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Abstract

This paper establishes and proves complexity results for entailment for cumulative propositional dependence logic and for cumulative
propositional logic with team semantics. As recently shown, cumulative logics are famously characterised by System C and exactly
captured by the cumulative models of Kraus, Lehmann and Magidor. This gives rise to the entailment problem via relational models,

which is specifically considered here.
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1. Introduction

The ability to reason is one of the central features of intelli-
gent agents and thus a major concern of artificial intelligence.
In this paper, we study the fusion of non-monotonic reas-
oning with team-based reasoning. Such a combination is
interesting, as it allows reasoning in which one can express
settings involving a plurality of objects (the team-based com-
ponent) while also taking into account extra-logical inform-
ation, such as plausibility, exceptionality, reliability, prefer-
ence, or typicality (the non-monotonic component). Notably,
the combination of these approaches provides a setting that
cannot be formalized by neither of the approaches alone.

Less is known about how to construct non-monotonic en-
tailment relations for team-based logics. Known approaches
for non-monotonic propositional logics or non-monotonic
first-order logics rely heavily on the properties of the un-
derlying logics, such as, e.g., the availability of all Boolean
connectives, the law of excluded middle, and presence of ma-
terial implication. However, these properties are not (always)
available in team-based logics. There are many approaches
to non-monotonic logics that take inspiration from [1], from
which some are also generic, e.g., MAK models [2], KLM-
style reasoning [3], characterization logics [4], or approxim-
ation fixpoint theory [5].

So far, there are only two pioneering works that consider
a combination of team semantics and non-monotonic reas-
oning. First, the work by Yan (2023), which considers a
non-monotonic team-based modal logic in the context of
formal analysis of natural language. The second is by Sauer-
wald et al. (2025) (SMK), which also contains a broader
introduction and motivation, and focuses on non-monotonic
reasoning in the style of Kraus et al. (1990) (KLM).

KLM (1990) showed for classical propositional logic that
cumulative entailment relations provide a stable theory of
reasoning with multiple representations. Cumulative entail-
ment relations are obtained by reasoning via the axiomatic
system known as System C. Furthermore, a cumulative entail-
ment relation |~ can be represented by a cumulative model C,
by which ¢ |~ 1 amounts (intuitively) to checking whether
all minimal models of ¢ in C are models of ). SMK (2025)
show that entailment via preferential models (which are spe-
cific cumulative models) satisfies System C in the context of
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propositional dependence logic. However, SMK provides no
representation theorems for any kind of general cumulative
reasoning in the context of team-based logics.

Contributions. This work considers the complexity of cu-
mulative reasoning, which has been recently established as
a stable approach in the context of team-based logics [8].
Specifically, we deal with the cumulative counterparts of the
following team-based logics:

¢ Propositional logic with team-based semantics (TPL)
* Propositional dependence logic (PDL)

For each of these logics, we consider both reasoning via Sys-
tem C and via cumulative models as in the approach by KLM.
This leads to System C-based entailment relations for PDL,
denoted by PDL. Also, we will consider PDL entailment
relations via cumulative models, denoted by PDL™. With
TPL™ and TPL, we denote the respective approaches for
TPL. We will study the complexity of cumulative entailment
problems of these logics and obtain the following results:

1. Entailment for PDL™™ is in 6’2’ and NP-hard, while
it is in P and NC*-hard for TPL™.

2. Succinct Entailment for both logics is in 1T and AL-
hard.

This underlines (under reasonable complexity assump-
tions) subtle differences in the complexities of these prob-
lems regarding the underlying logics.

2. Preliminaries

In this paper, we consider propositional logics from a model-
theoretic perspective. We denote by Prop = { p; | i € N }
the countably infinite set of propositional variables. We
consider propositional formulas in negation normal form, i.e.,
PL-formulas are formed by the grammar, where p € Prop:

pu=p|lp|L]IT|leApleVe.

We write Prop(¢) for the set of variables occurring in ¢.

Classical Propositional Logic (CPL). For a non-empty fi-
nite subset N C Prop of propositional variables, one defines
for valuations v: N — {0, 1} over N and PL-formulas ¢:

[l = {v: N = {0,1} | v = o).
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The valuation function v is extended to the set of all PL-
formulas satisfying Prop(p) C N, PL(N), in the usual
way. We denote by Ay the set of all assignments over V.
We write ¢ = ¢ for [¢]° C [¢]° and ¢ =° 4 if both
@ E° v and ¢ [|=° @ are true.

Prop. Logic with Team Semantics (TPL). Next, we define
team semantics for PL-formulas (cf. [9, 10]). A team X is a
set of valuations for some finite N C Prop. The domain N
of X is denoted by dom(X), and T denotes the set of all
such teams.

Definition 1 (Team semantics of PL). Let X be a team. For
any PL-formula ¢ with dom(X) 2 Prop(yp), the satisfac-
tion relation, X |= ¢, is defined inductively as:

XEp ifforallve X :v = p,
X E-p ifforallv e X : v [~ p,
XET is always the case,
XL if X =0,

XEeANYy fXEpadX E1p,
X EeVY ifthereexistY,Z C X

s.t. X =Y UZY E @, and Z = .

The set of all teams X with X = ¢ is denoted by []".
For any two PL-formulas ¢, 1, we write ¢ =" 1 if [¢]* C

[x]*. Write ¢ = 4 if both =" 1) and o |=* ¢ are true.
We define the following properties for a formula :
XEg¢ < forallve X, {v} =

D=
XEepandY CX, thenY o

(Flatness)
(Empty team)

(Downward closure)

Proposition 2. TPL has the properties flatness, empty team,
and downward closure.

Due to the flatness property, logical entailment of propos-
itional logic with team-based semantics =" and classical
semantics |=° coincide.

Propositional Dependence Logic (PDL). A (propositional)
dependence atom is a string =(a, b), in whichd = a1,...,ax
and b are propositional variables from Prop. A team X sat-
isfies a dependence atom, X |= =(a,b), if for all v,v" € X,
v(@) = v'(&@) implies v(b) = v'(b). A dependence atom
where the first component is empty will be abbreviated as
=(p) and called a constancy atom. The language of pro-
positional dependence logic (PL(dep)) is defined as PL-
formulas extended by dependence atoms.

Example 3. Consider the team X over {p, q,r} defined by:
Here, we have that X |= =(p, q) and

p q T
X E =(r). Moreover, we have that
v 100 % = =(p) V =(p), however it is true
v 010 g x ¥~ =(p) as the value of p is not
vz 0 1 0

overall constant.

Proposition 4. PDL has the empty team and the downward
closure property, but not the flatness property.

Generic View on Logics. Some parts of this paper require
a generic perspective on logics, which we discuss next. A
satisfaction system is a triple S = (L, (2, |=), where L is
the set of formulas, Q) is the set of interpretations, and = C
Q x L is the satisfaction relation. We write [¢]° = {w €
Q| w [ ¢} for the set of all models of the formula a €

L. An entailment relation for a satisfaction system is a
relation IF C £ x £ such that « |-y if and only if 5 I ~,
whenever [¢]° = []°. A satisfaction system S together
with an entailment relation |- is called a logic and denoted
by £ = (L,Q, |=,F). The propositional logics discussed
in this section fit into this general model-theoretic view for
each N C Prop as follows:

CPLy = (PL(N), An, =, E°)
TPLy = (PL(N), Tn, &, )
PDLy = (PL(=(,), N), Tn, =, &)

When there is no ambiguity, we will write |= instead of |=*.
Moreover, we will use CPL to denote the class consisting of
all logics CPL v for any non-empty finite subset N C Prop.
The classes TPL and PDL are defined analogous.

3. Cumulative Reasoning

‘We consider the construction of entailment relations.

System C. We make use of the following rules for calculi:

p=v ol
Yy (LLE)saFw VPV@(RW)
pAY Y e Ty
ok o <.0|N’Y(CM)

Cut) APy

Note that |= is a placeholder for the entailment relation I+
of an underlying logic .Z = (L£,Q, |=,IF), and = is the
respective semantic equivalence from .Z. System C consists
of the rules (RW), (LLE), (CM), (Cut) and reflexivity (Ref)
¢ | ¢ for all formulas [3, 11]. We say that an entailment
relation |~ satisfies System C if |~ is closed under all rules
of System C.

Relational Models. For a relation R C S x SonasetS
and a subset S C S, an element s € S is called minimal in S
with respect to R if for each s’ € S holds =(s" R s). Then,
min(S, R) is the set of all s € S that are minimal in S with
respect to R. Moreover, for a set of interpretations M and a
formula ¢ of £ = (L, Q, =, IF), we write M = ¢ if for all
w € M we have that w = .

Definition 5 (Shoman 1988, Dix and Makinson 1989, 1992).
Let & = (L,Q, =, IF) be a logic. A relational model for £
is a triple Ml = (S, £, R) where S is a set, {: S — P(Q),
and R is a binary relation on S.

We say S C S is smooth if for each s € S, we either have
that s € min(S, R), or there exists a state s’ € min(S, R
)with s’ R s. Foro € L and s € S, we denote by
S(p) ={s€S|L(s) = ¢} the set of states that satisfy (.
With min(Je], R) = U{4(s) | s € min(S(p), R) }, we
denote the set of all interpretations that appear in £(s) for
any minimal state s that satisfy . We will deal, in this paper,
with specific types of relational models, which we define in
the following.

Definition 6. A relational model C = (S, ¢, R) for a logic
L = (L,Q, E,IF) is called camulative if for all ¢ € L the
set S(p) is smooth. A cumulative model C is strong if R is
asymmetric (x Ry implies ~(yRx)) and min(S(p), R) has
exactly one element for each formula ¢ € L.
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Problem Tractable Complexity Result

ENT(PDL™™) X  €©L NP-hard Thm.8

SUCCENT(PDL™™) X eI, Ab-hard  Thm. 10

ENT(TPL"™) v €P,NC'-hard Col. 11

SUCCENT(TPL*™) X  €T1I5, AP-hard  Col. 11
Table 1

Overview of novel complexity results for entailment based
on cumulative models for PDL and TPL. ENT/SUCCENT are
the (succinct) entailment problem.

Because cumulative models satisfy smoothness, they avoid
the problem of reasoning via arbitrary relational models, in
which the set min([¢], R) might be empty, even when S(¢)
is non-empty. Entailment relations, which are induced by a
relational model, are defined as follows.

Definition 7. Let .¥ = (L,Q,=,IF) be a logic. The
entailment relation vy C L X L for a relational model
M = (S, ¥, R) for Z is given by

@ pow ¢ if min([e], R) € [¥] -

An entailment relation v C £ x L is called (strongly)
cumulative if there is a (strong) cumulative model C for .&
such that v = |~c.

Classes of Entailment Relations. If L is a class of logics
(such as PDL, TPL, or CPL), we denote with L the class of
all entailment relations |~ for (£, 2, =, IF) € L that satisfy
System C. Similarly, we use '™ (L") for the class of all
(strong) cumulative entailment relations.

4. Complexity of Cumulative
Entailments

In this section, we study the complexity of entailment for
cumulative preferential logics. We consider both the stand-
ard and the succinct version of the problem, where the
latter uses a circuit representation of the knowledge base.
Recall, that a relational model C = (S, ¢, R) for a logic
L = (£,Q, =, =7) is cumulative if for every formula
¢ € L the set S(yp) is smooth, i.e., for each s € S(p)
we have either s € min(S(y), R) or there exists a state
s' € min(S(p), R) with 8" R s. In the following, we will
turn towards the central decision problems. We start with the
standard entailment problem for cumulative propositional
logic.

Problem: ENT(PDL"™) — entailment problem for
cumulative propositional dependence logic

Input: A finite cumulative model W = (S, ¢, <)
for PDL and ¢, € PL.

Question: Is it true that o o 1?

Theorem 8. ENT(PDL™) is in ©} and NP-hard.

Proof. For membership, we make use of the cumulative
input model C = (S, ¢, R). Regarding all s € S(¢p) we first
need to compute S(p) which is the set of all formulas such
that £(s) = ¢. As the model checking problem for PDL is
NP-complete [14, Thm. 1], we need to go through all states
s € S and check whether £(s) = ¢ holds. This can be done
with an NP oracle. Next, we need to compute the minimal

states min(S(y), R). This can be done by checking for each
state s € S(¢) whether there is a state s € S(¢) such
that s R s holds. This can be done in polynomial time in
the size of the model. To identify the minimal states, we
only need to identify the sinks in the graph induced by R
on S(¢). Finally, we need to check whether for all minimal
states s € min(S(¢p), R) it holds that £(s) = 1. Again, this
can be done with an NP oracle. Thus, overall we can decide
© w1 in ©F. Notice that this upper bound is in line with
the upper bound for the preferential logic PDL”, which has
to be considered as a special case of cumulative models.
The lower bound follows from the underlying classical
complexity of model checking for PDL by constructing a
simple cumulative model (T, ¢) — (({T},ids, ), T, )
which is already preferential. O

For preferential models circuit families of size (2”)0(1>
for SUCCENT(PDL) have been considered [7]. This was
correct, since in such models, a state maps to a team. For
cumulative models, a state maps to a set of teams, requir-
ing a further exponential jump in the representation, i.e.,
we need to consider circuit families of size (22n)o(1) for
SUCCENT(PDL"™). To that end, we will next define an ad-
equate notion that appropriately addresses these large mod-
els.

