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We refine the complexity landscape for enumeration problems by introducing very low classes defined by
using Boolean circuits as enumerators. We locate well-known enumeration problems, e.g., from graph theory,
Gray code enumeration, and propositional satisfiability in our classes. In this way we obtain a framework to
distinguish between the complexity of different problems known to be in DelayP, for which a formal way of
comparison was not possible to this day.
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1 INTRODUCTION

In computational complexity theory, most often decision problems are studied that ask for the
existence of a solution to some problem instance, e.g., a satisfying assignment of a given proposi-
tional formula. In contrast, enumeration problems ask for a list of all solutions, e.g., all satisfying
assignments. In many application areas these are the more “natural” kind of problems—Ilet us just
mention database queries, web search, diagnosis, data mining, bioinformatics, etc.

The notion of tractability for enumeration problems requires a new approach, simply because
there may be a large number of solutions, exponential in the input size. Widely studied is the class
DelayP (“polynomial delay”), containing all enumeration problems where, for a given instance x, (i)
the time to compute the first solution, (ii) the time between producing any two consecutive solutions,
and (iii) the time to detect that no further solution exists, are all polynomially bounded in the length
of x. Also the class IncP (“incremental polynomial time”), where we allow the time to produce the
next solution and to signal that no further solution exists to grow by a polynomial bounded in the
size of the input plus the number of already computed solutions. These classes were introduced
in 1988 in [17], and since then, an immense number of membership results have been obtained.
Recently, also intractable enumeration problems have received some attention. Reducibilities,
a completeness notion and a hierarchy of intractable enumeration problems, analogous to the
well-known polynomial hierarchy, were defined and studied in [10].

In this paper we will look for notions of tractability for enumeration stricter than DelayP. More
specifically, we will introduce a refinement of DelayP based on the computation model of Boolean
circuits. The main new class in our framework is the class Del- AC’. An enumeration problem
belongs to this class if there is a family of AC? circuits, i.e., a family of Boolean circuits of constant
depth and polynomial size with unbounded fan-in gates, that (i) given the input computes the first
solution, (ii) given input and a solution computes the next solution (in any fixed order of solutions),
and (iii) given input and the last solution, signals that no further solution exists. Still using AC°
circuits we then consider extended classes by allowing

- precomputation of different complexity (typically, polynomial time precomputation), and/or
- memory to be passed on from the computation of one solution to the next (a constant, a
polynomial or an unbounded number of bits)
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By this, we obtain a hierarchy of classes, most of which are subclasses of DelayP, as shown in Fig. 1
on page 7.

The main motivation behind our work is the wish to be able to compare the complexity of
different tractable enumeration problems by classifying them in a fine hierarchy within DelayP,
and to obtain lower bounds for enumeration tasks. From different application areas such as graph
problems, Gray code enumeration and satisfiability, we identify natural problems, all belonging to
DelayP, some of which can be enumerated in Del-AC, some cannot, but allowing precomputation
or a certain number of bits of auxiliary memory they can. We would like to mention in particular the
case of enumeration for satisfiability of Krom (i.e., 2-CNF) formulas. While it is known that counting
satisfying assignments for formulas from this fragment of propositional logic is #P-complete [23],
we exhibit a Delp - AC? algorithm (i.e., Del- AC® with polynomial time precomputation but no
memory), for enumeration, thus placing the problem in one of the lowest class in our framework.
This means that surprisingly satisfying assignments of Krom formulas can be enumerated very
efficiently (only AC? is needed to produce one solution after the other) after a polynomial time
precomputation before producing the first solution.

Building on well-known lower bounds (in particular for the parity function [1, 15]) we prove
(unconditional) separations among (some of) our classes and strict containment in DelayP, and
building on well-known completeness results we obtain conditional separations, leading to the
inclusions and non-inclusions depicted in Fig. 1.

Another refinement of DelayP that has received considerable attention in the past, in particular
in the database community, is the class CDolin of problems that can be enumerated on RAMs with
constant delay after linear time preprocessing [12] (see also the surveys [11, 21]). A consequence
of the widely believed assumption that Boolean matrix multiplication cannot be computed in
time linear in the number m of non-zero entries of the matrices A, B and AB (the so called BMM
conjecture, see e.g. [5]), is that enumerating the one-entries in AB is not in CDolin [3], but we will
see that it is in Del-AC?. On the other hand, the familiar lower bound for parity [1, 15] easily leads
to an enumeration problem not in Del-AC° but in CDolin; hence we see that CDolin and Del-AC°
are incomparable classes; thus our approach provides a novel way to refine polynomial delay (see
Section 3.3).

This paper is organised as follows. After some preliminaries, we introduce our new classes
in Sect. 3. In Sect. 4 we present a number of upper and lower bounds for example enumeration
problems from graph theory, Gray code enumeration and propositional satisfiability. Depending
whether we allow or disallow precomputation steps, we obtain further conditional or unconditional
separation results between classes in Sect. 5. Finally we conclude with a number of open problems.

This work is an extension of the conference article [8].

2 PRELIMINARIES

Since our main computational model will be Boolean circuits, we fix the alphabet X = {0, 1}, and
use this alphabet to encode graphs, formulas, etc., as usual. Any reasonable encoding will do for all
of our results.

Let R C ¥* X ¥* be a computable predicate. We say that R is polynomially balanced, if there is a
polynomial p such that for all pairs (x,y) € R, we have |y| < p(|x|). Given such a predicate, we
now define the enumeration problem associated to R as follows.

EnuM-R
Input: x e X*
Output: an enumeration of elements in Solg(x) = {y : R(x,y)}
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We require that R is computable (and polynomially balanced) but do not make any complexity
assumptions on R. In the enumeration context, it is sometimes stipulated that R is polynomial-time
checkable, i.e., membership of (x,y) in R is decidable in time polynomial in the length of the pair
[6, 22]. Generally, we do not require this, but we will come back to this point later.

We assume basic familiarity of the reader with the model of Boolean circuits, see, e.g., [7, 25]. We
use AC? to denote the class of languages that can be decided by uniform families of Boolean circuits
of polynomial size and constant depth with gates of unbounded fan-in. The class of functions
computed by such circuit families is denoted by FAC®, and for simplicity often again by AC’. The
notation for the corresponding class of languages/functions defined by uniform families of circuits
of polynomial size and logarithmic depth with gates of bounded fan-in is NC'.

The actual type of uniformity used is of no importance for the results of the present paper.
However, for concreteness, all circuit classes in this paper are assumed to be uniform using the
“standard” uniformity condition, i. e., DLOGTIME-uniformity/Ug-uniformity [4]; the interested
reader may also consult the textbook [25].

It should be noted that every language in NP admits an AC? verifier, that is, for every A C {0,1}%,
A € NP, there is a relation R € {0,1}* x {0, 1}* checkable in AC® and a polynomial p such that
for all x, x € A iff there is some y, |y| < p(|x]), such that (x,y) € R. Thus, enumerating Solg(x) is
trivial, since given x we can simply loop over all candidates y € {0, 1}?(*1) and check if (x,y) € R.
However, this enumeration algorithm does not necessarily have polynomial delay, highlighting the
motivation for considering delay as an important resource in the area of enumeration problems.

3 DELAY CLASSES WITH CIRCUIT GENERATORS

In this section we present the formal definition of our new enumeration classes. As we already
said, we will restrict our definition to usual delay classes; classes with incremental delay can be
defined analogously.

The main idea is that the generation of a next solution will be done by a circuit from a family;
in the examples and lower and upper bounds in the upcoming sections, these families are usually
of low complexity like AC® or NC!. The generator will receive the original input word plus the
previous solution. Parameters in the definition will be first the complexity of any precomputation
before the first solution is output, and second the amount of information passed from the generation
of one solution to the next.

