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Abstract

We show the following dichotomy for a linear parabolic Z2-action p; on the torus
with at least one step-2 generator: (i) Any affine Z?-action with linear part p; has
a Z-factor that is either identity or genuinely parabolic, and is thus not KAM-rigid,
or (ii) Almost every affine Z2-action with linear part pr is KAM-rigid under volume
preserving perturbations.
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1 Introduction, statements and overview of the main proofs
1.1 Background and context

A smooth (by which we mean C>) ZX-action p on a smooth manifold M is said to be
locally rigid if there exists a neighborhood I of p in the space of smooth Z¥-actions
on M, such that for every n € U there is a smooth diffeomorphism 2 of M such that
hop(g)oh™ ' =n(g), forall g € Z*.

When the rank of the acting group is k = 1, we are in the realm of classical dy-
namics (Z-actions), where local rigidity in this strong form is not known to occur.
Moreover, it is known that for affine maps on the torus local rigidity does not occur.

The only known situation in classical dynamics where a weaker form of local
rigidity is proved, is the case of toral translations T, on T¢ with Diophantine fre-
quency vectors « (we exclude rigidity modulo infinite moduli from this discussion).
Indeed, it follows from Arnold’s normal form for perturbations of toral translations,
that a volume preserving perturbation of 7, with a Diophantine average translation
vector « is smoothly conjugated to 7, [1]. We will call this phenomenon KAM-
rigidity.

The situation is dramatically different for ZX-actions with k > 2, where local rigid-
ity is more common.

For Anosov (hyperbolic) actions, an important breakthrough was the proof of local
rigidity by Katok and Spatzier [15]. The main tool in this context is the use of the
action’s invariant geometric structures [11, 15], which after that proved useful in
obtaining local rigidity for more general classes of partially hyperbolic actions with
such geometric structures [7, 18, 21-23]. We note that there are many other local and
global rigidity results for abelian partially hyperbolic actions than the ones mentioned
above; we refrain from citing them all as our focus in this paper will be on local
rigidity in the absence of any form of hyperbolicity and where there are no robust
invariant geometric structures.

In this context two famous manifestations of rigidity for Z*-actions, are: KAM-
rigidity of simultaneously Diophantine torus translations (see Definition 7) [4, 17, 19,
26], and local rigidity for higher rank linear (and affine) partially hyperbolic actions
on the torus [5].
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KAM-rigidity for parabolic affine Abelian actions

Simultaneously Diophantine torus translations generate ZF-actions which may
have no Diophantine elements at all, so the result for single Diophantine translations
does not apply, and one is forced to use commutativity of different action generators
in a crucial way in order to obtain KAM rigidity.

For linear partially hyperbolic actions considered in [5], the crucial assumption
which leads to smooth rigidity is that such Z-actions are of higher rank. A Z*-
action by toral automorphisms is higher rank if there is a Z? subgroup such that all
of its non-zero elements act by ergodic automorphisms. This condition is equivalent
to the absence of Z-factors of the action, namely: a higher rank Z*-action does not
factor (possibly up to a finite index subgroup) to an action generated by a single
automorphism of a (possibly different) torus. The condition is equivalent also to the
(super)exponential mixing for the action, which plays a crucial role in the proof of
local rigidity in [5]. Recently, it was announced in [25] that super exponential mixing
leads to local rigidity for large classes of partially hyperbolic affine actions.

The above mentioned two classes of actions on the torus, elliptic ones generated
by translations on one hand, and partially hyperbolic ones on the other hand, lie in the
general class of affine ZF-actions on the torus. Affine actions are actions generated
by affine maps, and an affine map is a composition of a linear map and a translation.
Such actions can be dynamically very different: they can be elliptic (the linear part of
the action is the identity), or partially hyperbolic (the linear part contains a partially
hyperbolic map, i.e., a map with some eigenvalues outside unit circle), or parabolic
(the linear part acts by parabolic maps i.e. maps which have all eigenvalues 1), or can
combine all these features. If the linear part contains a root of the identity, we take
a finite index subgroup in the acting group which brings us to the general descrip-
tion above. In what follows we always assume that roots of the identity have been
eliminated by passing to a finite index subgroup.

In this paper we focus on the most intricate and most surprising case of parabolic
actions. In this case, single elements of the action (even under Diophantine condi-
tions) are not KAM rigid, nor is there any mixing for the linear part of the action.

First we define a property of linear actions which will distinguish between actions
that can be linear parts of KAM rigid affine actions, and those which cannot.

A linear Z2-action pz, on T¢ is unlocked if there is an affine Z2-action p with
linear part py, such that every Z-factor of p, if it exists, is generated by a non-trivial
translation. Thereby, we say a linear Z2-action p; on T¢ is locked if for any affine
action p with linear part py, there exists a Z-factor which is not a translation T,
o # 0, see Definition 5.

Our analysis leads us to ask the following classification question for general affine
7*-actions on the torus:

Question 1 Is it true that for any linear Z*-action py on T¢ there is the following
dichotomy:

(i) The action py, is locked, or
(i1) The action py, is unlocked, and almost every affine action p with the linear part
oL is KAM-rigid.

The previously mentioned classification results provide the positive answer to the
above question for large classes of actions. For simultaneously Diophantine transla-
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tion actions the linear part is the identity and thus is unlocked, so it fits into the case
(ii) of the question. Since simultaneously Diophantine condition is a full measure
condition, the works [4, 17, 19, 26] give the positive answer to the question in this
case. For affine actions with higher rank partially hyperbolic linear part the linear part
is unlocked, since it has no Z-factors at all. Hence, these actions also fall in category
(ii). By [5], such actions have the local rigidity property (and, therefore, KAM rigid-
ity property as well; in fact, KAM rigidity holds for all affine actions of this kind,
not just for almost all). Moreover, these two classes combined also give the positive
answer to the question: [4] proves KAM rigidity for a full measure set of affine Z>-
actions on the torus whose linear part is a direct product of a higher rank action and
the identity.

The main goal of this paper is to develop new tools to study this question for
parabolic actions. Our main result answers affirmatively Question 1 for parabolic
7Z2-actions containing a step-2 element (Definition 1).

Our result can be informally stated as follows.

Main result Parabolic 7Z>-actions containing a step-2 element satisfy the dichotomy
of Question 1.

Precise statements of the result are given in Theorems A, B, C. Examples of locked
and unlocked actions will be given in Sect. 1.2.

We hope that the tools developed in this paper will allow to address the proposed
classification in Question 1 in full generality.

In fact, our Main result proves a strong version of KAM-rigidity that we call tame
KAM-rigidity (Definition 4). It means that the conjugacy that we construct for a given
perturbation, has C”-norms bounded tamely (i.e. with only a fixed loss of derivatives)
by the norms of the perturbation. One will need to drop the tameness condition if an
affirmative answer is sought for Question 1 in the case of parabolic actions without
step-2 generators, as we now briefly explain why (see also Observation 2 after the
main statements).

In this work the step-2 assumption on at least one element of the action is impor-
tant in the proof, as we will discuss in detail in §1.6. In a nutshell, the reason is that
if the cohomological equation

hoa—h=f (1)

above a step-2 affine map a with a Diophantine translation part has a solution, then
the solution is fame, that is,

IAallr < Crll fllr4x @

for some fixed T > 0 independent of r, and some constant C,. This is not the case for
higher step affine maps. Namely, the cohomological equation above a step-3 map can
have solutions which are not tame, independently of whether the translation part is
Diophantine or not. “Not tame” means that the C” norm of the solution is controlled
by a CM norm of f, with A > 1, and not by lower norms. Moreover, what makes
things even more complicated in the higher step case is that A = 2, which is known to
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be an obstacle in applying KAM quadratic schemes. This is discussed in more detail
in the upcoming paper [9]. The step-2 assumption is therefore the key to proving tame
KAM-rigidity.

1.2 Main results and representative examples

We will be interested in the problem of local rigidity of volume preserving pertur-
bations of affine parabolic Z?-actions on the torus T¢, where d € N. By A we will
denote the Haar measure on the torus T¢.

We begin by defining some basic notions.

Definition 1 We say that A € SL(d, Z) is step-S parabolic if (A — Id)* =0, and
(A —1d)5~! £ 0. An affine map of T¢ with the linear part A is defined via

a(x)=Ax+a modl, xe']I‘d,

where « € R?. An affine map a is said to be step-S if its linear part A is step-S. We
denote by Affg(T%) the space of all parabolic affine maps of step at most S.

A step-S§ affine parabolic Z2-actionon T¢ is a homomorphism p : 7% — Affg(TY).
We denote by pr. the action generated by the linear part of p.

Note that every affine map whose linear part is a unipotent matrix A € SL(d, Z)
(i.e., a matrix with all eigenvalues 1) is step-S parabolic for some S <d.

Let p be an affine parabolic Z?-action on the torus T¢. Then p is generated by
two commuting affine maps a and b, and we will denote p simply by its generators
as (a, b). The linear parts A and B of a and b, respectively, also commute. But the
commutativity of the linear parts is not enough to guarantee the commutativity of a
and b. If a(x) = Ax +«a mod 1 and b(x) = Bx + 8 mod 1, then the commutator
[a, b] is a translation on T¢ by the vector (A — Id) — (B — Id)«, which needs to be
an integer in order to have [a, b] =Id.

Definition 2 We denote by 7 (A, B) the set of possible translation parts (¢, 8) in the
affine actions with linear part (A, B), that is

T(A,B):={a, R |(A—1d)p=(B—1d)a mod 1}.

We will also use the shorthand notation A +« to denote the affine map on T¢ with
the linear part A and the translation part .

Given an affine map a(x) = Ax + o« mod 1, a perturbation of a is a diffeomor-
phism of the torus which can be lifted to RY, where it has the form

Fx)=Ax)+oa+ f(x)

for some small Z¢-periodic vector-valued function f. Therefore we will simply write
a + f for a small perturbation of a. We will be interested in the set of smooth volume
preserving perturbations, which we denote by Diff5° (T%).

We define now the notion of KAM rigidity which is central in this work. Note that
an affine parabolic action always has a translation factor. Therefore, one cannot hope
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that any form of local rigidity, stronger than the one available for translations, can
hold. Only local rigidity of KAM type can be expected for these actions.

Definition 3 (KAM local rigidity) We say that an affine Z2-action (a, b) is KAM-rigid
under \-preserving perturbations, if there exists 0 e N, rp e N, ro >0, and ¢ > 0
satisfying the following:

Ifr >rgand (F, G) = (a+ f, b+ g) is a smooth A-preserving Z2-action such that

Il <e lgl-<e. fi=[ fdr=0, §:=/ gdr =0, 3
T4 Td

then there exists H =1d + h € Diff}° (T9) such that
Ho(a+ f)oH '=a, Ho(b+g) oH '=0b.

Definition 4 (Tame KAM local rigidity) Suppose that in addition to the existence of a
conjugacy H =Id + h € Diff5° (T?) in the above definition, we also have that

A~ < C(a,b)e,

where C (a, b) is a constant depending only on the action (a, b). Then we say that the
affine Z2-action (a, b) is tame KAM-rigid under volume-preserving perturbations.

Remark 1 Typically, when KAM-rigidity is obtained via a quadratic scheme in which
the linearized cohomological equations of the conjugacy equation admit tame solu-
tions, as in equations (1)—(2), the resulting conjugacy is also tame. This will be the
case throughout this paper, owing to the fact that one generator of the action is step
2.

In this paper, we will use the term (tame) KAM-rigid for short reference to (tame)
KAM-rigid under A-preserving perturbations since this will be the only context in
which we place ourselves.

It is not difficult to find examples of parabolic commuting actions (A, B) such that
all the affine actions with this linear part are not KAM-rigid. Indeed, the commutation
condition may force the affine action to have, for any choice of (¢, 8) € T(A, B), a
rank-one factor, to which Arnold’s KAM-rigidity cannot be applied. As we will see
in the following examples, this happens if the rank-one factor of the affine action is
either identity or genuinely parabolic (i.e., has a non-trivial linear part). We call such
pairs (A, B) locked (Definition 5 below).

Let E;; denote the integer matrix which has 1 in the position (7, j), the rest of the
elements being 0.

Example 1 (Affine actions with identity as a rank-one factor) Consider the linear
action on T3 generated by A =Id 4+ E»;, B =Id + E3;. The commutation condition
implies that for all («, 8) € T (A, B) we have o1 = 81 =0 mod 1. Hence, any affine
action (A + «, B + B), restricted to a sub-torus corresponding to the variable xi,
equals identity (we say that the action projects to identity on the torus T spanned by
variable x1, i.e., the action has the identity factor). Consequently, such affine action
is not KAM-rigid, as explained below.
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To see why the action in Example 1 is not KAM-rigid, we can use the following
general fact.

Proposition 1 If a parabolic commuting action (A, B) is lower triangular, and (A +
o, B+ B) is such that oy = 81 =0 mod 1 then (A + «, B + B) is not KAM-rigid.

Proof Keep b = B + B unchanged and perturb a = A + « to F(xy,...,xq) =
Ax + o+ (0,...,0,esin(2wrx1)). The maps b and F commute, and F satisfies
(3). To see that A 4+ « is not conjugated to F by a volume preserving conjugacy,
consider the special two-dimensional case: a(xy, x2) = A(x1,x2) = (x1,x2 + x1)
and F(x1,x2) = (x1,x2 + x1 + esin(2mwxy)) (the general case is not different from
it). Define the circle diffeomorphism g : x1 — x1 + ¢sin(2wx1) and the conjugacy
H(x1,x2) = (g(x1), x2). Clearly, H does not preserve area, and it is easy to see that,
up to translation, H is the only conjugacy between a and F. O

Remark 2 Note that if (a, b) has identity as a rank-one factor of dimension at least 2,
then it is straightforward to perturb the action as in (3) so that there is no conjugacy
at all with the affine action. To do this, it is enough to perturb the identity factor itself
in a volume preserving way such that (3) holds.

Example 2 (Affine actions with a genuinely parabolic rank-one factor) Let us as-
sume that

B=1Id+ Ey + E3p.

If A is lower triangular and (A — Id) does not contain neither E>; nor E3; for any
J» then for any (o, 8) € T (A, B) we have that ¢} =y =0 mod 1, and A + « acts
as identity on the two-torus obtained by the projection on (x1, x2). Then the affine
action (A + «, B + B) has the skew shift (x, x2) = (x1 + B1,x2 + x1 + B2) of the
two-torus as a rank-one factor, and is thus not KAM-rigid, as explained below.

To see why the action in Example 2 is not KAM-rigid, we can use the following
general fact.

Proposition 2 Let r € N. For any parabolic affine map A + o on T¢ with A # Id,
given any ¢ > 0, there exists f such that

£l <e, f:=/ fdr=0,
Td
and A+oa+ f € Diﬁ‘io('ﬂ‘d) is not conjugated to A + «.
Proof Without loss of generality, we can consider the case of the two-dimensional
skew shift (x1,x2) — (x1 + B1,x2 + x1 + B2). This map can be perturbed into
(x1,x2) = (x1 + B1 + esin(2a (x1 + x2)), x2 + x1 + B2), which is a shifted classical

standard map that is not conjugate to a skew shift. O
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The phenomena in Examples 1 and 2 can be subsumed under the existence, for any
choice of («, B) € T (A, B), of a rank-one factor for the affine action (A + «, B + f8)
that is either identity or a genuinely parabolic action, which overrules KAM-rigidity.
This motivates the following definition.

Definition 5 (Locked actions) When the commuting linear action (A, B) is such that
for any choice of («, 8) € T (A, B), the affine action (A + «, B + ) has a rank-one
factor that is either identity or a genuinely parabolic action (i.e., has a non-trivial
linear part), we say that (A, B) is locked. We call the action unlocked if it is not
locked.

An immediate corollary of Propositions 1 and 2 is the following.

Corollary 3 If (A, B) is locked, then for any choice of (a, ) € T (A, B), the action
of (a, b) is not KAM-rigid.

The main result of this paper is to show that besides the locked actions, for actions
having (at least) one step-2 generator, KAM-rigidity under A-preserving perturbations
holds almost surely in the choice of the translation part. We formulate this dichotomy
as follows.

Theorem A Given a commuting action (A, B) of parabolic matrices, where A is step-
2, we have the following dichotomy.

(i) Action (A, B) is locked, thus for any choice of (a, B) € T (A, B), the action of
(a, b) is not KAM-rigid.

(ii) Action (A, B) is unlocked, and for almost every choice of (o, ) € T (A, B),
the action of {a, b) is ergodic and tame KAM-rigid under volume preserving
perturbations.

In the case of step-2 actions, we have a more stringent alternative.

Theorem B Given a commuting pair (A, B) of step-2 parabolic matrices, we have the
following dichotomy.

(i) For any choice of (a, B) € T (A, B), the action of (a, b) has a rank-one factor
that is identity, and is therefore not ergodic and not locally rigid.

(ii) For almost every choice of (o, B) € T (A, B), the action of {a, b) is ergodic and
tame KAM-rigid under volume preserving perturbations.

Corollary 3 states that (i) impedes KAM-rigidity. The proof of the dichotomy
between (i) and (i7) is the main result of this paper that we formulate more precisely
via Proposition 5 and Theorem C of the next section.

Remark 3 The statements remain valid if the preservation of the Lebesgue measure
A (and the corresponding averages with respect to 1) is replaced by the preservation
of any common invariant measure. We will explain why this remark holds at the end
of Sect. 2.2, where the volume preservation of the perturbation and the adjustment of
the average of the conjugating diffeomorphism are used to reduce the constant terms
in the conjugacy scheme to quadratic order.
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In the following observations we discuss the relevance of the assumptions of the
main theorems.

Observation 1 (KAM-rigidity vs. local rigidity: why do we need Diophantine con-
ditions?) When a linear Z*-action is not higher rank, it has a rank-one factor that
we can represent by a pair (Id, C). The absence of rigidity of a single linear map
C implies that the local rigidity in this case can only be considered for affine ac-
tions. This work treats rigidity of unlocked affine parabolic actions under Diophan-
tine conditions on the translation vectors of the action. Roughly speaking, we put the
Diophantine conditions on all the frequency vectors associated to sub-tori on which
some element of the action acts as a translation. As we will see in the next section,
there may be a finite or infinite number of such conditions. However, there will un-
avoidably be some Diophantine conditions that must be satisfied, thus only KAM type
rigidity can be considered. The necessary set of Diophantine conditions comes from
the fact that the affine action always has a translation part (due to the existence of a
common eigenspace of eigenvalue 1 for the commuting linear pair, see Definition 6
and §4.1.2). The other Diophantine conditions (cf. Definition 9) that are used are
natural conditions that play a crucial role in the proof (cf. §4.1.4), although we do
not see for the moment how to show that they are necessary for the result to hold (see
Question 2).

