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We study the spectral measures of conservative mixing flows on the 2-torus having one
degenerate singularity. We show that, for a sufficiently strong singularity, the spectrum of
these flows is typically Lebesgue with infinite multiplicity.

For this, we use two main ingredients: 1) a proof of absolute continuity of the maximal
spectral type for this class of non-uniformly stretching flows that have an irregular decay of
correlations, 2) a geometric criterion that yields infinite Lebesgue multiplicity of the spectrum
and that is well adapted to rapidly mixing flows.

Smooth conservative, or area-preserving, flows on surfaces provide one of the fundamental
examples in the theory of dynamical systems. These flows are often called multi-valued, or locally,
Hamiltonian flows, following the terminology introduced by S. P. Novikov [44], who emphasized
their relation with solid state physics [43]]. In fact, smooth conservative surface flows preserve by
definition a smooth area-form, hence they are generated by the symplectic dual of a closed 1-form,
which is locally the exterior derivative of a multi-valued Hamiltonian function.

Multi-valued Hamiltonian flows can be viewed as special flows above circle rotations, or more
generally above IETs (interval exchange transformations). One can thus also view them as time
changes of translation flows on surfaces. When the flow has fixed points, the ceiling function has
singularities, that often appear at the discontinuity points of the IET.

The study of conservative surface flows goes back to Poincaré, and it knew spectacular ad-
vances with the works of the Russian school starting from the beginning of the second half of last
century till the early 90s. Recently, further substantial advances were made in their understanding
and they attracted a lot of attention due to their connections with billiards on rational polygons and
Teichmiiller theory, as well as with parabolic dynamics such as the dynamics of horocycle flows
and Ratner theory.

Questions on the ergodic and spectral theory of conservative surface flows have a long his-
tory. The simplest setting to be examined is that of smooth conservative flows on the 2-torus
without periodic orbits. This setting is reduced to that of reparametrizations (time changes) of
minimal translation flows (see for example the textbook [3]] by I. P. Cornfeld, S. V. Fomin and
Ya. G. Sinai). A. N. Kolmogorov [35]] showed that such reparametrized flows are typically con-
jugated to translation flows, since it suffices for this that the slope of the translation flow belongs to



the full measure set of Diophantine numbers. He also observed that more exotic behaviors should
be expected for the reparametrized flows in the case of Liouville slopes. M. D. Shklover indeed
obtained in [S3] examples of real analytic reparametrizations of linear flows on the 2-torus that
were weak mixing (continuous spectrum). Not long after Shklover’s result, A. B. Katok [24]], and
later A. V. Kochergin [29]], showed the absence of mixing for non-singular conservative flows on
the 2-torus, hence establishing that in a sense shear of nearby orbits near singularities is the only
mixing mechanism available for smooth surface ﬂowsﬂ Note that analytic reparametrizations
of Liouvillean irrational flows of the 2-torus can have a mixed singular continuous and discrete
maximal spectral type [L1,[19].

The simplest mixing examples of conservative surface flows are those with one (degenerate) sin-
gularity on the 2-torus produced by Kochergin in the 1970s [30]. They are time changes of linear
flows on the 2-torus with an irrational slope and with a single rest point (see Figure 1 and the last
section of this introduction for a precise definition of Kochergin flows). Equivalently these flows
can be viewed as special flows under a ceiling, or roof, function with at least one power singularity
(see Figures[2]and [3|and the precise definition of special flows in Section [3).
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Figure 1: Torus flow with one degenerate saddle acting as a stopping point.

Multi-valued Hamiltonian flows on higher genus surfaces can also be mixing (or mixing on
an open ergodic component) in the presence of non-degenerate saddle type singularities that have
some asymmetry (see Figure 2). Such flows are called Arnol’d flows and their mixing property,
conjectured by V. I. Arnol’d in [[1]], was obtained by K. Khanin and Ya. G. Sinai [27]] and, later, in
more generality by Kochergin [32, 34].

Kochergin also proved that for suspension flows under a roof function with symmetric log-
arithmic singularities over a circle rotation, mixing fails for almost every rotation number [31].
Many years later he proved in [33]] that indeed mixing fails in this case for all rotation numbers.

Ulcigrai substantially extended Kochergin’s results by proving in [61]] that conservative flows
with non-degenerate saddle singularities are generically not mixing (due to the cancellations com-
ing from symmetry in the saddles). Recently, J. Chaika and A. Wright [4] gave mixing examples

This confirmed Kolmogorov’s intuition about the absence of mixing for analytic reparametrizations of translation
flows, but only in this two-dimensional setting. Indeed, mixing analytic reparametrizations of translation flows on T3
were obtained in [8]].



with finitely many non-degenerate saddles and no saddle connections on a closed surface of genus
5.

Although mixing was thoroughly studied for conservative surface flows, almost nothing was
known about the spectral type and spectral multiplicity of the mixing examples (see for example
the survey by Katok and J.-P. Thouvenot [26] and the discussion therein). By spectral type of a flow
{T"} we mean the spectral type of the associated Koopman operator U : L>(M, i) : f — foT".

The nature of the spectral type and multiplicity of mixing surface flows naturally arose as
soon as such mixing examples were obtained, especially since, at that time, the spectral theory of
dynamical systems was a matter of major interest for the Russian school in that second half of last
century (see for example the textbook [3]] or Kolmogorov’s 1954 ICM address [36]]). Since then,
the question about the possibility of a Lebesgue maximal spectral type for mixing surface flows
appeared in many monographs and surveys (see for example the discussions in [26], [40] or [6]). In
the survey [26]], by Katok and Thouvenot, it is remarked that “Some estimate of correlation decay
have been obtained but they are too weak to conclude that the spectrum is absolutely continuous.”
Finally, Kochergin at the end of his paper [34] asks about rate of mixing and absolutely continuous
spectrum (Problem 4) and multiple mixing (Problem 6) for flows on surfaces.

In this paper we treat the simplest mixing examples that are Kochergin flows on the torus with
a single degenerate rest point. We give a general statement here that will be made more specific in
the last section of this introduction.

Theorem 1. There exists a real analytic conservative flow on T? with exactly one singularity, with
Lebesgue spectral type of countable multiplicity.

Note that besides their own interest, mixing conservative flows attracted an additional attention
since they stood as the main and almost only natural class of mixing transformations for which
higher order mixing has not been established, nor disproved. The first and third author of this
paper established multiple mixing only for a very special class of mixing Kochergin flows [[12].
In our proof of Theorem (1| we will actually show that Kochergin flows with a sufficiently strong
singularity have for almost every slope a countable Lebesgue spectrum. As a consequence, neither
B. Host’s celebrated theorem that establishes multiple mixing for mixing systems with purely
singular spectral type [20]], neither [12]], can give a positive answer to the multiple mixing question
for typical Kochergin flows.

Before we proceed to the precise statement of Theorem|[I} we make some comments about the
new phenomenon that is enclosed in the above result and about the mechanisms that yield it.

A circle diffeomorphism with an irrational rotation number that preserves a smooth measure is
smoothly conjugate to a rotation. It is hence rigid in the sense that the iterates along a subsequence
of the integers converge uniformly to identity. Rigidity implies the absence of mixing between
any two measurable observables. This absence of mixing actually holds for all smooth circle
diffeomorphisms with irrational rotation number since, by Denjoy theory, they are topologically
conjugated to rotations. Circle diffeomorphisms with rational rotation number are even farther
from mixing, since their non-wandering dynamics are supported on periodic points.

The lowest dimensional setting that can be investigated for dynamical complexity after circle
diffeomorphisms is that of multi-valued Hamiltonian flows on surfaces. In the absence of peri-
odic orbits, these flows can be viewed as reparametrizations of minimal translation flows on the



torus. Combining Kolmogorov’s result on the linearizability of Diophantine flows, and the theory
of periodic approximations, A. Katok [24] proved that sufficiently smooth reparametrizations of
linear flows on the torus are actually rigid. In particular, the maximal spectral type of smooth
conservative flows of the torus without periodic orbits is always purely singular.
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Figure 2: The orbit of a point by the special flow above a rotation of angle & and under a bounded ceiling
function @. Smooth reparametrizations of linear flows on T2 are equivalent to such flows.

As a consequence of Katok’s result, in order to go beyond the purely singular maximal spectral
type for smooth conservative flows on the 2-torus, one must allow the existence of singularities
for the flow. When there is just one singularity, the phase portrait is actually similar to that of
a minimal translation flow, apart from one orbit that contains the saddle point which acts as a
stopping point (see Figure[I). Our result shows that in this situation the maximal spectral type can
indeed be Lebesgue even in this ‘almost one-dimensional’ setting.

The two extremes in describing the stochasticity of a dynamical system from a spectral point of
view are simple pure point spectrum on one end and countable Lebesgue spectrum on the other.
Translation flows on the torus have a simple pure point spectrum, while Bernoulli flows have
countable Lebesgue spectrum.

The proof of the countable Lebesgue spectrum property for geodesic flows on negatively
curved surfaces by I. M. Gelfand and S. V. Fomin [18], and later for general (open sets of) K-
flows by A. N. Kolmogorov, Ya. G. Sinai and others, was considered as a major breakthrough
by the Russian school of dynamical systems in the second half of the twentieth century, because
of what it implied on the similarities between some deterministic systems and stochastic flows
[S5115 156147, 38].

Parallel to this discovery was another major discovery, made by Kolmogorov, that quasi-
periodic Diophantine motion is robust in many systems of mechanical origin (such as quasi-
integrable Hamiltonian flows). This insight later developed into what is called today KAM theory
(after Kolmogorov, Arnol’d and Moser). With these two phenomena in mind, motivated by the
theory of K-systems and by KAM theory, Kolmogorov ventured in his ICM 1954 paper into the
following interesting speculation : It is not impossible that only these cases (a discrete spectrum
with a finite number of independent frequencies and a countably-multiple Lebesgue spectrum) are
admissible for analytic transitive measures or that, in a sense, only they alone are general typical
cases. This of course, is in stark contrast with the Halmos-Rokhlin general description of invariant



ergodic measures as being continuous and purely singular for the generic system in the weak to-
pology, and Kolmogorov insisted in his speculation on restricting to the analytic setting, avoiding
even the smooth category, for the above dichotomy to have some chances to hold. We know today,
that even in the analytic category, and even in low dimensional systems such as reparametrized
irrational flows of the 2-torus, there are many other possibilities for the spectrum, including sin-
gular continuous, mixed, etc., but the validity of the dichotomy in some typical sense is still a
possibility.

For systems with zero entropy, for many decades progress on spectral questions was restricted
to the case of homogeneous flows, starting with O. S. Parasyuk’s result [46] on countable Lebesque
spectrum for horocycle flows (see for example [28] for a systematic exposition of ergodic theory
of homogeneous flows and many references). The only instance of smooth systems for which
Lebesgue spectrum was established beyond hyperbolic and algebraic case is in [16] where the
second author and Ulcigrai show that the maximal spectral type of smooth time-changes of the
horocycle flow of a compact hyperbolic surface is Lebesgue. Their work was motivated by a
conjecture of A. Katok and J.-P. Thouvenot that time-changes of horocycle flows should also
have countable Lebesgue spectrum (see [20], Conjecture 6.8). Independently, R. Tiedra [157]], [158]]
(following a different approach) obtained the absolute continuity of the spectrum for the same
flows.

Note that conservative flows on surfaces always have topological entropy zeroﬂ Note also
that conservative non-singular time changes of translation flows on the 2-torus were presented by
Kolmogorov [36] as the basic context of real analytic systems in which discrete spectrum prevails.
In the particular case that we are considering of flows with just one singularity, the phase portrait
is, as mentioned above, very similar to that of a minimal translation flow, except for the existence
of one rest point. It is a striking fact that some of these quasi-minimal flows, as in Theorem (] turn
out to have a countable Lebesque spectrum and thus are spectrally equivalent to ergodic Bernoulli
flows.

In the next two sections we describe some aspects of these two steps as well as their relations
to the existing literature. In a third section, we cast our results in a more general picture on conser-
vative surface flows and describe their relations to the main recent advances in the field. In the last
section of this Introduction, before we give the plan of the paper, we explain the shear mechanism
that underlies mixing for conservative surface flows with singularities, and we precisely state our
results .

To prove the absolute continuity of the spectrum of a dynamical system, it is natural to look for a
control on the decay of correlations by the flow. The only result in the direction of getting power-
like estimates for the decay of correlations of surface flows was obtained in [9], where the first
author proved a polynomial bound = on the decay of correlations (as functions of time ¢ > 0)
for Kochergin flows with one power singularity and for the characteristic functions of rectangles.
However, in that paper, the power of the decay 7 is bound to be less than 1/4, so it is not possible
to deduce from the decay anything about the spectral type of the corresponding flow.

2The situation is completely different for surface diffeomorphisms. Anosov automorphisms of the torus and their
relatives constructed by A. Katok [25] on the sphere and the disc are classical examples of conservative Bernoulli
surface diffeomorphisms. Later, Bernoulli diffeomorphisms and flows were shown to exist on any compact manifold of
dimension larger than 2 and 3 respectively [7,21].



However, and as it is often the case, characteristic functions of nice sets do not give the best
rate of decay of correlations between observables. Our work takes inspiration from that of [16],
especially in the use of coboundaries to estimate the decay of correlations, as well as in the proof
of the equivalence to Lebesgue of the maximal spectral type. Our approach considerably refines
the approach of [16] in two directions : 1) it handles non-uniformly parabolic flows, for which
the correlation decay, even for coboundaries, is very irregular (not even bounded by r~!/2), and
2) it gives a criterion for countable multiplicity, which applies to Kochergin flows, but also to a
much wider class of mixing systems with square summable decay of correlations for a sufficiently
rich class of functions. To prove the square summable decay of correlations for Kochergin flows,
we also take inspiration from [9] where a quantitative approach to the mixing shear mechanism
exhibited by Kochergin in [30]] is adopted to obtain a speed of mixing for these flows.

Indeed, there is a fundamental difference between the decay of correlations for time-changes
of horocycle flows and for mixing surface flows, that we will now explain.

For time-changes of horocycle flows, the decay of correlations for coboundaries exploited in
[L6]] is based on the uniform shear of geodesic arcs, linear with respect to time, as in B. Marcus’
proof in [43]] of mixing for these flows. Such a shear can be readily derived from the commutation
relations for the horocycle and the geodesic flows, and the unique ergodicity of the horocycle flow
(and hence of all of its time-changes), first established by H. Furstenberg [17] (see also [42]).
The amount of shear is asymptotically linear with respect to time, since it is given by the ergodic
integral of a function of non-zero mean.

In the case of suspension flows above rotations, the shear of horizontal arcs is provided by
the stretching of the Birkhoff sums of a ceiling function with a singularity (see Figure 4] and
the last section of this introduction for a precise description of the shear mechanism). In this
case, the amount of shear is non-uniform since it is given by the ergodic integrals of a integrable
function of zero mean, hence it depends on deviation of ergodic integrals from the mean. This non-
uniform shear has a strength that depends on the asymptotics of the roof function at the singular
point. It is crucial for our argument that the singularity be chosen strong enough so that, over
most of the phase space, the reciprocal of the stretching is a square integrable function of time.
This means that our power singularity must be chosen with exponent in the interval (1/2,1). For
asymmetric power singularities, the set where the reciprocal of the stretching of Birkhoff sums is
not sufficiently small, that is, not square-integrable, has very small measure and can be neglected
in the argument. However, such suspension flows cannot be realized as smooth flows on a surface.
For symmetric power singularities of exponent close to 1, which indeed can be realized as smooth
flows (see Proposition [2.2] below), the set of insufficient stretching is not negligible anymore,
and we have to deal with it in the argument. This is a significant difficulty, both conceptual and
technical, and in fact the summability of the correlations even when their decay is not uniform,
is a new phenomenon that, to the authors’ best knowledge, does not arise in any of the proofs of
absolutely continuous spectrum of dynamical systems available in the literature (see [16] , [S7],
(581, [54D).

Indeed, we emphasize that in our situation, and in contrast with all the above-mentioned cases,
in particular that of time-changes of horocycle flows investigated in [16] , we have that for any
smooth functions, the correlation coefficients will not always be of order less than 1 —'/27¢ as 1 goes
to infinity. To the contrary, along the subsequence ¢, given by the denominators of the irrational
rotation, the correlation coefficients will in fact be as large as ¢, v 2+8, for some € > 0, because

1/24¢

there is a set of measure of order f,, on which the flow at time ¢, is almost equal to the identity.



This bad set appears due to the cancellations in the stretching of the Birkhoff sums of the ceiling
function that are caused by the symmetry at the singularity (a remnant of the Denjoy-Koksma
property). The bad set is essentially a union of thin towers that follow in projection the orbit of the
rotation on the base. Outside the bad set, the correlations are well controlled due to sufficiently
strong uniform stretching. A crucial part of our argument, completely absent in the earlier works
mentioned above, deals precisely with the bad set. Indeed, we use a bootstrap argument and the
regular structure of the bad set, to show that for most of the times that are in a medium scale
neighborhood of the time ¢,, there is some small power decay of correlations on the bad set. This
property, plus the smallness in measure of the bad set, plus the fast decay outside of this set, finally
yield square summability of the total correlations (see Figures 3] [6] and [7).

We think our method will be useful in treating other parabolic flows where mixing is due to
shear and where the shear is often sufficiently strong but not uniformly in time and space.

Once we know that the maximal spectral type of Kochergin flows is absolutely continuous, two
natural questions arise, one about the equivalence of the spectral type to Lebesgue measure on R,
and one about the spectral multiplicity.

The type and multiplicity of mixing surface flows was often raised in connection with the
question whether there exist flows with simple Lebesgue spectrum. This is the flow version of the
famous Banach’s problem on the existence of a measure preserving transformation having simple
Lebesgue spectrum. However, no tools were available to understand the multiplicity question for
these flows. A criterion that gives an upper bound on the multiplicity of the spectrum of a flow,
introduced by Katok and Thouvenot ([26, Theorem 1.21]), does not apply to our Kochergin flows
due to the strong shear near the singularity.

We introduce here a geometric criterion based on rapid mixing that implies the pure Lebesgue
and infinite multiplicity for flows that have an absolutely continuous maximal spectral type. It
applies in particular to Kochergin flows with sufficiently degenerate power singularity and allows
to complete the proof of Theorem (1} building on the absolute continuity of the maximal spectral
type, and on the estimates that implied it.

The criterion, that we call CILS (Criterion for Infinite Lebesgue Spectrum), will be presented
in detail in Section 6. Heuristically we see that if the flow admits a given number n+ 1 of functions,
n > 0, such that each function is almost orthogonal to the cyclic space of any other one, and such
that the spectral measures of the functions can be chosen to be not too small on any fixed bounded
measurable set of R, then the pure Lebesgue multiplicity of the flow is larger than n+ 1. In fact, in
our formulation it is enough to construct n+ 1 functions such that the (n+ 1) x (n+ 1) matrix of
Fourier transforms of their square-integrable mutual correlations has maximal rank equal to n+ 1
on any given positive measure subset of the real line.

