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1. Introduction. Given a dynamical system (7', X, ), we define for a measur-
able set A C X with pu(A4) > 0, the induced dynamical system (T4, A, pa), with
T4 being the first return map to the set A, and, for any measurable set B C A,
pa(B) = u(B)/n(A).

Recall that, given a dynamical system (7, X, u), the corresponding Koopman
operator Ur acts on the space L3(X, ) of complex square integrable zero mean func-
tions as Upf = f oT. As each unitary operator acting on a separable Hilbert space,
Ur is determined by its maximal spectral type o measure (a spectral measure on the
circle T which dominates all other spectral measures) and by the multiplicity function
Mp:T —{1,2,...} U{oco} (defined or-a.e.).

We say (T, X,u) has a pure Lebesgue spectrum when op is equivalent to the
Lebesgue measure on the circle. We say (T, X, ) has a pure Lebesgue spectrum with
infinite multiplicity when, in addition, Mr(-) = oo Lebesgue almost surely.

In [1], De La Rue showed that any ergodic dynamical system (7', X, ) induces an
ergodic dynamical system (T4, A, p4) that has a pure Lebesgue spectrum. He asked
if it is possible to ensure that the induced system has infinite Lebesgue spectrum.
In this paper, we adapt the construction of De La Rue to show that the answer to
this question is positive.

THEOREM A. For any ergodic dynamical system (T, X, p), there exists an induced
system that has a pure Lebesgue spectrum with infinite multiplicity.

2. Notation, definitions, and preliminaries.

2.1. Weak and strong closeness between measures on the circle.

DEFINITION 1. For a > 0 and 7 > 0, a function ¢ € C°(T,R) is said to be
(a0, 7)-good if () = 0 and p(0) > « for 0 outside (—7,7T).
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DEFINITION 2 (strong closeness of densities). Suppose ¢ is («,T)-good. Given
e > 0, we say that a function @' is e-strongly close to ¢ and denote this by ¢’ =~ ¢ if

1
1+€<p

for any 0 & (—7,7): (0) < ¢'(0) < (1+e)p(0).

DEFINITION 3 (weak closeness of probability measures on the circle). We equip
the set of positive measures on a circle with the topology of weak convergence and
denote by d the distance that defines it. We denote o ~, o' when d(o,0’) < p.

For an absolutely continuous measure on a circle of the form (6)df, we often
abuse notation and denote the measure simply as ¢. As a consequence, we often use
the notation o ~, ¢ when the measure o is p-close in the weak topology to the
measure () d.

For f € L3(X,p), we denote by H(f) the cyclic space generated by the family
{fo Tk}k:ez-

LEMMA 1. Given 1, = 0, ooy > 0, £, < min(27", a,, /2), pr, — 0, and a sequence
of measures on the circle o, such that

On ~p, Pn,

where @, is a sequence of (au,, T, )-good functions such that

Pn+1 %an Pn,

©n converges on T\{0} to a strictly positive continuous function 9o, and the measures
on converge weakly to the measure o with density Yoo

Proof. From o0, ~,, ¢n, it suffices to see that, for any 7 > 0, ¢, converges
in the strong topology on [r,1 — 7] to a strictly positive continuous function ..
However, the sequence ¢n [, 1, is a Cauchy sequence by the facts that 7,, — 0 and
that €, < min(2™", o, /2). Lemma 1 is proved.

LEMMA 2. Let (T, A, ) be a dynamical system such that there exist a sequence

en — 0, a sequence of functions {f;}jen in L*(A,pn), and a sequence of functions
{¢j}jen in CO(T,RY) such that, for every i € N,

(1) U(fl) = Pi N, 17
and for all 1 <i < j and for n € {1,i}, there exists ¢; ;,, € C°(T,R%) such that
(2) o(fi+nfi) = bijn e, 2,

and then the system (T, A, 1) has a spectral component that is Lebesgue with infinite
multiplicity.

