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AN EFFECTIVE VERSION OF KATOK’S HORSESHOE THEOREM
FOR CONSERVATIVE C? SURFACE DIFFEOMORPHISMS

BASSAM FAYAD AND ZHIYUAN ZHANG
(Communicated by Omri Sarig)

ABSTRACT. For area preserving C2 surface diffeomorphisms, we give an ex-
plicit finite information condition on the exponential growth of the number
of Bowen’s (1, 8)-balls needed to cover a positive proportion of the space, that
is sufficient to guarantee positive topological entropy. This can be seen as an
effective version of Katok’s horseshoe theorem in the conservative setting. We
also show that the analogous result is false in dimension larger than 3.

1. INTRODUCTION

Let X be a compact smooth surface with a Riemannian metric. Denote by
Diff; | (X) the group of C" diffeomorphisms which preserve the volume form m
induced by the Riemannian metric. Without loss of generality, we assume that
m(X)=1.

A well-known result of Katok, based on Pesin theory, says that if f € Diff'*¢(X)
has non-zero Lyapunov exponent for some f-invariant non-atomic ergodic mea-
sure, then the topological entropy of f is positive and that f actually has invari-
ant horseshoes that carry most of the topological entropy (see, for example, [5]
or [6]). In particular, this is the case for any f € Diff‘llgf(X) having positive Lya-
punov exponents on a positive measure set, or, in other words, when f has
positive metric entropy by Pesin’s formula.

Besides the positivity of Lyapunov exponents, another manifestation of pos-
itive metric entropy is the exponential rate of growth of the Bowen (n,§)-balls
(see Definition 1) that are needed to cover a definite proportion of X (see, for
example, [6]).

DEFINITION 1. Given a continuous map f: X — X. For any § > 0, integer n=1,
any x € X, we define Bowen’s (n,0)-ball centered at x by

Bf(x,n,a)z{y|d(f"(x),f"(y)) <6, V0s<is n—1}.

Given an f-invariant measure u. For any € € (0,1), let Nf(n,5,£) = infy, #U,
where U is taken over all the subsets of {By(x,n,8)} ., such that the union
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of the (n,d)-balls in U/ has u-measure not less than 1 —¢. For a finite set I, we
use #I to denote the cardinality of I.

By the sub-multiplicative growth of the number of Bowen balls and Katok’s
horseshoe theorem, the following statement is true by compactness.

Fact: Given f € Diff2(X) so that the C*> norm of f is bounded by D > 0, and
h,6,e > 0. Then there exists ng = no(D, h,8,€) >0 such that if Ng(n,6,¢) = enh
for some integer n > ny, then f has positive topological entropy.

Sketch of proof. Assume by contradiction that there exists h,6,€ > 0 and a se-
quence f; with a uniform bound on its C? norm for which N fn(n,6,£) > elth
and hyop(f,) = 0. By compactness we can, up to passing to a subsequence, as-
sume that f,, has a limit f that is C'*P_ Since for any g, the minimal number
Ng(n,5) needed to cover all of X is essentially sub-multiplicative in n, we have
that for a fixed k € N, and for any 7 sufficiently large N fn(k, 8) = ek"'2 There-
fore N¢(k,6) = ek"'2 for any k € N and hence f has positive topological entropy.
By Katok’s horseshoe theorem, this contradicts the assumption hyop (f) = 0 for
all n. O

In this paper, we will give a direct proof of the above fact for area preserv-
ing f, that also provides an explicit upper bound for ny (D, k,8,€). Our bound
will essentially be a tower-exponential of height K ~ log(lO%A) where A= | flc.
The norm of the second derivative of f enters into the argument of the tower-
exponential bound. We will not use in our proof any ergodic theory.

Our main tool is a finite information closing lemma for a map ge Diff‘zlol(X )
that generalizes the one obtained in [2, Theorem 4]. [2, Theorem 4] asserts that
if x is such that [Dg7(x)| is comparable to |Dg|?? where 8 is close to 1 and g
is sufficiently large compared to powers of the C?> norm of g, then there exists
a hyperbolic periodic point that shadows a piece of a length g orbit of x. A
similar effective closing lemma was previously obtained by Climenhaga and
Pesin in [4] for C 1+E-diffeomorphisms in any dimension, assuming however
the existence of a splitting of the tangent spaces along a long orbit with some
additional estimates of effective hyperbolicity. For an interesting application of
the latter effective approach, we refer the reader to [3]. In this note we will need
a generalized version of the effective closing lemma in [2] that gives a shadowing
of x by a hyperbolic periodic orbit, even when |Dg¥(x)| is much smaller than
|Dg|%4, provided that |Dg9(x)| = |Dg(g'(x))|?9, for most of the i € [0,q]. An
inductive use of this closing lemma allows one to obtain, under the growth
condition of the (n,§)-balls, sufficiently many hyperbolic periodic points with a
good control on their local stable and unstable manifolds to insure the existence
of a horseshoe. Note that, in order to exploit the growth condition of the Bowen
balls, we need sufficiently precise informations from the shadowing property,
which are not covered by the direct bootstrapping of [2, Theorem 4].

With the same approach, we are also able to conclude positive topological
entropy from derivative growth at an explicit time scale along a single, yet not
too concentrated, orbit.
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1.1. Statements of the main results. Throughout this note, X is a compact sur-
face with a volume form m. Without loss of generality, we assume that m(X) = 1.
We will denote by f: X — X a C? diffeomorphism that preserves m such that
for constants A,D >0,

(%) { IDf| < A,

|D?f| < D.

Here |Df|, |D?f| denote respectively the supremum of the first and second
derivatives of f.

All the constants that appear in the text will implicitly depend on the sur-
face X.

To simplify notations, we define the following.

DEFINITION 2. For Ry, R; >0, K € Z,, we define function Tower : R2 x Z, — R
by the following recurrence relation,
ROr K= ]-)

(1.1 Tower(Ry, Ry, K) = {RlToweﬂRo’R"K‘”, K=2.

Our main result is the following.
THEOREM A. There exists a constant Cy = Cy(X) > 0 such that the following is
true. Forany A,D > 1, he (0,logA], €€(0,1), 6 >0, denote by

log A
1.2) Po = max(e™!e@U0sT 4G o ptogsh,

(1.3) P = ecohfllongogA.

Iff : X — X is a C? diffeomorphism preserving m that satisfies (), and N t(n,6,¢)

> elth for some n = Tower(Py, Py, Ky), where Ky = [Cy log(lo%A) + Cyl, then f has
positive topological entropy.