The idea of constructing an arbitrarily large number of such independent functions for a rapidly
mixing system is the following: one can choose the functions to be supported on one or several
Rokhlin towers for the flow (or flow-boxes with an arbitrarily short base) and specify their values
on these towers so that the conditions of the criterion are satisfied for a finite, arbitrarily large time.
Heuristically, such finite systems of functions are constructed to have orthogonal cyclic subspaces
on a large subinterval of the real line. Once more, it is in fact enough to control the Fourier
transforms of all correlations of the functions in each finite system over a large time interval. The



conditions of the criterion in the infinite complementary intervals are then derived from the mixing
estimates, that is, from the square-integrability of the correlations (and their Fourier transforms).

Note that for n = 0, only the condition on the spectral measure is required and yields the
equivalence of the maximal spectral type to Lebesgue. Our criterion in that case reduces to the
one used by the second author and Ulcigrai in [[16] in the prof that the maximal spectral type
of smooth time-changes of horocycle flows is Lebesgue. Also, the construction of the function
satisfying the criterion in that case n = 0 is very similar to the construction in [16] but has to be
adapted to our context of non-uniformly stretching flows.

The main novelty in our CILS is the lower bound on the multiplicity. Indeed, our CILS gives
an alternative to the much stronger K-property introduced by Kolmogorov [37], Sinai [S5] and
others to establish countable Lebesgue spectrum for uniformly hyperbolic systems. It is presented
in a clear cut form that makes it applicable to a wide range of smooth mixing systems with a
sufficiently fast rate of mixing for observables in some rich class of functions.

Besides K-flows, infinite Lebesgue spectrum was so far established only for homogeneous
flows and other systems of algebraic origin. Even in one of the simplest non-algebraic cases, that of
smooth time changes of horocycle flows, the countable Lebesgue spectrum property, conjectured,
as we have recalled, by Katok and Thouvenot (see [26], Conjecture 6.8), was still open.

Our criterion allows to extend the work of the second author and Ulcigrai [16] and thereby
complete the proof of the Katok-Thouvenot conjecture. However, the domain of applicability of
our criterion is definitely wider than the class of uniformly parabolic flows (that is, flows with
uniformly strong shear) such as horocycle flows and their time changes. Indeed we have applied it
in this paper to the borderline case of mixing Kochergin flows, which are non-uniformly parabolic,
with irregular decay of correlations, even for smooth coboundaries.

We believe that a systematic application of our CILS will allow to show that countable Le-
besgue spectrum is a robust property in many non linear contexts, where many metric invariants
(not just one metric invariant, like entropy in the case of K-systems) preclude the possibility of
isomorphism classification.

Further advances in the ergodic theory of flows on higher genus surfaces came only in last couple
of decades as a consequence of a deeper understanding of the behavior of ergodic sums (integrals)
of Interval Exchange Transformations (translation flows), and several spectacular developments in
that direction also brought renewed interest in multi-valued Hamiltonian flows on surfaces.

The second author studied deviations of ergodic averages for such flows [14] and proved a
substantial part of the conjectures formulated by M. Kontsevich [39] and A. Zorich [62], [63]],
[64]] on their deviation spectrum. From these results, A. Avila and the second author [2]] derived
the weak mixing property of non-toral translation flows and of Interval Exchange Transformations
which are not rotations. The proof of the Kontsevich—Zorich conjectures was later completed by
A. Avila and M. Viana [3]].

Ergodic properties of multi-valued Hamiltonian flows on higher genus surfaces with non-
degenerate saddle singularities were then studied by C. Ulcigrai, who established that such flows
are generically weak mixing [60], but not mixing [61] (see also D. Scheglov’s paper [52]).

For suspensions flows under ceiling functions with asymmetric logarithmic singularities, Ulcigrai
generalized in her thesis [59]] the result of Khanin and Sinai [27] to suspensions with one singu-
larity above generic IET’s. Only recently, D. Ravotti [51]] has carried out the argument for any



number of singularities, thereby establishing mixing, with (at least) logarithmic decay of correla-
tions, for smooth flows of Arnol’d type on surfaces of higher genus.

After Ulcigrai’s work on mixing properties, a few major questions remained open in the er-
godic theory of flows on surfaces: whether mixing is at all possible for conservative smooth flows
with non-degenerate saddles in higher genus, whether smooth flows on surfaces can have Lebesgue
spectrum, and finally whether mixing implies multiple mixing (Rokhlin’s question).

As explained above, a better understanding of the various possible behaviors of IET’s al-
lowed J. Chaika and A. Wright [4] to answer the first question in the affirmative. They proved
the existence of mixing special flows over non-generic, uniquely ergodic, interval exchange trans-
formations, in the case of a smooth ceiling function with symmetric logarithmic singularities at
the interval endpoints. Their result implies in particular the existence of an (exceptional) mixing
smooth flow with only Morse saddle singularities on a surface of genus 5.

Other important advances came from a better understanding of the similarities between the
dynamics of uniformly parabolic flows, such as the horocycle flow, and locally Hamiltonian flows
on surfaces. The first and third author proved multiple mixing for a class of such flows on the
torus [12] (a restricted atypical class in the case of Kochergin flows, but a typical class for Arnol’d
asymmetric flows). For this, they showed that these flows display a generalization of the so called
Ratner property on slow divergence of nearby orbits (introduced by M. Ratner [48]], [49], [50]
in her study of ergodic properties of horocycyle flows), that implies strong restrictions on their
joinings, which in turn yield higher order mixing. Multiple mixing was later generalized to many
mixing flows on higher genus surfaces in [22]]. This was the first application of the Ratner property
to prove multiple mixing outside its original context of horocycle flows. Finally, a disjointess cri-
terion, based on the Ratner property, has very recently been introduced in [23]], and systematically
applied to disjointness results for time-changes of horocycles and Arnol’d flows (see also [15]] for
an application of the criterion to Heisenberg nilflows and [13]] for a refinement of Ratner disjoint-
ness result for time-changes of horocycle flows). As for the question on the spectral type and
multiplicity of mixing surface flows, no results were known up to now.

In the next section, we describe the mixing mechanism that comes from shear for surface flows
with singularities, or for special flows above rotations. We will also give the precise definition of
the Kochergin flows for which we will establish the countable Lebesgue multiplicty.

Consider a section of a Kochergin’s flow with one singularity on the torus, that is transversal to all
orbits and does not contain the singularity. The dynamics can then be viewed as that of a special
flow above an irrational rotation of the circle with a return time function (called a ceiling or roof
function) having a power-like singularity (see Figure 3).

The singularity is precisely the last point where the section intersects the incoming separatrix
of the fixed point. The strength of the singularity depends on how abruptly the linear flow is slowed
down in the neighborhood of the fixed point (see Proposition [2.2). In the case of other surfaces
and several singularities, the flows obtained by Kochergin are equivalent to special flows above
interval exchange transformations (IET’s) with ceiling functions having power-like singularities at
the discontinuity points of the IET.

The mechanism of mixing in Kochergin examples is, in part, the same as in the weak mixing
examples of Shklover, namely the stretching of the Birkhoff sums of the ceiling function above the
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Figure 3: Representation of a 2-torus flow with one degenerate saddle as a special flow under a ceiling
function (symmetric) power-like singularity.

iterates of the ergodic base dynamics. Whenever these sums are uniformly stretched above small
intervals, the image of small rectangles by the special flow for large times decomposes into long
and thin strips (see Figure ). These strips are well distributed in the fibers due to uniform stretch,
and well distributed in projection on the base because of ergodicity of the base dynamics.

/

Figure 4: Mixing mechanism for special flows: the image of a rectangle is a union of long narrow strips
which fill densely the phase space.

However, the reason behind the uniform stretching is different for Shklover’s flows and Kocher-
gin’s ones. For the first ones, uniform stretching of the Birkhoff sums of the ceiling function is due
to a Liouville phenomenon of accumulation, along a subsequence of time, of the oscillations of the
ceiling function due to periodic approximations. In the case of Kochergin’s flows, it is the shear
between orbits as they get near the fixed points that is responsible for mixing. As a consequence,
for the latter uniform stretching holds for all large times, while for the former, the existence of
Denjoy-Koksma (DK for short) times impedes mixing. Denjoy-Koksma times are integers for
which the Birkhoff sums have an a priori bounded oscillation around the mean value on all or on
a positive measure proportion of the base (see for example the discussion around property DK in
[6]). Hence, a key fact behind Kochergin’s result is that the Denjoy-Koksma property does not
necessarily hold for ceiling functions having infinite asymptotic values at some singularities.

A threshold is given by smooth ceiling functions having logarithmic singularities. When such
a singularity is symmetric, it is known that for a typical irrational rotation a Denjoy-Koksma like
property holds that prevents mixing of the special flow (see [41] and [6, Section 8]). In higher
genus, Ulcigrai [[61] proved that, despite the presence of polynomial deviations of Birkhoff sums
from the mean [64]], [14], for almost all IET’s there are still sufficient cancellations to prevent
mixing. A different, special, cancellation mechanism was found slightly earlier by Scheglov [52]
in genus 2. However, as proven by Chaika and Wright [4]], these cancellations do not happen for
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all IET’s, as the speed of convergence of Birkhoff sums to the mean can be very slow, and this is
why mixing is possible in some special cases.

The case of asymmetric logarithmic singularities is different. In [1], Arnol’d showed that
multi-valued Hamiltonian flows with non-degenerate saddle points have a phase portrait that de-
composes into elliptic islands (topological disks bounded by saddle connections and filled up by
periodic orbits) and one open uniquely ergodic component. On this component, the flow can be
represented as the special flow over an interval exchange map of the circle and under a ceiling
function that is smooth except for some logarithmic singularities. The singularities are typically
asymmetric since the coefficient in front of the logarithm is twice as big on one side of the singu-
larity as the one on the other side, due to the existence of homoclinic loops (see Figure[5). As we
mentioned above, Khanin and Sinai [27] proved that, as conjectured by Arnol’d, this asymmetry
produces mixing.

Figure 5: Multivalued Hamiltonian flow. Note that the orbits passing to the left of the saddle spend
approximately twice longer time comparing to the orbits passing to the right of the saddle and starting at
the same distance from the separatrix since they pass near the saddle twice.

2 Statements and plan of the work

In this paper, we will show that Kochergin flows with a single sufficiently strong degenerate sin-
gularity typically have a Lebesgue spectral type with countable multiplicity. We now formulate
our results more precisely. The flows which we will consider are special flows given by a base
dynamics that is an irrational rotation of the circle (we refer to Section [3.1] for an exact definition
of special flows).

The base dynamics.

The irrational rotation in the base dynamics is supposed to have a rotation number @ € R\ Q
satisfying a Diophantine condition of the following form. For & > 0, we will say that a € Dy, ¢
if and only if there exists a constant C(¢¢) > 0 such that for any p € Z,q € Z*,

P @)

o—Pp> @
qa ~ glog'teg

(Hy)
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It is a classical and easy to prove fact that for any & > 0, D)og ¢ has full Haar measure in T. We
remark that an immediate, but relevant consequence of the condition that & € Dy ¢ is that, for all
the convergents p, /g, of its continued fraction expansion we have

nr1 < C(ar) ' gulog' e g,

The ceiling function.
We prove our results on Kochergin flows under the following assumptions on the ceiling function.

Definition 2.1. For all > 0, we let ¢y, denote the class of functions ¢ € C*(T \ {0}), with ¢ >0,
which for some constant @y > 0 satisfy:

. 90) @ o e(6) @
ehar{)l+ o-(-1)  1—n and elg(r)l* lo|-(-m — 1-n’ (H21)
¢'(6) _ R AC)
o gy — % and i gty = % (H22)
¢"(6) X C)
P —3-n) (=)@ and 915& CIEESI (2=n)v, (H23)

where 1 € (0,1/1000).

Note that implies and by L'Hopital’s rule, but we prefer to state these
properties separately for future reference.

Note also that, since for any ¢ > 0 the special flows under the ceiling functions ¢ € ¢, and
c@ € ¢y are, up to an isomorphism, a linear time-change of each other, it is not restrictive to
normalize either the mean [ @dAr or the singularity constant ¢y of the ceiling function (but a
priori not both at the same time). In fact, the spectral properties of a flow are invariant under
isomorphisms and linear scaling of the time.

We will therefore assume below the the integral of ceiling function is normalized, that is, we
will explicitly consider only ceiling functions such that [ ¢dAt = 1.

We denote by Ty, o the special flow defined above the rotation of angle & and under the ceiling
function ¢ (we refer to Section [3.1]for an exact definition of special flows).

We let M = {(0,s) € (T\{0}) xR : s < ¢(0)} and denote by u the measure equal to the
restriction to M of the product of the Haar measures Ay on the circle T and A on the real line R.
The measure u is the only invariant probability measure for the special flow TO’L 0

Our main result is the following.

Theorem 2. For all positive § < 1/10 and 1 < min(1/1000,§), the special flow (T4 o,M, L)
over the rotation of angle o € D\, ¢ (see equation ) and under a ceiling function ¢ € €y (see
Definition has Lebesgue spectral type with countable multiplicity.

Theorem 1| follows directly from Theorem [2|and the following well-known result.

Proposition 2.2 (Analytic Kochergin flows on the two torus, [30]). For any a € R\ Q and any
Mo > 0, there exists a real analytic conservative flow on T? with exactly one singularity which
can be represented as a special flow (T&_m,M , L) over the rotation of angle o and under a ceiling
function ¢ € ¢, for some 1 < 1.
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Proof. In [30], the following method is adopted to obtain conservative flows on the torus with a
degenerate saddle-node fixed point as in (Hy j)~(H.3). Consider first some Hamiltonian flow on
R? with the x—axis invariant and with a unique singularity at the origin. In the neighborhood of
the origin, the orbits of such a flow are as described in Figure|l} It is then possible to cut a small
neighborhood of the origin and paste it smoothly inside the phase portrait of a linear flow of T?
with any given slope. As a result, one gets a multi-valued Hamiltonian flow that has a unique
singularity of saddle-node type. An easy calculation shows that if we consider the Hamiltonian
given by H;(x,y) = y(x> +y?)! then the corresponding special flow has a unique symmetric power-
like singularity as in (H_j)—(H,3) with n = 212ﬁ hence arbitrarily close to 0 as [ — oo.

One can also obtain analytic examples with one fixed point as in (Hy_j))-(H,.3). To do so, one
starts with the smooth construction of a multi-valued Hamiltonian described above. Then, for
an arbitrary k > 2/ 44, one considers a real analytic approximation of the smooth multi-valued
Hamiltonian that continues to have the same slope and a unique singularity at (0,0), with the same
jets of order k at (0,0) (that is, those of H;). From there it follows that the corresponding flow
has a special flow representation with a ceiling function having a unique symmetric power-like

singularity as in (Ha_)—(H,3). -

Other mixing surface flows.
Some questions naturally arise from our result.

Question 1. Do Kochergin flows always have Lebesgue spectral type (with countable multipli-
city)?

To answer this question, one has to treat several singularities and with smaller powers as well
as general IET’s on the base.

Question 2. What is the spectral type in the case of non degenerate saddles?

Arnol’d conjectured a power-like decay of correlation in the asymmetric case, but the decay
is more likely to be logarithmic, at least between general regular observables or characteristic
functions of regular sets such as balls or squares. Note that even a lower bound on the decay of
correlations is not sufficient to preclude absolute continuity of the maximal spectral type. How-
ever, an approach based on slowly coalescent periodic approximations as in [10] may be explored
in the aim of proving that the spectrum is purely singular.

In Section [3] we first give the formal definition of the relevant special flows and we describe an
L?-dense set of observables that we will work with. These are smooth coboundaries vanishing on
some neighborhood of the boundary of the singularity and of the base of the special flow.

The proof that the flow T&,(p has an absolutely continuous maximal spectral type follows by a
standard argument from Theorem [3that states that the Fourier transforms of the spectral measures
of functions in our special dense set are square-integrable.

The proof of Theorem [3|splits in two parts. We consider a time ¢ € [¢,, gn+1] for some n € N.
We further consider intervals of time of the type 7 € [I21/20 (1 +1)21/2°] C [gu, gns1]-
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First, a decay faster than t~'/27¢ for some € > 0 is established outside a bad set %, of meas-
ure less than 1~ '/2+€. This result is stated as Proposition Second, the squared correlations
on the bad set % are controlled on average for ¢ € [12/20 (1 +1)2!/20]. This is the content of
Proposition

Section ] is devoted to the proof of general stretching estimates for the Birkhoff sums of the
ceiling function.

In Section [5] the bad set %, is constructed and the stretching properties outside this set are
stated. This is the content of Propositions[5.3] [5.4]and[5.5]

Section [6] explains the derivation of correlation decay estimates from uniform stretching of
Birkhoff sums. The main results of Section [6.1] are Corollary [2] that describes the fast decay
of order at least ~/2~¢ on the good intervals that partition the complement of the bad set, and
Corollary [3| that describes the decay of order +~!/2*€ on general intervals (with the bad set %,
included). Corollary [2| will directly yield the proof of Proposition on fast decay outside %,
given in Section[6.2] while Corollary [3]is crucial in the bootstrap argument that yields the averaged
decay on the set %, of Proposition given in Section

Finally, in Section [7], we complete the proof of Theorem [2] and prove that the spectral type
of Kochergin flows is Lebesgue with countable multiplicity. The proof that the spectral type is
not just absolutely continuous, but indeed equivalent to the Lebesgue measure, is based on a new
criterion for countable Lebesgue spectrum of smooth flows (Theorem [6) and on the construction
of an arbitrary number of observables, localized on an arbitrarily long flow-box, which have given
arbitrary correlation functions on a finite, but arbitrary long, time interval. The control of the
correlation functions beyond this time is guaranteed by the estimates on correlation decay obtained
in Sections B and [6]

The outline of the construction of the observables comes from the proof of the Lebesgue
maximal spectral type for time changes of horocycle flows [16] . However, again in contrast with
the case of time-changes of horocycle flows, whose phase space has dimension 3, for this approach
to work in the case of surface flows, that is, in dimension 2, it is crucial that the constant in the
estimates on the square integrals of correlations satisfy good bounds in terms of the smooth norms
of the functions. For this reason, we will estimate carefully this dependence throughout the paper.

3.1 Special flows above rotations of the circle.

Let Ry : T — T, Ry(0) = 6 + amod 1, where o € T is an irrational number with the sequence
of denominators (g,) > and let ¢ € L'(T, %, At) be a strictly positive function. We denote by
dr the distance on the circle. We recall that the special flow T := T, ,, constructed above Ry and
under ¢ is the flow defined almost everywhere by

(T\{0}) xR/~ — (T\{0}) xR/~
(6,s) — (0,5+1),

where ~ is the identification, defined on (T'\ {0}) x R,

(6,5+¢(6)) ~ (Ra(8),s).
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Equivalently (see Figure [2), this special flow is defined for 7 +s > 0 (with a similar definition for
negative times) by
Tt(evs) = (9 +N(65s7t)avt+S_SN(9,S,Z)()D(6))7

where N(0,s,t) is the unique integer such that
0<t+5—Sno,s)P(0) <P(O+N(O,s,1)),

and
PO)+...+o[R10)  if n>0
S,p(0) = 0 if n=0
—(@(RLO)+...+9(R,'0)) if n<O.

3.2 Density of smooth coboundaries.

From now on we will fix o € R\ Q and ¢ as in the statement of Theorem that is: @ € Do ¢ as
in and @ € ¢y as in Definition 2.1] for some & € (0,1/10) and n € (0,min(1/1000,£)).

We recall the notations M = {(0,s) € (T\ {0}) xR : s < ¢(0)} for the configuration space
of the flow T&@ and u for the measure equal to the restriction to M of the product of the Haar
measures At on the circle T and Ar on the real line R.

