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Abstract

A smooth diffeomorphism is said to be distributionally uniquely er-
godic (DUE for short) when it is uniquely ergodic and its unique invariant
probability measure is the only invariant distribution (up to multiplica-
tion by a constant). Ergodic translations on tori are classical examples
of DUE diffeomorphisms. In this article we construct DUE diffeomor-
phisms supported on closed manifolds different from tori, providing some
counterexamples to a conjecture proposed by Forni in [For08].

1 Introduction

When we study the dynamics of a homeomorphism f: M — M (for the time
being we can suppose M is a just compact metric space), we can consider the
induced linear automorphism f* on CY(M, C) given by

ffhi=1of, VyeC'M,C).

If we endow C°(M, C) with the C%-uniform topology, f* turns to be a contin-
uous linear operator and hence, its adjoint f, acts on the topological dual space
(C°(M,C))" which coincides, by Riesz representation theorem, with 9t(M), the
space of complex finite measures on M.

At certain extent we can say that Ergodic Theory consists in understand-
ing the relation between the “non-linear” dynamics of f and the linear one of
fo: M(M) — IM(M). The fixed points of f,, the so called f-invariant measures,
play a key role in this theory.

When M is a closed smooth manifold and f: M — M is a C"-diffeomorphism,
every linear subspace C*(M,C) ¢ C°(M,C) (where 0 < k < r < o0) is f*-
invariant. Moreover, when C* (M, C) is equipped with the C*-uniform topology,
f*: C¥(M,C) — C*(M,C) turns to be a continuous isomorphism and hence,
its adjoint f, acts on D) (M), i.e. the space of distributions up to order k. Of
course, the fixed points of f, are called invariant distributions.

As usual, we say f is uniquely ergodic when it exhibits a unique f-invariant
probability measure. On the other hand, when f is C'* and there is only one
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(up to multiplication by constant) f-invariant distribution, we shall say that f
is distributionally uniquely ergodic, DUF for short. Ergodic translations on tori
are the archetypical examples of DUE diffeomorphisms. Recently, the first and
third authors showed in [AK11] that every smooth circle diffeomorphism with
irrational rotation number is also DUE.

In 2008, Forni conjectured in [For0§| that tori are the only closed manifolds
supporting DUE diffeomorphisms.

In this paper we construct some new DUE systems, providing some coun-
terexamples to Forni’s conjecture. In fact, our main purpose consists in showing
the following

Theorem A. Let P be either

(a) a compact nilmanifold, i.e. P = N/T with N a nilpotent connected and
simply connected Lie group and I' < N a uniform lattice;

(b) or a homogeneous space of compact type, i.e. P = G/H where G is compact
Lie group and H < G a closed subgroup.

Then, there exist DUE diffeomorphisms on M =T x P.

It is interesting to remark that so far the most powerful techniques to study
invariant distributions (for dynamical systems which are not hyperbolic) come
from harmonic analysis. However, in general it is very hard to apply these tech-
niques to dynamical systems which do not exhibit certain “homogeneity” (e.g.
they preserve a smooth Riemannian structure, or are induced by translations
on homogeneous spaces).

On the other hand, it is well-known that any DUE diffeomorphism pre-
serving a Riemannian structure is topologically conjugate to an ergodic torus
translation, and after some works of Flaminio and Forni [FF03| [FF07] it was
expected that there were no DUE homogeneous systems supported on homo-
geneous spaces different from tori. In fact, we recently learned that Flaminio,
Forni and F. Rodriguez-Hertz [RHI2] have shown indeed the validity of Forni’s
conjecture for homogeneous systems. So the main difficulty to prove our result
consists in overcoming this apparent obstruction to apply harmonic analysis
tools.
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2 Preliminaries and Notations

2.1 Manifolds, functional spaces and topology

All along this paper, M will denote a compact orientable smooth manifold
without boundary. Given any r € Ny U {00}, we write Diff" (M) for the group



of C"-diffeomorphisms. The subgroup of C"-diffeomorphisms which are isotopic
to the identity shall be denoted by Diff(M).

If N denotes any other smooth manifold, we write C"(M, N) for the space
of C"-maps from M to N. For the sake of simplicity, we shall just write C" (M)
instead of C" (M, C).

Let us recall that, when r is finite, the uniform C"-topology turns C" (M)
into a Banach space and C"(M, N) turns to be a Banach manifold.

The space C*° (M) will be endowed with its usual Fréchet topology which can
be defined as the projective limit of the family of Banach spaces (C"(M)),en.
In this case, C*°(M, N) is endowed with a Fréchet manifold structure.

Of course, for any r € Ny U {oc}, we assume Diff" (M) equipped with the
C"-uniform topology inherited from its inclusion in C"(M, M).

Finally, if X is an arbitrary topological space and z € X, we shall write
cce(X, z) to denote the connected component of X containing z.

2.2 Some arithmetical notations

Given any natural number ¢ € N, we write gN := {gn : n € N}.

Whenever we write a single rational number in the form p/q we always
assume the integers p and g are coprime, i.e. 1 is the greatest common divisor
of p and gq. On the other hand, writing a vector with rational coordinates
(p1/q,---,pn/q) € Q™ we shall simply assume ged(py, .- .,Pn,q) = 1.

Given any = € R, we write |z | to denote the largest integer not greater than
x. Analogously, [z] denotes the smallest integer greater or equal than x.