Theorem A gives positive topological entropy from complexity growth at an
explicit large time scale. Some adaptation of the proof also allows us to conclude
positive topological entropy from derivative growth at an explicit time scale
along a single, yet not too concentrated, orbit. To precisely formulate such a
result, we introduce the following notation.

DEFINITION 3. Given a continuous map f: X — X, for any subset I c Z, any
x € X, we set Orb(f,x,I) ={f(x) | i € I}. For constants ¢,6 >0, € (0,1), we say
that x is (n,c,6,¢)-sparse if for any subset I c{0,...,n—1} satisfying |I| > cn we
have m(B(Orb(f, x,1),0)) > €.

THEOREM B. There exists a constant Cy = Cy(X) > 0 such that the following is
true. Forany A,D>1, he (0,logA], e€(0,1), let

logA\\2 -1
Co(log( " )) +C0, })1 — eC()h lOngOgA

Py = ete
If f : X — X is a C? diffeomorphism preserving m that satisfies (x), and there
exists x € X such that for some n = Tower(Py, P1,Ky), where Ky = [Cy 10g(1°}g11“) +

Co|, we have
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« IDf(x)]> e,
e x is (n, Tower(Py, Py, Ko —1)~1, D= Tower(Po,PLKo=1) o) _spgrse,

then f has positive topological entropy.

Observe that a non-concentration condition, such as the second condition
of Theorem B, is necessary to conclude positive entropy, for otherwise x could
just belong to a hyperbolic periodic orbit with a small period.

We remark that Theorem A does not hold in general in dimension at least 4
as the following example shows.

EXAMPLE 4. Denote by {g;};cr a geodesic flow on Y := §; M, the unit tangent
space of a hyperbolic surface M, preserving the Liouville measure u. We set
ho := h,(g1) >0. Let T =R/Z be the circle and let ¢ € C*°(T) be a function such
that [} ¢d6 =0 and ‘P|[0,%] = 1. For any a € R, denote by R, : T — T the rotation
6 — 0 + a[1], and consider the C> map f,: T x Y — T x Y defined as follows:
fa0,0)=00+a,gp0(x), V@,x)eTxY.

Observe that for any a € R, f,, preserves the smooth measure v := Lebt x .
It is clear that sup .yl falc2 < co. Moreover, we have the following which shows
that Theorem A does not hold in general in dimension at least 4.

PROPOSITION 5. We have that

(1) For any a € R—Q, the topological entropy hop(fa) = 0.
(2) There exists 6 > 0 such that for any € € (0,1), any integer ny > 0, there exists

nh
n>ny, @ € T, such that for any a € [0, @] it holds that Ny, (n,6,¢€) > ez .

Proof. Abramov-Rohlin formula [1] for the entropy of a skew product yields (1).
To see (1) directly, let (g,)nen be the sequence of denominators of the best
rational approximations of @. Then by Denjoy-Koksma theorem, the partial
sums S, ¢ defined as Sg, ¢ (0) := Z?ﬁ;l @p@+ia),V 0eT, converge uniformly in
the C* topology to 0, as n tends to infinity. By direct computations, we see that

fa"0,x)=00+ qn®, 8s,,®) x), V@@,x)eTxY.

This implies that £, converge to Id in the C® topology, as 7 tends to infinty. By
Ruelle’s entropy inequality, such convergence can happen only if hop(fo) = 0.
To see (2), we notice that by h,(g1) = ho > 0, there exists 6 > 0, such that for

any ¢ € (0,1), any ng > 0, there exists n > ny such that Ng, (n,0,¢€) > e%. Then
by choosing « to be sufficiently close to 0, so that ia € [0, %] forall0<i=<n, we
have f}(0,x) = (@+ia,gi(x)) for any (6,x) e Tx Y, any 0 < i < n. Then it is direct
to see that Ny, (n,6,€) = Ng,(n,6,¢) > e@. This concludes the proof. O

NOTATION 6. For any n = 1, any x € X, we will denote pu,, = % fn‘zloéfm(x).

For any x € X, any linear subspace E c T4 X and any r > 0, we denote Bg(r) =
{veE|lvi<r}. For any subset A< X and any r > 0, we denote B(A,r) =
{x|d(x,A) <r}. For any measurable subset K < X, we denote the measure
of K by |K]|:= m(K). For a finite set A, we use #A to denote the cardinality of A.
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We will use ¢, ¢y, ... to denote generic positive constants which are allowed to
vary from line to line, and may or may not depend on X, but independent of ev-
erything else. Under our notations, expressions like cA < B < cA are legitimate.
For two variables A, B > 0, we denote A > B (resp. A <« B) if we have A = c¢B
(resp. cA < B) for some constant ¢ as above.

2. FROM HYPERBOLIC POINTS TO POSITIVE ENTROPY

DEFINITION 7. Let g: X — X bea C! diffeomorphism. For a € (0,7),r € (0,1), a
hyperbolic periodic point of g, denoted by y € X, is said to be (a, r)-hyperbolic
if the following is true. Let E*(y), E*(y) be respectively the stable and unstable
direction at y. Then

(1) The angle between E*(y) and E%(y) is at least a;

(2) The local stable (resp. local unstable) manifold of g at x contains the
set exp, (graph(ys)) (resp. exp,(graph(y,))), where v : Bpsy) (r) — E*(y)
(resp. Yy : Bpu(y) (r) — E*(y)) is a Lipschitz function such that y(0) = 0 and
Lip(ys) < 155 (resp. v, (0) = 0 and Lip(yy) < 155)-

Moreover, we denote expy(graph(ys)) (resp. expy(graph(yu))) by W;(y) (resp.
W)

For any a € (0, 1), r >0, the set of all (a, r)-hyperbolic points of g is denoted
by H(g, a, r). To simplify notations, for any A € (0,1), a (A2, /13)-hyperbolic point
of g is said to be A-hyperbolic. The set of all A-hyperbolic points of g is denoted
by H(g,A).

DEFINITION 8 (Heteroclinic intersection). For any C! diffeomorphism g: X —
X, for any two distinct hyperbolic periodic points of g denoted by p, g, we say
that p, g has a heteroclinic intersection, if the global stable submanifold of p in-
tersects transversely the global unstable manifold of g, and the global unstable
submanifold of p intersects transversely the global stable manifold of g.

The following proposition shows that for any given «, r, there cannot be too
many (&, r)-points unless there is a heteroclinic intersection.