For a given § > 0, let us denote

Mg :={(8,5) €M : dp(6,0)> {8 <5< @(0)—{}. (1)

We recall that f is called a smooth coboundary over the flow 77, o if there exists a smooth function
¢ such that, for any a < b,

/abf(u,t)dt — 0(u,b) — @ (u,a).

The function ¢ is called the transfer function of f. The space of smooth coboundaries is dense
in the subspace L3(M, 1) C L*>(M, 1) of zero average functions, provided Ty is ergodic (which
is always the case if « is irrational). Because of the singularity, we need a slightly more precise
statement. For { > 0, we denote by .7, the set of smooth coboundaries f over (Tév(p,M ) such that
the transfer function ¢ is supported inside M. Let F = Uy~ o F .

Proposition 3.1. The subspace F is dense in L3(M, ).

Proof. Let us prove that the orthogonal space .#+ C L% (M, ) contains only the zero function.
In fact, every function g € L3(M, i), which belongs to the orthogonal space .+ C L3(M,p),
is by definition orthogonal to the Lie derivative along the flow of every smooth function with
support contained in M for some { > 0. It follows that for every ¢ > 0 the function g o T&,(p —gis
orthogonal to all smooth functions with support in M¢, for every § > 0, hence it is orthogonal to
all square-integrable functions, as the space of smooth functions with support contained in M, for
some ¢ > 0 is dense in L2(M, ). It follows that for any ¢ > 0, the function g o T4, o — & vanishes,
hence g is invariant and constant by the ergodicity of the flow. As g has zero average, it is equal to
the zero function. 0
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3.3 Square integrable correlations for smooth coboundaries.

The proof that the flow T,fup has an absolutely continuous maximal spectral type follows by a
standard argument from Proposition[3.1]and the following result.

Theorem 3. For positive & < 1/10 and n < min(1/1000,8), let (T}, ,,M, 1) be the special flow
over the rotation of angle o € Dy, ¢ (see equation ) and under a ceiling function ¢ € €y (see
Definition . Suppose that for some § >0, f € F ¢ and g is a smooth function on M supported

in My, then the correlation function

Cre(t) /f gx)du, forallteR,
belongs to the space L*(R,dAR).

All through the paper, the symbols Cy g, C}7 g C;!’ . Will denote positive constants depending
only on the C! norms of f € .# and g € C' (M), and on the C! norm of the transfer function ¢ for
f € .Z. They may change value from line to line. Theorem [3|immediately follows from

Theorem 4. For every f € ¥ and g € C} (M¢) there exists a constant Cy g > 0 such for all | € N,

we have )

(I+1) 21/20
/f g(V)du| di <Cpgl™' "1,

/121 /20

We remark that although Theorem [4] only implies that correlations are square-integrable on
the positive real line R, Theorem still follows by applying Theorem E] to both the flow and the
reverse flow, which is still a Kochergin flow in the same class, satisfying the same hypotheses on
the roof function and on the rotation number.

Notation: For / € N, we denote [y = 1?'/20, [} = (I+1)?'/?% and we let n € N be the unique positive
integer such that

qn <lo < gny1- ()

These conventions will be followed throughout the paper. We remark that, as a consequence of the
Diophantine condition (H})), for / sufficiently large, we also have

qn <1 <2gp+1- 3)

As explained earlier, the proof of Theorem [ relies on two steps: first, we construct a bad set
%, of measure less than to t~'/2*¢ for some & > 0 and we show a decay of correlations faster than
1~1/27¢ outside B, second, the correlations on %, are controlled on average for r € [121/ 20 (1+
1)21/ 20], The two steps are summarized by the following two propositions.

Proposition 3.2. There exists a set By C M, W(B)) < qn 1/2+6n

have

such that for every t € [lp,11], we

du| < Cr171/2-%.
\Avn ()u‘ e

Proposition 3.3. We have
/l‘ (b —lo)u (%)
lo

dr < Cf 8 207
qn

[ (T p(0)s()dn
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Let us show how these two propositions imply Theorem 4] and therefore Theorem [3] and the
first part of Theorem 2] that is the absolute continuity of the spectrum.

Proof of TheoremH] Let F (1) := @ f%f(T&(p(x))g(x)du’ andlet G, :={r € [lp, ] : F(t) >
qn m }. By Markov’s inequality and Proposition we have

By splitting the integration below into G; and G¢, and since U (%) < gn [ 1/2ren , and recalling that

Cy,, are positive constants depending only on f and g which may change Value from line to line,
we get

2
g f(Tap(0)g(x)du| di < Cpou (%) |Gil + (1) g, M (I — o)
1

(h —lo)u (%)

/11
lo

<Crg

13n
qn
(L — o) (L — o) (h — o)
< Cf,ng Cre~tmpn SCre1mn /2
4n n+l 0
11/20 n
S Crepimtmm <Crel 7

Using this and Proposition [3.2] we have

| AT g0

(I+1) 21/20 2

/121/20

I
dt <2Cf,g/ R dr+
I

2

| (T gaDgx)dn| dr < Cpel ™,
By ’

I
2

I

which finishes the proof of Theorem 4] O

The proofs of Propositions[3.2]and [3.3| will occupy the Sections [3| [} [5] and will be concluded
in Sections [6.2] and [6.3] respectively. The key estimates on the decay of correlations that we
will gather in the Sections 3H5| will also be instrumental in the proof of the countable Lebesgue
spectrum property that will be carried out in Section [7]

4 Stretching of Birkhoff sums

We recall that we have fixed o € R\ Q and ¢ such that & € Dy, ¢ (as in (H))) and ¢ € €, as in
Definition [2.1] for some & € (0,1/10) and n € (0,min(1/1000,&)).

We collect in this section some important technical estimates of the Birkhoff sums of the
ceiling function ¢ above the rotation Ry, on T. The estimates gathered here, although rather
elementary to obtain, will be essential in establishing the uniform stretch properties that are the
key in our proof of absolutely continuous spectrum of the Kochergin flow. The source of stretching
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of the Birkhoff sums is the passage of the orbit near the singularity. Hence it is natural to focus on
the closest visit near the origin of an orbit segment of a point on the base.
We will adopt the following notation: for any x € M and N € N, we let

xzn\;in

= Orgl}lg\/d(}(—i—]()t,O).

Before we state the stretching estimates, let us give a brief heuristic explanation of their content
as well as their proof. Let us start with the second derivative. Suppose that we are interested in the
Birkhoff sums Sy ¢” (x,s) for some point (x,s) € M and some N € N, N of order t > OEI WLOG, let
us suppose that s = 0. We know that, up to a multiplicative constant, ¢ is equivalent to |@|~3+"
near the origin. Assume, very roughly, thatx). ~ 1/N and that the next best visits to the origin are
2/N,3/N,.... Since 1/23M +1/33M 4+ ... is summable, we see that Sy(¢")(x,0) is comparable
to its leading term Sy (¢”)(x,0) = (x. )73t ~ N3~1_1If we replace the exponent 3 —1 by 2 —17
we see that the same rationale apply to the sums of ¢’ E]

Of course this “even” distribution of the orbits does not hold for every x € M and N € N.
However, bythe Diophantine condition (), and the fact that we can discard a set of x € M of
measure square summable in ¢ € R, we can obtain a control of the second derivative of order N>~
up to some logarithmic correction.

This kind of estimate can be achieved by several computational methods. The one we opted
for is the following. We split ¢” as a sum of two parts: @, which is the restriction of ¢” in a
1/q, neighborhood of the origin for an adequately chosen r € N (as a function of the position
of ¢ relative to the denominators of ), and the difference function ¢” — @/. On the one hand,
the latter is a bounded variation function so that we can apply the Denjoy-Koksma bounds to
estimate its Birkhoff sums, when N is a denominator of o. Because of the Diophantine condition
(H)), we can then extend these estimates to general integers N € N by the Ostrowski expansion of
N = Z;:o ajqj, where 0 < a; < q;—*/‘ On the other hand, the Birkhoff sum Sy, accounts for the
closest visit to the origin.

The lemmas and corollaries gathered in this section are all based on this approach, and since
their proofs are sometimes technical and do not influence the global reading of the paper we
relegate them to Appendix [A]

Throughout this section we suppose fixed ly = I21/20, [} = (I 4+ 1)2'/%0, for [ € N, and the
unique integer n such that ¢, < lp < g,+1 (see formula (2))). We will be interested in Birkohff sums
of the ceiling function ¢ € €, and of its derivatives at times ¢ € [lo,/;].

We recall the notations M = {(6,s) € T xR : s < ¢(0)}, and for any > 0,

My ={(8,5) €M : dp(6,0)>(,{ <5< p(0)—(}.

For every x € M we will denote by ¥ € T its first coordinate and, for any ¢ € R, we will denote the
first coordinate of 7§, ,,(x) € M by T, ().

Similarly, for any horizontal interval I C M, we will denote / C T its vertical projection and
by A(I) its (horizontal) Lebesgue measure, that is, the Lebesgue measure Ar(I).

3By the unique ergodicity of the base rotation, the orbit of any point of M up to a time ¢ > 0 under the special flow
crosses the base of M a number of times at most of order ¢.

4This heuristic of course does not apply to ¢ (because the exponent at 0 of ¢ is 1 — 1 < 1), but unique ergodicity
simply implies in this case that Sy () is of order N. Note also that sometimes, because in the Birkhoff sums of ¢’ there
might be cancellations due to close visits to the origin from one or the other of its sides, we prefer to use lower bounds
on Sy(¢") to give a lower bound on |Sy (¢)|. This is the case for example in Lemmaof Section
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4.1 Partial partition of M into horizontal intervals

To estimate the decay of correlations, we want to construct an almost complete partition of M
into small horizontal intervals on which we have a fine control on the Birkhoff sums of the ceiling
function ¢ and its derivatives, corresponding to times € [ly,/;]. To this end we want the following
properties of the partial partition. First, the intervals must be sufficiently small so that the Birkhoff
sums above them are smooth functions (the intervals must not meet the singularity before time
l1). Second, the intervals must not be too small because we want to see the stretching effect of
the ceiling function above them. Third, the intervals must not go too close to the origin, otherwise
they will spend too much time there, which is bad for the estimates on their uniform distribution
under the flow. Finally, we need to make sure that it is possible to cover most of the set M with
the intervals of the partial partition. We now define such a partition, which naturally involves the
Diophantine condition and the asymptotics of the singularity at the origin.

Let gx € [gn log15 qn,qn log20 gn) (such a g, exists, for large k € N, by the Diophantine as-
sumptions on o, because the ratio of the endpoints of this interval diverges faster than the ratio
Gn+1/qn < In'*% g,)) and consider the partition .# of T into intervals with endpoints {—ia} 7 61.

By definition, the length A () of every interval I € . satisfies the inequalities

g1 0]l < A1) < [lge—1 0¢]] + [l e

(where || - || denotes the distance from the integer lattice).
Let .%, x C .% denote the subset of intervals / € .% such that 1N [_q;3/57q;3/5] = ’/
Define the family %, x of horizontal intervals

Wk ={Ix{s} : 1€ 7 and 0 <s <ming(0)}. 4)
) ocl

Let Wy, := U#,,x C M denote the union of all elements of the family 7, ;.

Notice that My C W, for > q;3/5, and that since t < [} < 2¢,+1, by (3), and ¢ > C(El, for
some Cyp > 1, for sufficiently large n € N we have

N; := supN(x,1) < 2Cpgn+1 < guln' 8 g, < qu.
xXeM

By the definition of the partition .# and of the partial partition %, ; in formula (@), since N; < gy

/

and q,f3 Y« qk__ll, we have

N;
0¢ | JRL(D). (5)
i=0

As a consequence of (3)) the Birkhoff sum Sy, ;) (¢) is (twice) differentiable on I, for every x € I
and ¢ < /1. This fact will be used repeatedly in the proofs.

Note also, that for any ¢ € [ly,[;] we can focus in our estimates on intervals that are in %, ; since
the measure of the discarded intervals is then a square summable function of time. In addition,
since the observables we consider vanish on intervals / such that T, ,,(1) C W, we can also discard
such intervals and work with intervals I € %, x such that T&Jp(l )Wy # 0.

5The choice of the exponent 3 /5 is a trade-off between two requirements. It is chosen away from 1/2 to make
sure that the measure of the discarded part remains square summable as a function of ¢ € [ly,/;]. At the same time, the
exponent is chosen not too large to avoid visits of the orbit too close to the origin before time 7.
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In fact, we will restrict our analysis to points x € 7N T, (W, x). The reason is that we want
to discard points whose orbit segment at time r > 0 ends with an ineffective long tail that gets
“trapped” near the singularity and result in a lack of equidistribution. The removal of this orbits
from our analysis is possible since, as we have observed, the measure of the sets 7'W,,; (recall
that W, ;. is defined for 7 € [lp,/;]) is a square summable function of time.

4.2 Birkhoff sums estimates

We start by gathering some estimates on the Birkhoff sums of the ceiling function ¢ € ¢} and
of its derivatives in terms of the corresponding times of the flow and of the closest visit to the
singularity. The proofs of these estimates, involving as we mentioned earlier Denjoy-Koksma
type estimates, will be given in Appendix [A]

In this section the symbol Cy, C:P, Cg > 1 will denote constants depending only on the ceiling
function @ € %, and which are not necessarily the same throughout the exposition.

Lemma 4.1. There exists rp € N and Cy > 1 such that for every r > ry, every x € M and every
N € [qr,qr+1], we have

1
(p (xr[Xm) + Eqr < SN((P)(X) < (P (xi}Zin) +2qr+1 ) (6)

For N € N and for every x € M, we have

[N

[Sn(@")(®)] < Co(Sn (@) ()T, ()

=

and
[Sw(@") (@) > Cp' (Sn(@) () Mlog ™ N. )
As a consequence, we have that for every x € MN (T x {s}) and everyt € R,

2—

4t

2—

) ®

=
=

[Sn) (@) (F)| < Co(s

and
Snen) (@) ()] > Cp ' (1 +5— @(R+N(x,1)ax))> Mlog > N(x,1). (10)

Uniform stretching of the Birkhoff sums on some interval allows to treat the image of the
interval under the flow as if it was a long affine line, which allows for precise estimates of the
correlations decay. In practice, such a control requires a lower bound on the derivatives of the
Birkhoff sums of the ceiling function and an upper bound on their second derivatives.

A necessary condition for the estimates is a uniform upper bound on the distortion, that is, on
the ratio between the second derivative and the square of the first derivative of the Birkhoff sums
(see formula and Definition [5.1] below).

We therefore collect below, in Lemmas and some lower bounds on the first derivative
and upper bound on the second derivative of the Birkhoff sums of the ceiling function, which will
be crucial in the sequel. The proofs of these lemmas are given in Appendix [A]

For any interval I € #},x, we therefore introduce the notation

uy = sup sup|SN(x,t)(¢//)(f)" (i

t€(l,ly] x€1
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Lemma [4.2] below, proved in Appendix [A] states that if u; is sufficiently large, namely if
1 >q 30 log® ¢, then we have strong stretching for every 1 € [lp,l;] onall of [, = 1N Ta—,zp (Wok)-

The reason for this is the following: u; > g5 "log® g, implies that xoml(f’ ) <1 /(gqnlog’ q,) for
some (xo,f0) € I X [lp,1] (as will be seen in Sublemma 1] in Appendix [A). From there we can

deduce that, for any 7 and any x € I;, we have that PME) /(gnlog? g,). This can be explained

nmin
as follows Let j < N(xo,%p) be such that xomg,fom is achieved by %o + ja. If N(x,7) > j, then
N(x . o . _ _
i < |5+ jarl| < %o+ jerll + 15— Fol| < 2/(galog’qa) (since & and Ty are 1/(gylog!® g,)

close). If on the contrary N(x,t) < j < N(xo,%), then |Sy ()@ (%) — Sy (xyz) @ (X)| = gv ", which
falls in contradiction with the assumption that |t — t(hg Iy — Iy < (2¢n41)'/?'. The link between
N(x,t)

stretching and x,,,;, " is then recovered from Lemma and its proof.

Lemma 4.2. There exists a constant Cy > 1 such that the following holds. Let I € Wy . If

ur = qn "og’ gy, then for everyt € [lo,11] and for every x € IN Ta (ka), we have
o —— (12)
min qn 1Og3 qn
and
[Snie (9)(B)] = Co 0/ (i) and [Syie (9") (@) < Colg"Gipin ™)l (13)

Next, Lemma [4.3] also proved in Appendix [A] deals with those intervals of the partial par-
tition %, x where the condition u; > q?,_" log9 gn does not hold. It exploits the lower bound on
Sn(xs)(@")(X), given by formula of Lemma to give an affine approximation of Sy, (¢")
based on the intermediate value theorem. As we explained earlier, it is sometimes convenient to
infer lower bounds on Sy, (") from lower bounds on Sy, ) (¢"), which are are easier to obtain
since the sign of ¢” is the same on both sides of the singularity. This is what we do in the next

lemma and in its immediate corollary.
Lemma 4.3. Lett € [ly,11], and let xo,x € Wy, with |X—Xo| > gn —3/2+2m

Ta,(p(x())a Ta’q)( ) ceW, nk and

satisfy the conditions that

7/4+n

1Sn(xo) (@) (Fo)| < g and  |Sy(o) (9")(%0)| < g5 "log' g, (14)

Then, for some Ay y, > q;gfn (log5 gn) "', we have

Ax,xo
10

[Snv () (@) () = S (xy) (@) (F0) — Auy (¥ — Fo) | < = 22T — Tol.
Lemma[4.3]has the following straightforward consequence.

Corollary 1. Let I € #, 4. For some xo € INTy (x)(Wa k), assume that

3 _ _
S (@) (F0)| < 30" and |Sy(e (9) ()| < g Mog! g,
Then for every x € I such that |x — Xo| > gn PN either Tgp(x) €Wy, or (if Tg, o(x) € W)
3-n

S (@) (B)] >~ |8 — %o, (15)
210g qn
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We end this section by giving a consequence of the Diophantine condition on the discrepancies
of the base rotation relative to intervals.

Lemma 4.4. There exists a constant C(a) > 0 such that the following holds. Let J C T be an
interval. Then for every N € N and every 8 € T

[Sv(x7)(6) = NA(J)] < 2C(0t) ' log "= N
Proof. Notice that by Denjoy-Koksma inequality, for every j € N and 0 € T, we have
[Sq;(27)(6) — A ()] <2. (16)

To conclude, we write N = Z;’:o a;qj, where 0 < a; < %1 (it is called Ostrowski expansion of N)
use the cocycle identity, the bound in (16]) for j =r,r—1,...,0 and the fact that by our Diophantine
condition a; < C(a) ' (logg;)'** for all j € N. O

In this section we will refine the stretching estimates over the horizontal intervals I € %, ;, where
W,k is the partial partition introduced in Section see (). The section contains preparatory
material for the estimates on decay of correlations which will be carried out in Section [6]

In Section (see Definition we introduce a family of horizontal intervals, subintervals
of the intervals of %}, which we call good. In Section Corollary [2| we will see that the
decay of correlations on good intervals can be bounded above by a square integrable function of
time. Unfortunately, because of the cancellations due to the symmetry of the ceiling function at
the singularity, the complementary set of the family of good intervals has a non square-summable
measure and therefore cannot be neglected.