Observation 2 (On higher step parabolic actions: why do we assume that one gen-
erator is step-2?) The assumption that one element of the action is step-2 plays a
crucial role in the proof. In particular, it is essential for defining a tame candidate
for a conjugacy at each step of the inductive KAM conjugacy scheme. More details
about the use of this assumption will be given in §1.6.

However, the step-2 assumption is not merely a technical requirement, since with-
out it the result fails. In [9], unlocked higher-rank affine unipotent abelian actions
on the torus are constructed, above which the cohomological equation for a smooth
cocycle always has a smooth solution, but the solution is not tame. As a corollary,
one obtains examples of unlocked higher-rank affine unipotent abelian actions that
have perturbations which are conjugated to the unperturbed action by a non-tame
conjugacy; that is, the C" norm of the conjugation is controlled by the C*" norm of
the nonlinearity, with A > 1, rather than by lower norms. This shows that the tame
KAM-rigidity of Definition 4, which holds when one of the generators is step-2, fails
in general.

Observation 3 (From parabolic actions to general affine actions: why do we focus
on parabolic actions?) For a general affine Z*-action generated by a = A(-) + «
and b = B(-) + B, the condition on o and B is as we discussed before (A —1d)B =
(B — 1d)a. Then we have the following situation: either for all (k,1) # (0,0), Ak B!
acts as an ergodic map on the torus, or there exists some non-ergodic A% B,
(ko, lo) # (0, 0). In the former case, the action has no rank-one factors, and all Ak B!
are partially hyperbolic ergodic (in fact mixing) automorphisms [S]. In this case the
action is unlocked (simply because A —1d is invertible and then for any «, B is com-
puted as B = (A — Id)~Y(B — 1d)). In this case, by [5], the action (A, B) is locally
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rigid, as well as any affine action with this linear part. In the later case there ex-
ists an element C = AX BY of the linear action which is not ergodic, which means
that C has a root of unity as an eigenvalue. Therefore a power of C has eigenvalue
one. This implies that there is a rational torus, that by commutativity is preserved by
all the elements of the action, and on this torus at least one element of the action is
parabolic. In other words, the action (A, B) factors to an action on a possibly smaller
torus, that contains a parabolic map. So in order to get to a local classification for
general affine actions, we need first to obtain a local classification for parabolic fac-
tors. This is the reason why in this paper we focus on parabolic actions. Once the
case of parabolic actions is understood, we expect that, similarly to the work done in
[4], one can connect these dynamically different situations: partially hyperbolic and
parabolic, to obtain the local classification for general affine actions under suitable
conditions.

Observation 4 (The case of Z* actions for k > 3) The same methods we use here
provide the KAM-rigidity result for certain classes of affine Z*-actions with k > 3,
as well, see Remark 6 for more details. It is useful to note that the higher the rank
k of the acting group is, the “more locked” the action can become. An example of
maximal rank parabolic abelian linear action on T* is the 7*-action generated by
ld+ Ev2,1d+ E\4, 1d+ E3p and Id + E34. While the first two listed maps generate an
unlocked 72-action, the 7*-action is locked: any affine non-linear Z*-actions which
have this action as a linear part, factors to the identity action on a 2-dimensional
torus. We expect that the same holds for any maximal rank parabolic abelian linear
action on any T%, they are always locked. In these cases there is no KAM-rigidity.
This points to the fact that parabolic 7*-actions are the most common situation in
which we could expect to have KAM-rigidity.

Observation 5 (The role of commutativity in the KAM-rigidity. The parabolic higher
rank trick) As in [4, 5, 17], our proof of local rigidity relies on a KAM inductive
conjugacy scheme (see §1.6 for an outline of the scheme). At each step of the scheme,
a system of cohomological equations must be solved up to a quadratic error.

In [17], each equation of the system is a cohomological equation above a circle
rotation. Hence each individual equation has a formal solution provided vanishing of
averages, but this solution may not be tame because each individual angle is not nec-
essarily Diophantine. The main observation by Moser is that a cocycle relation forces
the formal solutions to coincide and to be tame. This implies that the commutation
relation allows one to find a tame solution to the system up to a quadratic error.

In [5], the system of cohomological equations consists of individual equations that
have tame solutions modulo a countable set of obstructions. The commutation, or the
higher rank trick, is used to show that these obstructions can be removed up to a
quadratically small error.

As will be explained in detail in §1.6, our approach to proving KAM-rigidity for
parabolic actions combines these two mechanisms of local rigidity.

The main challenge in our work is to replace the partially hyperbolic higher rank
trick by a parabolic one. To explain this a little better, we risk a technical descrip-
tion that may look obscure now but that will become much clearer from the detailed
overview of the proof in §1.6 as well as from the introduction of Sect. 4.
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The higher rank trick usually relies on the exponential growth of integer vectors
(Fourier frequencies) under the dual action of partially hyperbolic matrices. Also,
the mechanism that lies at the heart of the higher rank trick of [5] is the following
consequence of the partial hyperbolicity of the action: for an integer vector m that is
lowest (with smallest norm) on its orbit under the dual action A of the first generator
of the action, it is possible to iterate by B in one of the two directions (future or past)
so that | AK B'm|| be always larger than c|m]|).

Main difficulty in our work is to replace the above argument by the fact that
parabolic actions only grow at a polynomial rate. Much more annoying is the fact
that for some integer vectors m that are lowest on their A orbit, it is possible that
the iterates by B! be decreasing in norm during a long time in both directions of I,
before starting to increase. The challenge is to make sure that by choosing one direc-
tion of iteration for B, the double iterates || AX B'm || remain always larger than ||m||®
for some § > 0 independent of m (8 is comparable to 1/S where S is the step of the
action). This is the main reason why the error estimate is not tame. This parabolic
version of the higher rank trick is done in §3.3, where “being unlocked” property of
the action again plays a major role.

There has been very few local rigidity results for parabolic actions. One example
are actions by left multiplication on nilmanifolds. These are parabolic, and a form
of local rigidity for such R2-actions on 2-step nilmanifolds was obtained in [3], un-
der Diophantine conditions. Results of similar type were obtained for Z?-actions on
Heisenberg nilmanifolds in [8]. More recently, in [24], it is proved that certain large
abelian parabolic actions on homogeneous spaces of semisimple Lie groups have
strong local rigidity properties.

In the remainder of the introduction we give precise definition and precise formu-
lation of the main rigidity result, as well as the overview of the proofs, examples and
comments on possible applications.

1.3 Diophantine affine parabolic actions

In this section we define the full measure Diophantine conditions required on the
pair (¢, B) € T(A, B) in order to guarantee KAM-rigidity. It will be a combination
of two types of conditions: simultaneously Diophantine condition for the maximal
translation factor of the action, and Diophantine conditions for the translation parts
of special elements of the action that we refer to as resonances.

1.3.1 The maximal translation factor

Definition 6 (Maximal translation factor) We say that the action (A, B) has a maxi-
mal identity factor if there is a torus T of dimension d| such that (A, B), restricted
to this torus, equals identity. The action of (a, b) restricted to this factor is called the
maximal translation factor of {(a, b).

Definition 7 (Simultaneously Diophantine vectors) We say that a pair of vectors
(ar, B) € T¢ x T is simultaneously Diophantine if there exists y, T > 0 such that

14

Im|*’

max{|1 —e(m, )|, |1 —e(m, p)[} >
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for all non-zero m € Z%, where e(m, x) = €™ We denote this property by
(a, B) € SDC(y, 7).

Observe that SDC-pairs of vectors form a set of full Haar measure in T¢ x T?.
1.3.2 Resonant vectors

In what follows we will use the dual action corresponding to the linear part (A, B),
induced on Z9. For a matrix A, the dual action on Z¢ is denoted by

A=A A=1d+A.

For a general m € Zd, later in Sect. 3.3.2, we will show that A*B!m has certain
expansion which will be polynomial in &,/ € Z. This is natural due to parabolicity
of the action. However, for special “periodic” m we actually have a linear equation
for Am and Bm. Namely, if m is such that there exists a pair (k,) € Z x Z\ {(0, 0)}
satisfying AKB'm = m then, since this implies that A’ Bi!m = m for all i € Z, we
necessarily have (even if A and B have step higher than 2):

A*B'm —m =kAm +1Bm = 0. )

Hence, if Am #* m or Bm # m, we can associate to such an m a unique pair
(k,1) € N x Z such that either (k,l) = (1,0), or (k,1) = (0, 1), or k and / are mu-
tually prime and k > 0. For all these cases, we use the same notation k A/ =1 and
say that m is resonant and that (k, /) is its associated resonance pair. Notice that, due
to commutativity, if m is resonant, then any other integer vector on the (A, B)-orbit
of m is also resonant with the same resonance pair. So resonance pairs are attached
to orbits, rather than individual vectors. We summarise the above discussion in the
following

Deﬁnitio_n 8 (Resonant vectors and resonance_pairs) Any vector m € 74 \ {0} such
that AX B!m = m for some (k, 1), while either Am # m or Bm # m, is called a reso-
nant vector. We will use the following notations:

e (3 (k, 1) denotes the set of all resonant m associated to the resonance pair (k, ),
e Cp=Cy(A,B) = Ulml:l C>(k, 1) denotes the set of all resonant vectors,
e Q(A, B) denotes the set of all resonance pairs (k,[) € 72

The following lemma shows that the norm of the resonant pair is bounded by the
norm of any of the corresponding resonances. It is therefore bounded by the smallest
one of them on the (A, B)-orbit.

Lemma4 Leta= A+ o and b = B + B be commuting affine parabolic maps such
that A#1Id or B #1d. If (k,l) € 72 is the (unique) pair associated to the resonance
m as in Definition 8, then there exists C = C(A, B) > 0 such that

Ck + 1) < |m].
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Proof Let m be a resonant vector, i.., let A*Blm = m. As explained in (4), this
implies that kAm = —IBm. Consider now the two integer vectors: x = Am and y=
Bm. By assumption, £ and / are mutually prime. This implies, in particular, that
each component x; of the vector x is lelSlble by I. Hence, x; > |l|. Therefore, there
exists a constant C(A) (depending on A) such that [m| > C(A)|!/|. In the same way,
|m| > C(B)|k|, which implies the statement. O

Definition 9 (Diophantine resonances) Let (a, b) be an affine parabolic Z?-action.
The number oy ; = a*b! — A¥B! will be called the translation part of the element
(k, ) of the action.

We say that a resonance m € C>(k, ) is (y, t)-Diophantine, if

(&)

Y
1 —e(m, o) > ——.
|m|
Remark 4 The set of resonant vectors and resonance pairs for a given action may be

empty, finite non empty, or infinite, as we will see in the examples at the end of this
section.

1.3.3 Diophantine property for actions

We are ready to define the Diophantine parabolic affine actions, for which the main
local rigidity result holds.

Definition 10 (Diophantine actions) Given y, t > 0 and a parabolic affine Z2-action
(a, b), where a is step-2, we say that (a, b) is (y, 7)-Diophantine if:

(1) the maximal translation factor of (a, b) is (y, t)-simultaneously Diophantine (as
in Definition 7), and
(2) every resonance m € C(A, B) is (y, 7)-Diophantine (as in Definition 9).

Example 3 Let (A, B) be the action on T? generated by A = Id + E»; and B = Id.
The affine action (A + («, 0), B + (0, B)) is (y, t)-Diophantine if and only if both «
and 8 are (y, t)-Diophantine.

Proof Indeed, in this case o] = «, B1 = 0 is the translation part of the affine action,
and the SDC condition reduces to the Diophantine condition on «.

In this example all the vectors (m1, my) with mo # 0 are resonant with the same
resonance pair (0, 1), and the Diophantine condition on the resonance reduces to the
Diophantine condition on . g

The following simple observation is an important step in establishing the di-
chotomies in Theorems A and B.

Proposition 5 Fix © > d. Let (A, B) be a linear parabolic 7Z*-action. We have the
following alternative:
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(i) (A, B) is locked as in Definition 5.
(ii) (A, B) is unlocked, and for almost every (a, B) € T(A, B), (A + o, B+ B) is
(v, v)-Diophantine for some y > 0.

In case A and B are step-2, alternative (i) can be reduced to the existence of a rank-
one factor that is identity.

Remark 5 Notice that no step-2 assumption is made on any generator in the first part
of the Proposition.

Proof of Proposition 5 Consider the maximal translation factor of (a, b) generated
by the pair of translation vectors denoted by (oD, ,3(1)). The condition («, B) €
T (A, B) imposes some relations over Z between the coordinates of the vectors aD
and BV, Then we have two possible scenarios.

The first one is that there exists a vector k € Z% \ {0} such that (k,aV) =
(k, B My =0 for all (, B) € T(A, B), in which case a change of coordinates with
X1 := (k, xD) will exhibit a one-dimensional rank-one factor on which the action is
identity.

If the first scenario does not hold, then for all k € Z% \ {0} either (k, a®) or
(k, B M)y is not identically zero on T (A, B). In this case we can split the set of inte-
gers, Z4 \ {0} = Z1 + Z,, in such a way that for k € Z1, (k, a(l)) is not identically
zero on 7 (A, B), and for k € Z,, (k, ﬂ(l)) is not identically zero on 7 (A, B). Now,
for any k € Z1, for any § > 0, we have that A {a(l) eT4 : ||(k,aM)|| < 8|k|_d1_1} <
c6|k|_d1 ~1 for a constant ¢ = ¢(d). Summing over all k € Z; and then over all k € 25,
and using Borel-Cantelli theorem, we get that for almost every (o, 8) € T (A, B),
there exists ¥ > 0 such that for each k € Zi, it holds that ||(k, «V)|| > y|k|~4~1,
and for each k € 2, it holds that ||(k, BV)|| > y|k|~®~!. This implies that for
almost every (o, ) € T(A, B), the maximal translation factor of (a, b) is (y, 7)-
simultaneously Diophantine.

Next, we consider a resonance m € C2(A, B) and let k Al =1 be its unique corre-
sponding vector such that kAm + 1Bm = 0. We then have two possible cases.

CASE 1. There exists a resonance m such that for every («, 8) € T (A, B) it holds
that e(m, ax,;) = 1. Then we prove the following.

Lemma 6 In the assumptions of Case 1, the action (a, b) has a rank-one factor that
is genuinely parabolic.

Proof Letm € Cy(k,!) be aresonance, in which case for A’ := A*B! we have A/m =
m, while either Am # m or Bm # m. For definiteness, assume that Bm # m. We also
have that for o’ := oy, e(m, ') = 1.

After a change of variables we can assume that m is one of the basis vectors, that
is, m; =0 for i # i; and m;, = 0. We also assume that both matrices B and A’ have
1-s on the main diagonal.

Since Bm # m and A’m = m, we have that B contains some E;;, while A’
does not contain any E; . (where * ranges through possible indices). By another
change of coordinates, we can assume that B does not contain any other E; ;. be-
sides E;,;,. (Indeed, if B contains Zj':z k;iE; j» We can use the coordinate change
Xi, > Z“}zz kjxi;, xi = xi for k # ip).
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By the commutativity of a” and b we get that &/ = 0, and that A’ contains no E;,

(otherwise A’B would contain no E; . while BA’ would contain some). Also, the
hypothesis e(m, ok ;) = 1 translates into alfl =0.

If B has no element of the type E;,:, we conclude that the action (a’, b) where
a’ = a*b! factors on the torus T;,.;, on which a’ acts as identity, while b is genuinely
parabolic.

If B had an element E;,;,, then again after a change of coordinates, we can assume
that B does not contain any other E;,, besides E;,;,.

As before, we have two consequences: 1) oclf3 =0, and 2) A’ contains no Ej,.
(otherwise A’ B would contain no E;,, while BA’ would contain some).

If B has no element of the type E;,« we conclude that the torus T;, ;, ;, is a fac-
tor of the action (a’, b) on which a’ = a*b’ acts as identity, while b is genuinely
parabolic.

Arguing inductively, we obtain the proof of the lemma. g

If Case 1 does not hold, then we must be in the following case:

CASE 2. For every resonance m, there exists («,8) € T (A, B), such that
e(m,ak,) # 1, then by the linearity of ay; in the variables of («, §), we see that
the measure of (¢, B) € 7 (A, B), such that

1 —e(m, ar)| <

ml®

is less than CWLT for a constant ¢ = ¢(d). Summing up over all possible resonances
and using Borel-Cantelli theorem and the fact that t > d, we get that for almost every
(o, B) € T (A, B), there exists y > 0 such that every resonance is (y, ) Diophantine.
From the proof of Lemma 6, we see that Case 1 cannot happen if the action is
step-2. O

1.4 KAM-rigidity

Now we are ready to formulate precisely part (i7) of Theorems A and B. The follow-
ing is our main rigidity result.

Theorem C Let (A, B) be an unlocked linear parabolic Z*-action with (at least) one
step-2 generator. If (a, B) € T (A, B) are such that {a, b) is (v, t)-Diophantine for
some y > 0and t > 0, then (a, b) is tame KAM-rigid.

Theorems A and B follow directly from Theorem C and Proposition 5.

Remark 6 1f an affine Z*-action, k > 3, contains a Diophantine affine 7Z2-action with
at least one step-2 generator, then Theorem C directly implies KAM-rigidity for the
ZF-action. This is because the smooth conjugacy provided by Theorem C for the
7Z2-action would then conjugate the whole ZF-action perturbation. This simple ob-
servation is a consequence of the commutation and the ergodicity of the Diophantine
7Z2-action. This argument has been already used in [5] (see Lemma 3.2 in [5]) to draw
the conclusion about local rigidity for a Z¥-action from that of its Z?-subaction.
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1.5 Examples of KAM-rigid actions
To begin with, let us return to the simple Example 3.

Proposition 7 Let (A, B) be the action on T? given by A =1d + E»\ and B = Id. If
o and B are Diophantine numbers, then the affine action (A + («,0), B + (0, B)) is
KAM-rigid.

Proof As explained earlier, when « is Diophantine, the translation factor of the ac-
tion is SDC. On the other hand, all the resonances are of the form (m 1, my) = (0, m»),
my # 0, with the corresponding resonance pair (0, 1). Since «p 1 = (0, ), we have
the following. When S is (y, t)-Diophantine, condition (5) holds with the constants
(y, 7). Hence, Theorem C implies the KAM-rigidity of (A + («, 0), B+ (0, 8)). U

It is clear that if « is Liouville, the corresponding action will not be KAM-rigid.
To see this, just perturb A + (o, 0) = (x1, x2) > (X1 + o, x2 + x1) to (x1,x2) >
(x1 + o, x2 + x1 + e¢(x)), where ¢(x) is a smooth function with the zero mean that
is not a coboundary above the rotation of angle «. However, although our proof of
KAM-rigidity heavily uses the Diophantine property of resonances, we are not able
to settle whether 8 Diophantine is a necessary condition for KAM-rigidity.