Proof. Condition (1) implies that the system (7', A, ) has a spectral component
for which the maximal spectral type is Lebesgue. Let @] L(T, k) be the spectral
decomposition of the latter component, where p; = df, g1 > ps > ---. We can take
pr = Xo, (0) df, where {C} is a sequence of nested measurable subsets of the circle.

If the multiplicity of the Lebesgue component is not infinite, there exists K such
that Leb(Ck) < 1. We assume that this holds and take the first K > 2 with this
property, and we get a contradiction.
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Let fl = fnq, L€ {1,..., K + 1} for some N > 1 to be determined later. The
desired result from choosing N large is to have, due to (1) and (2), that the f; are
pairwise almost orthogonal while the densities of their spectral measures are almost
equal to 1. This shows that by choosing N sufficiently large, we get a contradiction
with the assumption that Leb(Ck) < 1.

Note that since the spectral measure of every ﬁ is absolutely continuous with
respect to Lebesgue, every one spectrally belongs to @] L?(T, ). For every
le{l,...,K+1}, let ]?ll, ]?12, ... denote the successive orthogonal projections of f;
on @ L2(R. ).

For any e > 0, if N is chosen sufficiently large, (1) and (2) imply that, for any
pairi #j € {l,...,K +1}% any n € N, and n € {0,1,1i},

(3) [(fi + 0f5s (fi +0f5) o T™)| < e,
which gives
(4) |<ﬁ,}’;’OT”>| <e.

From the spectral isomorphism this yields

(5) e > |(fi fioT™| = |3 FEO) fE(0)e(—nb) i (6) db)|.
k=1

Since € can be chosen arbitrarily small (after K and Ck are given), this implies
that, for more than 99% of 6 € C¢, for any pair i #j € {1,..., K +1}2,

K

(6)

E%mf}f(e)’ < Ve

k=1

On the other hand, by (1) and the spectral isomorphism, we have, for any [ €
{1,..., K + 1},

(7) SOIFEO)*61(0) = @i(0) = 1.

k=

Hence, for more than 99% of 6 € C%, for any [ € {1,..., K + 1}, it holds that

[

K
®) SO € [1- Ve 1+ Ve

k=1

In conclusion, there exists § € C§ for which both (7) and (8) hold. This is
a contradiction because K + 1 vectors in C¥ cannot all have norm almost 1 and be
almost orthogonal. Lemma 2 is proved.

2.2. Simple functions. Throughout this paper, we only consider functions f on
the space (X, 1) or the induction spaces (A, 14) that are simple in the sense that f is
constant on the atoms of a finite measurable partition P of A and that the average
of f is 0. We denote this by f € S(A). This is useful for ensuring that when inducing
the function f on a subset A" C A as f’ := f|4, we can guarantee that av,,(f") =0
provided A’ is independent of the partition P that defines f.
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2.3. Criterion for the convergence of a sequence of induced systems to
a system with an infinite Lebesgue component. We always assume that we
are given an ergodic dynamical system (T, X, ). We use the following criterion that
allows one to construct a measurable set A C X such that the system (T4, A, 14) has
a Lebesgue component of infinite multiplicity in its spectrum.

PROPOSITION 1. Assume we are given 7, — 0, a, > 0, £, < min(27", o, /2),
pn — 0, and a nested sequence of measurable sets A, such that p(A,—1\ An) < ep.

Assume also we are given arrays {Qogn)}je[l,n]? {Sﬁgznhgiqgn,ne{u}, n =1, of
functions in C°(T,R) such that

(Al,) for all j € [1,n], gog.n) is (Qn, Tn)-good;

(A2,) forallj<mn-—1, foralll1 <i<j<n-—1, and forn e {1,i},

—1 —1
P e oY el e ol el e o AL o e,

and given an array of functions {f](n)}je[l,n] € S(A,), n = 1, such that A, is ortho-
gonal to {fj("_l)}je[lﬁn_l], and for every j € [1,n — 1],

n n—1
(A3a) 11 = 1770y llo < e
and such that
(Ady,) for the induced system (Tja,,, An, pa, ), for all j <n, forall1 <i<j<n,
and forn € {1,i},

o(f) ~pn @, (S 0 f )~y o

then the limiting system Tja__ has a spectral component that is Lebesgue with infinite
multiplicity.

