ON THE CONVERGENCE TO 0 OF m,¢ mod 1
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ABSTRACT. We show that for any irrational number « and a se-
quence of integers {m; };cn such that llim [lma|| = 0, there exists
—00

a continuous measure y on the circle such that llim / [|m,0]|dp(6) = 0.
—00 JT

This implies that any rigidity sequence of any ergodic transfor-
mation is a rigidity sequence for some weakly mixing dynamical
system.

On the other hand, we show that for any « € R — Q, there
exists a sequence of integers {m; };c such that ||ma| — 0 and
m;60[1] is dense on the circle if and only if 6 ¢ Qa + Q.

1. INTRODUCTION

We denote T = R/Z. For x € R we denote by ||x|| := inf,en |x —
n|. We denote by x[1] the fractional part of x.

In this note, we prove the following results.

Theorem 1. For any & € R — Q and a sequence of integers {m; };cn
such that lim;_ ., ||| = 0, there exists a measure u on T which
has no atoms such that lim;_,«, [ [|m,0]|du(6) = 0.

Theorem 2. For any & € R — Q, there exists a sequence of integers
{m; }1en such that ||m;«|| — 0 and such that m;0[1] is dense in T if
and only if 6 ¢ Qua + Q.

Due to the Gaussian measure space construction (see [4], or for ex-
ample Proposition 2.30 in [2]), Theorem 1 has a direct consequence
on rigidity sequences of weakly mixing dynamical systems. The fol-
lowing is in fact an equivalent statement to Theorem 1.

Corollary 1. For any « € R — Q and a sequence of integers {m; };cy
such that lim; ., [|ma|| = 0, there exists a weak mixing dynam-
ical system (T, M, m) such that {m;},c is a rigidity sequence for
(T, M, m).
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A consequence of Corollary 1 is a positive answer to a question
raised in [2], namely : a rigidity sequence of any ergodic transformation
(on a probability space without atoms) with discrete spectrum is a rigidity
sequence for some weakly mixing dynamical system. Indeed, Corollary 1
deals with the case of a pure point spectrum with an irrational rota-
tion of the circle as a factor. The case of a purely rational spectrum
was treated in [2], Proposition 3.27. In case the spectrum is purely
rational, our proof of Theorem 1 given below applies with only one
modification: instead of working with the orbit of 0 under the rota-
tion Ry, (¢« € Q/Z), one considers the union of the orbits of 0 under
the actions of all the finite groups which appear in the (necessarily
dense) support of the spectral measure.

A completely different solution to the same question was given in
[1], who proved directly Corollary 1 based on a sophisticated and
involved cut and stack construction.

In contrast, our proof is much simpler and is based on the straight-
forward characterization of rigidity as a spectral property, which re-
duces the answer to the question to the construction of a continuous
probability measure on the circle with a Fourier transform converg-
ing to 1 along the rigidity subsequence as stated in Theorem 1. This
possible approach to the question was discussed in detail in [2].

The second result, Theorem 2, asserts that it is not possible to ex-
pect more than what is obtained in Theorem 1, namely that a strong
convergence of [[m,0|| to 1 on an uncountable set K is not possi-
ble in general for a sequence {my, },en such that lim; ., [|ma|| = 0,
x € R — Q. Constructing such a set K was a possible strategy to prov-
ing Corollary 1 (see for example Proposition 3.3 in [2]), and Theorem
2 shows that this approach cannot be adopted in general.

Given an increasing sequence of integers {m, },cnN, the study of
the accumulation points on the circle of the sequence {m,}, for &
irrational, has a long history and a rich literature (see for example
[3, 5] and references therein). Weyl [6] proved that for any increasing
sequence {Mmy },cN, it holds that for almost every ¢, {m,{} is dense
on the circle. The set of irrationals ¢ such that {m,{} isnot dense in T
is called the set of exceptional points for the sequence {my, },en. Our
result asserts the existence for any « € R — Q of a sequence {1, },eN
for which the set of exceptional points is reduced to Qa + Q. To
our knowledge, no other examples of increasing sequences {11, } ,cN
with a countable exceptional set are known in the literature.