PROPOSITION 9. There exist C1,C, > 1 depending only on X such that, for any
ae(0,m), any0<r< Cl‘l, ifa C! diffeomorphism g : X — X satisfy #H(g, a, 1) >
Cor~2a™*, then there exists a heteroclinic intersection for g. In particular, g has
positive topological entropy. In particular, if A < 1 and #H(g, 1) > A4, then
there exists a heteroclinic intersection for g.

Proof. In order to be able to measure the angles between vectors in nearby
tangent spaces, we cover the surface X by finitely many C* local charts {1 :
[-1,2]2 — X} veB indexed by B. For any three distinct points x, y,z € R?, let
Z(x,y,z) denote Z(x—y,z—y). For any >0, any v € R?>~ {0}, let C(v, ) :=
{u| L, v)<p}uiol.

We will choose {y:[-1,2]2 — X}weB and a constant ¢y > 0, depending only
on X, such that for any x € X, any v € B such that x € ([0,1]), for any vy, v» €
T X ~{0}, set X := ¢~ (x), D1 := Dy~ (x,v1), Do := Dy~ (x, 10), then:
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1. 271/ (v, ) < Z(D1, D) <24 (v1, 12);
2. If lv1], lval < 2¢5Y, then y~lexpy(v;) is defined and

27 L (01, v2) = Ly Vexp, (v1), £,y expy(v2)) < 2Z(v1, va).
We fix an arbitrary smooth measure 72 on compact manifold
X={(x,v1,v2) | x€ X,v1,v2€ T X, 1] = |val = ¢5 ' }.

Let ¢ > 0 be a large constant to determined later, and for any (x, vy, 15) € X, any
w € B so that x € ((0,1)?) and set

ol N ra A oA a
Qy(x,v1,v2) = { (yur,up) € X ’ |X-yl< C—,A(vl, ), £(02, 0p) < 0 }
1
Then there exists ¢, > 0 depending only on X, ¢, such that for all (x, vy, vp) € X,
any vy € B so that x € w((0, 1)%), we have

My (Qy(x, v1,12))) > ¢; ' rPa’.

By pigeonhole principle, there exists a constant c3 > 0 depending only on
X, co, such that whenever #H(g,a,r) > c3r2a~*, there exists a chart v € B,
Vi, v;‘, vl’.‘) € X, i=1,2 so that

(1) y1,¥2 € H(g, a, 1) nw((0,1)) are two distinct points;

(2) Fori=1,2, é(vf, Ul?‘) < %, and vf (resp. v;’) lies in the stable (resp. unsta-

ble) direction of y;;

(3) Qu(y1, v}, v])NQy(y2, v3,v)) # B.

This implies that |71 - ya| < 2%, Z(9],03) < 45 and Z(d}!, 0) < 55.

For i = 1,2, let us denote «a; = 4(1/1?‘, vf). By the definition of H(g,a,r) we
have a1, @> = a. Then 4(171.”, ﬁf) >2"lq; for i = 1,2. Moreover for r < 1, we have
Y OWE(yi) < §i + C(0Y, 3 a;) since there exists vy : Bgu(y,) (r) — E*(y;) with
Lip(y,) < ﬁ, such that W}/ (y;) = exp,, graph(y,) and graph(y,) < C(v/, ﬁai).
Similarly, we have ¢~ VS (1)) € §i + C(D5, 55 ).

By straightforward calculations, when c¢; is chosen to be sufficiently large,
y1,¥2 above have a heteroclinic intersection. Thus for any r < 1, any C! diffeo-
morphism g: X — X so that #H(g,a,r) > r~?a™*, there exists a heteroclinic
intersection for g. It is a standard fact that for C! surface diffeomorphism, the
existence of a heteroclinic intersection implies positive topological entropy. This
concludes the proof. O

3. A CLOSING LEMMA

DEFINITION 10. For any n > 0, any integer [ > 0, any C° map g: X — X, any
subset Y c X, a point x € X is said to be (1,1, g)-recurrent for Y if we have

1 .
7#{05]‘5 I-1]g/ e Y}>17.
For any subset Y c X, we denote by
R(Y,n,1,8 :={1,1,g-recurrent points for Y }.
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If in addition g: X — X is a C! diffeomorphism, we set for any A, ¢ > 0 that

3.1 GAé&g = U B (1, €).
yeEH(gA)

By our definition, we clearly have G(A,¢,8) = G(A,¢, gk) for any k = 1, since
H(g,A) =H(gk A) for any k= 1.

The theorem [2, Theorem 4] can be strengthened to prove the following
proposition.
PROPOSITION 11. There exist absolute constants C > 0, 6, € (%,1), and C =
C(X) > 1+ C such that the following is true. For each A > 1, we set

3.2) n=n(A):=C A2 €(0,1).
Let g: X — X be a C? diffeomorphism preserving m. If for A, = C, D1 = Ay, an
integer q = chA and x € X, we have the following:

(D) |Dgl < A},

(2) ID*gl=< Dy, o

3) xe R({y|IDgyI>A," },n,9,8), or equivalently,

1 . ,
3#{05]'567—1 ) IDg(g! (1)) < AY b=1-n,

4) |Dg%(x)|> A],

then
q

. = ~onCA
xeF(A1,D1,Aq,8):= | g/ (GO A, g).
1<j<q

The proof of Proposition 11 follows closely that of [2, Theorem 4]. In our case
we need to get more precise informations on the regularity of local invariant
manifolds, as well as the location of the hyperbolic point. We defer its proof to
Appendix A relying on many estimates from [2].

4. ESTIMATES ALONG A TOWER EXPONENTIAL SEQUENCE

Without loss of generality, we will always assume that D, A in Theorem A, B
satisfy

(4.1) D>A>1.

Then we can assume that for any C?> map g : X — X such that |Dg|,|D?g| < D,
we have

ID?g%| < D?*, Vik=1.

Let C,C,0, be defined in Proposition 11. For D, A, h given in Theorem A or B,
set C’ to be a large positive constant depending only on X to be determined
later. We set

4.2) A

_l6logA K:[log(%)
h —logb,
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Define
4.3) H=H(X,A h):=C'A.

In the following, let n = 1 be given by Theorem A or B. Moreover, we will assume
that Cy = Cy(X) > C’ where C is given by Theorem A or B.
Given ¢ € (0,1), we inductively define {g X} and {I;}5_, as follows:

k=0
(4.4) go = [ 1€ 108N
ws) l D), 0<k<K-1 l

' k- (2, k=K » Gk+1 = Gilg
For 0 < k<K, we set

B s gk+1
4.6) Ae=D2CAa g = A o0
and set
Qo = 6—1eC’(logA)2y Q) = £20C'h'logDlog A

We have the following lemma.
LEMMA 12.
h

(1) et < A% < ei;
(2) Forany C'> 1, forall0< k <K-1, we have

DU < [ < Tower(Qq, Q1, k +2).