Question 2 [s the action (A + («, 0), B + (0, B)) KAM-rigid when « is Diophantine
and B is Liouville?

The following example provides a KAM-rigid action having infinitely many reso-
nances with infinitely many resonance pairs.

Proposition 8 Let (A, B) be the action on 7 given by A=1d+ Esy + E¢1 + E73
and B =1d+ Eq + E43 + Eg4 + E73. For almost every (o, ) € T (A, B), the affine
action (A + «a, B + B) is KAM-rigid.

Proof The commutation condition (&, 8) € 7 (A, B) is satisfied if and only if 8; =
a4, B2 =0, and B3 = o3 = —ap. The translation factor of the action is the three-
torus corresponding to the first three coordinates, and the translations are (! =
(a1, ap, —ap) and ﬂ(l) = (a4, 0, —ap). It is easy to see that if the vectors (o, op)
and (a4, —ap) are Diophantine, then the pair (D, ﬂ(l)) is SDC. Indeed, denoting
by ||x|| the closest distance from x € R to the integers, for any m = (m, mo, m3) we
have:

max (|| (m, a1, | m, B ) = max(|mia; 4 (ma — m3)as|l, |mias —m3aal))
>y (lmil+|my —m3))™" +y(Imi| + |m3))~°
>y |Im|”".

Let us turn to the resonances. They are the set of m such that me = 0, and the two
vectors, vy, = (ms, m7) and w,, = (my4, m4 + m7), are collinear and not both zero at
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the same time. The vectors m = (m1, mo, m3, n, 0, me, 0), n # 0 are resonant because
Am = m while Bm # m. Since o4 is free to choose, the Diophantine condition for
this resonance is satisfied for almost every «. The same can be seen for the resonant
vectors of the form m = (m1, ma, m3,0,n,mg, 0), n # 0 that satisfy Bm = m while
Am # m, since Bs is free.

Now we turn to the resonance pairs k,,, A l,,, = 1 such that k,, v,,, + [,y w,,, = 0. (For
example,

m=(my,my,m3,n+1,n,0,n(n+1), (mi,my,ms,n) e x7Z*

is a resonant vector with the resonance pair (n + 1, —n).) Finally, fix any resonant
m and observe that, since there are no constraints on a5, @7 and since at least one of
ms or m7 does not vanish, the Diophantine condition on oy, ;, is satisfied for almost
every («, B) € T(A, B). O

1.6 Overview of the proof of Theorem C

The proof is based on an inductive scheme of successive conjugations of the perturbed
action (F, G), where F =a + f and G = b + g to the affine action (a, b). As usually
in the KAM approach, the linearized conjugacy equations are solved at each step of
the induction with a loss of derivatives, which can be caused, for example, by small
divisors or by other reasons. The a priori damaging effect of this loss is tamed out by
the quadratic speed of convergence of the scheme.

In our context, the linearized conjugacy equations, often called the cohomological
equations, are essentially of the following form:

hoa— Ah=f,
hob— Bh=g.

(6)

Two main differences with the classical KAM schemes that appear in our context
are the following:

(i) Cohomological equations (6) above each individual generator of the action are,
in general, not solvable because of the existence of an infinite countable set of
obstructions. These were first evidenced in the step-2 example in the work of
Katok and Robinson [14]. (Large set of distributional obstructions was likewise
found for any step nilflows in [10]. Also see [2] for a study of certain cases of
cohomological equations above abelian actions).

(i1) In the case of parabolic affine maps of step 3 and higher, and with Diophantine
translation part, if the solution to one of the equations of (6) exists, then it is
smooth if the right-hand side is smooth. However, the loss of the number of
derivatives is not fixed (in other words, the linearized cohomological equation is
stable, but the solutions are not tame).

In a separate work we show that, for the simplest C” step-3 map (x1, x2, x3) >
(x1 + a1, x2 + x1, x3 + x2), the loss of derivatives is roughly r/2, even for the
nicest Diophantine angles «1. This constitutes a notable difference with the step-
2 case, for which [14] showed tameness of the solutions when they did exist.
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To address (i), the usual path is to exploit the commutation relation to find ap-
proximate solutions to the cohomological equations. This was done in two related
problems in the past. First, by Moser [17], who showed that SDC commuting circle
rotations are locally rigid under the condition of preserving the rotation number. This
was extended to higher dimension in [4, 19, 26]. Second, by Damjanovié and Katok
who proved in [5] the local rigidity of higher rank partially hyperbolic affine abelian
actions on the torus (i.e., actions, all of whose elements are ergodic automorphisms
or affine maps with such linear parts).

In Moser’s case the objective is to linearize a commuting pair Ry, + fi, i =1, 2.
The cohomological equations take the form h(x + «;) — h(x) = fi(x) — f fi- They
have formal solutions above the generators Ry,, and the commutation relation allows
to upgrade the formal solutions into the approximate tame solutions. In fact, Moser’s
trick is to define, for each Fourier mode n, the corresponding coefficient 4,, of the
conjugacy map, using either one or the other of the linearized conjugacy equations,
according to which |na;||, for i =1 or for i = 2, is “not too small” as granted by
the SDC-condition. As a result, one gets a candidate conjugacy / that is tame, i.e.,
of the same order as the nonlinearities f and g with a fixed loss of the number of
derivatives. Moreover, the commutation relation plus the SDC-condition insure that
the constructed / solves the cohomological equations with a quadratic error (with
a small abuse of notations, by quadratic we will mean that the error is of order of
a power k > 1 in the nonlinearities f and g, with a fixed loss of the number of
derivatives).

The above procedure allows to implement the classical KAM quadratic scheme,
with the issue of the constant terms | f; being resolved due to the condition of the
preservation of the rotation numbers.

In [5] the individual equations as in (6) have a tame solution provided a count-
able set of obstructions vanish, each one being formally computed as weighted sums
along the dual orbit of Fourier coefficients of the nonlinearities f and g. The commu-
tation relation in this case allows to get quadratic approximations of the nonlinearities
by functions whose obstructions vanish. This was labelled “higher-rank trick”. Here
again, the approximation is quadratic with a finite loss of the number of derivatives.

Our proof of KAM-rigidity for parabolic actions combines two mechanisms of
local rigidity: “Moser’s trick” and “higher rank trick”. The translation part of the ac-
tion and the resonances (Fourier modes that are invariant along some element of the
dual action) are treated using a mechanism, similar to Moser’s trick. This is where
the Diophantine conditions of Definition 10 on the action play a crucial role. It has to
be noted that the use of Moser’s trick for the resonances brings some technical chal-
lenges that affect the whole proof. Indeed, for a resonant Fourier mode m, we need to
use the element FXG' of the action, where (k, 1) is the resonance pair associated to
m. This forces us to work out the linearization KAM scheme at each step for a large
number of elements of the action, and not only for the two generators. Of course,
we cannot control all of the nonlinearities in F¥G' for all resonance pairs (k,1) at
each step, because k and / can be arbitrarily large. Fortunately, the resonance pairs
associated to a resonant mode m are of the order of m (see Lemma 4). This means
that if, at a given step of the KAM scheme, we truncate the nonlinearities up to order
N before finding an approximative solution of the linearized conjugacy equation, we
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will only need to control F¥G/ for k and [ of order N. This can easily be included in
the induction due to the parabolic nature of @ and b.

For “non-resonant” Fourier modes, it is a higher rank trick approach similar to [5]
that is invoked. Indeed, for a non-resonant mode m we can define h,, via the sum
of the Fourier coefficients of the nonlinearity f along the dual orbit of the step-2
generator of the affine action, taken in the “good direction”: either in the future or
in the past (in a similar way to what is done in Livshits theory). The fact that the
generator is step-2 implies that the Fourier modes, involved in these partial sums,
grow either for the past or the future sum, which allows us to define a tame candidate
conjugacy h, as observed in [14]. Observe that difficulty (ii) mentioned above shows
that the mere definition of a candidate tame conjugacy when no element of the action
is step-2 is already a challenge for the general higher step case. Other difficulties
appear in relation with the applicability of the parabolic higher rank trick that will be
explained in the next paragraph.

Once h is constructed, we see that it is only at special modes m that are low-
est (in norm) on their dual orbit along A that the constructed & does not solve the
cohomological equation above a (at m, the good direction switches from past to
future). The error in solving the equation at m is indeed the full sum along m of
the Fourier coefficients of the nonlinearity along A. These sums, having the form
an‘ (fH= ZkeZ f Akm)‘grlz() (where )Lf,]f) are “innocuous” multipliers of modulus one
related to the translation part of the action, see §3.1 for the exact definitions), are the
obstructions to solving the cohomological equations above A.

The higher rank trick uses commutativity to show that this full sum is equal to a
double sum of a quadratic function ¢ measuring the error of the pair (f, g) in (6)
from forming a cocycle above the action (a, b) (see Sect. 2.1 and Sect. 4.1.5 for more
explanations). It appears to be fruitful to express the obstructions as the following
double sums:

S = Y bacim W ==Y D bik g 148y )

1>0 keZ I<—1keZ

There is an important difference between the phenomenon that lies behind the
control of the double sums in our case, compared to the partially hyperbolic case. In
the partially hyperbolic higher rank case treated in [5], the Fourier modes that appear
in the double sums in one of the two directions (future or past for B) are essentially
increasing due to the partial hyperbolicity of the action, and this immediately leads
to approximate solutions of (6) with quadratic errors with finite loss of the number of
derivatives.

In our case, due to the presence of a higher step generator in the action, there may
be no growth in either direction along the dual orbits that appear in the double sums.
In fact, it always happens for some modes m that the double orbits appearing in (7)
decay in both directions from |m| to |[m|"/S~D where S is the step of the action.
This is the difficulty (i7) mentioned above.

One of the key ingredients of our argument is the proof of the fact that for an
unlocked parabolic linear action with at least one step-2 generator, the fall from |m/|
to |m|'/5~D is the worst that can happen. Our proof uses the presence of a step-2
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element, and its extension to higher step actions is another challenge in the study of
the general case.

This means that the error in solving the first equation in (6) with the conjugating
transformation # we constructed is quadratic, but with a loss of a certain proportion
of the number of the derivatives that are considered (a proportion (S —2)/(S — 1) for
step-S maps), even under the nicest Diophantine conditions.

The good news is that this loss of derivatives appears only in the quadratic error
and not in the estimate of the conjugating map (for this, the step-2 assumption on one
generator is crucial). As a consequence, this important loss of derivatives does not
affect the convergence of the KAM scheme, for which it suffices to have a quadratic
control of C? norms of the error (in fact L2 would be sufficient).

Once it is shown that 4 solves the first equation of (6) up to a quadratic error (in
€Y norm), the commutation relation and the fact that A is step-2 can be used again to
show that /4 also solves the second equation with a quadratic error (see Sect. 4.1.1).

Finally, we point out the fact that equations (6) can be solved as usual up to a
set of 2d constant terms that account for the averages of f and g. Unlike in Moser’s
case of commuting circle diffeomorphisms, these constants are not all related to some
dynamical invariants. However, we can use the volume preservation of the perturbed
action and the zero average of the nonlinearities to fix the averages of the conjugating
diffeomorphisms at each step of the KAM scheme, so that the constant terms become
absorbed in the quadratic error. This third difference with the usual KAM scheme is
explained in detail at the end of §2.2.

As remarked before, our arguments remain true if we replace the preservation of
the volume A by that of any common invariant measure for ' and G. It suffices to
replace A by an arbitrary common invariant measure in all the text. Indeed, we do
not use that A is invariant by a and b in the proof of the linearization. Moreover,
since a*b’ is uniquely ergodic for some k and /, the linearisation implies, in fact, that
there is a unique invariant measure for the action (F, G), and that this measure is the
pullback of the Haar measure by the conjugacy.

1.7 Comments on extensions and applications

There are natural questions raised by our result as to what extent the method devel-
oped here is applicable to more general situations. We comment on this below.

¢ On applications to non-abelian actions. We note that there are classes of
solvable affine actions to which our result in Theorem C can be directly applied.
An abelian-by-cyclic group G is a finitely presented torsion free group admitting a
short exact sequence 0 — 7 > G—>7Z—0 (see [26] for detailed discussion on
ABC groups). In this context, we call the subgroup Z* the abelian part of G. Let
0 : G — Aff(T9) be an affine action of G such that p(Z*) is parabolic. Then from the
KAM rigidity result for the action p(Z¥) one may derive KAM rigidity for the G ac-
tion. This way of obtaining KAM rigidity for an ABC action from KAM rigidity of its
abelian part has been used before in [26] but in the special case where the abelian part
0 (Zk) is generated by translations. More recently, in [20], actions on T3 of the follow-
ing particular ABC group: I' = (U, V,F: UV =VU,FU = U?VF,FV = UVF)
have been studied. An example of a T action on T> is when U = Id + Ej» and
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V =1d+ Eq3 and

1 0 O
F=|10 1 -1
0o -1 2
The abelian action (U, V) is unlocked and thus Diophantine affine actions with such
linear part are KAM rigid by Theorem C, which in turn implies KAM rigidity for an
affine I" action with such abelian part.

Similar to our dichotomy result, we expect to use the method we developed in
this paper to obtain a classification result for linear ABC actions py : G — Aut(T%)
having a parabolic abelian part. There are roughly 3 main cases:

(i) pr is locked: for every affine G action p with linear part py, p has a rank-one
factor that is either identity or a genuinely parabolic action.

(i1) pr is unlocked but has a locked abelian part: for every affine G action p
with linear part p; , p(ZF) has a rank-one factor that is either identity or a genuinely
parabolic action, but py, is unlocked.

(iii) pr. has an unlocked abelian part.

It is in the case (iii) where Theorem C applies. In the case (ii), even though The-
orem C does not apply directly, we expect our method and even the constructions of
solutions from our proofs, to apply.

It is a curious algebraic question to determine which solvable groups acting on
the torus by automorphisms can have unlocked abelian part. The group I' described
above allows on T both a locked action (case (i)) and an action with unlocked abelian
part (case (iii)), but does not allow case (ii) [20]. We remark that the 3 dimensional
discrete Heisenberg group H3 generated by three elementary matrices (i.e. matrices
of the form Id + E;;) on any T is locked (in particular it has a locked abelian part)
and it is not clear if H3 linear actions by toral automorphisms are always locked.

< On connection to nilflows. Given a nilpotent Lie group N of step k, and a
lattice I" in N, the quotient N/ I" is a nilmanifold of step k. Any one-parameter sub-
group of N defines, via left-multiplication on N/ I", a smooth nilflow. Similarily, a
subgroup A of N isomorphic to R¥ defines an R nilaction on N/ T. While it was
proved by Flaminio and Forni [10] that nilflows have infinite dimensional cohomol-
ogy, nilactions can have finite dimensional cohomology as in [2] or in [3]. In [3] this
was used for proving a smooth local classification result via KAM-method, for a class
of nilactions with strong Diophantine properties, on 2-step nilmanifolds. There is a
close connection between the actions which we consider in this paper and nilactions.
Namely, one gets a parabolic affine Z* action if one considers return maps of an R¥
nilaction to a certain section, and R* nilactions can be viewed as suspensions over
such ZF actions on the torus. We hope that some of the ideas developed here to study
the KAM-rigidity of parabolic actions on the torus could be useful in the local rigid-
ity study of nilactions, that is a more general problem where, besides the works cited
above, there has been yet no progress.

1.8 Plan of the paper

The rest of the paper is devoted to the proof of Theorem C. The proof is divided into
three parts. In §2 we state the main inductive KAM conjugacy step, Proposition A,
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and then show how to deduce Theorem C from it. In §3 we give some necessary
estimates on sums and double sums along the dual orbits of A and B that serve for
constructing the approximate solutions to the cohomological equations that appear in
the linearized conjugacy equations. In §4 we use the latter estimates to prove Propo-
sition A. Each part will start with a detailed introduction of its content and of the
ideas that are involved in the proofs.

2 Proof of Theorem C- the iteration part

The proof is based on a KAM scheme, with two peculiarities which distinguish it
from the usual way KAM schemes are applied to proving local rigidity.

The usual KAM iteration goes as follows: we start with an e-perturbation (F, G)
of (a, b). By linearising the conjugacy problem and by solving the linear equation
approximately, we produce a conjugacy H; = (Id + h;) which conjugates (F, G) to
an action (Fy, G1) which is an & -perturbation of (a, b), where k > 1. Then we say
that (F1, G1) is a quadratically small perturbation of (a, b), with respect to how far
(F, G) was from (a, b). This process is repeated, and at the n-th step of iteration we
build conjugacies H, = (Id4+hj) o --- o (Id + h,,) that satisfy

Hn—loFoHn =a-+f,4, )
H;]OGO/H;«TI =b+ gut1,

where £, 1 and g, 1| are of order 8fl = &p+1, While hy, is of order ¢,.

Truncation (or more generally, applying smoothing operators) is typically used
only to remedy a fixed loss of regularity at each step of iteration while solving the
linearized problem. In our case here, due to the (possible) presence of infinitely many
resonances, without truncation we might not have any quadratic estimates for the
error. This is the first peculiarity of the proof, the corresponding details are contained
in §4.1.1.

The other one is that at every step of the KAM procedure we solve the linearised
equations approximately only up to a constant term. This constant term can be large,
it makes the error at the n-th step of order ¢, instead of €,4+1 (as we would like), so a
priori there need not be any convergence of the sequence 7{,,. This is where we use
the volume preservation assumption. Namely, the volume preservation assumption
allows us to adjust the average of h,, at step n, so that the total new error (f;,41, g,+1)
becomes of order ¢,41. The same approach was used by Herman for Diophantine
torus translations [12]. Application of this approach in the context of group actions
meets certain difficulties. This is explained in §2.2.

Finally, we note that although the estimates for 4, at each step are tame, the
quadratic estimates for the high norms of the error are not. More precisely, obtaining
a quadratic control of the high norms would entail a loss of derivatives that is not fixed
as in the case of Diophantine torus translations but rather proportional to the number
of derivatives (this proportion approaches 1 as the step of the second generator of the
action increases). Nevertheless, this still provides a quadratic control of the error in
low norms (see the second equation in (12)). Since the estimates for the conjugacy
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at each step are tame, one also retains a linear tame control of the high norms of
the remainder (see the third equation in (12)). Consequently, the convergence of the
scheme follows from the standard smooth KAM iteration, which requires only linear
tame growth of the high norms together with quadratic decay of the low norms of the
error. A similar observation appears in [24].