For any a € R? we write

||| qa := dist(cr, Z9).

Notice that, since ||+ nlpa = |la|la for every n € Z%, we can naturally
consider || - ||z« as defined on T¢, too.
We say a = (a, ..., aq) € R? is irrational when for every (n1,...,n4) € Z4

=0 = n; =0, fori=1,...,d. (1)

d
> na
i=1

An irrational vector « is said to be Diophantine if there exist constants

C, 7 > 0 satisfying
d
3o
i=1

for every (qi,...,qq) € Z%\ {0}. On the other hand, an irrational element of
R? which is not Diophantine is called Liouwville.

Td

C

>z —,
ra  Max; |g|”

2.3 Lie groups
2.3.1 Generalities

In this work we shall only deal with real connected Lie groups. As usual, if G
denotes an arbitrary Lie group, its identity element is denoted by 1(;E|, its Lie
algebra by g and we write exp: g — G for the exponential map.

1Except when G is abelian. In that case, we just write 0 to denote its identity element.



A smooth manifold is called a homogeneous space when it can be written
as G/H, where G denotes a (real, connected) Lie group and H < G a closed
subgroup. We say H is cocompact when G/H is compact, and we say that G/H
is of compact type when G is compact itself.

Clearly, the group G acts naturally (on the left) on G/H and it is well known
that in such a case there exists at most one G-invariant Borel probability mea-
sure on G/H. When such a measure does exist, we will call it the Haar measure
of G/H. A discrete cocompact subgroup will be called a uniform lattice. Let us
recall that the existence of the Haar measure on G/H is guaranteed whenever
either GG is compact, or H is a uniform lattice.

Making some abuse of notation, we will use the brackets [-, ] to denote the Lie
brackets on g, as well as the commutator operator in G, i.e. [g, h] := ghg~*h™!,
for any g,h € G.

More generally, if A, B C G we define [A, B] := ([a,b] :a € A, b€ B), ie.
the (abstract) subgroup of G generated by commutators of the set subsets A and
B, respectively. And analogously, if b, ¢ C g, we define [h, €] := spang{[v,w] :
vEDh, we t}

The centers of G and g are defined by Z(G) :={g € G : [g,h] = 1¢, Yh € G}
and Z(g) :={veg:[v,w] =0, Yw € g}, respectively.

2.3.2 Tori

The d-dimensional torus will be denoted by T? and will be identified with R?/Z9.
The canonical quotient projection will be denoted by 7: R? — T¢. For simplic-
ity, we shall simply write T for the 1-torus, i.e. the circle.

The symbol Leby will be used to denote the Lebesgue measure on R, as
well as the Haar measure on T¢. Once again, for the sake of simplicity, we just
write Leb, and also dz, instead of Leb;.

For each o € T?, let R, : T — T? be the rigid translation R, : z + = + a.

2.3.3 Homogeneous skew-products

Given an arbitrary Lie group G and any closed subgroup H < G, for any
a € T and any v € C"(T, G), we define the homogeneous skew-product H, - €
Diff"(T x G/H) by

Hoqy:(t,gH) = (t+o,v(t)gH), Y(t,gH)eTxG/H.

The space of C™ homogeneous skew-products on T x G/H shall be denoted
by SW'(T x G/H). If G/H admits a Haar measure, and we denote it by v,
then we clearly have SW"(T x G/H) C Diff} (T x G/H), where p := Leb ® v.

2.3.4 Nilmanifolds and Mal’cev theory

Given an arbitrary Lie group G, the central descending series of G can be
recursively defined by Gy := G and

Gn:=[G,Gn_1], Yn>1.

We say G is nilpotent when Gy = {lg}, for certain k € N. The degree of
nilpotency of G is defined as the maximal natural number n such that G,, #

{1c}.



From now on, N shall denote a (connected) simply connected nilpotent Lie
group admitting a uniform lattice I' < N. Asusual, the (compact) homogeneous
space N/T is called a (compact) nilmanifold.

It is important to recall that in such a case the exponential map exp: n —» N
is a real-analytic diffeomorphism (see Theorem 1.2.1 in [CG90]). Hence, in this
case N as well as n can be identified with the universal cover of N/T.

After Mal’cev [Mal49], a basis {v1,va,...,vq4} of the Lie algebra n is called

a Mal’cev basis whenever ng; = spang{v1,...,v;} is an ideal in n, for each
i €{1,...,d}. Moreover, such a basis is said to be a strongly based on I' when
I' = exp(Zv) exp(Zvs) . . . exp(Zvy). (2)

In [Mald9] (see also [CGI0]) it is proved that there always exists a Mal’cev
basis strongly based on I' when N and I" are as above.

Since each n(;) is an ideal in n, N(;) := exp(n(;)) C N turns to be a (closed)
normal subgroup of N, and the quotient N := N /Ny a nilpotent connected
and simply connected Lie group, itself.

On the other hand, as a consequence of we have

F(z) = exp (Zvl @ Zvy D --- D Z’Ul}) C N(Z)

is a discrete subgroup of I'. Hence, I'") := T/ ['(;) can be naturally identified
with a uniform lattice of N,

2.4 Distributions and distributional unique ergodicity

Given any k € Ny, the space of distribution on M up to order k is defined as
the topological dual space of C*(M) and will be denoted by D} (M). When
k = 0, by Riesz representation theorem Dy(M) can be identified with the space
of finite complex measures on M and so, it will also be denoted by M(M).