Definition 9. Let N C Prop be a set of propositions with
IN| = n, S = {0,1}™ be a set for m € (22")°WD), and
< C S X S be a strict partial order. Now let W be a
cumulative model C = (S, ¢, <) such that £: S — P(Txn)
is a partial labelling. Let there be two nPW _sized circuit
families L, O (labelling, ordering) such that:

1. 0 is computed by L,

2. O: 8 x 8§ — {0, 1} is a partial function such that
for s,s' € S, the circuit outputs 1 if and only if
s < &' is true.

We call (£, O) an n°™®-sized circuit representation of W.

We can derive from this definition the succinct entail-
ment problem for cumulative propositional dependence lo-
gic, SUCCENT(PDL®™), which is the problem considering
only instances that have a n®M sized circuit representation
of the preferential model, i.e., the input then is of the form

(O, L), ¢, 9).

Theorem 10. SUCCENT(PDL"™) is in 115 and Ab-hard
under <18 _reductions.

Entailment for cumulative preferential logics with
team semantics. We derive the natural entailment prob-
lem for cumulative propositional logic with team semantics
from the one for cumulative propositional dependence logic.

Problem: ENT(TPL“™) — entailment problem for
cumulative propositional logic with team-
based semantics

Input: A finite cumulative model W = (S, £, <)
for TPL and ¢, ¥ € PL.

Question: Is it true that ¢ | 1?

This results in a better complexity for the non-succinct
version.
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[TPLC"“‘”“‘ =TPLE=CPL=TPL" = CPL‘“"”D [PDL‘: PDLC”'"D

(TPe~]

TPIP=CPIP=CPL
TP N TPP
[PDL‘"“[*I =PDLE4 = pDIP* PDL”]

Figure 1: Landscape of classes of entailment relations.
Solid lines denote strict inclusions, and dotted lines denote
inclusions, where it is unknown whether the inclusion is strict.
For not defined classes, consult SMK (2025).

[ PI:DL" ] [PDL’“‘]

Theorem 11. The following holds:
1. ENT(TPL“™) € P and is NC'-hard.

2. SUCCENT(TPL™) € TI5 and is Ab-hard under
<198 reductions.

Proof. Regarding the first item, similarly as for preferen-
tial propositional logic with team semantics, the simpler
model checking problem for the underlying team logic TPL—
which is in P by [14, Tab. 1]—the oracle calls therefore
become easier and can be computed on-the-fly in the P-
machine. For the hardness, the lower bound from NC* (poly-
nomial sized circuits of logarithmic depth with bounded
fan-in; it is contained in nondeterministic logarithmic space)
for classical propositional model checking [15] applies.

For item two, we can use VY3-nondeterminism to check if
there is no minimal state s that violates the entailment. That
is, the label of s satisfies ¢ but not . Regarding the lower
bound, we can use the Ab-hardness of SUCCENT(PDL"™)
and the fact that TP C TPL®™ to obtain a AJ-lower
bound for SUCCENT(TPL"™). O

5. Conclusion

In this paper, we proved complexity results of entailment
problems based on cumulative reasoning for propositional de-
pendence logic and propositional logic with team semantics.
These cumulative logics show a diverse landscape as shown
in Figure 1 and now are better understood with respect to
their computational complexity.

On our future agenda, we plan to find matching upper
and lower complexity bounds yielding completeness res-
ults. Also logics, such as preferential reasoning (KLM
1990), c-inference [16], lexicographic inference [17] or Sys-
tem W [18], are interesting regarding complexity.
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The CNF Encoding Complexity of Boolean Functions
and Non-Uniform Computation
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Given a boolean function f, how compactly can we “encode” f as a CNF formula? A partial
answer was provided first by the Cook—Levin theorem [Coo71, Lev73], which implies that if f can
be computed nondeterministically in n steps, then it can be encoded as a CNF instance of size INON
Since then, more compact encodings of size O(n) have been devised and extended to different models
of computation [Sch78, PF79, Coo88, Rob91]. These optimized Cook-Levin theorems have several
complexity-theoretic applications, including showing that CNF-SAT is complete for nondeterministic
quasilinear time [Sch78, GS89] and proving time-space tradeoffs for CNF-SAT [For(00]. The problem
of compactly encoding boolean functions has also acquired tremendous practical utility with the
advent of SAT solvers, where efficient encodings are often make-or-break for whether a problem can
be solved in practice [SH23, KPSS25, HS24, QWSH25, HS15]; empirically, smaller encodings tend
to perform better in practice [Bjo11, ANORC13]. Despite the theoretical and practical importance
of CNF encodings, the minimum size of CNF encodings for different classes of boolean functions
has yet to receive a systematic theoretical treatment, which is in stark contrast to other models of
computation like boolean circuits [Juk12]. We initiate the study of CNF encodings from a theoretical
lens, proving fundamental results about the complexity of boolean functions in this model and
showing how this complexity metric relates to complexities in other non-uniform models. We believe
that our results and proofs demonstrate that the theory of CNF encodings is much deeper than
has previously been appreciated, and that it is fertile ground for the application of sophisticated
combinatorial and algorithmic insights.

A CNF encoding of a boolean function f is a CNF formula with nondeterministic variables that
computes f. Formally:

Definition 1 (Encoding). Given a boolean function f: {0,1}" — {0,1}, we say that a triple
(p, X,Y) is an encoding of f if: (i) X := (x1,...,2n) s a sequence of propositional variables, and
Y is a set of propositional variables disjoint from X ; (ii) ¢ is a CNF formula over variables X 1Y ;
and (i11) for every assignment 7: X — {0, 1},

fr(z1),...,7(xy)) =1 <= 30: Y — {0,1}, (1U0) E .

The vartables in X are called input variables, and those in'Y are called auxiliary variables.
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Thus, CNF encodings constitute a nondeterministic, non-uniform model of computation. We say
that the CNF encoding complezity of a boolean function f, denoted enc(f) is the minimum number
of clauses in a CNF encoding of f.

One of the few theoretical results known about encoding complexity is due to Tseitin [Tse70]:
if the (nondeterministic) circuit complexity of f is n, then enc(f) = O(n). While Tseitin’s
transformation is well-known, and later refined by Plaisted and Greenbaum [PG86], there seems
to have been no further work studying how enc(f) relates to other complexity measures. Each of
our main results implies that the converse of Tseitin’s theorem fails strongly: there are boolean
functions for which enc(f) is much smaller than its (nondeterministic) circuit complexity. In fact,
we have proven a circuit complexity characterization of enc(f) (up to a constant factor) in terms of
the nondeterministic conjunctive circuit complexity of f. Thus, all of our results also have circuit
complexity analogues.

Our results

Shannon kick-started the study of circuit complexity with his seminal result that the worst-case
(nondeterministic) circuit complexity of n-bit boolean functions is ©(2"/n) [Sha49], which was
later refined to (1 + o(1))2"/n by Lupanov [Lup58] and further tightened by Lozhkin [Loz22]. We
prove an analogous result for encoding complexity. Let enc(n) be the maximum of enc(f) over all
functions f: {0,1}" — {0,1}. We show that encoding complexity can be much smaller than circuit
complexity in the worst case:

Theorem 2. We have enc(n) = © (v/27).

Our next result relates encoding complexity to the time complexity of nondeterministic RAM
machines with advice. Robson showed the following variant of the Cook-Levin theorem: if
f:{0,1}" — {0,1} can be computed by a nondeterministic RAM machine in time ¢ > n, then
enc(f) = O(tlgt). However, there is a precise sense in which Robson’s result does not capture the full
power of CNF encodings; nondeterministic RAM is a uniform model of computation, whereas CNF
encodings constitute a nonuniform model. We show that functions that are efficiently computable
by nondeterministic RAM machines with advice (a model we call ‘ARAM’) also have compact CNF
encodings:

Theorem 3. Let f: {0,1}" — {0,1}, and suppose that f can be evaluated in time t with m bits of
advice by a nondeterministic ARAM machine that accesses at most b bits of the advice for each

input. Then, enc(f) = O(v/mb + t).

This theorem has a natural interpretation in terms of data structures. Suppose we have an
algorithm to compute f that has access to a data structure D; which uses m bits of memory, and
upon receiving an input &, nondeterministically computes f(Z) in time ¢ by querying at most b bits
of Dy. Then, Theorem 3 says that f must have a small CNF encoding, regardless of how long it
takes to build Dy. This bound requires several nontrivial techniques to achieve. A CNF encoding
without these techniques would be of size 6(m +t), so our bound is quite powerful when m is large.

To demonstrate the power of Theorem 3, we give an application to encodings of k-CNF functions.
The class of k-CNF functions is both theoretically natural and practically interesting, since many
constraints are naturally formulated as k-CNF functions; for example, encoding that a subset
of a graph forms an independent set is a 2-CNF function. It follows from results on partite
decompositions of hypergraphs [CLT15, KPSMS25] that if f: {0,1}" — {0,1} is k-CNF, then
enc(f) = Op(n*/1gn).! Furthermore, if we restrict our attention to encodings that are themselves

!The same bound holds for circuit complexity, where it is tight by an information-theoretic lower bound.



k-CNF (or even bounded width), then we have a matching Q(n*/1lgn) information-theoretic lower
bound. We nevertheless show that enc(f) = ox(n”*/lgn), which rather surprisingly implies that
clauses of unbounded width are helpful for encoding k-CNF functions:

Theorem 4. If f: {0,1}" — {0,1} is a k-CNF function for some k > 2, then enc(f) = 2%?75?”)

We prove Theorem 4 by proving that given a k-CNF function f on n variables, there is a data
structure using O (n*) bits of space that can evaluate f in time 2%?7\];@; together with Theorem 3,
this immediately implies Theorem 4. Our data structural result is essentially a derandomization of a
result of Larsen and Williams [LW17]. We believe that proving Theorem 4 without using Theorem 3
would be very difficult without new ideas.

We do not know how to obtain the encoding guaranteed by Theorem 4 with an efficient algorithm.
It follows from our proof that the encoding can be constructed in exponential time. We do however

have a (randomized) constructive alternative to Theorem 4, albeit at the cost of a weaker bound:

Theorem 5. If f: {0,1}" — {0,1} is a k-CNF function for some k > 2, then an encoding of f
of size oy, (%) can be constructed with high probability by a randomized algorithm in polynomial
time.

The proof of this theorem does not use Theorem 3, so it has the advantage of being more
explicit. The savings implied by the little-o term is polynomial in Ig*(n), a term that arises due to an
invocation of Szemerédi’s regularity lemma [Sze78]. We expect that the construction of Theorem 5
can be made deterministic, although we have not yet proven this.
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Generalising similar notions from the literature, we introduce the model of recur-
rent arithmetic circuits, which can be seen as arithmetic analogues of sequential or
logical circuits. These circuits utilise so-called memory gates which are used to store
data between iterations of the recurrent circuit. We introduce a notion of complexity
classes for this model and show under which circumstances the newfound hierarchy
of theses classes collapses.

Based on the model of a logical circuit mentioned by Wagner [3]] we introduced the model of
recurrent arithmetic circuits in [1] to study the complexity of recurrent Graph Neural Networks.
The goal of this work is to further study the complexity of the introduced models and accompa-
nying complexity classes. A similar model for Boolean circuits has been introduced Nickelsen
et. al [2] where it was shown that its complexity is captured by PSPACE. In this work we are
concerned with function problems over the reals R, where the mentioned result cannot be directly
reproduced. Instead we focus directly on a hierarchy in the complexity of recurrent arithmetic
circuits.

General arithmetic circuits are a parallel model of computation and consist of a directed graph
with gates that are labelled with addition and multiplication operations, as well as specific input
and output gates. Given an initial input placed in the input gates they execute the operations until
an output is computed. Classically the complexity of functions computable by arithmetic circuits
has been studied in terms of the size (the number of non-input gates) and depth (the length of the
longest path from an input to an output gate) of the circuits. To be able to talk about functions
for each input size we define so called function families ( fy,),cn and their corresponding circuit
families (C,)nen, Where for input size n the circuit C,, computes the function f,,.

The usual complexity classes associated are those from the FAC-hierarchy, i.e. FAC]?R, con-
sisting of function families computable by circuit families of size O(n°(")) and depth O(log’ 1)
where the gates have an unbounded in-degree and FNC}R for bounded in-degree. It holds that
FAC, C FNCE for all i € N. These classical arithmetic circuits have a fixed depth and are
only iterated once.

This model is now extended to that of a recurrent arithmetic circuit which allows multiple
iterations of the computations of the circuit until a halting conditions defined by a halting function
Shaie: N x RIVhanl {0,1} is met. This function takes the current iteration number and the
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Figure 1: Structure of a recurrent arithmetic circuit: in; are the input gates, aux; are the auxiliary
memory gates, out; are the output gates and Vi, the halting gates. Dashed edges are
the recurrent edges. The halting function is not depicted.

values of a subset Vj,¢ of the gates into consideration and maps to 1 once the desired condition
is fulfilled. We assume this function to be computable by an arithmetic circuit as well. Given
the non-continuous nature of this function circuits computing it require an additional gate type
sign which checks whether an input value to that gate is greater than zero. We write § for an
arbitrary FAC-hierarchy circuit function class and § for the circuit function class with sign. By
introducing so called memory gates we are able to retain information between the iterations of
the circuit. Those memory gates consist of the input gates and additional auxiliary memory gates
as needed. They have an incoming edge from the gate of which the value is to be saved for the
next iteration. We refer to those as recurrent edges. We call the circuit without those recurrent
edges that is then iterated the underlying circuit. An illustration of the model is given in Figure[T]

A recurrent arithmetic circuit computes a function as follows: In addition to the input gates,
the auxiliary memory gates get assigned an initial constant. The underlying arithmetic circuit
is then executed with the input values and some initial auxiliary memory gate values until all
gates have a value. Afterwards the halting function is applied to the current iteration number and
the values of the set of halting gates. If it evaluates to 1 the output of the function is the tuple of
values in the output gates of the recurrent circuit. Otherwise the memory gates take the value
of their respective predecessors, all other non-constant gates are reset to have no value and the
computation of the underlying circuit is executed again.

