LYAPUNOYV UNSTABLE ELLIPTIC EQUILIBRIA

BASSAM FAYAD

ABSTRACT. A new diffusion mechanism from the neighborhood of elliptic equi-
libria for Hamiltonian flows in three or more degrees of freedom is introduced. We
thus obtain explicit real entire Hamiltonians on R24, 4 > 4, that have a Lyapunov
unstable elliptic equilibrium with an arbitrary chosen frequency vector whose co-
ordinates are not all of the same sign. For non-resonant frequency vectors, our
examples all have divergent Birkhoff normal form at the equilibrium.

On R?%, we give explicit examples of real entire Hamiltonians having an equi-
librium with an arbitrary chosen non-resonant frequency vector and a divergent
Birkhoff normal form.

Introduction

An equilibrium (p,q) € R?? of an autonomous Hamiltonian flow is said to be
Lyapunov stable or topologically stable if all nearby orbits remain close to (p, q)
for all forward time.

The topological stability of equilibria of Hamiltonian flows is one of the old-
est problems in mathematical physics. The important contributions to the under-
standing of this problem, dating back to the 18th century, form a fundamental part
of the foundation and of the evolution of the theory of dynamical systems and ce-
lestial mechanics up to our days.

The goal of this note is to give examples of real analytic Hamiltonians that have
a Lyapunov unstable non-resonant elliptic equilibrium.

A C? function H : (R?*?,0) — R such that DH(0) = 0 defines a Hamilton-
ian vector field Xy (z,y) = (0,H (z,y), —0,H(z,y)) whose flow ¢}, preserves the
origin.

Naturally, to study the stability of the equilibrium at the origin, one has first
to investigate the stability of the linearized system at the origin. By symplectic
symmetry, the eigenvalues of the linearized system come by pairs £, A € C. It
follows that if the linearized system has an eigenvalue with a non zero real part,
it also has an eigenvalue with positive real part and this implies instability of the
origin for the linearized system as well as for the non-linear flow.

When all the eigenvalues of the linearized system are on the imaginary axis the
stability question is more intricate. In the non-degenerate case where the eigenval-
ues are simple, we say that the origin is an elliptic equilibrium. The linear system
is then symplectically conjugated to a direct product of planar rotations. The argu-
ments of the eigenvalues are called the frequencies of the equilibrium since they
correspond to angles of rotation of the linearized system. In this paper, we focus
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our attention on real analytic Hamiltonians H : (R?¢,0) — R of the form

(*) H(x,y) :Hw(xay)"i'Og(xay)a

3
1
Hw(x,y):ijIj, Ijzi(xf-i—y?)
j=1

where w € R? has rationally independent coordinates. We say that f € O'(z,y)
when 9, f(0) = 0 for any multi-index z on the z; and y; of size less or equal to
I — 1. The elliptic equilibrium at the origin of the flow of Xy is then said to be
non-resonant.

The phenomenon of averaging out of the non-integrable part of the nonlinearity
effects at a non-resonant frequency is responsible for the long time effective stabil-
ity around the equilibrium : the points near the equilibrium remain in its neigh-
borhood during a time that is greater than any negative power of their distance
to the equilibrium. This can be formally studied and proved using the Birkhoff
Normal Forms (BNF) at the equilibrium, that introduce action-angle coordinates
in which the system is integrable up to arbitrary high degree in its Taylor series
(see Section 4 for some reminders about the BNF, and [Bi66] or [SM71], for exam-
ple, for more details). Moreover, it was proven in [MG95, BEN15] that a typical
elliptic fixed point is doubly exponentially stable in the sense that a neighboring
point of the equilibrium remains close to it for an interval of time which is doubly
exponentially large with respect to some power of the inverse of the distance to
the equilibrium point.

In addition to the long time effective stability of non-resonant equilibria, KAM
theory (after Kolmogorov Arnold and Moser), asserts that a non-resonant ellip-
tic fixed point is in general accumulated by quasi-periodic invariant Lagrangian
tori whose relative measurable density tends to one in small neighborhoods of the
fixed point. This can be viewed as stability in a probabilistic sense, and is usu-
ally coined KAM stability. In classical KAM theory, KAM stability is established
when the BNF has a non-degenerate Hessian. Further development of the theory
allowed to relax the non degeneracy condition and [EFK13] proved KAM-stability
of a non-resonant elliptic fixed point under the non-degeneracy condition of the
BNF (see Section 4).

Despite the long time effective stability, and despite the genericity of KAM-
stability, Arnold conjectured that apart from two cases, the case of a sign-definite
quadratic part of the Hamiltonian, and generically for d = 2, an elliptic equilib-
rium point of a generic real analytic Hamiltonian system is Lyapunov unstable
[Arn94, Section 1.8].

REMARK 1. When the quadratic part of the Hamiltonian is sign-definite, which
corresponds to all the w; having the same sign in (x), the invariance of the Hamil-
tonian under the motion forces the Lyapunov stability of the equilibrium. In the
case d = 2, the Arnold’s iso-energetic non-degenracy condition, that is generic,
forces Lyapunov stability due to the existence of KAM tori in every energy sur-
face.

Although a rich literature in the direction of proving this conjecture exist in the
C*° smoothness (we mention [KMV04] below, but to give a list of contributions
would exceed the scope of this introduction), the conjecture is still wide open in
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the real analytic category. For instance, not a single example of real analytic Hamil-
tonians was known that has an unstable non-resonant elliptic equilibrium. The
main goal of this work is to give the first examples of real analytic Hamiltonians
having an unstable non-resonant elliptic equilibrium, with an arbitrary frequency
vector for d > 4, under the condition that not all the coordinates have the same
sign. In our constructions, we can guarantee that the BNF at the unstable ellip-
tic equilibrium is non-degenerate, so that Lyapunov instability coexists for such
examples with KAM stability (see Section 1 below).

We can also give examples of unstable elliptic equilibria where we guarantee
that the BNF is divergent. Inspired by these constructions, we also obtain ex-
plicit examples of real entire Hamiltonians having an elliptic equilibrium at the
origin and a divergent BNF, for any degree of freedom and for any non-resonant
frequency vector (no sign condition is required here, since we do not claim any
dynamical properties). As consequence of the existence of such examples and of
the alternative proved in [PM97], we obtain the generic divergence of the BNF at
a non resonant elliptic equilibrium.

The genericity of divergence of the BNF was recently obtained by Krikorian for
symplectomorphisms with an elliptic fixed point [K19] by a completely different
method than ours (see Section 2.1 below).

We start with a reminder on Birkhoff normal forms at a non-resonant elliptic
equilibrium, and of the KAM theorem proved in [EFK15]. More insight on the
way the BNF is obtained will be given in Section 4.1.

1. Birkhoff normal forms at a non-resonant elliptic equilibrium

For H as in (¥), w non-resonant, for all V > 1, there exists an exact symplectic
transformation ®5 = Id + O?*(z,y), and a polynomial By of degree N in the
variables I, ..., I4, such that

Ho®n(x,y) = By(I) + O™t (z,y).