In Sections [5.2] and [5.3] we construct a complementary set of the union of good intervals,
which we call the bad set, and analyze its properties. This technical part of the paper can be
skipped in a first reading. What has to be retained for reading through the rest of the paper are
Definitions[5.1]and[5.2] of good intervals and complete towers, and Propositions[5.3]and [5.4] which
give the definition and the properties of the bad set, and of its complement, the good intervals.

In Section [6.3] we will prove that the decay of correlations on the bad set can be controlled in
average over the time interval [lp,/;]. The argument will require estimates of the measure of the
bad set and of its geometry. The goal of Section [5.3]is to carry out these preliminary estimates.

For the sake of the reader, before we give the precise statements, we give an outline of the
construction of the bad set and of our strategy to derive correlation estimates from control of its
geometry. Recall that we are interested in times ¢ € [Io,;], where ly = [2'/20, I} = (14 1)?'/% for
a fixed / € N, and we let n be the unique integer such that g, < lp < g,+1.

Let J be a small horizontal interval in M of size o(1/q,). Uniform stretching at time ¢ over J
can roughly be measured by the distortion ratio Sy(¢")/Sy(¢’)? at any point x of J and at the
discrete time N = N(x,t). When the distortion ratio is less than #~!/2~¢, for some € > 0, then we
can say that the interval is good, because the decay of correlations of coboundaries on this interval
is bounded above by a square summable function of time. This is the content of Proposition [5.4]
and of Sections[6.1]and
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Because of our standing assumptions (H;) on the rotation number a and (Hy j))-(H,3) on the
singularity of the ceiling function, we can see that, roughly speaking, each interval I of %kﬁ can
be decomposed into at most three subintervals, all good for all 7 € [ly, ], except possibly for a bad
subinterval that has length at most g, 3/2+¢ (see Properties (B3) and (By) of Proposition . In
the estimate of the length of the bad interval, the fact that 1 — 1 is away from 1/2 is essential.

Now, the bad set is a collection of strips above g; small intervals of length at most g, 3/ 2+8,
which are 1/g; well-distributed on the base (see Properties (B,) and (B3) of Proposition [5.3).
Being bad is a property that propagates for a time interval that is relatively small compared to .
Hence we can divide the bad set into a finite collection {Uj,...,U,,} of Rokhlin towers for the
flow of height h = q,3,/ > (see Property (B;) of Proposition and Figure EI)

The important information that we gain from decomposing the bad set into this collection of
towers is that, for any 7 € [lo,l1], we can view T ,(U;) as well as a Rokhlin tower of the flow of

height A (see Property (Bs) of Proposition . Indeed, this will allow to decompose T, ,,(U;) into

horizontal slices, each a union of horizontal intervals (of size less than g, 3/ 2) almost uniformly
distributed inside an interval of size g, 1 4, see Figure [7| (this decomposition will be studied in
Definition [6.5] and the lemmas that follow it).

In turn, the latter property allows to see why we have square summable averaged decay of
correlations on each of the towers U;. To understand this, note first that since the measure of the bad
set is already small (not square summable small, but almost so, as explicitly stated in Property (B;)
of Proposition [5.3), it is sufficient to prove a weak estimates on the average decay of correlations
on the sets U;. More precisely, we prove in Proposition that for every i € {1,...,m}, we have

(%) /lo ! (i —lo)u(Ui)
—1/2+61

g
Note that the mixing rate g, " here is sufficient due to the fact that u(UU;) = (%) < gn
as required in the construction of the bad set %, (see Property B, of Proposition[5.3).

Let us explain the heuristics in the proof of the key mixing estimate ().

Assume indeed that for some time ¢*, the extreme opposite of fast mixing happens on Uj, that is
Té:(p ~ Id on U;, for example at t* = q,, To give an idea of how () is proved we need to see why
for © > (I} — ly)'/?, we have that UU,- f(T&t(;’(x))g(x)du‘ < Cfvg/,t(U,-)q,Zzon. This follows from
/4

dr < thg

| 1T p@)gtx)an
Ui

inside which the
~1/4

the fact that T&:p(Ui) can be decomposed into horizontal slices of diameter g;, '

trace of U; is uniformly distributed, and from the mixing estimates of Ty , at rate 7 on the

intervals of length ¢, 1 4, as obtained in Corollary

6 Recall that g; € [gn log15 n,qn log20 gn] and that the projection of I on the base is an interval of the dynamical
partition with endpoints {—iot}% "

"This assumption in fact cannot hold on all of U; because near the boundary of bad intervals, the uniform stretching
that holds on the adjacent good intervals still holds approximately. However, in the bulk of the bad intervals this scenario
is possible and is indeed responsible for insufficient mixing estimates at times like g, (or 2¢,). It is to deal with this
kind of rigidity, due to symmetry cancellations in the ceiling function, that we have to resort to averaged decay.

8 A mixing rate 7 1/4 is far from the rate we established on good intervals, and holds on all intervals, as proved
below in Section[6.1] Corollary [3|



24

5.1 Good intervals and the bad set

For a horizontal interval I € %, we denote I, := I N Ty, ﬁp(Wn,k). If I, # 0, the quantity that
measures uniform stretching on / is the ratio

an

where we set §; = +-co whenever I, = 0.

Definition 5.1 (Good intervals). An subinterval J = [u,v] C I € W, is called good if for every
t € [lo,11], at least one of the following holds: either

S > gt (18)
or for some choice of x* € I and for every x € J, :=JN Toc_,£p<Wn,k)’ we have

1 3oy 1 an " |

i, 19
2™ 210g° gy | 1

[Snien) (@) (@) < g5 "log” gy and Sy (9')(F)] =

When estimates (18)) or (19) hold for a given t, we say that J is t-good.

In what follows I € #},x will be a horizontal interval and h = qz/ > Then we know that the
iterates R (I) for i = 0, ..., h are all disjoint and do not contain 0.
Recall the definition of u; given in (T)):

up = sup sup Sy (") ()]

te€lly,ly] x€l

Moreover whenever I, := 1N T, ﬁp(Wn,k) # (0, we define
7y = inf (e () () o)
(if I = 0 we may define r; = +o0). We also let

r= inf r. 1)

te[lo,ll]

For any I € .7, let I, denote the vertical strip

lp:={(0,s)eM: 6 cl,0<s<min¢p(H)}.
ocl

Definition 5.2 (Complete towers). Fix a horizontal interval I C M N (T x {s}) centered at z and
a number h > 0. A complete tower of ‘height’ h above the interval I is the set:

N(z,h)

U Re(1)g \Ui—oTo (T x {0}).

i=0
We now describe the bad set for correlations %, (see Figure @)

Proposition 5.3. There exists a set 98, C M with the following properties:
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/5

(B1) % =U,U---UU, where U; are disjoint complete towers with heights h = q,3, over hori-

zontal intervals B; C Wy with horizontal measure A(B;) = 2q, 3/2+5m

(B2) u() <qn'*™";

(B3) for every interval I € W, x, we have I = Jy UJy Ulpuq where either N %) = 0 and Ip,q and
Jy are empty, or Ipyq is a level of some U; and Jy,J, are intervals. When I, is not empty,
we denote by xpqq its center.

(B4) for every interval I € #; y and every t € [ly, 1], we have one of the following

. 3/2
(Bad) 1= qp/ >,

(Bg.ii) 11 < q,31/2+n, Ipaa £ 0, uy < q?,_n log® g, and for every x € J; LI, s.t. Téwx € Wk

3-1n

= q -
Sy (91 ()] > 10;6(1 % — Zpadl
n

(Bs) Foreveryt € [ly, 1], for every i € [1,m], there exists a complete tower . ; over an interval

Bii=1[6;— q,73/2+5n, 0, —|—q;3/2+5n] X {s;i} C M of height h; ; > q’31/5—1/50 such that

“((T&,(p(Ui)Aﬂﬂ') ﬂMé,) < q;1+10n.

Proposition 5.4. In the decomposition [ = J, UJy U lpuy of (B3), we have that J\ and J, are good.

Proof of Proposition Letr € [lo,}1]. If r} < q?,/ 21 then (19) holds on J; and J, (with x* = xp44)

by Proposition part (By.ii), since for x € J; UJ, we have that |¥ — Xpeq| = gn 3/2+5m,
Now, if r} > qz/ 2+", then we will actually establish that all of / is #-good (which in particular

implies the conclusion of Proposition [5.4]in this case):

3/2+n
n

Lemma 5.5. Foranyt € [lp,1}], if r; > q , then I is t-good.

Proof of Lemma Case 1: u; > g "log® g,..

In this case we do not use the assumption rj > qz/ 2, By Lemma there exist constants
Cy,C;, > 1 such that, for [y sufficiently large, for every ¢ € [lp,/1] and every x € INTg (W k),

\\ 2 X
(Sven (@)®)" @)

St = inf = C,
I .)CEI[ ’SN(_xJ)((p/ )(.f)| (P (p//(le(:?t))
1 \22-1m)-(-n) 1 \273
o 2/3 o .3/5
> (Cy) (XNM) g <xN<x,t>) > a2 00

min min

The last inequality holds because of ¢ < g,+> and the Diophantine assumptions on ¢. This shows
that 7 satisfies (I8)) and hence finishes the proof of Lemma/[5.5]in this case.
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Case 2: u; < qf’,_" log’ ¢,

n
Notice first that if rj > qz,/4+ * (see (20) for the definition of r7), then either x € T, (W, ) or

_ 7/2
S — inf (SN(x,t)((Pl)(x))z S Qn/ o S q1/2+n > l1/2+8
"El Sy (@)(®) T g Mo g, ’

where the last inequality again holds because of 7 < g,,12 and assumptions on a. Therefore (I8)
holds for / and the proof is finished in this case .

7/44+m/2

Let us consider only x € I such that T}, ,(x) € W If 1} < gn , let xo € I be such that
SN (x0,) (@) (Fo)| = 7. Let us assume WLOG that Sy, ,)(¢')(%0) > 0. Then by Lemma
whenever X > X+ ¢, 3/ 2+2n, we have

3—-1n 3—-1
_ qn S 2qn - -
S NE)| = X—Xxy| = ——|x—xo|. 22
Suien (#)(0) 2 P50 > A e )

If x < Xo— ﬁ then Sy ., (¢')(¥) < 0. Indeed, otherwise by Lemma we have
dn

31
0 < Syien (0)(F) < Sy (@) (Fo) + 1
V) (0)(F) < Snre) (97) (F0) Tlogq,

(X —%0) < Snue) (97)(F0) — g,

which is a contradiction with the choice of xo. Therefore we have Sy(.,(¢')(X) < 0 and, by
Lemma.3]and by the definition of xo, we derive

Sy (@)D > T ol > 2 e
Sy n(e)(x = X—Xg| = X —Xo|- (23)
() 4log g, log® g,

Then by and and since 1} > q,S/ M we get that is satisfied with x* := xq. This
finishes the proof in Case 2. and Lemma [5.5]is established. O

The proof of Proposition [5.4]is hence finished. O

5.2 Construction of the bad set %,

Recall that the partition .% is given by two towers i.e. disjoint sets of the form {B + ia}?i o and
{C+ia}ls, where B,C are intervals around 0 of length ||g,_ ||, ||gx| respectively. Denote
D1 =B+ o,D; = C+ « (the shift comes from the fact that we want to stay away from the singu-
larity). The following construction works for D = D, D,. We will present it for the tower above
D = Dy, the other case being analogous. Consider a complete tower & of height H, = g; — 1 over
D. Notice that Z N'W, ; is a union of horizontal intervals of length A (D). Moreover there is a
natural order on horizontal intervals in 2 N W,,; (coming from the order on Z): each interval in
2 NW, is of the form D(h) for some 0 < h < Hy (with D(0) = D).

Let 0 < h; < Hy be the smallest real number such that D(h;) C N W,k and D(hy) S 2q,3,/2+n.
Lett; € [lp, 1] and x1 := (6y,s1) € D(h;) be such that

T{ %1 € Wox and Syg, ) (@) (61) < 240 1.
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/5

Let U; be the complete tower of height q,31 over

B, = <[—q;3/2+5n 61,0, +qn M x {s1}> na.

Let k; be the largest number such that D(ky) C 2 NW,, 4.
Now inductively let Hy > h; > k; be the smallest real number such that D(h;) C 2 NW,,; and

Dlhy) < 2q,3,/2+n. Lett; € [lp,[;] and x; := (6;,s;) € D(h;) be such that

T4 pxi € Wy and Syo,i (9')(8) < 24 1. 24)

/5

We define U; to be the complete tower of height q,3, over

B; := ([7q;3/2+5n +6;,6; +q;3/2+5n] X {Si}) nag.

We continue this procedure until the last possible A4, < Hy is defined.
Let us define
%= | U (25)

1<i<m
Now, (B;) and (B3) follow by construction (notice that the top of U; is below the base of U;. ).
Moreover, by Lemma [1| we get that S,, 1 (@) () < cgiy1, hence (B;) follows from

1(H) < Sq(@)(a)A(Bi) < ql/216n'

It remains to prove (By) and (Bs), which will be the subject of the next section.

k\ ¢

N\ /]
N A

] | | | ] | |
1l T T T T 1

/q 2/q. 3/q. 1

Figure 6: The set 2, is a union of complete towers U;.

5.3 Proving the properties of the bad set

In this section we give the proofs of (B4) and (Bs) in Proposition

Proof of (B4). Fix t € [ly,l;]. By the construction of %, whenever for a partition interval

I € W, we have r} < q,S,/Hn, then

IND; = Ipaq,
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where I, is a level of some U;. In fact, otherwise /N .%; = 0 and by construction, Properties (B3)
and (B4), we have r; > 2q,31/ > \Wwhere 7y is as in (21). Therefore we need to show (Bs.ii) for

I € W,k such that I,,; # 0 and r‘} < q,31/ 2, Then, by definition, there exists x} € I such that
_ 3/2
Tg o(xh) € Wi and Sy, ) (9) (%) < g/ >*™. (26)

Notice that we have
u < gy "log’ gu. @7

Indeed, if not, then by Lemma {4.2| we would get by and that Sy ) (¢) (%)) > g,
which is a contradiction with (26).

Notice that by (26) and (27), the assumptions of Corollary 1| are satisfied with xo = x}. There-
—37243n

fore, for every x € I such that T}, ,(x) € Wyt and |x —x}| > gy , we have
S (@) > - e 29
’ 2log’ gn
We claim that
1% = Fpaal < g (29)
Now, (28), (27) and (29) will finish the proof of (Ba.ii) since for x € J; UJ> =1\ Ip,q, We have
that |¥— % > ¥~ Fhua| — [ — Foaal > g .

Thus it only remains to show our claim (29). By construction of the U;’s, for some /& > 0, we
can write
h
Xbad = T%(Pxi'

Moreover, since U; is a complete tower of height qf’l/ 3 and Téﬂq,xi € U;, we have that

h < SN(x,-,qi/S) (@)(xi) + @(Xi+N(xi,h) ).

Since x; € W, «, we get by the definition of special flow

Syt (9) () <240,

Xisqn
Moreover, since TO}C"(Pxi € Wk, we have
O (% +N(x;, h)ar) < 243",
By putting together the above bounds, we get
h<2g3H1/30 (30)

Let m; := max(t;,¢). We will show that

a. Top(To oXi), Torip(¥)) € Wi

b S (@) (8] < 20

3/2+
S ISz g (9) (Tl )| < 5311,
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The above properties will give (29) (and hence (B4.ii)), since if ]TO},’ xXi— X > 3/ M7 then by

(27) and a., b., the assumptions of Corollary |1|are satisfied with xyp = xﬁ, X = TO}C"(px, but then c. is
in contradiction with estimate (15)) stated there. It remains then to show a., b., c.

For a. we notice that by (24) and 26) we have Tg yxi, T, ,Xj € Wy, x. Moreover, by the imme-
diate bound |m; —t| < 1) —lp < qn/ and by (30), we have the estimate

3/541/50 | 1/10 3/5+1/50
n

O0<mi—t,m—t;+h<2q +q)  <3qn , (31

from which we derive that
(T, (T o), Tati ()} = {Toty (T i), Tty (Tl oX1) Y © Wi

This gives a.

1/10

For b. we first notice that since T, ,(x7) € W,k and |m; —t| <11 —lp < gx' ", by (O), we have

S0 ( @) (T (69))] < g™

and by @26), [Sy(x ) (9") (x))] < q,31/ > By the cocycle identity, we then have

IS ) (9) ()| < S ) (@) (F) ]+ 1S o) (@) (T ()] < 203517

This gives b.
For c., by cocycle identity, (24), (31) and (@) (for Ty o (x;) € W;,1), we get

Syt (0] < IS0 (0 E + Sy 1oy (O T p o) <2627 (32
Since x; € W, , by (30) and (9), we have
Sy (0) ()] < 22" (33)

Finally from the cocycle identity, (32) and (33)) we conclude that

- _ - 3/2
Sz ) (9) (Tt )| < S (s (@) (F)] + Sy (9) (B)] < 5001

This finishes the proof of c. and hence also (B4.ii).

Proof of (Bs).
Let s; be such that x; € D(h;) C T x {s;} (D(h;) is the base of U;). Let t* € [t,t — 1] be such
that for z;; = (6;,8:;) := Té:(pxi we have

1

i = [6hi = 3/2-5
qn/ n’

6i+ == x {8} C M,

3/2-5n
q/

Leth ; :== SN(XV ) (@)(x;) —si — (t* —t) and let .7 ; be the complete tower of height &, ; over B, ;.

Notice thats; < /"™ and (by @) S, s, (#)() > i log™'"q hence i > gy >
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The difference between U; N\ M; and Tg, ,(7; ;) "M will come from the stretching of Birkhoff
sums of the top and at the base of .7 ; and from the difference |t* —¢| < 1. The measure of the
symmetric difference between the two sets is twice the maximal stretching times the measure of
the base of .7 ;. First let us estimate the maximal stretch.

For any z € B, ; there exists &; € [Z, 6, ;] such that

1SN(8,,.) (@) (Z) = Sn(6,1.0)(9) ()] < [Sn(a,.0)(9")(E)1Z— 6] (34)
Since t < g1, it follows that for j =0,...,N(6;;,7) — 1, we have
1 1
Oritjou ¢ [— ,
2 qnloglooq,, q,,loglooqn
and since |§; — 6, ;| < q;3/2+5n, it follows that for j =0,...,N(6,;,7) — 1, we have
. 1 1
Sitjad |-

2qu10g'" g 2q,10g'® g, ]
By the above condition and by (6)), we derive from (34) the bound

ISv(8,:.0) (@) (Z) — Sn6,..0) (@) (6r)] < q,11/2+3’7,

Therefore,
BU(TE o (UNA T, M) < AB)(Agn > +]r — 1)) < g, 1107,

This finishes the proof of (B5) and hence also of Proposition

6 From stretching of Birkhoff sums to decay of correlations

6.1 Uniform stretching of Birkhoff sums and correlations

The aim of this section is to prove Corollary [2] which establishes a square-summable upper bound
for the decay of correlations on good intervals, and Corollary [3] which establishes a power-like
estimate of correlations decay, with exponent slightly lower than 1/2, hence not square-summable,
but which holds for general intervals. As we explained in the introduction of Section [5] Corol-
lary 3] will be important in the estimation of the averaged decay of correlations on the bad set in
Section[6.3] To read through the rest of the paper, only Corollary[2]and Corollary [3|will be needed.