3.1 Delay Classes with no Memory

For a family C = (C,),en of Boolean circuits, circuit C; will be the circuit in the family with i input
gates. When the length of the circuit input is clear from the context, we will usually simply write
C).| to refer to the circuit with appropriate number of input gates. In the subsequent definitions
we use K to denote a complexity classes defined by families of Boolean circuits obeying certain
complexity restrictions. Examples are the above mentioned cases K = AC® or K = NC!, but any
circuit complexity class will do. Our definitions make sense both for uniform and for non-uniform
classes.

Definition 3.1 (KC-delay). Let R be a polynomially balanced predicate. The enumeration problem
ENUM-R is in Del- K if there exists a family of K-circuits C = (Cp,)nen such that, for all inputs x,
there is an enumeration yj, ..., yx of Solg(x) and:

= Cp|(x) = y; € Solg(x),
— foralli < k: C|.|(x, Yi) = Yi+1 € Solg(x)
- C (%, yk) = yk
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Note that by the last requirement, the circuit family signals there is no further solution if the
input solution is given again as output. Moreover, we point out that, in the definition above, if x is
an input and y € Solg(x), then Cy|4|y| produces a z € Solg(x). However, if y ¢ Solg(x), nothing is
specified about the output z.

Next we consider classes where a precomputation before outputting the first solution is allowed.
The ressource bounds of the precomputation are specified by an arbitrary complexity class.

Definition 3.2 (K-delay with T-precomputation). Let R be a polynomially balanced predicate and

T be a complexity class. The enumeration problem ENuM-R is in Del7-K if there exists an algorithm
M working with resource T and a family of K-circuits C = (C,)nen such that, for all input x there
is an enumeration yj, ..., yx of Solg(x) and:

- M computes some value x*, i.e., M(x) = x*

- C(x*) = y; € Solp(x),
forall i < k: Cp.(x*,y;) = yis1 € Solr(x)
Cp(x* yk) = Yk

3.2 Delay Classes with Memory

Extending the above model, we now allow each circuit to produce slightly more than the next
solution. These additional information is then passed as extra input to the computation of the next
solution, in other words, it can serve as an auxiliary memory.

Definition 3.3 (iC-delay with auxiliary memory). Let R be a polynomially balanced predicate. The
enumeration problem ENUM-R is in Del”*- K if there exist two families of K-circuits C = (Cy)nens,
D = (Dp)nen such that, for all input x there is an enumeration yy, ..., yx of Solg(x) and:

- C1y(x) = ; and Dy (4}) = y1 € Solg(x),

- foralli < k: Cp|(x,y}) = yi,; and Dy.|(y},,) = Yi+1 € Solr(x),

- C(xyp) =y,
for1 < i < k, y; is a prefix of y}; i. e., the information y; passed on to the next round consists
of the previous solution y; plus some additional information.

When there exists a polynomial p € N[x] such that |y;| < p(|x|), for all i < k, the class is called

DelP-K, K-delay with polynomial auxiliary memory. When there exists a constant ¢ € N such that
ly;| < lyil + ¢, for all i < k, the class is called Del®- K, K-delay with constant auxiliary memory.

The idea is that the y; will contain the previous solution plus the additional memory. Hence the
superscript “c” indicates a bounded auxiliary memory size.

By abuse of expression, we will sometimes say that a problem in some of these classes above can
be enumerated with a delay in K or with a K-delay.

Also in the case of memory, we allow possibly precomputation before the first output is made:

Definition 3.4 (K-delay with T-precomputation and auxiliary memory). Let R be a polynomially
balanced predicate and T be a complexity class. The enumeration problem ENUM-R is in Del}.- % if
there exists an algorithm M working with resource T and two families of K-circuits C = (Cp)nen,
D = (Dyp)nen such that, for all input x there is an enumeration yy, ..., yx of Solg(x) and:

- M computes some value x*, i.e., M(x) = x¥,

- C.|(x*) =yj and Dy (y7) = y1 € Solr(x),

- foralli < k: C.|(x",y;) = y},, and D} |(y},;) = Yi+1 € Solr(x),
- O ) = 3

- for1 <i <k, y; is a prefix of y;.
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When there exists a polynomial p € N[x] such that |y;| < p(|x|), for all i < k, the class is called
Delr} K, K-delay with T-precomputation and polynomial auxiliary memory. When there exists a
constant ¢ € N such that |y}| < |y;| + ¢, for all i < k, the class is called Del}.- K, K-delay with
T-precomputation and constant auxiliary memory.

REMARK 1. In this paper, we focus on four different levels of memory size (none, constant, polynomial
and unbounded) and two modes of precomputation (none and polynomial time). It would make sense to
consider alternative the memory model (using a logarithmically bounded number of bits, for example)
and precomputation (linear time as it is used in the CDolin class - see [12] and next section).

3.3 Relation to Known Enumeration Class

All classes we consider in this paper with at most polynomial precomputation and polynomial
memory are subclasses of the well-known classe DelayP, even if we allow our circuit to be of
arbitrary depth (but polynomial size).

TuEOREM 3.5. If K, T C P, then Del}.-K C DelayP .

Let us briefly clarify the relation between our classes and the class CDolin of enumeration
problems that have a constant delay on a RAM after linear-time precomputation. This class was
introduced in [12].

The algorithmic problem, given a graph with n vertices, of enumerating all pairs of vertices that
are connected by a path of length 2 has only a quadratic number of solutions and is trivially in
Del-AC: one first compute the length n? word w representing the adjacency matrix of the distance
2 vertices (this can be done in depth 2); from this, enumerating the suitable pairs of vertices requires
to use an AC® routine which, given the last solution (i, j), find the position p; ; in w, finds the next
position py j» in w with a 1 and generate the binary representation of positions i and j’. Since it
is essentially the same as Boolean matrix multiplication, it is not in CDolin, assuming the before
mentioned BMM hypothesis.

On the other hand, note that the enumeration problem ENUM-PARITY, given as input a sequence
of bits with the solution set consisting only of one solution, the parity of the input, is not in Del-AC°,
since the parity function is not in AC® [1, 15]. However, since Parity can be computed in linear
time, ENUM-PARITY is trivially in CDolin.

As shown below, the computation of a constant number of time steps of a RAM can be simulated
by AC? circuits. Hence if we add linear precomputation and polynomial memory to save the
configuration of the RAM, we obtain an upper bound for CDolin. To summarize:

THEOREM 3.6. Assuming the BMM hypothesis, the classes Del-AC° and CDolin are incomparable,
and CDolin ¢ Del}, -AC’.

Proor. Only the inclusion CDolin C Delﬁ.n -AC? remains to be proved. In the CDolin context,
one considers the following RAM model. It has a series of different purpose registers : N, the
input size register; I[j], j > 0 the read-only input registers; O[], j > 0 the write-only output
registers; R[j], j > 0 the memory registers. We also use two special registers A and B to retrieve
or update information from the memory. At any moment of the computation, the input registers
I0], ..., I[N —1] contain the input. The model considers uniform cost for operations but any number
manipulated during the computation (register values and addresses) is bounded by ¢ X N, for some
fixed ¢ € N (actually, for our purpose here, the weaker constraint that every number is bounded in
length by some ¢ X log N, hence polynomially in N in values, would be sufficient). So, after a linear
time precomputation and during all intermediate constant time steps of the enumeration process,
no register contains an integer or is at an address that is beyond, say, ¢ X N. It means that at each
step, the meaningful part of the configuration of the RAM is the sequence:
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N,I[0],...,I[N - 1],A B,R[0],...,R[c- N —1],0[0],..,O[c- N — 1]
where N, I[0], ..., I[N — 1] is a representation of input x of the enumeration problem. In other words,
no other registers than those listed here will be accessed or modified.

The RAM will use +, — as basic operations together with constants 0, 1, etc. Each program is an
index set of instructions I...., [,. The instruction set of the RAM is classical: it contains affectation
between registers (including by constant values), such as A := B or A := N; operations A :== A+ B,
A := A — B; indirect addressing: R[A] := B,A := R[A],A := I[A], O[A] := B; conditional goto
statements: if A = 0 then goto Iy else goto I;; some halting instruction: Output.