If n > Tower(Qo, Q1, K +3), then lg = DIxH .
(3) For any C' > 1, set 5y = D~ 1ower(Qo.Quk+1) e have

fl' = 60! 60 < mln(li(:é‘())r

C%z'_umax((so»fi) <g VO0=sisK.

Proof. We omit the proof since this lemma is derived from the definitions of
K, H, gy, Ui, Ak, ¢k, Qo, Q1 by straightforward computations. O

We define for 0 < k < K,

(4.7) Gr:=GAk, ¢k ),

(4.8) Fii= FADO™ D2ac A [ £,

The following is a corollary of Proposition 11.

COROLLARY 13. Ifn > Tower(Qq, Q1,K +3), then for any 0 < k < K we have
xe R({y|IDFEGI> A% ), Ik, f7) U Fr = IDf% (x)] < A%n0"

Proof. By Lemma 12(2), if n > Tower(Qp, Q1, K +3) then for any 0 < k < K, we
have Ix = D9H, By our choice of A, D, we have

IDf%| < A%, |D?f%| <D?%, V0<k<K.
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We take any 0 < k < K and an arbitrary x € X suchk that | D f91 (x)| > Adk05"" 1t
suffices to show that x € R({y | |D fx(y)| > A9x0; }yn(A), lk,qu) U Fy. By Lem-
ma 12(1) we have

IDfI(x)] < A% < (AR T
IfxeR{y|IDf%WI> A"/ketl)c},n(A), Ik, f%), we are done. Otherwise, by (4.5),
(4.3) and by letting C' > C, we can verify conditions (1)-(4) in Proposition 11 for

(fx, A995™ | p2ax, IGlZgA, I;) in place of (g, A;, D1, A, ). We can apply Proposi-
tion 11 for map g = f9 to show that x € Fj. This completes the proof. O

The following is a straightforward consequence of Proposition 9.

COROLLARY 14. For all C' > 1 the following is true. If we have at least one of
following:
K-i
(1) there exists 0 < i < K such that |G;| = (IL—I)EIZ"
(2) there exists 0 < i < K —1 such that |B(G;, D~ Tower(Qo,QuK+3)y| 5 ¢

then f has a heteroclinic intersection, in which case f has positive topological
entropy.

We include the proof of Corollary 14 in Appendix B.

REMARK 15. Given A, D, h as in Theorem A or B, we will choose C’ to be sulffi-
ciently large so that the conclusions of both Lemma 12 and Corollary 14 hold.

5. AN ITERATIVE DECOMPOSITION

Now we say a few words about the general strategy behind the proof of Theo-
rem A and Theorem B. We will inductively define a sequence of decompositions
of the surface X, denoted by X = M; U E;. To start the induction, we define
My = X and Ey = @. Assume that for k = 0, we have defined My, Ej. satisfying
the following condition:

For each x € My, we have |D f7(x)| < A9

Then Ej.; is defined as the set of the points that up till some finite time scale,
either run into Ej with frequency =1, or is shadowed by hyperbolic orbits (of
course the first case does not happen if Ej. is empty). We will use Proposition 11
to show that the complement of E.,, defined as M., again satisfies the in-
duction hypothesis. We then argue that after roughly K = O(log(lo%’q)) steps,
Ek+1 has to be large. This will show that at some previous time scale, there are
enough different hyperbolic hyperbolic points to create a homoclinic intersec-
tion.

The formal construction is the following. For all 0 < k < K + 1, we define
My, Ex. through the following inductive formula. Let

(5-1) EO =9, MO =X
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and for all 0 < k < K, we define
(52) Ek+1 = R(Ek»r” lk! qu) Ufk,
(5.3) M1 = X~ Eg1

LEMMA 16. If n > Tower(Qo, Q1,K +3), then for any 0 < k < K+ 1 we have
xe Mg = |Df%(x)| < AN,

Proof. This is clear when k =0 by |Df| < A and sub-multiplicativity. Assume
that the lemma is valid for some integer k € {0, ..., K}, then {x||D f9(x)| > A05})
c Ey (we consider the inclusion valid if both sides are empty). By Corollary 13
and (5.2), we see that any x € X such that |D f7+1(x)| > A%19%"" is contained in
Ex+1. This completes the induction, thus finishes the proof. O

We will give the proof of Theorem A and B in the next two subsections. In the
following, we let C,0y be defined in Proposition 11, let A, D,k > 0 be given by
Theorem A or B, and let C’ be sulfficiently large depending only on X, satisfying
Remark 15.

5.1. Proof of Theorem A.

PROPOSITION 17. Let Cy in Theorem A be sufficiently large. Then under the
conditions of Theorem A, we have

|Ex+1l = €.
Proof. We first show the following lemma.

LEMMA 18. Let Cy in Theorem A be sufficiently large, and let n be given as in
Theorem A. Then for each y € Mk, we have

B(y,e ""58) < B4 (y,n,6).

Proof. 1t is clear from (4.5), Lemma 12(2) and D > 1 that
n n
—<slgs—+1<——.
qk qx 20 qx
Let y € Mk+. For each 0 <i < Ix — 1, we denote by

a; =log| DI (Fi9K ()|, &; = e 2PM3HAKN2Tinais g, = p(Fidr(y) 5;).

By letting Cy in Theorem A be sufficiently large, we can ensure that n > Tower (Py,
P, Kop) > Tower(Qop, Q1,K +3). Then by Lemma 12(1) and Lemma 16, we have
for each z € Mg, log|Df%(z)| < gx0X1og A < hqk/4. Then by y € Mg+1, (5.2)
and Lemma 16, we have y ¢ R ({z | log|D % (2)| > hqx/4},m, I, f9%), thus

#{Osile—1|al~>hT‘fK}san.

Since 0 < a; < gglog A for any 0 < i < [ — 1, we have
i-1 Ig=1
ZajS ajsanquogA+

j=0 Jj=0

Ikqrh _7lkqkh
=

, VO0=<i=<lIg-1.
24 K
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The last inequality follows from 7 < ﬁ which is a consequence of (4.2), (3.2)
and h € (0,log A]. Then for any 0 <i < Ix — 1, we have

(5.4) 5; < e~ 2nhi5+Ikqxhi3 5 e_%"hé‘.
We claim that for any integer 0 <i < Ix -1,
(5.5) fqu(Bo) cB;.