Proof. From the fact that pu(A,—1 \ A,) < &, and (A3,,) we see that the system
(Tia..,Aso, pra..) is well defined and that, for every 4, fi(n) converges in LZ(As) to

a function fi(oo).
By (Al,), (A2,), and (A4,) with n = 0, Lemma 1 implies that, for every j € N,
(c0)
~ 1.

ol f;oo)) = <p§.°°) is equivalent to the Lebesgue measure on the circle, and ;™ ~.;

Finally, (A4,,) and (A2,) with n € {1,4} imply that, for i < j,
U(fZ(OO) + nfj(OO)) = @5727 %Ej @E,Jj),n %QEJ' ()05‘]) + 1 %3Ej (IQ'EOO) + 1 %361‘ 27

which by Lemma 2 implies that (T]4_, Ao, ft4.,) has a spectral component that is
Lebesgue with infinite multiplicity. Proposition 1 is proved.

2.4. De La Rue’s strategy for inducing Lebesgue spectrum. In [1], the
following strategy is given to induce a Lebesgue spectrum. First of all, one shows
how, starting from a simple function f, it is possible to induce T on a set A, to get
a function f(°°) with spectral measure equivalent to Lebesgue measure.

For this purpose, A, is constructed inductively as a limit of nested sets A,,, and
f©) is the limit of the sequence f(") := =1, (O .= f,

Each step of the inductive procedure relies on two mechanisms. First, spread out
the spectral measure of f(™) into a measure that is equivalent to Lebesgue using the
Meilijson skew products [2] of T' and T2 above the Bernoulli shift on {1,2}%. Second,
induce T on a set A,1 C A, so that the spectral measure of f(*t1) = f(")mn+1 is
as close as desired in the weak distance to the spread-out measure (inducing T' can
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imitate Bernoulli convolution). While doing so inductively, it is possible to ensure
that the densities of the spread-out measures at each step n are converging in the
strong sense of Lemma 1, which guarantees that the spectral measure of f(>) for the
system T4 _ is equivalent to Lebesgue measure.

Starting from a dense countable family of functions in S(X, ) and performing the
regularizing induction simultaneously for all the functions, one thus gets a limit system
with maximal spectral type equivalent to Lebesgue (see section 4, where we come back
to this density argument since we need it to conclude our proof of Theorem A).

The two main ingredients of [1] just discussed are summarized in the following
two propositions that are also crucial in our proof of Theorem A.

For f € LZ(X), we use the notation o(fs) for the measures o(f)s as in Definition 3
of [1]. These are the spread-out measures coming from the Meilijson skew products.
For the convenience of the reader, we include the definition.

DEFINITION 4. Given a positive measure o on T such that 0({0}) = 0, and given
& > 0, we define a positive measure o5 on T by its Fourier coefficients

53(0) = o(T),
53(p) = [F ()P do(r) Vp>0,  &3(p)=55(—p) Vp <O,

where 25(1) = (1 — 6)e™ "™ + fe=2'7,
Given an ergodic dynamical system (T, X, 1) and f € L3(X), and letting o be the
spectral measure on T associated to f, we define o(fs) := 5.

PROPOSITION 2 (weak closeness implies strong closeness for the spread-out den-
sities; see [1, Lemme 8)). Let (¢;), j = 1,..., K, be a finite family of (e, T)-good func-
tions. For anye > 0, for all § < 6(a, T,¢€) there exists p > 0 such that if f1,..., fx are
simple functions such that o(f;) ~, @;, then the densities ;5 of o(f;s) are strictly
positive continuous functions on (0,1) and satisfy ;5 == ;.