On the other hand, as it is usually done, the topological dual space of C>°(M)
will be simply denoted by D’(M) and its elements are just called distributions.

Since all the inclusions C**1(M) — C*(M) and C*(M) — C*(M) are
continuous, making some abuse of notation we can consider the following chain
of inclusions (modulo restrictions):

M(M) = D{(M) C DY(M) CDyM) C...C D'(M).
Moreover, since we are assuming M is compact, it is well-known that

D'(M) = | Di(M).
k>0

Now, as it was already mentioned in §1} any f € Diff*(M) acts linearly
on C*(M) by pull-back, and the adjoint of this action is the linear operator
f«: D (M) — D} (M) given by

(fTow) = (T, f*) = (T, 9o f), VT €Dy(M), Ve CH(M).
The space of f-invariant distributions up to order k is defined by

D,(f) = {T € Dy(M) : £,T = T}.



Of course, when f is C* we write D'(f) := Uy>o Py (f)-
Given any measure u € MM(M) and r > 0, we define

Diff,(M) = {f € Diff" (M) : fou = u},

and Cra) {qsecv-(M)I/McbdN:O}.

As usual, we say that f is uniquely ergodic when I(f) := D{(f) is one-
dimensional. We will say that f is distributionally uniquely ergodic (or just
DUE for short) when f is C° and D’(f) has dimension one.

2.4.1 Coboundaries and distributions

Given any f € Diff" (M), any ¢: M — C and n € Z, the Birkhoff sum is defined
by
Yoot ifn>1;
S"p=8Fp =40 if n=0;
—Y o fT ifn <0
We say that ¢ is a C*-coboundary for f (with 0 < ¢ < r) whenever there
exists u € C*(M) solving the following cohomological equation:

wo f—u=n1.

Observe that in this case it holds S™¢ = uf™ — u, for any n € Z.

The space of C*-coboundaries will be denoted by B(f,C*(M)). Following
Katok [Kat01], we say f is cohomologically C*-stable whenever B(f, C*(M)) is
a closed in C*(M).

Finally, notice that as a straightforward consequence of Hahn-Banach theo-
rem we get

Proposition 2.1. Given any f € Diff*(M), with k € No U {oc}, it holds

A(B(f.C*M)) = () kerT,
TeD,(f)

where cli(+) denotes the closure in C*(M).

2.4.2 Unique ergodicity vs. DUE

There are many well-known examples of uniquely ergodic systems which are not
DUE. Maybe, the simplest one is given by the parabolic map

T? 5 (z,y) = (x + o,y + ),

with a € T\ (Q/Z) (see [Kat0l] for details). Horocycle flows on constant
negatively curved closed surfaces and minimal homogeneous flows on closed
nilmanifolds different from tori are more elaborated examples [FF03| [FF07].
On the other hand, a classical result due to Kronecker affirms that a transla-
tion Ry : T4 — T4 is uniquely ergodic (Leby is the only R,-invariant probability
measure) if and only o = (a1, ..., aq) is irrational.
Moreover, we have the following result which belongs to the folklore:



Proposition 2.2. R, is DUE, and it is cohomologically C'*°-stable if and only
if o is a Diophantine vector.

Proof. See Proposition 2.3 in [AKT1] for a proof. O

Recently, the first and third authors extended this result in [AKTI] showing
that any minimal circle diffeomorphism is also DUE (see [NT12] for a much
simpler proof of non-existence of invariant distributions up to order 1).

As it was already mentioned in §I] the main aim of this paper consists
in constructing DUE diffeomorphism which are not topologically conjugate to
ergodic translations on tori.

3 Proof of Theorem A: general strategy

As it was already mentioned in in both cases considered in Theorem A
the homogeneous space P admits a Haar measure that will be denoted by vp.
Then, the Haar measure of M, which is a homogeneous space itself, is given by
1= Leb; ® vp.

Let us recall that any homogeneous skew-product on M = T x P (see
preserves the measure g In other words, SW"(T x P) C Diff}, (M).

3.1 The Anosov-Katok space
Let us consider the horizontal T-action T': T x M — M given by
T.(t,p) = T(a, (t,p)) =(t+a,p), VY(t,p)eM=TxP
Then we define the Anosov-Katok space
AK®(T) = clo {Ho T, o H ' :a €T, He SW*(T x P)}. (3)

Observe that each T, € SW*(T x P) and hence, AKX (T) C SW>(T x P).
To prove Theorem A we will show

Theorem 3.1. Generic diffeomorphisms in AKX (T) are DUE. More precisely,
the set
DUE(T) = {f € AK®(T) : dimD'(f) = 1}

contains a dense Gs-subset of AK™(T).

Let us now describe the general strategy to prove Theorem
A family (V,,)n>1 will be called a filtration of C5°(M) whenever it satisfies:

e for every n > 1, V,, C C;°(M) is a closed linear subspace,
o V, C Vy41, for every n > 1;
e U,>1 Va is dense in C;°(M).