There also exists a formal exact symplectic transformation @, = Id + O?(z, y),
where O?(z, y) is formal power series in z and y with no affine terms such that

where B, is a uniquely defined formal power series of the action variables I,
called the Birkhoff Normal Form (BNF) at the origin.

For more details on the Birkhoff Normal Form at a Diophantine, and more
generally at any non-resonant elliptic equilibrium, one can consult for example
[SM71].

Divergent Birkhoff Normal Forms. When the domain of convergence of the
formal power series B (-) does not contain any ball around zero, we say that the
BNF diverges. We use the same terminology for a general formal power series in
several variables.

Non-degenerate Birkhoff Normal Forms. Following [Riis01], this definition
was given in [EFK15] :



4 BASSAM FAYAD

DEFINITION 1. We say that the BNF at a non resonant elliptic fixed point B, is Riissmann
non-degenerate or simply non-degenerate if there does not exist any vector «y such that for
every I in some neighborhood of 0

(VB (I),7) = 0.

DEFINITION 2. We say that a non resonant equilibrium point of a real analytic Hamil-
tonian H is KAM-stable if, in any neighborhood of the equilibrium, the set of real analytic
KAM-tori for Xy has Lebesgue density one at 0.

Real analytic KAM-tori are invariant Lagrangian tori on which the flow gener-
ated by H is real analytically conjugated to a minimal translation flow (of Dio-
phantine frequency vector) on the torus R?/Z?. In [EFK15] the following was
proven

THEOREM 1 ([EFK15]). — Let H : (R2?,0) — R be a real analytic function of the form
(%) and assume that w is non-resonant. If the BNF of H at the origin is non-degenerate,
then the origin is KAM-stable.

2. Unstable equilibria and divergent Birkhoff normal forms. General state-
ments

2.1. Lyapunov unstable equilibria. We start with the existence of real entire Hamil-
tonians with unstable non-resonant equilibria.

THEOREM A. — There exists a non-resonant w € R® and a real entire Hamiltonian H :
R® — R, such that the origin is a Lyapunov unstable elliptic equilibrium with frequency
w of the Hamiltonian flow ®%; of H.

For any w € R d > 4, such that not all its coordinates are of the same sign, there
exists a real entire Hamiltonian H : R*¢ — R such that the origin is a Lyapunov unstable
elliptic equilibrium with frequency w of the Hamiltonian flow ®%; of H.

Moreover, in all our examples, for non-resonant frequencies w, the Birkhoff normal form
at the origin is divergent.

Finally, for non-resonant frequencies w, it is possible to choose the Hamiltonians H
such that the origin is KAM stable.

Detailed statements with an explicit definition of the Hamiltonians that prove
Theorem A, will be given in Section 3.

Note that we do not obtain the existence of an orbit that accumulates on the ori-
gin. Based on a different diffusion mechanism, [FMS17] gives examples of smooth
symplectic diffeomorphisms of R® having a non-resonant elliptic fixed point that
attracts an orbit.

Note also that the question of Lyapunov instability in two degrees of freedom
remains open. The question remains open also in the case of three degrees of
freedom and Diophantine frequency vectors.

As explained earlier, Lyapunov instability of an elliptic fixed point of frequency
vector w is only possible when not all the coordinates of w are of the same sign.
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2.2. The case of quasi-periodic tori. The same constructions that yield Theorem
A can be carried out on R% x T? to get examples, starting from d = 3, of real analytic
Hamiltonians with an invariant quasi-periodic torus {0} x T¢ that is Lyapunov un-
stable. Moreover, in that case, the condition that the coordinates of the frequency
vector of the quasi-periodic torus are not all of the same sign is not anymore re-
quired. We will explain this in Section 6 after the explicit form of the Hamiltonians
with Lyapunov unstable equilibria is given. We do not pursue the constructions on
R? x T in detail in this paper, because the work [FF19] provides many examples
of real analytic Hamiltonians with invariant quasi-periodic tori {0} x T? that are
Lyapunov unstable. The construction method of [FF19] is quite different from the
one introduced here. There, the constructions are limits of successive conjugacies
of integrable Hamiltonians and as such, they have a convergent Birkhoff normal
form at the invariant quasi-periodic torus.

We note that the method of [FF19] is for the moment inapplicable to equilibrium
points and the question of having unstable elliptic equilibrium with a convergent
BNF is still completely open in the real analytic setting.

2.3. Generic divergence of Birkhoff normal forms for all d > 2. Inspired by the
constructions of Theorem A, it is possible to obtain explicit examples of real entire
Hamiltonians having an elliptic equilibrium at the origin and a divergent BNF for
any degree of freedom including d = 2, and for any non-resonant frequency vector,
including vectors whose coordinates are all of the same sign. The difference with
the examples of Theorem A is that the divergence of the BNF in the case d = 2
and the case all the coordinates of the frequency vector are of the same sign, do
not give much informations about the asymptotic dynamics in the neighborhood
of the origin.

THEOREM B. — For any non-resonant w € R%,d > 2, there exists a real entire Hamil-
tonian H : R?¢ — R such that the origin is an elliptic equilibrium with frequency w of the
Hamiltonian flow ®%,, and such that the Birkhoff normal form at the origin is divergent.

The proof of Theorem B is inspired from the proof of the divergence of the BNF
in the examples of Theorem A. However, to include the two degrees of freedom
case requires a substantial difference on which we will comment in the beginning
of Section 4.4. In the end of Section 4.4, we explain the slight modification required
to prove Theorem B in the case of non-resonant vectors whose coordinates are all
of the same sign.

Note that, due to the result of Perez-Marco of [PMO03], the existence for any non-
resonant w € R? of just one example of a real analytic Hamiltonian with divergent
BNEF, implies that divergence of the BNF is typical for this frequency. Denote by
H.,, the set of analytic Hamiltonians having an elliptic fixed point of frequency w
at the origin. As a consequence of Theorem B and of [PM03, Theorem 1] we get

COROLLARY. — For any non-resonant w € R, d > 2, the generic Hamiltonian in H,,
has a divergent BNF at the origin.

More precisely, all Hamiltonians in any complex (resp. real ) affine finite-dimensional
subspace V of H., have a divergent BNF except for an exceptional pluripolar set.

This answers, for all frequency vectors the question of Eliasson on the typical
behavior of the BNF (see for example [E89, E90, EFK15] and the discussion around
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this question in [PM03]). What was known up to recently, was the generic diver-
gence of the normalization, proved by Siegel in 1954 [Si54] in H,, for any fixed
w. Examples of analytic Hamiltonians with non-resonant elliptic fixed points and
divergent BNF were constructed by Gong [Go12] on R?? for arbitrary d > 2, but
only for some class of Liouville frequency vectors.