We will adopt below the following notation.
For all f € .7 with transfer function ¢ and g € C'(M), let

A0(f8) = [9llollgllo and A1(f,8) := ([lfllo +I9llo)lIgllr + (LA +l[oll)llgllo,  B35)

where || - ||o and || - ||; respectively denote the C° and the C' norm. Moreover, we will denote by the
letter Cyp a generic constant which depends only on on the rotation number & and on the ceiling
function ¢ € 6.

In all what follows I denotes any interval of the partition of %/, ; defined in Section @

Let us recall the following notation (see (20)). For any interval J C I denote

Ay = inf Sn(01)(9) ()]
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where J; 1= JNTo 6 (Wai) (r) = +oo if J; = 0).
Our main technical result in this section is the following relation between uniform stretching
of the Birkhoff sums and decay of correlations.

Proposition 6.1. For any interval J = [z,w] X {s} C I, we have the following estimate:

110,500,538~ e < € { it 25+ .02

SN(z1) (¢)(2) SN(wa)

8(2:5)9(Tg9(25)  8(ws)9(Tg 9 (ws5))
G .

o9
")(w)

To prove Proposition[6.1] we will need the following lemma that contains the main estimate on
the correlation of coboundaries, based on the stretching of the Birkhoff sums of the roof function.
The proof is based on a change of variable that transforms the correlations integral along a small
horizontal interval into an integral on a long stretched interval. The fact that one of the observables
in the correlations integral is a coboundary is crucial in the argument.

Let J, := [u,v] x {s} C J be such that v —u <t 1°,

where p(z,w) =

Lemma 6.2. Let rl, := —Sy(,;)(¢')(u). Forall f € F and for all g € Cj(M) and for all t > 0 we
have

A(J.
r? )

~—

)6(6,5)d0 — A(J.,1)| < CoHi(£.8) (36)

where N1 (f,g) is the norm defined in formula (35) and

A1) =~ [8(0,5) (T4 (1,5)) — 81, )O(TL, o (1,5))]

Ty

Proof. LetI € ¥y, with I C T x {s}, be a horizontal interval as in Section[5| Let J, = [u,v] C I
such that vo —ug <t~ 10, If Ty, éo']* C W, then Lemmaholds trivially. We use the notation

Tog(u,8) = (@,8) = (u+N(u,) 0,1 +5 = Sy (@) (u)),

where 0 < § < @(u+N(u,t)or). We also denote v = v+ N(u,t)o
In the remainder of this proof we will denote for simplicity the integer N(u,t) by N. We will
suppose that /, = —Sy(¢")(u) > r} > 0, the case where r} < 0 being similar. Let us also denote

By :=supSy(6)(¢").
oel

We will use the notation X = O(Y) if there exists a constant C > 0 such that X < CY.
We have for 6 € [0,4(J.)] that Tg ,(u+8,s) = (i + 6,5+ Sy (@) (1) — Sn(@)(u+ 6)). By the
intermediate value theorem, since r; < A(J,)~!, we have

/f (6,5))2(6,5)d6 /J* (ii+ 6,5+ Sy () (1) — Sw () (1 + 0))g(u+ 0,5)d0

ML),

7l
Iy

i)
Zg(M,S)/O f(i+6,5+Sn (@) (1) = Sn(9)(u+6))d6 +O(||follgll:
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Now, since Sy(@)(u) —Sy(@)(u+0) < 1 we also have

A(Jy)
/0 Fi+ 0,5+ Sx(@) () — Sw(9)(u+ 0))d0

A ()
:/0 / f(\7,§+SN(q))(M)—SN((p)(M+9))d9+0("f‘|1ﬂ,(’:;*))’

and by the definition of B}, we have |Sy(@)(u) — Sn(¢@)(u+ 0) — 0| < B,6>. Therefore,

AUL)
/f )¢(0,5)d0 = g(u, s)/o F(5,5+1.0)d6

D) ol ).
I 1

Ol flolllh

For simplicity let us denote w(f,g) := || fllol/gll1 + || f]|1]/gl/o- A change of variable then gives

A(J.

)
A(J.)

1

1 A (Jy)
[ F(Tig(0.5))2(0.5)00 = cglus) [ 55+ 0)d6-+ 00w 1)

u

= 2(0) (007,54 AAUL) — 0(5.9)] + Ow(F,0) 7))

but 74, o (v,s) = (7,5 + Sn (@) (1) — Sn(9)(v)) = (¥, + A (Js) + &) with & < B'A(J.)?, hence

(T2 (0.5))8(60.5)40 = - (05) [0(T2 (1.9 = 9(7.5)]
o(w(7.9) 1) ),
= 1 (60T (19) = £1.)0(TE g 105))
(075,
which is precisely formula (36). 0

Proof of Proposition[6.1} Since the proof is symmetric for 7 > 0 and 7 < 0, from now on we will

assume that r > 0. If T}, (J ) C We e then Proposmonnholds trivially. We assume for definite-

ness that —Sy ) (¢") (u ) >rhonJ. Letus decompose J into finitely many subintervals J = J/~, J;

such that J; = [u;,uit1) X {s} with |u; 11 —u;| <1719, and so that N(-,¢) is constant on each J;.
Then

/f( o(0,5))2(6,5)d0 = Z/f 18(0.5)d0 = Y AU L6, (BT)

i=1

where, by

g <Aitr.™.
J

Notice that if 7§, ,(J;) C Wy, then the corresponding integral in is 0. Therefore we only have
to consider those J; for which ;. Z, (Ji) € W¢,. By enumeration let us assume that this is the case
for all J;.
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Let us denote 7} := —Sy(y, ) (@) (u;) and ©; := g(u;, ) (T4 o (ui,s)). We then have

1Y AUL1) — ZW\—\Z ©ir1—0;) = p(z,w)]
i=1

1

= Opy1 — ®1 + < ) Oir1—p(z,w)|
" ; roTi
T ! 1 ‘ l+1 ‘

=1 Y (2= )@l <l9lllslo z
i=1 \Ti Ty v

To estimate the quantity Y7 ! | '+' ’ , by the choice of (u;)!" | (since N(-,t) is constant on J;)
and w1 —u; <1719, we get

i1 —ril <2BiA(Ji)

where B} := Sy, 1) (@")(u;). To conclude the argument, we notice that (since u; 1 ~ u;)

This, by (37), finishes the proof of Proposition [6.1]
O

Proposition [6.1] has the following corollaries that allow us to deal with the decay of correla-
tions, on good intervals for Corollary [2] and on general intervals for Corollary 3] In the corollaries
below, Cq ¢ again denotes a global positive constant which depends only on the rotation number
« and on the ceiling function ¢. It may be different in each corollary.

Corollary 2. For every good interval J, we have

‘ / 1T )2(6, s)de‘ Cao(M(f.8)ay ' +Ai(f.8)a )71 P75 @38)

Proof. Assume JNTg (W i) # 0 (otherwise the LHS is 0) and let first hold in the deﬁnition
of a good interval (see Deﬁnition . Notice that for x € Ti, (W), Sy (9”) (%) = g1 (see
(I0)) and hence by (18), 1/r;, < 3/2 e 2¢).(J). Moreover,

P(z,w) < CapM(f,8) /75 < CapNo(f,8)t /721 ().

An application of Proposition [6.T|for J finishes the proof in this case. If (I9) holds, define Jyeqx :=
o — g x4 g2/ ** M) (1], Notice that by (T9),

J

3/2+n

t 7
rf,weal\ 2 C]n and S wcuk / q :

So by Proposition [6.1|for J,eqx, we have

‘ [ F(Th0(0.9)5(0.5)6] < Cugl(AF.0)a5" +i(f.8)g )™ 7Y,
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Therefore it remains to show (38) with J \ Jyear. Let J = [z,w] x {s} and let J \ Jyear = J UJ",
so that z € J' (unless J' = 0) and w € J” (unless J” = 0). We will show (38) for J' and J”. We
will apply the same procedure to both J' and J”, therefore we will explain the argument only in

the case of J”. Let m € N be the unique positive integer s.t. 2" < qz/z—zn (w—x*) <2m+1 Let
us consider the intervals J! := [w;, wi1] X {s} = [x* + (w—x*) /27T x* + (w—x*) /2] x {s}NJ",

where i =0,...,m. Then J” =, J (notice that J,, may be degenerated). Consider only those
Ji' for which Ty, (J") € W . By enumeration assume this is the case for all i = 0,...,m. By
we have

n
P > qz/H 2, (39)

Moreover by (19), for every J!, we have

sup |Sy (") (%)] < g2 "M log’ and  inf Sy (@) (%) > g " (w—x%)
X = . .
xein/)/ N(x) qn g qn el N(x) 212 |0 i

Therefore, we have the following estimate:

moa (g log20 g m  92i+4 810020 1
y (t,) < Ogéin‘ln y AU < L‘é’inzmﬂ < <t 12730(). (40)
=R = JURY (w—x")gn g

Notice that by the definition of the function p(z,w) (see Proposition [6.1), we have p(wo, wy1) =
Y7o p(wi,wit1). By Proposition[6.1|for J, i =0,...,m and by (39), [@0), we derive

f(T&_’q,(O,S))g(G,S)dG < |p(W0,Wm+1)’ + '/UJ{/f(Tl;,qo(97s))g(9as)d9 *p(WOva+1)

< Cap{M(f,8)A(J) +v/V1(f,g)7L(J)2}f1/2*%.

j//

The same estimate is true for J'. This completes the proof of Corollary U

Moreover, we also have the following crucial corollary for the bootstrap argument in Sec-
tion Recall that the integers /,lp,/1,n € N, the partial partition %, ; and its union W, ; = U%/,
are chosen as in Section

Corollary 3. For every interval I € .9 and for all s € R™ such that I := I x {s} C M, for all
t € [lo,11], we have

[T 0,500.5)06) < Cag LA DAU0) + AL RN,

Proof. If INW,, # 0, then I C Mg hence (LHS) is 0. If I € #;, then let I = J; UJy U lpyq as in
Proposition [5.4] We apply Corollary 2]to J; and J, together with the estimates

_ 1
).,(I) 2 qnlog 2an and l([bad) < m .

qn

For the interval I,; we estimate the integral by the uniform norm of the integrand times the
measure A (Ip4q) of the domain of integration. O
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6.2 Summable decay on good intervals. Proof of Proposition [3.2]

We now explain how the results of Section[6.1]imply Proposition [3.2]
In fact, we prove a more general statement that will be relevant in Section[7.3] to complete the
proof that the spectrum is Lebesgue with countable multiplicity.

Proposition 6.3. For every set E, measurable with respect to the partial partition #y, j (see (@) for
its definition), we have

o f(Té,q»(X))g(x)du‘ < Cap{M(f,@)H(E) + M (f,0)u(E)?}171/273

Proof. Since g =0 on MZ O W, we have

/E " f(T&,(p(x))g(x)du’ = ‘ /(Emwm\%, F(TL o (x))g(x)dp| .

By Fubini, it is enough to show that, for every interval I € %}, x, we have

. f(T&,¢<9,s>>g(e,s>de‘ < Cap{AM(f. A1) + M (f,9) AN~ 127¢,
bad
where the subinterval /44 is as in Proposition [5.4] It is then enough to apply Corollary [2] (to the
subintervals J; and J;) together with the lower bound A (1) > g, log 2 g,.

Proposition [6.3]is thus proved, and Proposition [3.2] immediately follows, as among the prop-
erties of the bad set (see Proposition we have the bound 1 (%) < g tzeen, O

6.3 Averaged decay on the bad set. Proof of Proposition 3.3]

Notice that, as the bad set %, decomposes by as the union of the towers Uj,...,U,, Pro-
position follows from corresponding estimates on each tower U, as in the proposition below.
We are therefore interested in the decay of flé‘ } Ju.f (T&Jp(x))g(x)du}dt. Our strategy will be
to exploit the decay of correlations between different times of [ly,/;] by applying the Cauchy-
Schwarz-Holder inequality to the above integral of correlations. As we have already mentioned,
the difficulty that we have to overcome is given by the existence of times ¢* such that T&t o 1s close
to the identity on the bad set. The use of the Cauchy-Schwarz-Holder inequality allows to exploit
the mixing properties for times ¢ € [ly,/;] that are far from ¢*, as seen in formulas #1)) and @2).

Let Cy , denote a positive constant which depends on the functions f € .% and g € Cé (M) only
through the quantities A (f,g) and A1 (f,g).

Proposition 6.4. For everyic {1,...,m}, we have

/ ll
I

Proof. Fix i€ {l,...,m}. LetA:={t € [lo,l] : [y f(T4(x,5))g(x,s)dx > 0}. Let p(t) = 1 if

f(Tap(x)g(x)dp|dt < cﬁg(ll—ql(ng’If(Ui)‘

U;
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te€Aand p(t) = —1ift € [lp,l;] \ A. Then, by Cauchy-Schwarz (Holder) inequality, we have

/ll
lo

F(Top(x))8(x)dp
U;

ai= [ ([ o0zt gt stan
< ( L[ p(t)f(T&,<p(X))dt)2du> N () et2an)
< lllos (v ( [ ([ ooty ))dt>2du>

1/2

1/2

Moreover we have

</,~ (/10’1p(t)f(Té,<p(x))d;>2du> <A = 1o) 2w ()
+ </Ul (/1011 (/re[lo,ll] : |’—’|>(11—10)1/2p(r)p(t)f(TOtwp(x))f(T&,(P(x))dr) dt) dﬂ) '

Therefore, to finish the proof of Proposition [6.4]it is enough to show that there exists a constant
C > 0 such that, for every t < r witht,r € [lp,l1] s.t. |t —r| > (I} —lp)"/?, we have

w(U;
[ o T Nau| < conitrn ) @)
T (Ui) qn

Note that t* :=r—1t € [q1/41,q,1,/19] Let us then fix such a t* € [q1/41,q,1,/19] Following the
notation of Section [3 I we then let [* = [t*] and n* be the unique integer such that g, < I* < g=41.

Let k™ be any integer such that gg+ € [gn log" g+, g 10g®° gn+]. It follows by construction that
we have g € [gn/ ", qn 107 4]

Observe now that by Corollarythere exists a constant C > 0 such that, for any interval [ € .%}-
and for all s € R such that 1 :=1 x {s} C M, we have

[z 0505090 C{J%)(f,f)+JV1(f,f)/1(1)};/(1130- @)

Thus, it only remains to be seen that the integral in decomposes into integrals over the sets
of the form T¢, ,(U;) N 1,1 € .7, and that each is roughly equal to the product of A(U; N 1) /A(I)
times the integral in (42)). This is what we will now derive from Proposition namely from the
property that 7, ,,(U;) is almost equal to the tower .77 ; of (Bs). In fact, by properties (B1), (B2) in

Proposition we have the bound m < qz/ SM, hence by property (Bs) we conclude that
m
2 (TilSTh o (U)) < gn TN (43)

The intersection of each tower .7 ; with [ is a regular union of equally separated small intervals
(see Figure [7). In this situation the interpolation between the integrals is possible. However,
explicitly carrying out this argument is a bit tedious and technical, as it relies on the following
definition of quantitative uniform distribution of a union of intervals inside a larger one, and on
the two lemmas that follow it. Lemma[6.7)in particular is a simple observation on the geometry of
the repartition of a thin Rokhlin tower of the flow T&JP in the manifold M, whose technical proof
can be skipped in a first reading. We introduce the following
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Definition 6.5. Ler v,y € (0,1). We will say that a collection . == K;U...UKy C T x {s}
of pairwise disjoint horizontal intervals of equal lengths is (v,7y)-uniformly distributed in the
interval I if there exists a decomposition of I into a disjoint union of L < YH intervals Iy,... I of
equal length { € [v,2V] such that, for all j € [1,L], we have

#ic(LH): K Ch) e[1-97, (497,

This definition is useful in the following straightforward lemma.

Lemma 6.6. If . and I are as in Deﬁnition then for any C' real function G defined over the
interval I := I x {s}, we have

;Lym
’/m G(6,5)d /G d9‘ C(v||G|li +7I|Gllo) A (£ N1I).

Lemma 6.7. For any complete tower 7 of height h > qi/s_l /50

the the form Bz = [—q 3/2+5n+99,99 +q,,3/2+5n]

above any horizontal interval of
x {57}, we have the following:

() ifN(87,h) < g, then p( T O\My) < > (7)

(L) if N(67,h) > q,l,/ , then for any I € Jy- such that I := I x {s} C Mg, the set T NI is con-

tained in a collection of disjoint intervals of equal size (g, 1/ 4, qn ,1/100 )-

in the interval I.
I\ /w

uniformly distributed

i f f I I I
Va*  2/q"  3/aF 1

/qn

Figure 7: The image of the set U; under the flow. The intersection with any horizontal interval is a union
of equispaced intervals.

Before proving Lemma [6.7, we show how it implies (1I). By (@3), it suffices to show that
there exists a constant C > 0 such that

[ rwnrwan] < citrn . @)
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If (1;) holds, then since f is supported on My we have

. 1)
[, STt < BB < IR ELTED, @
hence the proof is finished in this case. Notice that by Fubini’s theorem (44) follows from the

following claim: there exists a constant C > 0 such that, for any I := I x {s} with I € %, we have

) (T,
‘/ymf(e,s)f(T&,@(G,s))dG’ < C{%UJ)JFM(}CJ)MI)}W' 46)

In fact, the above bound is stronger than what we need to prove the absolute continuity of the
spectrum. The precise dependence of the constant on the function f and on the interval I € %= will
be crucial in the proof, in Section[7.3] that the spectrum is Lebesgue with countable multiplicity .

Now, if I C Mz then the integral in is zero. Notice that, since ¢* / ’ , by Corollary 4.
the function G : I — R defined as G(-) = f(-)f(T&t(p(-)) satisfies ||G||1 < q,,/ If ol f11, thus (I)
and Lemmal6.6]imply that

/1,7,, I) A(Tind
[ oto.0d0 - S [Gt0.9)d6] < ol 1) T

and therefore {@6) follows from (@2). The proof of the derivation of the bound in (1) from
Lemmal|6.7]is complete.

It only remains to give the

Proof of Lemmal6.7] Let us first consider the case N := N(607,h) > qn/ Let {Kj,...,Ky} be the
smallest collection of disjoint intervals of equal length such that

INg CKiUKy -+ LUKy.

Notice that for every i € {1,...,H}, the interval K; is centered at the point 6. + k;¢t, for some
ki € [0,N]. In fact, there is an injective map from the set of k € [0, N] such that 6 + ko € I to
the collection of intervals {Kj, ..., Ky} which misses at most 2 intervals. By Lemmafor J=1I
and 6 = 65, we have

|H—NA(I)| <2+2C'logN*** . (47)

Let us then divide I into equal intervals Ij,...,I; of equal length ¢ € [g, 1/4 ,2qn Y 4] and let us
consider /; C I. The map from the set {i € [I,H] : K C I;} to the set of k € [0,N] such that
07 +ka € I;, which sends every interval K; to its center, is injective and misses at most 2 elements.
From Lemma.4{for J = I; and 6 = 67, it follows that

#{ic[1,H]: K; C I} —NA(I;)| <2+2C 'logN**5. (48)
J j
Notice that since I € .7 by the bound @7), it follows that H > q,l,/ 37120 and by construction we
have L < ql/ 4-1/40 , hence in particular H /L > ,11/ 12-1/40 e then derive the estimate
H  NA(I) H, 2+C 'logN***  _|10H
AL~ 2o VAL H ) 2FCTIoeNTE o
L L L L

L )
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which in turn by the bound (48) implies that

oo H oo H
#lic[1,H]: K C I} € (1—q,11/1°°)z,(1+ ”I/IOO)Z .