Sections [f] and [5] are dedicated to the proof of the following lemma, in the
nilpotent and the compact cases, respectively:



Lemma 3.2. If P is as in Theorem A, then there exists a filtration of C°(M),
called (Vy,), satisfying the following condition:

For every n € N and every qo € N, there exists ¢ € N and a homogeneous
skew-product Hy, € SW™(T x P) such that:

(1) HonoTijq, =Tijq, © Hoys
(i) V, C B(HQ7 0Tp/q0 Hofﬁ, C>®(M)), for every p € Z coprime with q.
To prove Lemma we shall need the following elementary

Lemma 3.3. Let M be an arbitrary manifold, f: M — M a periodic C"-map
(i.e. there exists ¢ € N such that f1 =idy ) and ¢ € CF(M), with 0 <k <r <
oo. Then, ¢ € B(f,C*(M)) iff

[ay

q

Sip(x) =Y ¢(f/(x)) =0, Vze M. (4)

0

<

Proof of Lemma[3.3. If ¢ € B(f,C*(M)), then there exists u € C*(M) such
that ¢ = uo f —u. Hence, S{¢(z) = u(f(x)) — u(z) = 0, for every z € M.

Reciprocally, let us suppose (4]) holds. Then, using a formula we learned
from [MOP??}EL we write

v(x) := —é ZS}qb(x), Vo e M.
It clearly holds v € C*(M), and
o(f(x)) — olx) = —+ ( > (Sjo(f(a) - Sf?(b(x)))
9\ =

=2 (8190 - a0(0)) = o).

for every x € M. Thus, ¢ € B(f,C*(M)). O

Now, assuming Lemma we can prove Theorem and henceforth,
Theorem A, too:

Proof of Theorem[3.1 Let (¢ )men be a dense sequence in C°(M) and define
1
Ay = {f € AK®(T) : Ju e C*(M), |luf —u—dmlom < m}'

Each set A,, is clearly open in AK>(T), and by Proposition it holds

DUE(T) = () 4Am

m>1

Thus, we have to show each A,, is dense in AKX (T"). To do that, consider a
fixed set A,,, any rational number py/qo and an arbitrary homogeneous skew-
product H € SW>(T x P).

2We thank A. Navas for bringing this equation to our attention.



Since (Vp,)n>1 is a filtration, there exists n € N and ¢ € V,, such that

1
-1
l60H™ bl < )

Now, invoking Lemma [3.2] from n and gy we obtain a natural number g and
a homogeneous skew-product Hy 5 satisfying (i) and (ii). Then, for each ¢ € N,
let us define

De = qpol + 1,
qu = qqoév
. De
be= ged(pe, Ge)’
o qe
1= ged(pe, Ge)

Notice that, for each ¢, py and g, are coprime, g, is multiple of ¢ and % — 2—(‘)’,
as £ — +o0.
Then observe that, for every ¢ € N and any (¢,z) € T x P it holds:

@ t+ m)y(t)*w)

M ‘

S L9t )
Ho\ Ty, /g, Hy a

i)v(t)_lw> ©)

2
2 <t+ S Lt D))

"Q\)
,_.o

Ms &M

de q

T

:0’

where las equality is consequence of condition (11) of Lemmam and Lemma
Thus, we conclude that ¢ € B(Hy, ’YTPe/quO 4 C(M)).
Henceforth,

¢poH ' € B(HHy~T,, 0 Ho s H ", C™(M)), (7)

for every ¢ € N.
On the other hand, T}, /q, = Tp,/q, in Diff>*(M), as £ — oo. Hence, from

(i) of Lemma we get
HHo Ty, q,Ho  H™! S HT, 0 H Y, as = . (8)

Now, putting together 7 and we conclude HTpo/qu_1 € cloo (Am),
as desired. O

3.2 Real-analytic DUE diffeomorphisms
Before starting with the proof of Lemma [3.2] it is interesting to remark that

using the techniques we applied in §3.1]| it is possible to prove the existence of

real-analytic DUE diffeomorphisms on M =T x P.



In fact, for the time being let us suppose G is an arbitrary Lie group and let
us write G for the complexification of G.

Then, for each A > 0, let us define CX(T,G) as the set of real-analytic
functions v: T — G that admit a holomorphic extension from the complex
band Aa := {z € C: |Im 2| < A}/Z to G®. Let us consider C% (T G) endowed
with the distance dunction da given by

da(vo,m) = sup dge(70(2),711(2)),  ¥v0,71 € CA(T,G),
z€EAA

where dge denotes a left invariant distance on GC.

Then, taking into account that, for any A > 0, CX(T,G) is dense in
C>(T,G), repeating the same argument used in the Proof of Theorem
we can easisly show that the set

DUER(T) := {(,7) € CX(T,G) : Ho 0 T, 0 Hy} € SW¥(T x P) is DUE}

is generic in T x CX(T, G), and in particular, non-empty.

4 The nilpotent case

All along this section, let us assume P is a compact nilmanifold equal to N/T,
where N is a (connected) simply connected nilpotent Lie group and I' < N is a
uniform lattice.

4.1 The filtration in the nilpotent case

Observe that any complex function on P can be lifted to its universal covering,
which can be identify with N itself, getting a I'-invariant complex functiorﬂ
So, we can naturally identify C'*°(P) with

Cro(N) :={¢ € C"(N) : ¢(xg) = ¢(z), Vx € N, Vg € I'}..

