters ).
Let x,, be a sequence of real numbers with x,, = o( )V, Thenasn — +o00

P(%f)@) (\/E/ e 2dt>(1+0(1)).

Note that, contrarily to the large deviations, the radius R, the limiting func-
tion G and the speed ¢, of the mod-Poisson convergence are irrelevant in the
above Theorem.

Corollary 3.20 Let o > 0, m € N U {400} and let ]P’n,m,a be the probability
distribution on the symmetric group definedin (3.22). Let A,, := « log (m T n)

and x,, be a sequence of real numbers with x, = o((Ay,) /6y Thenasn — +o0

Pum.« (% =< xn) (m/ e 2 dt) 1+ o(1)).

Proof By Corollary 3.11, the sequence of random variables K,, converges
mod-Poisson, so Theorem 3.19 is applicable to this sequence. m|
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3.5 Moments of the Poisson distribution

Recall that given a non-negative integer n and a positive real number A, the n-th
moment P, (1) of arandom variable corresponding to the Poisson distribution
Poi, with parameter A is defined as

+0o0 Ak
Py(A)i=e . Zk”F. (3.42)
k=0 ’

Recall that given two integers n, k satisfying 1 < k < n, the Stirling number
of the second kind, denoted S(n, k), is the number of ways to partition a set of
n objects into k non-empty subsets. It is well-known that the Stirling numbers
of the second kind satisfy the following recurrence relation:

Sm+1,k)=k-Sn,k)y+Sn, k—1), (3.43)

and are uniquely determined by the initial conditions, where by convention we
set: $(0,0) = 1and S(n, —1) = S(n,0) = §O0,n) = S(n,n+ 1) = 0O for
n e N.

Though the following statement is well-known, see, for example, [75], its
proof is so short that we present it for the sake of completeness.

Lemma 3.21 Foranyn € N, the expression P, (L) defined in (3.42) coincides
with the following monic polynomial in A of degree n:

Py(0) =" S(n. k¥, (3.44)
k=0

where S(n, k) are the Stirling numbers of the second kind.

The polynomials P, (1) are sometimes called Touchard polynomials, expo-
nential polynomials or Bell polynomials. For n < 4 the polynomials P, ()
have the following explicit form:

Po(r) =1,
Pi(2) =4,
Py(A) = A2+ A, (3.45)

P3(A) = 2>+ 302 + 4,
Ps(A) =AY+ 6% + 7% + 1.
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Proof of Lemma 3.21 Let X be a random variable with distribution Poi, and
let

+00 N
¢(2) = (™) =Y EX")=
= n!
be its moment generating series. Then

$(z) = Ze —e Z(Ae) =MD,

k>0 k>0

By definition, P,(A) = %¢(Z)|z:0- We claim that for any n = 0, 1, ...
the following identity holds:

= S k) - (1) - p(2). (3.46)

k=0

Indeed, j—qu(z) = Ae*¢p(z) and the identity holds forn = 0 and n = 1.
Taking the derivative of the expression in the right hand side of (3.46) we
obtain

d < Ak
d—ZZS(n,k)-(/\e) - ¢(2)

_ZS(n 0 (k- (1) + () M) 00

n+1

= (S(n, k—1)+k- S, k)) (e ¢ (2).

k=0

We recognize the recurrence relations (3.43) for Stirling numbers of the sec-
ond kind, which proves identity (3.46). Taking z = 0in (3.46) we obtain (3.44).
O

3.6 Moment expansion

In this section we analyze the asymptotic expansions of cuamulants of probabil-
ity distributions that satisfy mod-Poisson convergence. We then apply it to the

probability distribution g, .o (k) = H” o “(k) (see Definition 3.2 and (3.22)).
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The cumulants k; (X) of a random variable X are the coefficients of the
expansion

logE(e'™) = ki (X)%.

i>1

The first cumulant «1(X) = E(X) is the mean and the second cumulant
k2(X) = V(X) = E(X?) — E(X)? is the variance. The cumulants are combi-
nations of moments, but contrarily to moments, cumulants are additive: if X
and Y are independent then «; (X + Y) = «;(X) + ki (Y).

If X is a Poisson random variable with parameter A then

logE(e'®) = A(e — 1).

This implies that all cumulants of a Poisson random variable are equal
to A. Theorem 3.22 below proves that when a sequence of random variables
converges mod-Poisson, the main contribution to the cumulants comes from the
Poisson part while an explicit correction comes from the logarithmic derivative
of the limiting function.

Theorem 3.22 Let X, be a sequence of probability distributions that con-
verges mod-Poisson with parameters A, limiting function G and speed &, as
n — +o00. Then for alli > 1 we have the following asymptotic formula for
the i-th cumulant

1
ki (Xp) = p + Z S(@i, k)-8 + O(gy) asn — 400, (3.47)
k=1

where S(i, k) are the Stirling numbers of the second kind and §; =

% log G(t)|;=1 are the values of the logarithmic derivatives of the limiting
Sfunction G att = 1.

We warn the reader that the error term O(g,,) in (3.47) is uniform in n but
notini.

Remark 3.23 Note that the Theorem 3.22 above is valid for any radius of
convergence R as soon as R > 1. This condition is a part of Definition 3.9 of
mod-Poisson convergence.

Proof By Definition 3.9 of the mod-Poisson convergence we have

E(e?X") = € =DG () (1 + 0(sp)),
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see (3.30). We have seen in (3.31) that our definition of mod-Poisson conver-
gence implies that G(1) = 1. Hence, there exists a radius R’ such that for
|z] < R’ we have G(e°) ¢ [—00,0). On the disk |z] < R’ we can take the
principal branch of the logarithm to obtain

log E(e¥Xm) = 1, (% — 1) +1log G(€%) + O(sy).

which can be rewritten as

D (Xn) = = A - = Oen) (3.48)

i>1

where A; = Cg’l—;log G(e%)|;=0. Let g(i)(t) = C;d—;log G(1). The rest of the
proof is similar to the proof of Lemma 3.21. Namely, we claim that for i > 1

we have

di d
——log G(e%) = Y S(i, k)g®(e)e'. (3.49)
dz Pyt

It is indeed the case for i = 1 and when differentiating once the formula in
the right hand side we obtain

d i
. (k) N\ kz
7 ; S, kg™ (e%)et

1
= (8. kg TV (e)e® D + kS (i, kg™ (€9)e")
k=1
i+1
= (Sl k—1) + kS, k)g® (e?)ek.
k=1

We recognize the recurrence relation (3.43) for the unsigned Stirling numbers
of the second kind. This proves the claim. Now let 8; = g)(1). Specializ-
ing (3.49) at z = 0 we obtain A; = Y4 _, S(i, k)5

Now, since the radius of convergence in (3.48) is positive, we obtain

ki (Xn) — Ay — Si(a) = O(&y)

(where the error term depends on 7). This concludes the proof. m|

Recall that for m > 0, the m-th polygamma function is defined as

m+1

v (z) = d

T logI'(z). (3.50)
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Corollary 3.24 Let m € N U {400}, let « > 0 and let K,, be the random
variable corresponding to the probability law qp .o defined in (3.22). Then
for any i € N we have the following asymptotics for the i-th cumulant of K,,
asn — +00o:

ki (Ky) = a log (mzfl : n) =860y V@)-dk+0 (%) , (3.51)
k=1

where S(i, k) is the Stirling number of the second kind and ') is the
polygamma function.

Proof By Corollary 3.11, the random variables K, with respect to P, ;, o con-

verges mod-Poisson with parameters A, = o log <mZi11 n), limiting function

G(t) = I'(w)/T'(at) and rate O(1/n). The logarithmic derivatives of the
limiting function are expressed in terms of the polygamma function by the
following relation:

d* I'(«) dk k
— log ——~ = ——log'(at) = —T'(a) - &* - Y * D (ar).
ar ° Tan) 2% 08 (az) (@) - - " (at)

Applying Eq. (3.47) from Theorem 3.22 we obtain the desired rela-
tion (3.51). O

The derivatives of the polygamma functions at rational points have explicit
expressions in terms of ¢ -values. The following lemma provides the values of
these derivatives at 1 and at 1/2 relevant for the purposes of the present paper.
These formulae reproduce Formulae 6.4.2 and 6.4.4, at page 260 of [1]. The
proofs can be found, for example, in the paper [22] of Choi and Cvijovi¢.

Lemma 3.25 We have
v O =—y, v©@1/2) =—y —2log2
and form > 1

Y1) = (D" g+ 1m!,
v (1/2) = (=)™ ¢m + Hym! (27T - 1).
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Remark 3.26 In the special case m = 1 and « = 1 which corresponds to the
uniform distribution on S, we obtain

k1(qn.1.1) =logn+y + O(1/n),

k2(gn,1,1) =logn +y —¢(2) + O(1/n),

€3(qn,1,1) =logn +y —35(2) +2£(3) + O(1/n),
ka(gn1,1) =logn +y —7¢(2) +12¢(3) —4¢(4) + O(1/n).

We recover the expression (1.2) obtained by Goncharov [37] for the expec-
tation and variance of the cycle count of uniform random permutations in
Sn.