Because of the existence of conditional statements, the possible labels that may appear during a
constant time computation form a tree of root I; (the first instruction) and of constant depth. The
actual path of the computation is determined by the value of the test A = 0.

The simulation of a constant number d of RAM instructions by a polynomial size constant depth
circuit works as follows. Let x* be the input of the circuit after precomputation i.e., x* for the
circuit is the sequence N, I[0],...,I[N — 1], A, B,R[0],...,R[c- N — 1],0[0],...,O[c - N — 1] where
each register is encoded over, say, ¢ - log N bits. Such a sequence describes a configuration of the
RAM. Each instruction transforms a configuration into another one.

If the current instruction of the RAM is A := A + B, then we use a constant depth sub-circuit
for addition that works on the adequate part of the input. The values of the output gates of the
sub-circuit will hence be N, I[0],...,I[N —1],A+ B,B,R[0],...,R[c- N - 1],0]0],...,O[c- N —1].
If the current instruction is an affectation between registers such as A := B, A :== N or A := i, for
some constant i, the simulation is similar.

If the current instruction of the RAM is an indirect addressing instruction such as R[A] := B,
we plug the sub-circuit that selects, in constant depth and polynomial size, which of registers
R[0],...,R[c- N — 1] has index equal to A, say R[i], and, once found replace R[i] by the value of B.
The rest of the configuration is unchanged.

If the current instruction of the RAM is if A = 0 then goto Iy else goto I; then we plug in parallel
the sub-circuit for instruction [y and for instruction /; and fork the simulation to continue from
these two branches in parallel.

After d steps, it remains to determine which of the branches is the correct one. Let t, ..., e,
e < d be the levels of the circuit where a conditional statement was simulated and A, ..., A;, be the
value of A at these instants. We know how to select the correct branch by just sequentially testing
whether A; =0.,..., A;, = 0 and output the configuration that corresponds to the satisfying tests.

The Output instruction of the RAM just mark the end of the sub-circuit simulation and forces
the output of an intermediate solution. O

In the paper, as illustrated in Figure 1, we will prove inclusions and separations among the classes
described in this section.

4 LOWER AND UPPER BOUNDS FOR NATURAL PROBLEMS

In this section we show that many natural problems, ranging from graph and hypergraph problems,
enumeration of Gray codes and satisfiability problems lie in our circuit classes.

4.1 Graph Problems

A finite graph G = (V, E) is given by a finite set of vertices V and a set E of pairs of vertices called
edges. Two vertices in a graph are adjacent if {x, y} is an edge. A vertex ¢ is reachable from s if there
exists a sequence of adjacent vertices that starts with s and ends with t. A hypergraph H = (V, &)
is a generalisation of a graph where V denotes the set of vertices and & C 2V is a collection of sets
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IncP
Del;-AC? !
e
Del*-AC? 1 -7
Dellp)-AC0
if P # NP
I |
DelP-AC° l
DellC)-AC0

I
if NP # PSPACE

Del®-AC°
Delp -ACO
Del-AC’

Fig. 1. Diagram of the classes. Bold lines denote strict inclusions.

:

of vertices called hyperedges. Thus, a graph is a particular hypergraph where all hyperedges are of
size two. A transversal of a hypergraph is a set of vertices that intersects all hyperedges, i.e., is a
subset I C V such that, forallSe€ & SNI # 0.

We first consider the enumeration problem associated with the notion of reachability in a graph.
Below, a given finite graph G = (V, E) with |V| = n will be represented as a {0, 1} word of length
n? representing its adjacency matrix.

EnuM-REACH
Input: agraphG = (V,E),seV
Output: an enumeration of vertices reachable from s

THEOREM 4.1. ENUM-REACH € DelP-AC°

Proor. Let M° be the all-zero square matrix and M' the adjacency matrix of the graph G. By
means of multiplication of Boolean matrices we successively compute M¥, 1 < k < n, the matrix
such that M*[i, j| = 1 if there exists a path of length less than or equal to k between the two
vertices i and j. Then we output all j such that M*[s, j] = 1 while M*~![s, j] = 0. We do this
until we reach convergence, i.e., until MK = M¥*~1. This can be done in AC? if we pass the last two
computed matrices M and M*~! as additional information to the last output vertex from one step
to the next. Therefore, polynomial memory is required.

O

A finite hypergraph with |V| = n can be represented as a sequence of words of length n over
{0, 1} listing its hyperedges. Let us consider the following enumeration problem.

ENUM-TRANSVERSAL
Input: ahypergraph H = (V, &)
Output: an enumeration of all transversals of H

ENUM-TRANSVERSAL is known to be in DelayP. The exact complexity of enumerating minimal
transversals (i.e., transversals which are minimal for inclusion), in particular whether it belongs to
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DelayP or even IncP, is a well-known open problem [13, 14]. Let us now turn to the enumeration
of all transversals in our context.

THEOREM 4.2. ENUM-TRANSVERSAL € Del-ACY.

ProoF. Let H be a hypergraph and & be its set of hyperedges over a set of n vertices. Every binary
word y = y; - - -y, € {0, 1}" can be interpreted as a subset of vertices. We propose an algorithm
that enumerates each of these words that corresponds to a transversal of H in lexicographical order
with the convention 1 < 0. The algorithm is as follows:

— Asafirst step output 1... 1, the trivial solution.
- Let H be the input and y be the last output solution.
— For each prefix y; ...y; of y with y; = 1 and i < n consider the word of length n,
Zt =y;...y;—101... 1.
- Check whether at least one of these words z' is a transversal of H.
- If yes select the one with the longest common prefix with y, that is the transversal z*
with the largest i and output it as the next solution.
— Else stop.

First we prove that the algorithm is correct. The transversal that is the successor of y in our
lexicographical order (where 1 < 0), if it exists, has a common prefix with y, then a bit flipped from
1 to 0, and finally is completed by 1’s only. Indeed, a successor of y necessarily starts this way, and
by monotonicity the first extension of such a prefix into a solution is the one completed by 1’s only.
As a consequence our algorithm explores all possible candidates and selects the next transversal in
the lexicographical order.

Now let us prove that this is an AC’-delay enumeration algorithm that does not require memory.
The main observation is that one can check with an AC? circuit whether a binary word corresponds
to a transversal of H. Now, for each i we can use a sub-circuit, which on input (H, y) checks whether
y; = 1 and if yes whether 2 is a transversal of H. This circuit can output (z/, 1) if both tests are
positive, and (y;, 0) otherwise. All these sub-circuits can be wired in parallel. Finally it suffices to
use a selector to output z! with the largest i for which (z/, 1) is output at the previous step. Such a
selector can be implemented by an AC? circuit. O

It is then easy to show (in a similar way) that enumeration of all dominating sets of a graph can
be done in Del-AC°.

4.2 Gray Code

Given n € N, a Gray n-code is a ranked list of elements of =" such that between two successive
words x, y there exists only one bit such that x; # y;. Since we deal with Boolean circuits, we have
to fix 3 = {0, 1}, but Gray codes are defined for arbitrary alphabets.

Throughout this paper, when we refer to Gray codes, we mean the binary reflected Gray code of
length n, denoted G", which is made of 2" words: G" = [Gy, GT, ..., G}, _,]. It is defined recursively
as follows: G! = [0,1] and, forn > 1

G" =[0Gy~ 0Gy ™!, ..., 0G| 1GhT, L. 1GT T 1GET .
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As an example let us consider the list of pairs (rank, word) for n = 4:

0: 0000 8: 1100
1: 0001 9: 1101
2: 0011 10: 1111
3: 0010 11: 1110
4: 0110 12: 1010
5: 0111 13: 1011
6: 0101 14 : 1001
7: 0100 15: 1000

Givennandr < 2",letb,_1 - - - b1bg be the binary decomposition of r and G = a,,—1 - - - a1a9 € X"
be the rth word in the binary reflected code of length n. It is well-known that, for all j =0,...,n -1,
n-1
b; = Z a; mod 2 and a; = (b; + bj41) mod 2,
=
setting b, = 0, i.e,, ay—1 = b,—;. Hence computing the rank of a word in the binary reflected code
amounts to be able to compute parity. On the other side, computing the word from its rank can
easily be done by a circuit.
While it is trivial to enumerate all words of length n in arbitrary or lexicographical order, the
computational complexity is higher for Gray code order.