V4 gt 100)—uniformly distributed in 1.

This shows that the collection . = KjLI--- UKy is (gn ', q
The proof of Lemma [6.7)is finished in case (I).

Assume now that N(67,h) < q,l,/ 3. Notice that, since the height of the complete tower .7 is

h> q?/S“/‘O, we have

Snio, mi1(@)(07) =i 1.

But then
w7 M) <a*CAB7) <a > Pa TV PAB) <0 u( ).

This finishes the proof of Lemmal6.7]

In this section we prove a general criterion for establishing the countable Lebesgue spectral prop-
erty for smooth flows with square-integrable correlations of smooth coboundaries. From our cri-
terion we derive that our Kochergin flows have countable Lebesgue spectrum, thereby completing
the proof of our main result, Theorem [2] (the precise formulation of Theorem [I]). We also derive
that time-changes of horocycle flows have countable Lebesgue spectrum, thereby completing the
proof of the Katok-Thouvenot conjecture (see [26], Conjecture 6.8). In fact, it was proved in [[16]
that smooth time changes of the horocycle flow have Lebesgue maximal spectral type, but the
multiplicity question was left open.

The section will be divided in three parts. In the first Section [7.1] we give in Theorem [3]
an abstract Criterion for Infinite Lebesgue Spectrum (CILS), that guarantees infinite Lebesgue
multiplicity for a strongly continuous group of unitary operators on a separable Hilbert space
having an absolutely continuous spectral type.

To guarantee that the multiplicity of the Lebesgue component in the spectrum is at least n+ 1,
for some n > 0, the criterion requires, for any given positive measure and bounded subset C of
the real line, the construction of n+ 1- functions such that the (n+ 1) x (n+ 1) matrix of Fourier
transforms of their square-integrable mutual correlations has maximal rank equal to n+1 on C.
The latter would indeed contradict that all the (equivalence classes of the) spectral measures in the
decreasing spectral decomposition be zero on C starting from the n + 1% measure.

An equivalent way of presenting the hypotheses of the CILS, is to require the existence, for
any n > 0, of n+ 1 functions, such that each function is almost orthogonal to the cyclic space of
any other one, and such that the spectral measures of the functions can be chosen to be not too
small on any fixed bounded measurable set of R.

In Section[7.2] we state in Theorem [6]a criterion that guarantees infinite Lebesgue multiplicity
for a flow, based on the control of the decay of correlations for functions supported on tall flow-
boxes with an arbitrarily thin base. When mixing between such functions is effectively obtained
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at times that compares to the height of the flow-boxes, it is then possible to construct the functions
as in the CILS and conclude infinite Lebesgue multiplicity. Indeed, we show in the same section
how the hypotheses of Theorem [6] immediately imply the hypotheses of the abstract criterion in
Theorem 3l

In Section[7.3] elaborating on the mixing estimates of Sections[5|and [6] we show that Kocher-
gin flows (with a sufficiently degenerate singularity) typically satisfy the hypotheses of our cri-
terion, thus completing the proof of Theorem [2] (hence of Theorem [I)), our main result.

We also explain how to derive from [[16] that smooth time changes of horocycle flows satisfy
the hypothesis of Theorem [6] our criterion for infinite Lebesgue multiplicity for flows. Since
by the results of [16] the maximal spectral type is Lebesgue, we conclude that the smooth time
changes of horocycle flows also have a Lebesgue spectrum with infinite multiplicity.

7.1 The Criterion for Infinite Lebesgue Spectrum (CILS)

Our criterion for countable Lebesgue spectrum of smooth flows is based on the following abstract
criterion for strongly continuous one-parameter unitary groups on separable Hilbert spaces.
Let Z : L*(R,dt) — L*(R,d7) denote the Fourier transform, given by the formula

Z(f)(1) = /R f(©)e™™ s forall f € L*(R,dt).

Theorem 5. Let {¢r} be a strongly continuous one-parameter unitary group on a separable
Hilbert space H with absolutely continuous spectrum. For a fixed n € N, let us assume that for
every compact set C C R\ {0} of positive Lebesgue measure there exists &€, c > 0 such that the
following holds. For every € € (0,€&, ) there exist vectors fi,..., fu+1 € H such that

[(fio 0, fi)lli2many < Oij+€, foralli,jel,....n+1;
n+1

IIHﬂ’(<ﬁo¢t,ﬁ>)l > (n+1)!(1+¢)"e.

| 2
Ln+l1 (C)
Then the spectral type of {@r} is Lebesgue with multiplicity at least n+ 1.

The proof of the theorem is based on the following lemma.

Lemma 7.1. Let H be a separable Hilbert space and let H™ := @i_Hix C H denote an or-
thogonal, invariant decomposition into cyclic subspaces of a strongly continuous one-parameter
unitary group {¢r} with absolutely continuous spectrum. Let fi1,..., fur1 € H (") be vectors such
that the correlations functions (f;o ¢y, f;) € L*(R,dt). We have

det(.F (fio¢s, fj)) =0 almost everywhere.

Proof. Let us begin to illustrate the argument in the case n = 1. Then we can assume (up to a
unitary equivalence) that there is a function m € L'(R,d7) such that fi,f, € L*(R,mdt). We
therefore assume f; = f1(7), and f» = fo(7) € L*(R,mdt). The flow acts on L?*(R,mdt) by
multiplication by e*™%. So we have

F((fio . fi)) =mlfil*, fori=1,2,
F{(fiod, fr) =mfifo.
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We have the identity between functions in L' (R):

F((fiot, ANT (fr0dr, o) = m?| fi*| o> = (mfifo) (mfofr)
=F((fiod, [2))F ((f2o ¢ f1))-

In the general case, let f;; denote the projection of the vector f; on the cyclic space H, for all
ie{l,...,n+1}and k € {1,...,n}. Since the cyclic spaces are invariant and orthogonal, for all
i,je{l,...,n+1} we have

n
(fiod. fi) = Z (firo O, fi) -
Since the spaces Hj are cyclic and the group has absolutely continuous spectrum, there exist

functions my,...,m; € L'(R,d7) and, for each k € {1,...,n} and alli € {1,...,n+ 1}, there exist
functions u;, € L*(R,mdt) such that for all i, j € {1,...,n4 1} we have

n
F(fiod, fi) = Y witjpmy.
k=1

By the above formula, every column of the (n+ 1) x (n+ 1) matrix (F(fjo ¢, f;)(7)) can be
written as the sum of n vectors as follows. For each j € {1,...,n+ 1}, we have

F(fiod, fj)(T) n w1 ( )it i (7) n u1k(7)
= ka(r) = ka(r)ﬁ]k(r)
Ffur100, f3)(T) k=1 Ui 1) ()i (T) k=1 U(nr1)k(T)

Since the matrix (. (f;io ¢, f;)(7)) is (n+1) x (n+ 1), its determinant is a sum of determinants of
matrices containing at least two columns proportional to the same vector (u1x(7), ..., u(41)%(T))-
This proves that the determinant vanishes almost everywhere. The argument is complete.

O

Proof of Theorem[5] Let &,cnH, denote an orthogonal, invariant decomposition into cyclic sub-
spaces such that, for all n € N, we have H, ~ L*(R, t,) with

Wi i=my(T)dT > Uy = mp(T)dT > - > Wy = my,(T)dT>> ...

Let { f;} be a sequence of vectors in H and, for each i, j € N, let f;; denote the orthogonal projection
onto H;. Since the spaces Hy are ¢g-invariant and mutually orthogonal, we have, for all i, j € N,

<flo¢lvfl>: Z(fiko¢tafjk>7

keN

hence after taking the Fourier transform

(fl ¢l‘7f] Z ﬁkoq)tafjk))'

keN

Let us assume by contradiction that the spectrum is Lebesgue with multiplicity at most n. Then
there exists a compact set C C R\ {0} of positive Lebesgue measure such that

My1(T) =mpa(t)=---=0, forallTeC.
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Let f1,..., for1 € H be vectors given by the assumptions of the theorem Let fi, ..., frg € H? =
H| & --- & H, denote, respectively, the orthogonal projections of vectors fi,..., f,+1 € H onto
the subspace H ("), Since for each k € N the subspace H is cyclic, the Fourier transform of the
correlation (fix o ¢y, fix) is absolutely continuous (as a density) with respect to the measure Ly on
R. Hence we derive, for all i, j € {1,...,n+ 1} the identity

F({(fiod, 1)) (7)) = F({fiod, fj))(t), foralmostall e C.
It follows that, by Lemma foralli,j € {1,...,n+ 1}, we have that
det(Z ((fio ¢, f;))(7) =det(F ((fio ¢, fj))(t) =0, foralmostall T€C. (49)

By Holder inequality, for any p > 1 the product of n+ 1 functions in L”(R) belongs to Lt (R)

and we have
n+1

n+1
ITT 8l 2 gy < T lsillir ey - (50)
i=1 i=1

Since the determinant of a (n+ 1) x (n+ 1) matrix is a polynomial of degree n+ 1 in the entries
of the matrix, the determinant of the matrix (. (f; o ¢, f;)) belongs to L (R).
By the assumptions on the vectors f,..., f,o1 we have

|7 (fio e, fidl2icary S N F (fio @ [l 2man) = 1fio O, Fid l 2 moar) < 6ij + €,
hence, by formula (#9), by the expansion of the determinant, and by the estimate in formula (50,

n+1 n+1

T2 (Wro 0Dl 3y o, = et F (W0 D) =TT Wro 0Py ) s

<(m+1)(1+¢€)"e.
However, by assumption we also have
n+1

ITTZ W00l 2

+

> (n+1)!1(1+¢€)"e,

a contradiction with the upper bound in formula (51)). The argument is thus complete. O

We give now a version of the CILS that is well adapted to derive countable Lebesgue spectrum
from mixing estimates for Kochergin flows and horocycle flows (that is, from Theorem [6|below).

Corollary 4. Let us assume that for every n € N, for any even functions ®,...,0,+1 € ./ (R)
(the Schwartz space), and for any any € > 0, there exists vectors fi,..., funr1 € H such that, for all
i,je{l,...,n+1}, we have

d2
H(fio(Ptafj> - ﬁwi*wi(t)éinLz(R) <E.

Then the spectral type of the strongly continuous one-parameter unitary group Qr is Lebesgue
with countable multiplicity.
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Proof. Let C be a given compact subset of R\ {0} of positive Lebesgue measure. By the Lebesgue
density theorem, it is not restrictive to assume that there exists an interval [a,b] with 0 < a < b
such that Leb(C N [a,b]) = (b —a)/2. The case when CNR™ = 0 is similar. Let ¢ : R — [0,1]
denote any smooth odd function with compact support in [—2b, —a/2]U[a/2,2b] such that 2 = 1
on [—b,—a|Ula,b]. Foralli € {1,...,n+ 1} let w; be the function determined by the identity

1
F(a)(7) = XC(I/Z . forallie {1,....n+1}.
T 12811 2
The functions @; are all even, and we can take f1,..., f,+1 as in the statement of the corollary. We

then verify that the hypotheses of Theorem 5| hold. In fact, we have

d2
17 ({fi0 e, £3)) = F (5 0% ) Byl 2y

XZ

12681122

= |7 ({fiodr. fi)) —

5IJHL2 <E,

hence in particular

|7 ({fiod, fillw) < 6ij+¢€, foralli,je{l,...,n+1}.

By the construction and by the Holder inequality bound of formula (50) we have

5 n+1
|!H9(<fi0¢z7ﬁ>)—<2%c> |2 o <2'(1+e)" e,

i=1 ||%cHL2(1R)

hence by convexity we derive that

n+1 %2 n 2 2
ITT-Z (fio b DI /||<C> 175 —[2"(1+e)" el

i=1 LntT( ”Xc||L2 Ln+T(C)
12120\
2
> ((IXENZQ ) (g qeyrte]it
12l 2wy

From the above estimate we conclude that

n+1

ITTZ (o0t 2,

for all € > O such that

2 2
Wl ) 5 i ey-tege 4 e 11 e
17122y

By Theorem [3|it follows that the strongly continuous one-parameter unitary group {¢g } has Le-
besgue spectrum with multiplicity at least n. Since n € N is arbitrary, it has Lebesgue spectrum
with countable multiplicity. 0
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7.2 Decay of correlations and infinite Lebesgue multiplicity.

As explained in the introduction of this section, we now give a criterion based on decay of cor-
relations that allows to construct the functions that as required in the CILS to guarantee infinite
Lebesgue multiplicity. The idea is to guarantee mixing between functions supported on tall flow-
boxes with thin base J after a time that is comparable to the height of the flow-boxes. Indeed by
fixing such a flow-box with base J C M and height T; > 0, we can choose functions supported
on this flow-box in an arbitrary way so as to guarantee the satisfaction of the CILS conditions up
to some finite time comparable to 7;. After time 7; it is the effective mixing between functions
supported on such flow-boxes that insures the complete satisfaction of the CILS conditions.

One additional technical point is that our mixing estimates only hold for coboundaries, hence
we have to define corresponding classes of functions supported on tall and thin flow-boxes. For
Kochergin flows, one extra technical difficulty is that mixing is effectively controlled only away
from the singularity (and for technical reasons related to our proof, away from the ceiling func-
tion). Hence the family of functions we need to consider are not just supported on tall flow-boxes
with thin bases, but also have to vanish on a small measure set inside these flow-boxes that cor-
respond to a small neighborhood of the origin (and of the ceiling function). The latter difficulty is
not present in our application of the CILS to time changes of horocycle flows.

Let {7'} be a smooth aperiodic flow on a smooth manifold M, preserving a smooth volume
form of finite total volume. For any given transverse embedded closed multi-dimensional interval
J C M, let T; be the maximal real number 7" > 0 such that the map

Fl (x,t) = T'(x,0), forall (x,r) €Jx (~T,T),

is a flow-box for the flow {T’}. The flow-box F; := F JT’ will be called a maximal flow-box over
the (basis) interval J C M. Since the flow {7T"} has no periodic orbits, for any 7 > O there exists
an interval J such that 7T; > Ty.

Let .# := {M¢| € (0,1)} be a fixed family of open subsets of M such that Ng=oMy is a
closed subset My of zero-measure. In the case of Kochergin flows this is the family introduced in
formula () of Section 3} Given a flow-box F/, we define, for any { > 0, the set Sg (J) CRas
follows

St():={t € (-T,T) : T'"(J)NnM§ = 0}.

By definition we have that Sg (J) is an open subset (which in general may be empty).

In the sequel, we will focus our attention on very long and thin maximal flow boxes, that spend

most of the initial time away from the bad sets M¢, for { > 0 sufficiently small. This motivates
the following definition.

Definition 7.2. A family ® = {F;} of maximal flow-boxes is called admissible if for every T > 0
and v > 0, there exist N € N and T > 0, and § > 0 such that for all maximal flow-boxes F; € ®
with Ty > 7, the set Sg (J) has at most N connected components, and

Leb((=T,T)\SL(J)) < V. (52)

Remark 1. It should be noted that, in the special case when the bases of the maximal flow-boxes
of a family ® = {F;} form a decreasing sequence {J} of intervals with respect to the inclusion,
then in order to establish that ® is admissible it is enough to verify the conditions for all the
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degenerate flow-boxes (the orbits segments) over the singleton equal to the intersection of all of
their bases. Our construction below of admissible families of maximal flow-boxes for Kochergin
Sflows (in Section is based on this principle.

For any k € N'\ {0}, and for any constants C > 0, > 0, we define G¢(/,T,C, () to be the set
of all functions y; € Cy’(J x (=T, 7)) defined as follows. Let x; € C5'(J) be any smooth function
such that [, x2dA = 1, with C*(J) norm bounded above by C/A(J)**!/2 for all s € {0,...,k}, and
let y € G5 (S} (J)) is any smooth function with C* norm on R bounded above by C. We can now
define the functions supported on flow-boxes that we will be working with.

Definition 7.3. Given a flow-box F JT and constants C,§ > 0, we define 4, (F, JT,C ,§) to be the class
of all functions gy € C*(M), defined on the range R; of the flow-box map F, JT as

(gs0F))(x,1) i= xu()y(r), if (x,1) € Jx (~T.T),

for any w € G(J,T,C,{), and defined as g; :== 0 on M\ RY.

The class F(F],C,8) C %(F],C,8) consists of all functions f1 € 4 (FF,C, ) which are
derivatives along the flow.

We can now state our general criterion, based on correlation decay, for countable Lebesgue
spectrum.

Theorem 6. Let {T'} be a smooth, aperiodic, volume-preserving ergodic flow with absolutely
continuous spectrum on a smooth manifold M of finite total volume. Assume that there exists an
admissible family of maximal flow-boxes ® := {Fy} for the flow, such that infA(J) = 0 (hence
supTy = +oo) and there exists k € N\ {0} such that given any T >0, C > 0 and § > 0, for any
family {(f1,81)} of pair of functions such that f; € F(F},C,¢) and g; € %.(FI,C,{) we have

inf [(froT", g)|?dt =0.
Fled R\[*TJ,T‘]]

Then the flow {T"} has countable Lebesgue spectrum.

We will derive the criterion from Corollary 4 Since we only control the decay of correlations
for functions in the classes Z(F/,C,{) and % (F],C, (), we first prove below a simple approx-
imation lemma to approximate the target even functions @, ..., ®,; € . (R) of Corollary 4| by

(even) functions supported inside sets of the type Sg (J). For technical reasons that will appear

below in the proof of the approximation lemma, we prefer to first symmetrize the set Sg (J) and

consider instead functions supported in Sg J)n (—Sg ().

Lemma 7.4. Let ® = {F;} be admissible. Then, for every k € N, € > 0, for every even function
o € .7 (R), there exist T > 0 such that for every T > 1T, there exists { > 0 such that if J is such
that Ty > T, there exists an even function y € Cy (=T, T) such that %’ € C6°(S€ J)n (—Sg ()
with CK norm bounded above by a constant C := C(k,&,®,T) > 0 (crucially) independent of the
flow-box F; € ®, such that

d? d?
|5 W) = (@ 0) ey < e
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Proof. By properties of convolution we can write

d? d? dy dy do do
a2 V) T g OO = G
dy do dy do
=Car @) )
hence, by Young’s convolution inequality, we have
d? d2 dt// do dy do
|55 (v w) = S5 (@ @)llm <1 F + o lumll S — Sl (53)

It is therefore enough to construct functions ¥ such that ¥ are L? approximations of the function

i;;’ with bounded L! norm, and are supported in Sg( ).

By the definition of an admissible family of maximal flow-boxes, for every T > 0 and v > 0,
there exist 7,{ > 0 and N € N such that for all maximal flow-boxes F; € ® with T) > T we have
that J C Mg, the symmetric set S (J) N (=S¢ (J)) =11 U... Uly is a union of (at most) N open
intervals and Leb((—7,7)\ [ U...UlIy) < v/4. Let then {I{,...,I},} be a symmetric family of
closed subintervals such that I/ C I;, for each i € {1,...,N}, and

Leb((—=7,T)\ ([{U...UIy)) < v/2.