1
3.7 From q3g_3, 00,1/2 to Pfq )

Recall that Vol (Fk (g), (my, ..., my)) denotes the volume contribution from
those square-tiled surfaces corresponding to the stable graph I'x (g) for which
the first maximal horizontal cylinder is filled with m| bands of squares, the
second cylinder is filled with m; bands of squares, and so on up to the k-th
maximal horizontal cylinder, which is filled with mj bands of squares. Recall
also that for any m € N U {oo} we defined in (3.9) the quantities

Vink(g) = Y. Vol(Tk(), (my, ..., my)) and

mip,...,my
1<mij<m fori=l,....k

8
V(@) =Y Vi (g)-
k=1

We define the probability distribution pgz,,(k) fork=1,...,gas

Vm,k(g)

Pim® == G

(3.52)

We will sometimes denote pgz,o just by pél). In this section we use esti-
mates (3.4) and (3.5) obtained in Theorem 3.4 for V), (¢) and our study of the
normalized weighted harmonic sums H, ,, , performed in the previous sec-

tions to deduce properties of the probability distribution pg,)n. We now state
and prove a lemma that we will use in the proof of Theorem 3.1.
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Proposition 3.27 Let m be in NU {+o00}. Forany t € C satisfying |t| < 2 we
have the following estimates as n — +00

n n

> Humop®tl =Y Hyumiprt|-o(n™')., (353

k=[22-logn]+1 k=1
n n

Yo Humap®tF =Y Hymap i o (7). (3.54)

k=[22-logn]+1 k=1

where the error term is uniform in t on compact subsets of the complex disk
[t] < 2.

Proof It follows from definition (3.3) of the weighted multi-variate harmonic
sum Hn m,« (k) that for any n, m, k we have H,, ;, 1/2(k) < Hn m,9/8(k). Thus,
estimate (3.53) implies estimate (3.54) and it is sufficient to prove (3.53).

We consider separately the cases |f] < 1/e and 1/e < |t| < 2. We start
with the case || < 1/e. Using the fact that we have a generating series of a
probability distribution, and that for |¢| € [0, 1/e] and positive k the power
|7|¥ is bounded from above by e %, we get the following estimate valid for any
|t] € [0, 1/e] and any m € N U {4-00}:

1 " ~
Y. Humop® lt)*

Wh.m.9/8 k=[22-logn]+1
1 n
so—— Y Hunes p e
nm9/8 |12 1ogn]+1
< Hymojs(h) ) - 1] - 7221027
(Wn ot £ Z n,m,9/

where W), , 9/8 is the sum over k of ﬁmm’g/g(k) as defined in (3.23). On the
other hand, using the identity zI"(z) = I'(1 4 z) and applying Eq. (3.24) from
Theorem 3.7 for « = 1/2 and @ = 9/8, respectively, we have

m t/2
"L <m_+l> 1
H, itk=¢t.nt?. "2 __[1+0(- ,
Z n,m,1/2( ) n 2F(1 +t/2) +

n
k=1

o \O1/8
o~ k 1/8 9(”’“) 1
D Humosh) tf =10l it (140 (-~ ) ). 356)
k=1

8T (1 4 9¢/8)
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asn — —+o00, where the error terms are uniform in ¢ over the compact complex
disk |¢| < 2. In particular, for« = 9/8 and t = 1 we get

9/8
2, 1/8
() "

Wim,9/8 ~ C(9/3)

The latter asymptotics combined with (3.55) imply that uniformly for ¢,
such that |¢| € [0, 1/e], we have:

n

Yo Humop®) tf=0@"E) 0P (357)
k=[22-logn]+1

Recall that 1/ I'(1 + z) is an entire function having zeroes precisely at the
negative integers. Thus, for all m € N U {oo} and for all 7 satisfying |f] < 1/e
we have

(2_m)l‘/2
m+1

in |~/ __|_cxo.
21 | 20(1 +1/2) ~

Together with (3.56) this bound implies that for |¢| < 1/e and sufficiently
large n we have

n
Z Hym1200) 1F

k=1

>2C - |t| -n1? > 2C - |t] - 01/

The inequality above combined with asymptotic estimate (3.57) implies the
desired relation (3.53) for |f] < 1/e.

We now prove (3.53) for |t| > 1/e. In this case the proof is based on
Corollary 3.17.

Choose any real parameter R satisfying 1/e < R < 2. From now on we
assume that the complex variable ¢ belongs to the closed annulus 1/e < [t]| <
R. All the estimates below are uniforminz € [1/e, R], but the constants might
depend on the choice of R.

We start with several preparatory remarks. We consider the function

1
fy) = E(ylogy—er D),
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where y > (0. We note that the function f is strictly convex with a minimum at
y = 1, where f(1) = 0. We will need the following inequalities for f(44/9):

£(44/9) > 1, (3.58)

and

13 9
max <§III — 249 Itl)

1/e<|t|<2

= (%n - 2f(44/9> : |r|> <-1. (3.59)

l7l=1/e

log mzm .
We denote A, ,, = # Forn > 3 and any m € N U {oco} we have

2
logn 108 (mf : n)
<
2~ 2

< logn, (3.60)
which implies, in particular, that for real positive y we have
logn 1 1
e Pma(ylogy—y+l) — ;=73 Ology—y+D) _ —f() (3.61)

The next remark is particularly important for the proof. It follows directly
from definition (3.3) of the weighted multi-variate harmonic sum H,, , o (k)
that ~ ~

Hym.a (k) 1" = Hy . (k). (3.62)

We also get
n n
Wn,m,at = Z Hn,m,at(k) = Z Hn,m,a(k) tk-
k=1 k=1

Using this remark we can rewrite the asymptotic estimate (3.53) (which we
aim to prove for |7| € [1/e, R]) in the following equivalent form:

n

1 = 7
W 2. Huns®) = o™, (3.63)
mmt /2] § 122 Togn]+1
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Now everything is ready for the proof of Proposition 3.27 for [¢t| € [1/e, R].
By Theorem 3.7 for « = 1/2 and @ = 9/8 we have

) ot
ot (m_4n-11) not—1 1 |
Whmar = 1+0|(- =0 (n¥~
m.at T an ( + (n)) (n“") asn — +oo
(3.64)

uniformly in 7 in the annulus 1/e < |f| < R. Recall definition (3.22) of
Gn.m.a (k) and apply estimate (3.38) from Corollary (3.17), where we let @ =
91¢|/8. Under such choice of «, the variable A, present in (3.38), takes the

value A,, = %log <mz—_’fln> = (9|¢|/4)Am n. For any y > 1 we have
1 n n
W Z Hym,o1t1/8(k) = Z qn.m,9lt)/8 (k)
/8 ryaa 141 k=y-Ol11/4) k141

e~ /A Amn(ylogy=y+)

T 2wy OB, = D

.0(1)=o <n—%f(”) , (3.65)

where we used (3.61) for the rightmost equality.
Note that |f] < R < 2. This implies that

ot
2m
. t(m+1> ,

min |—————| =C'(R) > 0.
1/e<|t|<R |2T'(1 +t/2)

This observation together with (3.64) imply that

olt| |t 13z
Wamsris _ (nT+7> -0 <nT) .
|Wn,m,t/2|

uniformly in ¢ such that |t| € [l/e, R]. Combining the latter estimate
with (3.65) we obtain

1 " ~
T Z Hy m,0111/8 (k)
| n,m,t/2| k=[yAn]+1

_ Wamonys 1

n
> Humousk)

(Wame2l Wiom,9pe1/8 k=[yAn]+1

13)1] 91|
= 0<nT) . n_T'f(y),
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We now choose y = 44/9. Applying (3.59), we conclude that we have

n

1 ~ _
A > Humouysk) = o™ (3.66)
n,m,t

k:(%w“

uniformly in ¢ such that |z| € [1/e, R] It remains to note that for |1] < R < 2
and for n > 3 we have

44 44 9
—Ay = thl

log (ﬁ—_’f . n)
9 9

5 < 11-]t|-logn < 22 -logn.
This implies that the sum on the left-hand side of (3.63) is contained in the

sum on the left-hand side of (3.66). Thus, (3.66) implies (3.63) and, hence, it
implies the equivalent estimate (3.53) in the case 1/e < |[f| < R < 2. |

Now everything is ready to prove Theorem 3.1.