THEOREM 4.3. (1) Given 1", enumerating all words of length n even in lexicographical ordering
is in Del-AC°
(2) Given 1", enumerating all words of length n in a Gray code order is in Del®- AC®\Delp-AC°

The role of the memory bit and its apparent necessity in the enumeration of binary reflected
Gray code was already raised by Knuth in [18, p. 286].

Proor. The proof of the first item is immediate.
A classical method to enumerate Gray code of length n is the following [19].

- Step 0 : produce the word 0 - - - 0 of length n.
- Step 2k + 1 : switch the bit at position 0.
- Step 2k + 2: find minimal position i where there is a 1 and switch bit at position i + 1.

This method can be turned into an AC°-delay enumeration without precomputation using one
bit of memory (to keep trace if the step is an even or odd one all along the computation). This
proves the membership in Del®-AC°.

For the lower bound, suppose C = (Cp)nen is an AC® circuit family enumerating the Gray code
of length n after polynomial time precomputation produced by machine M. We will describe how
to use C to construct an AC® family computing the parity function, contradicting the well-known
lower bound given by [1, 15].

Given an arbitrary word w = wy,_1 . .. wo of length n, we want to compute its parity ( e w;) mod
2. Let x* = M(1"). Then, w will appear as a solution somewhere in the enumeration defined by C.
Let w’ be the next word after w. There exists r such that G} = w and G}, | = w’. By comparing w
and w’, one can decide which transformation step has been applied to w to obtain w’ and thus if r
is odd or even. Note that the parity of w is 1 if and only if r is odd. Hence, one can compute parity
by a constant depth circuit operating as follows:

Input w:
n:=|wl;
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x* = M(17);

w’ = Cp(x*, w);

if last bits of w and w’ differ then v := 1 else v := 0;
output v.

Note that the computation of x* does not depend on w but only on the length of w; hence x*
can be hardwired into the circuit family, which, since M runs in polynomial time, will then be
P-uniform. But we know from [1, 15] that parity cannot even be computed by non-uniform AC°
circuit families. O

Also, given a rank or a first word, to enumerate all words of higher Gray code rank are interesting
computational problems. Let us first consider these problems where the enumeration can be done
in an arbitrary order.

ENUM-GRAY-RANK
Input: a binary word r of length n interpreted as an integer in [0, 2" [
Output: an enumeration of words of G" that are of rank at least r

ENUM-GRAY-WORD
Input: a word x of length n
Output: an enumeration of words of G", that are of rank at least the rank of x

It turns out that for those problems where the order of solutions is not important, an efficient
enumeration is possible !:

THEOREM 4.4. (1) ENUM-GRAY-RANK € Del-AC?
(2) ENUM-GRAY-WORD € Del-AC?

Proor. (1) Let r be an input of ENUM-GRAY-RANK. From r one can easily compute yo = G}
and y; = G;, | but also zp = 10---01 and z; = 10--- 00 the last two words of the binary
reflected Gray code. Suppose first that 7 is even. The enumeration step is the following:

- As a first step, output yg.
- Let r be the input and y be the last output solution.
— Compute (again) zo and y;

- Ify = yy, stop
- If y = z, then output z;
— Else,

(i) switch the bit of y at position 0, then
(i) find the minimal position i where there is a 1, and switch bit at position i + 1.
Output this word as the new solution.
The above process does not require memory. Starting from yp, it will start enumerating

binary words of rank G?,,, G, ,, G/ ... until it reaches zg = 10 - - - 01 = GJ,,_,. It then outputs
zy =10---00 = G,_, and, applying the same rules, enumerates successively GJ,,_,, G)_s,
..until y; = G7,,.

If r is odd we proceed in a similar way, exchanging the roles of zy and z;, and swapping the
order of the switches (i) and (ii) in the process.

(2) The enumeration for ENUM-GRAY-WORD with one memory bit proceeds along the same
lines as the enumeration of words of length n in Gray code order (see the proof of Theorem

!In the conference version of this paper [8] we claimed that ENuM-GrAY-WORD € Del-AC? but we were not able to produce
a proof that it is or that it is not in this class.
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4.3) in starting from the bottom, i.e., from 10.. .0, and in stopping when the enumeration
reaches x.
O

We next turn to those versions of the above problems, where we require that solutions are given
one after the other in Gray code order. For each of them, the computational complexity is provably
higher than in the above cases.

ENUM-GRAY-RANK,,4
Input: a binary word r of length n interpreted as an integer in [0, 2" [
Output: an enumeration of words of G" in increasing number of ranks starting from rank r

ENnUM-GRAY-WORD,,,.¢
Input: a word x of length n
Output: an enumeration of words of G" in Gray code order that are of rank at least the rank of x

THEOREM 4.5. (1) ENUM-GRAY-RANK,,4 € Del®-AC%\Delp-AC°.
(2) ENUM-GRAY-WORD,,, is in the class Del§,-AC®, but neither in Delp-AC® nor Del®-AC°.

PrOOF. (1) For the upper bound, we use the method described in Theorem 4.3. Since the
starting word is given by its rank r, one needs to slightly modify the approach above by
first computing G, check what the parity of its last bit is to determine what kind of step
needs to be performed first. Then we go on as in the above proof.

Suppose ENUM-GRAY-RANK,, 4 is in Delp-AC. Then by choosing x = 0" we can enumerate
all words of length n in a Gray code order in Delp -AC°, which, by Theorem 4.3, is not
possible.

(2) For the membership in DelAC’ one just computes the rank r of x during the precomputation
and uses the preceding theorem.
The first lower bound is proven exactly as above.
The second lower bound follows by an easy modification: Suppose ENUM-GRAY-WORD,,4 €
Del®-AC°. Given word w of length n, we can compute its parity in AC? as follows: Start
the enumeration of G" to compute the first solution w and next solution w’. Even with
constant memory, this can be done by a circuit of constant-depth. Then decide the parity as
in Theorem 4.3.

O

4.3 Satisfiability Problems

Let V = {x1,...,x,} be a set of Boolean variables. We denote by —x; the negation of variable x;.
A literal is a variable (positive literal) or its negation (negative literal). A clause is a disjunction of
literals. A CNF-formula is a conjunction of clauses, seen as a set of clauses. A truth assignment
I: V — {0, 1}, extended to literals in setting I(—x;) = 1 —I(x;), satisfies a clause if it assigns 1 to at
least one of its literals. A CNF-formula, or a clause set, is satisfied by an assignment if all its clauses
are satisfied. A clause is positive (resp., negative) if it contains only positive (resp., negative) literals.
A Horn clause is a clause that contains at most one positive literal. A Krom clause (or a 2-clause) is a
clause that contains at most two literals. An XOR-clause is a clause in which the binary disjunction
has been replaced by an exclusive-or disjunction. Such a clause can be seen as a linear equation
over the two elements field F,. A Horn (resp., Krom, XOR) formula is a set of Horn (resp. Krom,
XOR) clauses.
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Deciding the satisfiability of a CNF-formula is well-known to be NP-complete. Nevertheless
the problem becomes tractable for some restricted classes of formulas, e.g., Horn, Krom and XOR-
formulas. For such classes we investigate the existence of an AC’-delay enumeration algorithm.
First we consider monotone formulas.

ENUM-MONOTONE-SAT
Input: a set of positive (resp. negative) clauses C over a set of variables V
Output: an enumeration of all assignments over V that satisfy C

The following positive result is an immediate corollary of Theorem 4.2.
THEOREM 4.6. ENUM-MONOTONE-SAT € Del-AC’.

