POLYNOMIAL DECAY OF CORRELATIONS FOR A
CLASS OF SMOOTH FLOWS ON THE TWO TORUS

BASSAM FAYAD

Abstract. Kocergin introduced in 1975 a class of smooth flows on the two
torus that are mixing. When these flows have one fixed point, they can be
viewed as special flows over an irrational rotation of the circle, with a ceiling
function having a power-like singularity. Under a Diophantine condition on
the rotation’s angle, we prove that the special flows actually have a t~"-speed
of mixing, for some 1 > 0.

Résumé. Kodcergin a introduit en 1975 une classe de flots C*° sur le tore
& deux dimensions qui sont mélangeants. Quand ces flots ont un seul point
fixe, ils correspondent a des flots spéciaux au-dessus d’une rotation irra-
tionnelle du cercle, dont la fonction de suspension présente une singularité
en puissance fractionnaire. Sous une condition diophantienne sur I'angle de
la rotation, on prouve que ces flots spéciaux ont une vitesse de mélange en
t~", pour un certain n > 0.

1. INTRODUCTION.

1.1. Kocergin gave in [5]|, examples of C'>° measure-preserving flows
on the two torus that are mixing. He starts by proving that special
flows over irrational rotations of the circle (or over interval exchange
transformations) with a ceiling function having a power-like singularity
are mixing. It is possible to identify these special flows with smooth
flows on the two torus, having one fixed point or more. In the same
article, Kocergin describes in some examples how to realize this identi-
fication by smoothly gluing to an irrational flow R,y a small neigh-
borhood of the fixed point of an adequatly chosen Hamiltonian flow in
the plane. We will prove that under a Diophantine condition on the ro-
tation number, the special flow has a polynomial decay of correlations
between rectangles. We will see later why the arithmetical condition is
required.

1.2. First we give the definition of a special flow over an irrational
rotation. Given a strictly positive function ¢ € L'(T'), the special
flow constructed over R, and under the function ¢ is the quotient flow
of the action

TTxR — T'xR

(x,s) — (x,s+1)
1
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by the relation (z,s + ¢(z)) ~ (Ra(x),s). This flow acts on the space
Mg, , = T! x R/ ~, is uniquely ergodic and preserves the normalized
Lebesgue measure on Mg, ., i.e. the product of the Haar measure on
the basis T! with the Lebesgue measure on the fibers divided by the
constant [, ¢(x)dz. In the sequel, we will simply denote by M the
space Mp, o, and by p the invariant measure described above.

We call rectangles in A the sets B = i":té T*(I), when the union
is disjoint and [ is an interval of T!, {, € R and | € R%. It is
immediate that the collection of rectangles generates the o—algebra of
Borel sets on M. There is of course a slight abuse in calling rectangles
the latter sets, because under the action of the flow, when %, or [ are
large, they get distorted and do not have rectangular shapes anymore.
Nevertheless, when ¢y, = 0 and [ < infq1 ¢, we have real rectangles that
we call rectangles on the basis.

1.3.  Description of the flow under consideration. In what follows we
will consider the special flow {7} constructed over an irrational rota-
tion R,, and under a ceiling function ¢.

— We assume the following hypothesis on ¢:
*x e C3(T/{0}), and infrio=c>0.
* There exists 0 < v < 1 such that

lim+ % =1, lim % =1,
z—0% z—0— (7%

. '(x) : ¥'(z) _
mhjéh 1 = 1, Ih_%lf y(=z) L

lim @) .

- o@)
fim 1 B e e T

g0t 1O Dz=T"2 T
For commodity, we will also suppose that [, ¢(z)dz = 1.

It follows from Kocergin’s result that these special flows, for any «
and any v €|0, 1[, are mixing. But to force estimates on the decay
of correlations, our techniques require that the exponent should be at
least less than %, and we will assume < 2.