The generic divergence of the BNF was recently obtained by Krikorian for sym-
plectomorphisms of the plane with an elliptic fixed point at the origin [K19]. The
method of Krikorian is completely different from ours and does not rely on the
dichotomy proved by Perez-Marco. He has an indirect proof that gives a more
refined result than the generic divergence of the BNF. Indeed, he proves that the
convergence of the BNF, combined with torsion (a generic condition), implies the
existence of a larger measure set of invariant curves in small neighborhoods of the
origin than what actually holds for a generic symplectomorphism.

2.4. About the diffusion mechanism that will be used. In the C'*° category, exam-
ples of unstable elliptic equilibria can be obtained via the successive conjugation
method, the Anosov-Katok method. They can be obtained in two degrees of free-
dom or for R? symplectomorphisms, provided the frequency at the elliptic equilib-
rium is not Diophantine ([AK66, FS05, FS17]). In three or more degrees of freedom,
smooth examples with Diophantine frequencies can be obtained through a more
sophisticated version of the successive conjugation method (see [EFK15, FS17]).
The Anosov-Katok examples are infinitely tangent to the rotation of frequency w
at the fixed point and as such are very different in nature from our construction.
In particular, KAM stability is in general excluded in these constructions.

Again in the C"*° class but in the non-degenerate case, R. Douady gave examples
in [Dou88] of Lyapunov unstable elliptic points for symplectic diffeomorphisms
on R?? for any d > 2. Douady’s examples can have any chosen Birkhoff Nor-
mal Form at the origin provided its Hessian at the fixed point is non-degenerate.
Douady’s examples are modeled on the Arnold diffusion mechanism through
chains of heteroclinic intersections between lower dimensional partially hyper-
bolic invariant tori that accumulate toward the origin. The construction consists
of a countable number of compactly supported perturbations of a completely in-
tegrable flow, and as such was carried out only in the C*° category.

In [KMV04], the authors admit Mather’s proof of Arnold diffusion for a cusp
residual set of nearly integrable convex Hamiltonian systems in 2.5 degrees of
freedom, and deduce from it that generically, a convex resonant totally elliptic
point of a symplectic map in 4 dimensions is Lyapunov unstable, and in fact has
orbits that converge to the fixed point.

A third diffusion mechanism, closely related to Arnold diffusion mechanism,
is Herman’s synchronized diffusion, and is due to Herman, Marco and Sauzin
[MS02]. It is based on the following coupling of two twist maps of the annulus
(the second one being integrable with linear twist): at exactly one point p of a
well chosen periodic orbit of period ¢ on the first twist map, the coupling consists
of pushing the orbits in the second annulus up on some fixed vertical A by an
amount that sends an invariant curve whose rotation number is a multiple of 1/¢
to another one having the same property. The dynamics of the coupled maps on
the line {p} x A will thus drift at a linear speed.
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The diffusion mechanism that underlies our constructions is inspired by all
these three mechanisms described above but is quite different from each. In 3
degrees of freedom, we start with a product of rotators of frequencies wy, wa, w3,
where wiw2 < 0 and then perturb this integrable Hamiltonian by adding a mono-
mial of the 4 coordinates (x1, y1, 22, y2) that has a diffusive multi-saddle at the ori-
gin. The perturbation almost commutes with the rotators, provided @ = (w;,wz) is
very well approached by resonant vectors. The perturbed system has then an orbit
that starts very close to the origin and that diffuses in the first four coordinates as
is the case for the resonant system. We use the third action, I3 = r3 + 93, that is
invariant by the whole flow, as a coupling parameter.

To get diffusion from arbitrary small neighborhoods of the origin, one has to
add successive couplings that commute with increasingly better resonant approx-
imations of @. The use of the third action as a coupling parameter, allows to isolate
the effect of each successive coupling from the other ones. Indeed, to isolate the
effect of each individual coupling from all the successive couplings is easy because
these terms can be chosen to be extremely small compared to it. On the other hand,
if we look at adequately small values of the third action, the effect of the prior cou-
pling terms is tamed out due to Birkhoff averaging (we refer to Section 5.2 for a
more precise description of the diffusion mechanism).

In the case of 4 degrees of freedom (or more) we can take the frequency vector
of the equilibrium to be arbitrary, provided all the coordinates are not of the same
sign, assuming for definiteness wiws < 0. The idea is that if w; is replaced by
w1 + I4 then the vector (wq + I4,,w2) will be resonant, for a sequence I,,, — 0,
which allows to adopt the three degrees of freedom diffusion strategy.

3. Explicit constructions

In this section, we give the explicit constructions that yield Theorems A and B.

Starting from 4 degrees of freedom, it is possible to give examples with arbitrary
frequency vectors, in particular Diophantine. Recall that w is said to be Diophan-
tine if there exists v, 7 > 0 such that |(k,w)| > ~|k|~7, for all k € Z¢ — {0}, with (-)
being the canonical scalar product and | - | its associated norm.

In his ICM talk of 1998 [He98], Herman conjectured that a real analytic elliptic
equilibrium with a Diophantine frequency vector must be accumulated by a set of
positive measure of KAM tori. This conjecture is still open. However, our exam-
ples can be chosen such that the Birkhoff Normal Form is non-degenerate, which
implies KAM-stability as established in [EFK13] (see Theorem 1 above).

In all the sequel, we denote | - | the Euclidean norm on R?¢, indifferently on
the value of d that will be clear from the context. We also denote indifferently B,
the Euclidean ball of radius 7 in R?¢ for any value of d. For k € N, we denote by
| H||cx (5, the C* norm of H on the ball Bp.

3.1. Lyapunov unstable elliptic equilibrium in three degress of freedom. We sup-
pose w € R? is such that there exists a sequence {(k,,l,)} € N* x N* satisfying
ko + 1o > 10 and

ent(kn+in)

(L) |kpwr + lhwa| < €™
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The set of vectors satisfying (£)' is clearly a G;-dense set, since resonant vectors
form a dense set in R%. Since we assume that w is non-resonant we can, up to
extracting, assume in addition that

1
WNR) k,> max e TRt Flea]
0<k+l§k}n71+ln71

To simplify the presentation, we introduce the complex variables

1 &= %(ﬂﬁj +iy;), nj = %(%’ — 1y;).

Note that in these variables H,, as in (x) reads as ) _ w;&;n;.
For n € N we define on R* the following real polynomial Hamiltonians

(2 Fo(21, %2, y1, Y2) = an(EFm & +mimny),  ap = e "k fln),

We finally define a real entire Hamiltonian on RS

®3) H(z,y) :Hw(ffay)‘FZISFn(fhxz,ybm)
neN

THEOREM 2. — The origin is a Lyapunov unstable equilibrium of the Hamiltonian flow
@Y, of H. More precisely, for every n > 1, there exists z, € RS, such that |z,| < L, and
Tn > 0 such that | @7} (z,)| > n.

Moreover, the Birkhoff normal form of H at the origin is divergent.