2.1 Linearisation of the problem and the main iterative step: Proposition A

Given small perturbations a + f and b + g of the two action generators a and b, and
the commutativity condition among them:

(a+fHob+g=0+go@+h, &)
we wish to solve for H = id + h the conjugacy problem
Ho(a+f)=aoH, Ho(b+g) =boH. (10)
The commutativity condition (9) can be rewritten as
f(b+g) — Bf — (gla+ 1 — Ag) =0,

which permits to see condition (9) as a sum of a linear operator applied to f, g plus a
non-linear part which is quadratic in f, g:

[fob—Bf—(goa—Ag)|+f(b+g) —fob—(gla+f) —goa)]=0. (11)
Now we introduce some notations. For any given map k, we define operators
Dok :=koa — Ak,
Do 1k:=kob — Bk.
With this notations, equation (11) gets the form
Do, 1f — Dy og=—f(b+g) +fob+gla+f) —goa.

Similarily, since we are looking for the conjugating map H in a neighborhood of
the identity, i.e., in the form H = Id 4+ h with h small, our conjugacy problem (10) is
linearised as

D1,0h=f—i— [h(a +f) —hoal],
Dosh=g+h(b+g —hobl.

At the n-th step of the iteration process, for given f,, g, we show that we can find
f,, 8., h, and vectors V,, and W,, such that

Dl,Ohn = fn + i‘n + Vn,
Do ih, =g, + 8, + Wh,
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where V;, and W), are of the same order as f,, g,, and the new functions f',,, g, are
quadratic.

This main iterative step will be stated as Proposition A and will be used to perform
iterations, show their convergence and prove the main result Theorem C.

In what follows, we say that an affine action (a, b) is unlocked if its linear part
(A, B) is unlocked. If (a, b) is a Diophantine affine action, then its linear part is
automatically unlocked, but we stress this in the statements since the property of
(A, B) being unlocked will play a crucial role in the proofs.

Proposition A Let (a, b) be an unlocked (y, t)-Diophantine parabolic affine 7* ac-
tion on T¢, where d € N and a is step-2. Let F =a +f and G =b + g be C®
commuting diffeomorphisms generating a perturbation (F, G) of (a,b). For r >0,
let Ay = max{|f]l, llgll-}.

There exists D = D(a, b, y, T,d) such that for any N € N there exist vector fields
f'N, gn, hy, and vectors V. and W such that

Diohy +fy =f+V,
Do thy +gv =g+ W,

and the following estimates hold for any r > 0 and r’' > D:
Ihy - <C NP A,,

IExllo. 1&xTo < CNPAGA| +Co N +P A, (12)

Itnll-, I8Nl < C-NPA,,
IV],|W| < CAo,

where C, C, and C, are constants that, besides a,b,y, t,d, depend only on the
regularity stated in the lower index.

The proof of Proposition A is postponed to §3 and §4.

As the reader will have noticed, one essential step in passing from Proposition A to
Theorem C is to control the constant terms V and W, which we aim to make quadratic
rather than of the same order as f and g. In Sect. 2.2.3, where we set up the iteration
process, we will see that the volume-preservation assumption allows us to choose the
average of the conjugating map so as to force the constant terms V and W to be of
quadratic order.

2.2 lteration set-up

In this section we set up the iteration which we use to prove Theorem C. The iterative
step consists of three sub-steps: linearization, application of Proposition A and adjust-
ing the average of the conjugating diffeomorphism by using the volume preservation
of the perturbation. We use ave(f) to denote the average of a map f with respect to
the volume.
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Proposition 9 Let (a, b) be an unlocked (y, T)-Diophantine parabolic affine 7> ac-
tion, where a is step-2. There exists a constant D > 0 only depending on the action
(a, b), for which the following holds.

Let (a +f,b + g) be a C* volume preserving perturbation such that

ave(f) = ave(g) =0.

Assume that we have constructed a conjugation up to the n-th step, H,—1 = (Id +
h,_1)o---odd+hy), such that ave((H,—1) — Id) =0 and

Hytola+fb+g ot ' =(a+E,b+g).

Denote A, = max{[|f; -, l1g.l-}.
Then for any N € N there exists h, (which depends on N) such that for any r > 0
and r' > D, and for certain constants C, C,, C,, ifNDAl,n <cp < 1, we have:

@ |l < CrNDAr,n;
(i) For

foi1:=dd+hy)o(a+f)odd+h,) ' —a,
g1 :=(Id+h,) o (b+g,) o (Id+h,)~" —b,
Ar,n—i—l = max{ ||fn+1 ”ra ”gn—H ”r}a

the following estimates hold:

AO,n—H = CrNDAO,nAl,n + Cr’N_r/+DAr’,n7

(13)
AVPRE IS CrNDAr,n;
@iii) For Hy, := (Id+h,) o H,,_1 we have: ave(H, —1d) =0.
Proof The a priori non-linear problem is to find h,, such that
(Id+hy)ofa+f,b+g))=(a+f+1,b+gut1) o (d+hy) (14)

with h,, and £, 1, g, satisfying the estimates of the proposition. However, we can-
not solve this problem exactly because of the averages of maps which define the
perturbations. Instead, we will add corrections to compensate for the averages and
solve the resulting non-linear problem (see (15) below).

Here is a brief outline of the proof. We will first apply Proposition A to determine
h, and vectors V,,, W,, such that |V,| + |[W,| < CAy,, and

dd+hy)o{a+f,,b+gy) =(a+f11+Va, b+ g1 +Wy)odd+hy,), (15)

where h,, and f,, 11, g,+1 satisfy the estimates in (i) and (ii). We observe that if we
change h, by adding to it a translation vector of order Ay ,, then equation (15) will
still hold with some new f,,1, g,+1, V,, W, that satisfy the same estimates. By ad-
equately choosing the translation vector, based on the volume preservation condition
and the zero average condition on the initial perturbation (and the inductive condition
ave((H,—1) —1d) = 0), we will be able to absorb the constants V,, and W,, into f,,
and g, 41.
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2.2.1 Linearization

We begin by linearizing the non-linear conjugation problem. Equation (15) is rewrit-
ten in a way that expresses the error in the new perturbation (f,,41, g,+1) in terms of
the linearization of the non-linear conjugation problem above and additional errors:

fir1odd+h,)=t,0a— Ah,) +1, -V, + (h,o(a+1,) —h,oa),

(16)
gn+1 0 (Id +h,) = (h, ob — Bh,) + gn W, + o +8n) — h, o b).

To estimate the left-hand side in the equations above, we need to estimate the
following two terms:

Ey:=th,oa— Ah, +1, —V,, h,0ob— Bh, +g,—W,),
Er:=(h,o(a+f,)—h,oa, h,o(b+g,) —h,ob).

a7)

Below we estimate both terms, E; and E», in CO norm for the transformation h,,
provided by in Proposition A. This will imply the estimate for the C° norm of f,, |
and g4 1.

2.2.2 Applying Proposition A

Apply now Proposition A to —f,,, —g,. Fix N € N. For the fixed N, from Proposi-
tion A we obtain h, := (h,)y, —(f,), —(g:)n and vectors V,, and W,,. The first
estimate in Proposition A gives directly:

Ih, |l < C,NPA,,, (18)

where A, , is defined as max{||f, |-, |-}

Observe that the assumption that NP A}, < ¢o < 1 implies that |[h,||; < 1/2. 1t
is then a common fact (see for example [16, Lemma AIIL.26]) that the inverse map
(Id+h,) '=1d+ h/, is well defined and is such that h), also satisfies the estimate:

Iy 1l < Crllhy 19)

The error E is precisely ((f’:) N> (:g:) ~), so from the second estimate in Proposi-
tion A we get for any r’ > 0:

IEillo < CNPAgnA1,+CoNTPAL . (20)

The estimate for E, follows by using the standard estimates (see for example
Appendix in [4]) and estimate (18):

D
”EZ”OSC”hn”lAO,n <CN AI,HAO,n‘ (21)
Putting the two errors together, we have that the new error satisfies:

A1 SCNP A AL+ CoNTFPA, . (22)
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The estimate for C” norms of f,, | and g, for any r (the second estimate in (13))
follows from the definition (16) of these maps. We show how the estimate follows for
f,+1. For g, 1 the proof /_I\S_/ the same.

From (16), denoting (f,) v by f,, we can write:

fs1=1f, 0 (1d+ 1) + (hy 0 (@ +£,) —hy, 0a) o (1d + h)),

where Id +h), = (Id + h,)~!, and h), satisfies estimate (19). Then by applying stan-
dard estimate f0~r the composition of maps (see for example [13, Theorem A.8]) and
the bound for ||f;, ||, which we have from Proposition A, we get:

Ifus11lr <l 0 Ad+h)[l, + [y 0 (@ +£,) —h, 0a) o (Id+h)) |,
<C, (Il + I, 1) < Cr (a1 + Cr iy l,) < GNP A,

2.2.3 Volume preservation of the action and adjustment of the average of the
conjugating diffeomorphism to reduce the constant terms

Now we will adjust the average of h,, in such a way that the constant terms V,, and
W,, in (16) are forced to be as small as ||f,+1||o and ||g,+1]l0, respectively. The crucial
role here is played by the assumptions on the volume preservation and zero averages
of the initial errors. The adjustment of the average of h, will not depend on the
action elements, as will be seen in Lemma 11. We will check that it works on one
action generator, the other generator can be treated in the same way.

Lemma 10 Suppose that h is such that
a+f1+Vy=Ud+h)o@+1£,)odd+h)", (23)

where |V, | = O(Ag,,) and £,41 satisfies estimate (13).
For any vector C such that |C| = O(Ay.,), the function h =h 4 C satisfies

a4+t +Vy=Ud+h)o(@+f,)oUd+h) ", (24)
where |Vn| = O0(Ao,n) and i',1+1 satisfies (13).

Proof Using (23), we can write:

(d+h+C)o(a+f,)
=Ud+h)o@+£)+C=@+Ff1+V,+C)odd+h)
—@+f 1+ Vi +C)o(@d—C)o(d+h+C)
=(ao(d—-C)+ty110(Id-=C)+V, +C)o(Ild+h+C)
=(@a—AC+f,110(Id—C)+V,+C)o(d+h+C)
=(a+f,4100d—C)+(V, — (A—1d)C)) o (Id +h + C)

=(a+t14+ V) odd+h+0),

@ Springer



D. Damjanovic et al.

where fn+] =f,110(0d—-C) and Vn =V, —(A-1d)C. Estlmate (13) holds then
for fn+1 since it holds for f,41 and |C| = O(Ag ). Obviously, |V | is of the same
order of magnitude as |C| = O(Aop,,). Il

In the previous part of the proof we constructed h,, such that
a+f,1—V,=1d+h,) " o(a+£,) o dd+h,).

If h,, satisfies equation (23), we can apply Lemma 10 to adjust the average of h,,. The
following Lemma explains how the constant vector C is chosen at the n-th step of the
iteration. Let H,_1 = H,,—1 — Id, and recall that, by assumption, ave(H,—1) = 0.

Lemma 11 Let C = —ave(h, o'H,, 1), and let h,, =h, +C. Let ’H,, = (zd—i—hn) o
Hn 1_Id+H Thenave(H)—

Proof H, = (Id + h,) o H,_ implies
[:In =H, +ﬁn oHu-1.

By the inductive assumption, ave(H;,—_1 )A = 0. Then, by taking averages of both sides
of the equation above, we get that ave(H,) = 0. g

After choosing C as in Lemma 11, by applying Lemma 10, we get the equation:
a+f1+Vy=0d+hy) o(a+£,)o0dd+h,)",
which implies
a+f1+Ve=0d+ Hy)o(a+8odd+ Hy) '
From this, by composing on the right with Id + H, we get
AH, +t,1(d+ H,) +V, =f+ H, 0 (a +1).

Now we take averages with respect to the volume of both sides of the equation
above. Using the assumption that a + f is volume preserving, and from our choice
in Lemma 11 we have that ave(H,, o(a+f)) = ave(Hn) =0. Also, ave(Hn) =01im-
plies directly ave(A H,) = 0. This and the assumtion that f has zero average, implies
that

V, = —ave(ty1(d + Hy)) = O(If1111l0), (25)

which means that the constant Vn can be absorbed by fn+1A .
From Lemma IQ we have that estimates (13) hold for f,, ;. Finally, we proclaim
the new f,, 1 to be f,,41. O

About Remark 3 Note that Sect. 2.2.3 is the only place in the proof where volume

preservation is used, besides of course Sect. 2.4 that shows that the linearizing conju-
gacy is volume preserving if the perturbed action is volume preserving. If instead of
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volume, we had a measure u such that the action (a + f, b + g) preserves p and such
that

ave, (f) = ave, (g) =0,

then the same argument of Sect. 2.2.3 would yield the same conclusion that the con-
stant terms can be made quadratically small, by just replacing everywhere ave by
ave,, where ave;, denotes the average with respect to the measure . 0

2.3 Convergence of the iterative scheme

Once we have the result of Proposition 9, the set-up of the KAM scheme and its
convergence is essentially the same as in usual applications of KAM method (see for
example Sect. 5.4 in [5]).

Assume that (a, b) is a (y, v)-Diophantine action. Let (a + f, b + g) be a small
smooth perturbation of (a, b). Since we are proving KAM rigidity, we also assume
that (a + f, b + g) is volume preserving and that f and g have zero average.

Given the initial perturbation above, we let:

fi=f g1=g

Recall that we use the notation A, | := max{||fi ||, g1}
Let D be the constant from Proposition 9 which depends only on (a, b).
Fix k = 3, and let/ = 8D + 16.
At the first step we assume that:

Ap1<eg, A <g!
for a small ¢ > 0. We will show that & can be chosen so small that the iterative process
converges.

We describe now the iterative process. By Proposition 9, there exists h; with the
estimates claimed in the proposition. Then the transformation Id + h; conjugates
(a +1f1, b+ g1) to anew perturbation, which we call (a + f>, b + g»). This procedure
is iterated.

At this point we still have the freedom to choose the truncation at level N when
applying Proposition 9 at the n-th step of the iteration. If at step n we choose the
truncation to be

1
My=e 7,
where &, = ¢*"), then for sufficiently small & we can show inductively that the fol-
lowing estimates hold for all n:

Agp <&y = E(kn)7
(26)
Ajp < 8;1,
and
1
Ih,ll1 <. (27)
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Here we use the letter C to denote any constant which depends only on the fixed I, D
and the unperturbed action (a, b).

Suppose that we are at the n-th step of iteration and that estimates (26) hold for n.
First, we check that the condition N A, < 1 holds by using the standard interpo-
lation inequality

=1 1
Ay < CAO,n] A/

n’

(28)

and assumptions (26):

N Apn < Cem)ﬂ) . 8_% = Csﬁ'kl_%
Since for the chosen value of / the term DD +2) +1- 1 is positive, by choosing initial
¢ sufficiently small, we get that the above expression is smaller than 1.

Then the maps h,, f, 1 and g, are constructed by applying Proposition 9. The
same proposition, combined with (26) and the interpolation inequalities (28), together
with our choice of /, imply that (27) holds for a sufficiently small &:

+1- 1
Ihalli <CNP AL, <CNPA 0,/A' <Ce, 0 <g,g.

Now we check that (26) holds for n replaced by n + 1.
First we compute the bounds for the / norms by using the estimates of Proposi-
tion 9:

—D —D
_ s —1
D 3(D+2) —1 3(D+2) 3
Appt1 <CN Ay ZCey (1+e,")<2Ce, <é&y =¢p Eurl

Finally, we estimate the O-norms (by using again estimates in Proposition 9 and
the interpolation inequality):

-1 1 -
Aont1 SCNPAGTA/ Ao,n +CNHPA;,

+2— o
< C( 3(D+2) + n3(D+2)

|~

3
)Sgn =&n+1,

since, given our choice of /, both expressions — 30 D ) +2— 7 2 and — 1 are

3(D+2)
strictly larger than %.

Therefore the estimates in (26) hold for all n. This implies the convergence of H,,
in the C! norm to some ., which conjugates the initial perturbation to (a, b). The
fact that the conjugation Hoo, is C” for every m > O (i.e., that the process converges
in any norm) is proved in a standard way by using interpolation estimates (see for
example the end of Sect. 5.4 in [5]).

2.4 Volume preservation of the conjugacy

Now we have that Ho conjugates the perturbation (F, G) to {(a, b). Since (F, G) is
assumed to be volume preserving, the conjugation relation implies that the pushfor-
ward of the volume by . is invariant under (a, b). Since a¥b! is uniquely ergodic
for some k and /, the map Ho is volume preserving.
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The proof of Theorem C is now completed modulo the proof of Proposition A.
The rest of the paper is dedicated to the proof of Proposition A. g

3 Estimates of sums and double sums along the dual orbits

In this subsection we give the necessary estimates on sums and double sums along
the dual orbits of A and B that will be crucial in solving the cohomological equations
and proving Proposition A. The main results of this section are Propositions B and C.

In Proposition B we deal with partial sums along the step-2 dual orbits. These
sums will be used in the proof of Proposition A for estimating the norms of the
conjugacies. We also give a first estimation of full sums along the step-2 dual orbits
that will be the key for estimating the error in solving the cohomological equations at
the resonant Fourier modes.

As explained in Sect. 4.1.5, a full sum along the step-2 dual orbit can be reinter-
preted, via the higher rank trick, as a double sum of a quadratically small function ¢
measuring the error of the pair (f, g) in (6) from forming a cocycle above the action
{a, b). In Proposition C, we deal with these double sums. The estimates we obtain
in this proposition will serve for estimating the error in solving the cohomological
equations at non-resonant Fourier modes.

3.1 Notations

In this subsection we summarise the notations used in the rest of the paper.

e Assume that (A, B) is unlocked commuting linear parabolic action. We consider
two commuting affine maps a(x) = Ax + « and b(x) = Bx + « on T4, where a
is step-2 and b is step-S (see Definition 1). Elements of the step-S action {(a, b) :
Z? — Diff $°(T9) are denoted by a*b!, (k,1) € Z>.

o Let

A=1d+A; B=I1d+B.

In these notations, a being step-2 and b being step-S implies: A2=B5=0.
e Let A= (A")"!, B=(B")~!. The linear action of (A, B) on Z is called the
dual action of (A, B). Let

A=1d+A; B=Id+B.