If we allow polynomial precomputation, then we obtain an AC°-delay enumeration algorithm
for a class of CNF-formulas, referred to as IHS in the literature (for Implicative Hitting Sets, see
[9]), which is larger than the monotone class. A formula in this class consists of monotone clauses
(either all positive or all negative) together with implicative clauses.

Enum-IHS-SAaT

Input: a set of clauses C over a set of variables V, with C = M U B, where M is a set of positive
clauses (resp. negative clauses) and B a set of clauses of the form (-x) or (x V —=x”) (resp.
of the form (x) or (x V =x”))

Output: an enumeration of all assignments over V that satisfy C

THEOREM 4.7. ENUM-THS-SAT € Delp-AC® \ Del*-AC°.

ProOOF. Let C be a set of clauses over a set of n variables V = {xy,...x,}, with C = P U B, where
P is a set of positive clauses and B a set of binary clauses of the form (—x) or (x V —x’). Any truth
assignment can be seen as a binary word of length n.

Observe that contrary to the monotone case 1....1 is not a trivial solution. Indeed a negative
unary clause (—x) in 8 forces x to be assigned 0, and this truth value can be propagated to other
variables by the implicative clauses of the form (x V —x”). For this reason as a precomputation step
we propose the following procedure:

— Build a directed graph G whose set of vertices is V. For any 2-clause (x V —x”) in 8B there is
an arc (x,x’) in G.
— For each variable x compute tc(x) the set of vertices that are reachable from x in G.

Intuitively tc(x) contains all variables that have to be assigned 0 in any satisfying assignment in
which x is assigned 0. Observe that any variable x such that (-x) € 8 has to be assigned 0, and
so have to be all the variables in tc(x). We replace all these variables by their value and simplify
the set of clauses accordingly. If the empty clause occurs, then C is not satisfiable, otherwise it is
satisfiable by the 1...1 assignment.

So in the following w.l.o.g we suppose that C is satisfiable and has no negative unary clause.

Once the precomputation has been performed, we propose an algorithm that enumerates all
truth assignments satisfying C in lexicographical order with the convention 1 < 0. The algorithm
is as follows:

— As afirst step output 1... 1 the trivial solution.
— Let the set of clauses, C, together with the set of lists of vertices reachable from each vertex
x in the digraph G, {tc(x)|x € V}, be the input and y be the last output solution.
- For each prefix y;...y; of y with y; = 1 and i < n consider the word of length n,
Z'=y;...y;_10Wiy; ... wy,, where for j > i+1, w; =0ifx; € te(x;)U U te(xy),
{klk<i, ye=0}
and w; = 1 otherwise.
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- Check whether at least one of these words z' is an assignment satisfying C.

— If yes select the one with the longest common prefix with y, that is the satisfying
assignment z’ with the largest i and output it as the next solution.

- Else stop.

Observe that y; ... y;—10 is the prefix of a solution if and only if y; ... yi—10Wj4; ... w, as it is
defined is a solution. Moreover if y; ... y;—10wi4; ... W, is a solution, then it is the first one in the
considered lexicographical order with prefix y; . .. y;—10. The proof that the algorithm is correct is
then similar to the one of Theorem 4.2. The precomputation can be done in polynomial time, and
when done allows an implementation of the enumeration algorithm with constant-depth circuits,
thus proving that ENumM-THS-SaT € Delp-AC°.

For the lower bound, consider the ST-CONNECTIVITY problem: given a directed graph G = (V, A)
with two distinguished vertices s and ¢, decide whether there exists a path from s to ¢ in G. From G,
s and t we build an instance of ENUM-IHS-SAT as follows. We consider a set a clauses C = P U B,
where P = {(s Vt)} and B = {(-s)} U {(x V =) | (x,y) € A}. This is an AC’-reduction.

Observe that there exists a path from s to t if and only if C is unsatisfiable. Suppose that
ENUM-THS-SAT € Del*-AC’, this means in particular that outputting a first assignment satisfying
C or deciding there is none is in AC. Thus the above reduction shows that ST-CONNECTIVITY is in
ACY, thus contradicting the fact that ST-CONNECTIVITY is known not to be in AC? (see [1, 15]). O

Surprisingly the enumeration method used so far for satisfiability problems presenting a kind of
monotonicity can be used for the enumeration of all assignments satisfying a Krom set of clauses
(i.e., a 2-CNF formula) as soon as the literals are considered in an appropriate order.

THEOREM 4.8. ENUM-KROM-SAT € Delp-AC? \ Del*-AC°.

Proor. The proof builds on the algorithm in [2] that decides whether a set of Krom clauses is
satisfiable in linear time.
Let C be a set of 2-clauses over a set of n variables V. We perform the following precomputation
steps:
— Build the associated implication graph, i.e., the directed graph G whose set of vertices is the
set of literals V U {o : v € V'} where v represents the literal —v. For any 2-clause (I V I’) in
C there are two arcs | — I’ and I’ — [ in G. Observe that G has a duality property, i.e., if
| — I’ is an arc of G, then so isl’ — I
— For each literal / compute tc(/) the set of vertices that are reachable from [ in G.

Intuitively tc() contains all literals that have to be assigned 1 in any satisfying assignment in
which [ is assigned 1. Moreover, a given truth assignment is satisfying if and only if there is no arc
1 — 0 in the graph in which every literal has been replaced by its truth value.
From this precomputation we can decide whether C is satisfiable. Indeed, it is proven in [2] that
C is satisfiable if and only if no strongly connected component of G contains both a variable x
and its negation, i.e., there is no variable x such that x € tc(x) and X € tc(x). We can also detect
equivalent literals.
So in the following w.l.o.g we suppose that C is satisfiable and has no equivalent literals. In
particular G is then a directed acyclic graph.
We then go on with two additional precomputation steps:
— Compute a topological ordering of the vertices of G, which is denoted < in the following.
- In searching through this topological ordering build an ordered sequence M = (I3,...,1I,) of
n literals corresponding to the first occurrences of all variables i.e., for all i, j < ns.t. i # j:
li# 1 and ] # 1.
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Once the precomputation has been performed, we propose an algorithm that enumerates all truth
assignments satisfying C. Note that these truth assignments will be given as truth assignments on
M (that is, on literals, not variables), in lexicographical order. In particular the all-zero assignment
does not assign all variables to 0, but all literals in M to 0. The algorithm is as follows:

— Asafirst step output 0. . . 0 the first solution.
— Let the set of clauses, C, together with the set of lists of vertices reachable from each vertex
I in the implication graph G be the input and y be the last output solution.
- For each prefix y;...y; of y with y; = 0 and i < n consider the word of length n,
i = Yi...Yi-11Wipq ... Wy, where for j > i+ 1, w; = 1if [; € te(l;) U U te(ly),
{klk<i,ye=1}
w; = 0 otherwise.
— Check whether at least one of these words z’ is an assignment satisfying C.
— If yes select the one with the longest common prefix with y, that is the satisfying
assignment z' with the largest i and output it as the next solution.
— Else stop.

To prove that the algorithm is correct we have to prove the following:

— The assignment [; =0,..., [, = 0 is satisfying.
- Foralli<n-1,y;...y; € {0, 1}!is the prefix of a solution if and only if y; ... yiwit1 ... Wy
where for j > i+ 1, w; =1ifl; € U tc(lx), and w; = 0 otherwise, is a solution.
{klk<,yr=1}

Observe that if y; ... y;wis1 ... wy is a solution, then it is the first solution with prefix y; ...y; in
our lexicographical order.

The fact that the assignment [y = 0,...,1I, = 0 is satisfying follows from the proof in [2]. In seek
of completeness let us reprove it. In order to get a contradiction suppose it is not the case. This
means that there are /; and [; in M such that E — I;. By duality one can suppose w.l.o.g thati < j.
On the one hand i < j implies that in the topological order /; < [;, while on the other hand E -
implies [; < I;. So we have I; < I; < I;, which contradicts the fact that /; (and not [;) is in M.