PROPOSITION 3 (approaching the spread densities by inducing; see [1, Proposi-
tion 7)). If 6 € (0,1/2), and f1,..., fix are simple functions, then, for any p > 0, there
exists A such that p(A°) < 24, and, for fj/ = fle and (Ta, A, na), we have

U(fg/) ~p o(fis)-

Moreover, A can be chosen to be independent of the functions fi,..., fx such that the
functions fJ’» are simple.

2.5. Adding one almost orthogonal function to a family. In our inductive
construction for proving Theorem A based on Proposition 1, at each step n we need
to introduce an additional function to the almost orthogonal functions already con-
structed so that at the end we guarantee an infinite multiplicity. For this, we need
the following simple lemma.

The following lemma shows that it is possible to import spectral multiplicity in
the weak sense. The regularizing lemma transforms it into an actual increase of the
spectral multiplicity.

LEMMA 3. Let (X,T) be an ergodic dynamical system. Given p > 0 and a family
of K functions {f;}j=1.2,. K € L*(X), there exists a simple function fy1 such that

(a) o(fr41) ~p 1,
(b) for alln € {—1,41}, for allj=1,2,..., K,

o(frr1+nf;) ~p o(f;) + 1.
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Proof. We consider (Y, B), where B is a Bernoulli shift acting on Y, and we
form the product (X x Y, T x B). Since B is Bernoulli, there exists a Y-measurable
function ¢ (in L?(X x Y)) such that

(1) the (T x B)i¢, i € Z, are orthogonal; and furthermore,

(2) H, is orthogonal to L*(X) (in L?*(X x Y)).

By a simple application of Rokhlin’s lemma, we know that if two finite partitions
P and @ are given in (X x Y'), where P is X-measurable, together with an integer n
and § > 0, there exists a partition @ which is X-measurable such that two finite
partitions \/j (T x B)"(P\ Q) and \/§ (T x B)'(P\/ Q) have very close distributions
(the closeness is controlled by §). Applying this to suitable simple functions approx-
imating ¢ and the f;’s (Q being the support of fxy; which approximates ¢ and P
being spanned by the supports of the simple approximations of the f;’s) one gets
statements (a) and (b) as a direct consequence of (1) and (2). Lemma 3 is proved.

3. Inducing a system with infinite Lebesgue spectral component. In this
section, we see how we can find an induced system of any ergodic system (T, X, u)
that has a spectral component that is Lebesgue with infinite multiplicity. The proof
of the main Theorem A that we postpone to the last section is a direct combination
of the construction that we propose in this section and the construction in [1] of an
induced system with a pure Lebesgue spectrum.

THEOREM 1. For any ergodic dynamical system (T, X, i), there exists an induced
system that has a spectral component of a pure Lebesgue type and infinite multiplicity.

3.1. The inductive step. The proof of Theorem 1 relies on the criterion of
Proposition 1 and on the following main inductive step that is based on Propositions 2
and 3 and Lemma 3.

PROPOSITION 4. Suppose that K € N and {¢;};=1,...x are (a,T)-good and that
{@ijmh<ici<x are in C°(T,Ry). Suppose next that, for any e > 0, there exist p =
p{e;}i=1, . Kk, {®ijnticicj<k,€) > 0 such that, if {f;};=1,.. K are simple functions
such that, for every (i,j,m) € {1,..., K}?> x {1,i} with i < j,

(9) o(fi) ~p #is  o(fitnf5) ~p Pijm,
then there exist {';}j=1_ .k such that @ >0 on (0,1) for every j, {¢ijnti<i<i<i
in CO(T,R,), and

.....

