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ABSTRACT. We prove that a C¥, k > 2 pseudo-rotation f of the
disc with non-Brjuno rotation number is C*~!-rigid.

The proof is based on two ingredients : 1) we derive from
Franks” Lemma on free discs that a pseudo-rotation with small
rotation number compared to its C! norm must be close to the
identity map; 2) using Pesin theory, we obtain an effective finite
information version of the Katok closing lemma for an area pre-
serving surface diffeomorphism f, that provides a controlled gap
in the possible growth of the derivatives of f between exponential
and sub-exponential.

Our result on rigidity, together with a KAM theorem by Riissmann,
allow to conclude that analytic pseudo-rotations of the disc or the
sphere are never topologically mixing. Due to a structure theorem
by Franks and Handel of zero entropy surface diffeomorphisms,
it follows that an analytic conservative diffeomorphism of the disc
or the sphere that is topologically mixing must have positive topo-
logical entropy.

1. INTRODUCTION

1.1. On rigidity of pseudo-rotations. We denote the unit disc in IR?
by D = {(x,y) € R? : x>+ y*> < 1}. A homeomorphism of D that
preserves Lebesgue measure, fixes the origin, and has no other pe-
riodic points is called a pseudo-rotation. Since every point of the disc
apart from the origin must have the same irrational rotation number
around the origin defined modulo 1 (see for example [6, Corollary
2.6] or [7, Theorem 3.3]), we call this number p(f) and we designate
the origin as an elliptic fixed point with rotation number p(f). If the
pseudo-rotation is differentiable, its Jacobian at the origin would be
conjugated to the rotation matrix of angle p(f).
In [3], Bramham showed that when the rotation number of a pseudo-

rotation is very well approximated by rationals then the pseudo-
rotation is C%-rigid, in the sense that a subsequence of its iterates
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converges to the identity map in the uniform topology. In this pa-
per, we generalize Bramham’s result in two ways: first, we extend
the result to non-Brjuno rotation numbers, and second we establish
rigidity in higher regularity.

We recall that a number « € R/Z — Q is said to be of Brjuno type
if

i In(gy+1)

n=0 qn
where g, is the sequence of denominators of the best rational ap-
proximations to a.

A diffeomorphism of class C¥, k € IN U {c0}, is said to be C¥ rigid
if there exists a sequence g, such that f7* converges to the identity
map in the CF topology. If we just know that the latter holds in a
fixed neighborhood of some point p, we say that f is C* locally rigid
at p.

Our main rigidity result for pseudo-rotations is the following.
Theorem 1. If f isa C¥, k > 2, pseudo-rotation of ID with rotation number
w = o(f) that is not of Brjuno type, then f is C*=1 rigid : There exists a
subsequence qn; of the sequence g, («) such that " — Idp in the Ck=1
topology.

When the rotation number is well approximated by rationals we

do not need too much regularity to show rigidity of a pseudo-rotation.
Indeed, a number « € R/Z — Q is said to be super-Liouville if

< 4o

lim sup q;l Ing,41 = +oo.

We then have the following rigidity result in which the case Holder
with exponent a = 1 corresponds to Lipschitz maps.

Theorem 2. If f is a pseudo-rotation of the disc ID that is Holder with
exponent a € (0,1] and if « = p(f) satisfies

limsup g, *a%" Ing,, 1 = +o0
then f™i — Idp in the uniform topology for any sequence n; such that
lim qn]._laq”f In gy 11 = +oo.

For any given modulus of continuity, we can by the same method
obtain arithmetic criteria that imply rigidity of a pseudo-rotation
with this modulus of continuity.

Theorems 1 and 2 generalize an earlier result by Bramham [3]. Our
proof is based on Brouwer’s theory of fixed point free planar home-
omorphisms, and more precisely on Franks’ free disc Lemma. As
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such, it is much more elementary than Bramham’s proof that relies
on the theory of pseudo-holomorphic curves. On the other hand
Bramham'’s approach yields more information on irrational pseudo-
rotations than rigidity since he obtains for them periodic approxima-
tions with estimates (see [2] and also [15] for an approach based on
generating functions).

We will always denote by ||g|| the supremum norm of a map g.
The essential idea in our proof of Theorem 1 is that if a pseudo-
rotation f has a rotation number that is small compared to ||Df||~2
then f must be close to the identity map, because otherwise f would
have a periodic point outside the origin which is a contradiction. The
proof of the latter fact is based on a simple observation that combines
Franks’ free disc lemma with Kac’s lemma to give a lower bound
on the measure of free topological discs of a pseudo-rotation with
a small rotation number (see Lemma 2.1 and Corollary B in Section
2). The rigidity for super-Liouville pseudo-rotations then follows
immediately since ||[Df7]| is at most exponential in g. To obtain the
rigidity of non-Brjuno numbers, we need a better bound than ex-
ponential on the growth of ||[Df7||. Such a bound exists a priori
for pseudo-rotations, and more generally for any surface area pre-
serving C? diffeomorphism of a surface without hyperbolic periodic
points. It is provided by an effective finite information version of the Ka-
tok closing lemma for area preserving surface diffeomorphisms with some
hyperbolic behavior.

1.2. A growth gap for area preserving surface diffeomorphisms.
The following result that gives a quantitative gap in the growth of
IDf™|| between exponential and sub-exponential for an area pre-
serving disc diffeomorphism of class C? is sufficient to prove rigidity
for non-Brjuno rotation numbers.

Let S be a compact smooth surface with a Riemannian metric. De-
note Diff, ;(S) the group of C" diffeomorphisms which preserve the
volume form induced by the Riemannian metric.

Theorem A. For any compact subset K C Diff>_|(S), there exists 6 €
(0,1) and H € IN* satisfying the following property: Let {q,} be a se-
quence such that qo > H, q, > H-1. If for some f € K there exists
n > 0 such that

1
L Ly g > o
qn

then f has a hyperbolic periodic point.
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Observe that our result implies that in case (1.1) holds for some 7,
then actually lim sup,, qln In ||[Df|| > 0, hence establishing a gap in

the possible rate of growth of | D f"||. In spirit, our approach gives an
effective instance of what Katok described as Anosov and Bowen’s
observation “that assuming some hyperbolicity conditions, dynami-
cal phenomena which are observed to almost occur for some diffeo-
morphisms usually do occur for that diffeomorphism” [14, Introduc-
tion].

Note that a finite information version of Katok’s closing lemma
was given by Climenhaga and Pesin in [4] that relies on the notion of
effective hyperbolicity. A piece of orbit being called effectively hyper-
bolic if along this piece there are nicely behaving stable and unstable
directions for the differential in the sense that expansion along the
unstable direction dominates the defect from domination over the
contracted direction and dominates also the decay of the angles be-
tween the directions under iteration.

Since we want a finitary version of the closing lemma that only
involves the growth of derivatives we prefer to give an independent
statement from [4], with a proof that takes some ideas from [4], but
differs in that the condition of conservation of area is used to con-
trol a posteriori the angles as soon as contraction and expansion are
controlled. In the general setting of [4], it is not assumed that the
maps are area preserving surface diffeomorphisms. Also, our proof
does not use graph transforms but rather follows the orbit of a small
box along a selected piece of orbit (a kind of effectively hyperbolic
piece of orbit) and shows that the return of the box to its neighbor-
hood enjoys hyperbolic-like properties that force the existence of a
hyperbolic periodic point (see Section 3).

We will give the proofs of Theorems 1 and 2 in Section 2. Theorem
A, that is of independent interest and of independent flavor from the
rest of the paper is discussed and proven in Section 3.

1.3. KAM theory and local rigidity of real analytic pseudo-rotations
with Brjuno rotation numbers. In Theorems 1 and 2, to get C° rigid-
ity of a pseudo-rotation, we only require it to be Lipschitz regular in
the case of super-Liouville rotation number and C? in the non-Brjuno
case. We will see in the sequel that our direct approach to rigidity of
pseudo-rotations cannot go much beyond non-Brjuno type numbers
(for example to include all Liouville numbers), irrespective of the
regularity of the pseudo-rotation.
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So, to cover the case of less Liouvillean numbers, we resort to
KAM theory (named after Kolmogorov, Arnol’d, and Moser). In-
deed, to bridge up from the non-Brjuno type to the ones that are of
Brjuno type, we use the KAM result of Riissmann that asserts that
an elliptic fixed point, that is precisely of Brjuno type, of an ana-
lytic area preserving surface diffeomorphism is surrounded by in-
variant curves [20], and in the case of pseudo-rotations yields local
rigidity. We thus get the following consequence of Theorem 1 and
Riissmann’s result (see Theorem 3 below)

Theorem B. Real analytic pseudo-rotations of ID are C* locally rigid
around the center.

It is worth mentioning here (see also Question 2) that no exam-
ples are available of real analytic pseudo-rotations that are not con-
jugate to a rotation. Of course, if Birkhoff’s conjecture that such ex-
amples do not exist turns out to be true, then the content of Theorem
B would obviously follow. If to the contrary such examples do exist,
then Theorem B would be saying that analytic pseudo-rotations still
share some constrictive properties of rigid rotations.

As mentioned above, to go from Theorem 1 to Theorem B we use a
KAM result of Riissmann, that does not require any twist condition,
and allows to deal with the pseudo-rotations having Brjuno type ro-
tation numbers.

Theorem 3 (Riissmann [20]). If f is an area preserving real analytic map
defined in some open neighborhood of 0 € R?, and if f(0) = 0 and the rota-
tion number o of f at 0 is of Brjuno type, then 0 is surrounded by a positive
measure set of real analytic invariant closed simple curves. Moreover, If f
has no periodic points accumulating O then f is analytically conjugated to
the disc rotation R, in some neighborhood of 0.

Theorem B is then an immediate consequence of Theorem 3 (in the
Brjuno type case) and our rigidity result of Theorem 1 (in the non-
Brjuno type case).