Now let us prove that y; . .. y; is the prefix of a solution if and only if y; ... y;wis1 ... w, where
forj>i+1,w;=1ifl; € U tc(lk), and w; = 0 otherwise, is a solution.

{klk<iye=1}

One implication is trivial. So, let us suppose that y; ... y;wis1 ... wy is not a solution. Then, by
replacing the literals with their truth values in the graph, an arc 1 — 0 appears. There is a discussion
on the variables underlying this arc.

If the observed contradiction involves two variables whose truth values are fixed by the prefix,
then y; ... y; is not the prefix of any solution.

Suppose now that the observed contradiction involves two variables such that one has its truth
value fixed by the prefix, the other not. Then they are two literals [, and [; withh < iand j > i+1,
such that by duality either:

- Iy —=lj,y,=1and w; =0, or
-l —>l,yp=1andw; =1, 0r
- E—) lj,yp = 0and w; = 0, or
- E—)f,yh =0andw; = 1.
Suppose that I, — [, y, = 1 and w; = 0. The arc I, — [; implies that I; € tc(ly), which together
with y, = 1 implies w; = 1 by definition, a contradiction.
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Suppose now that I, — [;, y, = 1and w 7 = 1. On the one hand [;, — E implies that any satisfying
assignment that assigns 1 to I, assigns 0 to [;. On the other hand w; = 1 means any satisfying
assignment that starts by y; ... y; assigns 1 to [;. Hence, since y, = 1 we get a contradiction.

Anarcl, — | ;i cannot occur. Indeed, by duality we have then also E — I, which implies that
l_j < I, in the topological order. The fact that h < j implies I < [;. Thus we have E <y <4
Hence contradicting the fact that [; (and not E) isin M.

Finally an arc I — E cannot occur either. Indeed by duality there is then also the arc [; — I,
which implies [; < [, in the topological order. But, since h < j, we have also [, < [;, a contradiction.

It remains to deal with the case where the observed contradiction involves two variables whose
truth values are not fixed by the prefix. Then they are two literals [; and I withi+1 < j < k, such
that by duality either:

o~

j—>l_k,wj=1andwk=0,or

~

i = Ik, wj=1and wy =1, 0r
- l_j—>lk,wj=0andwk=0,0r
~ 1l > I, w; =0and wy = 1.

Suppose I; — I, w; = 1 and wy = 0. By definition w; = 1 means that there is an h < i such that
yn = 1and [; € tc(ly). But then, the arc [; — I; implies that also i € tc(ly), thus contradicting the
fact that wy = 0.

Suppose now that [; — I, w; = 1 and wi = 1. On the one hand [; — Ie implies that any
satisfying assignment that assigns 1 to [;, assigns 0 to . Since w; = 1 this means in particular that
any satisfying assignment that starts by y; ... y; assigns 0 to I. On the contrary wy = 1 means that
any satisfying assignment that starts by y; ... y; assigns 1 to [, a contradiction.

The last two cases cannot occur, for the same reasons as in the discussion above: the existence of
such arcs either contradicts the definition of M or the definition of a topological order.

The precomputation can be done in polynomial time, and when done allows an implementation
of the enumeration algorithm with constant-depth circuits, thus proving that ENUM-KrRoOM-SAT €
Delp 'ACO.

For the lower bound, the proof given in Theorem 4.7 applies. O

We next turn to the special case where clauses are XOR-clauses, i.e., clauses in which the usual
“or” connective is replaced by the exclusive-or connective, @. Such a clause can be seen as a linear
equation over the two elements field F,.

ENUM-XOR-SAT
Input: a set of XOR-clauses C over a set of variables V'
Output: an enumeration of all assignments over V that satisfy C

If we allow a polynomial precomputation step, then we obtain an AC’-delay enumeration
algorithm for this problem. Interestingly this algorithm relies on an efficient enumeration of binary
words in a Gray code order style (in which two consecutive outputs differ on one or two digits
only) that we have seen in the previous section and contrary to the satisfiability problems studied
so far does not provide an enumeration in lexicographical order.

THEOREM 4.9. ENUM-XOR-SAT € Delp-AC? \ Del*-AC°.

ProoOF. Observe that a set of XOR-clauses C over a set of variables V = {xy, ... x,} can be seen as
a linear system over V on the two elements field F,. As a consequence enumerating all assignments
over V that satisfy C comes down to enumerating all solutions of the corresponding linear system.
As a precomputation step we propose the following procedure:
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- Apply Gaussian elimination in order to obtain an equivalent triangular system. If the system
has no solution stop. Otherwise we can suppose that the linear system is of rank n — k for

some 0 < k < n— 1, and without loss of generality that x, .. ., xi are free variables, whose
assignment determines the assignment of all other variables in the triangular system.

- Compute a first solution sy corresponding to xy, ..., xx assigned 0. ..0.

- For each i = 1,...,k compute the solution s; corresponding to all variables in x,,...xx

assigned 0 except x; which is assigned 1. Compute then the influence list of x;, L(x;) =
{i 1 k+1<j < nso(x;) # si(x;)}. The influence list of x; gives the bits that will be
changed when going from a solution to another one in flipping only the bit x; in the prefix
corresponding to the free variables. Observe that this list does not depend on the solution
(so in the definition) we start from.

With this precomputation one can decide whether the system has solutions and if yes easily
output a first solution, corresponding to the prefix x; = ... = xx = 0. Then the enumeration
procedure uses a memoryless enumeration of binary prefixes of length k such that two successive
prefixes differ only in one or two bits similar to that of Theorem 4.4 (for ENUM-GRAY-RANK).

The algorithm is as follows:

- As a first step compute a first solution sy corresponding to xi, ..., x assigned 0...0. If it
exists, output it, else stop.

— Let the triangular system obtained from Gaussian elimination together with the set of
influence lists of all free variables {L(x;)|1 < i < k} be the input and s = wwjy ... wp,
where w is a prefix of length k, be the last output solution.

- Ifw=0---01, stop
- Ifw=10---01, thenw’ := 10---0 (w and w’ are then the last two words of the binary
reflected Gray code and differ only at position 0, i.e., on the value assigned to xi).
Compute s" = w'w;_ ... wy, where for j > k+1, w} =1-w;if j € L(xx), and w} =w;
otherwise. Output s” as the next solution.
— Else,
(i) switch the bit of w at position 0, then
(ii) find the minimal position i where there is a 1, and switch bit at position i + 1.
Let w’ the word so obtained. Then w’ and w differ only on two positions, say the
i;th and the i;th. Compute s" = w'w;_ ... w, where for j > k + 1, w} =1-wjif
J € (L(xy) UL(x3,)) \ (L(x;) N L(x;,)), and w;. = w; otherwise. Output s’ as the next
solution.

The precomputation runs in polynomial time. The system has 2¥ solutions, one for each possible
prefix on xi, ..., xx. The enumeration of these prefixes as proposed can be done with AC’-delay
as already seen in the proof of Theorem 4.4. In this enumeration, two successive prefixes differ
exactly on two indices, except once when we reach the last but one word in the Gray code and then
move to the last one (in which case, the two words differ only on the bit at position 0). When two
successive prefixes differ exactly on two indices i; and iy, then we can then go from one solution to
the next one in flipping in the former solution the variables which are either in the influence list of
x;, or in the influence list of x;, but not in both. When the two prefixes differ only on the index k,
then we go from one solution to the next one in flipping in the former solution the variables in the
influence list of xi. Since the influence lists have been computed in the precomputation step, this
can be done with constant depth circuits with no additional memory, thus concluding the proof.