Remark. The exponent obtained in one of the smooth examples given

by Kocergin is v = % < %

— As for the rotation number a, we require that the sequence {g,}, N
of denominators of its convergents satisfies for some positive constant
Cq

( CD-¢) Gni1 < Cagn'™s,
where € is small compared to v, € = 1J; being enough for our purpose.

— Finally, we introduce the number 7 := &. In the sequel, we will often
use the fact that e <n < 7.

1.4. Statement. Under the above assumptions on a and ¢, we will show
the following:
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Theorem 1. For any two rectangles A and B, for any ny < n, we have
for t large enough

, 1
(1) WANT'B) = u(A)u(B)| <

In the statement, the rectangles and the measure p are as defined in
(1.2).

1.5. Remarks. — For a fixed € > 0, the set of rotation numbers satisfy-
ing a Diophantine condition (CD-¢) is of total Lebesgue measure.

— To simplify the presentation we considered only one power-like and
symmetrical singularity (o (z) ~ o(—x) ~ |z|~7). From the proof it will
appear clearly that the same result holds when there are finitely many
singularities, and not all of them being necessarily power-like (some of
them could be logarithmic for example), under the condition that the
strongest one should be power-like (with exponent v < %) Further-
more, our assumption of symmetry is not necessary, to the contrary,
symmetry plays in general against mixing. When the singularity is
logarithmic for example, the symmetry impedes mixing as proved by
Kocergin in [4]; while Khanin and Sinai proved mixing in the case of
asymmetrical logarithmic singularities [3].

— Our estimates are far from optimal and 7 = £5 is certainly not the
best polynomial rate of decay one can obtain. A faster speed of mixing
than ¢ 2 would be very interesting because it would imply a Lebesgue
spectrum for the flow. But since it appeared very hard to obtain faster
decay than t 2 by the techniques involved in this chapter we wrote the

proof with the above n = .

—Correlations between functions. Through the proof of the theorem, it
will appear that (1) is valid when ¢ € [g,, ¢,+1], n sufficiently large, for
any pair of squares A and B with side of length equal to ¢,”. Hence
we could establish for any couple of complex functions of class C! on
T2, the same decay of correlations obtained for rectangles.

1.6. Plan of the Proof. The property underlying mixing for a special
flow over a rigid transformation is the uniform stretch of the Birkhoff’s
sums of the ceiling function, ¢,,(7) := p(z)+@(Ra(x))+...0( R ().
When the Birkhoff’s sums have large derivatives, the image of a small
interval J € T! by the flow is stretched with time in the vertical di-
rection along the fibers, and as ¢ tends to infinity the interval actually
breaks down into a lot of almost vertical curves whose projections on
the circle follow the trajectory of R,. By unique ergodicity of the rota-
tion these projections become more uniformly distributed on the circle
as their number increases, and so will be 7%(J) in the whole space (see
[6], 5], [3], [2] and [1]).
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For each ¢, we want to cover the circle excepted a small set with
intervals being stretched as described above (here, we want the excep-
tional set to have measure less than ¢t~7). The first intervals to be over
ruled are those that come too close to the singularity before time ¢ and
eventually get trapped in its neighborhood (Lemma 2.3). Other inter-
vals must be automatically discarded, those where there is no stretch at
all, i.e. where the first derivative of ¢, is small (the singularity being
symmetric this likely occurs): a lower bound on the second derivatives
due to the convex average behavior of ¢ will allow us to estimate the
size of such bad intervals (Lemma 2.5 and Step 2 in Section 3.1).

For the remaining part of the circle, we seek a good control on the
stretch of ¢,,, when m is comparable with ¢, and here the Diophantine
condition on « is required to insure the uniformity of stretch (Lemmas
2.4 and 2.5). Still, uniform stretch (Properties (P1)-(P2’) in (3.1))
of an interval J is not enough by itself to estimate the asymptotic
repartition of T%(J) in the space as ¢ goes to infinity. We need in
addition to make sure that the pieces of T%(J) (those almost vertical
curves) do not enter in a too small neighborhood of the singularity,
otherwise a lot of measure can be lost there (See (2.4)).