In order to control the norm of higher derivatives of the function y, we also choose the family {1/}

such that, for all i € {1,...,N},
\4

10N’
We claim that there exists an even function y € C3’((—7,T)) such that

dist(d1;,0I) >

ay .

* o

is an odd smooth function supported inside Sg( )N (—Sg ),

. cillf_‘z‘;’on(l’u ULy)N[-T+Vv/4,T —v/4],

d
o |ZE(N)]<|92(r)], forall t € R,
o |9l cxmy < Cell@llox gy (1) %, for all k > 1

(with C;, > 0 a constant depending only on k € N).
It follows from formula (53) and by Holder inequality that we have

d? d2 do
|5 ) = (@ Oy <215 sy (215 o v+ 15w ) -

Hence for every @ € .(R) and for every € > 0, there exists 7z > 0 and v¢ > 0 such that, for all
T > T; and all v < V¢, we have

d? d2
|2 (W y) =~ (0% @) 2@ <€

We have thus reduced the proof of the lemma to that of the above claim.
In order to prove the claim we consider an even function ¢, € C3'((—7,T)) such that
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e ¢y(r) €[0,1], forallt € R,
o ¢v(t) =0, forallr ¢ SL(J)N(=S{(J)) =HU---Uly,
e ¢(r)=1,forallt € ([[U---UI)N[-T+Vv/4,T —v/4],
o [lov]lcxr) < Clgy) ™~
and then we define

) ov(s )42 (5)ds, forallt € (-7.,T),
W(t){ovT ! forallt € R\ (-7,7).

The function y € Cy’(—7,T) since the function ¢vdd—‘;’ is odd, hence all of its primitives are even,
and has compact support in (—7,T), so that y is the unique primitive which vanishes on the
complement of (—7,7). Finally, it is straightforward to verify that y satisfies all the properties
listed in the claim. O

Proof of Theorem|6] Let us fix € > 0 and any given number n+ 1 € N\ {0} of even Schwartz

functions @y, ..., W+ € . (R). Let ® = {F;} be an admissible family of maximal flow-boxes.
By Lemmathere exist T, T > 0 (large) and { > 0 (small) such that if J is such that 7; > t,

there exist even functions y; € G (=T, T)),i = 1,...,n+1, such that 2 ¢ C“(Sg( )) with CF+1

norm uniformly bounded above by a constant C' := C'(k, €, oy,.. ., (Dn+1 ,T) > 0 such that
d? d2
|5 (W ¥i) = (0 0) 2 < €2 (54)
L (1) (n+1) oo .
etnow x; ’,...,x; € C”(J) be functions such that

/x}”x}f')dx =&, forallije{l,....n+1},
J

with C* norm bounded above by C”/A.(J)**'/? on J for all s € {0, ..., k} (this is possible provided
that the constant C” is taken to be larger than some constant that only depends on n).

Let C > max{C’,C"}. Foreveryic {l,...,n+ 1}, let f](i) € Zi(FF,C,{) be the function
defined on the range R} of the flow-box map F;/ as

i i, d .
117 o F] (e0) =2 ()L wil0),if (1) €4 x (<T.T),
and defined as f J(i) =0onM\RT.

We then compute the correlations. Let 7;/2 > max{7,t/2}. For all ¢t € [-T},T)] we have
(since the functions y7q,..., ¥, are all even)

Dot ; dvs;
ot = [ [ a0 0 o0 W (0o
dy; d d
= dlltl al”t[])(t)sij - ﬁ(‘/’i*‘l/j)(t)&j.
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and by the assumption of the theorem, if A(J) is small enough, for every i, j € {1,...,n+ 1} we
have:

17 o T, ) 2 -1, < €72
Note that, since the functions y; are supported in [—7,7| and T < T /2, we also have

d
ﬁ(l[/i*lllj)(t)&j:o, fOIlQR\{—T],T]]. (55)

By putting together formulas (54)—(53), it follows that if A(J) is small enough (hence 7} is large
enough), the functions f J(’), with i € {1,...,n+ 1}, satisfy the assumptions of Corollary @

W) e )y A
[(f;7 T, f77) — 5 (@i x ) 8;j]| 2 r) < €.

dr?
It follows then by Corollary {4{ that, under the hypotheses of the theorem, the flow {7} has count-
able Lebesgue spectrum, hence the argument is completed. O

7.3 CILS for Kochergin flows and time changes of horocycle flows

We prove below that the hypotheses of Theorem@ are verified for Kochergin flows {7g , }.
Let .# = {M¢|{ > 0} denote the family introduced in formula (T]) of Section

Theorem 7. For every Kochergin flow {Tg o} with & € Dygge, & < 1/10, there exists an ad-
missible family of maximal flow-boxes {F;}, over a decreasing sequence {J} of intervals satis-
fying imA(J) — 0% (hence Ty — +0), such that the following holds. For any T > 0, for any
C and § > 0, for any sequence of pair of functions {(f;,g;)} such that f; € F(FF,C,{) and
g1 €Y (FF,C,C) we have

lim oT! o,/ ?dt =0.
uy LA
Proof. We consider the following family of maximal flow boxes. We fix 6y that is not in the orbit
of 0 by Ry, on the circle and take any sequence of basis intervals {J} C {J,,} with

1 1

I = 1[0y — 6 0 for all m € N.
m =60 10, O—i—loqm]x{}, or all m

Since the sequence {J,,} is decreasing with respect to the inclusion, it is immediate to prove that
the family {F’»} of maximal flow-boxes is admissible by verifying that the conditions hold for all
the degenerate flow-boxes (orbit segments) Fj_ := {7, ,(60,0)|r € [=T,T]} over the degenerate
interval J.. := {(60,0)} C M. Indeed, by the definition of the family {M;} (in formula (T) of
Section [3) for any 7 > 0 and v > 0 there exists { > 0 such that (6y,0) € My, the orbit segment
F does not intersect the interval [, {] x {0}. Therefore the set S (J.») = F}|_ is equal to a finite
union of N := Ny intervals such that Leb((—7,T) \Sg (J)) < (2T)(28), hence the estimate in
formula (52) of the definition of an admissible family of maximal flow-boxes holds if 47¢ < v.

We also observe that by construction there exists a constant ¢ > 0 such that 7, > cg,,, for all
m € N, which implies that for any J € {J,,} we have

AJ) > —. (56)
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For any J € {J,,}, let us fix T € (O,TJI/ 2). We want to prove a bound on the correlations for

any pair of functions f; € Z(FF,C,{) and g; € % (F},C,{), where C is a fixed constant, and
derive the vanishing of the limit in the statement of the theorem. In the sequel the symbols C’,
C” will denote generic universal constants independent of J (but dependent on 7" > 0), and that
also depend on the constant C in the classes of functions . (F/,C,{) and % (F],C, (). Let then
fr € Z1(F],C,¢) and gy € 4 (F],C,{). By Definition[7.3] the functions f; and g; are given by

froFf (x,1) = ¢s(x,1) = 2s(x)9(r) and g0/ (x,t) = yy(x,1) = xs (x) (1)

on R, with ¢,y € G;(J,T,C,{) and ¢ a derivative, and f; = g; =0 on M\ R7.
Since the function g; is supported on the range R? of the flow-box map F[ it is enough to
prove bounds on

/Rr J10Tgo(x)gs(x)dp.

Let then [t| > T;. WLOG we can assume ¢ > 0 since the argument for < 0 is similar. As in
Section [6.2] we split the estimate into two parts: the integral over the complement of the bad set
2 (see formula (23) in Section for its definition), and the integral over the bad set.

Claim 1. There exists C > 0 such that, for some € > 0 and for all J € {J,,}, we have (recalling
that T is fixed and Ty — +oo)

’ R\, froTy o(x)gs(x)du| < Cr71/2>7. .
J\®

Proof. Let us recall the partitions ., of T into intervals with endpoints {—ia}?i 61 and %, in-
troduced (see formula (4)) at the beginning of Section d] By the assumption that ¢ > Ty, by for-
mula (56) there exists a constant ¢ > 0 such that 7 > ¢/2A(J). It follows that there exists a constant
C > 0 and, for all J € {J,,}, there exists a product set EJTJ(, measurable with respect to the partial
partition %, 1, with base £, measurable with respect to the partition .%, such that R} C EJ, and
we have

u(Ef,) <Cu(R}) =CTA(J).

By construction there exists a constant C’ > 0 such that

/

o(fr.8) = 1fslollgsllo < ,ij)nmonwuo;

/

C
M (f1,81) = (lfsllo+l19sllo)llgs 1l + (LAl + N[ gs 1)l < WWHzHWHl :

Hence it follows from Proposition [6.3] that

/ET 2 F1(Thy o (x,5))8s(x,8)dp| < C'(CT(19llollwllo + (CT)*[[@lalwll1) /> 7.
=)

Tk

The bound in formula is therefore proved and the proof of Claim [I]is completed. O

It remains to estimate the integral on the bad set % NRY. Let ¢ € [1?'/20 (1 + 1)?'/%] with
I € N. Let us recall the notation ly = 2!/, [; = (14 1)?'/%0 and let n € N be the unique natural
number such that g, < ly < ¢gn41. Let then k € N be such that g € [g,10g" g, g, 102 g,].
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Claim 2. There exists a constant C > 0 such that, for all Iy > Tj, we have

I L —1
t M

A \/{{ZII’]R; fJ(Taﬂ(p<x))gJ(x)d.u q}/2+15n .
Proof. We follow the proof of Proposition [6.4]in Section[6.3] Let

Ari={relinh] : [ fiTg)exdn > 0)

dr<C

and let p;(t) = 1ifr € Ay and p;(t) = —1if t € [lo,1] \ A;. Let F denote as above a flow-box
map and let R; C M denote its range. Then, by Cauchy-Schwarz (Holder) inequality, we have

/l:‘ = /%’mRJT (/ll p’(t)fJ(T&w(x))df> gs(x)du

b
) </‘@/“R5< lol1 pj(t)fJ(Tot‘@(x))dtyd”) </35’,nRJT gJ(x)2d“> :
P(t)fJ(T&,q,(x))dt>2du) 1/2. (58)

< llgslon (B NRY)? (/J <
B

We split the auto-correlation integral on the RHS of formula (58)), as follows:

 filTg (%)) (x)dp
B

1/2

I

lo

L] m(z)f,(Tg_@(x))dt)Qdu

lo

~(L(['(/ oy PP T ) FATE o) ) i ) i

" </9&’1 (/l:l </re[10,11] : |rz>1OTp(r)p(t)ff(Téc,qJ(x))fJ(Torz,qo(x))dr) dt> du) . (59)

By invariance of the measure, since f; is supported on R;, we can write

[ 51T Tt = [ )T )

(60)
= F1(0) f1(Tg g (x))du .

T4 o (%1)NRT

hence we have the immediate estimate

(L L (o oy PO Ty gl ) at ) i

<207 fillo(h — lo) (TG o (1) NRT) . (61)

We then have the following crucial fact. For any (r,¢) € [lp,/1]* such that 10T < |r—¢| < T;/10,
either x; := T}, ,(x) € R} or T ,(x) = T3 (x;) € R} (but not both), hence, by taking into account
that the function f; is supported in R}, we have

(L([(/ e POPOSTL ) FATE o) ) i ) i

N </%z (/l: </re[lo,zl]:rz|>T,/10p(r)p(t)f](Té‘v‘P(x))ff(T&m(x))dr) dt> dﬂ) . (62)
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By formula (60), our goal is now to estimate for r —¢ > Ty /10 the integral

[ 1 TN Tg N = [ 0T g 000
Let then * = r —t (which without loss of generality we can assume positive) and recall the notation
established in Section let I* = [t*] and n* to be the unique integer such that g, < I* < gpy1.
Let k* be any integer such that g« € [y log" g+, gne 10g?° gn+]. We recall that by construction we
have g~ € [qn/ ,q,l,/ 19 log20 gn|. By the lower bound in formula (56), since t* > T, /10, it follows
that A (J) > 1/q;+ and that, for any interval I € %, we have

AL < g <1/g)™*.

We recall that the set %, was defined (in formula (25) of Section as a union of a finite
number of disjoint complete towers Uy, ...,U,. By property (Bs) of Proposition for every
t € [lp,1;] there exist complete towers .7 1,..., % », Which are approximations of the images

w.0(U1);s- -, Ty o(Un) respectively. Indeed, by taking into account that A(J) > 1/qy. > l/ql/18
we have form the measure bound (43) that

Y w( ATy o (U) < 1 _ 1
A0) S TR S PIEE

Hence

/T&,<p(=%)ijTfJ(x)fJ(Té‘ du‘ Z
/Z.mef Fi(Tap () fo (x)dp | +
<}
i=1

1L g BT )|

YL .‘i(%,iATé,(p(Ui))
AJ)

(ngE

<

i=1

. 1
/z,-mR,T fJ(Té,(p(x))fJ(x)dﬂ‘ + W (63)

and we can focus now on estimating "7 | ‘ S T RT fJ(T&t(P(X)) fr(x du‘. Following Lemma

we distinguish two cases. In the first case we have N(6,;,/; ;) < 1/ 3 . By the bound in {3) we

then have e . .
! i AR
g B8] < LEIRECTR < 2 B 4

In the second case we have N(6; ;,h ;) > q,lz/3. From the bound in (@6), for all 1 := I x {s} with
I € 7 we have

‘/%me(T&tw(e,S))fl(e,S)de' <C{Mfr, 1) +¢/Vl(fj,fj);t(1)}7t(?0i;‘”' 65)

By the lower bound (56) it follows that A (J) > 1/g, hence there exists a product set E7 ., meas-
urable with respect to the partial partition %, ;, with base E_JTk* measurable with respect to the
partition .%-, such that R C E7,. and we have

W(E],) < Cu(R)) = C'TA().
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Thus, from the bound in formula (63)) we derive the estimate
C u(Z,;NRY)
du| < ’ . 66
[ BT 0| < (66)

By formulas and (66), and summing over all towers of %, that is, over i € {1,...,m}, we
conclude

* C wUr,Z;) C uUr,Z,;NR})
< 9 9
g Tsn 1] < A0 A0 g a)

Z (67)
We then estimate the terms on the RHS of formula (67). By property (B;) in Proposition

we have u(%) < q;1/2+6n

, and by the measure bound in formula {3)), we derive

m

WU T S (B + Y (T ATY o(U)) < g 1210 4,740,
=1

1/18

and taking into account that A(J) > 1/q > qn we have

Lopur %) 1 R S 1
qul/lo () qyll/lo—l/IS q;/z-an 61;31/5_]511 qul/2+45n

(68)

By the equidistribution properties of the base rotation under the Diophantine assumption on the
rotation number, there exist constants C,C’ > 0 such that

log? A
max (1) RS 1(U2, TN D)) < Cu(R)) 84 <o 2 (g0)
qn qn
so that we also have
qZOn l(]) 61111/2+45n
Thus, by formulas (63)), (67), (68) and (70), we derive that
X TV (x))du| < ———. 71
/T&ﬂfﬂ/)ﬂR? Ji0)f5(Tap ()1 e 7D

At this point, by formulas (39), (60), (61), (62) and (by integration over (r,t) € [lp,;]* with
|r—t| > T;/10) we derive that there exist constants C,C’ > 0 such that

h , ? C (TS o (B)NRY)
/%,( lo pj(t)fj(TWP(x))dt) dp < W(l —lp)*+C MJZ) (h—lb). (12

By taking into account that A(J) > 1/qg. > 1/ q,l/ '8 and that that I, — Ip > 20" by the measure
bound (#3) and the equidistribution estimate (69) we then have

U(T&(p(«@z)ﬂRJT) p(Ur, Z:NRY) 118 " t
) < i= , ' .
A O Ay te LHTBTa, )

C qi/ 18 C'

< + < (i —lp),
1/2-5 3/5-15 1/2145
qn/ n qn/ n qn/ +45n
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hence from formula we derive the following bound on self-correlations:

: ? I —lo)?
/%, (/ p’(”fJ(T&(p(x))df) duécw- (73)

lo

Finally, from formulas (38), (69) and we derive the bound

/ll
lo

dt

| (T g ()00
B

1/2

<llgsllon (2 NRY)' 2 (/% (/l:l pJ(t)fJ(T(;(P(X))d[) du>

o (BMBNRDN? (1~ 1)
A )y(_]) qul/4+20n

(h —1lo)
q}11/2+15n ’

<C

Claim 2)is therefore proved. O
From Claim 2] together with the immediate estimate

! w(% ﬂRT)
/ﬂé’me fJ(T“v‘P(x))gJ(x)dN‘ < CT)j

and the bound (69), we derive our final estimate on the bad set, that is, as soon as [y > T},

[N amgoema] a<cish ezt 4
o |J&nRY JilTae(¥))gs(¥)dp) di < gt s (e /3
The statement of Theorem [7]then follows from the estimates in formulas and ([74). O

The hypotheses of the criterion for countable Lebesgue spectrum stated in Theorem|[6]also hold
for all smooth time-changes of a horocycle flow {A'} on the unit tangent bundle M of a compact
hyperbolic surface, as we will explain below.

Let .# = {M¢|{ > 0} denote in this case the trivial family such that My = M for all { > 0.
For such a trivial family, all families of flow-boxes are admissible and, for all 7 > 0 and C > 0,
the families of functions .Z(F} ,C,§) := Z(FI,C) and %.(F},C,{) := 4(F},C), introduced
in Definition[7.3] are independent of > 0.

Proposition 7.5. For any sufficiently smooth time change {hy} of a horocycle flow {h'}, there
exists a family ® := {F;} of maximal flow-boxes with inf A (J) = 0 (and sup Ty = +oo), such that for
any T > 0 and C > 0, and for any family of pairs of functions {(f1,g1)} such that f; € F(F},C)
and g; € % (F}',C) we have

inf | < frohly,g; > |?dr=0.
F/cd R\[*TJ,T/]
Proof. The estimates required to prove this assertion are carried out in Section 6.3 of [16]] where
the authors prove that sufficiently smooth time-changes of the horocycle flow have Lebesgue max-
imal spectral type (see the Remark [2] below about the smoothness assumptions). The base of the
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flow-boxes are 2-dimensional intervals of uniform (fixed) size in the geodesic direction and arbit-
rarily small size in the direction of the complementary horocycle. Such flow-boxes and the test
functions of the classes .7 (F} ,C) and %, (F] ,C) are introduced in Lemma 28 of [[16] (where the
relevant estimates on their derivatives are proved). The key estimates on correlations of functions
in the classes .7 (F/,C) and %, (F/,C) (supported on flow-boxes) are stated in [16] as formulas
(40) and (41) in the proof of Lemma 28. In fact, estimates on correlations follow from those
formulas by taking into account the formula of Lemma 9 of [16], which reduces estimates on cor-
relations for the time changes to estimates on curvilinear integrals along push-forwards of geodesic
arcs. O

Remark 2. The relevant estimates on correlations from [16)] (see in particular Lemma 24) are
stated for time-change functions of L* Sobolev regularity r > 11/2. However, the argument that
establishes that the maximal spectral type is Lebesgue, which also implies the hypotheses of our
criterion for countable Lebesgue spectrum, hold under the milder hypothesis that the time-change
function is C' and C? in the geodesic direction.

We are now ready to derive our conclusions. By Theorem [3| Theorem [6] and Theorem [7] we
derive the completion of the proof of our main result:

Corollary 5. For o € Dyog ¢, & < 1/10, the dynamical system (Ty, ,
type with countable multiplicity.