To show that ENUM-XOR-SAT ¢ Del*-AC° we remark that a word w = wy...w, € {0,1}" has an
even number of ones iff the following set of XOR-clauses C has a solution:

C={X1 =W,X3=Wg, e, X = W, X] DX2D -+ ® x;, =0}
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Moreover, all words of length n can be mapped to such systems of the same length. O

Above we have covered most of the tractable enumeration problems for satisfiability of clause
sets except ENUM-HORN-SAT, defined as follows:

ENnuM-HORN-SAT
Input: a set of Horn clauses C over a set of variables V
Output: an enumeration of all assignments over V that satisfy C

For this problem we only have a DelayP upper bound. But we can show that with unlimited
memory and polynomial-time precomputation we can enumerate ENUM-HORN-SAT in AC’.

THEOREM 4.10. ENUM-HORN-SAT € Del;-AC? \ Del*-AC’.

Proor. Let C be a set of clauses over a set of variables V with |V| = n, given as an instance
of the satisfiability problem. The clause set C can be identified with its variable-literal incidence
relation, which can be encoded by a word x € {0, 1}* of length |C| X 2n.

The enumerating circuit family works as follows:

(1) We use the preprocessing phase to compute n satisfying assignments sy, ..., s, of C.

(2) We build in n steps a memory y containing all the 2" possible assignments for variables in V.
During this generation, the circuit enumerates the assignment s;, 1 < i < n. To produce y
we use a recursive definition of all binary words of size n than can be generated by doubling
the memory size at each step. We make use of the definition of the binary reflected Gray
code in Section 4.2 to realize this recursive procedure. In detail, the algorithm works as
described next.

As before, we use brackets and separators for sequences of binary words to ease the reading.
Let us recall the notation: G! = [0, 1] and, more generally, G" is the list of the words of the
binary reflected Gray code of length n; we saw that G" is defined recursively for n > 1 by

G" =[0Gy~ 0Gy ™Y, ..., 0G| 1GhT, ... 1GT T 16T

The circuit families (C}.|) and (D}.|), computing the memory and the output from step to
step are defined as follows:

— First C|.|(x) computes y; = s;G'. We set D|.|(y}) = s1.

- For 1 < i < n, given input x and the previous memory y;_;, the circuit C|.; computes
Cp(x,y;_,) =y} =s;G'. Here, G' is easily computed by a circuit of size polynomial in
|x| and |G'~1| = 21 in constant depth. According to the above definition, it just has to
output G'~! followed by a mirror image of itself and append 0 to all words of G'~! and
1 to all words of the mirror image. We set D|.|(y]) = s;.

— After n steps, the memory isy = G" = [G}, G, ...,G}._,].

(3) We view y as a sequence of all candidate assignments of C. In y we mark all candidates
which are actual solutions that have not been output yet.

(4) In AC® we can find the first marked candidate, output it, and unmark it. We repeat this step
until all solutions have been output.

That ENUM-HORN-SAT ¢ Del*-AC® follows from the fact that the satisfiability problem for Horn
formulas is P-complete [20] and therefore not in AC°. O

Observe that the above proof relies on the two facts that we can compute polynomial number
of solutions in polynomial time and that the underlying relation is AC’-checkable. Therefore we
conclude:

COROLLARY 4.11. Let R be a polynomially balanced relation such that ENUM-R € IncP andR is
AC°-checkable. Then ENUM-R € Del;-AC°.
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5 SEPARATIONS OF DELAY CLASSES DEFINED BY CIRCUITS

In the previous results we already presented a few lower bounds, but now we will systematically
strive to separate the studied classes.

As long as no precomputation is allowed, we are able to separate all delay classes with bounded
auxiliary memory. With precomputation, the situation seems to be more complicated. We obtain
only a conditional separation of the class with constant memory from the one without memory at
all. Finally we obtain a conditional separation of the classes with unbounded memory from the
ones with polynomially bounded memory.

5.1 Unconditional Separations for Classes without Precomputation

THEOREM 5.1. Del-AC® ¢ Del®-AC”

Proor. Let x € {0,1}", |x] = n € N*, x = x;...x,. We denote by m = [logn] + 1. Let Ry, be
defined for all x € {0, 1}* as the union of the two following sets A and B:

- A={ye{01}|lyl=my#0my+1m}
- B={1™} if x has an even number of ones, else B = { 0™}.

We denote by zi, ..., z; an enumeration of elements of A. Clearly, |R (x)| = t + 1 and ¢t > n.
To show that Ry € Del®-AC’, we use the enumeration of elements of A (which is easy) and one
additional memory bit that is transferred from one step to the other to compute PariTy. Indeed, we
build families of circuits (C,) and (D,) according to Definition 3.3 as follows.

— First C|.|(x) computes yj = z;b' where b' = x1, and D|.|(v}) = z1.

- For 1 < i < t, the circuit Cp.|(x,y}_,) computes y;, where y} = z;b’ with b’ = b & x; if
i<n,andb’ =b""! else, and D} |(y}) = z;.

- After t > n steps, the memory bit b* contains a 0 if and only if the number of ones in x is
even. According to this, we either output 1™ or 0™ as last solution.

Note that the size of the solutions is m, the size of the memory words above is m + 1, hence
we need constant amount of additional memory. The circuit families (C,) and (D,,) are obviously
DLOGTIME-uniform.

Suppose now that R; € Del-AC® and let (C,) be the associated family of enumeration circuits. We
construct a circuit family as follows: We compute in parallel all C}.|(x) and C}.|(x,z;) for 1 <i < ¢.
In this way, we will obtain among other solutions either 0™ or 1. We accept in the first case. Note
that the z; are the same for all inputs x of the same length. Thus, we obtain an AC° circuit family
for parity, contradicting [1, 15]. O

By extending the above approach, one can prove the following separation:
THEOREM 5.2. Del®-AC” ¢ Del’-AC’

Proor. For a given x € {0,1}", n = |x|, we denote by m = [loglogn] + 1. Let Ry, be defined for
all x € {0,1}* as the union of the two following sets A and B:
- A={ye{01}|lyl=my#0my+1m}
- B ={1™} if x has an even number of ones, else B = { 0™}.

We denote by zi, ..., z; an enumeration of elements of A. Clearly, |[R.(x)| =t + 1 and t > logn.

To show that Ry € Del?-AC®, we mimic the proof of the computation of the parity of n input bits
with a tree of binary parity-gates. Indeed, we build families of circuits (C,) and (D,) according to
Definition 3.3 as follows.

1

[n/2] = Xn- We set

- First C|.|(x) computes y; = z;b' where bjl. = Xj-1 @ Xxzj; if n is odd then b
D|.|(yf) =2zi.
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- For 1 < i < t, the circuit C.|(x,y}_,) = y}, where y} = z;b' where bj. = b;;il ® bé;l for
1 < j < [n/2];if |b!| is odd then the last bit of b is the last bit of b, We set Dy (y}) = z.
- After t > logn steps, the bit b’ contains a 0 if and only if the number of ones in x is even.

According to this, we either output 1™ or 0™ as last solution.

Note that the memory words above are of linear size.

Suppose now that Ry € Del®-AC°. Let (C,), (D,) be the associated families of enumeration
circuits and let ¢ € N be the space allowed for additional memory. Fix an input x, |x| = n. Let ¢
be as above. Now, for any sequence bl,...,b""! of additional memory, where one bl is empty and
all the others have length exactly ¢, we can check in AC? that this is a correct sequence: First, in
parallel, we compute for every b', the value C.|(x, z;b"). Then, we check in AC® that this value is of
the form z;b/ for some j and that each z;b’ appears only once as an image (as a parallel pairwise
check of inequalities). Here, for the empty memory word ¢ we let ze = ¢. For the correct sequence,
we check as in the proof of Theorem 5.1 if the solution 0™ or 1™ will appear.

Since the length of a sequence of additional memory words is at most O(ct) = O(clog n), their
number is polynomial in n and we can do all the above checks in parallel. Hence we obtain an AC®
circuit for parity which does not exist. O

The PARITY problem can be seen as an enumeration problem: given x, one output the unique
solution 1 if the number of ones in x is even. One outputs 0 if it is odd. Since as a function problem,
PARITY can not be in Del?-AC? (the fact there is only one solution makes memory useless). It is
obviously in DelayP. This implies that Del?-AC® ¢ DelayP. Putting all the previous results together,
we conclude:

COROLLARY 5.3. Del-AC° € Del®-AC°® ¢ Del?-AC® ¢ DelayP.