Proof of Theorem 3.1 The main ingredients of the proof are the asymptotic
equivalence (3.4) and the upper bound (3.5) from Theorem 3.4 combined with
Proposition 3.27. We use abbreviation (3.9). We split the sum (3.1) into two
parts Zle Vimi(g) - th = T + o, where

[22-log(3g—3)] g
Si= ) V(@ ¥ = > Vink(g) - 1*
k=1 k=[22-log(3g—3)1+1

and evaluate the two sums separately. Using (3.4) from Theorem 3.4 we get

[22-log(38—3)]

~ o2
* Y Hgamap®r (1+0<(0gg) ))

k=1 g

(3.67)
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Applying (3.54) from Proposition 3.27 combined with (3.24) from Theo-
rem 3.7, where we leto = 1/2 and n = 3g — 3, we get

[22-log(3g—3)]
Z Hig—3.m.12(k)tF

k=1
3g—3 3g—3
= 3e—3.m.12(k)tF — Z Hzg—3.m.12(k)t*
k=1 k=[22-log(3g—3)]+1
3g—3
= Hig—3.m.12(k)t* (1-0 (8_1))
k=1
t/2
()" g -3

_ ) -1
= 0P (1+0(g7))- (3.68)

Plugging the latter expression in (3.67) we get

[22-1og(38—3)]

Si= ) V(@) -t

k=1
t/2
P () (14 0 (20))
T mrg f 3 s )

(3.69)

where for every compact subset U of the complex disk |¢| < 2 the error term
is uniform in both m € N U {+o00} and t € U. Note that the expression on
the right-hand side of the latter equation coincides with the right-hand side
of (3.1) from Theorem 3.1.

Using (3.5), from Theorem 3.4, we get the following bound for the second
sum:

8

PHEYCRVE <§> > Hag 3. mos(k) - [t]*. (3.70)

k=[22-log(3g—3)1+1

Combining (3.53) from Proposition 3.27 with (3.70) and comparing the
resulting expressions for X from (3.69) and for | X, | from (3.70) we conclude
that ¥p = X1 -0 (g_l) uniformly in both m € N U {oo} and ¢ € U, where
U is any compact of the complex disk |f| < 2. This completes the proof of
Theorem 3.1. |
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We show now that Theorem 3.1 implies the following result.

Corollary 3.28 For any m € N U {+o0} the family of probability distribu-
tions { pgfn}gzz defined in (3.52) converges mod-Poisson with radius R = 2,

2m_ . r(l
parameters A3g—3 = w, limiting function - E%;
2

(logg)z)
0( i)

Proof Let

and speed

8
Se(1) =) Vimr()r".

k=1

The above sum coincides with expression (3.1) from Theorem (3.1). By

definition (3.28), the generating series F(¢) of the probability distribution

pihis ®,(1)/ P, (1). Applying Eq. (3.1) we get

t—1
D) [ 2m 2 T(1/2) (log g)?
F) = @, (1) _(m+1 '(Sg_3)> T'(t/2) '<1+0( g ))

We conclude that the generating series satisfies all the conditions of Defi-

nition 3.9 of mod-Poisson convergence, with parameters A3, 3 = log(rf:’f1 .
2
(3g — 3))/2, limiting function % radius R = 2 and speed % O

We complete this section with a proof of the assertion stated in Sect. 1
claiming that the probability distribution q3g_3 ~,1/2 well-approximates the
probability distribution qg4(k). We admit that we will not use this statement
in this particular form, so we provide this justification just for the sake of
completeness.

Consider the asymptotic relation (3.54) from Proposition 3.27 in which we
lett =1,n =3g —3 and m = +00. We get

3g-3 3g-3
Y Higsenp® =D Hysc1pk) | -0(n")
k=T10logn]+1 k=1

The latter relation combined with (3.18) and (3.19) imply the following
asymptotic relations for the probability distribution g, defined in (3.17). For
k € N, k* < g, we have

k2
omaami (10(2))
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The following asymptotic bound is valid as g — +o00:

8

1 3
> a=o(FE).

k=[10log g1+1

Analogous considerations imply that for k € N, 800k> < g, we have

2
(k+2logg) ))’ 3.71)

Pebo®) = @345 o 1(K) (1 +0 ( .

and
g

> pk=0 ((logg)3).
' 8

k=[101og g]+1

4 Contribution of separating multicurves

In Sect. 3 we studied the volume contributions Vol(I'x(g)) of stable graphs
I'x(g) with asingle vertex and with k loops. In particular, Theorem 3.1 provides
precise asymptotics for the generating series ) ;. ; Vol I'x ()t as g — +o0.
In this section we study the volume contribution of the remaining stable graphs.

In Sect. 4.1 we provide some simple estimates of tails of certain series
related to Poisson distribution. In Sects. 4.2 and 4.3 we prove the necessary
minor refinements of estimates from [3] to bound respectively the volume
contributions of stable graphs with 2 vertices and the volume contributions
of stable graphs with at least 3 vertices. We emphasize that the main asymp-
totic analysis of volume contributions of various stable graphs was already
performed by Aggarwal in [3]. Our presentation in Sects. 4.2 and 4.3 closely
follows original presentation in Sections 9 and 10 of [3], where we perform
more or less straightforward adjustment of the original bounds for the sums
to bounds for the associated generating series which we need in the context of
the present paper.

Following A. Aggarwal let us introduce the following notation for the con-
tributions of stable graphs with a given number of vertices.

Definition 4.1 Let g be an integer satisfying g > 2. Given a stable graph
I' € G, we denote by V(I') and E(I") respectively the set of vertices and the
set of edges of I'. We denote by |V (I')| and | E(I")| the cardinalities of these
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sets. We define

TV = >0 Vol V= Y Vol(D), (4.1)
Fegg Fegg
VD=V [V(I)|=V
[ED)|=E

where Vol(I') is the contribution of the stable graph I' to the Masur-Veech
volume Vol Q, as given in (2.10).

Note that by (2.9) we have
2¢—2 3g—3
— V) V) _ V.E
Vol Q= Y 1) and T =" 1{VF).
V=1 E=1

We also have Tél;E) = Vol T'E(g).
The following propositions are refinements of Propositions 8.4 and 8.5
respectively from the original paper [3] of Aggarwal.

Proposition 4.2 There exists constants By and g such that for any couple

g, t, satisfying g € N, g > go, and (0 <1t < %, we have

8 —4g 383 2 E).E 14 21-3
E=1

We prove Proposition 4.2 in Sect. 4.2.

Proposition 4.3 There exist constants Bz and gz such that for any triple
X,g,t, satisfying Ve N,V >3, g e N, g > g3 and0 <t < %, we
ave

g\ —4s 2872383 91—10
(5) Y Y EE < Byt (logg)*t g (4.3)
V=3 E=1

We prove Proposition 4.3 in Sect. 4.3.

4.1 Bound for tail contribution to the moments of Poisson distribution

Recall that given a non-negative integer n and a positive real number A, the
n-th moment P, (1) of arandom variable associated to the Poisson distribution
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Poi, with parameter A is defined as

+0o0 Xk
e A n
Py(L) i=e 2 k e
k=0

In the next two sections we will use several times the following upper bound
for the tail of the above expression.

Lemma 4.4 Let A and x be strictly positive real numbers and let n be an
integer satisfying n > 0. Then

100 Kok

k!

< Puy(xA) -exp (— A(xlogx — x)). (4.4)
k=[xA]

We are interested in the case where x is fixed and X tends to infinity. Note
that the term x log x — x is positive for x > e = 2.712..., so for x > e we
prove an exponential decay in A of the expression in the left hand side of (4.4).

Proof of Lemma 4.4 Let0 > 0. Then for k > [Ax] we have exp(6 (k—Ax)) >
1. Hence

<
' k! k!

WXk Rexp@tk —ax) k- ak g Xk ()
> -y S
k=lxA] : k=0

k=0
By definition of the polynomial P, in (3.42) we have

+0o L (60)\,)](

] = exp(eek) - P, (eek).

k=0
The tail bound is obtained by taking 6 = log x. O

We note that analogous Lemma 2.4 of Aggarwal [3] provides a similar upper
bound for the case n = 0 given as

+0o0 k
R log(8
Z T <exp (—R (8 log(1 4+ 8) + 0%; ) - 1)) . 4.5)
k=[(1428)R]

We will need a slightly stronger estimate. Bound (4.5) above implies
exponential decay as soon as log(l + §) > 1/ which corresponds to
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8 > 1.23997. ... In comparison, bound (4.4) reads as

+00 k
Z o <exp (— R((1+28)log(1 +28) — (1 +29)),
k=[(1+28)R]

which implies exponential decay as soon as 1 + 2§ > e, that is § >
0.8591409. . ..

4.2 Volume contribution of stable graphs with 2 vertices

Following the approach of Aggarwal [3], we consider a refinement of the
quantity Té(,v; ) introduced in Definition 4.1.

Given a stable graph I' € G, denote by S(I") the number of loops of I'
(edges with both ends at the same vertex). Denote by 7' (I") the set of edges of
" with their two ends at distinct vertices. The set E(I") decomposes into the
disjoint union E(I") = S(I') u T(I"). Following [3, Definition 8.6] let

T§V;S’T> = Z Vol(T).

I'eg,
VD)=V
IS(T)|=S
IT(M)=T

The number T((E,V; 5-T) is non-zero only when the following three conditions
are simultaneously satisfied: V — 1 < T (connectedness of the graph), S +
T —V +1 < g (bound on the genus) and V < 2g — 2 (“stability” of the
graph). In particular, the number TéV;S’T) is non-zero only when we have
simultaneously 0 < S <gandV — 1 <T <3g —3.