Moreover, since the exponential map exp: n — N is a real-analytic diffeomor-
phism, we can identify C°°(N) with C*°(n), and henceforth, C*°(P) with a
closed linear subspace of C*°(N) = C*(n).

Let V = {v1,...,vq} be a Mal’cev basis of n strongly based on T" (see
for details). Fixing this basis, we identify C>°(n) with C*°(R%) simply writing

d
10) (szvz> = ¢(x1,22,...,24), Y(x1,...,24) € R,
i=1

Thus, making some abuse of notation, we shall assume that
C%(P) € C®(N) = C*(n) = C*(RY) 9)

Now let us analyze some of the equivariant conditions a function ¢ € C°°(R%)
must satisfy to belong to C*°(P). First, since v1 € Z(n) (and exp(Zv;) € T'),

3Consider the T'-action on N given by right translations.

10



we conclude that, if ¢ € C°(P) C C*(R?), then it is Z-periodic in its first
variable. Hence, we can consider the Fourier-like development

d(x1,22,...24) = Z ég)(gc% oy mg)edmihe (10)

k€EZ

where each ¢Z,(€1) € C>*(RI1). Here, the 0" Fourier-function qgél) has a par-
ticularly nice interpretation: it can be naturally considered as defined on the
nilpotent Lie group NV := N /N(1), or more precisely, on the the compact
nilmanifold NW /T4 (see §2.3.4| for these notations).

On the other hand, observe that the basis {vz 4+ 11y, v3 +nq1y,...,v4 +ny}
is a Mal’cev one for n/n( strongly based on the lattice ré = L/T ).

That means we can repeat our previous argument to prove that qg(()l) is Z-
periodic on its first variable, and hence, we can consider the Fourier-like devel-
opment

~(1 (2 )
(() )(ajg, ceyTg) = Z (;5,(C )(xg, . ,xd)e%”k“.
kez

Once again, the Fourier-coefficient function (582) can be considered as an
element of C>®°(N® /T(?) and the set {vs + Ny, .-, Vd + gy} is a Mal'cev
basis strongly based on I'(?).

By induction, we get a family of Fourier-like coefficients

Agcj) € C*R¥), Vje{l,...,d}, VkeZ,

where each (/A)(()j) € C®(NW/T®) ¢ C>(R7) and satisfies
A(()j) (l‘j+1, AN $d) = Z (il(cj+1)($j+2, AN ,.’L‘d)€27rikxj+l.
kEZ

Now we proceed to define the pseudo-polynomials on P: we shall say that
¢ € C*(P) is a pseudo-polynomial (with respect to V) of degree less or equal
than n € N iff

¢fl(€j) =0, foreveryje€{l,...,d}and |k|>n.

The linear space of pseudo-polynomials on P will be denoted by ‘Bol(P) and
we shall write ol (P) for the subspace of pseudo-polynomials with degree at
most n.

Notice that M = T x P is a compact nilmanifold itself, hence we can talk
about pseudo-polynomials on M. In this case, we shall add the vector vy := 0
(which generated the Lie algebra of R) to the basis V, and hence any function
¢ € C°°(M) will be written in coordinates (¢, z1,...,xq), being ¢ Z-periodic on
its first coordinate, too. So, we can also consider the Fourier-like development

ot x1,...,2q) = Zél(c()) (21, ..., 2q)e2™

keZ

with each (;AS,(CO) € C*(P). Of course, by analogy with our definition of pseudo-
polynomials on P, we define

Pol,, (M) := {¢p € C=(M) : o € Pol,,(P), 4" =0, V|k| > n}.
Combining an inductive argument on the dimension of M with classical

Fourier theory one can easily show

11



Proposition 4.1. The linear space

Pol(M) = | Bol, (M)

n>0
is dense in C°(M). In particular, this implies that the family (V3,) given by
Vi = Pol,,(M)NCF (M), VYn>1
is a filtration of C;°(M).

Now we will prove Lemma assuming the filtration (V,,) is given by Propo-
sition A1k

Proof of Lemma |3.4 in the nilpotent case. Let us write d := dim N. We will
recursively define, for & € {0,1,...,d}, two sequences vy, € C°°(T,N) and
(gx) C N satisfying the following condition: there exists a constant Cj, € R such
that for every p € Z coprime with g and every ¢ € V,,,

S, n00) = Crdg? (TN ®), Wtz TN, (11)

where H, = Hy,, C SW(T x P) and considering q@ék) as a complex function
on N#) = N/Ny (see E for notations).
At this point it is important to notice that, since ¢ € V,, C C°(M), then

/ (g(()k) dv =0, forevery0<Ek<d.
P

Thus, in particular, the complex number ((,d) is equal to zero, and so, condition
for k = d means that the Birkhoff sum vanishes. By Lemma this is
equivalent to ¢ € B(HdTp/qucjl, C™).

Now let us start with the case k = 0. Observe that without lost of generality
we can assume n < ¢o. Let us define vy = 1n (so, Hy = idps) and Gy = qo.
Hence, for every ¢ € V,,, and every p € Z coprime with gy, we have

Go—1
d _ } : . p
SI:;)OTP H&1¢(t7$) - — ¢(t+j%7x)
i=

/do

(12)

qo—1 )
I T L _
=Y S d0 (@)t ) = gl (),

=0 |¢|<n

for every (t,z) € R x R, So, condition is verified for k£ = 0.