ACKNOWELEDGMENT. The authors are grateful to the referee for
suggesting improvements to the first version of the paper.
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2. PROOF OF THEOREM 1
Fix « € R — Q and a sequence of integers {m; };cn such that

(*) lim [[[ma|| = 0.
[—c0

For a probability measure y on T we write u" = | [ [|m,6]|du(6)].
We will construct a sequence yp, p > 0, of probability measures

on T of the form Zip leil Oy, with x; = k;x such that there exists an
increasing sequence { N} for which

(1) For every p > 1, for every j € [0,p — 1], for every n €
[N}, Njsal, 1y < 5
(2) For every pg € IN*, if we let
1

oo = 7 1Sig}f§2po o — kv

then for every ! € IN and every r € [1,2P], |[kjoro & — krt|| <

Mpo )
() pp < 5pex forn > Np.

When going from the measure y, to p, 11 we will add 2P masses at
points selected nearby x1, ..., xp» that are already chosen for y,,.

Theorem 1 clearly follows from the above construction. Indeed,
property (1) will imply that any weak limit y« of y, satisfies pg, — 0.
While by (2) we get that for each pg the intervals (k,a — 17, kya +
Mpo), * € [1,2P?], on the circle are disjoint and each have mass 1/2F0
for every py,, p > po, and hence for y« that has therefore no atoms.

Property (3) is not necessary in the proof of the theorem, but it is
useful to fulfill the inductive hypotheses (1) and (2) of the construc-
tion.

For p = 0, we let k; = 0 and pg is thus the Dirac measure at 0. We
let No = 0. For p = 1, we let kp = 1 so p; is the average of the Dirac
measures at 0 and at a. Observe that for any n, uj < % which fulfills
(1) for p = 1. We also choose Ny sufficiently large so that pf < 21—2 for
n > Nj, the latter being possible due to (x).

We now assume selected k; for i < 27 and Nj for I < p such that
(1) and (3) are satisfied up to p, and (2) is satistied for every pg < p
and every 0 <[ <2P7Po —1,

We choose kyr1 such that kppja is sufficiently close to kja so that

1 2p+1
1=
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where ki = k; for i < 2V and kjp,; = ko1 while k;
re |2, 27’] satisfies v

wir = ky for
o %foreveryn € [Nj,Njy1]andj € [0,p —1].
Since for every n we have that [v), — ,u’;\ < %H]mnkzpﬂa -

mpkial| < zplﬂ we get by (3) that vy}, < zp+1 + 2p+1 < 5 for ev-

ery n > Np Next we choose, N;,1 > N, sufficiently large such that
Vp1 < W for n > N, 1, which is possible by (x). In this way, we
select inductively k2p+s, then N, s fors =1,2,...,27, and set

1 or+1
Vps = opii 2 S
i=1

where k; = k; for i <2F +sand kj,, = k; for t € [s +1,27]. Choos-
ing for each s, kyr sa sufficiently close to ksa then N s sufficiently
large we can insure that

o V! 1 foreveryn € [N;, NjjqJandj < p—1.

pS
s < 2,7 for every n > N,

<
p,s 2p+2
The first point can be established inductively due to the fact that if
kopysa is chosen very close to ksa then the measures Vps—1 and vy
are very close.

The same argument gives the second point for N, < n < N, 1.

o V) for every n > Ny

As forn > Nps_1 we use the fact that v}, — Vps 1] < Zl}ﬁ and the
fact that v;l’s_l < 2p+2
For the third point we just choose N, s sufficiently large and use (*).

Finally, we let N, ;1 = N or and iy 11 = V20 and observe that the
measure jip 1 satisfies (1).

Also, since kyrysx can be chosen arbitrarily close to ksa for s =
1,...,27, we get that for every pp < p +1, for every | = 2P7F0 4
/=10 < 27, ko sl ~ [k st]] ~ kel from where (2)
follows for p + 1. The proof of Theorem 1 is thus complete. [

forevery n > Njs_1 to conclude that v, ; < 2%,

3. PROOF OF THEOREM 2
In all this section & € R — Q is fixed.

Definition 1. For an interval I C T, for ¢ > 0, and integers N; < Np,
we say that 6 € A(Ny, Ny, I, ¢, «) if for every m € [Ny, Np) such that
lma|| < e we have that {m6} ¢ I.