We define recurrent circuit complexity classes by defining the complexity of the halting function
and that of the function computed by the underlying circuit. We use rec[Fs]-§’ as a notation.
Here the function of the underlying circuit is computed by a §’-circuit family and the halting
function by a §s-circuit family. We only consider circuit families from the FAC-hierarchy.

It follows easily that recurrent circuits are strictly more powerful than non recurrent ones,
i.e. we have § C rec[Fnar]-§ for circuit function classes §, Fhai, as classical arithmetic circuits
can only compute polynomials and recurrent arithmetic circuits are able to compute recursive
functions, for example the Fibonacci numbers. Given the knowledge about relations between the
circuit function classes in the classical sense this leads to the question if and how the recurrent
circuit function classes relate to each other. Naturally we would assume that rec[§ha]-§ C



rec[§},;]-8' holds for any Fhae € §p, and § C §, but we are able to prove the much stronger
results that we can show that the complexity of the underlying circuit can always be reduced to
FAC%, i.e. functions computable by circuit families of constant depth.

Theorem 1. Let § and § be circuit function classes. It holds that
rec([§s)-§' C rec[Fs])-FACS.

The result relies on the recurrence and the additional memory gates of the recurrent circuit
model. The underlying circuit is essentially stretched out to have its layers in parallel next to
each other. Recurrent edges and memory gates replace the connections between the layers. The
computations are done iteratively where after d iterations, where d is the depth of the original
circuit, the computations of the complete circuit have been simulated. The original halting
function is extended to only be checked after multiples of d iterations, which does not increase
the complexity.

We moreover conjecture that we can obtain a similar result for the complexity of the halting
circuit, namely

I'GC[SS]—S, - I'CC[FAC%]-SHGW,

for circuit function classes Fs, §’ where Fnew = 5, if § C § and Fpew = § otherwise. As the
halting function is a piecewise function in two pieces that are defined by polynomial inequalities
the computations of those polynomials can be moved to the underlying circuit instead leaving only
the inequality checks and conjunction of those results in the halting circuit. Those computations
can be done in constant depth, hence reducing the complexity to FACH%. The complexity of the
underlying circuit might be increased, but as we showed in Theorem [I] we can also reduce that to
FACY. This results in our overall conjecture that we have

rec[§s]-§ C rec[FACS]-FACY

for all circuit function classes §', §s.

Further work could involve the study of a hierarchy within the recurrence, i. e. investigating
the effects of halting functions that itself are computed by recurrent circuits or adding another
layer of iterating an already recurrent circuit multiple times based on a second halting function.
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Abstract

This work investigates the expressive power of ontology-mediated queries (OMQs) from a descriptive
complexity perspective. We show that OMQ languages based on non-monotonic extension of one of the
most expressive description logics cannot express all cONP-computable Boolean queries, despite being
coNP-complete in data complexity. We then propose an extension of this language and show that it is
expressive enough to precisely capture the class of all Boolean queries computable in coNP.

1. Introduction

One of the central reasoning tasks in the context of Ontology-Based Data Access is answering
ontology-mediated queries (OMQs), which are database-like queries coupled with an ontology
that captures the domain knowledge to be taken into account during query answering. Two
components define an OMQ language: (i) the language of the database query (e.g., instance or
conjunctive queries etc.) and (ii) the language of the ontology. Description logics (DLs) [1] are a
diverse family of logics specifically designed to reason about ontologies. In DLs, domains are
modeled using constants (individuals), unary predicates (concept names), and binary predicates
(role names), as well as a DL-dependent set of concept and role constructors and axiom schemata
that determines the expressiveness and computational properties of the logic. The DL community
has made significant efforts to understand the complexity landscape of DL-based OMQ languages
both in terms of combined complexity and data complexity. Specifically, for OMQs based on the
standard version of expressive DLs, we often have coNP-completeness in data complexity: this
is the complexity of checking whether a given tuple of individuals is an answer to an OMQ
@ over some fact base A, assuming that () is fixed and only A varies (see, e.g., [2]). Relative
expressiveness of OMQ languages has also received some attention, e.g., via the established
translations of OMQs into variants of Datalog (see, e.g., [3, 4, 5]).

However, the expressive power of OMQ languages from a descriptive complexity [6] per-
spective has thus far received only limited attention. In this context, we ask whether a given
OMQ language is powerful enough to express all queries computable within some time or space
resources, i.e., belonging to a certain complexity class. It was shown in [3] that there are OMQ
languages that capture certain subclasses of coNP related to constraint satisfaction problems
(CSPs). More recently, a close connection between OMQ languages with the so-called closed
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predicates and surjective CSPs was shown in [7]. We continue this line of work and summarize
our results presented in [8] where we focus on finding a DL-based OMQ language that precisely
captures the complexity class coNP.

2. Expressive DLs with Closed Predicates

The DL ALC is considered the basic expressive DL in which can build complex expressions using
concept names and the following concept constructors: T and L, concept negation, conjunction,
disjunction, as well as the existential or universal restriction with respect to a role name. DL
ontologies, also called TBoxes are collections of allowed terminological axioms. In the case of
ALC, ontologies consist of concept inclusions of the form C' C D that state that every instance
of concept C' must also be an instance of D. A DL knowledge base (KB) consists of an ontology
and a fact base, also called an ABox. A model of a DL ontology is a first-order interpretation that
satisfies all terminological axioms, while a model of a KB must additionally satisfy all the ABox
facts. In this work, we consider DLs ALCHOZ and ALCHOLF that extend ALC with role
inverses, nominals that make it possible to refer to a specific individual in the ontological part,
and role inclusions (r C s), and in the case of ALCHOZF, functionality assertions (func r).

Most standard DLs, in particular also the logics introduced above, are fragments of first-order
logic (FOL). As a result, the OMQ languages based on these logics are monotonic meaning
that the inferred information cannot be invalidated with the addition of new facts. Monotonic
OMQ languages cannot capture coNP since there exist (rather trivial) non-monotonic queries
computable in coNP (or even polynomial time). Here is a simple example of such a (non-
monotonic) query: “Does the input ABox have an odd number of individuals?”. This means that
our desired OMQ language must be non-monotonic.

A prominent way of introducing non-monotonicity to DLs is to equip them with the possibility
to specify which ontological predicates are considered closed [9, 10], that is, their extensions are
fully specified by the data. This is in contrast to the usual open-world assumption of FOL (and
DLs). More specifically, a DL ontology with closed predicates consists of a set of terminological
axioms T as well as a set ¥ of predicates that will be interpreted exactly as given in the data.
This means that all axioms of 7 that would typically allow us to infer new information over
the closed predicates are viewed as integrity constraints. Naturally, closed predicates affect
reasoning. Fortunately, it was shown in [4] and [5, 11] that answering IQs mediated by
ALCHOL and ALCHOILF ontologies with closed predicates remains CcONP complete in data
complexity, which makes these logics excellent jumping off points of our investigation.

3. Overview of the Main Contributions

An OMQ language that captures cONP must be able to express all (so-called generic) Boolean
queries (GBQs) that are computable in coNP. Each GBQ ¢ has signature 3 and a set of ABoxes
over X (also called 3-ABoxes) in which ¢ is “true”. A query“q is computable in cONP” if there
is a non-deterministic Turing Machine (NTM) M, that recognizes the language of strings
representing Y-ABoxes in which ¢ is “false” in polynomial time.



Our first result is an inexpressibility result for OMQ languages based on ALCHOZ with
closed predicates whose query answering problem can be reduced to the KB inconsistency
problem for ALCHOTZ with closed predicates. The result is formulated for Boolean inconsistency
queries, which are queries that simply ask whether a given KB has no models.

Theorem 1. Boolean inconsistency queries mediated by ALCHOT ontologies with closed predi-
cates cannot express all cONP-computable GBQs.

We show this by carefully analyzing the runtime complexity of the existing KB satisfiability
algorithm in [4] and invoking the Non-deterministic Time Hierarchy Theorem.

Next, we present ALCHOZF *, which extends ALCHOZF with closed predicates as well
as restricted forms of transitivity, complex role expressions, and nominal schemata [12]. The
features were specifically designed to ensure that we can incorporate them into the mosaic-
based algorithm for reasoning in ALCHOZLF with closed predicates [5] without increasing
complexity.

Theorem 2. The KB satisfiability problem for ACCHOLF " with closed predicates is NP-complete
in data complexity, and NExpTiME-complete in combined complexity. Boolean inconsistency queries
mediated by ACCHOTIF T ontologies with closed predicates are cONP-complete in data complexity
and co-NExpPTIME-complete in combined complexity.

Finally, we are able to show that combination of Boolean inconsistency queries and
ALCHOIFT can express every coNP-computable GBQ ¢ by showing that language is power-
ful enough to express all computations of the non-deterministic Turing machine M/, associated
with q.

Theorem 3 (Main result). For every coNP-computable GBQ () over 3 there is a Boolean inconsis-
tency query Q' mediated by an ACCHOIF ™ ontology with closed predicates such that for all
Y.-ABoxes A, the answer to () over A is true if and only if the answer to Q' over A is true.

4. Future Work

We have shown that OMQ languages based on standard, monotonic DLs are inadequate for
capturing the class of GBQs over ABoxes that are computable in coNP. We have also shown
that inconsistency queries mediated by ALCHOZ ontologies with closed predicates are still
not powerful enough to capture coNP and we proposed a new OMQ language based on an
extension of ACCHOZF with closed predicates that is able to do so.

The inexpressibility result for ALCHOZ with closed predicates was formulated for inconsis-
tency queries but also applies to instance queries and some fragments of CQs, as long as the
query answering problem can be reduced to checking inconsistency of ALCHOZ KBs with
closed predicates. We note that it is unclear whether the inexpressibility result generalizes to
OMQs with full conjunctive queries. This is because our result relies on the upper bound of
running time of a known algorithm for consistency of ALCHOZ KBs with closed predicates.
To the best of our knowledge, no suitable upper bounds on data complexity are known for
full CQs over ALCHOT KBs with closed predicates. Furthermore, it is also unclear whether
one can prove an inexpressibility result for ACCHOZF with closed predicates without the
additional features. This is left as future work.



References

(1]

[10]

[11]

[12]

F. Baader, I. Horrocks, C. Lutz, U. Sattler, An Introduction to Description Logic,
Cambridge University Press, 2017. URL: http://www.cambridge.org/de/academic/
subjects/computer-science/knowledge-management-databases-and-data-mining/
introduction-description-logic?format=PB#17zVGeWD2TZUeu6s.97.

M. Ortiz, D. Calvanese, T. Eiter, Data complexity of query answering in expressive
description logics via tableaux, J. Autom. Reason. 41 (2008) 61-98. URL: https://doi.org/10.
1007/s10817-008-9102-9. doi:10.1007/s10817-008-9102-9.

M. Bienvenu, B. ten Cate, C. Lutz, F. Wolter, Ontology-based data access: A study through
disjunctive datalog, CSP, and MMSNP, ACM Trans. on Database Systems 39 (2014) 33:1-
33:44. URL: http://doi.acm.org/10.1145/2661643. doi:10.1145/2661643.

S. Ahmetaj, M. Ortiz, M. Simkus, Polynomial rewritings from expressive description logics
with closed predicates to variants of datalog, Artificial Intelligence 280 (2020) 103220. URL:
https://doi.org/10.1016/j.artint.2019.103220. doi:10.1016/j .artint.2019.103220.

T. Gogacz, S. Lukumbuzya, M. Ortiz, M. Simkus, Datalog rewritability and data complexity
of ALCHOIF with closed predicates, in: D. Calvanese, E. Erdem, M. Thielscher (Eds.), Proc.
of KR 2020, 2020, pp. 434-444. URL: https://doi.org/10.24963/kr.2020/44. doi:10. 24963/
kr.2020/44.

N. Immerman, Descriptive complexity, Graduate texts in computer science, Springer, 1999.
URL: https://doi.org/10.1007/978-1-4612-0539-5. d0i:10.1007/978-1-4612-0539-5.
C. Lutz, L Seylan, F. Wolter, The data complexity of ontology-mediated queries with closed
predicates, Logical Methods in Computer Science 15 (2019). URL: https://doi.org/10.23638/
LMCS-15(3:23)2019. d0i:10.23638/LMCS-15(3:23)2019.

S. Lukumbuzya, M. Ortiz, M. Simkus, On the expressive power of ontology-mediated
queries: Capturing conp, in: O. Kutz, C. Lutz, A. Ozaki (Eds.), Proc. of the 36th International
Workshop on Description Logics (DL 2023), CEUR Workshop Proceedings, CEUR-WS.org,
2023. URL: https://ceur-ws.org/Vol-3515/paper-17.pdf.