Now, suppose we have already defined v, € C°°(T, N) (and then, Hy_; =
Ho~p , € SWP(TxG/H)) and Gx—1 € N, with 1 < k < d, then let us construct
Yk and Gg.

To do this, we start considering an auxiliary C*°-function p: [0,1] — [0, 1]
satisfying the following conditions:

(7) p(t) =0, for every t in a neighborhood of 0;

(ii) p(t) = 1, for every t in a neighborhood of 1;

12



(i5i) p'(t) > 0, for all ¢;
(iv) p(1—1t)=1—p(t), for all ¢t.
Then, we use p to define a new auxiliary function n: [0,1] — R as follows:
2qot .
. p(2qot — | 2qot] ) + 1 ;13 J, o ?f te [?, %),
p(200(1 — 1) = [200(1 — )] ) + =0 if t e [5,1]

In this way, 1 turns to be smooth and it vanishes in some neighborhoods of 0
and 1, so we can consider it as an element of C°°(T,RR). Observe that for any
m € Z\ {0} with |m| < go and any ¢ € T, it holds

2qo—1 qo—1
S epmimntt/2) — § (ezmmm(t)w/qo) +e—2ﬂim(ﬁ(t)+€/QO)) —0. (13)
£=0 £=0

Then we define
qx = 2qr—140,
and 7y, € C*°(T, N) by

Vi (t) := Ye-1(t) exp(n(qr—-1t)vr), VteT.

Assuming the inductive hypothesis, let us prove condition holds for k,
too. Let p € Z be any number coprime with Gi, ¢ € V,, arbitrary and (¢, x) be
any point in T x N. Then we have:

~ qr—1
SifkTp a0 2) Z¢<t+77k< + = )Vk(f)_liU)

/ay

2q0—1qr-1—1

= Z Z ¢><<t+ )+q:l,’yk<<t+qi)+j>'yk(t)lx>

- k-1
2(]0 1 E
=Cr—1 Z o (exp< <Qk_1t+ 2q)vk>7k(t)1xN(k1>)
0
2q0 1
je=1) (5 5 £y - - 14
= Ck-1 Z oY <-Tk +77<Qk—1t+ 2>,xk+1,...,xd> (14)
£=0 d0
2q071
=Cro1 Y Y W (@, ..., Ea)ePm @1t 200))
£=0 |m|<n
2q0—1
= Ck-1 Z O (Fpyr, ..., &q)e2 ™M Z e2mimn(t-+£/2q0)
|m|<n £=0
= QOCk—u%k) (Tha1y- - Td) = QOCk_u%k) (,Yk(t)—lxN(k))7
where the sixth equality is consequence of and where (Zg,ZTgt1,---,Lq)

denotes the “coordinates” of the point yk_H( ) Lz N®=1 in the Lie algebra
n*=1 ie. they satisfy the following equation:

TpVg + Tpp1Vk41 + ..o+ Zgvag + 1) = eXp;,lw_n (v () taNE=),

In this way, shows condition holds for k, finishing the proof of the
lemma. O
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5 The compact case

We start this section with a geometric construction which is completely inde-
pendent of the homogeneous structure of the supporting manifold. So, for the
time being, let us suppose M is an arbitrary smooth connected closed manifold
and p any Borel probability measure on M.

5.1 Equidistributed loops

Given a finite dimensional subspace E' C C5°(M), a smooth loop v € C>(T, M)
is said to be FE-equidistributed when there exists m € N such that

m—1

i:qﬁ(’y@—&—gl)) —0, VteT, VécE. (15)

j=0
The number m will be called the period of the loop.

Theorem 5.1. For every finite dimensional subspace E C C° (M), there exists
a smooth E-equidistributed loop § € C*°(T, M).

Proof. Let N :=dim F and (¢;)}¥, be a basis of E, and define ®: M — RY by
O(x) := (Pp1(x),...,on(x)), for every x € M. For each m € M, let us write

O (2, ) =Y B(ay) €RN, V(m,. . am) € MM
j=1

Let us consider the sets Y™, Z(™) < M™ given by
v .={z e M™: D®,,(z): TM™ — R" is surjective} , (16)
Zm = {zeM™:®,(z)=0cRV}, (17)

and then define X(™) := y(m) o z(m),
We divide the rest of the proof in several lemmas:

Lemma 5.2. For every n > N, the set Y™ is non-empty.

Proof of Lemma[5.3. First observe that, given any n > 1,

n
DM (V1) = Z D&, (vj), (18)
j=1
for every (z1,...,2,) € M™ and every (vi,...,vn) € T(4,,... 2, M". This lets

us affirm that for any k,n € N and any “forget-some-coordinate” projection
pr: M™tk — M, it holds

prol(y(M) c y(nth), (19)

That means it is enough to show Y (™) is non-empty. Reasoning by contra-
diction, suppose this is not the case. By , this implies the set

{D®,(v):z € M, veT,M}

14



is contained in a proper linear sub-space of RY, and therefore, we can find a
non-identically zero linear functional £: RY — R such that D(L o ®), = 0, for
every © € M. Of course, since we are assuming M is connected, this implies
Lo®: M — RV is a constant function. Since the coordinate functions of ®

(i.e. functions ¢1,...,¢n) have zero integral with respect to p, we conclude
that £ o ® = 0, contradicting the linear independence of the set (¢;)~ ;. So,
YN £ (), and by (19), we get Y (") £ (), for every n > N. O

Lemma 5.3. There exists m € N such that X(™) is non-empty.