A “good” partition is finally constructed for each time ¢ (Proposition
3.1) and Lemmas 3.2 and 3.1 give a precise description of 7%(.J), for an
interval J in this partition.

To conclude, we need a good estimate on the asymptotic distribution
of the trajectories of the rotation on the circle that we obtain using
again the Diophantine condition on a.

2. PRELIMINARY ESTIMATES AND LEMMAS.

2.1. A Fubini Lemma. We begin by a Fubini lemma that reduces our
problem to studying the image under the special flow of intervals on
its basis T*.

Given v > 0 and a finite partial partition of T*, P = {I,, ..., I, }; we
say that P is v-fine if, for any interval I on the circle, there exists a
collection of atoms from P such that the symmetrical difference between
their union and I has Lebesgue measure less than v.

We recall that a rectangle on the basis is a subset B = J,,; T"([),
where I is an interval of T' and [ € R, is the height of B. We also
recall that 7 is the fixed number 2 (2¢ <7 <y < 2/5).

Lemma 2.1. If there exist partial partitions of T!, Py, that are t~"— fine
and such that for any rectangle B on the basis with height less than
¢ = infm1 ¢, we have when t is large enough

(2) AP (T7B) = AMJ ) u(B)| < A7),

for every Ji(t) € Py, then Theorem 1 is true.
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In the statement of the Lemma, A is the Haar measure on the circle
and g is the normalized measure on M invariant by the special flow.

Proof. Take two rectangles in M, A = U, .., 4, 7°(I), and
B = U, <s<tyss, T°(I') (I and 5 are the heights of A and B). Since
the rectangle B can always be decomposed into a finite disjoint union
of rectangles with height less than ¢, it is enough to prove Theorem
1 when I = § < ¢. On the other hand one has pu(ANT7'B) =
w(ANT-* ) T~*B) hence we can also assume for B that t, = 0.
From the hypothesis of the Lemma, when ¢ is large enough, there exist

atoms Jl(t), Jl(t) from P, such that

l
A (1 Ny J}”) <t
=0

and for each one of which (2) holds. Hence,
‘)\(I N7B) - A(I)M(B)‘ < 3¢,

Since A = J,, <4<, 14, T°(I), we apply the Fubini lemma and obtain the
estimation of the Theorem 1 when ¢ is large enough (we took 79 < 7 to
avoid having constants in the statement of the theorem). Of course the
same conclusion holds if we establish (2) with some constant in front
of t77. O

2.2. Avoiding the singularity at time t. — We recall that ¢,,(z) =
S @(RE(2)). For any z € T' (a point on the basis), and any
positive time ¢, there is a unique integer m such that

0<t—pm(x) <p(RY(z))
We denote this integer by N(z,t). Since inf1 ¢ = ¢ > 0, we have

Lemma 2.2. For every x € T! and any time t, we have

t
(3) N(z,t) < o
Proof. By definition of N(z,t), t > Ny (z) > N(z, t)c. O

Let t € [gn,¢u+1]- From the lemma above, we know we will avoid
going too close to the singularity at time ¢ if we consider only the set

dn4-1
v e[
T 14 I+ |
qn+q qn+71]

(The notation [r] stands for the integer part of » € R.) For this set we
can state the following, when n is large enough
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Lemma 2.3. For any x,y € F,, for any t € [qn, gn+1], we have

(4) N - Nw.tl < g,
t t
- < < -

(5) 5 < Nt < -

Proof. By definition of the number N(z,t), we have
|t — PN (z.t) (1’)| <y (Rg(x’t) (95)) .

Since z € F,, (3) implies that R ™" (z)e T' — [—¢,:1",d,41"], hence

(6) [t~ o (@)] < 2057
because o(|x|) ~ |z|~7 and ¢ € C3(T!)0).