L Seylan, E. Franconi, J. de Bruijn, Effective query rewriting with ontologies over dboxes, in:
Proc. of IJCAI 2009, 2009, pp. 923-925. URL: http://ijcai.org/papers09/Papers/IJCAI09-157.
pdf.

C.Lutz, L Seylan, F. Wolter, Ontology-based data access with closed predicates is inherently
intractable(sometimes), in: Proc. of [JCAI 2013, JJCAI/AAAI, 2013, pp. 1024-1030. URL:
http://www.aaai.org/ocs/index.php/IJCAI/IJCAI13/paper/view/6870.

S. Lukumbuzya, M. Ortiz, M. Simkus, Datalog rewritability and data complexity of AL-
CHOIQ with closed predicates, Artif. Intell. 330 (2024) 104099. URL: https://doi.org/10.
1016/j.artint.2024.104099. doi:10.1016/J . ARTINT. 2024 .104099.

M. Krotzsch, F. Maier, A. Krisnadhi, P. Hitzler, A better uncle for OWL: nominal schemas
for integrating rules and ontologies, in: S. Srinivasan, K. Ramamritham, A. Kumar, M. P.
Ravindra, E. Bertino, R. Kumar (Eds.), Proc. of the 20th International Conference on World
Wide Web, WWW 2011, ACM, 2011, pp. 645-654. URL: https://doi.org/10.1145/1963405.
1963496. doi:10.1145/1963405.1963496.


http://www.cambridge.org/de/academic/subjects/computer-science/knowledge-management-databases-and-data-mining/introduction-description-logic?format=PB#17zVGeWD2TZUeu6s.97
http://www.cambridge.org/de/academic/subjects/computer-science/knowledge-management-databases-and-data-mining/introduction-description-logic?format=PB#17zVGeWD2TZUeu6s.97
http://www.cambridge.org/de/academic/subjects/computer-science/knowledge-management-databases-and-data-mining/introduction-description-logic?format=PB#17zVGeWD2TZUeu6s.97
https://doi.org/10.1007/s10817-008-9102-9
https://doi.org/10.1007/s10817-008-9102-9
http://dx.doi.org/10.1007/s10817-008-9102-9
http://doi.acm.org/10.1145/2661643
http://dx.doi.org/10.1145/2661643
https://doi.org/10.1016/j.artint.2019.103220
http://dx.doi.org/10.1016/j.artint.2019.103220
https://doi.org/10.24963/kr.2020/44
http://dx.doi.org/10.24963/kr.2020/44
http://dx.doi.org/10.24963/kr.2020/44
https://doi.org/10.1007/978-1-4612-0539-5
http://dx.doi.org/10.1007/978-1-4612-0539-5
https://doi.org/10.23638/LMCS-15(3:23)2019
https://doi.org/10.23638/LMCS-15(3:23)2019
http://dx.doi.org/10.23638/LMCS-15(3:23)2019
https://ceur-ws.org/Vol-3515/paper-17.pdf
http://ijcai.org/papers09/Papers/IJCAI09-157.pdf
http://ijcai.org/papers09/Papers/IJCAI09-157.pdf
http://www.aaai.org/ocs/index.php/IJCAI/IJCAI13/paper/view/6870
https://doi.org/10.1016/j.artint.2024.104099
https://doi.org/10.1016/j.artint.2024.104099
http://dx.doi.org/10.1016/J.ARTINT.2024.104099
https://doi.org/10.1145/1963405.1963496
https://doi.org/10.1145/1963405.1963496
http://dx.doi.org/10.1145/1963405.1963496

Uniformity in Transformer Models
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1 Abstract

The notion of uniformity originates in circuit complexity [1], where it plays a
central role. A single circuit C' can process inputs of only one length; for example,
C5 handles inputs of exactly length 5. To process inputs of arbitrary length, one
considers a circuit family {C), }nen, where each C,, handles inputs of length n.
While each circuit in the family computes the same underlying function restricted
to its input length, in the general (non-uniform) case the individual constructions
may differ arbitrarily. This leads to a key concern: even if the function computed
by the family is computable, the description of C), itself might be incomputable.
Uniformity constraints address this by bounding the complexity of obtaining
a description of (), from n. Common notions include logspace-uniformity (L-
uniform) and polynomial-time uniformity (P-uniform), which require that there
exists an algorithm constructing C,, from input n in logarithmic space or in
polynomial time, respectively [6]. These notions enable meaningful comparisons
with machine models such as Turing machines, which natively handle inputs of
arbitrary length.

Transformers occupy a special position in this landscape. Theoretically, they
can process inputs of variable length; in practice, however, implementations typ-
ically impose a maximum input length N. Moreover, many complexity results for
transformer models assume parameters that scale with the input length, such
as internal numeric precision growing logarithmically with n. In addition, the
transformer architecture admits a broad range of design and training parame-
ters (e.g., number of layers, heads, precision, positional encodings), each of which
can be coupled to n or to the maximum input length N.

These modeling choices have produced a rich but sometimes seemingly con-
tradictory body of results on the computational complexity of transformers [5].
For instance, transformers have been shown to be Turing-complete under certain
assumptions [4], yet standard formulations fail to recognize the TC-language
PARITY [3]; at the same time, alternative formulations can solve PARITY [2].
These outcomes arise from different instantiations of the transformer model with
varying assumptions about how architectural and numerical parameters depend
on the input length n or on the maximum length N. Much work on transformer
expressivity has followed in the formal language theory tradition of defining a
problem as expressible if there exists a fixed transformer (with respect to the
input length n) that can recognize a language. However, some work allows the
hyperparameters of the network (e.g. depth, width) or even the parameter values
themselves to depend on n.
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A principled way to reconcile these findings is to explicitly parameterize the
transformer model and introduce a corresponding notion of uniformity over its
parameters. Unlike the classical circuit setting, where one constructs a distinct
circuit C,, for each input length n, practical transformer deployments typically
fix an architecture and specify parameter settings for all input lengths up to a
maximum N. Consequently, the appropriate uniformity notion should character-
ize the complexity of obtaining, from n (and possibly N), the parameter values
or schedules that realize the model’s behavior at length n. Developing such a
parameter-uniform framework would clarify assumptions across results and en-
able systematic comparisons between transformer-based computations and clas-
sical complexity classes.

1.1 A notion of uniformity

First, we need to fix the tuple of parameters that characterizes a transformer.

Definition 1. A transformer architecture T is a Tuple (p,t,d,w,e,m,n,a,c)
where

— p denotes the precision,

— t temperature,

— d depth,

— w width,

— e positional encoding,

— m masking,

— n layer norm,

— a € {uha, aha, sma} attention,

— ¢ number of chain of thought steps (or padding tokens).

We call these the hyperparameters of a transformer.
The following example illustrates this definition.

Ezample 1. Tr, = (0(1),...,0(1),sma, 0) are fixed-precision, temperature, and
width transformers with softmax attention and no chain of thought. None of the
hyperparameters depend on n (or N).

A transformer architecture 7 can be parameterized by a weight vector 6 to
obtain a language recognizer Ty : X* — {0,1}. We can then define uniform
transformer classes in terms of these language recognizers and uniform families
of parameters {On}%_:

Definition 2. Let T be a transformer architecture. Then U-uniform-T is the
set of languages L such that there exists a family of parameter vectors {0n 1},
such that Tg, recognizes LN = {w | |lw| < N Aw € L} for all N and the
function N +— Ox can be computed in the class U.
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Let C denote the set of constant functions N — X* and recall T¢,. Then
C-uniform-Ty, is the expressive power of “fully uniform” transformers where
the parameters cannot change at all with n. In contrast, £L-uniform-T7¢, is the
class where the number of parameters stays the same, but the values of 6
can change uniformly in a way computable in log space. Finally, let T, =
(O(1),...,0(1),0(logn), sma,0) denote transformers with logarithmic width.
Then L-uniform-7,, is the set of languages recognizable by transformers with
logarithmic width, where the parameters can change with n in a way computable
in logarithmic space. Thus, this single definition can be instantiated to make all
of these notions of uniform transformer families precise.

An immediate next step is refining our understanding of separations between
various types of transformers with different levels of uniformity, which could be
relevant for understanding fundamental limits on length generalization: inex-
pressibility of a language under a fully uniform model implies length generaliza-
tion is not possible on that language. More generally, better understanding the
expressivity of uniform transformers can help us better conceptualize expressiv-
ity with a maximum context length and the role of parameters like depth or
width in transformer expressivity.
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Many important computational problems can be defined as modification problems. These
problems provide an elegant framework for problem definitions and several Algorithmic
Meta Theorems are known for them, providing a rich algorithmic toolbox. We study the
expressive power of graph modification problems by providing non-expressibility proofs
for particular problems and presenting foundational results that can be used as a basis for
a more systematic study of the computational aspects of graph modification problems.

Fagin’s Theorem [4] states that if C is a class of logical structures that is closed under taking iso-
morphisms, then C is in NP if and only if C can be defined by an existential second-order formula
(Eso-formula).

A natural follow-up question is whether there are restrictions of Eso that can express all problems
in NP. There are positive results, such as Leivant’s Theorem [8], which states that every problem in
NP can be defined by an so-formula that only uses universal quantifiers in the first-order part of the
formula. On the other hand, it is known that existentially quantified binary predicates do not suffice
to express all problems in NP, as shown by Ajtai [1]: If we consider structures consisting of a single
m-ary relation, then the property “the number of m-tuples in the relation is even” cannot be expressed
in existential second-order logic using any number of existentially quantified predicates whose arity is
less than m. We also know that not every graph property decidable in NP can be defined in monadic
existential second-order logic, a concrete example being graph connectivity [5].

A large class of problems that received considerable attention in research since the 1970s [12] are mod-
ification problems, where on an input, the task is to decide whether we can apply a restricted number
of modifications so that the result satisfies certain conditions. As a running example, we will consider
the vertex deletion meta-problem’. Let P be a fixed set of graphs.

Problem 1 (VERTEX-DELETION(P)).
Instance: A graph G = (V,E), a numberk € N.
Question: Is there a set S C V with |S| < k such that G\S € P?

We abbreviate the problem as VD(P). Note that we have VD(P) € NP if G € P is decidable in P. We
write VD (ro) for the class of vertex deletion problems where the target class P is first-order definable,
and VD(Q,Q, -- Q) for Q, € {Vv,3} for the class of vertex deletion problems that are definable by an
ro-formula of the form Q,x;Q,x, - Q.x .\, where 1 is quantifier-free. It is known that we can define
NP-complete problems such as VERTEX-COVER as vertex deletion to first-order properties. We have:

VERTEX-COVER = VD (VxVy(—Exy)),

which shows that the class VD(vV) already contains NP-complete problems, while one can also show
that we have VD (3*v3*) C P, where “3*” means that we allow arbitrary many existential quantifiers.

Recently, the parameterized complexity of the classes p-VD(Q,Q, - Q.) was classified [2, 6], taking the
number of vertices k we may delete as a parameter. For example, the works show that p-VD(3*v*3*) C

'We remark that many of the following considerations can also be applied to other graph modification operations such as
edge deletion, edge flipping, elimination distance [7], or the meta-operation of replacement considered in [9].



FPT, while p-VD(V3V) contains W[2]-hard problems. Thus, the results are complexity-theoretic insights
from logical properties.

But this does not rule out that there are problems with a lower computational complexity, that we cannot
describe as a problem in VD(ro) (or p-VD(r0)). To the best of our knowledge, definability questions in
the style of Eso described above are not explored in the context of modification problems.

Intuitively, modification problems are connected to problems defined by logical formulas, as the to-
be-modified parts of our input can also be “existentially guessed”. We make this connection explicit
later, and for now remark that the classifications above also show that the vertex deletion problems
often have a lower complexity than their corresponding weighted definability problems (problems de-
scribed by 3=S ¢, where ¢ is a first-order formula) would suggest: All problems in p-VD(F*v*3*) are
tractable and the problems in p-VD(3*v*) are even in para-AC’, the smallest class commonly considered
in parameterized complexity. This suggests that the expressive power of vertex deletion problem also
diverges from that of (weighted) Eso.

Non-Expressibility as Vertex Deletion Problems. Considering that we can describe NP-complete
problems like vertex cover as a vertex deletion problem, a first question that arises from this is:

Can we describe every problem in NP as a vertex deletion problem to a first-order formula?

A simple observation casts serious doubt that this is the case: The ODD-CYCLE-TRANSVERSAL problem
asks us to delete at most k vertices from an input graph such that the resulting graph has no cycles of odd
length, or equivalently, is bipartite. But since bipartiteness is not expressible in first-order logic [1o0,
Exercise 2.1.16], it seems unlikely that ODD-CYCLE-TRANSVERSAL is expressible as an vertex deletion
problem where the target structure is first-order definable.

We also know that p-VD(ro) C WI[P], which means that under the common complexity-theoretic as-
sumption that W[P] C para-NP, we cannot define any para-NP-hard problems with this framework.
This is a nice example on how insights from complexity theory give us insights into inherently logical
aspects of the formalism we study, like its expressive power.

But, as we will see, it is not always the descriptive complexity of the target set that can be a limiting
factor, but that this also applies to the vertex deletion formalism as a whole: We show that there are
problems that are not definable as vertex deletion problems, where that target set can be of arbitrary
complexity.