Actually, if in Riissmann’s Theorem f is in addition supposed to
be a pseudo-rotation close to the rotation R,, a of Brjuno type, it
holds that f is analytically conjugated to R, and a fortiori C“ rigid
(see Corollary 1 in [11] and its proof). From this rigidity result, and
from our Theorem 1, we get the following local result, in which the
notation | - |5 stands for the sup norm inside the analyticity band of
width 4.

Corollary A. Forany « € R — Q and any 6 > 0, there exists €(J,a) >
O such that if f is a real analytic pseudo-rotation with rotation number



6 A. AVILA, B. FAYAD, P. LE CALVEZ, D. XU, Z. ZHANG

p(f) = wand if

then f is C*°-rigid.

Remark 1.1. Observe that ¢(J, «) essentially depends on é and Y In(g,,+1)/qn
where g, = g, («) and that ¢(J, c0) = oo by Theorem 1.

|f_ Rtx|5 < 8((5,06)

1.4. Some consequences on zero entropy disc dynamics. Examples
of smooth dynamical systems with a rich variation of ergodic proper-
ties were constructed on the disc and the sphere. Katok constructed a
smooth conservative map of the disc that is isomorphic to a Bernoulli
shift [14]. His example, that is based on slowing down fixed points
of an Anosov automorphism of the two torus before projecting down
the dynamics on the sphere, can be made real analytic if the slowing
down is chosen adequately.

On the zero entropy side, the Anosov-Katok construction method
[1] via successive conjugations of rational rotations provided a mul-
titude of constructions with various ergodic properties, starting with
the first examples of smooth ergodic conservative diffeomorphisms
on the disc or the sphere.

All constructions of transitive smooth area preserving diffeomor-
phisms on ID by the Anosov-Katok method are pseudo-rotations with
a Liouville rotation number. That the rotation number must be Liou-
ville follows from Herman’s last geometric Theorem asserting that
if this is not the case, then the center and the boundary are accumu-
lated by invariant closed curves which clearly excludes transitivity
[11]. Weak mixing pseudo-rotations with arbitrary Liouville rotation
number are obtained by the Anosov-Katok method in [12].

While it is not known if a smooth pseudo-rotation with Liouville
rotation number is rigid (see Section 1.5), it is a fact that all the smooth
examples on the disc or the sphere obtained up to now via the Anosov-
Katok method are C* rigid by construction. Obviously, rigidity or lo-
cal rigidity precludes mixing. Hence, the following natural question
was raised in [9] in connection with the smooth realization problem
and the Anosov-Katok construction method.

Question 1. Does there exist a smooth area preserving diffeomor-
phism of the disc that is mixing with zero metric entropy? with zero
topological entropy?

In fact, when topological entropy is assumed to be zero, the ques-
tion reduces to the pseudo-rotations setting. Indeed, a structure The-
orem by Franks and Handel for area preserving diffeomorphisms of
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genus zero surfaces with zero topological entropy shows that tran-
sitivity in such a context implies that the diffeomorphism must be
a pseudo-rotation [8]. More precisely, they show that if F is an area
preserving diffeomorphism of the sphere with at least three fixed
points and if M = S? — Fix(F) then an open and dense set YW C M
(of points with a weak type of recurrence called weakly free disc recur-
rent points) decomposes into a countable union of disjoint invariant
annuli on which the dynamics of F is similar to an integrable map
albeit with possibly complicated sets (such as pseudo-circles) for the
constant rotation number sets instead of nice simple closed curves.
This decomposition clearly excludes transitivity of F, hence transi-
tive area preserving diffeomorphisms on ID must belong to the class
of pseudo-rotations.

An immediate consequence of Franks and Handel’s classification
result and our Theorem B is the following

Theorem C. Area preserving real analytic diffeomorphisms of the
disc or the sphere that are topologically mixing have positive topo-
logical entropy.

A homeomorphism f of a metric space X is said to be topologically
mixing if for any non empty open sets A and B there exists N > 0
such that for any n > N, f"(A) N B # @.

Observe that the existence of mixing homeomorphisms of the
sphere (or the disc) with zero metric entropy follows from Katok’s
construction of an area preserving ergodic diffeomorphism f of the
sphere with positive entropy [14], with an approach similar to that of
[16]. Indeed, f as constructed in [14] is isomorphic to a Bernoulli shift
T, and it is possible to construct using this isomorphism a mixing in-
variant measure for T with zero entropy that gives a positive mass to
every cylinder. The almost product structure of stable and unstable
leaves of f then imply that the constructed measure assigns a posi-
tive mass to every open set in the sphere. Applying Oxtoby-Ulam’s
lemma, we get a C° conjugacy to a mixing conservative homeomor-
phism of 5% with zero metric entropy.

We recall that on the other end of the regularity spectrum, the
real analytic category, nothing is known, apart from Theorem C,
about the possible limitations on the dynamical properties of disc
and sphere area preserving zero entropy diffeomorphisms. The fol-
lowing natural question is wide open (see [9, 10] and discussion
therein).
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Question 2. Does there exist real analytic area preserving diffeomor-
phisms of the disc or the sphere with zero metric entropy that are
transitive? ergodic?

Note that Theorem B has an interesting consequence on the C®
centralizer of an analytic pseudo-rotation f (smooth diffeomorphisms
that commute with f), since it easily implies that the latter is always
uncountable. Similarly, Theorem 1 shows that the C¥~! centralizer
of a C¥ pseudo-rotation f with rotation number that is not of Brjuno
type is uncountable. This shows that real analytic conservative dif-
feomorphisms of the disc, or smooth non-Brjuno pseudo rotations
are in this extent less flexible than smooth circle diffeomorphisms
for which Yoccoz constructed smooth examples with a C* central-
izer that is reduced to the powers of the diffeomorphism [21]. We
observe that it is not known if there exists real analytic examples of
the latter construction of Yoccoz.

We conclude this introduction with a series of comments and ques-
tions.

1.5. Some questions around the rigidity of pseudo-rotations. The
following question was raised by Bramham in [3].

Question 3. Is every C* pseudo-rotation f C¥ rigid? The question
can be asked forany k > 1,k = coor k = w.

In the case k = w or p(f) Diophantine and k = oo, the latter
question becomes an intermediate question relative to the Birkhoff-
Herman problem on the conjugability of f to the rigid disc rotation
of angle p(f) [13].

As discussed earlier a better a priori control on the growth of || D f™ ||
for a pseudo-rotation is sufficient to deduce rigidity for larger classes
of rotation numbers. In the case of a circle diffeomorphism f a gap in
the growth is known to hold between exponential growth in the case
f has a hyperbolic periodic point or a growth bounded by O(m?)
if not [19]. Does a similar dichotomy hold for area preserving disc
diffeomorphisms?

If for example a polynomial bound holds on the growth of || D f™||
for a smooth pseudo-rotation, then C* rigidity would follow for any
Liouville rotation number by the same proof as that of Theorem 1.

Question 4. Is there any polynomial bound on the growth of the
derivatives of a pseudo-rotation? Is every C* pseudo-rotation with
Liouville rotation number C° (or even C*) rigid?
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With Herman’s smooth version of Riissmann’s Theorem 3 for Dio-
phantine rotation numbers (see [11]), a positive answer to the second
part of Question 4 would imply that smooth pseudo-rotations, and
therefore area preserving smooth diffeomorphisms of the disc with
zero topological entropy are never topologically mixing.

The local result of Corollary A that holds for every analytic pseudo-
rotation raises the following natural question on its semi-global poten-
tial validity.

Question 5. Does the local result of Corollary A hold for an ¢ that is
independent on the rotation number of the pseudo-rotation f?

Non rigid C° pseudo-rotations. In the case of homeomorphisms, ob-
serve that Crovisier constructed on the sphere 52, CY pseudo-rotations
of arbitrary rotation number that have positive topological entropy
[5]. It is simple to see that positive topological entropy precludes CY
rigidity.

Here is a direct construction of non rigid C° pseudo-rotations. Let
ft, t € ]0,1], be a continuous family of circle homeomorphisms such
that fo = Ry, p(ft) = a for every t € [0,1], and f; is of class C? for
every t € [0,1] — {3} while f% is a Denjoy counterexample. Hence f;

is topologically conjugate to R, for each t # 1 by Denjoy Theorem
while f 1 has a wandering interval. Then, we consider a homeomor-

phism of the disc f that leaves each circle of radius t € [0, 1] invariant
and acts on this circle by the homeomorphism f;. It is clearly not C°
rigid since it is not rigid on the circle of radius 1/2. On the other
hand, f leaves invariant the measure y given by the integration of
the invariant measures of f; on each circle of radius t, and it is clear
that 1£1(O) > 0 for any open set O, therefore f can be conjugated
by Oxtoby Ulam lemma to an area preserving homeomorphism that
will be a non CY rigid pseudo-rotation of angle a. These examples
fail however to be mixing.

Question 6. Does there exist a mixing C’ pseudo-rotation of the
disc?

Pseudo-rotation of the annulus. Pseudo-rotations of the annulus
A = T x [0,1] are area preserving maps of A that preserve the
boundaries and have a unique irrational rotation number (in pro-
jection on the first variable).

Question 7. Are analytic pseudo-rotations of the annulus rigid?
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Theorems 1 and 2 hold on the Annulus, with the same proof as
for the Disc. But even in the real analytic category, we do not have a
proof of Theorem C. Indeed, the proof of the KAM Theorem 3 can be
adapted to the annulus only if the map is supposed to be analytically
conjugated to R, on the boundary. But to guarantee that this always
holds one has to ask that « satisfies the so called condition H [22].
Hence, if x does not satisfy H but satisfies the Brjuno condition (see
[22, Example 2.13]) then neither Theorem 2.1 nor Theorem 3 can be
used, and we do not know if absence of mixing always holds for real
analytic pseudo-rotation of the annulus with rotation number «.