We can modify the definitions of the Hamiltonians H,, and H on R® as follows

ﬁw(ﬂ%y) = (w1 + Ig)fl + (w2 + I§)I2 + wsl3,

(4) H(xay) :ﬁw(xay)—i_ZI3Fn(xlax2aylay2)
neN

Since we took kg + I > 10, ﬁw gives the BNF of H at the origin up to order
5 in the action variables. But VH,(I) = (w; + I3 wo + I3, ws + 31311 + 4I315)
is clearly non-degenerate, and this implies that the BNF of H is non-degenerate.
We then have KAM stability of the origin as a consequence of Theorem 1. Since
H — H = 03(I3), we will see from the proof of Theorem 2 that the Lyapunov

instability of the origin and the divergence of the BNF also hold for H. Thus we
have the following.

THEOREM 3. — The origin is a Lyapunov unstable equilibrium of the Hamiltonian flow
@% of H. The Birkhoff normal form of H at the origin is non-degenerate, hence the equilib-
rium is KAM-stable. Moreover, the Birkhoff normal form of H at the origin is divergent.

IThe requirement of double exponential approximations is not uncommon in instability results in
real analytic and holomorphic dynamics as is the case for example in [PM97].
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3.2. Lyapunov unstable elliptic equilibrium in four degrees of freedom. In 4 de-
grees of freedom (or more), our method yields unstable elliptic equilibria for any
frequency vector, provided its coordinates are not all of the same sign. Suppose
for instance that w = (w1, . .., wy) is such that wyws < 0. Without loss of generality,
we will also assume that max(|wi |, |w2|) < 1.

We assume (w1, ws) non-resonant (the resonant case follows from Corollary 2
below). By Dirichlet principle, there exists a sequence (ky, l,,) € N* x N* such that

1
(5) |I€nw1 + ZHWQl < T

WLOG, we assume that k,w; + l,wa < 0. Then, for Iy, = —(kpwi + lywa)/ky €
(0, 7). it holds that

(R) kn(wl -+ I47n) -+ anQ = 0

Since (w1, we) is non-resonant, we can, up to extracting, additionally ask that for
all (k,1) € N2\ {0,0} such that k +1 < ky,_1 + l,,—1, we have k(w1 + I ,,) + lws # 0
and?

4
e (kp—1+ln—1)

1
WNR) ky > max eMlentlmtival =, > e
0<k+1<kn_1+ln_1

We define the following real entire Hamiltonians on R®

4
Hy(z,y) = (w1 + Io) 1 + ijlj,

Jj=2
(6) H(I,y) :Hw(‘rhy)+ZI3FR($1ax27ylay2)
neN

THEOREM 4. — The origin is a Lyapunov unstable equilibrium for the Hamiltonian flow
of H. More precisely, for every n > 1, there exists z, € RS, such that |z,| < %, and
Tn, > 0 such that | @7 (z,)| > n.

Moreover, the Birkhoff normal form of H at the origin is divergent.

We can modify the definition of the Hamiltonian on R® similarly to what was
done in the construction of Theorem 4 as follows. Take

Hy(z,y) = (w1 4 L)1 + (wa + NI + wils + wyly,

(7) f[(ﬂf,y):ﬁw(l‘,y)+Zlan($1,Jj2,y1,y2),
neN

where, as in the construction of Theorem 4, we suppose that I, = —(k,wi +
lnw2)/ky € (0, 75 ), satisfies (R) and (W R').

From the definition of H in (7), it is clear that
VEW(I) = ((JJl —|— 1470.]2 + 133,LU3 —|- 3[32]2,(,04 —|— Il)

is non-degenerate. Hence, KAM stability of the origin for the flow of H follows
from Theorem 1.

2We are using that (w1, ws2) is non-resonant and that, for k + ! < kp—1 + lp—1 we have k(w1 +
I4n) + lw2) ~ kwy + lwy if ky, is sufficiently large.
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Since H — H = 03(I3), exactly the same proof of Theorem 4 implies the Lya-

punov instability of the origin and the divergence of the BNF for H. We thus have
the following.

THEOREM 5. — The origin is a Lyapunov unstable equilibrium of the Hamiltonian flow
@% of H. The Birkhoff normal form of H at the origin is non-degenerate, hence the equilib-
rium is KAM-stable. Moreover, the Birkhoff normal form of H at the origin is divergent.

3.3. Divergent Birkhoff normal forms with arbitrary frequencies for all d > 2. In
this section, we give the explicit examples that prove Theorem B. Of course, we
can treat just the case d = 2 since for the case d > 3 it is sufficient to add to the
Hamiltonians defined in d = 2 a trivial integrable part Zj:?) wil;.

We suppose wiws < 0and will explain later, at the end of Section 4.4, what mod-
ifications should be applied to treat the case wiws > 0. Without loss of generality,
we will also assume that max (w1 |, Jwa2|) < 1.

WLOG, we can assume that |wz| = 0|w;| for some 0 > 1 that will be fixed in all
the sequel.

Since (w1, ws2) is non resonant, Dirichlet principle allows to define a sequence
(kn,1,) € N? such that for alln € N

(8) |knwi 4 lpws| < ki kn > 10e°".
n

The difference with the examples of Theorems (2) to (5) is that when d = 2
we do not have the extra action variables I5 and I, that were instrumental in the
diffusion mechanism as well as in the proof of divergence of the BNF in these
constructions. Instead, we intend to give to I a double role that includes the role
of I, in the proof of divergence of the BNF of Theorems 4 and 5. Introduce the
integrable Hamiltonian

H,(x,y) = (w1 + I2) 11 + wals,

In the construction we will use a sequence of numbers ¢,, € [0,1] that we will
fix inductively in the proof. For any choice of the sequence ({,,)nen € [0,1]Y, we
define a real entire Hamiltonian on R* as follows

(9) H(‘r7y) :Hw(%ZJ)+ZCnFn($1,CE271/1>y2)7
neN

where F,, are as in (2).

THEOREM 6. For w and (kn, 1) as in (8), there exists ((y)nen € {0, &, 1} such that the
Hamiltonian H as in (9) has an elliptic equilibrium at the origin with a divergent Birkhoff

Normal form.

4. Birkhoff Normal Forms. Proofs of divergence.

4.1. Calculating the BNF : Resonant and non-resonant terms. To simplify the
computations, we prefer to use the complex variables ¢; and 7; introduced in (1).
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Note that in these variables H,, as in (x) reads as ) _ w;{;n;. We easily verify that,
in these variables, the Poisson bracket is given by

OF 0G  OF 0G
(FGy=iy oo 0%
; 9; On; - In; 9¢;

while the Hamiltonian equations are given by

& = —i0y, H(¢,m)
nj = iang(f, 77)

We will say that a function F defined in the variables ¢ and 7 is real when F(¢, )
is real, which means that in the original variables (z,y), F' is real valued.