Lemma 2. DOMINATING-SET is not definable as a vertex deletion problem. That is, there is no set of graphs
‘P such that we have DOMINATING-SET = VD(P).

Proof. Consider an instance (G, 1) of dominating set, where G is a clique of size n. So we must also
have (G, 1) € VD(P). We perform a case analysis by the vertices that can be deleted:

Case 1: No vertex is deleted from G. Then, we have G € P. But then we have (G”, 1) € VD(P), where
G” consists of a clique of size n and a single isolated vertex: We can delete the single isolated
vertex and get G € P. But we have (G”,1) ¢ DOMINATING-SET.

Case 2: A single vertex is deleted in G. Then, we have K,_; € P. But then analogously we have

(G",1) € VD(P) for G” a clique of size n — 1 and a single isolated vertex, since we can again
delete the isolated vertex to arrive at K,_;, but, again, we have (G”,1) ¢ DOMINATING-SET. ]
A Necessary and Sufficient Condition for Definability as Modification Problems. We can
generalize this observation in a very abstract manner. A function d: sTRUC[T] X sTRUC[T] — N is called
a distance measure if for all A, B,C € sTrRUC[T] we have

1. d(A, B) = 0if and only if A = B, and
2. d(A,B) < d(A,C) + d(C, B).



Figure 1: Visualization of a modification problem on the left. The target set is drawn in green, with the
instance being a dot and the radius of length k visualizing the allowed modification radius.
On the right, a visualization of the idea of the proof on Proposition 3, where the orange area
represents the distance from the target set that is small enough for the modification radius,
and the red dot represents an instance that should not be in the modification problem.

Note that this definition bears some similarity to a metric, except that it is discrete and we do not
demand symmetry. For a fixed distance measure d: sTRUC[T] x STRUC[T] — N and a fixed set P of logical
structures, a d-modification problem with target set P is then any problem that takes as input a logical
structure A and a natural number k and asks whether there is a structure B € P with d(A, B) <k

Proposition 3. Let Q C sTrRUC[T] be a decision problem. Then, there exists a distance measure d and a set
of logical structures P such that Q' is the d-modification problem with target set P and we have Q = Q'
if and only if we have that for all (A, k) € Q, there exists an A’ € P such that

d(A, A) < k and
2. forall A", we have that (A”,{) ¢ Q implies d(A”, A") > L.

This gives us an (albeit nonconstructive) method to prove that a problem is not definable as a modifi-
cation problem. For this, we have to show that there exists an (A, k) € Q such that for all A’ € P, we
have that d(A, A’) < k implies that there exists an (A", ¢) ¢ Q with d(A", A’) <

We can furthermore show that a whole class of problems cannot be defined in terms of vertex deletion
problems. A problem L that takes as input a logical structure and an integer is called downwards closed
if (A4, k) € L implies (A, ) € L for all £ < k. A downwards closed problem L is called non-trivial if for
all A, there is an integer k with (A, k) ¢ L.

Lemma 4. Let L be a non-trivial downwards closed problem. Then, there is no distance measure d and a
set of logical structures P such that Q is the d-modification problem with target set ’P and we have L = Q.

Proof. Let L be a non-trivial downwards closed problem and for a distance measure d and a target set
P, let Q be a d-modification problem with target set P with L = Q. Observe that by definition, we
must have that P = U Q{A} Since L is non-trivial, we have furthermore that for every A € P that
thereisa (A, ¢) ¢ L, but we have (A, {) € Q, a contradiction. ]

In particular, from this lemma it follows that many maximization problems that are central in the study
of computational complexity like CLIQUE, INDEPENDENT-SET, and IRREDUNDANT-SET are not expressible
as an vertex deletion problem.

Vertex Deletion as an ESO-Fragment. We can use the necessary and sufficient criteria for express-
ibility as a vertex deletion problem we have given above to show for individual problems. Now, we want
to establish another view on vertex deletion problems, which will hopefully help us in building more



mathematical tools for showing expressibility. We again take the example of vertex deletion, and intro-
duce a syntactically restricted fragment of Eso, wehre the target class is describable by a logic that has
at most the expressive power of Eso. In the following, let £ be one of the logics Fo, Fo[tc] (that is, first-
order logic with a transitive closure operator), Fo[LFP] (that is, first-order logic with a least-fixed-point
operator), Fo + conn (defined in [11]), or ESo.

Definition 5 (Relativization). Let ¢ = @,%; - @ X, W(xq, ..., x,,) be a first-order t-sentence where Q €
{v,3}, and \ is quantifier-free. Let y(x) be a first-order t-formula with one free variable. We define the
relativization ¢|, of ¢ with respect toy as

ol, = @ -~ Qux,, ( A\ ) = A\ A, ...,xn))) ,

iel ick

where U (E, respectively) is the set of indicesi € {1, ...,n} such that Q, is a universal (existential, respectively)
quantifier.

Definition 6 (Eso,,). Let L be a logic and S a unary relation variable. The logic Eso,4(L) is the set of all
formulas of the form

ES(PLS(X]»
where ¢ € L and S may not occur positively in .
Lemma 7. Eso (L) = VD(L).

In particular, we have Eso 4 (Eso) C Eso. Furthermore, we can characterize edge modification problems
as fragments of relativized (guarded) second-order logic: Let S a binary relation variable. The logic for
edge deletion EsO.4(L) is the set of all formulas of the form 3S¢|_,), where ¢ € £ and S is a guarded
variable (that is, we can quantify over edges) that may not occur positively in ¢. Edge modification can
be defined accordingly, where S is no longer guarded.

Further Research. We have given foundational results about the expressibility of modification prob-
lems, on the example of vertex deletion. We have seen that the dominating set problem is not expressible
as a vertex deletion problem, stated necessary and sufficient criteria for definability as graph modifi-
cation problems, and defined a fragment of existential second-order logic that captures modification
problems.

Our first result was a strong statement for a single problem, while our second result was a weaker
statement that was much more abstract. For more interesting results about the expressive power of
modification problems, a “middle ground” between the two approaches would be the most promising.
A possible candidate for this are the syntactic fragments of Eso we introduced in the last section.

An interesting avenue for further research would be the characterization of other modification opera-
tions as Eso-fragments, of which the elimination distance would be particularly interesting.

A tool that would make the fragment quite useful would be the definition of Ehrenfeucht-Fraissé-
style games for Esor(£) for T € {vd,ed,em}, which would provide more machinery to show non-
expressibility.

Also, extensional Eso logic and hereditary ¥o logic considered in [3], which provides interesting results
on expressibility, is tightly connected to vertex deletion. Study of these connections could provide more
insights into the computational power of modification problems as well.

The logics for (£) were chosen because they are popular in descriptive complexity and behave well
with Eso. It would be interesting to extend the framework to more logics.
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Abstract

Polylogarithmic time delineates a relevant notion of feasibility on several classical computa-
tional models such as Boolean circuits or parallel random access machines. As far as the quantum
paradigm is concerned, this notion yields the complexity class FBQPOLYLOG of functions approx-
imable in polylogarithmic time with a quantum random access Turing machine. We introduce a
quantum programming language with first-order recursive procedures, which provides the first pro-
gramming language-based characterization of FBQPOLYLOG. Each program computes a function in
FBQPOLYLOG (soundness) and, conversely, each function of this complexity class is computed by a
program (completeness). We also provide a compilation strategy from programs to uniform families
of quantum circuits of polylogarithmic depth and polynomial size, whose set of computed functions
is known as QNC, and recover the well-known separation result FBQPOLYLOG C QNC.

Introduction

Motivation. In order to check that quantum programs can be compiled and executed on a quantum
computer, one has to design restrictions and constraints implying that quantum programs do not break
the laws of quantum mechanics, for example, no-cloning of data and unitarity of operators. In addition,
there is a need to tame their complexity in order to ensure their feasibility, that is, the fact that programs
do not use too much space and time resources.

Taking inspiration from the classical world, this kind of issue has lead to the definition and study of
several quantum polynomial time classes. One of the most striking examples of such classes is BQP, the
quantum analog of the class of bounded-error probabilistic polynomial time problems BPP. By Yao’s
theorem [11], BQP corresponds exactly to what can be computed by uniform families of quantum circuits
of polynomial size. This class, as well as its extension to functions, FBQP, have been characterized
through various means, including function algebras [7] and first-order programs [5].

A natural question is then to study subpolynomial complexity classes. Polylogarithmic (polylog)
time has been introduced and studied on Quantum Random-Access Turing Machine (QRATM) [4]. This
definition uses random-access machines, as opposed to standard quantum Turing machines, because of
the sub-linearity of time: although the machine cannot read its entire input, it can access any input
bit or qubit. On quantum models, polylog time corresponds to problems that a QRATM can solve in a
polylog number of steps, leading to the definition of the complexity class FBQPOLYLOG [8, 9] of functions
computable with bounded-error in quantum polylog time. A main open problem is to design program-
ming languages characterizing such a polylog class abstracting from low-level considerations [10].

Contributions. This paper makes a first step towards solving this problem. Towards that end,
we introduce a quantum programming language with first-order recursive procedures, named PLP for
PolyLog Programs (Figure 1), on which we obtain the following results:

e PLP programs are terminating and reversible.

e PLP is sound for FBQPOLYLOG, i.e., each PLP program computes a function in FBQPOLYLOG.
Soundness relies on the use of a bounded recursion scheme for procedures to enforce the required
polylog time properties, as illustrated by the binary search example.

*This is an extended abstract of [3] presented at MFCS’25.



(Integers) i &2 x|klitk]|i/2]]Y

(Booleans) b £ i>i|...|bADb]|...

(Qubit lists) 1 % qllef 1B 1®

(Qubits) q = i

(Statements) S 2 skip;|q*=U9(@i);| S S|if b then {S} else {S}

| gcase q of {0 — S,1 — S}
| call proc(ly,...,1,);
¢ | decl proc(dy, - .., an){S}, D

(Procedure decl.) D )
D:S

(Programs) P

1> 11>

Figure 1: Syntax of programs

e PLP is complete for FBQPOLYLOG, i.e., each function of this complexity class is computed by a
PLP program. Completeness is shown by a direct encoding of polylog QRATM in PLP.

e PLP is also sound but not complete for QNC. For soundness, we outline a compilation algorithm
that from a PLP program and its input size outputs a quantum circuit of polylog depth and
polynomial size, i.e., circuits computing functions in QNC. Completeness does not hold as it is
well-known that FBQPOLYLOG is strictly included in QNC.

Related Work. A characterization of BQPOLYLOG based on a function algebra has been provided
in [8, 9], where a fast quantum recursion scheme is used to ensure that programs terminate in polyloga-
rithmic time. Our work employs a similar bounded recursion scheme, using a simple divide-and-conquer
strategy on qubits. This characterization can be seen as simpler and more natural approach since an
imperative first-order programming language is easier to use.

First-Order Quantum Programs

Syntax. The considered language is a quantum programming language with first-order recursive pro-
cedures whose syntax is provided in Figure 1. There are four basic types for expressions: Integer
expressions are variables x, constant k € N, arithmetic operations like i+ k or i/2, as well as the size [l|
of a list of qubits 1. Boolean expressions are defined in a standard way. Qubit lists are lists of unique
qubit pointers. A qubit list expression 1 is either a variable g, the first (resp. second) half 1¥ (resp. 1%)
of the qubit list 1, or a list 1 © [i] where the i-th element of 1 has been removed. Qubit expressions are of
the shape l[i], which denotes the i-th qubit in 1. We also define syntactic sugar for pointing to the n-th
last qubit in a list, by defining for any n > 1, q|—n] = q|la| — n + 1].

A program P £ D :: S is defined in Figure 1 as a list of procedure declarations D, followed by
a program statement S. Statements include the no-op instruction, unitary application, sequences,
conditional, quantum case, and procedure calls. For sake of universality [2], in a unitary application
q *= UY(i);, the unitary transformation UY(i) € K?*?2 can take an integer i and a function g € Z — [0, 27)
as optional arguments', and we omit them when they are of no use.

The quantum conditional qcase q of {0 — Sg,1 — S;} allows branching by executing statements
So and S; in superposition according to the state of qubit q. We use a natural syntactic sugar when
controlling on multiple qubits.

Semantics. Let B £ {0,1} denote the set of Booleans and £(N) denote the set of lists of natural
numbers, [] being the empty list. We interpret basic types as follows: [Integers] £ Z, [Booleans] £ B,
[Qubit lists] £ £(N), [Qubits] = N. Qubits are interpreted as integers (pointers) and qubit lists are
interpreted as lists of pointers.

Given a program P, let the length of P be a function mapping each qubit variable q € Var(P) to an
integer len(q) € N. We write lenp as a shorthand for ..y, p) len(q) and lens? as a shorthand for

n the case of quantum polynomial time, Adleman et al. [1] showed how the choice of amplitudes can affect the
expressivity of classes such as BQP, requiring the restriction of polynomial-time approzimable complex amplitudes. How
the set of amplitudes influences the class FBQPOLYLOG remains an open question, as discussed in [8, 9], and so we abstain
from the use of the entire set of complex numbers and instead use a field K which may refer to, for instance, polynomial-
time approximable complex amplitudes.