We first show that the above claim concludes the proof of our lemma. Indeed,
forany0<l<n, thereexist0<i<lg—1,0<j<qgx—-1suchthatl=igg+]j.
Then we have

F1Bo) = f1(f19% (By)) < f1(B;) < B(f'(),6)
The last inclusion follows from A9§; < A9<e ""205 < 5, by |DfI| < A9X, (5.4)
and qu > M%D.

Now we obviously have (5.5) for i = 0. Assume that we have (5.5) for some
0=<i<lIg—-1, we will show that we have (5.5) for i + 1. It suffices to show that
f9%(B;) < Bj4+1- Using the C? bound |D2f‘7’<| < D29« and q—’; > 401+gD, we see
that for any z € B;,

IDfI%(z)| < % +6; D*I%
<% _’_DZqufnhlzoaS ea,-+th/24'

Since §;,1 = e%*h4x/245, we obtain f9<+(B;) c B;;1. This proves (5.5) and
concludes the proof of Lemma 18. O

To proceed with the proof of Proposition 17, observe that by Lemma 18,
My1 = X ~ Eg+1 can be covered by ce*”’55-2 many Bowen’s (n,8)-balls. By
(1.2), n > Py and by letting Cy be large, we have c§2 < eP5 < ¢""/5 Thus
Mp.1 can be covered by less than e”” many Bowen'’s (n,8)-balls. By our hy-
pothesis that N¢(n,d,¢) > e"" we obtain |Mg41] < 1 —¢. This implies that
|Ex+1l = €. O

Proof of Theorem A. Since f is area preserving, by Markov’s inequality we have
IR, L, fT <07 Eg.

Again by the fact that f is area preserving, we obtain the following inequality by
(5.2), (4.8)

(5.6) |Es1l =07 Ekl + 1 Fkl <07 Egl + Ll Gil.
By (5.6) and (5.1), we have
K .
|Exl <Y n'X11Gil.
i=0

Thus |Ex+1| = € implies that |G;| = 77K_i(1<+1)li for some 0 < i < K, which by

Corollary 14 (1) implies that f has positive entropy. O
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5.2. Proof of Theorem B. The proof of Theorem B is parallel to that of Theo-
rem A. The following proposition is an analogue of Proposition 17.

PROPOSITION 19. Let Cy in Theorem B be sufficiently large, and let n be as in
Theorem B. Then under the condition of Theorem B, we have

Ex) = .
/Jx,n( K) ZIOgA

We recall that py.,, = % s 0 pm(x)-

Proof. By letting Cy in Theorem A be sufficiently large, we can ensure that n >
Tower (Py, P1, Kp) > Tower(Qp, Q1, K +3). Then by Lemma 16, for each y € Mg,
we have |D f7x (y)] < A9 < o™5"

We let p; be the smallest integer p € {0,...,n— g} so that fP(x) € Mg. Then
for each integer j > 1 so that ¢y, ..., q; are defined and belong to {0,...,n— gk},
we let g1 be the first entry to M after pj+qg—1 if such entry exists, otherwise
we terminate the construction. We thus obtain {py,...,p;} € {0,...,n— gk} so
that I; := {pj,...,pj + qx — 1},1 < j < | are disjoint subsets of {0,...,n— 1} with
fPi(x) € Mg for all j; and for any k € {0,...,n—1} \Uﬁ':l I, we have fk(x) € Ek.

Then by sub-multiplicativity, we have

1
logIDf" () < ) logIDfI(fPi(x))|+ (n—lgx)log A
i=1

1
< Elth+ (n—1lgk)logA.

By the condition in Theorem B, we have log|D f"(x)| > nh. Thus n(logA - h) >

-1
lgx(log A— g). Then we see that uy, ,(Eg) = 1 an > Zl(flgA' O

Proof of Theorem B. For any measurable set B c X, any integers n,l/ = 1, any
x € X, we have

l
Hx,n(f_l(B)) =< ; + Uy, n(B).

Then for any k=0,---,K —1, by Markov’s inequality we have

Ig—1

,Ux,n(R(Ek;ny lk’qu)) = (nlk)_lf Z 1f_qu(Ek) dluJC,n
i=0

-1 )
<M"Y wan(f1%(Ey)

i=0

I—1 i
<l Y (aon(Bo) + 1K)

i=0 n

-1 dk+1

< E —_—
=N Mxn(Ep) + 2n1
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Similarly, we have

-1

,Ux,n(]:k) = Z ,Ux,n(f_iqk(gk))

i=0

= lk/Jx nGr)+ ——— qu+1

Then we have an inequality analogous to (5.6), as follows:

Pxn(Exs1) = ,ux,n(R(Ek;ny lk;qu)) + Uy, n(Fx)

qk+1

nn + lk,ux n(Gr) + bk .

=n ,Ux n(Ek) +

By the simple observation that [ = [y = 17_1 for all 0 < k < K, we have

&l —K+i+1 2liqiv1
txnEK) < )1 Uittx,n(Gi) + ——).
i=0
By (4.5) and Proposition 19, we see that there exists 0 < i < K —1 such that
K-i-1
1,7 h 2qklk—1 2
D=t - >[;°
,Ux,n(gz) i ( % ZIOgA . ) i
The last inequality follows from
K
2qxlx-1 - 2l <ol < e ClloBd? n-h ’
n Ix 4Klog A
Kp
N0 S0, vosisK-l,
4Klog A !

by letting C’ be larger than some absolute constant. In particular, by Lemma
12(2), (4.2), (4.4), (4.5) and by letting Cy in Theorem B be sufficiently large, we
have
tx,n(Gi) > Tower(Qo, Q1, K +1) 72 > Tower(Qo, Q1, K +2) 7,
Koy=zK+4, P;>Q;,i=0,1.
By the condition that x is (n, Tower(Py, P, Ko — nY D_TOWEI(PO'PDKO_”,5)—sparse
in Theorem B, we see that
|B(gi’D—TOWeI'(Qo,Ql,K-Fs))l 2 |B(gi’D—TOWer(Po,Pl,Ko—l))| > €.

This concludes the proof by Corollary 14(2). O

APPENDIX A.

In this section we prove the main technical result Proposition 11. We start
with a slight generalization of Pliss lemma [7].
LEMMA 20 (a variant of Pliss). For any real numbers N=1,1>60¢>0;>60,>0,
ne (0, % ]{,__HQ‘L ?\}:gj), for any integer n = 1, real number | > 0, the following is true.
Given a sequence of n real numbers a, ..., a,. Assume that

(1) ai< Nl foralll<i<n,
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(2) Z;’l:1 a; > nell)
@) #{1<i<n|a;>0pl}<nn.