Monomials. For u = (uy,...,ug), v = (v1,..., v ), we use the notation

Eullo = &uy -+ Eur Moy - - My -
and for ¢, , € Rwe call ¢y &, @ monomial.

It is very simple to detect in the variables £ and 7, the monomials that only
depend on the actions, since these are exactly the monomials for which k = k" and
{u1,...,ux} = {v1,...,vr}. We call such monomials resonant monomials, and we
call the other monomials non resonant.

Elimination of non resonant terms by canonical conjugacies. For a Hamiltonian H
as in (), and since w is non-resonant, it is easy to eliminate by conjugacy a non
resonant monomial ¢, &7, from the expression of H. Indeed, if we take

1

10 X =ic
(10) Q’Qwul—ﬁ—‘..—kwuk—wvl—...—ka,ggng

we get for the time one map ®} of the Hamiltonian flow of X, also called the Lie
transform associated to X,

(11) Ho<1>}<:H—i—{Hw,X}+{H—Hw,X}+%{{H,X},X}+...

and observe that { H,,, X} = —cy &uv, While the terms enclosed in the other brack-
ets that are introduced by the composition by @} are all of degree strictly higher
than k + k' (because the deg({f,g}) is either 0 or deg(f) + deg(g) — 2). The re-
duction to the BNF is done progressively by eliminating non-resonant monomials
of higher and higher degree. A useful observation is that any term with degree
higher or equal to 2N does not affect the BNF terms of order strictly less than N.

Since the monomials F; defined in (2) play a crucial role in all our constructions,
we list here some facts related to their elimination by conjugacies. Recall that
aj = e7/kitli) and define

: kj ¢l kj 1 aj

(12)  Xj=—ik;, E; =07 —m'nd), b= ma
and observe that
(13)  {Hu.,X;} =—F;.

When we conjugate a Hamiltonian as in (3) or (6) by ®1, we see from the bracket
(13) and from (11) that F; will disappear from the expression of H o ®}. However,
the conjugacy will create many new terms that come from all the other brackets in
(11). We will need to keep track of these terms as we aim at some control on the
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BNEF. The following elementary computation will be very useful. For i,j € N we
have that

1 , 1l k=1 L i1 L k=141,
(14)  —{F By} = —ikaky (€7 T &g g Ty 67
1Yy

. . L k _ s li—1
—ilil; (&Y 1771j772 + il 151]52J )-
In particular, we see from (14) that {F;, E;} will contain only non-resonant terms
if i # j and that the only resonant terms that appear in {F;,, £, } are

~2iab, (K217 ) + BIPIY

that will play a crucial role all through the sequel.

REMARK 2. In the case of a resonant frequency vector w one cannot formally conju-
gate the Hamiltonian to an action dependent formal power series, because mono-
mial terms &, ...&u, M, - - - M, that do not only depend on the actions may be
resonant with w, namely when w,, + ... 4+ wy, —wy, — ... —wy,, = 0. Such reso-
nant frequencies and resonant monomials that do not only depend on the actions
will be instrumental in our constructions.

4.2. Divergence of the BNF in the Lyapunov unstable construction on RS. The
goal of this section is to prove the divergence of the BNF in Theorems 2 and 3. We

let H be as in (3) (exactly the same proof applies for H as in (4) since H — H =
O3(I3)). We denote by B, the Birkhoff normal form of H at 0. We introduce
v(I1, I2) and (I3, I2) to be the formal power series such that

Boo(I) = Hy,(I) + Izv(Ih, Is) + I3(11, Is) + O3(I3).

The notation O?(I3) stands for a power series of the form 3111, I2, I3) where ¢
is a formal power series. For the divergence of B it suffices to see that ¢ is a
divergent power series. We will explicitly compute v and ¢.

PROPOSITION 1. We have v = 0 and
o(I1, ) = Zaj (2rf'ny + 20 ).

The divergence of ¢ is now immediate from our Liouville hypothesis (£) that
i (ka1
implies |kjw; + Ljws| < e o) . Observe that, in
fact, the super Liouville condition |k;wy + jws| < e3” *i+L) is sufficient for the
divergence of ¢ and thus of the BNFE.

4
35 (kj+15)
, hence |a;b;| > €05« 77

Proof of Proposition 1. Recall that H is given for (z,y) € R° by
H(z,y) = Hu(z,y) +ZI3 (21,22, Y1, Y2).
JEN

Since all the terms F;, are non resonant, it follows from Section 4.1 that the linear
part in I3 of the BNF of H reduces to w33, that is, v = 0.

We fix n € N. Recall the definition (12) of X;, E; of Section 4.1, that satisfy
{H,,X;} = —Fj. Define the following Hamiltonian on R®

15) X= Y Isx;

j<n—1
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Next, we conjugate the flow of H with the time one map of X. Recall that
H o @k = H+ {HR) + 5 {{H.R %) + {{H R0 + .
Hence
Ho®k = H+ () + 3 {{H. %), X} + 0%(Iy)

where O3(1I3) denotes a Hamiltonian of the form I3W (z1, 2, y1, Y2, I3). Observe
that O3(13) does not affect 6(I1, I) nor ¢(I1, Is). From (13) we get that

{HX}=—- Y ILF-L{_F, > ik}

j<n—1 j>1 j<n—1
Using (13) again to compute {{ H,,, X}, X} we get
(16) Ho®f=H,+1I3» Fj+B,I5+0°(I3)

jzn

1
Bo=—3{ > F D iB}—{d_F, > iEj}
j<n—1  j<n-1 j>n j<n—1
To compute (I3, I2), we first separate in B,, the resonant monomials from the
non-resonant ones. Recall that w is assumed to be non-resonant, and that the non-
resonant monomials are thus of the form ¢y, u,, vy 0,61 €520 M52 With ug # v1 or
ug # vo. From (14), we see that {F}, E;} is a sum of non resonant monomials

except when ¢ = j and that

(17) Ho®t=H,— > ab;I3 (kj?lfflléj + l?[fjlgfl) + I+ 11+ 11T

j<n—1
with
I=13) Fi(&.6.m,m0)
i>n
I =N
IIT = O3(I3)

where N is a sum of non-resonant terms

— Uy U2 V1 V2
N = E Cuyuz 1,081 §2711 127

U1 F#V10r U2 F£v2

Observe that 3, a;b; (k?lfjfllg + lJQ-Ifj Iéfl) equals to the truncation of
¢ of Proposition 1 to j < n — 1. Since (17) holds for every n, we will finish if we
prove that the terms I, I and /1] do not contribute to B, any term of the form
I$IFIL witha < 2and k+1 < k,—1 + l,,1 — 1. The degree of the monomials in I
is indeed too high, and the terms in /11 will only contribute terms of order 3 in /3.
For the term I1 we need one more elimination by conjugacy that we will now do.