SEARCH

decl search(qs,dz) {
if |@;| > 1 then {
qcase qi[[a1|/2, [a:|/2 + 1] of {

00 — call search(qP & [1],d2);,
01 — Go[1] *= NOT;,
10 — call search((j‘lEI o [-1],q2);,
11 — skip; }

} else { skip;}

© 00 N o O &~ W N =

call search(qy, qz2);

[
o

Figure 2: Binary search as an example of a PLP program.

Zq,evtw(P)) 4'<q len(q’). A configuration c of program P over lenp qubits is of the shape (S, |¢¥), A, f)
with type (Statements U {T, L}) X Howep X (Var(P) — P(N)) x (Var(P) — L(N)), where T and L
are two special symbols denoting termination and error, respectively, where [¢)) € Hoienp is a quantum
state, and where, for each qubit list @ € Var(P), A(q) is the set of qubit pointers accessible from g and
£(@) is the list of qubit pointers assigned to q.

Given a program P £ D :: S, with n = lenp, let Conf,, be the set of configurations over n qubits. The
initial configuration in Conf,, on input state |¢)) € Han is cinit(|¥0) = (S, [¢),q > {1,...,1len(q)},q
[1,...,1en(q)]). A final configuration can be defined in the same way as cpina(|¥)) = (T,[¥),q —
{1,...,1en(q)},q — [1,...,1en(q)]). Each unitary transformation U of a unitary application q *= U9(i);
comes with a function [U] assigning a unitary matrix [U](g)(n) € K®*2 to each integer n and function
g € Z — [0,27). We restrict ourselves to three kinds of gates: the phase gate Ph, rotation gate Ry and
NOT gate NOT, whose semantics is defined as follows:

P00 2 () ate) el = (o) D) oo 2 (7 )

sin(g(n))  cos(g(n))

The big-step semantics - — - is defined as a relation in (J,, .y Conf,, x Conf,. We write [P](|)) =
|¢"), whenever ¢init(|0)) — ¢finai(|¢')) holds.When an input state is defined by different qubit lists,
we denote them in subscript. For instance, for z,y € {0,1}* and m € N, we have that [z), [|y)q,
indicates state |z) given as input to qubit list gy, state |y) given as input to qubit list Gs.

Example (Binary search). Let x € 0*1*2* be a sorted string and & denote the encoding of x as a
binary giwen by 0 £ 00, 1 £ 01, and 2 £ 10. Program SEARCH in Figure 2 computes the function
[SEARCH](|2)g, [0)g,) = |2)q, [b)g,, where b € {0,1} indicates whether x contains a 1 or not.
Polylogarithmic time restrictions. We define restrictions that guarantee termination polyloga-
rithmic time and that their total number of sequential procedure calls is bounded polylogarithmically.
Towards that end, we define a relation between procedures to account for recursion. Given two proce-
dures proc and proc’ appearing in P, let proc ~p proc denote that proc, proc’ are mutually recursive.

Definition. A program P is said to be recursively halving, denoted P € HALF, if for each procedure
proc € P and for each procedure call call proc’(ly,...,1,); € SP*¢if proc ~p proc’ then there are 1 <
i <n and]l such that 12 or 1% appears in 1;.

This restriction can be viewed as a recursion scheme, which implies a polylogarithmic time bound on
programs in HALF by ensuring that in every (mutually) recursive procedure call at least one of the input
qubit lists is cut in half. Now we impose a further condition on the number of sequential (mutually)
recursive procedure calls. We define the width of a program P in the following way.

Definition. Given a program P, the width of a procedure proc € P is defined by widthp(proc) =
wp O (SPTO¢) where wp°(S) is defined inductively on statements as follows. For basic instructions,



(a) in-depth

i

Van)
(b) merging 2 = 'T'
o N
|0> U\ P\
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Figure 3: Compilation strategies for search defined in Figure 2.

wh*(skip; ) = wp(q *= UI(i);) £ 0. For the composition of statements, wh (S S1) = wh**(So) +
wh(S1). Classical and quantum branching wh °°(if b then {S;} else {Sp}) and wl™“(qcase q of {0 —

S0, 1 — S1}) both correspond to max(wh®(Sp), wh®*(S1)). Procedure calls wh*(call proc’(ly,...,1,);) =
1, if proc ~p proc’,0, otherwise. The width of a program width(P) is defined as max,rocep widthp (proc).

Let WIDTH<; be defined by WIDTH<; £ {P | width(P) < 1}.
Definition. The set PLP of PolyLog Programs is defined by PLP £ HALF N WIDTH< .

Example. SEARCH € pPLP. This program only contains one procedure search, that is recursive. It is
then easy to check that SEARCH € HALF as the recursive procedure calls are performed either on qubit
lists G2 or G®. Furthermore, it is easy to verify that widthggapcs(search) = 1.

A Characterization of Quantum Polylog Time

PLP characterizes exactly the functions in FBQPOLYLOG, the class of quantum polylog time approximable
functions. That is, programs in PLP compute functions in FBQPOLYLOG and, reciprocally, for any
function in FBQPOLYLOG, there exists a PLP program that computes it.

Main result. We denote by [PLP] the set of functions computed by programs in PLP. That is
[pLp] £ {[P] | P € PLP}. A program P approximates function f : {0,1}* — {0,1}* with probability
p € [0,1] if Vo € {0,1}*,| (f(2)|[P](z)) |? > p, in other words if for all input, the output of P coincides
with f with probability at least p. The set of functions that can be approximated with probability at
least p is denoted by [PLP]>,.

Theorem (Soundness & Completeness). [PLP]s2 = FBQPOLYLOG.

>3
Circuit compilation. The compilation strategy takes inspiration from [5, 6] which in particular uses
ancillas to factorize the circuits representing procedure calls in branches so as to prevent exponential
blow-up of the circuit size. Their technique is called anchoring and merging as when a procedure call
is first encountered, an ancilla is associated to this call (anchoring), and when a subsequent call to
this procedure happens with an input of the same size, this second call is then merged with the first
(merging). Figure 3 exemplifies this on the SEARCH program: the left circuit represented by a grey
and white box the circuit for the search procedure applied to qi,qe. Since this procedure has two
calls to itself, its naive compilation gives an in-depth duplication of the calls. The anchoring/merging
process entails a single recursive compilation at the price of an overhead in terms of ancillary qubits
and permutations. Importantly, controlled permutations can be performed in logarithmic depth, which
ensures that the all PLP programs are in QNC.

Theorem (Compilation). Given a PLP program P, and input size n = quVar(P) |al, the quantum
circuit produced by the compilation process is of size O(n polylog(n)) and depth O(polylog(n)).
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Approximating the Values of Boolean Formulae

in TCO
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1 Abstract

At the lower end of the hierarchy of complexity classes we find, represented
by the word problem of the Dyck language ID; and the boolean formula value
problem, respectively, the complexity classes TC® and NC!, which are still not
known to coincide or to be different. Aim of this note is to “approximate” the
boolean formula value problem by TC%-computable predicates. This is done by
using the string representation of trees instead of using pointers. This allows
for the quantification along the nodes of a path which usually requires logspace-
complete techniques. Now it could be tempting to believe the boolean formula
value problem to be TC?, Which would have surprising consequences like the
collapse of the counting hierrchy and its equality with PSPACE! We introduce
the TCO-computable predicates Pos and Neg which share many symmetries and
dualities of the boolean case and shed some light on this possibility.

2 Preliminaries

Let Dy be the restricted (or one-sided) Dyck language over the letters a and b
(instead of ( and )). The equation I = (aD1b)* will be used in the following
without notice. A word w € {a, b}* of length n will be denoted w = wyws - - - wy,.
The length of a word w will be denoted by |w|. For 1 <i < j < n the subword
W;Wi41 - -~ w; is denoted by w[i, j]. In a decomposition w = zaybz € Dy such
that y € D the pair of positions of a and b, i.e.(|z|4+1, n—|z|) is called a matching
pair. In this case we denote the position n — |z| by m(|z|+1). Observe that the
mapping m() is TC’-computable.

In this way a Dyck word describes an unlabelled tree: the nodes are repre-
sended by matching pairs. A matching pair (i,m(7)) is a successor of a matching
pair (I,m(l)) ,denoted by i € S(I), iff | < i < m(l) (and hence I < m(i) < m(l)).
If i € S(I) we denote by hd(l,i) the height difference between [ and i, i.e. the
length of the path between the nodes represented by [ and . i is called a direct
successor, denoted by Dirsuc(l,) iff in addition w[l + 1,7 — 1] € D; and hence
also wim(i) + 1,m(l) — 1JinD; hold, i.e. hd(l,7) = 1. A path in the tree coded



by a Dyck-word is then a sequence of positions i; < i < --- < i such that
Dirsuc(ij,ij41) for all j. A leaf in this tree ischaracterized by a position ¢t such
that m(t) =t + 1 (and wy = a).

2.1 Complexity

We assume familiarity with basic complexity classes such as P, Pspace, NC!, or
TCY. Background on these topics may be found in textbooks such as [3]. We
also assume familiarity with context-free grammars and regular expressions. We
denote the empty string by .

3 Hahn’s Coding of BFVP into D,

Building on similar constructions from [4], Hahn was able to embed the boolean
formula value problem into D [2]: the context-free grammar for Iy with the
rules S — S5 | aSb | A shows that Dy is built from the empty word by the
operations concatenation and embracing. Hahn’s interesting idea is to interpret
concatenation as conjunction and embracing as negation setting the value of
the empty word as true. Thus, A and aabb evaluate to true, while ab and
abab evaluate to false. In this way the boolean formula value problem is in a
very natural way coded into ID;. A context-free grammar for the resulting two
languages H; and H_ with nonterminals 7" and F is

T —aFb|TT | A and F —aTb|TF |FT|FF

with axioms T and F', respectively. In this way the Dyck language D, is divided
into the two disjoint subsets Dy = Hy W H_.
Of course, we have

weH ©awbe H. and we H_ & awbe Hy

for w € D;. The following relations between H; and H_ are trivial and will be
used without notice in the following:

H, =(aH_b)* and H_ =DjaH bD;.

3.1 Representing the BFVP by Dyckwords

In the following, we assume allways w to be a dyckword
The following equation relates the sets Dy and Hy:

Lemma 3.1. H; = (aD;a UbD1b)* ND;y ([4])

As a consequence we will see the crucial importance, whether leafs are of
even or of odd distance to the root of a tree. For an atomic Dyck word w € aD1b
of length n := |w| define LT (w) :={1 <i<n|m(i)=1i+1Ahd(1,i) = 1}
to be set of all leafs of odd height in the tree represented by w. Dually, we set



L~ (w):={1<i<n|m(i)=i+1Ahd(1,i) =2 0} to be set of all leafs of even
height in the tree represented by w.

It is quite easy to see, that L™ (w) is the union of all L™ (w[j, m(j)]) over all
direct successors j of the root of the tree represented by w, i.e. Dirsuc(l, ).
And dually, L~ is the union of all Lt of all direct successors of the root.

If ET and E~ are the set of all atomic Dyckwords which have only positive,
resp. negative, leafs, and NET and NE~ their complements, i.e. the sets of all
of atomic dyck words which have some positive, resp. negative, leafs, it is easy
to show the following containments:

Lemma 3.2. E~ C Hy C NE*. and thus for the conplements of these sets
EtCH_CNE~

Thus: the emptiness of L™ (w) implies w € H_ which in turn implies L~ (w)
is not empty and dually L~ (w) is empty implies w € H, which in turn implies
the nonemptiness of Lt (w).

In addition, we have w € E* = awb € £~ and w € E~ = awb € E* for
atomic Dyckwords w € aDb.

It should be noted, that the the sets ET, E~ and NEt, NE~ are in TCY.

On the other hand, the word problems of H, and H_ are NC!-complete.

4 Alternating Paths

In the following we consider atomic Dyckwords w € aDib fo the form w =
adj...dgb for some atomic Dyck words d; = ad;1...d;x;b,k > 0 and all k; > 0,
where the d;; € aD1b

Then obviously w € Hy < 3;d; € H_ andw e H_ < V;d; € Hy. Let 1 <
i < mn:=|w| be a position in W with w; =a and let i <t <m(t) =t+1 < m()
be a leaf in the tree rooted in ¢. Let forther on be jo :=i < j; < ---j, := t be the
path (of direct successors) leading from i to t. We call this path alternating, iff
the boolean values of w[jg, m(jo)], wj1, m(41)], - - - w[jr, m(jr)] alternate. Thus
the last value ist false, since wli,, i, + 1] is a leaf, and the first value of the word
wli,m(2)] is true iff r is odd, i.e. if t is a positve leaf of the subtree rooted in i.

Then w(i,m(i)] € Hy if and only if there is an alternating path leading from
i to some positive leaf. Dually, w[i,m(i)] € H_ if and only if for each direct
successor j of ¢ there is an alternating path leading from ¢ through j to some
negative leaf in the subtree below ¢. Inspired by this we introduce the concept of
a fan-shaped subtree leading to the TC%-computable predicates Pos and Neg,
The idea is to modify the dual relation between true anf false in the following
way: while the atomic Dyck word w is false iff all of its direct successors are true,
we define w to fulfill Neg iff at least one of its direct successors fulfills Pos and
simultaneously all direct successors are “weakly positive” in the sense, that they
are members of NET. And we say that w fulfills Pos if there is a positive leaf ¢
in w, such that along the path from the root to ¢ alternatingly on every second
step we require this weak positiveness for all direct successors. Intuitively, we



require the existence of fan-shaped subtree of positive leafs. Formally, we define
for a position ¢ in an atomic Dyckword w that

w = Pos(i) 1= 3iept (i) Vicj<t:ali,j)=a1VkeDs () NET (k)
. And we define Neg by

w = Neg(i) :=m(i) = ¢ + 1V (Fjdissuc(i, j) A Pos(j))

Let us define the sets Pos := {w € aD1b | w = Pos(1)},
Neg := {w € aD1b | w = Neg(1)}, NotPos := {w € aD1b | ~(w = Pos(1))},
and NotNeg := {w € aD1b | ~(w = Neg(1))}.