Now, on one hand t > ¢, > qn+1ﬁ, and the other v < 2, ¢ < 1 and
n < 1, hence (6) leads to

9
7 m > —1.
(7 onien(®) 15
We want now a bound on |¢,,(z) — m|, when = € F,, and m < 2%,
First, we write m’s expansion:

lm

(8) m = ZmSQSa 0<m,< As41,

s=0
where as,1 denote the partial quotients of the continued fraction ex-
pansion of a. Since « is e-Diophantine, a1 < ¢, by definition. Fur-
thermore, because m < 2%7“, we have [, < n+ 1 and supmy < g,
in the expression of m. Let ¢ be the function equal to ¢ outside
[—q;ifn, q,;ﬁ"}, constant on the latter interval and of integral one on
the torus. Applying the Denjoy-Koksma inequality to ¢ we have, for
any s € N,

|¢QS(x) - QS| S Vargb,

but the variations of ¢ on the circle are of the order of q7(11++1n)77 hence

(@0, () — g5 < Cg{"

where (' is a constant depending only on ¢. Using m’s expansion, we
have for any = on the circle

[&m(@) —m| < Cln+2)g5a,57",
so when n is large enough, we have
(9) () —m| < g

when n is large enough.
On the other hand, for m < 2%*:% we have for any = € F),,
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R (z)e T — [—q;ﬁ", q;if"}, S0 Pm () = @m(x). The above equation
then becomes for any x € F,, and m < 2%

(10) [om(@) = m| < iR = o)1),
Finally, (4) follows from (6) and (10), while (5) follows from (7) and
(10). O

2.3. Stretch estimates. To obtain sharp estimates for the stretch re-
quires a good control on the first and second derivatives of the Birkhoff’s
sums of . From Lemma 2.3 we know that when ¢ € [q,, ¢,41], we
have to consider those sums for m € [%, 1] A Jower bound on the
first derivatives will guarantee good stretch and an upper bound on
the second will insure its uniformity. Here again, we will exploit the
Diophantine condition on a. Nevertheless, because the singularity is
symmetrical, we will not be able to minorate directly the first deriva-
tives of (. It is a fact in this case that at some points of the circle
the Birkhoff’s sums are not stretching at all. The lower bound on the
second derivatives that comes from the convex average behavior of ¢
will allow us to overcome this difficulty.

We will denote the first and second derivatives of ¢, by ¢/ and ¢, .
When n is sufficiently large, we have

Lemma 2.4. For any m <2 and x € F,,

(11) | ()] < g, 17"
We also have, for sufficiently large n,
Lemma 2.5. For any m € [%, 2] and z € F,

(12) ol " < (@) < g

Proof of Lemma 2.4. Write p = ¢+, where =x__1 1 ¢

n+1" dn+1
(xz being the characteristic function of a set ). Reasoning exactly as

in the proof of (9), the Diophantine condition on a and the Denjoy-
Koksma inequality imply for m < 2%*L and for any = € T!

¢ (x)—m | ¢'(y)dy
Tl

But [1. ¢'(y)dy = O(q),), hence m [1, ¢'(y)dy = O(q,}]) and we
have for sufficiently large n

n+1

' < q1+7+2e_

14+v+42¢

(13) ¢ @) < 20317

On the other hand under m iterations, m < 2‘1”7*1, any point x enters
less than 8[1] times in the interval [, := [— qn1+1, qnlﬁ] ([r] denotes the

integer part of » € R. We used the fact that successive [#4=] iterates
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of I, by R, are disjoint). Meanwhile, = € F,, and R!'(z) still remains
outside [—q;, 7", ¢, 17" for m < 242t hence

(14) ()] < %wﬁlﬁ")(lﬂ)v

because |¢'(z)| ~ v|z|”""" in the neighborhood of 0.