929 1y indexes i’s such that %Z”’;‘l aj > 01 for all

Then there exist at least 5 Al
2 ]=

l<k=sn+1-i.

Proof. Denote by
A::{i|there exists 1 <k <n+1-i such that %Z;J;’;_laj 5621}.

Without loss of generality, we assume that A # @, for otherwise the conclusion
of Lemma 20 is already true. We claim that A is contained in a non-empty set
Ic{l,..., n} satisfying that #il Y ie1 @i <621, Indeed, we can inductively construct
I as follows. We set Iy = @¢. Assume that I,, is constructed for some 7 € N so that
A& I, then we let i be the smallest element of A~I,;,andletl1<k<n+1-i
be an integer such that %Zﬁ’;‘l aj<01. Then we set Iy = InU{i,...,i +k—1}.
After finite steps, we obtain I, satisfying A c I, for some n = 1. It is direct to see
that I = I, satisfies the required property.

Then by (1),(2), we obtain that
lN#(IC) +10,#1 > [nb;.
By [ >0, the above inequality implies that #(I€) = ?\}%gjn. We claim that

1
Z a; <l.
#19) .

(A.1)

Indeed, if (A.1) was false, by (1) we would have at least 1{]%%‘;#(] 9= 1{,%%00 ?\}:gj n>
nn indexes i € I¢ such that a; > 6!, but this would contradict (3).
Now we use (2) again, with the improved estimate (A.1) in place of (1), and

obtain

WUIY+621#1= ) a;+) a;>nbl

iel¢ iel
This implies #(I€) = 611_;092271. We conclude the proof by the definition of I. O

Let x be given by the condition of Proposition 11. We will define a collection
of charts along a sub-orbit of x following the definitions and estimates in [2].

Let v be a unit vector in the most contracting direction of Dg9(x) in T, X,
and let v, be a unit vector orthogonal to v,. For each 0 < i < g, we define

)5 D&’y Ju._ D&

' IDgl(vy)l " IDgl(wy)l
IDg(v?)| IDg(v¥)]

Aszl —l, /1“::1 —l)

FE T DT

A; := minfA¥, -3}
Given r > 0,7 > 0,x > 0, we define a (r, 7,x)-Box, which we denote by U(r,1,x),
to be

U(r,T,K):{(v,w)EIR2||v|5r,|w|5r+1<|v|}.
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For example, the narrow-lined contour in Figure 1 represents a (r, 7, k)-Box after
re-scaling.
For x > 0, we denote by

C(K)={(v,w)€IR2||w|<1<|1/|},
C(K)={(U,W)ER2||V|<K|LU|}.

We will refer to these sets as cones.
We now recall some definitions in [2].

e A curve contained in R? =R, & Ry is called a x-horizontal graph if it is the
graph of a Lipschitz function from an closed interval I < R, to Ry, with
Lipschitz constant equal to or less than x. Similarly, we can define the
K -vertical graphs.

e The boundary of an (r,7,x)-Box U is the union of two 0-vertical graphs
and two x-horizontal graphs. We call these graphs respectively, the left
(resp. right) vertical boundary of U and the upper (resp. lower) horizontal
boundary of U. We call the union of the left and right vertical boundary of
U the vertical boundary of U. Similarly we call the union of the upper and
lower horizontal boundary of U the horizontal boundary of U.

e Horizontal and vertical graphs which connect the boundaries of U will be
called full horizontal and full vertical graphs as in the following definition.
Given r,1,x,17 > 0, for each (r,7,x)-Box U, an n-full horizontal graph of
U is an n-horizontal graph L such that L < U and the endpoints of L are
contained in the vertical boundary of U. Similarly, we define the n-full
vertical graphs of U.

* We define an n-horizontal strip of U to be a subset of U bounded by
the vertical boundary of U and two disjoint n-full horizontal graphs of
U which are both disjoint from the horizontal boundary of U. Similarly
we can define n-vertical strips of U. Like Boxes, we define the horizontal,
vertical boundary of a strip.

 Given a Box U, R’ a vertical strip of U, and R a horizontal strip of U, a
homeomorphism that maps R’ to R is said to be regular if it maps the
horizontal (resp. vertical) boundary of R’ homeomorphically to the hori-
zontal (resp. vertical) boundary of R.

We recall the definition of hyperbolic map in [2].

DEFINITION 21. Given r,7 >0 and 0 < x,x’,x” < 1, denote U = U(r,1,x) and
let R, be a k-vertical strip of U, Ry be a x-horizontal strip of U. A C! diffeo-
morphism G : R; — R? is called a hyperbolic map if it satisfies the following
conditions:

(A.2) G is a regular map from R; to Ry,
(A.3) V x € R1,DGy(C(x") = C(3K)),
(A4) V x€ Ry, DG (C(x") = C3x").
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a b
R1
a b
Ro
d' ¢
1 /\C

FIGURE 1. R, is the topological rectangle abcd; R is the topo-
logical rectangle a'b'c’d’. Under a hyperbolic map G, ab is
mapped to a'b’ and similarly bc, cd, da are mapped respectively
tob'c,c'd,d a.

A sketch of a hyperbolic map is provided in Figure 1.
For each 0 < n < g, we define i, : R* — T, X as

in(a,b) = av, + bv;,.
There exists a constant R = R(X) > 0 such that exp, is a diffeomorphism re-
stricted to in(B(O,Dl_AR)) and that e>(p)_cnl+1 is a diffeomorphism restricted to
gexp, in(B(0,D;*R)). Denote by g, the C* diffeomorphism
gn:B(0,D*R) — R?
gnlv,w) = i,;ilexp;nl+1 gexp,, in(v,w).
We set M :=1000, and

log A;
100

The main estimates in [2] are summarized in the following proposition.

F=D3M gx=D{*M, §=

PROPOSITION 22. Under the conditions of Proposition 11 for some absolute con-
stant 0y € (0,1) sufficiently close to 1, and C > 0 sufficiently large depending only
on X, there exist constant C, = C1(X) which can be made arbitrarily large by
choosing C to be large, integers 0 < i1 < i» < g, and sequences of positive numbers
{(rn,Tn,1<n,1”<)n}ilsnsi2 such that:

(1) (Positive proportion)

) ) —ClA
Ih—11= D1 q,
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(2) (Tameness at the starting and ending points)

MA
u .S u .S 1

cotl(vil,vil),coté(viz,vl.z)< 100"

10%F>r>7;, Vii<i<ip

ry =Ty =T, k;=K;=K,

1087 <7 L & =100%
ri, =107, T; <—F, K = K, &; =100%k,
2 2710 27100 &
=1 Q=1 2
Z A/Z) Z _A/S = g(iz—il)d,

}’l:il n:i1
(3) (Transversal mappings) Let ry, T, K, be as above, we let
Upn=Ulrn,Tnkn), Cp=Cxy), Cn = C(kn)

If T is a x,-full horizontal graph of Uy, then g,(I') N Uyt is a k41 -full
horizontal graph of U, 1. Moreover, the image of the horizontal boundary
of Uy, under g, is disjoint from the horizontal boundary of U1, the im-
age of the vertical boundary of U, under g, is disjoint from the vertical
boundary of Uy 4.