The non-conservative case. Similar results as in Theorems 1 and 2
hold if instead of Lebesgue measure we suppose that f preserves
any measure that assigns a lower bounded mass as a function of r to
discs of radius r. Thus a natural question is the following.

Question 8. Is it true that a diffeomorphism f of the disc with zero
topological entropy that has a unique rotation number is never topo-
logically mixing?

Since Franks and Handel classification result holds for diffeomor-
phisms that preserve a measure that is strictly positive on every open
set, a positive answer to Question 8 would imply a positive answer
to the first part of the following question.

Question 9. Is it true that a diffeomorphism of the disc with zero
topological entropy that preserves a measure that is strictly positive
on every open set is never topologically mixing? Is it true that a
diffeomorphism of the disc with zero topological entropy is never
topologically mixing?

2. ROTATION NUMBER, RECURRENCE, AND RIGIDITY

2.1. Rotation number and recurrence. We give here the main in-
gredient of our approach to rigidity of pseudo-rotations. It is a sim-
ple observation that combines Franks’ free disc lemma with Kac’s
lemma to give a lower bound on the measure of free topological discs
of a pseudo-rotation with a small rotation number.

Lemma 2.1. Let f be a continuous pseudo-rotation of D. If p(f) = e+ Z,
then any topological disc D such that A(D) > ¢ satisfies f(D) N D # @.
We will denote by A the Lebesgue measure.

Proof. Let D be a disc such that f(D) N D = © and D a fixed con-

nected component of the lift of D to A = R x [0, 1], the universal
covering space of ID? \ {0}. Since f does not have periodic points on
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D? "\ {0}, neither does the lift f to A, whose (real) rotation number

o(f) is e. In particular f is fixed point free. Note that f(D)ND = @.
Hence, by Franks” Theorem on positively and negatively returning
discs [7, Theorem 2.1] we have that either f*(D) N (D +1) = @ for
everyn > 1,1 > 0or f/(D)N(D+1) = @ foreveryn > 1,1 < 0.
For definiteness we assume the second condition holds. By Poincaré
recurrence, A-a.e. x € D returns infinitely many times to D under
iteration by f, call np(x) the first strictly positive return time of such
a point and fp the first return map fp(x) = "2 (x). Write Ip(x)
for the integer such that f"0(*)(¥) € D + Ip(x), where # is the lift of
x belonging to D. By our assumption we know that Ip(x) > 1. Next,
since f is a pseudo-rotation and p(f) = e, we necessarily have for
every x

2.1) lim () +Ip(fp(x)) +... +Ip( N-1(x))
. N—)OOWD(X)—FHD(f (x))_|_ +nD( N— 1(x))

which implies

- 7

N-1
2.2) hminan(x)+nD(fD(x))+ +np(fp " (x))
N—o0 N
Now, Kac’s Lemma asserts that

2.3) /D ¥)dA = A (U (D )

n>0

1
> -
i

Finally, by invariance of the restriction of A to D by fp and Fatou’s
Lemma we get from (2.2) and (2.3)

1> liminan(x)+nD(fD(x))+ +np(fy (%))

dA
D N—oo N

1= AD)
D €& &

O]

Animmediate consequence of Lemma 2.1 is the following estimate
on the maximal displacement of a pseudo-rotation with respect to its
rotation number.

Corollary B. Let f be a continuous pseudo-rotation of ID with p(f) =
e+ Z. Then

If —Id|| < e2 + max diam (f(B(x,s%)))
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Hence, in case f is differentiable we get
1
If =Td[} < (1 + [IDf]})e2
2.2. Rigidity of super-Liouville pseudo-rotations.

Proof of Theorem 2. Just observe that if f is Holder with exponent a
then there exists C such that for any m

(24) F7) = ) < Clx—y™
and apply Corollary B to the pseudo-rotation f" that satisfies p(f"i) =

[qn ]| < q”]% Hence

qn;

a
L om( 2
\/an+1 \/anJrl

and rigidity follows from the arithmetic condition

If" —1d|| <

limqnjflaq”f In n;+1 = +o00.
O

2.3. Rigidity of non-Brjuno type pseudo-rotations. The goal of this
section is to prove Theorem 1 using Corollary B and Theorem A.
We will need the following result derived from the growth of the
denominators of a non Brjuno type number. For x € R we denote
the closest distance of x to the integers by ||x|| := min,cz [x — p|.

Lemma 2.2. Suppose & € R — Q is not of Brjuno type. For any H > 1,
there exists a sequence Q; of integers such that

(2.5) Qj+1 > HY
and for infinitely many j € IN.

S
2.6) lQal <e 7.

Proof. Fix H > 1. Let g, be the sequence of denominators of the
best rational approximations of a. Define an increasing sequence of
integers {m;} as follows. Let m; = 1. For j > 2, define m; to be the

first integer such that g,,; > H™i-,
Let
mjp+1_l
1
2.7) y, Hmil .y,

m=mmj, qm
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The non Brjuno condition writes as

j=1

CLAIM. For every integer j sufficiently large, such thata; > 1/j2, 2, we
have that there exists [; € [m;j,mj1 — 1] such that g, 1 > e al /]

Before we prove this claim, let us observe how it leads to the con-
clusions of the lemma.
WLOG, we suppose that } ;e\ a2j = co. We define Q; = qp,..

Since qm;,, = H™ for any j € N, we have for any j € N

qu+2 Z qijrz 2 qu]'Jrl 2 quj,

hence (2.5) for the sequence Q.
On the other hand it follows from the claim that if a5; > 1 then

_0N./:2
1Qja|| < <e 9/

qlzj-‘rl
Since }_ay; = oo, it follows that for infinitely many j we have ay; >

ﬁ, hence (2.6) for the sequence Q).
]

To prove the claim, observe first that since Gm; 1 —1 < Hq’”f, then
we have that, for j sufficiently large, there exists at most one index
I € [mj,mjq — 2] such that lan“ > \/—, for h = I. Indeed, if this
was not true, there should exist two such 1" € [m;, m;;1 — 2|, and
we would have that g, , -1 > expo exp(3 [Gm;) > H .

For j sufficiently large, since

Mmiyq1—2
Z lnqm—H < ji 1
me[mj,mj1—2],m#l qm m=nm; qm
1
<<],—2

(because g2 > 2g, for any m and mj > j). Hence, if aj > % in (2.7),
]

it follows that either h = l or h = m;;1 — 1 must sat1sfy qh” >

]l

as claimed.
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Proof of Theorem 1. Fix & € R — Q that is not of Brjuno type.

We want to obtain Ck~1-rigidity for any C* pseudo-rotation f with
rotation number «. Let H be given by Theorem A applied to the
compact set of diffeomorphisms K := {f}.

Let {Q;} be as in Lemma 2.2. Since f has no hyperbolic periodic
point, Theorem A implies that

, Q
(2.9) IDFY|| < YU <eit

if p is sufficiently large Now, for p such that (2.6) holds, we have

o(f9) = Q]| < e 7 , hence by Corollary B and (2.9) we get for p
sufficiently large that
_9
If —1d] <e .
By the Faa di Bruno formula, (2.9) also implies that for any k € IN,
for large j
9
(2.10) |IDFFRI| < e
Hence, by the convexity estimates that interpolate between C°® norms,
we get

k=1
1% = 1d]l1 < Cell £ —1d][* [ Y — 1], F

9
=o(e 7),
where ||g|/x denotes the C¥-norm of a map g, that is the maximum of
the supremum norms of the first k derivatives of g. O

3. A GROWTH GAP FOR AREA PRESERVING SURFACE
DIFFEOMORPHISMS

In all this section, S will denote a compact smooth surface with
a Riemannian metric. Denote Diff,;(S) the group of C" diffeomor-
phisms which preserve the volume form induced by the Riemannian
metric.

3.1. A finite information closing lemma and the gap in the deriva-
tives growth. Katok’s closing lemma asserts that if a C'*¢ diffeo-
morphism f of a compact manifold has a hyperbolic invariant prob-
ability measure, that is a measure with all Lyapunov exponents non-
zero, then f has (many) hyperbolic periodic points. When we restrict
to an area preserving surface diffeomorphism f € Diff ;(S),r > 1,
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any invariant probability measure for f that has one non zero Lya-
punov exponent will be hyperbolic. Therefore, if the sequence of sup
norms of the differentials || D f"|| grows exponentially, one can easily
construct using the sub-additive ergodic theorem a hyperbolic in-
variant probability measure for f. With Katok’s closing lemma, this
implies that if f has no hyperbolic periodic points, then the differen-
tials || Df"|| grows sub-exponentially.

Hence, if one considers a compact set K inside the set of Diff; ;(S)
for say r = 2, then there must be an a priori gap between exponential
and sub-exponential growth of ||[Df"||. Our goal here is to prove
Theorem A that gives an explicit estimate on this gap.

We first give a finite information version of Katok’s closing lemma

for a map g € Diff2;(S) that only requires a growth of ||Dg7|| com-
parable to ||Dgl||% where 6 is close to 1 and g is sufficiently large
compared to powers of the C> norm of g. We recall that the C" norm
of a diffeomorphism of a smooth compact manifold M can be de-
fined by taking the supremum over all (finitely many) charts of the
C’ norms of the corresponding maps from R? to R? where d is the

dimension of M.

Theorem 4. There exist constants Ay > 0,00 € (0,1),Hy > 0 such
that for all (g,9,A,D,8) with ¢ € Diff2,(S),q € N,A > Ay,0 ¢
[60,1),D > A,q > D™, if

(3.1) |IDgl| < A
(3.2) ID%|| < D
(3.3) IDg"|| > A%

Then g has a hyperbolic periodic point.

Let us first see how the gap on the growth of || D f"|| announced in
Theorem A follows from Theorem 4.