Clearly, A and B are also step-2 and step-S, respectively, which implies A2 =

BS =0.
e For S being the step of the action, let
=0.99 L
n==u. S’
e To each m € Z4 we associate s = s(m), called the step of m, such that

B'm=0, B 'm#0.
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Denote
1
§=456(m)=0.99-. 29)
s

Clearly, we have s(m) < § for any m € 74 and hence, d(m)>n.
e Foreach (k,]) € Z2, let ak,; stand for the translation part of akbl

ks =a*b' — AFB!.
e Given a continuous function 4 : T¢ — R, denote its Fourier coefficients by /,y,:
h(x) = Z hme(m,x), e(m,x):=e*mo),
meZ4

In these notations, for a(x) = Ax + o we have:

hoa= Y hz,e(Am. a)e(m.x), (hoa)y=hj,e(Am, ).

meZd
e For (k, 1) € Z? denote by 0k, the coboundary operator: for & € C(T9) let
d.1(h) :=h(a*b') — h.
In particular, the expression for the m-th Fourier coefficient of a coboundary is
Ot () = h e g1, e(AF B m, o 1) — hyn.

o LetU CZ%bea set that is invariant under the action of (A, B), that is, for every
m e U we have A*B'm e U for all (s, ¢t) € 72. For a sequence & = (&,)meu, We
identify & with the formal Fourier series

Z Eme(m, x),

meU

which depends only on the Fourier modes in U. Since U is invariant under the
action of (A, B), we can define the action of the operator di ; on £ (and equivalently
on the sequence &) by

O 1E)m = E i gl e(AX B m, o)) — &y, melU.

With a slight abuse of notation, we will view 9 ; as acting directly on the sequence
£,

Comment: This notation is needed because we will define the conjugating func-
tions by Fourier coefficients in different ways for different (invariant) sets of in-
dices: Cy, C or C3 (see below), and we will need to solve equations in terms of
Fourier coefficients in these sets even before we have that the formal Fourier series
define an actual function.
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e We will work with the maps of the type p : Z*> — C*(T%), the usual notation
being: p(k,1) € C* for (k,I) € Z*. For such maps we define the operator Lp :
72 x 72 — C°(T?), by the following. For any (k, ), (s, t) € Z* x 72, denote

Lp((k, 1), (s, 1)) :== 0k p(s, 1) — 95, p(k, D).

e We denote by (-, -) the standard Euclidean scalar product on R?, by | - | the cor-
responding norm on R¥, and we let || - || be the corresponding operator norm:
|A|l = maxy= ‘l—xl Note that (for historical reasons) in the beginning of this pa-
per the notation (A, B) was used to present the group generated by A and B. We
hope this coincidence of notations does not lead to a confusion, and that the context
makes the use of notation clear.

e By the norm || f||,, for f in the space of C" maps f : T¢ — RK, we denote the
maximum of the modulus of the derivatives up to order r, where r > 0.

e Let m be such that Am # m (hence, Am #0). Define

M(A) = {m € Z% | (m, Am)>0},
N(A) ={meZ| (m, Am) < 0}.

e Suppose that A is step-2, and m is such that 2\\121 # 0. Then we have AXm =m +
kAm. We say that m is the lowest point on the A-orbit of m if

Im| < m +kAm| forall k € Z.

Then we have a “switch™: m € M(A) but A=l € N'(A), or vise versa. Note that
m is the only point on the corresponding A-orbit in which the “switch” between
N (A) and M(A) happens.

o Let

AGD =0 i=em, ), puSV =y = e(m, B),

AB =i Ao A gk k=12, A9 =1,

AD = Gundgoty - hgrey) N k=—2,-3,...,
iy = uy =1,
u® =

KBt gam - Mgl k=1,2,...,
= (UMt - MHgerny) k==2,-3,....

e For A of step-2 and m € Z, consider the following partial sums over the dual orbit
of A:

00 -1
SEAO =D Fanr s St (= Y i
=0

k=—00
SAH) =SEA + 2.

The last two-sided sum defines the so-called “obstruction operator”.
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e The following splitting of Z¢ \ {0} will be used in our analysis.
74 \ {0} =CLUCUCs,

where the sets C ; are defined as follows.

Ci. (Degenerate case). C; is the set of m for which Am = Bm = m.
C>. (Resonant non-degenerate case). For (k,I) € Z* \ {0} we say that m €
Cy(k, 1) if the following holds:
-m ¢Cy;
-A*Blm =m.
We define Co = Uk 1yez2\(0y C2 (k. ).
C3. (Non-resonant case). C3 = Z¢ \ ({0} UC; U Cy).

3.2 Estimates of the sums along the dual orbits of a step-2 matrix

In the constructions that follow we will work with vectors m lying in certain subsets
of Z4 that are invariant under the action of A and B. Recall the notations M(A) and
N(A) from Sect. 3.1. We note that the initial investigation of the dual action for the
parabolic affine action on T2 appeared in [14].

Proposition B Let A be step-2 and suppose that Am # m; let r > 1.

(1) Consider a set U C 72 that is invariant under the action OfA. Let (¢,) =1{&n €
R | m € U}, and suppose that for all m € U we have |&,,| < cg|m|™". Then there
exists ¢ = c(r, A) > 0 such that

-Ifme M(A)NU, then Y 320 1€ jip, | < ccglm|™ 1,
“IfmeN(A)YNU, then Y 12 &5k, | < cczlm| 7T,
- If, moreover, m = m, then

o0
D g = ceglm T

k=—o00

(2) Consider the sets U and (&) as in (1) and )»f,p as in Sect. 3.1. Suppose that for
eachm € U, the set of numbers ({,) satisfies |¢ zi,,| — 0 asi — oo ori — —00,
and

Cimhid) = Cm = &m.

Then there exists ¢ = c(r, A) > 0 such that for each m € U we have:
1&m| < ccglm| "L

(3) There exists ¢ = c(r, A) > 0 such that for any function & € C", we have:
- If m € M(A), then | (§)] < cll€ |l Im] "1,
-Ifm € N(A), then |, (§)| < cl|&]llm| ™"+,

- If, moreover, m = m, then

=A@ <clgll m| ™t
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Proof Item (1) follows directly from the estimate below, that will be used several
times in the paper.

Sublemma 1 Let A be step-2 and Am # m; let r > 1. Then there exists ¢ = c(r, A) >
0 such that we have:

-Ifm e M(A), then 3 32 |A*m|™" < c|m|~"+1;

-Ifm e N(A), then Y12 |1AFm|™" < c|m| ="+

- If, moreover, m = m, then

o
Z |AKm|™" < c|m|7"F2.

Proof Consider the case m € M(A), i.e., (m, Am) > (. Then for any k > 0 we have
Im + kAm|* = |m|* + k*|Am|* + 2k(m, Am) > |m|?> + k*|Am|?.

Since Am is a non-zero integer vector, we have |Am| > 1. Therefore, for any k > 1
we have

|Afm| = |m +kAm| > (jm|> + k5% = |m|(1 + (k/|m])») /2.

Therefore,
o o0
D OIA m| T < m| 7Y (14 (k/ImDDH T < clm| T
k=0 k=0

The latter estimate can be proved by comparison of the sum Y22 (1 + (k/|m|)?)~"/?

with the (convergent) integral

o0 o0
/ (1L+ (t/ImD*)™"2dt = |m| f (142 7"2ds = |m]co,
0 0

where ¢ is independent of |m|.
The case of m e N'(A), i.e., (m, Am) < 0, is similar. Indeed, for k < —1 we have,
exactly as above, [m +kAm| = (|m|? + k2| Am|? + 2k (m, Am) /2 > (Im|* + k*)1/2.
Now let m = m. Then, in particular, [m + Aml > |m| and |m — Aml > |m|. This
implies, for example by studying the triangle with two sides formed by vectors m +
Am and m — Am that we have both (m + Am Am) >0 and (m — Am Am) > 0.
Then we can use the two estimates above to conclude that

0
> 1A mr Z |AKm |~ +Z|Akm| <cim|7"
k=—o00

k=—00

This finishes the proof of the sublemma, and thus that of item (1) of Proposition B.
O
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To prove (2), for a fixed m consider the sequence of equations obtained from the
given one (i.e., ;Am)»,(;) — ¢ = &) by replacing the index m by A¥m, either for all
k > 0 or for all k < —1. Multiply each of these equations by an appropriate constant
(see below) and add up, obtaining a telescopic sum on the left-hand side. Here is the
process for k > 0:

Camh) = Em = Em.
(1) 1 1 1
é‘fizmkjmkgn) - CAm)\'l(ﬂ) = SAm)Ll(n)’

_ @O @40 _ @ 51 _ s @, a
é‘A}mkAkafimk’('”) - g‘Azm)‘,&mkﬁn) - é:Azm)‘Am)Lin)’

Note that the extra multiple at each step has absolute value one. Adding up these
equations, and using the assumption that [ ;,,| — 0 as i — oo Gf [ 4,,| — O as
i — —oo then we can just iterate backwards instead to obtain a telescoping sum as
above), we get the bound |¢;,| < Z/fio | 5x,,,|. Then we can just apply item (1) of this
proposition to obtain the required bound for [, |.

dTo prove (3), recall that the Fourier coefficients of any & € C" satisfy for all m €
VAN

Em| < W&l Im| ™"

Then for each k € Z we have: |& 4, | < I€l-|AKm|~". The result reduces to that of
item (1). O

3.3 Estimates of the double sums. The parabolic higher rank trick

The double sums will be used for the case m € C3 (non-resonant case). For each m,
one of the double sums is easier to estimate than the other. The corresponding sign of
[ will be called the “good sign” of / for the given m.

Proposition C (Estimate of the double sums) Assume that {(a,b) is an unlocked
parabolic affine step-S action, where a is step-2. Suppose that m € C3 is the low-
est point on its A-orbit.

For r sufficiently large there exists a constant ¢ = ¢(r, A, B) > 0 such that for
n=0.99/8, at least one of the following holds:

ZZ |A*B'm| ™" < clm| 7", ZZ |AKB!m| ™" < cjm|7 8.

keZ 1>0 keZ 1<0

The proof of Proposition C is crucial for our analysis, it is rather technical and
takes up the rest of this section.

3.3.1 Implications of being unlocked

Recall the notion of being unlocked from Definition 5. Let us make two observations.
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Lemma 12 Suppose that the action (a, b) is unlocked. If§2m #0, then Am #0.

Proof Let B*m # 0, and suppose by contradiction that Am = 0. Let (o, B) €
T (A, B). Consider the function g(x) = e(m, Bx). Observe that

glax) =g(Ax + o) =e(m, E(x + Ax +a)) =e(m, §x)e(m, ng)e(m, Ea).

_First we observe that by using commutativity of A and B we have e(m, Bx)e(m
BAx) =e(m, Bx)e(m ABx) = e(m, ABx) =e(A'm, Bx) The assumption Am =
0 implies Am = m, and glerefore A'm = m. Consequently g(ax) = g(x)e(m, Ba).
Next we show that e(m, Ba) = 1. ~
_ Note that (by commutativity ab = ba) for any (@, B) € T (A, B) we have Ba =
AB (mod Z%). Therefore, for any m € 7% we have:

(m, AB) — (m, Ba) € Z.

Our assumption on . A implies mA = —(Am)[ =0,1i.e., (m, A( )) €. 7, which implies,
in particular, (m, Boz) € 7. Therefore, e(m, Boz) = exp(2m(m Boz)) =1, thus we
conclude g(ax) = g(x).

On the other hand,

g(bx) = e(m, Bx)e(m, B>x)e(m, BB) = g(x)e(m, B>x)e(m, Bp).

Since mB? = B?m # 0, we conclude that the action (a, b) has a rank-one factor that
is not a translation. O

The second observation is the following.

Lemma 13 Suppose that the action (a, b) is unlocked and AZm =0. Ifl?sm =0 for
some s > 2, then AB* 'm =0.

Proof Let B*m =0, and suppose by contradiction that AB'm #0. Define f(x) =
e(m, ABS 1)c) One easily verifies that f(ax) = f(x) and f(bx) = f(x) (using re-
lations ABS 1o = A2BS~ 28, ABS~ 1g= Bsoc) Hence the action (A + «, B + 8) has
a rank-one factor equal to identity, contradicting the assumption. O
3.3.2 Polynomial expansion of A* B'm

Recall the notations from §3.1.

Lemma 14 Assume that {a, b) is an unlocked parabolic affine action, and a is step-2.
For any m € C3 and any k,l € Z, denoting s = s(m) we have:

s—1
- ~ I\~ -
AkBlm:m+kAm+§ (.)Bj(m—i—kAm)
— \j
j=1

s—2
:m+kAm+Z(,>BJ(m+kAm)+< )BSlm
= Jj s—1

(30)
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Proof Case s = s(m) = 2. Here we have A2m = B2m = 0 (since s(m) = 2), and
Am #0, Bm #0 (smce m € C3). Therefore, A¥m =m+kAm and B'm = m +(Bm.
By Lemma 13, B%m =0 implies that ABm 0, which gives the result.

Case s = s(m) > 3. Here we have B2 m # 0, so, by Lemma 12 Am  # 0. Since
A2m = B*m =0, we have A¥m =m + kAm and B'm = m + Z (])Bfm Com-
posing the two expressions above and using the commutativity gives the result. More-
over, by Lemma 13, we have AB~'m=0. O

Recall that for m € C3 we have the following two possibilities:

e s(m) =2, in which case B2m = 0, and for all (k,[) € Z?\ {0} we have kAm +
[Bm #0; R
e s(m) > 3, in which case B*m # 0.

We will use different ways of controlling the double sums for the two cases above.
3.3.3 Proof of Proposition C, case s (m) =2
In this section we fix m € C3, s(m) = 2, and study the growth properties of

v := A*B'm = m + kAm + 1 Bm. (31)

The following two lemmas prove that there exists a constant ¢ = c¢(A) > 0 such that
if m is the lowest point on its A-orbit, then for all k € Z and either for all / € N or for
all [ € (—N) we have:

lvg,1| > clm].
Lemma 15 Letm € C3, s(m) = 2. If|;\\m| > |m|, then for all k,l € 7 we have:
okt > I1AI m.

Proof Assume the contrary: |vg | < ||A|| Uml. Apply A to equality (31). Since
A2m =ABm = 0, we have:

|Am| = |Avi,| < 1Al Jvg,| < [ml],
contradicting the assumption of the lemma. O

LemmaA16 Let m € C3 be the lowest point on its A-orbit, and s(m) = 2.
If |Am| < |m|, then for all k € Z and either for all | € N or for all | € (—N) we
have:

[vk,i| = |m|/2.

Proof Since m € C3, we have Am # 0. Denote V,, = span {Am} and let m* and
(Bm)J- stand for the projections of m and Bm, respectively, onto the orthogonal
complement of V,,. Then

|A*B'm| = |m + kAm + IBm| > |m™ + 1(Bm)™*|.
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To prove the lemma, it is enough to show that [m"| > |m|/2. When this is done, we
choose the “good sign” of [ to be positive if the angle between the vectors m= and
Bm? is acute, and negative otherwise. If we choose I of good sign, then |A¥B/m| >
m*| > |m| /2.

Let us estimate |m=|. Suppose that the angle 6 between the vectors m and Am
satisfies 0 < 0 <m/2 (otherwise, use (— Am) instead of Am) Since m is the lowest
point on its A- orbit, we have: |m — Am| > |m|. We see in this case that the projection
of m onto V,, satisfies

Iprojy, m| < |Am|/2.
Hence,

Im*| > |m| — projy, m| > |m| — |Am|/2 > |m| — |m|/2 = |m|/2. O

m

Lemma 17 (Estimate of the double sums, s(m) = 2) Assume that {(a, b) is an un-
locked parabolic affine action, and a is step-2. Suppose that m € C3, s(m) = 2, and
m is the lowest point on its A-orbit.

For r sufficiently large there exists a constant c = c(r, A, B) > 0 such that at least
one of the following holds:

SN IARB M <clml T 3OS JARE M < clm] 7,

keZ 1>0 keZ 1<0

Proof Assume without loss of generality that the good sign of / is positive.
Denote u := Am v := Bm and let Cri= kAm + IBm. Since u and v are integer
vectors, their sizes satisfy, for some cp > 0,

1< ful, [v] = colm].

These two vectors are non-parallel. Indeed, otherwise there would exist integers p
and ¢ such that pu+qv = 0, and then we would have A? B9m = m +pAm +qu =
m + pu + qv = m, contradicting the assumption m € C3. One can show, by studying
triangles with vertices at integer points, that the angle 0 between u and v satisfies
sinf > c¢1|m|~2, and hence y := |cos8| < 1 —c»/|m|~*. Note that for all k, [ € Z we
have the following two inequalities:

|Cra1? = ki + 10> =k u|* + 12 |v|* + 2kl |u||v]y,
(klu| +1|v])? =k|u)?® + I*|v]> 4 2kl |u||v| > 0.
Hence,
|Chal* = |Cral® = y (klu| +1v)? = (1 — y) (K> [ul* + % |v]*)
> colm| T K |ul* + P v]?) = calm|THEE + ).
Now, if k> 4 12 > c3|m|®, then for |m| > 1 we have |m| < |Cy;|/2, and

|A¥B'm| > |Ci1| — Im| > |Cr11/2 > |m].
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Finally, we split the desired sum:

ZZ |AKB'm|™" = 21 + %o,

keZ 1>0

where ¥ contains the terms |AX B'm|~" corresponding to kK2 +12 <c3lm|®, and I
contains those with k2 + 1% > c3 |m|8.

The sum ¥ contains < 4c3|m|® terms. By Lemmas 15 and 16, for a certain ¢ =
c(r, A, B) we have for all m:

vkt~ < clm|™",

SO

%) < calm|™"T8.

We estimate X, by comparison with an integral:

So= Y w7 Sesiml” Y @+

K2+12>|m|8 K2+12=|m|8

<cslm|*” 2+ )7 dxdy < colm| T < colm| T8,
x24y2>|m|8

The combination of the estimates for X1 and X, provides the desired result. O

The following subsections contain the proof of Proposition C for the case s(m) >
3. We assume that m € C3, s = s(m) > 3, and study the growth properties of | A¥ B/m]|,
given by formula (30).

3.3.4 The case s(m) > 3: estimate for small /

Lemma 18 Assume that {a, b) is an unlocked parabolic affine action, and a is step-
2. For any & > 0, there exists ¢ = c(A, B, &) > 0 such that for any m € C3 with
s = s(m) > 3, being the lowest point on its A-orbit, we have for any k € 7 and for
any |l < |gm|’:

|A*B'm| > cm ’, (32)
where § = 6(m) = 0.99:1, (as in Sect. 3.1).

Proof Assume that & = 1; the same proof holds for any for any & > 0. Denote
Vg, = A B'm for brevity; recall the notation AXm =m + kAm. We will argue by
contradiction. But before that let us prove the relation |vg; — Afm| <crr! |vk,1| for
a certain constant C = C(A, B), that is valid for all m.