Proof of Lemma[5.3 Consider the set

Co = {ij@(xj) ERN iz, € M, \j >0, Vje{l,...,n}}.

n>1 * j=1

Observe Cg is a convex cone in RY. We claim Cg = RY. In fact, if this would
not be the case, then there should exist a non-null linear functional £: RV — R
such that £(y) > 0 for every y € Cp C RY and, in particular, £(®(x)) > 0,
for every x € M. But since the coordinate functions of ® belong to C3°(M), it
holds

/ L(P(x)) dp = 0.
M
Hence, £ o ® should be identically equal to zero, contradicting the linear inde-

pendence of the coordinate functions (¢;)¥ ;. Thus, Ce = RY.
By Lemma YY) is non-empty, so we can consider an arbitrary point

(#1,...,2N) € Y(N). By our previous assertion about Cg, there exist n € N,
positive numbers Aq,..., A\, and points x1,...,x, € M such that
n N
D N®(w) = —Bn(z1,.. . 2n) = — Y B(z). (20)
j=1 j=1

Now, since ®n(Y™)) is open in RY, we can assume (up to an arbitrary
small perturbation of the points z1,...,2y) that each A; € Q, and hence we
can find p1,...,pn,q € N such that A; = p;/q, for each 1 < j < n. Now, we
define m = gN + 3>, p; and we claim X(m) £ @ In fact, if we define
(w1,...,wy) € M™ by

21j/q1, 1 <j<gN,
w; =
! Tk, if qN < .7 S qN+ Z;f:lpla

from we easily conclude (wy, ..., wy,) € X(™), O

Now, for each n > 2, let us consider the diffecomorphism o,: M™ — M"
given by

on(T1, 00, ... xy) = (T2, ..., Tp,11), V(T1,...,2,) € M".

And we shall prove our last

Lemma 5.4. There exist m > 1 and z2 € X™) such that 0,,(2) € cc(X™), 7).

15



Proof of Lemma[5.4 Let mo be a natural number such that X (mo) is non-
empty, and let 2 = (z1,...,%,,,) be any point in X(™0) For each ¢ € N,
let us consider the point z(9) = (z§q), zéq), ce z((ﬁ,)m) € X (amo) given by

z](~q) =xrj/q,  for 1< j < gmo.

We claim that o, (2(?) € ce(X(@™0) 2(@) provided q is sufficiently large.
To prove this, we shall construct a continuous curve p: [0, 1] — X (@mo)  pfamo,
with p(0) = 2@ and p(1) = ogm, (2(7™0)).

For each 1 < j < gmg, we write p;: [0,1] — M for the j*-coordinate
function of p, i.e. p(t) = (p1(t), p2(t), - - -, Pgmo (t)) € MI™0.

We start defining p on the interval [0,1/2]. To do that, fitst let us consider

continuous paths o = (aq,...,am,): [0,1] = M™° such that
a;(0) = z;, a;(1) = zi41, for 1 <1i < mg,
Qo (0) = Ty, Qo (1) = 1.

Now, we choose a (small) neighborhood U of Z in M™° such that U C Y ("™0)
and U N X (™) is connected. Since ®(™0) is a submersion on Y ("0 we can find
a continuous path 8: [0,1] — U C M™° satisfying 5(0) = Zz and

om0 (B(1)) = _W, vt € [0,1], (21)

provided gq is sufficiently large. Notice that, since (1) € X (™), then £(1) also
belongs to X (M0) itself.
Then, we define each coordinate function of the path p on [0,1/2] by

j aje(2t), if j€{q,2q,...,moq},

and every t € [0,1/2]. Notice that, as a consequence of (21)), p(t) € X(@m0) for
every ¢t € [0,1/2].

In order to define path p on [1/2,1], let us consider a continuous path
v:[0,1] — X(™) joining B(1) to Z. Such a path v does exist because both
points (1) and Z belong to U N X (mo) which is a connected open set of the
smooth manifold X ™0 and hence, it is arc-wise connected.

Finally, we define p on [1/2,1] by

Va2t =1), ifj &qZ
pi(t) == xj41, if j € gZ and 1 < j < qmy,
x1, J = qmo.
In this way, p is clearly a continuous path contained in X (¢%0) and joins p(0)

—z
to p(1) = ogm, (), as desired. O

Finally, let m and z € X as in Lemma Since X(™) < M™ is a
om-invariant embedded submanifold, and o, is an m-periodic diffeomorphism,
we can find a smooth loop § € C*°(T, X (™)) satisfying

é(t + ;) =om(0(t), VteT. (22)
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Then, for any ¢ € T, if we write 0(t) = (01(t),...,0,(t)) € M™, it holds

m

RN 50= 00 (01(1),....0n(t) = Y @(0;(t) = i®<91(t+ 5]1))

Jj= Jj=1

where last equality is consequence of .
Thus, 6 = 6, is a smooth E-equidistributed loop, as desired. O

5.2 The filtration in the compact case

In this section we construct the filtration of C°(T x P) in order to prove
Lemma [3.21

To do this, we return to our homogeneous setting, assuming G is a compact
(connected) Lie group, H < G a closed subgroup, P = G/H and M =T x P.
For the sake of simplicity of the exposition, we start assuming H = {1 }. The
general case will be easily gotten from this particular one.