After [3, Lemma 9.5] we split the set of stable graphs with 2 vertices into
three subsets corresponding to the following ranges of parameters S and 7. We
have S > g — 1 for the first collection of stable graphs. We have T > 13 and
S < g — 2 for the second collection. We have T < 13 and S < g — 2 for the
third collection. Lemmas 4.5, 4.6, 4.7 provide upper bounds for the respective
contributions to the sum (4.2) in Proposition 4.2. As we already mentioned, our
proofs of Lemmas 4.5, 4.6, 4.7 consist of elementary adjustments of bounds
obtained by A. Aggarwal in [3, Section 9].
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Lemma 4.5 For any real t and any integer g satisfyingt > 0 and g > 2 we

have
g\ —4¢ Z T@S.T) (S+T 5l (tg(1+t)) 32 (9 & (logg +7)#
3 Lo s = £ \8) Te-n
S>g—1
(4.6)

Proof All possible stable graphs with 2 vertices and with S > g — 1 split into
the following three types:

(D 1+ (g —1)/2] stable graphs with S = g — 1, T = 2 and genera
(decorations) g1 = g2 = 0 at the two vertices;
(II) g —1graphswithS =g —-1,T =1and g =1, go =0;
(1) 1+ | (g — 1)/2] graphs with S = g, T =l and g; = g» = 0.

By Equation (9.14) in [3] for any of these graphs I" we have

(logg +7)5*+7~!
25SIT!

—4g
(2) Vol(I) < 21982 + 12)g7%/%¢1& 4.7)

Here §;,i = 1, 2, are defined by Equation (9.1) in [3] as

;= max (1+ed),
dell(3gi+2si+T+3,2s;i+T)

where g; and s; are respectively the genera and the number of loops at the
i-th vertex, fori = 1, 2 and &(d) is defined in (2.23). The bound (2.24) from

Theorem 2.6 of A. Aggarwal (see Proposition 1.2 in the original paper [3])
implies that for the stable graphs with V = 2 we have

< | - < | -

§16 < (2) < <2) ,

where E = S+7T, and (4.7) provides the following bound for any stable graph
withV =2and § > g — 1:

8\ % 0, 2 L3 3\ (ogg +7)8

We have seen that when V =2 and § > g — 1 there are g — 1 stable graphs
of type (II) for which S + 7" = g and there are at most g + 1 stable graphs of
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types (I) and (III) counted together for which S + 7' = g + 1. Thus we get

8\ " (2:8.7) | S+T
(5) - X e
T>1
S>g—-1

= (@ =Dt + @+ DrsH!) 210 (g2 4 1) g2

(3)%<mgg+7w
“\2) 2eE -1

8
<211 (15 4 g5 1) g2 9\" (ogg +7¢
8] " (g—1)

O

Lemma 4.6 For any real t and any integer g satisfyingt > 0 and g > 2 there
exists a constant C7 such that

8\ % .
(5) Z T§2,S,T) L fSHT

14<T<3g-3
0<S<g—-2

< C7-1" . exp(1891/8) - (logg + '3 . @71 =30/8  (4.9)

Proof By Equation (9.17) from Lemma 9.5 in [3], in the case 7 > 13 and
S < g — 2 we have for g large enough

4 _
B\ s g (0) Qo £ D
g =<8 S :
3 4 25 S\ T!

By the binomial expansion we have

3 I 1+1E_1 3\*
2581 E'\2 T E'\2)

S+T=E
S, T7>0

Note that the set G, of stable graphs of any fixed genus g is finite. Hence,
there exists a constant C}, such that for any ¢ > 2 and for any fixed £ we have
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8\ ¢
(_) ] Z Tg(z;S,T)
3

14<T<3g-3
0<S<g—-2
S+T=E
_ 9\ 1
<7 (ogg+7) 1'(2) logg +7F Y oo
S+T=E T
S, 7>0

27\ F 1
—C-g7 (logg+D7 () -dogg+7E - =
7-8 g8 g g8 ok

Multiplying each term by £ = 57 and taking the sum with respect to E
we obtain

8\ % .
<§> . Z Té(},S,T) ST

14<T <3g-3

0<S<g-2
/ -7 -1 = 27 E E E 1
=Cpogogg N7 Y () logg+DE it
E=14 :

27 14
/ —7 —1 !
<C;-g '-(ogg+7 -(?-(IOgg+7))

271
X exp ra (logg +17)
= C7- 1" exp(1891/8) - (log g + 7)1 - g@71—30)/8,

where we used the inequality Z,‘:;’Z ),‘{—]: < x" exp(x), which is valid for any

. 14
non-negative x, and where we let C; = C7 - (%) . =

Lemma 4.7 There exists a constant Cg such that for any non-negative real
number t and for any integer g satisfying g > 2 we have

8\ %8 .
(—) C Y XS ST < Cyr(1 4 1) - exp(63t/4)

3
1<T<13
0<S<g-2

X&%g+7y%<§h4VL+§%4&M> (4.10)

Proof 1t follows from Equation (9.18) from Lemma 9.5 from [3] that there
exists a constant Cg such that in the case T < 13 and § < g — 2 the following
bound is valid for any integer g satisfying g > 2:
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g\ ~48 . log ¢ + 7)5S+12 9\
(_) Tg(Z,S,T) SCg-( gg+7) IS4 1)+ g (_) ‘

3 S! 4

Multiplying by ¥ = t5+7 and taking the sum over 1 < T < 13 and over

0 < S < g — 2 we obtain the following bound:

8\ % .
<§) ] Z Tg(Z,S,T)_tS-i-T

1<T<13
0<S<g—-2

<Cy- (1424 +1) - (ogg + D'+ (6725 + g7 %)

<Cg-1-(1+012- (logg +7)12- (g*3/221 + g*722>, 4.11)

where

400 S

B 2 (- (logg +17)
I = EO(S + 1) S| :
S_

i‘i (Ldlogg +7))°

< = exp(63t/4) - g2/4.

Yo =

§=0

The sum X can be decomposed into two sums of the form (3.42), where
we take n = 2 and n = 0 respectively and where we let A = ¢ - (logg + 7).
Applying Lemma 3.21 and taking into consideration that Py(A) = A% + A
by (3.45), we get

+00 - 7 S
=Y. L (°g§+ D" _ (P + 1)
S=0 ’
— exp(71) - &' - (1 Y1 (logg+7) 412 (logg +7)2)

<exp(7r) - g' - (1 +1)*(logg + 7)°.

Plugging the resulting bounds for the sums X and X» into (4.11) we obtain
the bound

8\ * 3 .
1<T<13
0<S<g-2

x <g_3/2 cexp(71) - g' + g~ - exp(631/4) - ggt/4)
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=Cg-1(1+0D" (logg+ 7™
X <exp(7t) . g(21—3)/2 + CXp(63t/4) . g(9t—28)/4).

Now it remains to notice that 7t < 63¢/4 to get the desired bound. O

Proof of Proposition 4.2 By taking the sum of the bounds (4.6), (4.6) and (4.7)
from respectively Lemmas 4.5, 4.6 and 4.7 covering all possible combinations
of S and T we obtain

g\ 4 &3 9\* (logg +7)¢
Y T STy @EE <ol (e 4y g2 (D) (oes+ DY
(5) o= ke g) T

+C7 - t'* - exp(1897/8) - (logg + 7)'3 - g@71—9/3
(4.12)

Now note that

9t —28 2t—-3
<
4 - 2
27t —-56 2t -3
<
8 -2

22
fort < 5 =44 and

44
fort < — ~2.3.
19

Note also that for the particular value t = ‘f—é of ¢ for which the powers of g
in the second and in the third term in (4.12) coincide, the power of (log g 4+ 7)
is larger in the third term. Since by construction Cg > 0, there exists a constant
go such that for any g > go and any ¢ in the interval [O, ‘1‘—3] the expression

Cs-t-(1+0". (logg + 7' exp(631/4) - g¥~3/2

dominates the sum (4.12). This completes the proof of Proposition (4.2). O

4.3 Volume contribution of stable graphs with 3 and more vertices

In this section we adjust the bound for the sum of contributions of stable graphs
with 3 and more vertices to the Masur—Veech volume Vol Q, elaborated by
A. Aggarwal in [3, Section 10] to bounds for the associated generating series
in a variable ¢.

The Lemma below is based on Proposition 10.4 in [3] and is parallel to [3,
Lemma 10.5].
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Lemma 4.8 For any couple of integers g and V satisfying g > 2, V > 2, and
for any non-negative real t we have

§ :f]r VS, T +T
S§=0

T

< T2VHYHI Agi

< T'
%212 923V V3V (logg+7)"". g2V

x (1 +2V (Mg + AY ) + AV, 27 + A exp(Ag,,)). (4.13)

9t
where we use the notation Y = min(2T,3V) and A, ; = re (logg + 7).