By Theorem 25 of [16], §6.3, Theorem [6] of Section and Proposition we derive a
similar result for smooth time changes of the horocycle flow, thereby completing the proof of the
Katok-Thouvenot conjecture ([26]], Conjecture 6.8):

M., 1) has Lebesgue spectral

Corollary 6. Any flow obtained by a sufficiently smooth time change from a horocycle flow has
Lebesgue spectral type with countable multiplicity.

The goal of this appendix is to prove Lemmas §.1] i.2] and [4.3] of Section[4.2]
We start with two intermediate results on the control of Birkhoff sums of the ceiling function

¢ € ¢y and its derivatives in terms of the closest visit to the singularity.
In this section the symbol Cy, C, éP’ Cg > 1 will denote constants depending only on the ceiling
function ¢ € %, and which is not necessarily the same throughout the exposition.

Sublemma 1. There exists ry € N and Cy > 1 such that for every r = ry, every x € M and every
N € [qr,qr+1], we have
1S5(0") (®) = 9" (xivin) | < Copd 1 (75)
and
— 3—
9" (xin) < Sn(@")(®) < 9" (¥in) +Co, ' (76)
Sublemma 2. For sufficiently large N € N and for all x € M, we have
[Sx(@")(D)] < [ (xpyin)| +CpN*og! 25, (77)
If N < Kq,11, then for all x € M we have

Sn(9")(%) < K" (X)) +KCog 1 1. (78)
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Proof of Sublemma@] We first prove (75). Let X, denote the characteristic function of I, =
[—1g!. g !\], and define y;, := (1 — x,41)|¢’|. Note that (Hy)~(H) imply that

Var(y;) < C;;‘Ii:? / V,dAr < Qr+1

By Denjoy-Koksma inequality, since v, > 0 and N < g,+1, we have

Sy (W) () < S, () () < g [ i+ Var(yy) < Cpg?. .

Since N < g,11, the orbit {X¥+ ja}o< < is at least %qrjrll separated, hence its intersection with

1,1 is either a singleton (which by definition would then realize x/', ) or an empty set. Hence

[SN(9) () — @' ()| < (W) (®) < Cay T

Let us now prove (76)). Notice that (H3)) implies that the function ¢” is positive for x € (0,¢)U

(I —¢,1) for some ﬁxed ¢ >0. Let yfxm denote the point in the orbit {¥+ ja} <y \ {xV,} that is
closest to 0. Then
Sw(@")() = ¢ (xpyin) + " Ouin) =N sup 9" ()].
x€(e,1—¢]
Since N 2> gy, it follows that the orbit {¥+ jot};<y intersects the interval [—_ 4 qi] at least

twice. Therefore and by the diophantine assumption on ¢,

O Oin) 263 "2t ZN* >N sup [@"(%)],

x€(e,1—¢]

and the lower bound is proved.

For the upper bound, we proceed analogously to the proof of (73). The only difference is that
we now define W, (-) := (1 — xr41(-))w(-), where w(x) := Cyp + xf -+ (liﬁ and Cy > 1 is such

that VX € T : |@”(X)| < w(X) (the existence of C follows from (H>)—(H>2)). We then observe
that

3
Var(y;) < C:pqwr? / YrdAr < C(pqr+1 )
and the rest of the proof follow exactly the same lines of the proof of (75). O

Proof of Sublemma[2] We start with (77). By the Diophantine assumptions, if g, < N < g,41, it
follows that Nlog' ™25 N > ¢, (for sufficiently large N). Hence follows from (73]

Next we prove (78). We decompose N = kq,+1 +m, where k € [0,K — 1] and m < gy41.
We then use the cocycle identity to write

qu,ﬂ NE+igrri0) +Sn(@") (X +kgryi ).

We now apply to each of the terms S, (¢”)(X+ ig,41¢t) and also to S, (¢”) (X + kg, 100).
Equation then follows by summation, since by definition, for every i € {0,...,k— 1},

(x+qu+1a)mr:r—11 >)Hn\;m and (x+er+1a)mm > erZm
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We are ready now to prove the lemmas of Section §.2]

Proof of Lemma We will give the proof of (6)) first. It is similar to the proof of (75)) and (76).
For r € N, denote again by J, the characteristic function of the interval I, = [—%q;l, lq;l] and

define y, := (1 — x,11)¢@. Note that by the assumption we have Var(y,) < C(qu+1 , while
Jp WrdAr < [ @dAT = 1. By Denjoy-Koksma inequality, for r sufficiently large we thus obtain

Sgrr (W) (X) < qra1 /Ewrd)’ﬂ‘ + Var(y;) < gr41 / @rd AT +C<P‘]i—|_-ln < 2gr41 -

Note that the intersection of {%+ ja}o<j<q,,, With [—1g, !, g, 1] is either a singleton (which by

definition is then realizes the xfn’m) or an emptyset. Since N < g,41, we get

Sw (@) (%) < Sg.01 (9) (%) < @ (i) +Sg,01 (W) (2) < @ (i) + 24141

This gives the upper bound. For the lower bound, we let ¥, := (1 — ) @. Notice that since N > ¢,
there is at least one point in the orbit {%+ jo }o< <y that belongs to [—g, !, ¢, !]. In particular, by
the definition of x, it follows that x, < ¢, '. Hence,

SN(@)(%) = @) + S (W) (%) = (i) + S, (W) (). (79

Since [} @dAT =1, 1t follows that for r large enough, [ W,dAr > 3 /4. Moreover, implies
that Var(,) < Coq " < g,/4 (for r large enough). So by the Denjoy-Koksma inequality, if 7 is
large enough,

3 _ 1
Sq, (W) (% Qr/ W dAr — Var(§,) > 24 qr — Var(§,) > 54r-
This lower bound and (79) finish the proof of (6)).
We pass now to the proof of (7). Let r € N be unique such that N € [g,,¢,+1). By the Dio-

2—
phantine assumptions on ¢, it follows that for any C > 0 we have C qﬁ? < [%qr] =] , for sufficiently
large N € N. Moreover, by (H, 1), (H2.2)), since < 1/1000, there exist constants Cy,Cy, > 1 such
that

/()| < Coln) 2 = Cp (i) ™1*7) " < Cpohi) .
This and (73), implies for sufficiently large N € N

1 2-1 2-1
Sn (@) (®)] < @ (Nin) |+ Copar ]! < Céé(fp()/rvmn)Jrgqr)f" < Cg (Sn(@) (%)™,

where the last inequality follows from (6]). This finishes the proof of (7).
To prove (8), we note that, by the assumption (H 3)), there exist Cy,Cy, > 1 such that

@ (Xhvin )7 = (Cp) T (@ (xhin)
Moreover, since N > ¢, and & > 1, there exist C;; > 1 such that

(P”(XN

min)

3
-n

=

)= Cy' (i

[0} min

—1 3— — —1 3— 3
(€)' ar " > (Cp) ™ aylog g, > () 7', Tog ™ g
Putting the two above together, (8] follows from (6] and (76).

Notice that (9) and follow straightforward from (7)) and (8]) and the definition of special

flows: Sy () (@)(%) <145 < Sy(xr)+1(9)(X).
]
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Proof of Lemma By the definition of u; in (T)), we know that there exist xo € I and 1 € [ly, /]
such that Sy, 1) (¢") (%) = g "log® g,. Note that if 7 € [ly, 1] then

1<l =+ 122 <2220 <20y < 211
(see also formula (3) . Moreover, for every x € M, we have
2ni1 > 1= Sy (9)(X) = C, ' -N(x,1), (80)
and so N(x,t) < 2Cpgn+1. By the Diophantine condition on o, for any Cy > 0

3 _
2Ceq, .1 < g3 "log’ gy,

for n large enough. Therefore, by (with K = 2Cy), we get
_ — 3— N B
qz 1 10g9 Gn < SN(xo,to) ((P”) (X()) < 2C(P ’ qn—i—? + C(I]) (PN (xml(rjzco tO))
< qz*ﬂ logs an _’_C:p(p//(xln\il(;zcmto))7

This implies that ¢” (xN(XO’tO) ) > (Cg)*lqi_n log” g, and consequently by that there exists

min

J € [0,N(x0,f0) — 1] such that

: 1 1
o+ jo € [-———, ———]. (81)
4n10g” gn gnlog’ gn
Below, we will show the following
Sublemma 3. For everyt € [lo,11] and every x € INT (W k), we have
N(x,1) > j. (82)

Let us first show how (82)) implies and (T3). Since A (1) < 2/(gnlog" g,) it follows by
(82) that for every t € [lp, 1] and every x € IN Ty (Wa k)

N(x.1) 2

X <d(x+jo,0) <d(Fo+jo,0) +A(1) < ———=—. (83)
qnlog” gn

min

This gives (12)). For (I3), let £ := ¢(x,t) be the unique integer such that g < N(x,) < g/4+1. Then
by (80), 2Cpgnt1 = N(x,t) > g¢ and, by the Diophantine assumptions on ¢, it follows that, for
n sufficiently large, we have

qre1 < C(0) " -qrlog'e e < C(a) ! (2Cpqn+1)log' " (2Co g, 1)
< 2C(ct) 2Cy(gulog' ™ ga)log' T (2C(t) ' Cygulog! ™ g,) < C'(@)Cly - gulog® ¢ g,
Therefore and by (§3)), for some C ;; > 0 and for 7 sufficiently large,

N(x, _ _ _
19/ () > (Ch) 7 (gnlog? ga)> " > 2Coq2 T

and analogously,

N(x, - _ 3
0" () > (Cl) " (gulog® ¢n)> M = Cogi, 1
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By the above estimates, and by and (76)), we derive that

X N(x, - 1 N(x,
|SN(x7t)((P/)(X)| > |(p/(xml(n t))| _C(Pqﬁ-f-;? > §|(Pl(xm1(n't))|7
and
X N(x, - N(x,
[Sxen) (@) (D) < @ (in) +Cogi 1 < 20" (iin™).
This gives (13).

Therefore it only remains to give the following
Proof of of Sublemma[3] Notice that for x € IN T, , (W, 1), B82) is equivalent to
N(x,t) = j (84)

(since Ty o(x) = (¥ +N(x,1)a,s") € Wy and ¥+ ja is to very close to the singularity, so ¥+ ja ¢
W,.x N'T by the definition of j). Notice also that if the lower bound

N(X,Zo) = J, (85)
holds, then follows for all # € [ly,];]. Indeed, otherwise,

SN(x0) (@) (%) = Sy (@) (%) = @(F+ jr).

Moreover, since T, ,(x) € W, we get ¥+ N(x,1)a ¢ [—qz/s,qz/s] and so

(4¢u11)' " = @(T+N(x,1)).
Finally, by (81) and the fact that |¥ — %o| < A(I) < 2(gnlog'® ¢,) ", we have

QX+ jor) = 2g, "log? gn.

1/21

By the above and using that |t — | < 1; —lp < (2¢,+1)"/*", we have

(4gn1)" 1 = @E+N(x,1)0t) =t 45— Sy () (9) (%) =t — 10+ Sn(ase) (@) (F) = Sna) (@) (%)
>t—19+ @+ jar) > o(F+ jor) — (2us1)"*' > g} Mlog?gu,
where the last inequality holds by the Diophantine condition; a contradiction.
Hence it remains to show (85). Let us assume by contradiction that N(x,7) < j for some

x € INTg o(Wax). Then
N(x,l‘o

) i1
U & c URL.
i=0 i=0

Let £; be unique integer such that gy, < j < gy, 1. Then g7, < j < N(xo,%) < 2Cyqn+1 and so by
the Diophantine assumption on ¢,

o1 < C(a) " qo log' e qu, <20(0) 7' Cognr1log! ™4 (2Cegn1) < 1070, log> ¢ g,,.

In particular,

qej+1

10 N e U RGN
i=0

qn10g2+3§ qn’qn10g2+3§ Gn

1 1
10g¢,417 10g¢,; 41

URix(fo)ﬂ[ JC{%o+jo}.
i=0
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Since A (7) < (gnlog'" g,)~" and N(x,19) < j, the above inclusion shows that

N(XJO) 1

. 1
U Ra(DN[- : ]=o0. (86)
A gn10g2%° g, gulog*t% g,

Moreover, N (x,t)) < 2Cpgn+1 < 2CoC(0x)~ Lgalog' ¢ g, < gnlog+28)

g, and so
N(x,10)* Mog 2 M (N(x, 1)) < g2 " logb g,
By (B6), for some Cg o > 0,
QX+ N(x,10) &) < Cor g (gnlog* % g,)' . (87)
Therefore, for every 0 € I, by (77) and (86) we have

‘SN(x,t()) ((p/)(G)‘ < Ca,q)qzin log(2+3‘5)(27n) qn
+CoN(x,10)* Tlog" 2@ N(x,19) < g2 " log'"g,.  (88)
Moreover, by the definition of special flow we have Sy, 1)41(P)(¥) = to+5 = Sy(x, 1) (@) (%0),

hence by the bound in (87)), by the cocycle identity, since N(xo,19) > j > N(x,1y), there exists 6 € [
such that for some constant C{”D > 1 we have

Cop(@n1027" )" = QE+N(x,10)00) 2 Syase)41(9) () = Sw(as) (#) (%)
2 SN(x0.0) (9)(X0) = S (x.10) (@) (X) = Swv(xg.0) (@) (F0) — SNxto)((P)( 0)
+ SN (xa0) (9) (F0) = i) (9) () = @ (Fo + ) = S (97) (6) |4 7
Z (C:x,(p)_l (Qn log Qn) - (Qn)l_na
where in the last inequality we use, in this order, (81, and A (1) < (gnlog'® g,)~". This yields
a contradiction as & < 1/10. So (83) holds. Sublemma [3]is proved. O
This completes the proof of Lemma[4.2] O

Proof of Lemma By the cocycle identity we have

Sne (0 (E) = Sy a0 (@) (%) + Snv(x)-n(xo) (@) (E+ N (x0) ).

It follows that, for some 6 € [x, %),

Sn ) (9) (F) = Sw(xg) (97) (K0) = Sy (@) (0) (X = Fo) + Swva)— () (¢) (X + N (x0) ).

Define A, y, := Sy(x,) (¢")(0). We will prove below that

3
Snxo) (907)(8) = " (89)

log> g,

and that A
1SN ()-N(xo) (@) (F+N(x0) )] < =22 |5 — Ko (90)
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Notice that (89) and (90) immediately imply the lemma.
Since [ Sy x,) (¢")(Fo)| < gy "og' g,,, by for N = N(xp) it follows that
1 1

{Xo,.... %0+ (N(xo) — D} N[ . —1=0. o1
gnlog” gn gnlog’ gn

Notice that for x satisfying 7g, ,(x0) € W, x, we have that the second coordinate of 7§ ,(x) is

smaller than q’31/5+1/10’ 1.e.

0<145— Sy (@)(F) <g " 92)

Using this for x = xp, we have

qn <lo <t <t +5 < Sy (@) (F0) +6];31/4-

Therefore Sy ., (@) (%) > Lqu. Let r be unique such that ¢, < N(xp) < g,+1. By @1) and by (@)
for N = N(xo), we have g, 11 > {. Since N(xo) > ¢, the orbit {6 + jot}o< j<n(x,) intersects the

interval [—¢, !, ¢,!]. In particular, Gr/r\/”_(nxo) < g, . Consequently, for some Cy > 1

3-1n
9" (Opi?) > Cplgd 1 > Cpl ()3 Mg og CmHe) g, > I
log” gn

This, by the lower bound in for N = N(xp) and x = 6, implies the estimate (89).

We now turn to the proof of the estimate in (90). Since T¢, ,(x0), T o (X) € Wi it follows that
(92) holds for xo and x. Therefore, for some 7 € [%, %],

4q2/4(1_n) > 4%31/5+1/10 >
(745 = Sn(x0) () (F0)) = (£ +5 = Sy (@) (0)| = 1Sy (@) (F) = Snag) () (Fo) | =

S0 (9") (%0) (% = T0) + S () (9 (2) (£ = F0)? + Sn) - (ag) (@) (T + N (x0) 1) |.

Moreover, we have the following:
Sublemma 4. If Sy, (¢")(%0) < gy Mog'®g,, then for everyz €1,
Sno) (9")(2) < 30g, "log'g,.
Before we prove the sublemma, let us continue with the proof. By (I4)) and Sublemma ]
ISht) -0 () EFN(x) )| < [4ga ™™+ ga 7| — %]+ 30q; " og!” gu (%50,

so by Corollary [4.1} there exists a constant Cy > 1 such that

|SN(x)-N o) (907) (B4 N(xo) )]

[N]

< Co a7 4 g1 M2 — %] + 3067 MHog g (% 50)*| . 93)

=
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Moreover,

2-1
1-n

[461’31/4(141) +6131/4+n £ — o[ +3043 " logloqn(f—xo)z}

[N]

2-1 -1

< 10[(46]3/4(141))%%3 + (qz,/4+77 £ — %o|) 1 + (302" 10g10qn(i—xo)2)ﬁ] .

. _ . ~3/242
Since f_—z <242n and |X—%y| = qa /2+ n
(4q3/4(1—n))f:—g < (2q3/4(1—n))2+2n < 8q3/2(1_n2) < 1 g " £ — |
n X n X n .
106C‘P logs qn
Moreover, since (g,10g" g,) ™' = g ' = A(1) > |¥— %ol
441 - =1 4+m - o
(ga M= 5o T < (gal T 5220
L

7/242n)(1+m) 1= =
< qSl/ n)( 77)|x_xO|2+2n <

Finally, using again that (g, log"3 g,) ! > | — %o|, we get
2-n 1 q37'7
30g; "Mog' g, (% — %)?) 1 < b |
( dn g Qn( O) ) 106C¢ logsq | 0|

Putting the estimates together in (93), we get

31
q”s % — %o
log” gn

|SN() N o) (@) (F+N(xo) )| < 10-3-107

hence the estimate in is proved.

We just have to give the following

Proof of Sublemmad, We know that N (xo) < 2Cyq,+1. Let r be unique integer such that we have
qr < N(x0) < gr+1. Then by the Diophantine assumption on @, since & < 1/10, it follows that

qre1 < quogl+2§ qr < N(XO) 10g1+2§ N(XO)

(1438)+(142¢)

< 2Cpqn+1 10g1+2§ (2C¢Qn+1) < gnlog qn < qn 10g5/2 qn-

If Sn(x) (0")(2) = 30q; "log' ¢, by and the above bound on g, 1, it follows that (see (Hp.3))

I o N(x)\ 317 3 10
. \ >2 ] n-
10 (2—n)<zmm ) 94, "log7q

Hence

N(xo) 11 ®o = i
.X() g (7 . ) -n . (29 3—n 1 10 n) —3+n )
Zimin 10 (2 — n) an 0g ¢q

However, since x,z € I and A (1) < (g,log'® ¢,)~", we get
1

12 = ==
Aot <o)+ gy og ™ g < (E' e (fon)>3 " (29612’”10g1°qn> o
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Applying for xp and N(xp) (and using (H3 1)), we would get

] 9 N9 .
SN (xo) (@) (Fo) > (E' 2 (ﬁon)) : (XZEJ’)) > 529q, "og" gu > 2q,"Mlog!" gy,

a contradiction.

Lemma [.3]is thus proved.
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