By formula (30), we have: v ; — A¥m = 25;11 (;)BjAkm, or

s—1
_ I\ ~: -
Akmzvk,l—g () T Akm.
=1
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Let us apply inductively the map Bs—J ,j=1,...5 —1, to the above equality, at each
step expressing B*~J A¥m via vk.1- We get:

§s—1Akm — §s—lvkl

B2 Akm = B‘Y_zvk’l — 1B Ak = B‘Y_zvk,l — 1Bty

s—1

_ !
A"m:uk,l—Z()BfAkm P (),
j

j=1

where P;_1(l) is a polynomlal of [ of degree (s — 1) whose coefficients are linear
combinations of the terms B/ Vi, j =1,...5 — 1 that can be explicitly computed.
We estimate the maximum of Py_;(/) as:

I Pt @l = Col*~" max B [[ui | := CI g,
J=S—

Hence we have:
Akm — < Cls !
| Uk,l| = |Uk,l|-

Suppose by contradiction to the conclusion of the lemma that |vx ;| < |m|® for
some |I| < |m|®, where 8§ = 0.99/s.
First consider m satisfying |m| > (2C)'90 := ¢ (hence C < |m|0'01/2). Then

lues — A*m| < CI gyl < Clm|*® < Clm|*% < |m|/2.

At the same time, the assumption that m is the lowest point on its A orbit implies
that |Afm| > |m| for any k € Z. Combined with the previous estimate, this gives
|vk.1| = |m|/2, which is in contradiction with our assumption that |vg ;| < |m 19,
Thus, we have proved the desired estimate for all |m| > Cy.
Since there is only a finite number of m for which [m| < Cy, the desired estimate
(32) is achieved by choosing a sufficiently small constant c = c(A, B, §). Il

3.3.5 Thecase s(m) > 3:linear driftin/

This is the section where the “good sign of " for the given m € Z¢ plays the crucial
role.

Lemma 19 (Linear Drift in [, s(m) > 3) Assume that {a, b) is an unlocked parabolic
affine action, and a is step-2. There exists a constant ¢ = c(A, B) > 0 such that for
any m € Cz with s(m) > 3 the following holds: for all k € 7 and either for all | > 0
or for all ] <0 we have:

|AKB!m| > c|l|.
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Proof Recall that s = s(m) > 3, which means that BSm = 0, B !m #0. In particu-
lar, B*m # 0. By Lemma 13, the assumption on being unlocked implies AB*~!m =

0. Denote
V= span {B'm, AB'm|le[2,s—1], I' €[0,s — 2]},

where the terms AB''m may vanish starting from some I'!'=t,t>1.Let m- and
(Bm)J- denote the orthogonal projections of m and Bm, respectively, onto the or-
thogonal complement of V,,. Let us show that for some constant ¢ = c(A, B) > 0 we
have

(Bm)t|>c¢>0.

We consider two subcases.
Case AB*~2m = 0. In this case we have B*~'v =0 for any v € V,. At the same
time, B* " !m # 0, and hence

0+ B 'm=B"2Bm)".

We see that the projection of Bm onto VL is non-zero. Moreover, we can estimate
its size from below. Since B 'm # 0 is an integer, we have |BY Um| > 1. Since the
norm of BA ~2 is bounded away from zero, we have |(Bm)J-| >co(A, B) > 0.

Case AB*2m # 0. In this case we have

0+ AB*>m=AB*>3Bm)=AB>Bm)".

Since AB*~2m # 0 is an integer, we have |AB*~2m| > 1. Since the norm of AB*~3
is bounded away from zero, this implies |(§m)J-| >c1(A,B) > 0.

To complete the proof, recall that, by (30), all the terms in the expression for vy /,
except for m and Bm, lie in V,,:

s—2
o . I\ . - I\~
vk,,:AkBlm:m+kAm+Z<,)Bf(m+kAm)+( )Bs_lm
o Jj s—1

Therefore, the norm vy ; is not smaller than the norm of its orthogonal projection onto
V,f;, ie.,

lveg] > Imt + 1(Bm)L).

Choose the “good sign of I” to be positive if the vectors m~ and [(Bm)* form an
acute angle, and negative otherwise. For this sign of / we get the desired result.  [J

3.3.6 Thecase s(m) > 3:driftink
Recall the notations s = s(m) and § = 6 (m) from Sect. 3.1.

Lemma 20 (Drift in k) Assume that {a, b) is unlocked parabolic affine action, and a
is step-2. There exist positive constants &€ = £(A, B) and C = C(A, B) such that for
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any m € Cs, for any k. satisfying |k| > &|m|, || < |k|® with § = 8(m) defined in
Sect. 3.1, we have:

|AKB!m| > C|k|°.

Proof Let s = s(m) be the step of m, defined in Sect. 3.1. Since § = 8§(m) =0.99/s,
condition |I| < |k|® implies |k| > |I|*. Let p € [0, s — 1] be the largest integer such
that AB?m # 0, and observe that from (30) and

BPA*B'm = BPm + kABPm + O* ™), (33)

where O(I°~!) denotes the terms free from k with the maximal power of / being
s — 1. If we assume that |k| > £(A, B)|m| with £(A, B) sufficiently large, then the
linear term in k is dominant in (33) so that |BPAkBlm| > |k|/2, thus |A¥ B'm| > C|k|
for a certain positive constant C. O

3.3.7 Proof of Proposition C, case s (m) >3
‘We now turn to the effective control of the double sums.

Proof Assume without loss of generality that the good sign of / is positive. Let & =
&E(A, B) > 0 be the constant from Lemma 20, and let § = §(m) = 0.99/s(m), as
before. We split the sum into the following five partial sums, each of which will be
estimated separately:

> |A*B'm| "

keZ 1>0

ol I ONDIE D DY

[kI<léml, 1<|gm|®  |kI<IEm], i>]&m|®

+ > S+ Y Y ey Y 1AM

[kI=1&m|, I>|k|8  |kI>1Eml, I<|gm|®  |kI>|Em], |Em|d <I<|k]®

=X+ X+ Y3+ Xg+ s

The following elementary estimate is used several times below: for any p,r > 0,
we have:

> i =corpT
j=p

Estimate of ;. By Lemma _18,_ there exists ¢ = c¢(A, B) such that for all [ <
|Em|® and for all k € Z we have |A¥ B'm| > c|m|°. The sum X contains < 3|Em|*H!.
Hence,

21 < 31Em M elm|®) " < eylm| T2
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Estimate of X, and X3. By Lemma 19, there exists ¢ = ¢(A, B) such that for all
k € Z and for all [ > 0 we have: |AXB'm| > cl. In the case of £, we have |k| < &|m],
S0

S <3lmlc™ Y 1T <eofm| 0,

I>|Em|®

In the case of X3 we have:

L33 Y DU =a ) W) el

k>&|m|, 1>kb k>&|m|

_Estimate of ¥4 and X¥s5. By Lemma 20, if |k| > &§|m| and 0 </ < |k|®, then
|A¥B'm| > C|k|°. Therefore,

Sy < ClEmP Y kT <calm| 72,
k>&|m)|

and

25 S Z Z k—r5 SCS Z (11/5)—r5+l 555|m|_r6+2-

I=|Em|3, k=11 I=|Em|?

Recall that for any m € Z¢ we have 8(m) = 0.99/s(m) > n = 0.99/S, where S is
the step of B. Therefore, |m| 77842 < |m |2, Summing up the above estimates, we
obtain the desired result. O

4 Solution of the linearized problem. Proof of Proposition A

A way of interpreting the statement of Proposition A is the following. A perturba-
tion (F, G) of the action (a, b) defines a map p : Z> — Vect®(T9) by p(k, 1) :=
FXG! — a* b, (k,1) € 72. Proposition A (in fact) claims that there exists a tame map
which projects p to the space of (twisted) coboundaries over (a, b) in such a way that
the complement of this projection has quadratic estimates with respect to p. How is
commutativity going to give us that the error we make while projecting is quadrati-
cally small? Commutativity relations for all action elements tell us that certain linear
operator Lp (see §4.2.2) defined on p is bounded (roughly) by the size of the square of
p- So the core of the problem is to produce a projection of p to the space of (twisted)
coboundaries over (a, b) so that the complement of this projection (the error we are
making) can be bounded by the size of Lp. This is done in Sects. 4.1.1 and 4.2. The
final §4.3 contains the proof of Proposition A. It is in this proof that we use the fact
that the commutativity assumption implies that Lp is quadratically small with respect
to p.

This interpretation of the statement of Proposition A is useful for understanding
its proof. Namely, even though the statement of Proposition A contains only f and g
(in the notations of this section it means that f = p(1, 0) and g = p(0, 1)), in order to
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produce the estimates, we need to use the whole map p : Z* — Vect®(T?), not just
f and g. We explain this point more in §4.1 after the statement of Proposition D that
contains the main estimates on the conjugacy and the error.

The plan of the proof of Proposition A is the following. We start by construct-
ing projections to coboundaries for function-valued maps p : 7> — C>(T%). The
main result that leads to Proposition A is Proposition D which we state in §4.1 and
prove in §4.1.1. Proposition D contains the crucial estimates for the convergence
of the iteration process. In §4.2 we use Proposition D to deduce the correspond-
ing statement, Proposition E, for truncations of p : 72 - C OO(Td ), which we then
inductively apply to obtain Proposition F for the truncated vector field-valued map
p : Z? — Vect™(T9). This passage from a function-valued map p to a vector field-
valued map p is quite direct due to the fact that our action (a, b) has a parabolic
linear part. Similar inductive argument has been used in all the other works which
use KAM method for parabolic actions ([3, 6, 8, 24]. Finally, the main result for vec-
tor field-valued maps p (Proposition F) is used in §4.3 to prove the main iterative
step, Proposition A.

4.1 Approximating p : Z2 — C*(T%) by a coboundary

We start with a set of functions, p : Z? — C*°(T?). Recall the following operators
defined in §3.1: 3 ;(h) = h(a*b") —h and Lp((k, 1), (s, 1)) = &1 p(s, 1) — 5., p(k, ).
Here we introduce some extra notations. For a fixed natural number N we define Qy
to be the set consisting of all the resonant pairs corresponding to the resonant vectors
of norm less than N (see Lemma 4 for the bound on the norm of resonant pairs with
respect to the resonant vector, and for the definition of constant C which appears in
the definition below). In other words,

Oy ={(k,]) e R(A, B) : C(lk|+1I]) < N}U{(1,0), (0, D)}. (34)
For the simplicity of notations, we introduce the following norms, for any r > 0:

Pl :=max{|[p(L,0)l-, | p(0, DI},

(35)
I Lpllyn :=max{|[Lp((1,0), (k,D)l,, ILp((0, 1), (k, D) : (k,]) € Qn}.
‘We will use the notation
Trig(T%, N) :={¢ : () = ) Gme(m, x)}, (36)

|m|<N

for the space of trigonometric polynomials of degree < N.

From this point on, ¥ will denote a constant which depends only on the action
(a, b) and the regularity r, but along the way it will absorb other constants which
appear in the estimates.

The main result we prove here is:

Proposition D Let (a, b) be an unlocked (y, t)-Diophantine step-S parabolic affine
action, where a is step-2, and let r > 0. There exist constants u = u(S) >0, o =
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o({a,b)) and k = k(r, (a, b)) such that for any map p : VAESS COO(Td) there exists
a C* function h such that

Al <xllpllr+o, (37)
and the map p : 72 +— C*(T¢) defined by
p(s, 1) :=05:h — p(s,t) +ave(p(s,t)), (s,t)€ Zz, (38)
satisfies the following estimate:

15Cs, Ol < 1ps, Dl + sl + 1DV Pl (39)

Moreover, if p : 7> — Trig(T9, N), then the following estimate holds for any (s, t) €
On:

I15Cs, Ol < ksl + [ED* P TN Lpll yrton- (40)

The proof of the proposition is lengthy and takes up all of the next section. Here
is a short overview of the proof.

We will define & via its Fourier coefficients %,,, in different ways depending on
m. We apply different arguments in the following three cases: when the orbit of m
under the dual linear action (A, B) is a single point, when orbit under some element
of the action is finite, or when it is not finite under any element of the action. If the
(A, B)-orbit is a single point we are in the degenerate case. This case we is dealt with
in the same way as in the original proof of Moser in [17] (see §4.1.2). The second
case is when m is resonant, and the last case is when m is not resonant.

As explained in §1.3, to each resonant m we attach a unique resonance pair (k, /)
for which A¥B!m =m.

When m is resonant two situations happen. The first one is when Am = m and
Bm # m. This is a (1, 0) resonance. In this case the fact that (A, B) is unlocked im-
plies that BZm =0 (so m is step 2 for B). Then we use the generator b to construct
h,,. To show that p satisfies the needed estimate in this case, we will need the Dio-
phantine condition on the translation vector « ¢. The other situation is when m is
resonant and Am = m. In this case we use the generator a to construct /,,, and the
fact that A is step 2 to estimate /.

To obtain the estimate for p we use different strategies for resonant and non-
resonant m.

When m is resonant, we use the corresponding resonant pair (k,/) and the action
element a¥b! to estimate the error. This is exactly where we need to use many ele-
ments of the action, in fact we use the map p : 72 — Vect™ (Td), and not just two
generators f and g. Moreover, it is here that we will use the Diophantine assump-
tions on the translation parts ay; = a*b! — A¥B!. To control the number of action
elements we use, we need to truncate the given data first. This is why the crucial error
estimate in Proposition D is stated separately for truncated maps. In our arguments,
as explained in Lemma 4, the norm of the resonant pair will be bounded by the norm
of the resonance. Therefore, for the estimate of the N-truncated maps, we only need
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to consider the resonant pairs for the resonances bounded by N. The treatment of all
the resonant cases is done in §4.1.4.

Finally, if m is not resonant, and also not fixed by the whole (A, B )-orbit, we use
the double sums estimates. This part of the argument uses §3.3 and is contained in
§4.1.5.

4.1.1 Proof of Proposition D

Let us pass to defining and estimating the numbers 4, and (p(s, t)),,. The arguments
will strongly depend on m. We always set 1y = 0, and for m lying in each of the three
subsets, C1, C> and C3, defined in §3.1, we have a separate construction. Proposition D
will be derived from the following statement.

Proposition 21 Let (a, b) be an unlocked (y, T)-Diophantine parabolic step-S affine
action, where a is step-2, and let r > 0. There exist constants n > 0 (n = 0.99/5)),
o =o({a,b)) and k = k(r, (a, b)) such that, for any map p : 7* — C®(T¢) there
exists a set of numbers (hy,), m € 74 \ {0} such that

| < ke max{ || p(1, 0)l,, [| p(O, 1)l }m] "1+ (41)

with the following property. The map p from 72 into the space of formal Fourier
series defined by

(B D) = h g pupye(A B'm. o5 ) = hyy = (p(s, D)), (s.1) € Z2, (42)

satisfies, for any r > 8/n the following estimate

(P (s, )ml}
ke max{[| Lp((s. 1), (1. 0))ll.
ILp((s, 1), (O, D)l }lm| =T, meCy,
k(Is| =+ e max{||Lp((1,0). k. D).
_ ] ILp©. 1. k.D)llr “3)
T ILp(.0). 5.0l
ILP((O, 1), (5. )l |~ +7F2, m € Ca(k. 1),
k(Is| =+ e max{|| Lp((1, 0. (O, 1),
ILp(Gs, £). (1,0l } | =17+, m e Cs.

Moreover, if p : 7> — Trig('ﬂ"d, N), then for m € Cy, either
(i) (P(s, 1)) =0 forall (s, t) € Z2, or
@)y m € Ca(k, 1) as (k,1) € Qn, where Qy is the finite set defined in (34).

The proof of Proposition 21 is deferred to the subsequent sections. We first show
how to derive Proposition D from Proposition 21.
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Proof of Proposition D Recall that in (35) we defined:

Pl == max{|[p(L, 0)[|, [ p(O, DI, }.

Then estimate (41) directly implies estimate (37) for & withalossof o :=7 +d + 2
derivatives.

The map p, defined in (38), satisfies the linear estimate (39), directly from its
definition, and estimate (37) for A:

15Cs, Ol < 105kl + I pCs, DIl < pCs, Ol + sl + 1)1 pllr+o-

It remains to show estimate (40) when p : Z> — Trig(T9, N).

Taking into consideration the alternative (i) — (ii) at the end of Proposition 21
for m € C,, we can take the maximum over (k, /) € Qy on the right-hand side of the
bounds in (43) to obtain (recall the notation (35))

I(p(s,)ml}
« max{[|Lp((s, 1), (1,00l
ILp((s, 1), (O, D)l }lm| ™", m € Cy,
- e (Is] =+ 1eh® max{|| Lpll,x, ILp((1,0), (s, ),
| L, 1), (s, D)l Hm] T, m € Cs,
e (Is] =+ leh® max{|| Lp((1, 0), (O, 1),
ILp((s, 1), (1, 00) |, } [m]|~7+9, m € Cs.

Since in Propostion D we are only required to give the estimate for p(s, ) as
(s,t) € Qn, we may take the max over all the terms in the parentheses above as
(s,1) € Qy, which gives us a cumulative estimate, for any m € Z? \ {0} and any

(s, 1) € Qn:
|5, Om| <k Is| 4+ LDV NLp | |m| 7T (44)
This implies
sup | 5 (s, | lm " "% <k (Is| + D I Lpr N,
which (by making a substitution r := nr — 7 — 9) gives:

- —1 -1
sup{| (s, Omllm|"} < k(s + DTN Lp| 1yt 1oy N -
m

Because of the well known norm comparison: ||p(s, )|, < Csup, {|p(s, )| x
Im|"t4+2} we have:

~ -1 1
1B, Ol <k (|s|+ e CHEDETCEM L pl| 1 iyt (o) N-

Now let o := ! (recall that < 1), define the new o :=n~'(t +9 +d +2) to
obtain the final estimate || 5 (s, £)|l, < «(|s| + ()Y “ N Lp |l urto.n- O

In the rest of this section we prove Proposition 21. We will split the proof into
three subsections according to m € C;, m € Cy or m € Cs3.
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4.1.2 Proof of Proposition 21 in the case m € Cy

Let m € Cy, i.e., we have Am = Bm = m. Since the action is assumed to be (v, 7)-
Diophantine, we have either |e(m, ) — 1| > y||m| %, or le(m, ) — 1| > y|m]|~F.
Let f =p(1,0) and g = p(0, 1).

Define h,, as follows:

_Jelasm) =) i, if (1 —e(@,m)| =y Im]| 7,

m = o . (45)
{(e(ﬁ,m)—l) gm. i 1 —e(a,m)| < ym| "

Then we have the following

Proposition 22 Let (a, b) be a (v, t)-Diophantine parabolic affine action, and let a
map p : Z* — C>®(T9), be given. For m € Cy, let h,, be defined as in (45). Then

| < y max{[| fll,, llgll,} Im |7,

and for any (s,t) € 72, the number (p(s, 1))m defined by formula (42), which in this
case has the form:

(ﬁ(ss D)) =hp(e(m, as,t) -1) - (p(s,)m,

satisfies
|(P(s, )| < cmax{|Lp((s, 1), (1,0, |1 Lp((s, 1), (0, 1) }m|"FT.