SO; e 2 90;;7]',77 e Pi,5,m5

and for any p' > 0 one can find A C X such that p(X \ A) < &, A is orthogonal to
{fi}j=1....x, and simple functions f; defined on A such that f; = fi|a» and for the
SyStem (CT‘Av A» ﬂA)a
(10) a(fi) ~p iy o(fi+0f]) ~p @l

Note that since ¢, > 0 on (0, 1), there exists o’ > 0 such that ¢/, is (a/, 7/2)-good,
which allows us to iterate the above proposition.

3.2. Proof of Theorem 1. Before proving the proposition, we see how it implies
Theorem 1. We fix 7, = 1/2™.

From Proposition 1, it suffices to construct inductively e, < min(27", @, /2),
an > 0, p, — 0, anested sequence of measurable sets A,,, and an array of simple func-
tions {f;n)}je[l,n] € S(A4,), n > 1, such that pu(A,—1\ An) < €n, A, is orthogonal to

{f](;tlli}g(lA,l,n)EAZn(; Erizys of functions {‘Pgn) }je[l,n]7 {ng;?n}léi<j<n€[lvn]’ n = 17
suc a n)— n ola.
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Moreover, we suppose that in the construction, pj is given by

k
Pk = p({<p§~ )}je[l,kJrl]a {@ijnt1<ici<ht1,Eh+1),

where pj is the function from the first part of Proposition 4, and where we took

gp,(igl =1and ¢; gy1,5 =1+ go(k) for i € [1,k].

K3
The construction for n = 1. We let p; = p({(pgl)},sg), where p(-) is given
by the first part of Proposition 4.
Using Lemma 3, we start with 4; = X, (pgl) =
that

1, and fl(l) is simple and such

(1) ~py .

Inducting from n to n 4+ 1. Further, we suppose that everything is con-
structed up to n; that is, A, such that p(A4,-1\ A4,) < e,, an array of simple
functions {f}n)}je[lm} € S(A,), A, is orthogonal to {f;nil)}jzl,...,nfla {@gn)}je[l,n]
are (ap, Th)-good for some «a,, > 0, and {(pEZ?n}ngjgn satisfy (Al,)-(A4,). We
define ng;fﬂ = 1 and <‘02(2+1;ﬂ = %(n) + 1 and take pp,yq1 = P({W;n)}je[l,nﬂ]v

{(pi(z)yﬁ}lgi<j<n+17€n+l)-

Using Lemma 3, we add to {f;n)}je[l,n] € S(A,) a function f,41 € S(4,) such
that
(11) U(fn+1) ~pnt1 1’ O(fz(n) + fn-l-l) ~pn+t1 905”) + 1.

Now we apply Proposition 4 to {fl("),..., ,(L"),fnﬂ}, {gogn)}je[l,n+1}, and

{(pgz)m}lgiqgnﬂ. So, we get A,.1 orthogonal to {ffn)7...,f,gn),fn+1} such that
w(Ap \ Apt1) < en41 and an array of simple functions {f;n+1)}je[1’n+1] € S(An41)
and {ga‘g-nﬂ)}je[l,n_ﬂ] that are (41, Tnt1)-good for some a,11 > 0, and functions
{9053':;1)}1<i<j<n+1 € C°(T,Ry) that satisfy (Alni1)-(Adpir).

In conclusion, Theorem A now follows from Proposition 1.

3.3. Proof of Proposition 4. The proof of Proposition 4 has two steps, anal-
ogous to the main two steps of [1].

Step 1. Spreading out. In the first step, we elaborate on Proposition 2 and
get the following lemma.