Proof 1t follows from Proposition 10.4 in [3] that

I —4g 8 .
<§) ZTév,S,T) ‘tS+T 5211 'BT,V (21 +22)’ (414)
where
Byy =1 gV p2ov (%) (LY Gogg + D" - T — DU
" 4 v VVQT —Y)! ’
and
V-1
i=1+) S-45, and ¥ 58
| é o T Z G-V

In order to transform the bound in [3, Proposition 10.4] to the above form
we used the following trivial observations. Since V > 2 we have T > 1. The
case S = 0 corresponds to the constant summand “1” in X1. In the remaining
cases, that is when § > 1, we used the bound S + T < 2T S for the factor
(S 4+ T) present in [3, Proposition 10.4] which is valid for all S, T € N.

Using that Y7, nx" < n?(x +x"), forany x > 0,and that (V —1)> < 2V,
for any V > 0, we obtain the following bound on the first sum:

SIS 1+ (V=D (Age +AY,) < 1+2Y(Ag, +AY).

The sum X, is a part of the infinite sum (3.42) taken with parameters n = 1
and A = Ag;. Applying Lemma 3.21 and using the fact that Pj(A) =
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by (3.45), we get the following bound:

S
22_25(5 V)'—AV Z(V+S) gt—Avt(V—i—Agt)exp(Agt)

Applying the trivial bound V < 2V we obtain
D1+ T < 14+2Y(Ag + AY) + AL RV + Ag)exp(Agy).  (4.15)

Using QT)Y QT —Y)! > 2T)! =2TT'2T — )!!and Y < 3V we obtain
the following bound for Br v,

T 12V T-1
e A JR = R

4) v vV QT —Y)!
AT,
1420V +Y —1  _1/2-V  72V+Y+1 g
<2 ~(logg+7""-g -T VIVT
23V | gy TV Ag.
<2.2 -(logg+7)"" -g YA T (4.16)
Putting together (4.15) and (4.16) into (4.14) we obtain (4.13). O

We perform now summation over the variable 7. The following statement
is an adjustment of [3, Lemma 10.6] to the generating series in ¢.

Lemma 4.9 There exist constants Cy and Cio such that for any couple of

integers g and V satisfying g > 2, V > 2, and for any non-negative real t we
have

8\ "¢ (V:E).E
(5) T
E
942

<t-Co-exp(63t/4)-g 4

12NV 8.v12. 78\ Y
X((clo 14 ) +(clo V2. (logg + )) @17
8 8

Proof First note that the third and the fourth lines of expression (4.13) do not
depend on the variable 7'. To bound the sum

3g—3 T

2V+Y+1 Agwt
T L
T!
T=V-1
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where Y = min(27, 3V), we bound separately the following three partial

sums: v
T
Ay,

D= Y VA

T!
T=V-1
6V+1 T

A
¥, = Z T3V+1 ;;t,
T=[3V/2] ’

A
N
3=y T,
T=6V+2 ’

’

where we use the same notation Ag ; = %(log g+ 7) as in Lemma 4.8.
To bound X1 and X» we use twice the inequality 7! > ¢~7 T to obtain

2

IA

[3Vv/2] 3\ 2V HI+3V/2 [3V/2]
Z (e Ag,t)T VAT = (7) Z (e - Ag,t)T

T=1 T=1

3V 7V /241 3V
<(3) () anrenn)

3V>7V/2+2

— (e + ean ) (3

Similarly,

6V +1
%, < Z T5V+1—T(6.Ag’t)T
T=[3V/2]
6V+1
< (6V + 1)’V FI-3V/2, Z (e_AgJ)T
T=[3V/2]

< (6V + 1)7V/2+1 . (6‘/ + 1) . ((6 . Ag,t)3V/2 + (e . Ag,t)6v+l>
< ((e AN+ (e Ag,,)ﬁv“) L (7V)TV2,
To bound the third sum, we use the inequality

T5V+1 65V+1
<
T! ~ (T =5V -1
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valid for T > 6V + 1, and the inequality Z,‘:ﬁft ’,i—’,c < x" exp(x), valid for any
non-negative x:

+00 ATt +o00 AT[
e = T5V+1 g, <65V+1 8,
= ) TV ~ 2 (T —5V — 1)!
T=6V+2 T=6V+2
+0o0 AT[ +o00 ATZ‘
_ S5V+1 8 5V+1 8
= (6Ag.1) Y =640 -
T=V+1 T=V
< (645 AL exp(Ag) = (6Ag )V F! - exp(Ag.).

3v/2

Collecting the terms and applying the bounds V> < 4" and Ay

Agr+ AZ,";/Z we get

=

3y TV/2+2
7)

+<(e-Ag,,)3v/2+(e-Ag,,)6V+1) L (V)TV/2+2
+(6A44,)°Y ! - exp(Ag )
<3e-Ag- ((1 + (e Ag ) - (TV)TVI2H2

S 454 33 < (eAg,t 4 (eAg,t)3V/2) : (

+(6A0.0®" - exp(Ag.))
<100 (ogg +7)- (49 4Y (14 (e A, )®) - V)2

+(64¢.0%" - exp(Ag.)).

Combining the resulting bound with (4.13) we get

8 8 (VLE),E
(5) Z Tg g
E

223 v

x (49 AV (14 (e Ag)®) - V)TV 4 (644, exp(AgJ)) :

x (1 +2V (A +AY) + AV, Y + Ay exp(AgJ)).

Expanding the product of the terms located in the third and in the fourth
lines of the expression above we get a sum of 15 non-negative terms, where
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every term has the form
a-b” - (Ag )V v exp(kAg )

with constants a, b, ¢, d, «, k specific for each summand, but satisfying,
however, the following common conditions. We always have a,b > 0,
ce€{0,1,6,7},d € {0,1}, a < %, and k € {0, 1, 2}. It remains to notice
that since Ag; > 0, we have exp(2Ag ;) > exp(Ag ;) > exp(0). Note also,
thatsince V > 2, ourrestrictions on ¢ and d imply that Agfﬁd < max(1, Ag};).
These observations imply that each of the terms can be bounded from above

by the expression

a-b"-(1+ Agﬁ) VY2 exp(2A4.,).

9
Recall that Ay, = %(logg + 7), so exp(2A,,) = g4 exp(63t/4). The
above observations imply that letting C9 = 154, where @’ is the maximal

value of the parameter a over 15 terms, and letting C1o = (%)8 b, where b’ is
the maximal value of the parameter b over 15 terms, we complete the proof
of (4.17). O

Proof of Proposition 4.3 By Lemma 4.9, we have that for all non-negative real
t we have

8 —4g28-2
(5) Zxwee

V=3 E>1

9142
<t-Co-exp(63t/4)-g 4 -

2g-2 Cl() ) V1/2 \%4 2g-2 Cl() . [8 . V1/2 . (logg +7)8 \%4
A () + 2
V=3 J V=3 8

Let us denote by

(cm 8. V2. (log g +7)8>V
ay =
8

the term in the second sum. Then

ayyr  Cio- 18- (1+1/V)V2 (Vv + D2 (logg +7)8
ay 8

_Cuo- 8.2 2g — D2 . (logg +7)8

— g M
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In particular, since ¢ is bounded, there exists g3 such that for g > g3 we have
“Z—;l < 1/2 for all V. Hence

2¢—2 \%4 3
gz (Clo 8. V12 (logg +7)8> — <c10 18312 (log g +7)8)
oy 8 B 8

Applying analogous bound for the first sum and collecting the estimates we
get

8 _4g2g—2
(5) Zxmwe

V=3 E>1
92
<t-Co-exp(63t/4)-g 4 .g>.2

3
x (C10-3"2)" (1 +1** - (logg + 1)
9:—-10 o
=B3-t-g 4 -(logg+7N",

where

63 44 3 44\ %4
B3:C9.exp<Z.E).2.(C10.31/2) 2(@) .

5 Proofs

We proved in Sect. 3.7 the mod-Poisson convergence of the distribution pél)
corresponding to volume contributions of stable graphs with a single vertex.
In Sect. 5.1 we apply the results collected in Sect. 4 on volume contributions
of stable graphs with two and more vertices to prove that the distribution pél)
well-approximates the distribution pg. In Sect. 5.2 we present the remaining

proofs of Theorems stated in Sect. 1.

5.1 From pg) to pg

For any k denote

Volg Qg := Y Vol(I), (5.1)

eGg
|E@)|=k
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the contribution to Vol Q, of stable graphs with exactly k edges. Using this
notation, the probability distribution p, (k) defined in Theorem 1.7 can be
rewritten as

Vol Q,

pgk) = Vol Qg .

Recall that we also have a probability distribution ¢33 00,1/2(k) defined
in (1.8) and evaluated in (3.22) that corresponds to the number of cycles in a
random permutation of 3g — 3 elements according to the probability distribu-
tion P35_3 o0,1/2 0N S3¢_3, see Lemma 3.6.