If v denotes the Haar (probability) measure on G, there are two unitary
representations of G on LE(G,vg) := {¢ € L*(G,vq) : [ ¢gvg = 0} given by

(Lg9) (@) := o9~ ),

) (23)
(Ryo)(x) = 6(zg). Vg.z € G, ¥ € LY(G.vc).

By the classical Peter-Weyl theorem, we know left action L decomposes in a
direct sum of finite-dimensional irreducible sub-representations, i.e. there exists
a family (E,),>1 of finite-dimension subspaces of L}(G,vg) such that @, E,
is dense in L(%(G7 vg) and each E, is L-invariant, with no proper L-invariant
subspace contained in E,. Moreover, these spaces satisfy E, C Cpo(G) =
C>(G)NL3(G,vg), for every n > 1 and they are also R-invariant (for instance,
see §3.3 in [Sep07] for details).

In particular, this implies that, if v: T — G an E,-equidistributed with
period m, then

m—1 ] m—1 ]
So(a(t+L)e) = S ma(a(e+ L)) =0 e

Jj=0 J=0

for every t € T, every « € G and any ¢ € F,,. .
Now, for each ¢ € C°°(M) and every k € Z, we define ¢, € C(G) by

br(x) == / p(t,x)e 2"kt At Yz € G, (25)
T
and
Vii=SoeCrX(M):doc @ E;, o =0, VI[k|>n . (26)
i<n

By Peter-Weyl theorem and classical Fourier series arguments we have

Lemma 5.5. The family (V,,) given by is a filtration for C°(M).
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Proof of Lemma in the compact case. Let us consider the filtration (V;);>1
given by . As we did in the nilpotent case, without lost of generality we can
assume n < qq.

Let 4 € C*(T,G) be a (@jgk Ej>—equidistributed loop in G, and let m be
its period. Then let us define v: T — G by ~(t) := (qot) and write § := gon.
Notice Ho, € SW™(T x G) clearly commutes with 7,4, . Let us show that
condition (ii) of Lemma also holds.

To do that, let p be any integer coprime with ¢ and let us consider an
arbitrary ¢ € V,,. Once again we consider the Fourier-like development of ¢:

= Z Qge(ﬂf)e%m, Y(t,z) € T x G,

le]<n

where each ¢, € C°°(G) is given by and ¢y € D,<. B
Then we have, -

Ho,4Typ/q

g—1 . .
q J J
S? Hy 1¢(t IE): : ¢<t+q7’y<t+q>x)

j=0
qg—1
= ¢(t+ z th+ j) >
7=0 q
qg—1
_ e( ot+ ) 2mil(t+4)
Jj=0 |€
go—1m k ) Dk
Z ( (QQt+~)$)€2ﬂle(t+%+m) (27)
§=0 k=0 |[¢|<n m

i n k ik %1 i
e27rz€ Z (;5 (,7 (th + m)’”) eQ‘n’zéﬁ Z GQFZE%
k=0 =0

for every t € T and every z € G, and where the last equality is a consequence

and invariance by R, of @, E
Th -1 .
us, by Lemma it follows from that Vi, C B(Ho~Tp/qH, ), as
desired. O

5.3 The case H # {15}

Now, let us suppose H < G is a proper closed subgroup. Since GG and H are both
compact, they admit unique Haar probability measures, which will be denoted
by vg and vy, respectively. The Haar measure on G/H will be simply denoted
by v.
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We will write 7y : G — G/H for the canonical projection and we can define
the linear operator Il : C°°(G) — C*(G/H) by

My (gH) = /H Wlgz) dvir(z), Wb € C=(C),

Let us remark that IIy is continuous, closed and surjective (in fact, the
pull-back by 7y is a section of IIy) and satisfies Il (Cy2 (G)) = C°(G/H).
In particular, the family (I (E};)),;>1, where spaces E; are defined as in §5.2
turns to be a filtration of C3°(G/H), where each Il (E;) has finite dimension.

Then, we have the following

Lemma 5.6. If v € C°(T,G) is an Ey-equidistributed loop (with k € N arbi-
trary), then mg oy is a g (EY)-equidistributed loop on G/H.

Proof. Let m denote the period of v and ¢ € Ej be arbitrary. Then we have

m—1

jgo HH(¢)<7rHov(t+7i)) :§A¢(7(t+£>y) dvsr ()
:/Hcgap(q(wi)y)) dvsr ()
-/ (E(Ryw(v(w;))) via(y) =,

j=0
where last equality is consequence of the R-invariance of space Ey. O

Now, using Lemma we can easily extend our proof of to the case
where H is a proper subgroup. In fact, given any ¢ € C°(T x G/H) and any
k € Z, once again we can define ¢, € C*°(G/H) by

br(gH) := / o(t,gH)e*™ " dt, VgH € G/H,
T

and so (re)define the filtration (V;,)nen of C5°(T x G/ H) analogously to (26)):

Voi=4¢€CX(TxG/H): ¢ € PNu(E)), b =0, V|k|>np, YneN,

Jj<n

Then, invoking Lemma [5.6| and the above filtration, mutatis mutandis we
can extend the proof of Lemma we did in in the case H = {1} to the

general one.
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