Define

A, = {(ul,u2,v1,vg) e N* : uy # vior ug # vs

and uy +ug < kp—1 + 1,01 +v2 < kpy +lp_1}
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and

—ic
18 2122 U1,U2,V1,V2 Uy FU2, V1, V2
(18 ¢ 3 < (u1 — v)w + (U — va ) "L 2 2

and observe that since
{HU.H w} = _IS2 Zcul,uz,vl,vg ;_Ll 121‘2771)17752
An
then (17) gives

(19) Ho®bodl=H,— Y. abyli (1P 7'17 + 11 )
j<n—1
+1I'+ 1"+ 11T

where I’, II', ITI' are real analytic Hamiltonians around the origin of the form

I'=I=1I3Y Fj(&, % m,m)

j>n

1 _ 72 E Ul FU2 V1, V2
11 *IS Cuy,uz,v1,0261 G271 T2

wrFuz >k 1 +Hln 108 V142 >kn 1 Hln 1
/ 3 /
I = W' (&1, &, m1,m2, I3).

Again, the terms in 111’ do not contribute to the O?(I3) part of the BNF of H at 0.
Since the order of the (&1, &2, m,m2)-terms in I’ and 11’ are higher than k,,_1 +1,,—1,
we see that they do not contribute to B, any term of the form I$1¥ 1} with a < 3
and k + ! < k,,_1 + l,—1 — 1. The proof of Proposition 1 is thus completed. O

4.3. Divergence of the BNF in the Lyapunov unstable construction on R®. We
want to prove the divergence of the BNF at the origin for the Hamiltonians of
Theorems 4 and 5. Take H as in (6) (exactly the same proof applies for H asin 7)
since H— H = 03(I3)). We proceed along the same lines as in the case of RS, to this
difference that we replace everywhere w; by w; + 14, in particular in the definition
of b; in (12) that becomes
aj

kj (wl + I4) + lj(Ug '
Observe that b;(I4) is a convergent power series in the neighborhood of 0. How-
ever its radius of convergence tends to 0 as j tends to infinity since |k;_ w1 + ;—1wa|/kj—1 —
0.

We introduce v(Iy, I, I4) and (I, I, I) so that

Boo(I) = Hy,(I) + Izv(Iy, Is, 1) + I30(11, Is, 1) + O3(I3),

where v and ¢ are formal power series in the variables I;, I3 and I, given by the
following.

bj(1s) =

PROPOSITION 2. We have v = 0 and
@(Ila I, I4) = — Z ajbj(I4) <k]2»[fj71[é7 + l?[fjléj*l) )
Jj=1

Moreover, as a formal power series in the variables (I, I, 1), ¢ is divergent.
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Proof. The proof of Proposition 2 is exactly similar to that of Proposition 1 with
w1 + I4 in place of w; everywhere. In particular, we define X, X and ¥ as in (12),
(15) and (18), with wy + I4 in place of w;. Due to the hypothesis (M R'), we getin a
sufficiently small neighborhood of the origin:

(0)  Ho®bodl = H,— Y. aby(In)i (K101 + 211y )
Jj<n—1

+I'+1I'+ 11T

where I, II’, III' are real analytic Hamiltonians around the origin (for this, we re-
strict to [y < 1) and are of the same form as in (19) with an additional dependence
on I4, and do not contribute to B, any term of the form I5I1$ 1 I} withb € N,a < 3
and kK + ! < k,,_1 + 1,1 — 1. Proposition 2 is thus proved. O

Finally, the divergence of the power series (11, I, I4) is an immediate conse-
quence of the fact that b,,(14) has a radius of convergence that tends to 0 as n tends
to infinity. This finishes the proof of divergence of the BNF at 0 of the Hamiltonian

).

4.4. Divergence of the BNF for arbitrary frequencies on R*. For a Hamiltonian as
in (9), we want to make an inductive choice of (¢, )nen € {0, 3, 1} that guarantees
the divergence of the BNF at the origin. Similarly to the proof of divergence of
the BNF of Theorem 5, the main ingredient is the appearance in the computation
of the BNF of terms that include a pole close to I = 0. Unlike 14, the term I,
in (w1 + I2)I; is not decoupled from the nonlinearities F),. For that reason, the
computations of the BNF will be more involved.

The key to the proof is an explicit formal computation of some coefficients of
the BNF of H. Recall the definition of § > 0 such that |ws| = 6|w;|, and that we
assumed WLOG 6 > 1. Fix e € (0,0.01) such that 1 + 2¢ < 6 and consider the
integer

Q1) kn=[1+e)] <kn

PROPOSITION 3. The coefficient I',, of If"*llg“" in the BNF of H at the origin is given
by

(22) r, = C?ﬂ/n + Cnpn(COa ceey Cn—l) + Qn(COa ceey Cn—l)v

where P,, and Qy, are polynomials (that depend on w and (k;,1;) for j < n), and

. L Bp—ln+1
23 w= (1)l k, | ————— .
In particular, (8) and (21) imply that |7y, | > e™Fn.
PROOF THAT PROPOSITION 3 IMPLIES THEOREM 6. Take (; = 0. Once (p, ..., n-1

are fixed, for each choice of ¢,, we denote by I',((,) the value of T',, given by
Proposition 3. We then have from (22) that

La(1) +Ta(0) = 200(1/2) = 2,
hence we get that
max ([T (1)), [Ta(0)], [Tn(1/2)]) > [ynl/12 > €™ /12.
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We thus choose (,, € {0,1/2,1} that realizes the latter maximum. Doing so for all
n € N, implies that the BNF of H at the origin is divergent and finishes the proof
of Theorem 6. O

PROOF OF PROPOSITION 3. The rest of this section is dedicated to the proof of
Proposition 3. As usual, the computation of the BNF, and in our case of just one
part of it, is done by successive eliminations by conjugacy of non-resonant mono-
mials. Each conjugacy introduces terms of higher degree that one needs to keep
track of in the rest of the procedure. We first outline some of the guiding principals
of our strategy for the computation of the coefficient I',, of the BNF of H that will
be made explicit in the proof.

e Each term in Zmz“ 11 SmFm (21, 22,91, y2) has degree strictly higher than

2k,, + 2k, and thus this sum does not affect the coefficient T',,.

e The contribution of ) _  (nF(x1,22,y1,y2) to I';, are polynomials in
the variables (¢, (1, ..., Cn).

o The terms that appear with powers d > 3 of ¢, have degree higher than
3(kn +1,) —4. By (21), 3(kn, + 1) — 4 > 2k, + 2k,,, hence these terms will
not have any effect on the coefficient I',,.

e The terms that appear with a degree strictly larger than 2k,, 42k, —2 or with
a degree in the combined variables £; and 7, strictly larger than 2k, — 2 do
not have any effect on the coefficient I';,. The latter is due to the fact that all
terms in H — H,, have a degree in the combined variables ¢; and 7, strictly
larger than 2.

These ideas will yield in particular that the coefficient I';, has a quadratic form in
¢, as in (22) but some additional attention is needed to estimate the coefficient ~,,
that comes with (2.