We gather the results from Sects. 3 and 4 in the following two statements.
Theorem 5.1 Fort € C satisfying |t| < 4/5 we have as g — +00

3g—3

ZV} 0,1 2t © 6)121 (8)48—4
Olg 8§~ Py
P st NN ) 3

X (1 +0 (g%l(logg)%)) ,

where the error term is uniform in t on the disk |t| < 4/5.
Fort € C satisfying 4/5 < |t| < 8/7 we have as g — +00

3g—3

Z Vol O, 1 2t S 6)t21 <8>4g—4
Olg 8§~ 2
& T AT 3

X (1 + O (g%_z(log g)24>> ,

where the constant in the error term is uniform in t on any compact subset of
the annulus 4/5 < |t| < 8/7. In particular, fort = 1 we get

3873 g\ 48—4
VO](Qg Z VOlk Qg = —. (_> . (1 + 0 (g—1/4 X (log g)24)) )
T
(5.2)
We note that the asymptotic formula for Vol(Q,) without explicit error term

asin (5.2) was conjectured in [26,29] and proved in [3, Theorem 1.7]. See also
Remark 2.4 for the discussion of the expected optimal error term.
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we have

Io
Theorem 5.2 For any k satisfying k < 1 £ 3
0 =
1

_H_klogZ
Voly Qg = VoIl Ty(g) [ 14+ 0 [ (logg)® - g " Togg | ] .

For any x satisfying x < _loz 5 and for all k satisfying —]‘zgg <k <xlogg
2 3
we have

klog%
Vol Qg = VolT'k(g) | 1 + O | (log 8)25 . g_2+ log g

Fork < 412’7 log g we have

Pek) = G35 0 1K) - (140 (7% - (log )*)). (5.3)

. 3log g log g
For k in the range TTog? <k < _log% we have

Pe) = 35, 00 (140 (712 (020 )

55 _H_klogZ
=3 3,001 K) | 1+ 0 | (ogg)™ - g " logs ) |

For k in the range 112§g < k < xlog g we have

9 k
P (k) = q34_3 00,1 (k) - (1 +0 (gl : (5) : (logg)25>>

_2+klog%
= 33,001 (K) | 1+ 0 | (logg)® - g~ Tee

0|

where all above estimates are uniform in the corresponding ranges of k.

Proof of Theorem 5.1 Using the notation from Definition 4.1 we decompose

Volg Qg = T 470 4 37 ik,
V>3
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Here Tg(,l;k) = Vol I't(g). Note that 8 /7 < 2, so Theorem 3.1 gives the uniform
asymptotic equivalence for the first term. Applying the identity %F(%) =

F(l + %) we set m = +o00 and rewrite (3.1) as

. 2t =1 /g\ %4 (log g)*
bk 2 66 <_) (1 o( ))
= ﬁF(H%)(g AT " g

(5.4)

The bounds for the contributions of the second and third terms are provided

by Propositions 4.2 and 4.3 respectively. We have for |¢| € [0, 44/19] and,
hence, for |¢| € [0, 8/7]:

8\ " (2:k) 1,41k -t =2 14
<§) St < g2 -O(g 7 (logg) )
k>1
g\ ~48 ' lt]=1 7|t|—8
(5) D2 XYl =g -O(g z (logg)24>.
k>1V=>3

Hence

3 Vol @t = | Y- bk | (1 L0 ((log . g<|t|fz>/2)

k>1 k>1
+0 <(log ). g<7"'*8>/4)) . (5.5)

Note that % > —1, so the error term O ((log . g(|t|*2)/2) dominates

the error term O ((log g)2 . g_l) coming from (5.4). Note also that

[t|]—2 7t —8 4 [t|—2 7|t —8
> for |t{| <= and <
2 4 5 2 4

4
for |t| > -.
5

This shows which of the two error terms in (5.5) dominates on which interval
of the values |¢|. Plugging (5.4) into (5.5), taking into consideration the obser-
vation concerning the domination of the error terms, and taking the maximum
of powers 14 and 24 of logarithms to cover the case |f| = ‘5—‘, we complete the
proof of Theorem 5.1. Note that passing to (5.2) we used that I'(3/2) = /7 /2.

O

In the proof of Theorem 5.2 we use the following saddle point bound which
corresponds to Equation (18) from [35, Proposition I'V.1].

Proposition ([35], Proposition IV.1) Let f(z) be analytic in the disk |z| < R
with 0 < R < oo. Define M(f;r) forr € (0,R) by M(f;r) :=
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SUp|; = | f (2)|. Then, one has for any r in (0, R), the family of saddle-point
upper bounds

["] f@) = w implying  [2"] f(z) < inf M(f; ’”).

5.6
re(O,R) 1" ©-6)

Proof of Theorem 5.2 Let § = %. From Propositions 4.2 and 4.3 we have for
all ¢ in the interval [0, §) the bounds

‘ 8\ 48 =3
anz,k)tk <B- <§) t-g 2 .(logg)m,
k>1

. ]\ 48 9t—10

k=1V=>3

Combining these bounds with (5.6) we obtain for all non-negative integer k

. 8\ % ~ . _
T 532-<§) -(logg)™* - g7/ inf (tl "g’>,

1€(0,8)
4
ZT(V;k) <B 8\* a 24 =52 inf (1Ko %
g =Bi-(3) -(ogg)™- g inf (177g ).
= 1€(0,8)

For the rest of the proof we assume that ¢ is real and is contained in the

interval [0, 8). The minima of 1% g" and Ik g% on [0, +00) are reached at

k—1 k—1 - .
= = \/ <§-
I = fozs and at ¢ Tloes respectively. Hence, for k — 1 < §-log g, we obtain

the following bounds:

ngz;k) <B;- <

Z Tév;k) < B3 (

V>3
9 k—1 . e k—1
- 1 - — )
X(4) (log g) (k_l)

-(log g)** - g7/?

W| oo W] oo

) +(ogg)™* - g7/ (log &)~ - (k_l) ,
)
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Now, for g large enough we have /27 log ¢ < log g. Hence, by Stirling
formula, for g large enough and for all k — 1 < § - log g we have

. 8\ % (log g)*!
TZED <« g, . 2 . 15, o732 2857
s =Ba|3 (logg)™~ -8 *— 1)

_ 8\ * 9\ (logg)*~!
T(V’k) B.- 2 (1 25 52 | 2 . .
DT =By () oz g 1 T

V>3

Combining expression (3.4) (in which we set m = 4-00) for Tg(l;k) =
Vol Ty (g) from Theorem 3.4 with expression (3.40) for H3g 3 o0,1/2(k) from
Corollary 3.18 we get the following asymptotics for Y0 as ¢ — +o0:

Y \/’ <8)4g—4 (l)k—l (log(6g — 6))"
Vg -3 2 (k — 1)

1 +O<k—1)

X ——
k1 log ¢)?

r(1+ odels) (log g)

(6g—0)

Forall k —1 < § log g the rightmost factor in the above expression is greater
than or equal to 1/ T'(1444/19)+ O((logg)~!). We have 1/T"(1+44/19) >
1/3. Hence, for all k — 1 < §log g and as g — 400 we have

@k (Vik)
LD IRy

9 k
2o (e (1 2 (2)
PR 2

(5.7)
Rewriting
k log?2 9 k (log9—log?2)
2k — glogg and (§> glogg
we obtain
k klog?2 k
9 max( 1+ ,—2+ (log9—log2))
-1 kK =2 logg log g
max - 25, | = =
(8 8 (2> ) 8
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Solving the linear equation we find that

1

—2+xlogy < —1+xlog2 for x < — ~ 123315,
logz
9 1 2
—l+xlog2 < -2+ xlog5 <0 for g =X < 5 ~ 1.32972.
log 7 log 5
(5.8)

Note that § = % ~ 231,508 > é. Note also that Télgk) = Vol I'x(g).

Using (5.7) and (5.8) we conclude that for any x satisfying x < foe? we have
2

(2;k) (V3k)
T )T
V=3

Vol 0, = {4 [ 14—
Tg

71+k10g2 .
logg fork < 28 .
logz

Vol i (g) (1 +0 ((log ¥ g
klog%

VoI Ty (g) | 140 | (log g)25. g~ Toee forll(%sksxlog g
I

uniformly in the corresponding range of k. This completes the proof of the

first assertion of Theorem 5.2.
By (3.71) we have

0 (k+210gg)2>>

e 0 k)= k) -(1+0
ésl) = Py _q3g—3,oo,% g

uniformly for all £k < Zli(;ggg . Combining Eq. (5.2) from Theorem 5.1 and
2

Eq. (3.2) from Theorem 3.1 we get

Vol @ =TV (14 0 ((logg)*g~"%)).

(Alternatively, we could use Eq. (5.5) for the particular value = 1 to obtain

the latter relation.)
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Note that

~ 1.08202,

1
-1 log2 < —— f <
+xlog2 < 1 or x_410g2

|
S < —l+xlog2 for x> .
g = hloss o v = s

Combining these considerations with (5.8) we conclude that for any x <

2
we have

log %

pg(k)
1
D3g-3,00,1 (K) <1 + 0 ((log 2> -gz))

3logg .
for k < 735

2
_H_klogZ ¢
T3g-3,00,, ) [ 140 | (logg)® - g loeg

= 3logg logg .
for 4log?2 <k= log% ’

_2+%
T3g-3,00,, ) [ 1+ 0 | (logg)® . g 7" loes

for <k<xlogg,

uniformly for all £ in the corresponding ranges. Theorem 5.2 is proved. O

5.2 Remaining proofs

Next we deduce the statements stated in Sect. 1 from Theorems 5.1 and 5.2.