Proof Suppose first that m is such that |1 — e(«, m)| > y|m||~7, in which case h,, =
(e(ar,m) — 1)~ f,,. Then

(Lp((s, 1), (1,0))),,
= (95.0f),, — (91.0p(s.1)),,
= (e(as,r,m) = 1) fm — (e(a,m) — 1) (p(s, 1)),
= (e(as,;,m) — 1) hy(e(a, m) — 1) — (e(ar,m) — 1) (p(s, 1))
= (e(ar,m) — 1) (e(as,r,m) — Dhy — (p(s,1)),,)
= (e(a,m) — 1)(p(s,1))m-

Estimate |1 —e(a, m)| > y||m| ~F implies the result. The case when 4, = (e(8, m) —
1)~!g,, is treated in the same way.

Directly from the definition of %, and from the SDC-condition on « and 8 we
obtain the bound for |A,,|:

| <max{le(B, m) — 1|71, le(a, m) — 1|y max{| finl, |gm}
<ylm|"[m|™" max{l| fll,, llgll}- O

It is straightforward that Proposition 22 implies Proposition 21 in case m € Cj.
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4.1.3 Lemma to be usedincasem € C; U C3

For the cases m € C, U C3, we will define the solution 4,, and first derive estimates
for (p(1,0)),, and (p(0, 1)),,. To extend these estimates to (p(s, t)),,, we will use
the following simple lemma:

Lemma 23 Assume that {(a, b) is an unlocked parabolic affine action, and a is step-
2. Consider a map p : 72— C®(T9), and let {hy}mey be given, where U is some
(A, B)-invariant set. Define for every (s, t) € Z2, {(p(s, t))m}mez via

PG ) = h g ey e(A*B'm, o5 ) — by — (P(5, 1))

Let r > 0. Suppose that there exists IC > 0 and 0 < p < r, such that one of the follow-
ing holds:

@ 1(p(1,0)m| < Kim|™* for all m € U, and |(p(s, 1)) zi,,| = 0 as i — oo or
i — —o0.

@) 1(pO, D)m| < K|m|™" for all m e U and |(p(s, 1)) 5i,,| = 0 as i — oo or
i > —00.

Then there exists a constant ¢ = c(A, B) > 0 such that for any (s,t) € 72 and
meu,

[(B(s, D)l < c(ls] + 1D (max{[| Lp((s, 1), (1,0l

(46)
ILp((s, 1), (O, D)} + K m|=#F.

Proof Suppose first that for all m in an A-invariant set U we have |(p(1,0)),,| <
K|m|~". Denote f,, := (p(1,0)), and f,,, := (p(1, 0)),, for brevity.
For the sequence {A,,} we formally have:

(05,1 0k,1M)m = (Ok,105,: ).
By the definition of the set of numbers (/,,),
(Lp((1,0), (s, ))m = @1.0P(s. ) — @51 /)m
= (01,0P(s: 1))m — (3s.001.0h — 5. Fm
= (01,0 (p(s.1) = %5.s1))m + (Bs.s im
= (01,0 P(5. ) + s, Him-
Hence,
(01,0 p(s. D)m = (Lp((1,0), (5. D) — @5t -

Since Lp((1,0), (s,?)) € C" and p <r, we have
I(Lp((1,0), (s, ))m| < ILp((1,0), (s, )l Im|~".
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Let us estimate (8s,tf)m = fA,gB,me(ASBtm,ozS,,) — fm To bound |f/§s-gzm| notice
that, since the linear part of the action (a, b) is parabolic, for some constant co =
co(A, B) we have:

1A= B~'II < colls| + [¢)*.
Hence, for any (s, ) we have:
m| < A7 B~ || |A°B'm| < co(Is| + 1)) |A* B'ml,
and thus |A* B'm|~ < ¢;(|s| + |£])¥ |m|~", and therefore
@t Dl <1 s ol + 1 fonl < KAAB'm| ™" + |m| =)
< e2K(Is| + [t |m] =
for some c1, ¢ > 0 only depending on (A, B). Finally, we obtain:
01,0 B(s. )| <ILP((1,0), (. — Bs.s Pl

= (ILP((1,0), (5, Dl + c2Klls] + )™ ) I~

By Proposition B (2) and the assumption that (p(s, t)) zi,,, = 0asi — coori — 00,
this implies that

I(B(s, D)m| <c3 (IILp((L 0), (s, )l +c1K(Is| + |r|>d’) Im| =P+
<c(Is| 4+ 1eD? (ILp((1,0), (s, )|l 4 KC) [m|~PF!

for some ¢ = c¢(A, B) > 0. The case |[(p(0, 1)),,| < K|m|™ is similar, we just have
to use do,1, gm := (p(0, 1));n and gy, := (p(0, 1)), instead of 919, fin and f, re-
spectively. 0

4.1.4 Proof of Proposition 21 in the case m € C,

Let (a, b) be an unlocked parabolic affine action, where «a is step-2. Let m € C»(k, [),
i.e., at least one of Am and Bm is different from m, and there exists (k, /) € Z> \ {0}
such that A* B'm = m (thus kAm + [ Bm = 0). By Lemma 12, C, (k, [) can be divided
into two sub-cases:

Ch(k,1): Am #m;

Cé’(k, I): Am = m, while Bm = m. Note that in this case, by Lemma 12, we have
B%m =0.

The sets C;(k, 1) and CJ(k, 1) are invariant under the action of (A, B) due to the
commutativity of the action. Consider a map p : Z? > C*°(T¢). Denote f = p(1,0)
and g = p(0, 1).

For m € C}(k,1) we define:

=, mem,

i = A (), meN(A).

(47)
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For m € C(k,1) we define:
P9, meM(B),
h, = 48
" {2;’3(@, me N (B). “

To understand our choice for 4,,, think of C*°-functions /4 and f satisfying h oa —
h = f. Then the Fourier coefficients are related by

(hoa—h)m="hzi 2V —hy= fu.

Iterating this equality by A either in the positive or in the negative direction while
multiplying by appropriate constants, one obtains a telescopic sum equal to 4, as
given in formula (47). The following proposition is the main statement of this section.
It is straightforward that it implies Proposition 21 in case m € Cs.

Proposition 24 Assume that (a, b) is an unlocked (y, t)-Diophantine parabolic affine
action, where a is step-2. Consider amap p : 7> — C*®(T%), denote f = p(1,0) and
g = p(0, 1). Given m € Ca(k, 1) for some (k,1) € Z* \ {0}, define h,, as above.

Then there exists k =k (y, T, A, B) > 0 such that

| < icmax{|| £, llgll,} lm| =",
and for any (s, t) € 72, the number (p(s, 1)), defined by formula (42), i.e.,
PG, D = h s ry€(A° B'm, s 1) = hyn = (p(s, 1)),
satisfies:

[(BCs, )l < (ls] + [t)* max{[| Lp((1,0), &k, )], ILp((O, 1), K, )]\,
ILp((1,0), (s, D)l I Lp(O, 1), (s, E)) Il Ym |~ F7F2.

In addition, |k| + |l| < c|m| for a certain ¢ = c(A, B) > 0.
If p: 7% — Trig(T4, N), then for m € Cy, either
@) (p(s,t))m =0 forall (s,t) € 72, or
(@) m € Ca(k, 1) as (k,1) € Qn, where Q is the finite set defined in (34).

Proof Let us present the proof of Proposition 24 modulo certain lemmas, that are
proved below. First consider m € C)(k, [); the arguments for m € CJ (k, [) are similar.

Step (a). Define h,, by (47). The estimate for |A,,| follows from Proposition B part
(3).

Step (b). We start by proving estimate (49) for (s,7) = (1,0). This is done in
Lemma 25. Namely, we observe in that Lemma that the error term f;,, = p(1,0),, =
hgm)\ﬁ,}) — hy — fm, vanishes for all m except for those m = m. In the latter case, we
will derive from the commutation relation formula (51) that we repeat here

(e(m,ap1) — 1) fn =Ty (Lp((1,0), (k,1))).
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After that, the right-hand side is bounded above by the norm of Lp((1,0), (k,[) (be-
cause m is lowest on its orbit), while the term |e(m, g ;) — 1| is bounded below by
the Diophantine condition for the resonances. It is here that the Diophantine condi-
tions on the resonances play a crucial role: this condition, combined with formula
(51), implies:

|fm| <cl|Lp((1,0), (k, ]))||r|m|—r+l+r.

Step (c). Finally, we will prove estimate (49) for all (s, ) combining the result
of Step (b) above with that of Lemma 23 (with IC = ¢||Lp((1,0), (k,1))||, and p =
—r + 1+ 7). It is left to verify the assumptions of Lemma 23.

To do this we first observe that the definition of 4, is consistent along the (A, B)-
orbit of m. Indeed, let m € Cé(k,l), that is Am # m, and define h,, as in (47).
Since the sets Cé (k,1) and Cé/ (k, 1) are invariant under the (A, B ) action, the same
formula defines h j; :,,,. Directly from the definition (47) it is clear that for suffi-
ciently large i, h i, is defined by the sum ZE;”;‘! f, and the same holds for any

(fixed) A*B’m as long as i is large enough. Since f is smooth, its Fourier coef-
ficients decay at infinity, therefore Proposition B applies and gives that 4 5, — 0
as i — oo, as well as A i s g, — 0 when i — oo. Since p(s,t) is smooth, and
Am # m, we also have that (p(s, t)) zi,,, — 0 as i — oo. Therefore, (p(s, 1)) 3, =
hAH,-B,me(AS”Btm, Asyiyt) — hji,, — (p(s,1)) zi,, converges to 0 as i — oo. Con-
sequently, Lemma 23 applies and gives the required bound on (p(s, £));.

The arguments for m € Cé’ (k, 1) are similar: we define h,, by (48) and show that
(p(s, 1)) zi,, converges to 0 as i — oo. Now Lemma 23 gives the required bound on
(p(s,1))n. This finishes the proof of Proposition 24 modulo the following lemma.

O

The following lemma provides the proof for Step (b) above.

Lemma 25 Assume that (a, b) is an unlocked (y, t)-Diophantine parabolic affine
action, where a is step-2. Let m € Ca(k,1). Denote f = p(1,0), fin = (5(1,0))m,
g=p©,1), g, = (p0, 1), and let h,, be as in (47), (48). Then there exists a
constant ¢ = ¢(r, A, B) > 0 such that for m = m we have:

| fnl < cllLp((1,0), (k, D)l Im| 7T ifm € Cy(k, 1),
8m| < clILp((0, 1), (k, D)l lm| 7" F1F° ifm e C(k, D).

For m # i we have fy, = g, = 0.

Moreover, if p : 7% — Trig(Td, N), and Uy denotes the finite set {u € 74 . lu| <
N} for a fixed N > 0, then cither:

(i) the (A, B)—orbit does not intersect Oy, and hy, = (p(s, 1))y = (p(s, 1)), =0
forall (s,t) € 72 and all u in the (A, B)—orbit of m, or

(@) (k,1) belongs to a finite set Qy € 72, defined (see (34)) that includes the set
of resonant pairs for resonances that belong to the set Ly.
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Proof Assume thatm € C}(k, 1), the case m € Cé/ (k, I) being similar. By the definition
of h,,, we have: fm = hAmkﬁ,}) — hy — fm, and formally we can express:

Jm = .
" 0, otherwise.

- {En’:m, m =,

Assume that m = m. Using the definition of 4,,, we get:

(Lp((1,0), (k, 1)) = @1,0P(k; 1))m — (Ok,1 fm

(50)
= @1,0pk, D))m — (e(m, ox,1) — 1) fm.

First we show that the term e(m, oy ;) is not changed when m moves along the
A-orbit. From the commutativity of A¥B! and A it follows that if m € Co(k, [) then
Alm e Cy(k,1) for all j € Z. Now we show that we have the relation (Am, k) =
(m, o ). Denote A¥B! by T; for brevity. The commutativity of akvl () = AKB! () +
ok, and a(-) = A(-) + o implies that

(T —Id)oe = (A = Id)og ;.

Since m is (k,[)-resonant, the vector n := Am = (A")’lm is also resonant, which
means that (Tk’l’ — Id)n = 0. Combining the two relations above, we get:

0= (T —Idn,a) = (n, (Tu —1d)a) = (n, (A = IdDax,1) = (A" —Id)n, oy 1),

which, by the choice of n above, gives us ((Id — Aym, ak.1). Therefore (Am, ) =
(m, ak.1), so e(m, oy 1) is constant along the A-orbit.

We take the weighted sum E,;‘; on both sides of equation (50). Since e(m, ax ;) is
constant along the A-orbit and for m = m we have 2£ (f) = fm, then:

S (Lp((1,0), (k, 1) = (etm, o) = D) Ty (f) = (elm,op) = ) fu.  (51)
Since Lp((1,0), (k,[)) € C", we can use Proposition B, which gives us:
1T (Lp((1,0), (k, D)) < cllLp((1,0), (k, D)l Im| ™.
Using the Diophantine assumption on resonances, we conclude:

| fnl < cllLp((1,0), ke, D)l lm| ™ em, oxy) — 1|7

(52)
<cllLp((1,0), (k, D)l lm| "+

The bounds obtained in the proof above a priori depend on (k,[), and, as men-
tioned earlier, the set of resonant pairs (k, /) may be infinite. However, when f and g
are trigonometric polynomials of degree < N, that is, if all their Fourier coefficients
are zero outside a fixed box in Z¢, then the above proof actually gives a bound that
depends only on (k, [) contained in a finite set. We explain this fact now.

Fix N, let Oy := {u € Z¢ : |u| < N} and let Qy denote the finite set defined in
(34) which contains the finite set of all (k, /) that are resonant pairs of some u € Lly.
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Recall also from Sect. 1.3.2 that (k, /) is the same for all resonant # on the same
(A, B)-orbit.

Now we have two cases:

(i) The (A, l_?)—orbit O(m) of m does not enter the set (. Then f,, = g, =0 for
all u in O(m), consequently i, = 0 for u € O(m), and then trivially (p(s, 1)), =
(p(s,1)), =0 for all u € O(m), and in particular, for m.

(ii) The (A, B)-orbit O(m) of m intersects the set (. In this case we apply the
general constructions described earlier in this proof, deriving the estimate (52) that
depends on (k, /), which is the resonant pair attached to the orbit O(m). Since the
set [y contains only finitely many integer vectors, it is clear that only finitely many
orbits can enter the box. So in this case, we may consider only those (k, /) which
correspond to m € Ly, which is a finite number of (k,/)s. It is this set, enlarged
by the generating pairs (1,0) and (0, 1), that we denote by Oy (see the definiton
(34)). O

4.1.5 Proof of Proposition 21 in the case m € C3
Let m € C3; denote f = p(0, 1). We define h,, by

A, me M@,
=1 (53)
2200, meN(A).
Proposition 26 Assume that {(a,b) is an unlocked step-S parabolic affine action,
where a is step-2. Let a map p : 7> — C®(T¢) be given. For m € C3, define h,,
by (53).
There exists a constant k =k (y,r, A, B) such that

| < kIl f Nl lm| =7, (54)
and, defining for each (s, t) the number (p(s,t))m as in formula (42), i.e.,
(P50 = h fs pry (A B'm. o5.1) = hm — (P(s. 1),
forn=0.99/8, for any r > 8/n, we have the estimate:

|5(s, Dm| <k (Is] + 11D max{[| Lp((1,0), O, )]l

(55)
ILp((s, ). (1, 0)[} |~
Proof The proof of this proposition is done in 3 steps similarly to that of Proposi-
tion 24. Steps (i) and (iii) of the proof rely on the same lemmas (applied with slightly
different constants). The important difference lies in the proof of step (ii) that relies
on Proposition C on the control of the double sums along the dual orbit of a lowest
point on an A-orbit. Here are the steps:
(i) Estimate (54) follows from part (3) of Proposition B.
(i1) Based on Proposition C, we will show the following:
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Lemma 27 Assume that {a, b) is an unlocked step-S parabolic affine action, where
a is step-2, and let m € C3. As before, denote f = p(1,0), fm = (p1,0),, and
let hy, be as in (53). Then there exists a constant ¢ = c(r, A, B) > 0 such that for
n=0.99/S, if m =m, we have:

| fnl < clLp((1,0), (O, V)|, lm]| "+, (56)
if m # m, then fp, =0.

(iii) Lemma 27, followed by Lemma 23 (applied with the same argument as in
the case m € Cp) with KK = c¢| Lp((1,0), (0, 1))]l, and p = —nr + 8, implies (55) for
arbitrary (s, t). Il

Thus it only remains now to show Lemma 27.
Proof of Lemma 27. By the definition of /,, we have:

_yA
fn =hAme(Am,a) —hy — fm = { X5 ()

m
57
0, m . 57)

Assume that m = m. Denote ¢ := Lp((1,0), (0, 1)) for brevity. Note that for any
m € Cs the definition of ¢ implies directly that the following holds in terms of the
formal power series:

Ea() =D Y bikpmh ) == D D Baegiatg my (58)

>0 keZ I<—1keZ

Since ¢ € C”, for each m, its m-th Fourier coefficient satisfies |¢,,| < ||¢|l|m|~".
Hence,

ZaOI< 11D Y IA B m™ =gl Y Y |A*B'm|™".

>0 keZ I<—1keZ

The desired estimate (56) in this case follows directly from the estimate of the above
double sums, namely it is proved in Proposition C that for r sufficiently large there
exists a constant ¢ = ¢(r, A, B) > 0 such that at least one of the following holds:

ZZ|Akélm|—r §C|m|—77r+8’ ZZ|Akélm|—r §C|m|—nr+8.

keZ 10 keZ 1<0 0

4.2 Application of Proposition D to truncated functions and vector fields

The application of Proposition D to truncated functions is direct. Application to trun-
cated vector fields requires an iteration process as a consequence of the fact that the
linear part of the unperturbed action is parabolic. Similar iterative procedure has been
used before in [3, 6].
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4.2.1 Truncated functions

For a general smooth function v on T4 (or a vector field) and for N € N the truncation
Ty v is obtained by cutting off the Fourier series of v with index ||n| > N. The residue
operator is defined as Ry :=Id — Ty.

For a map p : 7% - COO(T‘I), and N € N, define the truncation Ty p by
(Tnp)(s,t) =Ty p(s,t),and Ryp:=p—Typ.

Then the operators Ty and the residue operators Ry := Id — Ty satisfy the fol-
lowing estimates for all N € Nand all 0 < r <r':

/
—r—+d
”TNU”r/SCr,r/Nr r vl
» (59)
RNVl < Cpr o N™" 0]l

Observe that ave(Tyv) = ave(v).
The following statement is a direct application of our main technical result, Propo-
sition D, to the truncations.