(4) (Cone condition) Furthermore, for any (v, w) € Uy, we have (Dgp) v,w)(Cyp)
Cp+1; forany (v, w) € g,(Up)NUp+1, we have (I_)g,gl)(,,,w) (Cps1) < C,. More-
over, for any (v, w) € Uy, any (V,W) € Cy, let (V,W) =(Dgpn) w,uw)(V, W), we
have |V| = e"z_‘slVI;for any (v, w) € gn(Uy) NUpy1, any (V,W) € Cps1, let
(V,W) = (Dg; ") v,y (V, W), we have |W| = e =0 |W|.

(5) (Hyperbolic map) Denote

.1 -1 .
J=1i; expy, expx,ii,
G= ii_llexp;iglz_ll eXPx; Iiy = J8&i,-1"""&i-
There exist Ry, a 100k -vertical strip of U;,, and R, a 100k -horizontal strip
of U;, such that G is a hyperbolic map from R, to Ry with parameters k' =

k,x"" = 100k. Moreover, for each 0 < j < iy — iy, we have g; +j—1---&;,(R1)
c Ui +j-

REMARK 23. We stress that by (1), i» — i; is lower bounded by a definite propor-
tion of the length of the orbit g, although their ratio could be extremely small,
i.e, D%

We will give a sketch of the proof and refer the detailed estimates to [2].
Proof. Set a=1ogA;. Condition (4) in Proposition 11 translates into
14921 1491
=Y AM=-a =) AM=za
q i<o 9 i=o

Using condition (3) and Lemma 20 in place of the Pliss lemma, by setting
0o € (0,1) to be an absolute constant sufficiently close to 1 and setting C > 0
to be sufficiently large depending only on X, we can show analogously to [2,
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Lemma 4.4] that there are more than ¢/2 points in {gF(x)|0< k=g -1} that
are “good in the orbit of x.” Here a point g"(x) is said to be good in the orbit
of x if ne[1, g — 1] satisfies the following conditions:

1n+k—l_e 1 !

A5 — A:>[(1-——=10y'a, V1<k<qg-n,

(A-5) k ]; J ( 1000) 0 9
[ 1

(A.6) = Y A>(1-——)os'a, vi<k<n
kS 1000

We can show in analogy to [2, Lemma 4.5] that |cotZ(vy, v¥)| < A3? for all n

such that g"(x) is good in the orbit. Let Ly = [D;C‘Aq] and Jg := LL%J Then
the sequence (xk)iozjgfl is the union of L subsequences (x; jLO)?’;(]l where i =
0,...,Lo—1. Then there exists an integer 0 < i < Ly such that the subsequence
(xi4 jLo)?:_ol contains at least %DICIA many points which are good in the orbit
of x. By letting C; to be sufficiently large depending only on X, we can apply
the pigeonhole principle to the above subsequence as in the proof of [2, Propo-
sition 4.1] and obtain 0 < i} < i; < g — 1 that satisfy the following conditions:

(1) ip—i,2D;*“g,
j - _e . .
(2) Z;I;IIC 1/1]' > (I—TIOO)HO‘Iak, Vi<sk<i,-i,
i) — _e . .
B) X% 25> (- )byl ak, V 1< k< iz — iy,
(4) The angles é(vf V), Z(v8, v¥) satisfy
17 h 122 ¥}

loglcotZ(v; ,vi)| <3Aa, loglcotZ(v;,vy)l <3Aa,

. . _Ga
(5) Moreover, we have d(g" (x),g"(x)) <D, **, and

_Ga _Ga
N N 200 u u 200
dTlx(Uil,l}iz) <D1 , dTlX(Vil’Viz) <D1 .

We note the similarities between the above conditions and those of [2, Defini-
tion 4.3]. However here we have a large inverse power of D; in (5) instead of a
small inverse power of g as in [2, Definition 4.3(4)]. This is sufficient for the rest
of proof, since r;,,ri,, Z(v; ,v;!) and Z(v; , v}!) are lower bounded by D~0W),
At this point, we can invoke the proof of Proposition 4.2, and obtain (2) as
a consequence of [2, Lemmas 4.6, 4.7, 4.8]; and obtain (3) and (4) as a conse-
quence of [2, Proposition 4.5]. We obtain (5) following the proof of [2, Proposi-
tion 4.4]. O

Now we are ready to conclude the proof of Proposition 11.

Proof of Proposition 11. We apply Proposition 22 and obtain iy,i2, R1, R2, G,
U;, C;, C; as in the proposition. We set i = i3, j = i. By (5) in Proposition 22 and
[2, Proposition 4.3], we obtain a hyperbolic periodic point in R} Nn'R2, denoted
by y.
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We note the following lemma whose proof follows from the standard con-
struction of unstable / stable manifolds for uniformly hyperbolic maps using
graph transform argument. For this reason, we omit its proof.

LEMMA 24. Letr,1>0,L>1,0<x,x',x" <1, U=U(r,1,x), and let G: R, —
R2 be a hyperbolic map, where R, (resp. R.) is the x-vertical strip (resp. «-
horizontal strip) of U as in Definition 21, and x',x" satisfy inclusion (A.3), (A.4)
respectively. Assume that
1. For each x € Ry, each (V,W) € C(x"), set (V,W) = DG,(V,W), then |V| =
Livy,
2. For each x € Ry, each (V,W) € C(x"), set (V,W) = DG;*(V, W), then |W|=
LIW]|.
Then there exists a hyperbolic fixed point of G, y € R1 N'R2, whose local unstable
manifold in R, denoted by W, (y), is a x'-horizontal graph, and whose local
stable manifold in R1, denoted by W¢.(y), is a " -vertical graph. We also have

G(R1) € BW&(y), 2L~ diam(U)).