Proof of Theorem A. Consider K’ C K defined as
K" = {f € K : f has no hyperbolic periodic point }

By stability of hyperbolic periodic points, K’ Cis open, so K’ is com-
pact. We claim that

(3.4) lim sup —In|Df"(x)] = 0.
"m0 xes,fek
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Proof of (3.4). Letay := sup,cg s In||Df"(x)[|, we have forallm,n €
N,
Qp+ Q= Qprn, &y > 0.

Let Ap, 6y, Hy be as in Theorem 4. From the sub-additive lemma, we
have

. lé . 14
c:= lim =2 =inf 2 > 0.
n—oco 1 n

We have to show that ¢ = 0. Suppose the contrary is true, then there

exists 7 € IN such that ]
ecn\/% > AQ

and foralln > 7

(3.5) ty € [cn/B,cn/ /)

From the compactness of K, we know that there exists a constant
C > 1suchthatforalln € N, f € K,

(3.6) ID?f"]| < <.
Let
(3.7) A=V D= max(e", A), 0 := 6,q := D',

Since D;inf > c4/0p, we can find an fy € K’ such that

(3.8) IDFI?|| > emVA0 = Afod.

Let g := f{. Itfollows from (3.5),(3.6),(3.7) and (3.8) that (3,4, A, D, 6)
satisfies the conditions of Theorem 4, therefore we have that fo has
a hyperbolic periodic point, which contradicts the definition of K'.
Hence (3.4) is proved. O

Fix Ay, 00, Hy as in the hypothesis of Theorem 4. As a consequence
of (3.4), there exists H' such that for all H > H’

(3.9) sup l1n||DfH(x)|| <1
x€S, fek’ H

On the other hand, let H” be sufficiently large such that for any se-
quence {q,,n > 0} satisfying g0 > H”,q, > H"""-1 then for each
n > 0, we have

(3.10) e -1 > A,

Indeed for large H”, g, increases much faster than 6,". Let C be as

in (3.6). Choose H > max(H’, H",¢*CH0),0 > ). We claim that such
(H, 0) satisfies the requirements of Theorem A.
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Indeed, assume there exists f € K,n > 0 satisfying (1.1), with
qo > H,q, > H-1. Take n to be the smallest integer satisfying (1.1).
If n = 0, there thus exists an x € S such that qloln |IDffo(x)|| > 1.

Since qp > H, by (3.9) we know f ¢ K'. Therefore f has a hyperbolic
periodic point.
If n > 0, then let g := fI"1,A = egﬂ*lqnfl,q = I D .=

Gn—1"
max (A, e“4n-1), where we assumed WLOG that g,,/q,,_1 is an integer,
and where C is given by (3.6). We finish if we show that (g, A, 6,4, D)
satisfy the conditions in Theorem 4. Indeed, if ¢ has a hyperbolic pe-
riodic point, thus so does f.

Since 6 > 6, (3.10) implies that A > Ap. Since InH > 2CHj and
qn > H-1 we get that ¢ > Do, By (3.6), we have that | D?g|| < D.
Finally, since 7 is the smallest integer satisfying (1.1), we get that
|Dg|| < A aswellas ||Dg7|| > A%. O

Strategy of the proof of Theorem 4. Let us briefly recall how Katok
derives his closing lemma from Pesin theory. For almost every point
with respect to the hyperbolic measure, Lyapunov neighborhoods
are constructed with stable and unstable manifolds attached to the
point, which have definite size under the Lyapunov metric. More-
over, the transformation between two neighborhoods looks like a
uniform hyperbolic map under these new metrics. Even though the
Lyapunov neighborhoods of some points are very small, Pesin the-
ory provides sets of positive measure, the so called Pesin basic sets,
consisting of points having Lyapunov neighborhoods (and thus sta-
ble and unstable manifolds) of uniformly lower bounded sizes and
having as well a lower bounded angle between the stable and un-
stable directions. Then, the Poincaré recurrence theorem is used to
obtain an integer L and a point x from a given Pesin basic set that
comes back under L iterations inside the same basic set close to itself.
This then guarantees the existence of a hyperbolic periodic point z
of period L that shadows the piece of orbit of x of length L, in the
same way as the Anosov closing lemma gives a hyperbolic periodic
point that shadows a recurrent piece of orbit in uniform hyperbolic
dynamics. The proof can for example be done through graph trans-
forms involving the first return map to the Lyapunov neighborhood
of x. Of course, once the good Pesin point x is detected, the rest of
the proof does not depend on informations on f beyond the ones
we have for the first L iterates of a small neighborhood of x. The
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problem with this procedure when one is interested in finite infor-
mation versions of the closing lemma, lies actually in the fact that
the Lyapunov charts construction requires an infinite amount of in-
formation involving the full orbit of points.

In the spirit of the finite information versions of the closing lemma
based on the concept of effective hyperbolicity of [4], our proof of
Theorem 4 uses properties (3.1)—(3.3) to select a good point for which
nice hyperbolic properties hold most of the time along a piece of its
orbit until it comes back very close to itself, and then deduce from a
hyperbolic-like property of the return map the existence of a hyper-
bolic periodic point next to the selected good point.

More precisely, our proof of Theorem 4 goes as follows : In Section
3.2, we use (3.3) to find “good points” x € S for which there exists
L € {1,...q} and v5,v, € T,S, such that the forward orbit from
x to g¥(x) contracts and expands consistently at rate almost A the
directions v; and v, respectively (this is possible because 0 is close
to 1), and the backward orbit by ¢~! from g'(x) to x expands and
contracts consistently at rate almost A in the directions Dg"(v5) and
Dg!(v,) respectively. To neutralize the nonlinearities coming from

L
the second derivatives, we also ask the distances dT1 s(Us, —”%LEZS;H)
Dg" (vs)

and dr,s(vy, W) to be small compared to a power of D~!. Here
drig is a metric on the unit tangent bundle of S defined by some
embedding into a Euclidean space (in particular, the point gl (x) is
very close to x). All the former is possible to achieve due to Pliss’
Lemma and the pigeonhole principle (the hypothesis g > Do is
crucial here). From area conservation, we also get for free that the
angles /(vs,v,) and /(Dg"(vs), Dg"(v,)) are not too small. We do
not assume any a priori control on the angles of the expanded and
contracted direction within the L-orbit.

Next we study the dynamics along the L-orbit of the good point
x and show that it is possible to find a box B (think of a square) in
the neighborhood of x that contains a vertical strip that is mapped
by the return map g" into a horizontal strip with in addition a strict
cone contraction condition for ¢~ and ¢~* inside these strips. This
evidently implies the existence of a hyperbolic fixed point for g.

3.2. Finding a suitable finite orbit. We first make precise the notion
of good points mentioned at the end of Section 3.1.
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Definition 3.1. For all triples (x,vs, v,) such that x € S,vs, v, € T,S,
for all i € Z we denote

05— (US) v oY = Dgl('()u) ,
Z ||Dg (v)ll”™" " IDgi(wa)
AL i=In[|Dg (@), Af = In[[Dg (o),
A7 = min{A¥, —A$}
Definition 3.2. (Forward and backward (L, a)—good triple)
Forall L € N,a > 0, wesay a triple (x, vs, v) is forward (L, a) —good

if the exponents A?’”,Xf associated to (x,vs, v,) satisfy the following
inequalities:

(3.11) A < e, VO<j<L-1
(3.12) 1%? 11 ya, V1<k<L
' k=™ 10007 =t

We say a triple (x, vs,v,,) is backward (L, a) —good if the exponents
A3, A associated to (x,vs, vy ) satisfy the following inequalities:

(3.13) A < e, V-L<j<-1
(3.14) 1i)\ > 1—L)a V1<k<L
' k=, 1000 -

For later use, we denote
(3.15) Af = min{A}, AY — A3, —2A%}

We have the following inequalities for A associated to forward and
backward (L, a)—good triples.

Lemma 3.1. For a forward (L,a)—good triple (x,vs,vy), the exponents
AS associated to (x,vs,vy,) satisfy the following inequalities:

1k 1
, Z s - <k<
(3.16) k}_;A] < —50, V1<k<L,
1kt 1
_ WX - <k<
(3.17) k}_;)\] > (1= gl V1<k<L,
1
1 —§ ¢ - 1<k<L.
(3.18) min( 3)\ > 10(1, V1<k<
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For a backward (L, a)—good triple (x,vs, vy, ), the exponents Af-’e associated
to (x,vs,vy) satisfy the following inequalities:

1 s 1
' - < = <k<
(3.19) kj_z_k)\]< 58 V1<k<IL,

1
2 > (1-— 1<k<L.
(3.20) ]_Z_kA 100)a V1<k<

Proof. Notice that A < —Xf, the inequalities (3.16), (3.19) are imme-
diate consequences of (3.12) and (3.14).

Consider Af — Xf, it is nonnegative when A} < 0, otherwise it
larger or equal to —3a. But by the definition of forward (L, 2) —good
point, for all 1 < k < L, there are at most 1000k many j such that
0<;j< k—landX; < 0. Since A < —XfforallO <i<L-1,we
have there are most 101Wk many j such that0 <j <k —1and A; > 0.
Then we have forall1 < k <L,

lk_zlx\e )\ >L (— 3a)>—ia
k].:O ] — 1000 200

thus by (3.12), we get (3.17). The proof of (3.20) is similar.
Now we prove (3.18). Since )\e < /\” < a and we have already

proved (3.17), there are at most 100k many j such that )\e < 0, for
which we have Ae. > —2a. Then we get

1 1
e — i <k<L.
me (347, 100( 6a) > 0% V1<k<L
This proves (3.18) and thus completes the proof. [

Remark 3.1. Without loss of generality, we fix an isometric embed-
ding ¥ : S — R". This allows us to define the angle between two
arbitrary tangent vectors by translating them back to 0. We always
consider the angle as a number in [0, 77]. As a result, we can de-
tine the distance between any two unit tangent vectors of the surface
v € T,%lS,vz € T,}ZS as the following:

drig(v1,02) = £(v1,v2) +d(x1,x2)
In particular, for v; € T}, S, vy € T}, S, dpig(v1,v2) > d(x7, x2).