Lemma 2.4 then follows from (13) and (14) when n is sufficiently large
since 2n > n(1 + ) > 2e. O
Proof of Lemma 2.5.  The right hand side in (12) is obtained
in exactly the same way as (11). For the left hand side consider the
decomposition ¢ = ¢ + P, with this time @ = yxp, where K is
a fixed interval containing the singularity and on which the second
derivative is always positive. It is possible to do so since we assumed
©" (=) r;’y(’y + 1)|z|=*77. Clearly, for any m € N and x € T,

"

(15)

where C' here is the supremum of the second derivative of ¢ outside K.
On the other hand in m iterations, m > % > ¢,_;, the orbit of any
point z enters at least once in the interval [—qn%l, qn%l], since the union
of the first ¢,_; inverse iterates of this interval cover the circle. From
the hypothesis on the singularity of ¢ and the Diophantine condition

on a we conclude that for z € T', m € [%, ¢,,1]

—m

(x)] < Cm,

_n 2+’7
Som(l.) 2 dn1
24y
(1+e)
Z n+l

Since (1 + €) > is of the order of 1 —7, and (2+7)(1—n) > 2+~ —3n,
the last equation and (15) yield the left hand side in (12). O

2.4. Central lemma for the asymptotic distribution of the pieces of
T*(J). In the introduction we explained how an interval I breaks down
under stretch into many almost vertical curves whose projection on the
basis follows the trajectory of the rotation.

From Lemma 2.3, we know more or less where do these parts of T%(J)
end up at time f£. To have sharp estimates on their distribution in
the whole space, we want to make sure that the parts stay relatively
far from the singularity. We will define to this end, for each time
t € [Gn, Gn+1], a subset of F,, (see (18)) and a partition of this subset
into intervals (see (3.1)) that after they get stretched will have a good
asymptotic distribution in the space.

The following lemma, is essential in establishing the description of
T*(J) that will given in Lemma 3.1 and Lemma 3.2.



POLYNOMIAL CORRELATIONS FOR, SOME SMOOTH FLOWS ON T2 9

— Let (3 be a positive number such that
(16) B> v+dn,
(17) By < vy —18n,

We can resume the conditions (16) and (17) by asking that v+ 4n <
f < 1—181, which is easy to realize for some 3 since <, and vy < 2
is also far from 1.

— Denote by +' the exponent v + 27 that appeared in (4).
— Define the set
2[‘12;1]

(18) T.,=T' - |J R {— 1ﬂ L}

?
Y Q1" Gnir?
k:*2[qn+1]

Remark. With our choice of 3, we clearly have (T, 5) > 1 — 8q,, ;7.

Lemma 2.6. For any x € T,, 3 and for D € N such that qgf” <D<
QqZIH, we have for sufficiently large n

(19) lop(z) — D| < g7, D,
(20) o ()] < b,

Proof. Reasoning the same way as in the previous lemmas we obtain,
for D < ¢, and z € T, g, equation (20) and

(21) [en(e) = DI < g7
With our choice of 3 (Cf. (17)), we have 78+ 2¢ <3 +n < v — 16n.
Hence, the lower bound on D and (21) imply (19). O

3. PROOF OF THE THEOREM ON CORRELATIONS.

3.1. Construction of the good partition at time t. We fix now ¢ in
[Gns gn+1] and pick an arbitrary zo € F,.

Define

’
N(IO 7t)+2[q;yb+1}

1 1
Fip=F,— Rak{_ —}
t.8 U / qn+15 Qn+1ﬁ
k=N (z0,t)—2[g) ;]

Proposition 3.1. It is possible to construct a partial partition P; of
Fy 5 consisting of intervals, with the following properties:

(PO) The partial partition P, is t="-fine on the circle.