LEMMA 4. Let K € N, {g;}j=1,..xk be (a,7)-good functions, and let
{©ijnti<ici<x be in C°(T,Ry). Then, for every e > 0, there exists

p=p(p;ti=1.x{pijnh<ici<k,€) >0
such that if {f;};=1,... Kk are simple functions satisfying
(12) o(fi) ~p @i, o(fi +1f5) ~p Pijm,

forall1<i< j< K andn € {1,i}, then, for all sufficiently small 6 > 0, the spread-
out measures o(fjs) and o(fis+nfjs) have continuous strictly positive densities ;. s
and @; j.n.5 satisfying

(13) o(fis) e vjn  o(fis +nfjs) e Pijn-

Proof. The proof is a direct application of Proposition 2 to several functions at
the same time.
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Downloaged Uo/15/26 10 129.2.1/9.140 . Redistripution supject to SIAIV license or copyright; see nttps://epubs.slam.org/terms-privacy

630 F. ABDEDOU, B. FAYAD, AND J.-P. THOUVENOT

Step 2. Approaching by induction. Suppose K € N, o, 7, &, § > 0,
{<pj}j:17---,K7 {Spi,j,n}lgi<j§K7 P and {fj}j:L---,K are as in Lemma 4.

We can apply Proposition 3 to the family of simple functions {f;};=1,.,
for any p’ > 0, a set A orthogonal to {f;};=1,. x such that u(X \ A) < ¢, and, for
the simple functions f; = fi|4 and the system (T4, A, pa), it holds that

(14 o(fi) ~p $i = 0(fis) e @i,
o(fi +nf}) ~p @i g = 0(fis +nfis) e Pijns
with ¢/ >0 on (0,1) for every j and {¢] ; , h1<i<j<x in C°(T,Ry).
The proof of Proposition 4 is thus completed.

4. Proof of Theorem A. To go from Theorem 1 to Theorem A, we can keep the
inductive construction of Theorem 1 essentially as is and add a feature to guarantee
that the maximal spectral type is equivalent to Lebesgue. To do so, we just need to
make sure that the family of functions we are constructing becomes dense in L3 (X, ).
In fact, we find it simpler to add to the array of simple functions {fj(n) bienm) € S(An)
another array of simple functions {hgﬁ)}je[l,n} € S(A,) whose role is to guarantee
a pure Lebesgue spectrum for the final induced system. For this, we follow verbatim
[1, section 3.3]. We recall first the approach in [1] to guarantee a pure Lebesgue
spectrum for the final induced system.

Start with a family of simple functions {h;};en that is dense in L3(X, 1). At each
step of the construction, we pick a set A, that works simultaneously for the family
{hg")}je[l’n], where hgk) =h; fi;l), for every j < k—1 and hgf) = hk|a,, in the sense
that, for every fixed 7, o’(hg»")) ~p. Vjn, where the spectral measures are considered
with respect to the induced system Tj4,, and 1;, is a sequence of densities that
converge in L? in the sense of Lemma 1. To keep the functions simple at each step
of the induction, the set A,, is chosen independent of the partitions that define the
simple functions {h;n) i€t n)-

At the end of the construction, the spectral measure of hj° for the system Tja
is equivalent to Lebesgue for every j € N.

For every j, h3® = hj, it follows from the density of the family {h;};cn that
the family {h3°};jen is dense. Hence the system (T4, ,Ac) has a pure Lebesgue
spectrum.

We return to our construction and assume, as in the beginning of this proof, that
we are given a family of simple functions {h;};en that is dense in L3(X, ).

As in [1], when we carry out the inductive construction in the proof of Theorem 1,
it is possible to choose A,; which works simultaneously for { f;n)}je[lyn] (defined
as in subsection 3.2) as well as for {h;n)}je[l)n] (defined as above). Note that in
this procedure, at each step n of the induction, the family { f;")} and the family
{hg-")}je[lm] are updated by mere induction h;n) = h; I(Z_l). Hence the density of the
family {h;}jen is automatically transmitted to {h3°};en.

In conclusion, from the family { f;oo)}jeN we get the infinite multiplicity of the

Lebesgue component, and from the family {h;oo)}jeN we get that the spectrum is
a pure Lebesgue. The proof of Theorem A is thus complete.
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