Before we start the proof, we introduce some notations that will alleviate the
presentation.

DEGREES. For any Hamiltonian G = ), g, where each g;, is a monomial we define

¢ d(G) to be the minimal degree of the monomials gy;

e d;(G) to be the minimal degree in the combined variables &; and 7;.

e d(G) to be the minimal degree of the non-resonant monomials g; (d(G) =
oo if G has only resonant terms).

It will be useful to organize the terms of the Hamiltonians obtained by succes-
sive conjugacies in various classes that we now introduce. All the Hamiltonians
that we will meet in the explicit computations of the BNF at a finite order will be
analytic in small neighborhoods of the origin. However, we will not need this fact
in reality, and all the definitions and calculations below can be viewed as opera-
tions on merely formal power series.

SOME SPECIAL TYPES OF HAMILTONIANS. We define three types of Hamiltonians
G1,G2and R

3Note that, whatever values are taken by Py (Co,...,¢(n—1) and Qn(Co,-..,{n—1), only a very
small measure of ¢, € [0, 1] would give |T'y| < 3. Hence, the prevalent choice of the sequence
{¢n} will give a divergent BNF. This however, follows from the existence of just one example by the
dichotomy result of Perez-Marco.
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e A Hamiltonian is of type R if it is a sum (possibly 0) of monomials p such
that for each p at least one of the two following condition holds : d;(p) >
2k or d(p) > 2k, + 2ky,.

o A Hamiltonian is of type §; if it is not of type R and if it is a sum (possibly
0) of monomials p that do not depend on ¢,, and depend polynomially on
(Co, - - - Cn—1) and such that d; (p) > 2.

e A Hamiltonian is of type G, if it is not of type R and if it is a sum (possibly
0) of monomials p that do not depend on ¢,, and depend polynomially on
(Coy- - -, Cn—1) and such that d; (p) > k.

Note that we put no condition on the dependence on ((, .. ., (,) of the terms of a
Hamiltonian in R.

We fix for all the sequel the function
1

kn (wl + 12) + lnw2 .

bn = —aZkiI{" ' Iy U, U, =

DEFINITION 1. We say that a Hamiltonian h is of admissible if
h=g1+Cg2+r
with (91,gg,T) € Gy x Gy xR,

DEFINITION 2. We say that a Hamiltonian G is in good form if

with h admissible.

A crucial fact about admissible Hamiltonians is their stability under addition
(obvious) and under Poisson brackets :

LEMMA 1. If h and f are admissible Hamiltonians , we have that {h, f} is admissible.
Proof. Take two admissible Hamiltonians : g = g1 + 92+ and g = ¢} + (g5 + 7.
That {f, g} is admissible follows immediately from the following elementary facts

{91,091} € G,

{glagé}7{923911} € g2/

{92,92} € R;

{u,v} e Rforanyu € G UGas UR and any v € R

O

A consequence of Lemma 1 is the following stability result of Hamiltonians in
a good form.

LEMMA 2. If G is a Hamiltonian in good form and if X is an admissible Hamiltonian,
then G o ®% is in good form.

Proof. We have that
1
Gody =G+ {G,X}+ 5{{G,><},><}+...

By definition, the addition of an admissible Hamiltonian to a Hamiltonian in good
form leaves it in good form. Hence, by Lemma 1, it suffices to show that {G, X} is
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admissible. Now, {G, X} = {H,,, X} + {G — H,,, X}. But {H,,, X} is clearly admissi-
ble, and Lemma 1 and the fact that {u, ¢,,} € R for any u € G; UGy UR imply that
{G — H,,, X} is admissible. O

We can now state the following corollary that opens the way to the proof of
Proposition 3.

COROLLARY 1. If a Hamiltonian G is in good form, then the coefficient I',, of I f"‘llgg"
in the BNF of G at the origin is as described in Proposition 3.

Proof. Take G in good form. Suppose d(G) < 2k, + 2k,,. We let h be the sum of the
non-resonant monomials of minimal degree of G. By definition / is admissible.
We take g to be the corresponding Hamiltonian such that {H,,,g} = —h. The
definition of g was given in (10) and it implies that g is admissible. Next, we have
that

1
Gody=G—h+{G~Hog)+ 5 {{C.g}. 0} +...

Corollary 1 tells us that G o <I>£17 is in good form. Since G — H,, is admissible, we
know that all the terms in G — H,, have degree strictly higher than 2. Hence
d({G—Hu, g} + 5:{{G., g}, 9} +...) > d(g9) = d(h) = d(G). By definition of h
we have that d(G — h) > d(G). Hence d(G o ®}) > d(G).

Iterating this procedure, we arrive after a finite number of steps to a canonical
change of coordinates ¥ such that G o ¥ is in good form and d(G) > 2k, + 2k,.

Go\I/:Hw+<p1+Cn802+CZ¢n+T

with @1 € G1, @2 € G, both resonant and r € R. Since d(r) > 2k, + 2k,, r has no
effect on the term I'),. The fact that ¢; € Gy and @3 € G, implies that they depend
polynomially in ({o, . .., (,—1) and do not depend on ¢,.

Since U,, = m, the expansion of U, in a power series in I, gives that

the coefficient of I}~ I coming from ¢, is exactly -, given by (23). Hence, we
get the expression of I',, of Proposition 3. Finally, it is straightforward that (8) and
(21) imply that |y, | > eFn. O

With Corollary 1 at hand, to conclude the proof of Proposition 3, we just need
to conjugate H as in (9) to put it in good form. We will see now that this is realizable
via the natural conjugacy that kills the term (, F}, of H. We adapt the definition of
the X,, of (12) as follows

Xn = —iCnEnUy, E, = an(ffnfén - U’f"nlz")-

Note that U,, has a pole as a function of I near 0. However, it is still a nice analytic
function in a tiny neighborhood of 0 and we will use the power series expansion
of U,, later.

Using Leibniz’s product rule for Poisson brackets, we have that {H,,, E,U, } =
U,{H,, E,} since H,, and U,, commute. But

{vazEn} - (knwl + lnw2)Fn + (anQ + lnjl)Fn»
hence, multiplying by (,U,, and regrouping gives
(24) {Hu Xn} = =CuFy — Gl 11 FUn.
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This will be used to show that if we denote by ®;, the time one map of the
Hamiltonian flow of X,,, then we get the following.

LEMMA 3. We have that H o <I>>1—<n is in good form.

Proof of Proposition 3. Lemma 3 gives that G := H o ®} is in good form. Corollary
1 allows then to conclude. O

We now turn to the proofs of the lemma.
PROOF OF LEMMA 3. We have

- 1 _ _
(25)  Ho®y =H+{HXn}+ {{H.Xn}Xn} +...
- 1 _ _
:H+{H7X7L}+5{{Hax7l}axn}+ra rcR

_ 1 _ _
=H+{H X,}+ 5{{Hw,Xn},Xn} +7r, reRr.