Proposition E Let {(a, b) be an unlocked (y, t)-Diophantine parabolic step-S affine
action, where a is step-2, and let r > 0. There exist constants u = u(S) >0, o =
o({a,b)) and k = k(r, (a, b)) such that for any p : 72 > C®(T9) there exists V :
7? — R such that for every fixed N € N and the truncation q = Ty p, there exist
heC®(T9) and § : Z* — C(T9) satisfying

q(s,1) =5 h +q(s, 1) + Vs, ), (s,1) € Z2,
and the following estimates hold:

121, < klgllrio
1G(s, Ol < llgls, Ol + (sl + 12D g 4o )
IG (s, O)lly < (sl +1tDILg 7, N, whenever (s, 1) € O,

V(s,t) =ave(p(s,t)) =ave(q(s,1)),
wherer .= ur +o.
Note that in the above proposition, 4 and g depend on N.
4.2.2 Truncated vector fields
For a map p : Z*> — Vect®(T% and N € N, define the truncation Typ by
(Typ)(s,t) = Typ(s,t), and Ryp :=p — Typ. We have the same estimates for the

operators Ty and Ry on vector fields as in (59).
For h € Vect® (M) we define

Dy :hi=>hop(s, 1) — po(s, Hh,
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where (s, t) € Z?. The operator L is then defined by

@Lp)((k, D), (s, 1)) = Dy,1p(k, 1) — Dip(s, 1) (61)

for any (k,1), (s, 1) € 72.
Recall that the set Q is defined in (34). For p : Z2 — Vect®(T9) and r > 0 let

Ipll- :=max{[p(1, 0)-, p(O, DI},
ILpll,,n :=max{[Lp((1,0), (k, D), ILp((0, 1), (k, D)l = (k,1) € Qn}.

Proposition F Let (a, b) be an unlocked step-S parabolic (y, t)-Diophantine affine
action, where a is step-2, and let r > 0. There exist constants p = u(S) >0, o =
o({a,b)) and k = k(r, {a, b)) such that for any p : 72 — Vect®™®(T9) there exists
V : Z? — R< such that for every fixed N € N and the truncation q = Typ, there exist
h € Vect®(TY) and q : Z* — Vect™®(T9) satisfying

q(s,1) = Dy h+q(s, 1) + V(s, 1), (s,1) € Z?,
and the following estimates hold
bl < «llqllr+o,
1a¢s, Ol < llats, Ollr +x (sl + 12D 1l 1o

ldcs, Ol < ksl +1tDP NP LGl yrto,n, (5,7) € O,
V(1,00 < [Ip(1,0)llo; [IV(O0, D] < [[p(0, Dllo,

(62)

where D and D1 are constants depending ond, r, u and o .
Note that in the above Proposition, h and q depend on N.

Proof Since A and B are commuting unipotent matrices, there exists a basis in R? in
which both of them are upper triangular. We choose this basis to represent f, g and
h in coordinate form. Also, we use this basis to define the norm of an arbitrary h: if
h = (hy, ..., hg) in the chosen coordinates, then we define ||h||, = max{||A;], : i =
1,...,d}. For an element (s, 1) € 72, let A" denote the matrix A* B! in the chosen
basis. Notice that the matrix A" is upper triangular. Moreover, it has a polynomial
growth of coefficients with respect to (s, ¢), so we can assume that any element of the
matrix A" has size at most C(|s| + |¢])S, where C is a constant depending on A
and B, and S is the step of the action.

Recall that in the beginning of this section, for (s, r) € Z?, we defined the operator

Ds/h:=ho (@*b") — A*B'h.
In the chosen basis, this operator will have the form

Dy /h =3, ;h+ ASDh, (63)
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where 55, + denotes the “diagonal” operator acting on h coordinatewise by the operator
8S’t:

9 s,t s,t s,t

AC I T
D, =| 0 % @3 o oay

0 0 0 0
This upper triangular form allows us to construct h inductively, starting from its last
coordinate, and then continuing upwards to the first coordinate. At each step of this
inductive procedure, we use all the previously constructed coordinates of h.

To keep track of the estimates during the induction, it is convenient to con-
sider the operator L in the upper triangular form as well. Thus, for any q we let
q(s,t) = (q1(s,1),...,q4(s,t)) be the coordinates of the vector field q(s, ¢) in the
chosen basis, and introduce the following operator:

k.l

8k,l alfél a%dl q1(s,1)
La(k D), = [ O O o | @60
0 0 0 Ok qa(s,t)
(64)
gt le’zt a; q1(k, 1)
— 0 aS,t azdt q2(k1 l)
0 0 0 9,/ \qalkD)

Given (s, t), we first take out all of its averages and call the vector of averages

by

V(s,t) = (ave(qi(s,1)),...,ave(qq(s,1))).

Now we can work with q(s, ) assuming that its averages are 0. Then the last estimate
of Proposition F follows directly from the definition of V(1,0) and V(0, 1).

Let us proceed with the inductive construction of h. We start with the last coordi-
nate ¢g4. By applying Proposition E to g; we obtain A4 and g4 such that:

qa(s,t) =05,hg +qa(s, ),

lhallr < «ligllr+o < lqllr+o,

(65)

Iga(s, D)l < (sl + 11DV I Lgallr v < (sl + DY ILall7 -

Now we turn to constructing hy—1. First, define A/, (s, 1) := az’il gha for any

(s, 1) € Z* and observe that

i st d
g (s, Ol <laz”y 4lllhallr < sl + 1D gallr+o-

(66)

Since we have put (63) in the upper triangular form, we have to show the follow-

ing.
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Lemma 28 There exist hy—1 and gq—1 such that
(qa—1 — hl))(s, 1) =05 thg—1 + Ga—1(s, 1),
lra—1ll; <«lldllr+20,
IGa—1(s, Ollr < xls] + D" N2 Lall wr 407, N

for (s, 1) € Qn, where d» :=max{d, dr}, W’ :=u? o' :=po +o andr = ur +o.

Proof By substituting the approximation of g, of (65) into the line d — 1 of the
operator of (64), we get

Lq((k.1). (s.))a—1 =
= Lga—1((k. 1), (s.0)) + @' 4 @ktha + Gatk, 1) —aly | (Bs.iha + Ga(s. 1)
= L(qa—1 — (k. D). (s.00) + " | 4dak.D) — i’ GaGs, o).

From this equality and the estimates for g, in (65), we obtain the following esti-
mate for all (k, 1), (s, t) € Qn:

IL(qa—1 — ) ((k, 1), (s, Ol <
< ILq(k, D). (s.ONa—1llr + laf"y JGak. DIl +1al’y gllGats. Ol (67)
< ILq((k, 1), (s, DO)a—1 1l + ke (k| + 1LD2s| + 11D N Lgall ur+o.n

where dy = max{d, dr}. By taking the maximum of ||L(gs—1 — h:i)((k, D, s, ONr
for (k,l) € Qy and (s,1) € {(1,0), (0, 1)}, we get from inequatity (67):

IZGa—1 = hpllrn < Iellg—1llr.n + e NC LGl iy (68)
Now we apply Proposition E to gq—1 — h/;, and find h4_1 such that
lha—1llr
<«llga—1 — hjyllr+o
=k max{llga—1(1,0) = hy (1, 0)lly+o, lga—1(0, 1) = hy (0, Dlly+o}
<k(lga-1llr+o + 1glr+o) < k(Iga-1llr+o + Iqallr+20)

=« llallr+20.

where we used the estimate for [|A);[|,4o from (66).
For the new error in coordinate d — 1 we use the estimate obtained in Proposition E
and (68) to obtain

IGa—1Gs, Ol < ksl + 1D NL(Ga—1 — K) | prto.n

<k (Is| + 1D WL@a—1 I wr+o.8 + K N2ILGall pur+o)+o.8)
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<k (Is|+ 11D N2 Lall wr 4o,
where i/ = u2,0':=puo +o,and 7 = pr +o. O

The rest of the inductive construction goes along the same lines. Namely, assume
that hy, G4, ha—1, Ga—1, ---hi, g; have all been constructed, and assume that they
satisfy the following estimates for every j =i,...,d and (s,1) € Qn:

120l < ecllgllr+-@—j+2)0s

IG;Cs. Ol <l + 1tDNYTD2 | Lally 4 rto;,0 8

where 1, :==n -1, 0j41:=1n0; + 0 and dUtD .= max{d, d}.
In (i — 1)-st equation in (64) we substitute all the ¢; coordinates with g;(s, ) =
Os,chj +qj(s,t). Then the (i — 1)-st equation in (64) becomes:

d d
La((k, 1), (5. 0)i—1 = Lgi1 (k. D), (s.0)) + Y a} g0 1) = Y d¥gi(s.0)
j=i J=i
d d
= Lqi-1((k, 1), (5,0 + Yy’ @ihj+G; (kD) = Y aly(@s.chj +G;(s, 1)
j=i J=i

d d
= L(gi1 — h)(Ck. D). (s, 0D) + Y a gtk 1) = Y db (s,
j=i j=i

where we defined & (s, 1) := Z?:i a;:;h‘/.
Now we do the same as in Lemma 28: we apply Proposition E to g; 1 — k] to

obtain 4;_| and g;_1, such that
gi—1 —h; =05 thi—1+ gi—1.
The same procedure as in Lemma 28 gives:

171l <k Qllr+@—it2)0
IGi—1(s, Ol <& (s]+ DT NVl rtoray N

where pi1 1= W Wi, Oi41 1= pHoj +o.

After passing through all the d steps we redefine the constants o and . Namely,
will have a multiplicative loss u := u? and an additive loss o := max{u%o +d -
0, (d +2)o} of the number of the derivatives for the newly constructed q with respect
to Lq. In other words, for every j =1, ..., d, we have with the newly constructed o
and p the following estimates:

Ihjllr < «llallrto,

1G;(s, Ol < i (Is] + 1t NPV ILall yrto. v
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where D1 = D1(d, r). By defining h = (hy,...hy) and q = (41,...,qq) and D :=
dr, we obtain the estimates claimed in the Proposition F for h and q(s, 1).

The “linear” estimate for ||q(s, 7)||, follows directly from the fact that by construc-
tion q(s, r) = Dy sh+ q(s, t), so the estimate for h implies:

I8¢, )l < 1Dg bl + g, Ol < (sl + D bl + llqts, O
<w(lsl+ 1D llall+o + lats, Dl

which is the estimate claimed in the Proposition F. O
4.3 Proof of Proposition A

Recall that in our setup for a perturbation (F, G) of the action (a, b), we define the
map p : Z? — Vect®(T9) by p(k, [) := F¥G! — a*b!, (k, 1) € Z?. With the notations
p(1,0) =fand p(0, 1) = g, the action p is generated by the maps a + fand b + g.

We now use a more precise notation for the truncation, to keep track of N: let qy =
Tnp denote the truncation of p, for N € N. First we define V(k, ) = —ave(p(k, [)).
(With a little abuse of notation) denote V=V(1,0) := —ave(f) and W=V(0, 1) =
—ave(g). It is then clear that the last estimate in (12) holds.

Now we apply Proposition F to p and its truncation qy = Typ in order to obtain
hy . Then as in Proposition F we define qu (k, 1) := qn (k,!) — Dy /hy + V(k, 1), and
S0

pn(k, 1) :=p(k,1) — Dishy + V(k,1) =4y + Rnp. (69)
Finally, we let
fv =pn(1,0), v =pn(, D).
We begin by estimating p(k, [) = (a + ) o (b + g)} — a*b'.
Lemma29 For (k,1) € Z2,
Ik, DIl < Cr (k] + 11> max {|Ifll, Igl-}- (70)

Proof Developing the expression for p(k,[) as p(k, 1) = (a + ko (b + g)l —akp!l =
a(a+DHTo(b+gl +fo(a+H" o b+ g) —ab and continuing inductively,
one gets

k—1 ‘ -1 .

pk.))=> sifoa+f +> tjgo@+nH o (b+g’
j=0 j=0
k—1 . -1 .
= Zsj fo(a +&)) +thgo (a*b’ +1;).

j=0 j=0

Here s, t; are appropriate compositions of type A'BJ with i <k, j <I. The sums
contain |k| + |I| terms, each coefficient can be estimated by ||AK B! || < C(|k| + |1])5.
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The r-norm of each of these terms can be estimated by c||A* B!||” max {||f||,, ||} <
cr(lk| + [1D)% max {||fll,, [gll,}. Hence, [ptk,Dll, < Cr(k| + IID(K| + 1) x
max {[[f]|,, gll-} < C (k| +1£1)*S max {|[f]|,, |gl|-}. Since S < d, we can then bound
this from above by C, (k| + 111)34 max {|f||,, llgll-}. 0

Let us now move to proving that the main estimates of Proposition A, i.e., formulas
(12), hold for hy, fx and gy . We start with hy. Directly from the first estimate in
(62) of Proposition F, and truncation estimate (59) it follows that:

Iyl < «cllanllr+o <& N7pll

The “linear” estimate for fy and gy (the third estimate in Proposition A) follows
directly from the estimate for hy from Proposition F:

vl = lan (1 0)l» < llan(1,0) — Dy ohy + VI, < C:NP'A,,

where D’ = rd. The estimate for gy = qu (0, 1) follows exactly in the same way.
Now we will use the fact that akb! + p(k,l) is a commutative action, in order
to obtain the quadratic estimate for the error q. This is done in two steps: the first
one is to show that |Lp||, n is quadratic by using the fact that akv! +pk,1) is a
commutative action. The second one is to compare ||[Lq||, n to [|[Lp], .
Recall that the operator L acts on p by the formula Lp((k, ), (s, t)) = D; (p(k,
1) — Dy.p(s, t) for any (k,1), (s, 1) € Z>.

Lemma 30 Forany N € N and r > 0 the following holds:
ILpllyy < CrN* A1 Ap.
Proof First, we notice that the commutativity of the action akvl + p(k, ) implies that
@b’ +pk, D) o (@'b' +p(s.1) = (@b +p(s.1)) o (@ b’ +p(k, ).

Therefore, the operator L, besides its linear form, has also a non-linear expression
(on the right below), in particular:

D(S,t)p(kv l) - Dk,lp(sv t) = Lp((kv l)s (S, t))
=p(k, )@ b +p(s, 1) — plk, 1) (s, 1) (71)
+p(s, 1)(@b' +pk, 1)) — p(s, 1) (@*b).

From the non-linear expression for Lp((k, /), (s, t)) and the classical estimates for
compositions ([13] Theorem A.8) we obtain the “quadratic” estimate:

ILp((k. 1), (s. )l < (k. D)(@'b’ + p(s. 1)) — p(k, D) (@ b))l
+ [Ip(s, (@b’ + p(k, 1)) — p(s, ) (@b,
< CN(llptk, Dllr511pGs. O llo + (k. DllolIpCs. Ollr41)
< Nk + 11D (5| + 1) A1 Ao.
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Recall that ||Lpl|, y := max{||Lp((1, 0), (k, D) ||, ILp((©O, 1), (k, D, : (k,I) € OQn}
and that for (k, /) € Qn we have that C(|k| + |/|) < N. From the above inequality, by
taking maximum over (k, /) € Qy, we get the required estimate for | Lp||, n. Il

Next we will use the following basic estimate of the norm of the operator Dy ;:
Lemma 31 For (k,l) € Qn, r >0, and any (s, 1),
1Dkap(s, Dl < CrN[Ip(s. )]

Proof To show this bound we only need to observe that for any affine map a : x —
Ax + « and any function ¢ the norm ||¢ o a||, is bounded above by || A||"|¢||,. Since
in the operator Dy ; we compose with a*b!, which has linear part A% B!, and the norms
of matrices A¥B! are (up to a positive constant) bounded by (|k| + |I|)?, then (k, ) €
Qy directly implies the required estimate, because for (k,!) € Qn, C(lk| 4+ |I|) <N
by Lemma 4. g

Lemma32 Forany N € N and r' > r > 0 the following holds:
ILqllyn < C-N" A Ag+ Cpp N7 TN,

where dy = dy(r) := max{d, dr}.

Proof Because L is a linear operator we have the following:

Lp((k,D), (s, 1)) = L(Txp)((k, D), (s, 1)) + L(Ryp) (k. D), (s,1)).  (72)

The term L(Ryp)((k,!), (s,t)) for (k,[) € Qn and (s,1) € {(1,0), (0, 1)} is es-
timated by using the estimates on the truncation operators, (59), the linear form
(72) of L and Lemmas 31 and 29 (again, recall that for (k,/) € Qy we have that
C(k[+I) = N):

IL(RNP)((k. D), (5. 1))l
< 1Dy Ryp(k, 1) — Dy Ryp(s, )l
< Cr (sl + 1D RN, Dl + Cr (k] + 1D [ Ry (s, D)l
< Cry (N" " Ipk. Dlly + NN |p(s, )]l,)
< Gy (N"" 3]l + N™" 7 p],)

<CpyN"" 5],
where d3 = d3(r) := max{3d, dr)}.
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Using this and (72), as well as (59) and Lemma 30, we obtain for 0 <r” <r <y’
we have:

ILay (k. 1), (s. )l < ILP(K. D), (s, 0) - + IL(RPY((k, D), (5. )]l
< | TwLp((k, D), (s. )l + [ RNLP((k, D), (s, D)
+ ILRyP) (k. 1), (5. )l
< Cprpr N"H Y Lp((K. D), (5, 0)
+ Cry N Lp((K D), (5. 1)
+Cpp N THBA,

< Cr,r”Nr_r//+5dAr”+l A0 + Cr,r’lvr_r/-"—d3 Ar’a

where we applied the estimate C(|k| + |/|) < N that is valid for all (k,l) € Qn.
Now by setting »” = 0, and by taking the maximum over (k,!) € Qy and (s, 1) €
{(1,0), (0, 1)}, we obtain the required estimate for | Lq|, n. O

From the third estimate in Proposition F and Lemma 32, for some fixed constant
D > 0, for any r' > 0 and for a fixed d) = d>(c), we have:

ldn(1,0) 0 <« NP | Layllo.n
< KND+5d+0AlA0 + Cr/ND—r/+J+d3 A,

<k NP A{Ag+ CoNTFP AL,

where we define D’ = D + 5d + d3 + o. Notice that d3 = d3(o), and consequently
D’, depends only on the action (a, b) and d. Recall that in (69) we defined py =
qn + Ryp forevery N. By combining the above estimate and the truncation estimates
(59) for the operator Ry, we get a similar bound, with possibly new constants x and
Cp:

IExllo = Dy (L, 0)lo <« NP A1 Ag + C N7+ A,

Finally, we declare the new D to be the D’. Estimates for gy = py (0, 1) are proved
in exactly the same way. This completes the proof of all the estimates claimed in
Proposition A. g
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