5.2 Conditional Separation for Classes with Precomputation

If precomputation is allowed, the separation proofs of the previous subsection no longer work; in
fact we do not know if the corresponding separations hold. However, under reasonable complexity-
theoretic assumptions we can at least separate the classes Delp-AC? and Delj-AC°. Note that in
Theorem 4.3 we already proved a separation of just these two classes, but this concerns only the
special case of ordered enumeration, and does not say anything about the general case. We find it
interesting that the proof below relies on a characterization of the class PSPACE in terms of regular
leaf-languages or serializable computation [16, 24].

THEOREM 5.4. IfNP # PSPACE, then Del®-AC \ Delp-AC® # 0.

Proor. Hertrampf et al. [16] proved that PSPACE is AC?-serialisable, i. e., every PSPACE decision
algorithm can be divided into an exponential number of slices, each requiring only the power of
AC? and passing only a constant number of bits to the next slice. More formally, for every language
L € PSPACE there is an AC?-circuit family C = (Cp)nen, numbers k, I € N such that every C,, has
k output bits and for every input x, |x| = n, N = n+n! + k, x € L if and only if it =1...1where

——

k
- y; is the i-th string in {0, 1} in lexicographical order,
- ¢1 =Cn(x,91,0...0),and
~———
k

- ¢i=Cn(x,yjcim1) for1 <i < o'
Depending on L we now define the relation

R(x) = {0y € {0, 1}" |y|:nl}U{l"l+1 |xeLyu{10" |x¢L}.
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To enumerate Ry, with constant auxiliary memory, we construct circuit families C’ = (C;,) e and
D’ = (D;,)nen as follows:

- Cl’"(x) = (yo, ¢) where ¢ = Cn(x,70,0...0)
- Cl'_‘(x, (i, ¢)) = (yir1, ') for 0 < i < 2" and ¢’ = Cn(x,yi,c),
’ 1
- CH (xs (yznl’ C)) = (ln +1s C)
- O] (% (1", 0) = (17, ¢)
- D[ (ys0) = Oy; for 1 < i < 2
- Dl’.l(lnl“,c) = '+l if Cn (% Yputsc) =1...1, 10" else.
——
k
Thus we see that Ry, can be enumerated with k bits of auxiliary memory, i.e, ENUM-R}, € Del®-AC°.
Now suppose ENuM-Ry € Delp-AC? via AC®-circuit family C = (Cp)nen. Then L € NP by the
following algorithm.
- Given x, use precomputation to produce x™.
Check if C.(x*) = 17°+1, If yes, accept.
- Guess some output y € Ry (x).
Check that C|.|(x*,y) = 1+
If yes, then accept.

5.3 Conditional Separation for Classes with Unbounded Memory

In this section we separate polynomial memory classes from those with unbounded memory under
condition. In doing so we prove that AC’-delay classes with unbounded auxiliary memory are
atypical classes that are included in none of the well-known classes, neither in DelayP nor in IncP.

THEOREM 5.5. IfP # NP, then Del"-AC? \ Delb-AC® # 0.

ProoF. Let C be a set of propositional clauses over a set of variables V with |V| = n. As before,
we identify the clause set C with its variable-literal incidence relation x € {0, 1}* of length |C| X 2n.

Let m = [logn] + 1 and Ry (x) be defined for all x € {0,1}" as the union of the two following
sets A and B:

- A={ye{01}|lyl=my+0my+1m},
- B={1™m}if C is satisfiable, else B = { 0™}

Let zy, ..., z; be an enumeration of elements of A. It holds that t > n.

We show that ENum-R; € Del"-AC’. We use an approach similar to the one in the proof of
Theorem 4.10 and proceed by building in at most O(n) = O(2™) steps a memory y containing
all the 2" possible assignments for variables in V. During this generation, the circuit enumerates
all elements in A. Once this is done, we check in constant depth if at least one of the possible
assignments in y is satisfying.

The circuit families (C).|) and (D).|), computing the memory and the output from step to step
are defined as follows:

— First C|.(x) computes y} = z;G', and D|.(y}) = z1.

- For1 < i < n < t, given input x and the previous memory y;_1, C|.| computes C|.|(x,y;_,) =
y; = z;G', and Dy |(y}) = z:.

- Once yj, has been produced, just enumerate the remaining elements of A if any.
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- After t steps, the memory is G" = [G}, GY, ..., G}._,]. We just check in constant depth if

one of G;’, j<2mlisa satisfying assignment for C.
Suppose now that ENUM-R;, € Delg -AC’. The whole process, including precomputation and
generating the elements of A, is polynomial time since ¢t = O(n). Hence, we can decide in polynomial
time if C is satisfiable. Contradiction with the fact that P # NP. O

The following corollary is obvious.
COROLLARY 5.6. IfP # NP, then Delb-AC® ¢ Del;-AC and Del?-AC° ¢ Del*-AC".

Coming back to the relation betweeen Delj,-AC’ and the classes DelayP and IncP, we now can
state the following.

COROLLARY 5.7. IfP # NP, then Del"-AC°® ¢ IncP.

Proor. Consider the relation Ry € Del"-AC? from the proof of Theorem 5.5. Suppose now that
R;, € IncP. As above, the whole process of generating the elements of A is then polynomial time
since t = O(n). Hence, we can decide in polynomial time if C is satisfiable. Contradiction with the
fact that P # NP. O

6 CONCLUSION

In this paper we introduced complexity classes for enumeration based on circuits that we regard as
subclasses of DelayP corresponding to efficient parallel enumeration. Considering different bounds
for precomputation and for space we obtain a hierarchy of classes and prove its usefulness by
placing natural problems in different classes from our framework. The obtained inclusion relations
among the classes we introduced are summarised in Fig. 1.

We noted earlier that in our context, enumeration problems are defined without a complexity
assumption concerning the underlying relation. We should remark that quite often, a polynomial-
time upper bound is required, see [6, 22]. All of our results, with the exception of the conditional
separations in Sect. 5 also hold under the stricter definition; however, the relation Ry, used in the
lower bounds in Subsect. 5.2 is based on a PSPACE-complete set and therefore, to check whether
y € Ry (x) requires polynomial space w.r.t. the length of x. Similarly for Theorem 5.5, the argument
is based on a relation that is NP-complete. It would be nice to be able to base these separations on
polynomial-time checkable relations, or even better, to separate the classes unconditionally, but
this remains open. Moreover, some further inclusions in Fig. 1 are still not known to be strict.

In Subsect. 4.3, we proved that, for several fragments of propositional logic, among them the Krom
and the affine fragments, the enumeration of satisfiable assignments is in the class Delp-AC°. This
means satisfiable assignments can be enumerated very efficiently, i. e., by an AC°-circuit family, after
some precomputation, which is also efficiently doable (in polynomial time). For another important
and very natural fragment of propositional logic, namely the Horn fragment, a DelayP-algorithm
is known, but it is not at all clear how polynomial-time precomputation can be of any help to
produce more than one solution. An incomparable upper bound that we proved in this paper is
ENUM-HORN-SAT € Del;;-AC? (Theorem 4.10). We know that ENuM-HORN-SAT ¢ Del*-AC’, and
we conjecture that it is not in Delp-AC®. The exact status of ENUM-HORN-SAT remains open.

Introducing unbounded memory allows to generate all candidate solutions and check them in
parallel, which makes our classes too powerful. Actually, under the assumption P # NP we know
that Del*-AC? is incomparable with both DelayP and IncP, since Del*-AC® ¢ IncP (Corollary 5.7)
and DelayP ¢ Del*-AC? (witnessed by ENUM-HORN-SAT). Note that when using preprocessing, we
still know that Del-AC° ¢ IncP, but the other direction and even the inclusion DelayP C Delj,-AC°
is open.
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