(P1) The sizes of the intervals in P, vary between q;:% and 2q;:9”.
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(P2) For any J € P, and any m € [N(xg,t) — qg;l, N(zo,t) + q;{;l]

inf |, (2)] > ¢,177™".
zeJ

Claim. As a direct consequence of (P1), (P2) and the upper bound in
(12) we will have for large n

(P2%) For any J € P; and any m € [N(xo,t) — qglﬂ, N(zo,t) + qZIH],

sup |0y, (2)|1J] < 2g,; inf |¢], ()]
xEJ zeJ

Proof of the claim. Since N(zg,t) < %= m satisfies the hypothesis of
Lemma 2.5 and we have sup |¢,, (2)||J]| < g2177"2q, 7"
zeJ

Proof of Proposition 3.1. We will do the construction in three
steps.

First step: We cover the circle with disjoint intervals of sizes vary-
ing between q;ifn and QQH_JET’. (We do not care about the ending
points of the intervals because their total measure is always zero and
we will indifferently talk about segments or intervals.) In this first
step we just take away from the above intervals these that are not

completely included in F; 3, or equivalently, these that intersect either
2[fntl)

!

_ N(zo,t)+2[q) 4] _

k=0 Rak [_ 1%rn7 11+n] U n+171 Rak —— ﬁa;g . The
Api1 i1 k=N(x0,t)—2[qn+1} qn+1P 7 gnia

total measure of the discarded segments is bounded by:

Qnt1, 2 Int1, 2 / 2 ) _
2 i T Alann]l—F + 8lann] 7 = 0(a,
[ c ]q};_,ll [ c ]Qij__rll [ +1]qn+1g [ +1]qu1—:_71] ( +1)

due to our choice of 3. The partial partition we obtained is hence
¢, —fine (up to a constant).

Second step: Consider any interval I of the ones we kept in the first
step. It follows from Lemma 2.2 and Lemma 2.5 that for my = N(zg, t),
¢, 1S greater than ¢-577°" on L. So, after taking off eventually an
interval of size 4q,;‘:2" there will remain from L one or two intervals,
Ly and L,, where |¢], | is always greater than 2qy 77" If one of those

intervals, L; or L, has size less than q;:?n we discard it. (See Fig. 1)
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Fig. 1. Different configurations for ¢,, over L.
The total measure we might loose by this operation on L is 5qn1
which is at most a proportion 5¢,, ', of the interval L. Hence we remain
with a partial partition that is ¢, —fine (up to a constant).
Moreover, we claim that the bound on ¢, leads to (P2). Indeed, for
any m € [mo — 431, M0 + 6 1], (@) = @y (REOT) + @), (2); but
L, and L; are in F} g, so R (z) € T,, 3, therefore (20), of Lemma 2.6,

implies that ¢, (RI°x) < g when 2 € L, x € L. From the

choice of § (Cf. (17) it follows that (y+ 1)3+n < 1+~ — 5n. Hence,
Ornmo (B w) <K @), (7) and the claim follows.

Third step: In this step we just divide each interval L; and L, we get
—1-99

2n

from the first two steps into intervals of size varying between g, ;
and an 1 [”. Tt is possible to do so since the sizes of L, and L, are
larger than g, ;;>". This gives P;. O

3.2. Properties of a good interval. From now on J will designate an
interval of P;. Fix a rectangle B = ngo T°V. In the light of Lemma
2.1, we will finish if we prove that, under the conditions (P1)-(P2)-(P2’)
on an interval J, the measure of the intersection 7"(J) () B satisfies (2).
Lemmas 3.1-3.3, that we will state below, will be the ingredients of our
proof.

Let J € P; be fixed

(22) J =1, 23], my = N(x1,t) mg= N(22,1).

Since z1,29 € J C F,,, Lemma 2.3 implies that m;, my € [N(20,1) —
qg;l, N(zo,t) + qg;l]. From (P2), it follows that ¢,, is monotone on J
and we will suppose @, (1) > ¢©m, (22), the other case being similar.
Define for m € N

(23) Jm = {x€J; N(z,t)=m,},
{reJ; 0<t—pn(z) < p(RMNx))}
(24) Ims = {xeJ;, 0<t— gom(x) <o}