We set L = A%. We now verify conditions (1),(2) of Lemma 24 for L, G, U =
Ui, ¥ = 100%,x" = ,x” = 100k. We only verify condition (2) in details since
condition (1) can be verified in a similar fashion. By Proposition 22(5), for any
i<n<j-1, we have g;ilmg;_ll]_l(’/%g) =gn--8&i(R1) c Ups1 N gn(Uy). For
anyisn<j, (vw)eRy, (VVIW)e Cj (here C‘j is given by Proposition 22(3)),
denote by (vn, wn) = ;' ++ 871 T (W, w), (Va, Wy) = DUZj-1"""8n){ 1y (Vs W),
Then we have (v, wy) € Un'for all i = n < j. By Proposition 22(2,4), we have
Wil = X CA=O W = AT (W = LW,

By Lemma 24 and Proposition 22(2), we obtain

G(R1) € BW{ (y),ZOOA‘% 7)

We denote by z = exp , i;, (). By Proposition 22(5) and the fact that y is a hyper-
bolic fixed point of G, we conclude that z is a g-hyperbolic periodic point. Then
by Proposition 22 for sufficiently large C;, we can ensure that z € ’H(g,Dl_MA),
and

R
CIA

g/ eexp,, i1, G(R1) © BOV s (2), 4, P

We conclude the proof by letting C = M, and C to be sufficiently large depending
only on X. O

APPENDIX B.

Proof of Corollary 14. In the following, we briefly denote H(f,a,r) by H(a, 1),
and denote H(f,A) by H(A).

We first prove the corollary under condition (1). For any a,r,{ >0, any y €
Ha, 1),

[BOVY (), 6| < ré.
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It is clear from the definition of G in (3.1) that for any A € (0, 1),
#HA) 2 1G(A, &, HIIBOV; (1), )]
> 7¢I (AE, )
By (4.6), (4.7) and Proposition 9, it suffices to check that

_ginft
1Gil > A;Hfi = A 20204 D22CAG;
Since n€(0,1), A> 1 and 1> xA™" for x € (0,00), we have
K-i
1Gil = ———
(K+1)1I;
K-i , i+1 100t
S n""te qin10; s ZDZICX‘H
(K+1)l; 4D2CAaq:

i+1 L itl]
_ qi+10; ~di1’o

> (10Kll) 117K€DTAO£]-A 4p2CAq;
1

i+1
9i+19)

> A 2?0 DFREAGE

The last inequality follows from by letting C’ > 1, and
o K''nKeqin 051171 > 1, since ;117105 = 2g:0) = 140, and qo =4
e~ 10 log( 02 +C’

. >>4.2) EilKniK,
qi+196+1
o A4 > D?CAGi Tpdeed by A> 1, we have

. 6i+1 X i+1
AZ;’ZICE% M > L
= 4D2CAqi =(4.2),Lemma 12(1) 4AD2CA‘71'

\Y

and q
i+1 24CAgq;
AAD2CAg; Zu.3),u5,c»>c D .

This concludes the proof since by our choice C > C.
Now we consider condition (2). We set §y = D~ Tower(Qo,Q1,K+3)
By Lemma 12(3), we have

So<é&and S <A}, V0O<i=<K.
For any A,¢ € (0,1), any y € H(A), any § € (0,A3), we have
IBBOW;; (1),6),8)] < A’ max(¢,8).

By (3.1) and condition (2), we have for some 0 < i < K that,

#H() =BG, &, 1,801/ sup BBV (1),E0),60)
yeH(A) !

3 .1 o1
> A" min(§; 7,64 7).
By Proposition 9, it suffices to observe from Lemma 12 that

e>» A7 max(é;,60), YO0<i<K. O

JOURNAL OF MODERN DYNAMICS VOLUME 11, 2017, 425-445



EFFECTIVE KATOK’S HORSESHOE THEOREM 445

Acknowledgments. We thank the anonymous referee for many helpful sugges-
tions.

REFERENCES

[1] L. M. Abramov and V. A. Rohlin, The entropy of a skew product of measure preserving
transformations, AMS Translations, 48 (1965), 255-265.

[2] A. Avila, B. Fayad, P. Le Calvez, D. Xu and Z. Zhang, On mixing diffeomorphisms of the disk,
arXiv:1509.06906.

[3] V. Climenhaga, D. Dolgopyat and Y. Pesin, Non-stationary non-uniform hyperbolicity: SRB
measures for non-uniformly hyperbolic attractors, Comm. Math. Phys., 346 (2016), 553-602.

[4] V. Climenhaga and Y. Pesin, Hadamard-Perron theorems and effective hyperbolicity, Ergodic
Theory Dynam. Systems, 36 (2016), 23-63.

[5] A. Katok, Lyapunov exponents, entropy and periodic orbits for diffeomorphisms, Inst.
Hautes Etudes Sci. Publ. Math., 51 (1980), 137-173.

[6] A. Katok and B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, Ency-
clopedia of Mathematics and its Applications, 54, Cambridge University Press, Cambridge,
1995.

[7] V. Pliss, On a conjecture of Smale, Diff. Uravnenjia, 8 (1972), 268-282.

BASSAM FAYAD <bassam.fayad@imj-prg.£fr>: IMJ-PRG, UP7D 58-56 Avenue de France, 75205
Paris Cedex 13, France

ZHIYUAN ZHANG <zzzhangzhiyuanOgmail.com>: IMJ-PRG, UP7D 58-56 Avenue de France,
75205 Paris Cedex 13, France

JOURNAL OF MODERN DYNAMICS VOLUME 11, 2017, 425-445


http://dx.doi.org/10.1090/trans2/048/12
http://dx.doi.org/10.1090/trans2/048/12
http://arxiv.org/pdf/1509.06906
http://www.ams.org/mathscinet-getitem?mr=MR3535895&return=pdf
http://dx.doi.org/10.1007/s00220-016-2710-z
http://dx.doi.org/10.1007/s00220-016-2710-z
http://www.ams.org/mathscinet-getitem?mr=MR3436753&return=pdf
http://dx.doi.org/10.1017/etds.2014.49
http://www.ams.org/mathscinet-getitem?mr=MR573822&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1326374&return=pdf
http://dx.doi.org/10.1017/CBO9780511809187
http://www.ams.org/mathscinet-getitem?mr=MR0299909&return=pdf
mailto:bassam.fayad@imj-prg.fr
mailto:zzzhangzhiyuan@gmail.com

	1. Introduction
	1.1. Statements of the main results

	2. From hyperbolic points to positive entropy
	3. A closing lemma
	4. Estimates along a tower exponential sequence
	5. An iterative decomposition
	5.1. Proof of Theorem A
	5.2. Proof of Theorem B

	Appendix A. 
	Appendix B. 
	References