Definition 3.3. ((g,a)-good point)
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For all ¢ € N,a > 0, we say a point x € S is (g,a)—good if
there exist v5,v, € TxS,L € IN such that the following is true. Let
v, 0,1 € Z be defined as in Definition 3.1, associated to the triple
(x,vs,0y). Then

(1) The triple (x,vs, v,) is forward (L, a) —good.
(2) The triple (g (x),v5,v%)) is backward (L, a)—good.

(3) There holds
In cot Z(vs,v,) < 3a

Incot £(vi,v}) < 3a

(4) There holds
drig(vs,0}) < g7

1

dris(vu,vf) < g~ 10
The goal of this section is to prove the following proposition which
shows the existence of a (g, a) —good point under certain conditions.
We will then show in the Section 3.3 that the existence of a (g, a) —good
point for sufficiently large g (the largeness only depends on a2 and S)
implies the existence of a hyperbolic periodic point.

Proposition 3.1. There exists 6y € (0,1),Ag > 0, Hy > 0, such that the
following holds. If (g, A, 0,q) satisfies A > Ao, 0 € [0y,1), g > Ao and
conditions (3.1),(3.3) in Theorem 4, then there exists a (q,a)—good point
x € S, wherea = In A.

Proof. Since (g, A, 6, q) satisfies (3.1) and (3.3) in Theorem 4, we know
there exists x € S such that fora =1In A

(3.21) %m 1D (x)|| > 6a

To prove the proposition, it suffices to show that if Ag, Hp are large
enough, and 6 is sufficiently close to 1, then there exists a (g, 2) —good
point in the orbit of any x satisfying (3.21).

In all this section vy will designate the most contracting direction
of Dg(x) in TyS (that is unique since Ay is assumed large and 6y

close to 1), and vy = Z)BJ‘ denotes the direction orthogonal to vj.
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. . . €
From now on to the end of this subsection, we consider Uf-’, v, Af"s S,

foralli € Z, as in Definition 3.1 for the triple (x, v, v ), where x sat-

isfies (3.21). Then we have the following estimates for A}, X? which
will be used later.

Lemma 3.2. For any 0 < 5 < 1, there exists 6y € (0,1) depending
only on 1 such that the following is true. Suppose g € Diff’ ,(S) satisfies

IDg|| < A.If0 € [60,1) and (q,a,0, x) satisfies (3.21), where a = In A,
then we have forall 0 <i <g—1,

A5 < A < a
Moreover we have the following inequality:

111,
~ ) A= (1—1n)6a
1i=0
Proof. Since || Dg|| < A, we have |AY|, [Af] < a.

Since v} is the most contracting vector for Dg(x), by (3.21), we
have

12 1

— 2 A =——In[|Dg"(x)[| < —0a
g q
19 19!
LM = ) A >0
7i=0 7i=0

The second line follows from the fact that g preserves area.

4(1-9)
7 5€

that A¥ < (1 —$)aor A > —(1 — 1)a, for which i we have A; > —a.

For the restof i, A; > (1 — 1Ya. Hence

As a result, we know that there are at most g many i such

-1 _ — —
12)\?2 (1—E)a—4<1 %) ><112a(1—ﬁ——8(1 6))
920 2 U 2 U

If 6 is sufficiently close to 1 depending only on 7, we get that
-1
LY X = a-p)a
1i=0

O

From now on to the end of the proof of Proposition 3.1, we will
also use the following definition.
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Definition 3.4. The point ¢"(x) is called good in the orbit of x if
n € [1,q — 1] satisfies the following conditions:

1Tl+k71_e 1

(3.22) p ]; A > (1= 1500)% YI<k<q-—n,
1 n—1 —e 1

(3.23) %j_nk/\j > (1= 1ogg) VI<k<mn

We will use the following lemma to estimate the number of the
good points:
Lemma 3.3. There exists 6y € (0,1) such that if € [6y,1), g € Diff. ,(S)
satisfies | Dg|| < A, and (q,a, 6, x) satisfies (3.21), where a = In A, then
there are more than % points in {g*(x),0 < k < q — 1} that are good in
the orbit of x.

Proof. We will need Pliss” lemma that we now state.

Lemma 3.4. (Pliss’ lemma [18]) Consider a sequence of n real numbers
ay, ..., an. Assume I’ < I are numbers such that a; <1 forall1 <i < n,

and Y a; > nl'.Then, for any 1" < ', there exist at least %n many

indices i € [1,n] such that E;J:“’i‘_l a; > kI, for all k satisfying i +k —1 <
n.

By Lemma 3.2, for any # > 0 for we have

19 —
Y A >(A—n)ba, A <a VO<i<L-—1
1=
if we let 6 to be close to 1. Using Pliss’ lemma, we know that there
0 999
are at least %q points g"(x) in {g"(x),0 < k < g — 1} such
1000
that,
1 n-i—k—l_e 1
— A 1-— 1<k<g—n.
k ]; > (1= qgp0)% VISk=q-mn

)0 2%
Similarly, we know that there are at least %q points ¢"(x) in

1000
{g*(x),0 < k < g — 1} such that,

1EX?>(1—L)LI Vi<k<n
k. ] 1000 ==
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As a result, if 5 is sufficiently small, 8y is sufficiently closed to 1,
99
and MW“’OO > 2, then at least { points in {g¥(x),0 < k < g—1}
1
are good in the orbit of x as in Definition 3.4. O

A key estimate due to area preservation is the following lower
bound on the angle Z(v5, v¥%) at good points.

Lemma 3.5. There exist Ag > 0,00 € (0,1) such that if A > Ay, 0 €
[60,1), g € Diffl ,(S) satisfies || Dg|| < A, and (q,4a,6, x) satisfies (3.21),
where a = In A, then for all good points ¢ (x) in the orbit of x,

cot Z(v5,v) < A3

Proof. We first need a straightforward geometric lemma which only
uses the fact that ¢ is area-preserving.

Sublemma 3.1. Foralli € Z,
cot Z(v¥ 1,05, 4) < e cot Z(v¥,v5) + A

Proof. Consider the matrix of Dg(g’(x)) under the basis (vf,v5"),
(v 1,05 HL). Since g preserves area, for some d; € R we have:

Dg(vf) = eMv}yy, Dg(uf') = e M (0}, ") +divf,y.
The first bound implies that |d;| < ||Dg|| < A and the second that
eV < ||Dgl| < A. Then we have

cot Z(v¥ 1,v5,1) < e cot Z(v¥,v5) + |etid,]
< &M cot Z(v¥,v8) + A

As a consequence, we have
n s n ] s
cot Z(vy,v;) < ¢ Zi=1"-j cot Z (0%, 05) + A%(1 + ) 2Lt An-k)
j=1
Since g”(x) is a good point in the orbit of x, by (3.23) the triple
(¢"(x),v5, v%) is backward (n a)—good. By (3.19) we have

—ZAn k<—1a

for each 1 < j < n. Note that cot Z(vg, v3) = 0, we have
A2 A?

_ 3
cot Z(v,v;) < T ei = 1 A <A
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The last inequality holds when A is large enough. [

Now we can conclude the proof of Proposition 3.1. By Lemma
3.3, there exist Ay, 8 such that for (g, A, 6, g, x) satisfying (3.21) and
the conditions of Proposition 3.1, there are more than 1 points in
{g*(x),0 < k < g — 1} are good in the orbit of x.

We consider the space S x TS x T'S. By the pigeonhole principle,
if Ag, Hy are large enough (recall that g > Aé{ 9),then g is large, and
we can find two good points, g'(x), gL (x) such that the distances
dpg(0f, 07 1), dpig(of, v, ;) satisfy

1
S S — 0
dTls(vi,vi+L) < q 100

1

dris(vf,vfy ) <q 10
We claim that the point ¢'(x) is a (g,4)—good point. In fact, we
consider the triple (g(x),v$,o"). From our choice of g'(x), " (x)
Dg"(v;") —
IDg* (o)l i+L
dition (4) in Definition 3.3. By (3.22) of Definition 3.4, since ¢'(x) is a
good point in the orbit of x, we have that the triple (g'(x), 5, v)
is forward (L,a)—good. Similarly by (3.23) in the Definition 3.4,
since ¢’ (x) is a good point in the orbit of x, we have the triple
(gL (x), 08 1,01 ) isbackward (L,a)—good. Moreover, by Lemma
3.5 on the estimates of the angles at points that are good in the orbit
of x, we have

and we know the triple (g'(x), v3, v}') satisfies con-

In cot £(v5,v}') < 3a

Incot Z(v},;,vi ;) < 3a

As a result the triple (g'(x),v;,v}) satisfies conditions (1)-(4) in
Definition 3.3, so g’(x) is a (g,a) —good point. The proof of Proposi-
tion 3.1 is thus complete. O

3.3. From a good point to a hyperbolic periodic point. We now
claim that the existence of a (q,a)—good point implies the existence
of a hyperbolic periodic point when g is large compared to the C?
norm.

Proposition 3.2. There exist Ag > 0, Hy > 0 such that the following is
true. If (¢, A, D, q) satisfies: A > Ao, D > A,q > DM and (3.1),(3.2) of
Theorem 4 and if there exists a (g, a)—good point x, where a = In A, then
g has a hyperbolic periodic point.
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Using Proposition 3.2 and Proposition 3.1, we can easily deduce
Theorem 4.