The set J,, is the part of J such that the projection of 7%(J,,) on T',
when s runs through [0,¢], is translated m times by R,. And J,,s is
the part of J,,, that lies at time ¢ in the band T x [0, d].
Finally, denote by Ay, |; the quantity ¢, (1) — Py (22)-

For m €]my, my[, we have the following asymptotic estimate of A(J;,.s)
() being the Haar measure on T')

Lemma 3.1. For any m such that m; < m < mqy it is true that

9] J]
A9077"L1|J

—n _I]J]

A (Jm,é) - > dpq Ay ‘ .
mil|J
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For m; = my, my we have

A (nss) o]J] — Ol

A@ml |J 1 Agpnn |J

For m not in [my, ma], Jms is empty.
Using Lemma 2.6 we will prove the following estimate on my — m;

Lemma 3.2. We have

mo — MMy _
(25) —~ — 1 < gl
Ag@mlu i
Proof of Lemma 3.1. First we will prove the following uniform
estimate, for any m € [my, ms| and for any = € J
1 /1 - _ |l
(26) - - = an .
Pr(2)  Apm, T AQm, |,

By the mean value theorem, there exists x; € J such that ASOml‘ ;=
|90;nl (x1)|| /|, hence

1 ||
SO;TZ (x) Agoml |J

|om (@) = @h, (1)] 1]
|03 ()| Ao, |

(24 (@) = (@) ||, |y (R 20)] ]

FE =

|03 (2) [ APy |5 | ()| A 5

sup |¢r ()] |J]? , m
o len @I (R 1]
|<)O;71(I)|A<pm1u |<p;n<x)|A<pm1|J

Using (P2’) we obtain
’ R™ T
ASOWM |J |(pm($> |A§0m1|J

Exactly as in our proof of (P2) in Proposition 3.1, it follows from (20)
that

[Py (B 21)] < gy b [y, (7).

This ends the proof of (26).

Now, for m €]m;, my[ we have immediately from (26) that ¢,, is
decreasing like ¢,,,. Also for such m, we have

(27) t— pm(z1) <0,
(28) t—@m(z) >0,

the first inequality following directly from m; := N(z1,t) (in the def-
inition given in Section 2.2, N(z,t) is the larger integer m such that
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t — @m(x) > 0). For the second one, we use our assumption § < ¢
(indeed, t — @, (z2) > 0 implies in this case (28) for any m < my —1).

In conclusion, for each m €|m;, my[, by monotonicity of ¢,, and the
mean value theorem, there exists x,, € J such that

-0

Mma) = Gy

Using (26) we obtain the first point of Lemma 3.1. The second point
follows from (26) in a similar fashion. As for the third one we have
to do the following argumentation: by definition of my = N(z3,t) one
has t — ©my+1(22) < 0, but ¢,,,4+1 is decreasing on J, therefore, for
any v € J, t — @m,41(x) < 0. The same will clearly hold for any
m > mg + 1, and J,, s will be empty for all m > mo. When m < my,
we use in addition that ¢ is greater than J to obtain t — ¢,,(x) > 0,
for any « € J, which implies J,, s is empty for m < m;. The proof of
Lemma 3.1 is accomplished. O
Proof of Lemma 3.2. Since J C F, 3 C F,,, Lemma 2.3 implies

imy — N(xo,1)| < QZH

hence, from Lemma 2.4 and conditions (P1) and (P2) we obtain

(29) @y < Apimyy, < 20071
Now J C F} 3 implies
(30) R™(J) C T p-

In particular ¢ (R7(x;)) < 2¢)7,, and by the definition of m,

0 <t = (21) < @ (R (1)) < 24711

Together with the similar equation on ¢t — ,,,(x2) this implies

(31) |90m2 (x2) - ¥Ym (xl)‘ < 4q771i1'
On the other hand, we have

Pma(T2) = P (21) = Py (T2) + Prmg—ma (B T2) — @iy (1),
= Pmy—m (R T2) — ASOmlu-
It follows from our choice of 3 (17), that