Proof of Theorem 1.12 Let K4(y ) be the number of components of a random
multicurve y on a surface of genus g. Let

+00
Fo(t) = Vol Qg t*.

k=1

By definition F,(1) = Vol Q, and we have

E, (%)) = L@
Fo (1)
Applying Theorem 5.1 we obtain the result. O
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We say that a multicurve y = myy1 + - -+ + myyx is non-separating if
primitive components y1, ..., yx of y represent linearly independent homol-
ogy cycles. Otherwise we say that a multicurve is separating. Clearly,
S\ {y1 U--- Uy} is connected if and only if ¢ is non-separating, so non-
separating multicurves correspond to stable graphs with a single vertex, while
separating multicurves correspond to stable graphs with two and more vertices.

The Corollary below is a quantitative version of an analogous statement [3,
Proposition 10.7] due to A. Aggarwal. We originally conjectured a weaker
form of this assertion in [26, Conjecture 1.33].

Corollary 5.3 For any k > 1 we have
P(y is separating | Ko(y) =k) = O ((log 9% g‘1> .
Proof By definition,

(2;k) (Vik)
T+ 23 Ty
VOlk Qg
2:k) Vik
< Té + ZV;S Tg( :
- Tg(l;k)

P(y is separating | K, (y) = k) =

Equation (5.7) in the proof of Theorem 5.2 and analysis of the error term
following it provides an upper bound for the right hand-side of the expression
above from which the corollary follows. O

Remark 5.4 We proved in [29, Theorem 1.18], that for k = 1 we, actually,
have the following exponential decay

2
P(y is separating | Kg(y) =1) ~ [— 478,
3rg

Proof of Theorems 1.1 and 1.4 Itfollows from combination of Propositions 8.3,
8.4, 8.5 in [3] proved by A. Aggarwal that the relative contribution to the
Masur—Veech volume Vol Q, coming from all stable graphs in G, which have
more than one vertex, tends to zero as g — +o0. Translated to the language
of multicurves or to the language of square-tiled surfaces, this statement cor-
responds to assertion (a) of Theorems 1.1 and 1.4.

In terms of the results of the present paper, the same statement can be
justified comparing Theorems 3.1 and 5.1 and observing that the asymptotics
of Y ;- Vol(T'k(g)) and of Vol(Q,) are the same up to a factor which tends
tolas g — +oo.
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Assertion (b) is a particular case, corresponding to the value m = 1 of
the parameter m, of more general Theorems 1.2 and 1.5. These Theorems are
proved independently below.

Let us prove assertion (c). By Theorem 5.2, in the range k£ = o(log g) the
volume contributions Vol Q, and Té(,l;k)
have

are asymptotically equivalent. We

Té(,l;k) = Z Vol (T (g), (m1, ...my)),
my,...,mg
m;>1 fori=1,....k

where the contribution of primitive multicurves is equal to Vol (Fg (k),
(1,. 1)) By Theorem 3.4, the contribution to Vol Q, coming from all non-
separatmg multicurves and from all primitive non-separating multicurves are
respectively proportional to H3g 3, oo 1 ,2(k) and to H3g 3,1,1/2(k) with the
same coefficient of proportlonahty «/ 3g — ( ) . By Corollary 3.18,

the quantities H3g_3’oo’1 2 and H3g_3,1,1 ,2(k) are asymptotically equivalent
in the range k = o(log g), which completes the proof. m|

Proof of Theorems 1.2 and 1.5 Taking the ratio of expression (3.1) from The-
orem 3.1 evaluated at = 1 over expression (3.2) from the same Theorem we
get

3g—3

Z Z Vol(Tk(g), (m1, ..., my))

lim m,>1 f(;;’.'l’ 1 ..... k _ m
g—>+o0 3g—3 CVm+1
> Vol (I'e(9)

k=1

Since the contribution from stable graphs with V > 2 vertices is negligible,
it is a fortiori negligible when we consider bounded multiplicities m; < m.
Hence, we have as g — 400 the asymptotics

+00
oY Vo). mi, . my)

mi>1 fori=1,...k

lim
g——+o0 o0
> Vol (Tk(g)
k=1
Yoo Vol mi, .. m)
. P9 = for 1otk
gt Vol(Q,) ’
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which concludes the proof. O

Proof of Theorem 1.3 and of Theorem 1.6 The central limit theorem for K4 (y)

follows from the general Theorem 3.19 that holds under mod-Poisson conver-

gence. The mod-Poisson convergence was stated in Theorem 1.12. It only

remains to justify the normalization used in Theorem 1.3 and in Theorem 1.6.
It follows from (2.1) that

card(STy(N)) ~ m(g) - N%~°,

where

Vol Q,
(12g — 12) - 268—6"

m(g) =

By the central limit theorem (Theorem 3.19) we obtain

1 Ko(S) — Aze
lim lim ——— -card { S € ST(N) Ke(S) = A3g3 _ |
g§—>+00 N>+oo m(g) - N08—6 VA3g-3

1 /’C 2
= — e 2dt.
A/ 21 J—o0

It remains to use (2.15) from Theorem 2.3 of A. Aggarwal (see Theorem 1.7
in the original paper [3]) to compute

1 (12g — 12) - 208—6 (9)2g2
- ~3ng- g ,

m(g) Vol O, 8
which proves Theorem 1.6.
The proof of Theorem 1.3 analogous.

M. Mirzakhani proved in [61] that for any integral multicurve n € ML(Z)
one has

card ({y € MLy (Z)

tn,y) = N} /Stab(n)) ~&(n) - NO876,

Now let n = pg, where p, is a simple closed non-separating curve on
a surface of genus g. Note that the stable graph associated to pg is I'1(g)
and that the associated weight m is equal to 1. By [33, Proposition 8.8] the
asymptotic frequency c¢(pg) in the expression above is proportional to the
asymptotic frequency c(pg) defined in (2.16) with the following factor:

c(pg) =257 - &(pg).
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Combining this relation with (2.21) and (2.20) (where we let n = 0) we get
Vol(T'1(g), 1) = 2(6g — 6) - (4g — 4)! - 2°670 - &(py),

Since Vol(I'1(g)) = {(6g — 6) - Vol(T'1(g), 1) and since {(6g — 6) ~ 1 as
g — +o0o we conclude that

1 12g - (4g — 4)! - 2686 3 9\ 242
- <8 (4g —4) ~ /ng‘lzg‘(4g_4)!‘<_) ’
c(g) Vol(T'1(g)) 2 8

where we used

2 /8\*™
VolT'i(g) = % (5) -(1+0(1)) asg— +4oc.

that is obtained by a combination of Theorem 3.4 and Corollary 3.18. Actually,
the latter asymptotic equivalence was originally proved in Equation (4.5) from
Theorem 4.2 in [29]. |

Proof of Theorem 1.13 At the current stage, we can prove mod-Poisson con-
vergence of p, only for a relatively small radius R = 8/7 ~ 1.14286. Thus,
a straightforward application of Corollary 3.17 to p, does not provide suf-
ficiently strong estimates for the distribution p,. This is why we proceed
differently.

Relation (1.17) follows from combination of relations (1.12) for
q3¢-3,00,1/2 (k) withrelations expressing p, (k) through g3¢_3 0,1/2 (k) proved
in Theorem 5.2.

To estimate the left and right tails of the distribution p, we use relation (5.3)

Pek) = @3g—3,00,12(k) - (1 4+ 0 (7% - (log £)**)).,

proved in Theorem 5.2 for k satisfying k < ﬁ log g.

Estimate (1.19) for the left tails follows directly from Eq. (1.14) of Theo-
rem 1.10.

For the right tail, the equivalence between pg (k) and g3¢ 3 ~0,1/2(k) is not
known beyond @ and we need to pass to estimates on the complementary
event. Let A3zg_3 = %log(6g — 6). Relation (5.3) implies, that for x in the
range 0 < x < 213? ~ 2.16 we have

[xA3g—3]1 [xA3g-3]1
Yo b= > @r-seenpn® | (1+0 (g (ogge)*™)).
k=1

k=1
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In particular, this relation is applicable to x; = 1.236 and to x, = 1.24.
Passing to complementary probabilities, we get for 0 < x < ﬁ:

3g-3 3g—3
Yo b= Y @agseenp®+0 (g7 (logg)*).
k=[xA3g—31+1 k=[xA3g—31+1

(5.9

We use now relation (1.13) from Theorem 1.10 for the bound for the tail of

distribution 343 00,1/2- Applying (1.13) withn = 3¢ —3,1 = % log(6g —6),
we get

3g—3

Z q3g-3,00,1/2(k) = O(GXP (= Azg—3(—xlogx —x + 1)))-
k=[xA3g-3]+1

-0 <g(—x logx—x+1)/2> .
For x; = 1.236 we have
(—x1logx; —x1 +1)/2 > —0.249.