Proof of Theorem 4. We take 6 as in Proposition 3.1, A;,H; as in Propo-
sition 3.1 and Aj,H, as in Proposition 3.2. Let Ag = max (A1, A2),Hy =
max(Hj, Hp). Then for (g,q, A, D, §) satisfying the hypothesis in The-
orem 4, we know from Proposition 3.1 that there exists a (g,a) —good
point xo € S. From Proposition 3.2, we know that there exists a hy-
perbolic periodic point. O

The rest of the paper is devoted to the proof of Proposition 3.2.
Hereafter, we will assume that the conditions of Proposition 3.2 are
satisfied.

3.3.1. Boxes, strips and hyperbolic-like maps. Let x be the (g,a)— good
point in Proposition 3.2, let L € IN be associated to x( as in Definition
3.3. To prove Proposition 3.2 we will show that ¢* has a hyperbolic
tixed point in the neighborhood of xy. We will do so by applying to
a conjugate of ¢''( by a coordinate map), denoted by G, a standard
result on hyperbolic-like maps, namely Proposition 3.3 below which
essentially states that if a homeomorphism G of IR?> maps a vertical
“strip” R; into a horizontal “strip” R, that crosses R; transversally
then G has a fixed point inside the intersection of the strips. More-
over, if G is a diffeomorphism and if G and G~! have strict cone
conditions in R and R, (see (3.25), (3.26)) then the fixed point is
hyperbolic.

In this section, we first need to introduce some notations and then
define the properties of hyperbolic-like maps that we will be in-
terested in since they guarantee the existence of a hyperbolic fixed
point. We then state Proposition 3.4 that reduces the proof of Propo-
sition 3.2 to checking the hyperbolic-like properties for the map G.
The rest of the paper will then be dedicated to the proof of Proposi-
tion 3.4.

e Givenr > 0,7 > 0,x > 0, we define a (r, T, k) —Box , that we denote
by U(r, T, ), to be

U(r,t,x) = {(v,w) € R%|v| < r,|w| < T+x|v|}
We denote U(oo, T,x) = {(v,w) € R?%; |w| < T+ x«|o|}
e A curve contained in R? = R, & Ry is called a k—horizontal graph
if it is the graph of a Lipschitz function from a closed interval I C Ry

to R, with Lipschitz constant less than k. Similarly, we can define
the x— vertical graphs.
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e The boundary of an (7, T, x) —Box U is the union of two 0— vertical
graphs and two x— horizontal graphs. We call these graphs respec-
tively, the left (resp. right) vertical boundary of U and the upper (resp.
lower) horizontal boundary of U. We call the union of the left and right
vertical boundary of U the vertical boundary of U. Similarly we call
the union of the upper and lower horizontal boundary of U the hori-
zontal boundary of U.

e Horizontal and vertical graphs that connect the boundaries of U
will be called full horizontal and full vertical graphs as in the follow-
ing definition. Given r,7,%,7 > 0, for each (v, T, x)—Box U, an n—
full horizontal graph of U is an — horizontal graph L such that L C U
and the endpoints of L are contained in the vertical boundary of U.
Similarly, we define the n —full vertical graphs of U.

e We define an y—horizontal strip of U to be a subset of U bounded
by the vertical boundary of U and two disjoint 77— full horizontal
graphs of U that are both disjoint from the horizontal boundary of
U. Similarly we can define n —vertical strips of U.

e A homeomorphism that maps a strip R’ to R is said to be reqular
if it maps the horizontal (resp. vertical) boundary of R’ homeomor-
phically to the horizontal (resp. vertical) boundary of R.

e For ¥ > 0, we denote
Clx) = {(v,w) € R?*: |w| < «|v|}
Cx) = {(v,w) €R*: |v| < K|w]|}
we will refer to these sets as cones.
Using the above definitions and notations, we now define a class

of maps on the plane that display some sort of local hyperbolicity
that we will call hyperbolic-like maps.

Definition 3.5. Given r,7 > 0,0 < x,x/,x” < 1. Denote U =
U(r, T, x), and let Rq be a x—vertical strip of U, R, be a k—horizontal
strip of U. A diffeomorphism G : Ry — G( R1) C R? is called a
hyperbolic-like map if it satisfies the following conditions:

(3.24) G is a regular map from R4 to Ry,
1

(3.25) Vx € R1,DGx(C(x")) C C(EK/),
~ ~ 1

(3.26) Vx € Ry, DG H(C (k) C C(5x")

Our interest in hyperbolic-like maps comes from the following
classical result.
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FIGURE 1. R is the topological rectangle abcd, R is
the topological rectangle a’b’c’d’. Under a hyperbolic-
like map G, the boundaries lines ab and dc are mapped
to the boundary lines a'b’ and d'c/, and the vertical
boundaries ad and bc are mapped to a’d’ and b'c’.

Proposition 3.3. A hyperbolic-like map F has a hyperbolic fixed point in
RiNR.

Proof. By (3.24) the Jordan curve C = dR; contains no fixed point of
G. Therefore the Lefschetz index of G relative to C is well defined.
From (3.24), we see that it is equal to 1 therefore there is a fixed point
inside R4 ( then necessarily in R, for G(R1) = R, see Figure 1).
The fixed point is hyperbolic by (3.25) and (3.26). 0

By Proposition 3.3, the proof of Proposition 3.2 is thus reduced to
the following proposition.

Proposition 3.4. Under the conditions of Proposition 3.2, there exists an
integer L > 0, a Box U C R?, a vertical strip of U denoted by R, a C!
diffeomorphism H : U — S, such that ¢"H(R1) C H(U) and H-'¢"H :
R1 — R? is a hyperbolic-like map.
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Now the rest of the paper is devoted to the proof of Proposition
3.4.

3.3.2. Map from the n-th point to the (n+1)-st point. Let x( be the (g,a)—
good point in Proposition 3.2, let v5, v, € Ty,S,L € IN be as in Defi-
nition 3.3. From now on to the end of this paper, we denote

xn =g"(x9), V1<n<L

To show Proposition 3.4, we will study the iterates of g in the neigh-
borhoods of the piece of orbit of xq of length L. We want to show that
the “return” map from xy to the neighborhood of xg (since xy is very
close to xp) is a hyperbolic-like map. But for this, we need to specify
the Box on which the “return” map will be considered as well as the
neighborhoods of the piece of orbit of xy on which the dynamics of
g will be studied.

For each 0 < n < L, let x,, 0%, 05, A5, Al be defined as in Def-
inition 3.1 and A§, be defined as in (3.15) associated to the triple
(x0,vs, vy ). In the following we fix a splitting Ty, S = E & E;,, where
E* = Ro',E} = RoS. We define i, : R2 — Ty, S as

in(a,b) = av;, + bo},

By (3.1) and D > A, it is direct to see that there exists a constant
. _1 . . .
R > 0 depending only on S such that exp, "  is a diffeomorphism
over gexp, in(B(0,D7'R)).
Denote g, the C? diffeomorphism defined by

(327) ¢n:B(0,D7'R) — R?

._1 _1 .
gn(v,w) = i, exp, " gexp, in(v,w)

In Section 3.3.4, we will construct the box U and the vertical strip
‘R1 in Proposition 3.4, and we will let H be expy,ip restricted to R.

We let § := fma, where 2 = InA. The following parameters
n, Tn, Kn Will determine the domains and the cones that we will con-
sider in the study of the dynamics of g,. For 0 < n < L — 1 define

(3.28) co :=1,¢y41 := min(e™ ¢y, 100),
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and

(3.29) o= fc

(3.30) 7, = elimo(A+o)p
(3.31) Kp = fcc;l
(3.32) R, = Rcp

(3.33) B = Pc,!

where we set
(334) 7=D3M, =DM B=DM, M:=1000.
Define for each 0 < n < L the Box and cones
U, = U(ry, Tu, k), Cn=C(xy), Cn=Clky).

In order to exploit the properties of the good point xy we chose to
study the dynamics of the iterates of g in the moving frames E}; @ Ej,
that is g, as defined in (3.27). This comes at the cost of an extra factor
in the C? norm of g, coming from the angle between v$, and v. The
parameter 3, gives a bound on how small can these angles become
as we shall now see.

Lemma 3.6. If we choose Ay in Proposition 3.2 to be sufficiently large, we
have

(3.35) Bi > max(cot Z(E}, E?),1), Y0O<i<L-1

1771

Proof. Since 6 = a/100, if Ag > €!%, then § > 1. By Lemma 3.1, we
have
cot Z(E¥,q, ESq) < e*M cot Z(E¥, ES) + A?

Then

s 1 -
(436)  cotZ(Elyy Eiyy) < max(cot (B, E)eP T, oo p)

since ﬁ B = ﬁDM > 10A? when Ay is sufficiently large.
Moreover, we have

(337) Bit = ! ;

min (e ~°c;,100)

s 1
N6, L
i qgpP)
The last inequality follows from A < —2A%. Since xp is a (q,a)—
good point, by (3) in Definition 3.3 we have cot Z(E4, E5) < A3 <
DM = B,.

> max(
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If for some 0 < i < L —1, we have B; > cot Z(E¥,E7). Then by
(8.37) and (3.36) we have

1
2A5+0
lBl’ 100:3)
> max(e?i+ cot Z(E¥, ES), OB)

1771
> cot Z(Ef 4, Ei )

Bir1 > max(e

Thus we can show inductively that g; > cot Z(E}, E?) forall 0 < i <
L.
Since ¢, < 100, B > 155 B > 1forall0 < n < L. Hence B; >

max(cot Z(E}, E3),1) for 0 < i < L — 1. This completes the proof.
O

The following lemmata exploit the fact that xp is good to control
the shape and size of the Boxes at each time n < L. Most importantly,
U is shown to be long in the horizontal direction and thin in the
vertical direction compared to Up.