3 2y ~4—14
1 K Qpi1lora -

Hence, the left hand side of (29) and (31) imply when n is large

m -2
(32) @mz—ml(Ra le) - AQOmlU < qn—}—quOml\J'

From (30), we know that R} (z2) € T, ; to apply Lemma 2.6 and

finish, we still need to prove that qgf" < myg —m < ZqZIH. From

(29) and (32) we have

y—14n

qn+Tl S @mz—ml(RZH $2) S 4(]31?77
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the right hand side of which implies that my —m; < c_l4q;{ﬂ” < q;{;l.
Next, because R (z2) € T,, 3, (21) is valid and implies the lower bound
on my —my from the lower bound on ¢, m, (R7'xs) and A‘Pmlu- O

3.3. Asymptotic distribution on the circle of the rotation’s orbit. Since
a is e—Diophantine, we have,

Lemma 3.3. Let yy be the characteristic function of an interval V €

T!, then for N large enough, we have, for any v € T*

(Ri(z)) — N[V|| < N*|V|,

where |V| = A(V') is the Lebesgque measure of V.

Proof. As we did in Section 2, we exploit the Diophantine condition
on a to prove for any z,2’ € T! and N large enough,

Rz Z XV Rz

then we conclude using that [, >~ xv (Ri(z))dz = N|V|. O

< N*|V|,

3.4. End of the proof of the theorem. Let B = ngo T5(V). We will
prove, for t large enough, the claim (2) for any given interval J in the
partition P, constructed in Proposition 3.1.

Define V— C V C VT to be the intervals obtained from V' by fixing
its center and respectively shrinking and expanding the endpoints by
a ratio 1 + ¢,+17"7. We will keep in mind that

(33) Vi< (T+a, 0V,
(34) V= (1=2¢,])IV].
By definition (see (23)), J,, is the part of J such that 7%(J,,) lies on

the fibers over R™(.J). But the size of J is less than 2¢, 7" hence if
xo is any fixed point in J we have

- If R(x9) € V= then RI'(J)CV.
- If R™(J)(V is non empty then R™(xy) € V*.

On the other hand, T%(.J,,,) B = T*(J,u.5) () B, where J,,, s was defined
n (23). It follows that for any m € N

v (R (@) A(ma) <A (Jm[T7B) < xv+ (R (@0)) M ).

Since J = |J,,cn Jm this implies

> v (RE@o)ACms) A (TOVT7B) £ D7 xv (R @o)) A

meN meN
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From the third point in Lemma 3.1 the foregoing becomes

mo—1 m=msy

> v (RE@)ACms) A (ITTB) £ D7 v (RE @) A is):

m=m1+1 m=m1

We use Lemma 3.1 again to obtain

I 1 (I B
1—gq,! xv-(RMxo)) < A (J[T7'B) <
( +1)A90m1|<] m=m1+1 oo o) ( ﬂ )
PSS
(1+g,34) xv+ (R (o))
+1 A(pmlu v

In the proof of Lemma 3.2, we obtained

y—15n
Mg — M1 2 Gpyq -

Since n < «v as well as € < 7, this implies on the one hand that
(ma —ma)* < g, 71 (ma —my)

and on the other hand that if n is large enough my —m, is large enough
so that Lemma 3.3 applies to V™ and V~; in conclusion we have

ma2—mi

> xve (Ri(x0)) = (ma = ma) VY]

1=0

< g, 21 (my —my) |V,

with a similar equation for V=. Coming back to the estimation of
MJNT™'B), we now have

o] J]

m1|J

(o —m)(1 =, 2DV | <A (J()T7'B) <

8|
(14 Gr) o

m1|J

(1— q;ﬂl)A
(mo —ma)(1+ g, 2|V 7.

Using Lemma 3.2 we obtain
(1= a1 =g (1= 26,1311V < A (JOT7B) <
(1 a7 (1 + 2 (1 + 26,7131V

Finally, with (33) and (34), the proof is over. O
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