Since the function —xlogx — x 4 1 takes value 0 at x = 1 and is
monotonously decreasing on [1, +00] we conclude that for x € (1, x1] we
have

1
g4 (logg) =0 (g(—x logx—x+1)/2 1 ) .
0gsg

This implies that for this range of x the error term in the right-hand side
of (5.9) is negligible with respect to the error term in (1.13) evaluated with
parameters n = 3g — 3, A = %log(6g — 6), and (1.18) follows.

For x = xp = 1.24 we have

(=x2logxy —x2 +1)/2 < —0.253,
SO

0 <g(—x10gx—x+1)/2> —0 (g_1/4).

Taking into consideration monotonicity of —xlogx — x + 1 for x > 1,
this implies that for x > xj the first summand in the right-hand side of (5.9)
becomes negligible with respect to the second summand. Note also that

x2A3g-3 = 0.621og(6g — 6) < 0.62logg +0.62log6 < 0.621log g + 1.12.
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Thus, the sum of g3g_3 o0,1/2(k) starting from k = [0.621og g| + 1 might
contain at most three extra terms with respect to the sum starting from
[x2h6g—6] + 1. Clearly, each of these three terms has order o (g~1/4). We
have proved that

3g—3

Z G3g—3.0012(k) = 0 (g7 /%)

k=[xoplog gl+1

Plugging the above estimates in (5.9) we obtain our estimate for the right
part. To estimate the left part we rely (1.19) that we already proved. It is
sufficient to notice that for xg = 0.18 we have

—(xologxg — xo + 1)/2 < —0.255

and (1.20) follows. O

Proof of Theorem 1.14 The mod-Poisson convergence of p,(k) proved in
Theorem 1.12 together with the general asymptotics of cumulants in Theo-
rem 3.22 implies Theorem 1.14. |

6 Numerical and experimental data and further conjectures
6.1 Numerical and experimental data

In this section we compare the distribution pg (k) of the number of components
of a random multicurve in genus g (see Theorems 1.1 and 1.13 from Sect. 1)
with the approximation given by the mod-Poisson convergence.

Recall that for any A > 0, we defined in (1.10) the real numbers u;, 1,2 (k),
for k € N, as the coefficients of the Taylor expansion of

§
i k>1
We have the formula

k

1 k 1\! .

i=1

where ¢ are the coefficients of the Taylor series of 1/I"(¢). Even though
the sequence {uy 1/2(k)}r>1 is not a probability distribution we refer to this
collection of numbers as the (Poi,,, F(%))—distribution

@ Springer



Asymptotic geometry in large genera
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021 /X
0154 |
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“*..¥

0.05 A
1234567891011

0 -
Fig. 4 The exact distribution pg (k) of the number of components k of a random multicurves
(red), the (thg 5+ I'(3))-distribution (green) and the distribution given by the local limit

theor’em (blue) for g=14
0.25 A ::j::..x xx;()%(k;) r/2)
& ++(Poi 1/2
- -+, log(150)/25
0.2 A ¥ W ++LL. Tg
0154 {

014
¥
0.05 - *.
O n T T T T T T .M‘H
1 2 3 45 6 7 8 9 1011
Fig. 5 (Experimental) distribution pg¢ (k) of the number of components k of a random multi-
cuvrves (red), the (thg 3+ I'(3))-distribution (green) and the distribution given by the local

ra/2)

limit theorem’ (blue) for g = 26
Corollary 1.9 shows that g, (k) (and hence also p, (k)) is well-approximated
g—3>
k
2 )‘3g—3)

by uj, e 3.1/2 (k). Theorem 1.13 also shows that u;,, , 1,2(k) can be approxi-

mated biy’a much simpler formula, namely
k
g3 P3g-3)
kb 2.T(1+

Upze 3.172(k + 1) ~ po(k + 1) ~
In the tables below and in Figs. 4, 5 and 6 we refer to the approxima-
. 1
- 2

tion given by the function u,;, ;1,2 as the (Poiy,, 5, I'(3))-approximation

3g—:
and to the approximation in the right-hand side of the above expression as
“LLT”-approximation (for “Local Limit Theorem™). We provide numerical
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ratio g=14 ratio g=26
1.08

1.06
1.04
1.02

1.08
1.06
1.04
1.02

0.98 0.98
0.96 0.96

1 2 3 456 7 8 91011 1 2 3 456 7 8 91011

Fig. 6 Ratios pg(k)/u Mag—3.1 /2(k) for g = 14 (exact) and for g = 26 (experimental)

data comparing the three distributions in the tables below. For g = 14 the
distribution p14 was rigorously computed as a sequence of explicit rational
numbers. For g = 26 the distribution py¢ was computed experimentally,
collecting statistics of random integral generalized interval exchange transfor-
mations (linear involutions). The graphic comparison of this data is presented
in Figs. 4, 5 and 6. We observe a particularly rapid convergence of p, to
(Poiys, 5, F(%)). In particular, already for g = 14 the graphs of these two
distributions are visually indistinguishable.

k | px (Poiy,, . I'(3)) LLT
1 {0.0713 0.0724 0.0724
2 10.2009 0.2022 0.1974
3 10.2679 0.2675 0.2559
4 10.2260 0.2251 0.2123
5 10.1369 0.1361 0.1276
6 [0.0634 0.0633 0.0596
7 10.0237 0.0237 0.0226
8 10.0073 0.0073 0.0072
9 10.0019 0.0019 0.0020
10{0.0005 0.0004 0.0005
11{0.0001 0.0001 0.0001

6.2 Further conjectures

Recall that the square-tiled surfaces which we study in this paper are integer
points in the total space of the bundle of quadratic differentials Q, over M. In
this section, we also consider square-tiled translation surfaces that correspond
to integer points in the total space of the Hodge bundle H, of holomorphic
Abelian differentials over M. Note that H, can be considered as a subspace
of Q, of codimension 2g — 2.
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We first conjecture an analogue of our local limit theorem (Theorem 1.13)
in the context of square-tiled translation surfaces.

Conjecture 1 Let p?b (k) be the probability that a random square-tiled trans-
lation surface in Hg has k cylinders. Then for all x > 0, we have uniformly
inke{0,1,..., [xlog(g)]}

) (Mg)k )
o \r(i+ k)

p?b(k +1)=eH +o(l) | as g — oo,

where g = log(4g — 3).

In plain words, Conjecture 1 implies that the statistics pg‘b (k) becomes
practically indistinguishable from the statistics of the number of disjoint cycles
in the cycle decomposition of a random permutation in Ss¢—3, with respect to
the uniform probability measure on the symmetric group of 4g — 3 elements.
The latter was denoted by P44 3 ~,1 in Sect. 3.

Both Q, and H, are stratified by the partition of the order of the zeros of
respectively the quadratic and Abelian differentials. The parameters 6g — 6
and 4g — 3 that appear in the mod-Poisson convergence of random square-
tiled surfaces from respectively Theorem 1.13 and Conjecture 1 coincide with
the dimensions dim¢ Q, = 6g — 6 and dim¢ H, = 4g — 3. We conjecture
the following strong form of mod-Poisson convergence uniform for all non-
hyperelliptic connected components of all strata.

Conjecture 2 There exist a constant Ry > 1 such that the mod-Poisson
convergence as in Theorem 1.12 but with radius Ry holds uniformly for all
non-hyperelliptic components of strata of holomorphic quadratic differentials.

More precisely, let C be a non-hyperelliptic component of a stratum of
holomorphic quadratic differentials. Let pc (k) denote the probability that a
random square-tiled surface in C has k cylinders. Then

ko = T 1
> peirt = (dime C) > 5 (1+0<g>>,

k>1

where the error term is uniform over all non-hyperelliptic components of all
strata of holomorphic quadratic differentials and uniform in t on compact
subsets of the complex disk |t| < R».

Similarly, a uniform local limit theorem should be valid for strata in the
moduli space of Abelian differentials.

Conjecture 3 Conjecture 1 holds uniformly for all non-hyperelliptic con-
nected components of all strata of Abelian differentials.
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More precisely, let x > 0. Let C be anon-hyperelliptic connected component
of a stratum of Abelian differentials. Let pc(k) denote the probability that a
random Abelian square-tiled surface in C has k cylinders. Then uniformly for
kin{0,1,..., |xlog(dimc C)|} and uniformly in C such that dim C — oo we
have

1 (log dim¢ C)*

. + o(1)
d C k! k
me r (1 + logdimCC>

péPk+1) =

Conjecture 3 is based on analyzing huge experimental data. We experimen-
tally collected statistics of the number K¢ (S) of maximal horizontal cylinders
in cylinder decompositions of random square-tiled surfaces in about 30 con-
nected components C of strata in genera from 40 to 10,000. In particular, the
least squares linear approximation for components C of dimension dimc C
between 400 and 20,000 gives:

E(K¢) ~ 0.999 log dime C + 0.581 ~ 0.999 log dim¢ C + y + 0.004
V(Ke) ~ 0.996 log dime C — 1.043 & 0.996 log dimc C + y — ¢(2) + 0.02

(compare to (1.2)). Visually the graphs of distributions pé‘b (k) and %

are, basically, indistinguishable for large genera.
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