Lemma 3.7. If we choose Aq in Proposition 3.2 to be sufficiently large,
then we have that c;, = 100. As a consequence, we have

1
100"
Proof. Using the fact that xq is a (g, a) — good point, it is easy to show
that c; = 100 when A is large. Indeed, let i be the biggest index
suchthat 0 < i < L—1andc¢ > 1 (i > 0 because ¢cg = 1).
Then ¢; = min(e)‘ifl_‘ScL_l,mO) = min(ezlf;‘l()‘i_‘s)ci,loo). Since
the triple (xr,v},v}) is backward (L,a)—good, therefore by (3.20)
i~ (A¢ —0) > 4. Then ¢, = 100 when A > 10,

(3.38) rp = 10%, xp = % = 100%.

O
Lemma 3.8. If we choose Ag in Proposition 3.2 to be sufficiently large, we
have
(3.39) o< tr
' L=10"
(3.40) rm>T, V0O<n<L

Proof. By (3.16) and (3.30), when Ay is sufficiently large

1 1.
< A™ 5 —
s AT S 3570 = 357
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Moreover, since 7,1 1= min(e?’(Ai_‘s ), 10%%), then when

Ay — 6 < 0we have

— 73
——FCn+

e __
Tntl 2 S 5)7%

and otherwise we have

Tn41 = Tn
Inany case, forany 0 <n < L —1wehaver,;; > emi“(3()‘51_5)'0)rn.
Since xg is a (g, a) —good point, Lemma 3.1 yields
n—1 n—1 n—1
Y min(3(A —6),0) > Y min(3A%,0) —35 > Y (A5 +)
k=0 k=0 k=0
Thus we have that forany 0 <n < L, 7, > 1. O

Remark 3.2. Since U, C B(0, 7, + T, + k1), and
4+ Ty + Knry < 2 x 107 +100k7 < DM

when D is sufficiently large. Thus U, C B(0, D~!R) when D is suf-
ficiently large depending only on S. This shows that g, is defined
over U,,.

The following proposition is purely analytic and relies on the rela-
tions between the parameters r;,, T, Bn, kn, K. It will be used repeat-
edly in the sequel.

Proposition 3.5. Recall that {(ry, Tu, Bn, Kn, Kn) to<n<L are defined by
(3.29) to (3.33). Assume that we also have (3.35) and (3.40). Then for
all D sufficiently large depending only on S, for each 0 < n < L —1 we
have the following:

(1). For any (v,w) € Uy, we have (Dgn)(vw)(Cn) C Cyy1; For any
(v,w) € gn(Un) N\ Uys1, we have (Dg; ") (50) (Cut1) C Cu. As a con-
sequence, the image of any «,— horizontal graph contained in U, under
Qn 15 a K,41— horizontal graph; the image of any &, — vertical graph
contained in ¢, (Uy,) N Uy 1 under g, ' is a &, — vertical graph.

(2). If T is a k,—full horizontal graph of Uy, then ¢n(T) N\ Uy41 is a
Kn41-full horizontal graph of U,,1. Moreover, the image of the horizon-
tal boundary of U, under g, is disjoint from the horizontal boundary of
U, 11, the image of the vertical boundary of U, under g, is disjoint from
the vertical boundary of U, 1.

The proof of Proposition 3.5 will be given in the Appendix.

Corollary C. Forany 0 < k < L — 1, we can find a &;— vertical strip of
Uy, denoted by R', such that R = gx(R') is a kx,1— horizontal strip of
Uy 1. Moreover, g is a reqular map from R’ to R.
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U ke1
*Ck+1 1

’Ck+1 1 R ’C‘k+1 2

P /\

Li | R |Lke g(Uy)

FIGURE 2. g maps R’ to R. Moreover Ly 1, Ly, are
mapped to Ly 11, Lx11, respectively and £} ;, £; , are
mapped to £}, Y110 Ly, , respectively.

Proof. Forany 0 < k < L — 1, denote the upper and lower horizontal
boundary of Uy by L1, £, respectively. Then by Proposition 3.5, for
i = 1,2, there exists a x;— horizontal graph contained in £;, denoted
by Ly ;, such that gx(L;) is a kg1 — full horizontal graph of Uy,
denoted by L1 ;. By Proposition 3.5, Ly 1, Li+1, are disjoint from
the horizontal boundary of Uy 1. Then there exist a horizontal strip
of Uy, denoted by R, bounded by Ly 11 and Ly, ( see Figure 2
).
Again by Proposition 3.5, denote the & —vertical graph contained

in the left vertical boundary of Uy, connecting the endpoints of

Lyyi1and Liqpby £ o, then g Y, +11) is a Ry—vertical graph,
denoted by L) ;. From Proposition 3.5, we see that the images of the

vertical bound,ary of Uy under g is disjoint from the vertical bound-
ary of Uy, 1. Then E;(/l is disjoint from the vertical boundary of Uj.

Since by construction £} ; connect the upper and lower horizontal
boundary of Uy, we have £} ; C Uy. Hence £; , is a & —full vertical
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graph of Uy. In a similar fashion, we construct £; , ; , and £} ,. Then
there exists a vertical strip of Uy, denoted by R', bounded by £} |
and Ly ,. It is straightforward to check that the statement is true for
R/ and R. O

3.3.3. Concatenation. In this section, we will use Corollary C induc-
tively to construct a vertical strip of Uy that is mapped by g1—1--- go
to a horizontal strip of U;. We will also prove the cone preserva-
tion by the derivative map using Proposition 3.5. The result of the
induction is summarized in Corollary D.

First we need the following lemma.

Lemma 3.9. If D > 1, for any 0 < n < L, any &, —vertical full graph L',
any k, —horizontal full graph L, L' intersects L at a unique point.

Proof. A simple topological argument shows that there is at least one
intersection point.

If there are two intersection points, then by the Rolle’s theorem,
there exists p € L' and g € £, such that the Lipschitz constant of
L at q, denoted by t, equals to the inverse of the Lipschitz constant
of L'at p, denoted by t'~!. We have ¢ = D~M < 1. Thus, we have
Ky >t =t71 >x,1 =c,g ! > ¢,k = &,. Thisis a contradiction. [J

Corollary D. When Ay > 0 is sufficiently large, there exists a &y— ver-
tical strip of Uy, denoted by R/, such that R = g1 ---go(R’) is a xp—
horizontal strip of Uy, and g1 --- o is a reqular map from R’ to R.
Moreover, for any x € R', D(g1—1 - - - go)x maps C(&) into C(15%); For
any x € R, D(gy " -+~ g *1)x maps C(100%) into C (k).

Proof. We will inductively prove a stronger statement : for any 1 <
n < L, there exists a &p— vertical strip R{, of Up and a «,— horizontal
strip R, of Uy, such that g,,_1 - - - go is a regular map from R{ to Ry,.

First, we see that the above statement for n = 1 follows from
Corollary C.

Now we assume that the statement is true for n — 1. By the in-
duction hypothesis, we get a y— vertical strip of Uy, denoted by Qj,
such thatg,_» - - - g0(Qp) is a k,_1 — horizontal strip of U,,_1, denoted
by Q,—1. From Corollary C, we get a &,_1— vertical strip of U,,_1,
denoted by Q!,_,, such that g,_1(Q/,_,) is a x,— horizontal strip of
U,, denoted by Q. Denote two horizontal boundaries of Q,_1 by
M, My, two vertical boundaries of Q/, ; by M}, M} ( see Figure 3).

By Lemma 3.9, we easily see that QO=0,1N Q' _, isbounded by:
two &,_1— vertical graphs contained in M/ and M}, respectively, and
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FIGURE 3. gu—2---go maps R}, Qf to Q, Q,_1 respec-
tively; g,—1 maps Q, Q;_l to Ry, Qn respectively.

two «,_1— horizontal graphs contained in M; and M respectively.
Again by Proposition 3.5, we have that g, * - - - ¢, (Q) is a &y — ver-
tical strip of Up,denoted by R)), and g, _1(Q) is a k,— horizontal strip
of U, denoted by R;. It is clear from the definitions that g,_1 - - - o
is a regular maps from R}, to R;,. This completes the induction.

The first part of Corollary D is thus proved if we take n = L, and
R’ = Rjand R = R;. The construction also shows that for any
x € R,any0 <n <L—-1,g, --g0(x) € Uy41. This allows us to
apply (1) in Proposition 3.5 and get from (3.38) the second part of the
statement of Corollary D. ]

3.3.4. Return map and the end of the proof of Proposition 3.4. Since we
have to consider a map from a vertical strip of a box to a horizontal
strip of the same box. We have to compare the exponential coordinate
charts at xp and x;. Now we define the return map I : Uy — () as

i1 g1 -
I:=1, exp eXp,, Ir.



36 A. AVILA, B. FAYAD, P. LE CALVEZ, D. XU, Z. ZHANG
Lemma 3.10. If Ao, Hy are sufficiently large, the map I satisfies the fol-
lowing inequalities:

(3.41) Vxezllbl)h(C(Iéak))CZC(%R)

(3.42) Vx € I(Uyp), DI; 1 (C(2x)) c C(100%)

Moreover, the image of any 55k — full horizontal graph of Uy, under I con-

tains a %k— full horizontal graph of Uy. The image of the vertical boundary
of U, under I is disjoint from Uj.

FIGURE 4. By Lemma 3.7,3.8, U, C U(10°F, 7, 155%),
Uy = U(7,7,&). The image of Uy under I intersects U
transversely.