It is quite easy to show

Lemma 4.1. E* C NotPos C H_ C Neg C NE~ and
E~ C NotNeg C H, C Pos C NE™T.

. This leads to the following relations: w € Pos = awb € Neg and
awb € Pos <= w € Neg.

Open Question: under which conditions do the reversals hold? If these
conditions would be TCY-computable, H (and H_) would be in TC®! Obeserve,
that we do not have aawbb € Pos implies w € Pos but only that w € Pos
implies aawbb € Pos, allthough we have w € NET < aawbb €¢ NET as well as
we NE™ & aawbb € NE™.
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Abstract

In this talk we introduce the type-2 analogue of FLOGSPACE, defined through oracle Turing
machines, answering a question raised by Kawamura [4]. We show that this class, dubbed Fasy
Feasible Functionals (EFF) is robust, being closed by both type-0 and type-1 composition.

Higher-order computation was born together with computer science. We could say that the
A-calculus, the standard way to model higher-order computation, was the first universal theory of
functions. However, when the study of computability theory shifted towards the study of complexity,
the interest in higher-order computation diminished, being relegated mostly to the theory of pro-
gramming languages. In fact, complexity theory is typically first-order, investigating functions of
type N — N, using Turing machines (and variants thereof) as the base computational model [1].

A notable exception is the study of type-2 functionals, i.e. functions of type (N — N) - N — N|
where many results are available and a clear definition of type-2 polynomial time computability is
accepted by the community. This definition is robust as it can be either given using oracle Turing
machines (OTM), or implicitly, e.g. via a function algebra in the style of Cobham. The resulting
class is often called basic feasible functionals (BFF) [3].

In this talk, we will concentrate on the following natural question: how can we define type-2
logarithmic space? As in the first-order case, dealing with logarithmic space is harder than dealing
with polynomial time. We concentrate on machine models, leaving the definition of an implicit
characterization (which is arguably simpler) for future work. When dealing with logarithmic space,
computational resources are very constrained and the design of the model is crucial. Indeed, the idea
is that a LOGSPACE (or L) algorithm can only store a constant number of pointers to its immutable
input. Designing type-2 LOGSPACE means understanding how to constrain oracle Turing machines
to work in LOGSPACE, in a reasonable way. Indeed, we would like to satisfy some desiderata, in
particular the closure of this class w.r.t. composition. Since we are in the type-2 world, this means
verifying both type-0 and type-1 composition, as follows:

Definition 1 (Composition). Let C be a class of type-2 functionals.
e C is closed under type-0 composition if F' € C and G € C imply H(f,z) := F(f,G(f,xz)) € C.
o C is closed under type-1 composition if F' € C and G € C imply H(f,z) := F(A\y.G(f,y),z) € C.

Why is this hard? Basically, type-0 composition is standard (first-order) function composition,
while type-1 composition is closure by oracles. Then, let us consider the class FLOGSPACE (or FL)
of the functions computable in logarithmic space. While FL is indeed type-0 closed, we have that
FLFt = FP [6]. This means that adding the possibility to query an FL oracle dramatically increases
the computational power, thus invalidating the type-1 compositionality of FL.



The Machine Model. We start by defining our variant over oracle Turing machines. We will
discuss the non-standard aspects below.

Definition 2. A tape stack oracle Turing machine (SOTM) M consists of:

¢ a two-way, read-only tape;

e a two-way, read/write working tape;

e a one-way, write-only output tape;

« a pushdown stack of pair of tapes (Q, Ax) such that for the active tapes (Qtop, Atop):
— Qiop is one-way and write-only;
— Aiop is one-way and read-only;
— each time M writes a symbol to Qiop, the content of Ay, is erased;

¢ a finite state control including four special states PUSH, PULL, QUERY, ANSWER.

A few explanations are in order. The behavior of SOTM is the one of usual OTM, i.e. when the
QUERY is reached the content x of the active query tape Qiop is read, the state changes to ANSWER
and the string f(z), where f is the oracle, is immediately written on the answer tape Ayop,. We also
require that a sort of “independence” between answers and queries. Once we start to write a query,
the answer tape is immediately wiped. The novelty here is the presence of a stack of query and answer
tapes, inspired by Cook’s AuxPDA [2] and Wilson’s oracle stacks [6]. This stack is managed through
the states PUSH and PULL that create/destroy new pairs of tapes, using a stack-based discipline. This
way, only the top most pair can be written/read.

Easy Feasible Functionals. Before defining our new complexity class we need a technical definition
that constraints the power of oracles.

Definition 3 (Polynomially-Bounded Oracle). A type-1 functional oracle f is polynomially-bounded
if there exists a polynomial P such that for all queries y we have |f(y)| < P(|y|).

We are now able to define the class which is the type-2 equivalent of FLOGSPACE.

Definition 4 (Easy Feasible Functionals (EFF)). A functional F is in EFF if and only if there exists
a SOTM M that computes F' such that for each type-0 input x and type-1 polynomially-bounded
oracle f1, the maximum number of cells written on the working tape is O(log |r|) and the maximum
height of the tape stack is O(1).

The interesting thing to note here is that, unlike the case of BFF, we do not need second-order
polynomials. This is for a very precise reason: while polynomials perfectly compose, this is not the
case for logarithms of polynomials. Moreover, please note the restriction to the maximum stack
height to a constant.

Theorem 1.
1. EFF are closed under type-0 composition.
2. EFF are closed under type-1 composition.
Proof ingredients.
1. Here the constant height tape stack plays a crucial role in the simulation.

2. Here we exploit (i) the fact that answer tapes get erased when we start to write a new query
and (ii) the polynomial bound on oracles. O

IThe restriction to polynomially-bounded oracles could seem either very strong or arbitrary. Actually, it this
restriction turns out to be equivalent to devising a SOTM that can ask for the content of the oracle query f(y)
bit-by-bit, via pointers. This mechanism is standard when dealing with LOGSPACE composition.
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Abstract

Answer Set Programming (ASP) is a mature and widely used
framework for modeling and solving problems in Al, knowl-
edge representation and reasoning, and combinatorial search.
Counting answer sets is of growing importance for analyz-
ing search spaces, navigating ASP programs, and enabling
probabilistic reasoning. While Truszczynski established a
complete hierarchy for the computational complexity of ASP
decision and reasoning problems (skeptical and credulous),
a corresponding systematic treatment of counting problems
has been missing so far. We close this gap by providing an
almost complete characterisation of the counting complexity
landscape for ASP.

1 Introduction

Answer Set Programming (ASP) (Brewka, Eiter, and
Truszczynski 2011; Gebser et al. 2012; Janhunen and
Niemeld 2016) is a mature and widely used framework for
modeling and solving problems in Al with plenty of appli-
cation areas, including industrial (Nabeshima et al. 2026;
Alviano and Reiners 2025; Altay-Kern et al. 2025) and
academic applications (Hahn et al. 2024; Baumeister et al.
2024). The computational complexity of decision and opti-
mization problems in ASP is well understood ranging from
polynomial-time solvable (Marek and Truszczyrniski 1991;
Gelfond and Lifschitz 1988) to the second level of the poly-
nomial hierarchy (Eiter and Gottlob 1995) for propositional
programs. Truszczynski (2011) established a comprehensive
trichotomy for decision and reasoning problems (skeptical
and credulous) with detailed characterization of subclasses
of programs. In the ASP community, these results are widely
known as an equivalent of Schaefer’s classes in propositional
satisfiability (SAT), constraint satisfaction (CSP) (Schaefer
1978; Chen 2006), or Post’s lattice in universal algebra (Post
2016; Lau 2006).

While decisions, reasoning, and optimization in ASP
have been well studied, counting the number of solu-
tions is becoming increasingly more important due to nu-
merous applications (Darwiche 2020; Zhang et al. 2024;
Zak et al. 2025). In logic programming, counting en-
ables probabilistic reasoning without enumerating (Azzolini
and Riguzzi 2025; Bogaerts and Van den Broeck 2015;
Fierens et al. 2015), and navigating and understanding
large search spaces (Fichte, Gaggl, and Rusovac 2022;

Kabir and Meel 2023). Surprisingly, the complexity land-
scape of ASP counting is quite open. While we have results
for Horn (Dowling and Gallier 1984), stratified (Gelfond
and Lifschitz 1988), tight (Clark 1977), and disjunctive pro-
grams (Fichte et al. 2017), contrary to what one might expect,
the existing trichotomy results do not carry over to counting.

In this paper, we address this gap by studying the compu-
tational complexity of ASP in the well-known trichotomy
framework by Truszczynski. It turns out that ASP counting is
much harder to comprehend than propositional satisfiability
(#SAT). The minimality of disjunctions in rule heads signifi-
cantly complicates any complexity analysis. We provide our
main results in this abstract. We omit any proofs which can
be found in the full conference version.

Table 1 presents our main contributions. In particular, we
establish a comprehensive overview for answer set counting
in the framework of Truszczynski.

2 Preliminaries

We assume that the reader is familiar with basics in proposi-
tional logic, ASP, and computational complexity. Below, we
summarize notations.

Computational Complexity. We follow standard termi-
nology in computational complexity (Papadimitriou 1994)
and the Polynomial Hierarchy (PH) (Stockmeyer and Meyer
1973; Stockmeyer 1976; Wrathall 1976), and counting
complexity (Toda and Watanabe 1992; Hemaspaandra and
Vollmer 1995; Durand, Hermann, and Kolaitis 2005). We use
of complexity classes preceded with the sharp-dot operator
‘#.’, parsimonious and subtractive reductions. Let M be a
deterministic Turing machine (DTM) or non-deterministic
Turing Machine (NTM) such that for all inputs x, every
computation path on x is accepting or rejecting and is
bounded in length by a function #(x). For input x, we de-
fine accy(x),rej,,(x) as the number of accepting and re-
Jecting computation paths of x on M respectively. Note
that accy(x) + rej,,(x) is the number of all computation paths
of x. We define FP as the class of all function problems
that are polynomial-time reducible to acc,(x) for some poly-
time DTM M, #P as the class of all counting problems that
are polynomial-time reducible to accy(x) for some poly-
time NTM M. Let RP be the class of computation prob-



Class C Name Cons #AS Result
{[1, 00, 0], [0, 0, o]} Horn P FP [A]
{[c0, 00,01, [0, 0, 0]} NegIntFree P no-FPRAS' Lem 4.3
{[e0, 1,0],[0, 1,01} DHorn P open
{l,0,k],[0, k] | i+ k<2, j+k <1} NP-c no-FPRAS" Lem 4.3
([i, k] i+ j+k<2) Krom NP-c no-FPRAST Lem4.3
{[1, 00, 0], [0, o0, 0]} Normal NP-c #P-c Lem 4.1, Obs 5
{[o0, 1, 00], [0, 00, 0]} DNormal NP-¢c  #P-c Lem 4.1, Obs 5
{[o0, 00 0], [0, 00, 0]} NegFree NP-¢c #P-c Lem 4.1, Obs 5
otherwise Disj ¥P-c  #-coNP-c  Lem4.4,[B]
Strat P FP [C]
Tight NP-¢c #P-c [D]

Table 1: C refers to the class of programs or the class that consists of Ap < A(C).

+ unless RP = NP. [A]: (Dowling and Gallier 1984); [B]:

(Fichte et al. 2017); [C]: (Gelfond and Lifschitz 1988); [D]: (Clark 1977). Results for Cons can be found in (Truszczyiiski 2011) and [C], [D].

lems L such that there exists a poly-time randomized TM M
such that for x € L, we have that Pr[M accepts x] > 0.5
and for x ¢ L, we have Pr[M accepts x] = 0. A fully
randomized approximation scheme (FPRAS) for a func-
tion f : {0, 1}* — Ry is a randomized algorithm A(x, &, 9)
such that for every x € {0, 1}*,&,6 > 0, A(x, &, 6) outputs y
such that Pr[(1 —&)f(x) <y < (1 +&)f(x)] > 1 — § in time
polynomial in |x|, ™", log(67"), i.e., A computes at least an &
approximation of f(x) with probability at least 1 — 6.