Lemma 1. For every | > 2, there exists L(I) € IN, such that for every

0<e< 212, for every v > 0, N € N, there exist K(¢) > 0 and N’ =
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N'(l,e,v,N) € N such that & € A(N,N’,I,¢,a) for some interval I
of size 1/1, implies that ||ka — sO|| < v for some |k| < K(¢) and some
[s| < L(I).

Proof. For any & > 0, consider an approximation by trigonometric
polynomials of 2, where . is the characteristic function of the sub-
setof T [0,¢] U [1 — ¢, 1], namely ¢, : T — R such that
e p:(x) >1foreveryx € [0,e] U[1l—¢,1]
o p.(x) > —&foreveryx € T
o There exists K € IN such that ¢¢(x) = <k P2k,
Similarly, for I > 2,1let ¢; : T — R be such that

e ¢i(y) > 1foreveryy ¢ [0, ]
e |p)(y)| <?foreveryy €T |
e There exists L € IN such that ¢;(y) = Y o<|k|<L (pkeﬂﬂky,
Note that the second requirement includes the fact that f ¢1(y)dy =

0.
For ¢ : T2 — R and (&,0) € R? we define for k € N

S¥%p(x,y) 21/’ +ia,y +i6).

Fix I = [yo,yo + 1], for some yo € T, > 2.

Define ¢, : T2 — R by ¢(x,) = ¢:(x)9s(y — yo). For N' € N
sufficiently large there exist more than ¢2N' integers i € [N, N’) such
that [lia|] < e. If 6 € A(N,N',I,¢a) then S”Ii}?lpgll(O,O) > (2 —
PS3)N' > 12N/

On the other hand, we have that

1 — 27N’ (ka+j6)

L Glpel(x y) = Z (Pkgo] a0 27 (kx+jy)
K<Ko<lii<L 17 !

hence, if ||ka — jO|| > v for every |k| < Kand every 0 < |j| < L,
then S%?i,bgll (x,y) is bounded independently of N’ which contradicts
$5%11(0,0) > 1e2N'.

O
Proof of Theorem 2. Define for n > 1, the sequence l, = n+1and
L, := L(I,) given by Lemma 1. Lete, = e +1)2 and K, = K(ey)
given by Lemma 1. Let v, = %inf0<|k|5(n+1 K., llka]|. Take No = 0
and apply Lemma 1 with [ = I}, ¢ = &1, N = Ny and v = vy. Denote
then Ny = N'(I1,€1,11, Ny). We then apply inductively Lemma 1
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withl =1, e = ¢, N = N, and v = v, and choose N, arbitrarily
large such that N, ;1 > N'(1,,, €4, Vi, Ny).

We define an increasing sequence m; by taking successively for
every i, all the integers m € [Nj, N;;1) such that ||mal| < ¢&; (choosing
N, 11 to be sufficiently large in our inductive construction guarantees
that the sequence m,, is not empty).

Suppose now 6 is such that m,,0[1] is not dense on the circle. Then,
there exists k and an interval I of size [y such that for every n, m,0[1] ¢
I. In other words, 6 € A(Ny, Nyi1,1, €4, ) for every n > ng, ng suf-
ficiently large. Let L = Ly. By Lemma 1 we get that ||k,a — 16]| < vy
for some |k,| < K, and some 0 < |I| < L. Hence ||kj,x — L!6]| < L!vy

for some |k},| < L!K,. It follows that || (k] ; — kj,)«|| < 2L!vy,. From

the definition of v, this implies that k], ; = kj, for sufficiently large
n,say n > ny. Since v, — 0, we get that ||k; « — L!8]| = 0, which
gives 0 € Qa + Q. Conversely, {m,0} for 0 € Qa + Q is clearly not
dense on the circle and Theorem 2 is proved. O
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