N
PN

Proof. By (3) and (4) in the definition of a (g, a) — good point, we have

H,
(0,11, dis (05, 91), dprg (0f), 0f) < g 0 < D™
cot Z (v, vlt), cot £ (v3,0%) < A3 < D3

which shows that the map i, 1exp,jolexpriL is D~OH0) close to the
identity map in C! over a D! neighborhood of the origin when D
is sufficiently large ( Note that the C?> norm of the exponential map
xo,x, depends only on S. Restricted to a D1 neighborhood of the
origin, exp;olexpr tends to the identity map in C! as d(x, x1) tends
to zero and D tends to infinity). By letting Hy to be larger than some
constant times M we obtain

(3.43) |1 —id|| o < D71M



ON MIXING DIFFEOMORPHISMS OF THE DISC 37

We get (3.41),(3.42) as simple consequences of (3.43).
Denote the left and right vertical boundary of Uy by Ly, L, respec-
tively. By (3.43) and (3.38), we see that

(3.44) sup mi(I(v,w)) < sup o+ DM
(vw)eLy (vw)eL,

= —10°7+D "M < —107

and similarly

(3.45) inf 7 (I(v,w)) > 107
(v,w)€L,
here for any (a,b) € R?, we denote 711(a,b) := a. Since Uy =

U(7,7,&), this proves the last statement in the lemma.

Take any fmk— full horizontal graph of U;, denoted by L. By
(3.39), L is contained in U(10°7, {57, 155%). By (3.43) and (3.41), I(L)
is contained in U(2 x 1067, 17, 1%). By (3.41), (3.42), I(£) is a 1k —horizontal
graph. Using (3.44) and (3.45), we see that I(L£) contains a 3%—full
horizontal graph of Uy. This completes the proof. O]

We are finally ready to prove Proposition 3.4.

Proof of Proposition 3.4. Consider the map G := IG' withG' := g1 10
-+-0gp. We have

1 ,..—-1,L ;
G =iy expy, § expxyio

When D > 10, we have 2% < 1. If we show that there exists a vertical
strip R of Up and a horizontal strip R, of Uy such that

(1) Gis aregular map from R to Ry,

(3) forany (v, w) € RZ,DG(;,lw)(C’(ZK)) c C(x)

Then we define U = Up and H : R1 — S by H = expy,ig, we have
(H '¢"H)|g, = G. This finishes the proof.

Proof of (1). By Corollary D, we know that there is a &y —vertical strip
R’ of Uy and R := G'(R’) is a horizontal strip of U;. Denote R, :=
I (R) N Up.

By Corollary D, R is a x; —horizontal strip of U;. By Lemma 3.10
(3.41), the image of the upper horizontal boundary of R under I is
a 2x; —horizontal graph, and by Lemma 3.10, it intersects the ver-
tical boundary of Uy at two points, one in each component. We
have the same for the lower horizontal boundary of R. Then R,
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is a 2x; —horizontal strip of Uy and the vertical boundary of R; is
contained in the vertical boundary of Up.

By Corollary D and Lemma 3.10, (DG ™) ;) (C(2k)) C C(k) for
any (v, w) € Ry, this implies that the image of the vertical boundary
of R, under G ! is the union of two &— vertical graphs connecting
two components of the horizontal boundary of R’. By Lemma 3.10,
these two vertical graphs are contained in R’, disjoint from each
other and disjoint from the vertical boundary of R/, hence are &—
full vertical graphs of R’. Hence G™1(R;) is contained in R/, and
is bounded by two &— full vertical graphs of R'. Then G~1(R),) is
a vertical strip of Uy, denoted by R;. From the construction, we see
that the horizontal (resp. vertical) boundary of G™1(R;) is mapped
homeomorphically to the horizontal (resp. vertical) boundary of R.
Hence G is a regular map between these two strips. The proof of (1)

is thus finished. O
Combining Lemma 3.10 and Corollary D, we immediately have
(2) and (3) , which ends the proof of Proposition 3.4. (]

4. APPENDIX

Proof of Proposition 3.5. We denote the first and second coordinates of
gn as 0, w. We expand g, into linear terms and higher order terms at
the origin. For each (v, w) € U,, we have

4.1) i(v,w) = A+ fu(v,w)
(4.2) w(v,w) = Byw+ hy(v,w)

Where avfn (0, 0) — awfn (O, O) — avhn (O, O) — awhn (O, 0) — O.
(fn, hy are uniquely determined by these conditions). Following the
notations in Section 3.2, we have

u S
A, = eA", B, = e

Recall that we have assumed ||Dg|| < A and ||D%g|| < D. By
Lemma 3.6, we have the following lemmata which are essentially
proved in [4].

Lemma 4.1. Forall 0 < n < L — 1 we have
||D2an, ||D2hn|| < CoDButa
As a consequence, for all 0 < n < L — 1 we have
190 fn (0, )], |9 fu (0, )|, |90hn (0, )], |90hu (v, w)| < CoDByya(lo] +[w])

Here Cy is a constant depending only on S and the norm is taken restricted
to U,,.
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Denote €, = 2CoDB;1+17n(1 + k1), then we have the following es-
timate:

Lemma 4.2. Foreach 0 < n < L — 1, we have

190 fullco < €n, 0w fullco < €n
[0l co < €n, [|0whnl|co < €n

Here C° norm is taken restricted to U,,.

It is easy to see that

1 .-
€n = 2CoDBusi1rn(1+x,) < 2CoDmax(A%c,?, m)ﬁfc,iu + ¢, %)
< 400Cyc,DA?pr

Then by (3.31) and (3.32), we have

NI

(4.3) e, < D 7k
(4.4) Enkny < D_Mk
(4.5) enkn < D Mg

when D is sufficiently large depending only on S.
Then by Lemma 4.1 and (4.1), for any (v, w) € U, we have,

(4.6) o] = Anfo| = |fu(v, w)|
Anlo| — en([o] + |w])
(An - €n - €nKn)|v‘ - enTn

AVAR VARV

and by (4.2)
(4.7) |@| Bu|w| + [hn (v, w)|

Bu|w| + en(|o] + |w])

By (T + %n|v]) + €n((1 + xn) 0] + Tn)
(Bukn + €4 + €nkn)|0| + BuTn + €1y

We will first show that :

VAN VAN VANRPAN

(4.8) ¢n(Uy) is contained in the interior of U(oo, T,y 41, K +1)

Combining (4.6) and (4.7), (4.8) follows from :

S
e Ky + €4 4+ €nky
/\u _ _
etn — €, — €Ky
AS
ek, + €, + €xKy

410 T, > (M te € o T,
( ) n+1 ( + €y + ne/\n_en_enKn)n

(4.9) Knt1 >
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By (4.3), (4.4), then when D is sufficiently large we get (4.9) from
My + €y + €nkn

eM — e, — enkp

_auyl s _1ar_
e /\”+25(€A"Kn—|—D 4MK)

oA o, ]

< max( Kn, ﬁk)

< Kpgt

Similarly, by (4.3),(4.4), (3.30), we have (4.10) when D is sufficiently
large.

Now we get to the proof of (1) in Proposition 3.5. Differentiate
(4.1) and (4.2), we get

(4.11) % = Ay+9ufu(v,w)
(4.12) j—:} = duwfu(v,w)
(4.13) ‘jl—z] = dphy(v,w)
(4.14) Z—Z = By + 9yphy(v,w)

Take any (a,b) € Cy, (v,w) € Uy, then

(Dgn) (ww)(a,b) = (a,b)
with
i = (An+9ufu(v,w))a+ dyfu(v,w)b
b = 9,hy(v,w)a+ (By + dphy(v,w))b
Since |b| < xy|a|, by Lemma 4.2 we have

(4.15) | > (M —ep)|al — enlb|
> (M — €, — €enkn)al

and

(4.16) b < ena+ (€M +en)b

< (enkn + €Mky +€n)|al

Then we have

€nkn + €Nk, + €y
eM — e, — enky

Then by (4.9), we have that (,b) € C,,1.

b| < |a|
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On the other hand, take any (@,b) € C,11, (v,w) € gn(Uy) N U1,
denote (a,b) = (Dgy ") (o0 (@, b), by (4.15) and (4.16) we have
Rt (€nlal + (€ + €4)[b]) > Rps1|D| > || > (€M — €4)]al — en|b]
hence

Roy1(eM +en) +€n

al < |b
! b eM — €y — Ryt1€n

In order to prove that (a,b) € C,, it is enough to verify that

- s
Rpi1(eM +ey) +ep
eM — e, — Ryy1€n

< Kn

that is

Y -

et — e,k — €n
eM + €, + efkn

kn—f—l S

when D is sufficiently large. This is proved in a similar way as (4.9)
using (4.3), (4.5). This completes the proof of (1).

Now we prove (2) in Proposition 3.5. If T is x,—full horizontal
graph of U,,, we can denote I' as the graph of ¢ : [—7,,, 7] — R, such
that:

(1) The Lipschitz constant of ¢ is smaller than x, everywhere;

(2) For any v € [—ry, 1], we have (v, ¢(v)) € U,,.

By (4.11), we have for any (v, w) € U,

dzj u

o) > v —en(fo] +[w])
> &M — e([o] + xa o] + T)
> e)\z _en(rn +Kn7’n+7n)

> 0

when D is sufficiently large. By (4.6), for any w such that (r,, w) €
Uy, if D is sufficiently large then

77(1’;1, ZU) Z (An - €n - enKn)rn - enTn

A

14._1(5
> en 2 1";1 > rn+1

Here the second inequality follows from (4.3), (4.4) and (3.40). Sim-
ilar calculation shows that o(—r,, w) < —r,41 for all w such that
(—ry,w) € U,. Then o~ ! is defined over [—7,,1,7,.1], and we have
that the image of the vertical boundary of U, under g, is disjoint
from the vertical boundary of U, .
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Then by (4.8), we have
gn(T) () Un1 is contained in Uy,

and disjoint from the horizontal boundary of U,

Moreover, ¢, (I') U, 1 is the graph of function ¢! restricted to
[—"n41, nt1). Since we already showed (1), we know that g,,(T') N Uj,41
is a x,41—full horizontal graph, and the image of the horizontal
boundary of U, under g, is disjoint from the horizontal boundary
of Un+1.

This completes the proof of (2). O
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