Answer Set Programming (ASP) For a comprehensive in-
troduction, we refer to standard texts (Janhunen and Niemela
2016; Gebser et al. 2012). We restrict ourselves to proposi-
tional programs. Let ¢, m,n be non-negative integers such
that { < m < n, and ay, ..., a, distinct propositional atoms.
We let programs consist of rules, in particular, integrity rules
(constraints). A disjunctive rule ris of the forma;V---Va; «
Arils - o s Qs ~Apils - - -5 ~ay. By H, = {ay,...,a;}, B =
{air1s ..., ap}, and BY == {a+1, - . ., a,}, we denote the head,
positive or negative body atoms of r, respectively. A pro-
gram I1 is a set of rules, where at(I1) := J,(H, U Bf U B))
denotes its atoms. We call a rule r with both H, # @ and
body Bf U B; # 0 non-simple. An interpretation M C at(Il)
satisfies a disjunctive rule » if (H, U B,) N M # 0 or
Bf ¢ M. M is a model of 11 if M satisfies every rule
r € I1. The reduct r™ of a disjunctive rule r is the singleton
(H- < B |B;NM=0},andTI” := (¢ | ¥ € M, r eI}
is called GL reduct of I1 with respect to M. Then, M is an
answer set of I1 if M is a model of IT such that no interpreta-
tion N € M is a model of ITM (Gelfond and Lifschitz 1988;
Gelfond and Lifschitz 1991). We let the set AS(IT) consist of
all answer sets of I1. The problem Cons(IT) asks to decide
whether AS(IT) # 0 and #AS(IT) asks to output [AS(IT)|.

ASP Subclasses We say that a rule r is normal if |H,| < 1,
positive if B, = 0, and an integrity constraint if H, = 0.
Moreover, a program II has a certain property if all its rules
have the property. The dependency graph Dy of 11 is the
directed graph on the atoms |,y H, U B}, where for every

rule r € II, two atoms a € B} and b € H, are joined by
an edge (a,b). We say II is tight if Dy is acyclic (Fages
1994). A program IT is called head-cycle free if its incidence
graph does not contain any directed cycles (Ben-Eliyahu and
Dechter 1994). By Disj, Normal, DNormal, NegFree, Horn,
DHorn, NeglntFree, and Tight, we denote the class of all
disjunctive, normal, negation-free, dual-normal, Horn, dual-
Horn, or tight programs. Truszczynski defined detailed (arity)
restrictions given by specifying upper bounds on the arities
of the rules used to analyze the computational complexity
and establish a Trichotomy (Truszczynski 2011). Therefore,
let U € {0,1,2,...} U {oo} where oo represents unbounded
arity and A = {[k,m,n] | k,m,n € U}. For @ = [k,m,n] €
A, let @) = k,ay = m,a3 = n. For a program rule r, let
a, = [|H,], |B;f| , |B,T|] be the arity of r. For two restrictions
a, € A, we have a < gif and only if (i) @; = 0, then 8, = 0,
and (ii) a; < B;, fori € {1, 2,3} where < corresponds to the
normal total on the natural numbers extended by a < oo for
all a € Ny U {oo}. Let A € A. Then we define C(A) to be
the class of all finite programs P that satisfy the following
condition: for every rule r € P there is @ € A such that
a, < a. E.g., C({[1, 0, ], [0, c0,x]}) specifies Normal.
The decision complexity of subclasses is well-studied with a
full characterization based on the arity characteristics.

Proposition 1 (Truszczynski, 2011). Let I1 € C(A) be a
program. Then, Cons(IT) € P if A < {[1, 00,0], [0, o0, co]}
or A < {[c0,1,0],[0,1,0]} or A < {[i,jO] | i + j < 2}, and
otherwise Cons(I1) € NP-c, if A < {[1, o0, c0], [0, 00, 0]} oF
A < {[o0, 1, 0], [0, 00, 00]} or A < {[00, 0, 0], [0, 00, 0]}, and
otherwise Cons(Il) € £5-c.

3 ASP Counting Complexity

While counting complexity results for basic classes of ASP
programs are known, there is no systematic approach to char-
acterize the complexity based on restrictions of arities in the
head, positive body, and negative body. We follow the struc-
tural characterization introduced by (Truszczyriski 2011) for
decision and reasoning problems and investigate the compu-
tational complexity of fragments. We present a simplified



overview in Table 1. Before we present our results in detail,
we make the following observation.

Observation 2. Let IT € C({[x,0,0]}US) for some x € N and
S C A such that 11 is head-cycle free. Then, for each k < x,
there exists a program Il" € C({[k, 0, x—k]}US ) with AS(IT) =
AS(IT") such that T is computable in log-space and linear
time from 11 for every fixed k, x.

In more detail, we have the following Theorem.

Theorem 3. Let II € C(A) be a program where A defines a
structural restriction on H,, B}, and B; .
1. #AS(IT) € P if A < {[1, 00, 0], [0, 00, o0]};
2. #AS(IT) € #P if otherwise
e {[1,0,0],[0, c0,c0]} < Ap, or
o {[i, ,kl|i+j+k<2}<Ap,
and
o An = {[1,00,00],[0, 00, 001}, or
o An < {[e, 1,001, [0, 00, 0o]}, or
* Aq < {[00,00,0], [0, 00, 0]};
3. #AS(II) € # - coNP, otherwise.
Before we can establish this theorem, we systematically inves-
tigate which cases yield hardness and establish the following
lower bounds.
Lemma 4. Let I1 € C(A) be a program. Then, #AS(I1)
1. is #P-hard if A is any of
(a) {[3,0,0], [0,2,01},
(b) {12,0,1], [0,2,01}, {[1,0,2], [0,2, 0]},
(c) {[2,0,0], [0,2,01,[0,0,3]}*
(d) {12, 1,0], [0,2,01}%, {[2,0,0], [0, 3,0]}*,
(e) {[2,0,0], [0,3,01}%, {[1,0,1], [0,3,01}*,
(f) {12,0,01, [0,2, 1]}*,
(g) {12,0,0], [0,2,0],10, 1, 2]},
(h) {[1,2,0], [2,0,0], [0, 1 op*,
(i) {[1,2,0], [1,0, 1], [0, 1,01},
2. is #P-hard by subtractive reduction if A is any of
(a) {[3,0,01,[1,2,01}*,
(b) {12,0,01,[1,2,01}*,
(c) {[1,0,1],[1,2,00}%,
(d) {12,0,01, [0, 1,01},
3. has no FPRAS unless RP = NP (and therefore unlikely to
be efficiently countable) if A is any of

(a) {[2,0,0],[0,2,0]}* (by reduction from #2SAT),
(b) {[1,0,1],[0,2,0]}* (by reduction from #2SAT),
(c) {[2,0,01}* (by reduction from #mon-2SAT),
(d) {[1,0,1]}* (by reduction from #mon-2SAT),

4. #- coNP-hard if A is any of
(a) {[2,0,01,[1,2,01,[1,0, 11}*,
(b) {12,0,01,[1,2,01[0,0, 11}*,

Proof Sketch for Case 1. For Case 1, we construct a parsi-
monious reduction (subtractive 1.j—i) from #3-SAT to #AS
that transforms a #3-SAT instance into a program I1. In many
cases we can apply Obs. 2 . E.g. Case 1b holds by Case la
and Obs. 2. O

Additionally, we make the following observation by con-
structing for each case a respective Turing machine that
proves the membership of the class in #P using a branch-
ing approach.

Observation 5. If A is one of:
{[0, 0, 0], [0, 0,01},
z,O,k] [0, k]l i+k<2,j+k<1},
i,0,k], [0, j,k] | i+ j+k <2},
0,kL [0, k'] i+ k<3, k<2j+k <1},
) m]»[O,OO,W]},
00, [0, o0, co]},
00, 00 0],[0,00,0]},
hen the #AS¢ problem for C(A) is in #P.

Now, we are in position to establish Theorem 3.

Proof of Theorem 3. Let A < {[1, 00,0], [0, 00, 0]}. Then,
IT € Horn and has exactly one answer set exactly if it has a
model. Thus, #AS(I1) can be reduced to the satisfiability of
Horn-formula in this case, which is known to solvable in poly-
nomial time. Next, assume that {[1, co0, 0], [0, 00, co]} < Apy,
but not Ag =< {[1,00,0],[0, o0, 00]}. Then, either
{[1,0,1]} < Ap or {[2,0,0]} < Ap. In both cases,
#AS(IT) is #P-hard by Lemma 4.le.  Now, assume
that {[i,j,k] | i+ j+ k < 2} =< Ap, but not
An < {li,jkl|i+ j+k <2} ThenS < Ap for some S €
{[3,0,0],[0,3,01,[0,0,3],[1,2,0],[2,1,0],[1,0,2],[2,0, 1],
[0, 1,2],[0, 2, 1]}. These cases are covered by Lemma 4.1a—
1g, 4b, resp. If we have Ay =< {[1, o0, 0], [0, 0o, c0]},
Ap =< {[eo0,1,00],[0, 00, 00]}, or App < {[00, 0, 0], [0, o0, 0]}.
Then #AS(II) € #P by Observation 5. Following
Truszczynski (2011), assume that none of the above
inclusions hold. By Ay £ {[1, o0, 00], [0, c0, 00]}, we must
have {[2,0,0]} < Ap. By A £ {[o0, 1, 0], [0, 00, 00]}, we
must have {[1,2,0]} < Ag. By A £ {[c0, 0, 0], [0, o0, 0]},
we must have either {[0,0, 1]} < Ay or {[1,0,1]} < Ap. In
the former, we obtain # - coNP hardness by Lemma 4.4b. In
the latter, we have # - coNP hardness by Lemma 4.4a. Lastly,
#AS(IT) € # - coNP for arbitrary I1 (Fichte et al. 2017). O
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4 Conclusion and Outlook

We study the counting complexity of answer set programming
in the arity framework of Truszczynski (2011) and beyond.
There we obtain a comprehensive picture of hardness and
membership results and reductions.

While our work is mainly of theoretical nature, we expect
a positive impact of our translations on practical tools, possi-
ble (counting) proof systems for ASP (Alviano et al. 2019;
Fichte, Hecher, and Roland 2022), and applications that re-
quire multiple counting (Fichte, Hecher, and Nadeem 2022).
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In [2] (currently under review at Annals of Pure and Applied Logic), we used applicative the-
ories (see [3]) to give machine-independent characterizations of classes of computational com-
plexity. Strahm [6, 7] introduced the theory PT, whose class of provably total functions coincides
with the class of functions computable in polynomial time. We strengthen PT with forms of tree
induction. Inspired by a recursion scheme of Oitavem [4, 5], we introduce a new induction ax-
iom, (TRIy,), which directly represents the behavior of a non-deterministic Turing machine, and
a new theory, PHT, characterizing the polynomial time hierarchy of functions.

Characterizing the individual levels of this hierarchy is neither possible by restricting the
logical complexity of the induction scheme nor by simply restricting the number of allowed
applications of induction. The underlying reason is that the combination of its applicative base
together with first-order logic allows PHT to reason about functionals of higher type.

By restricting the underlying logic of PHT in such a way that modus ponens cannot be applied
to premises of the form (Yx)(¢(x) — ¥(x)) — x, which corresponds to restricting reasoning
about functionals, we define a new theory, PHT ., and show that the functions in the levels Df +1
can be characterized as those which are provably total in PHT, with at most k occurrences of
(TRIy,) in a Hilbert-calculus derivation.

Interestingly, a related phenomenon can be observed in Heyting arithmetic (HA). Burr [1]
provided a separation of the subsystems i®,.;, which characterize of the levels of the hierar-
chy of provably recursive function of HA (the < w,,-descent-recursive functions). Unlike the
subsystems IIT,,;; of classical Peano Arithmetic (HA), Burr has shown that the strength of their
corresponding intuitionistic theories does not depend solely on the depth of nestings of quanti-
fiers, but requires the iterated left-nesting of implications (which, again, allows reasoning about
functionals of higher types). We show that—in certain respects similarly to the case of PHT—it
is possible to get a characterization of the levels of the computational content of HA in terms
of restrictions and stratifications on the underlying logic, while leaving the induction axioms
unrestricted. We discuss the similarities and differences between the cases of PHT and HA.
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The concept of sequential theories was introduced by Pudldk [4] in the study of degrees of local
interpretability. Sequential theories are theories with a coding machinery, for all objects in the domain
of the theory, sufficient for developing partial satisfaction predicates for formulas of bounded depth-
of-quantifier-alternations (see Visser [7]). Formally, a first-order theory T is sequential if it directly
interprets adjunctive set theory AS; in this talk, direct interpretations are 1-dimensional unrelativized
interpretations with absolute equality. A related but strictly weaker notion is the class of Vaught theories,
that is, theories that directly interpret a weak set theory VS of Vaught [5], a non-finitely axiomatizable
fragment of AS.

This talk will be based on two preprints [2], [3]. Paper [2] concerns Robinson arithmetic Q. Visser showed
that Robinson’s Q and Gregorczyk’s concatenation theory TC are not sequential by showing that they
are not even poly-pair theories. In [2], I consider the theory Q + © we obtain by extending Q with the
axiom O asserting that

m(x,y) = (x+y)? +x

is a pairing function. I show that Q + © is not sequential by showing that it is not even a Vaught theory.
The proof builds tree-like nonstandard models and uses Ehrenfeucht—Fraisse games to rule out a direct
interpretation of Vaught’s weak set theory.

Paper [3] concerns Friedman’s weak set theory WD, whose axioms allow adjunction and deletion of single
elements. Friedman [1] used WD to characterize sequential theories by direct interpretability, and WD
itself is sequential, but the usual witness uses a parameter. In [3], I answer a question of Visser by
proving that WD is not parameter-free sequential. In fact, the stronger theory WD + EXT + BU + Bl has
a model V* such that (V*,a) = (V*,b) for any two elements a,b € V*. Consequently, no parameter-free
definable binary relation can uniformly supply the membership relation of AS in all models. Thus WD is
essentially parametrically sequential. BU and Bl are the binary union axiom and the binary intersection
axiom , respectively.
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