Next, recalling (24), we get

{H, Xn} = {H&m)—(n} + Z Cj{Fjvxn}

JEN
(26) = —CoFn = Gl Fu 11Uy = iGo{ s EnUp} = Y iGiCa{ Fy, EnUn}
J#n

and
(27) {{va Xn}7 Xn} = iCﬁ{Fn, EnUn} + igy%ln{FnllUru EnUn}-
Putting together (25), (26) and (27) implies
28) Ho® = > GF—CulnFulilUy

j<n—1
i#n
We classify all these terms as follows.
CLAIM. With ¢,, = —a2k2I* 11U, we have that

C) Y1 GE G

(C2) lnFnIlUn + Z]’?ﬁn iCj{Fjv EnUn} S g2
(C3) {F,, B Un} —2ig, €R

(C4) {F,[,U,, E,U,} €R

Proof of the claim. (C'1) is obvious. (C2) follows from the fact that d; (F;) > 2 for
every j. To see (C3) and (C4) observe that (14) implies that

29)  {F,,E\U, + 2i¢, = —2ia2 21" [0, e R

(30) {Fn, Un}E, = ailnkn ( %knfgln + nfk"ngl” - 21{%]5”) UrQL €R

(31) {I,,E,}F, = —k,F2 € R.
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Plugging (C1) — (C4) in (28) we get that
Ho (I))l(n €01+ Cng2 + C,Z(]Sn +R

as required in Lemma 3. g

PROOF OF THEOREM B. To finish the proof of Theorem B, we need to consider the
case where wiws > 0.
We then have a sequence (k,,, l,,) € N? such that

1 n
(32) |knwi — lawa| < P kn > 10e° .

n

Next, we replace the definition of the Hamiltonian in (9) by

(33)  H(z,y) = Hy(z,y) + Y _ Cal&mn + i),
neN

The proof that the BNF of the Hamiltonian in (33) is divergent, under the condition
(32), follows then exactly the same lines as that for the Hamiltonian (9) under the
condition (8). O

We turn now to the proof of Lyapunov instability in the various examples.

5. Lyapunov instability. Proofs.

5.1. Lyapunov unstable resonant equilibria on R*. In case w is resonant, it is
known that instabilities are more likely to happen. Algebraic examples were known
since long time ago [LC1901, Ch26] (see [MS02, §31]). Our construction is actu-
ally based on the existence in two degrees of freedom, for resonant frequencies, of
polynomial Hamiltonians that have invariant lines that go through the origin such
that any point on such a line converges to the origin for negative times and goes
to infinity in finite time in the future.
For k,l € N* x N*, k + [ > 2, define the following real Hamiltonians

Fy (1, 02,91, y2) = EFES + ninb.
We have

PROPOSITION 4. — For any n € N*, there exist t,, € [0, (2n)*T'=2] such that

o (B.)(]Bs, # 0.

If w; and wy are such that kw; + lwy = 0, then the Hamiltonian flow of Fj
commutes with that of wil7 + wals (since {wil1 + walz, Fi} = 0). Hence we get
the following direct consequence of Proposition 4 :

COROLLARY 2. — If wy and wy are such that kwy + lwy = 0 for some k,l > 1 and
k+1 > 2, then for any a € R*, the flow of H(x1, x2,y1,Y2) = wili + wals + aFy; has
an elliptic fixed point with frequency (w1, w2) that is Lyapunov unstable.
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Proof of Proposition 4. We let u = \/l/k, « = k + 1 — 1. We assume o > 2. WLOG,
we suppose that u > 1.
Pick and fix v, € (0, 1) such that

1
— 4 kv+i =1
4
Define a subset of R4,
A = {(xl,xg,yl,yg) eER*: (&,&) = (Tei%”,ureﬂ””/) T € R} )
The Hamiltonian equations of Fj, ; give

B4) &= —ikni'nh, &= —ilnin !

Since the Hamiltonian Fy, ; is real, if we start with a real initial condition, the solu-
tions stay real, that is the relations n; = &; are conserved during the motion. This
allows to compute the right hand sides of (34) for (z1,z2,y1,%2) € A, to get

. . . . ,
51 _ kulr(1€12ﬂ'l/7 52 _ k,ul—&-lraezQﬂ'l/

which shows that for (z1, 2,91, y2) € A, we have & = ue™”' ~)¢,. Hence A is
invariant by the flow (I)%n, and moreover, the restriction of the vector field on A is
given by

P = kulr®.

Hence if we start with ry = ﬁ we see that

1

) = (2n)e—1 — (o — 1)kult’

Define then t,, such that 7(¢,,) = 2n+1. Note that 0 < ¢,, < T}, := (2n)*" 1 /(ku!(a—
1)) < (2n)*~! since T), is an explosion time of r(¢) with the initial condition ry =

1
U

2n°

5.2. Description of the diffusion mechanism. We first describe the proof of The-
orem 2, that is, diffusion in 3 degrees of freedom near a close to resonant elliptic
equilibrium.

We want to exhibit diffusive orbits for the flow of

Hy(z,y) + >, en I3Fn (21, 22,91, y2), where F), is given by (2).

o From Corollary 2, we know that if &k,&1 + {02 = 0 then the flow of &, 1; +
wols + Fp(x1, 2, Y1, y2) is unstable
e Due to (£), an approximation argument (section 5.3) will show that, for

fixed I; =1 := e_ens(k"+l”), the flow of H,(z,y) + 1F,(x1,z2,y1,y2), hasa
point satisfying I, I ~ 1/n, Is = I, that escapes after a time much smaller
than I~ 11,

o The terms Fj,l > n are too small and do not disrupt the diffusion at this
time scale

e The terms F},! < n average out to an I3 term that contributes with O(I?)
magnitude at this level of I3 and do not disrupt the diffusion at this time
scale that is much smaller than I=1-1.
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In four degrees of freedom, we replace the almost resonance condition on w by
the use of the fourth action variable that is also invariant along the flow. Indeed,
when we fix the value of this variable to I, ,, such that k,, (w1 + I4.,,) + w2 = 0, we
find our Hamiltonian exactly in the form to which we can apply the Corollary 2.
The variable I5 plays then the same role as in the precedent case, of isolating the
effect of a single F;, in the diffusion, for various values of I3 — 0.

5.3. Approximation by resonant systems and diffusive orbits.

LEMMA 4. — There exists a constant Cy > 0 such that the following holds. Suppose
F,GecC*’R*R),wecR? A r R a,T > 0suchthat r < R, Cqae®*AT < 1/4, and

d

o H(z,y) = ijlj +aF(z,y)
j=1

d
o hz,y) = ijfj + aF(z,y) 4+ a®G(z,y)
j=1
o IFllc2Briny <A NIGllerBray <A
e For all s € [0,T] : ®%(B,) C Bgr
Then, forall s € [0,T) and for all z € B, :
(35)  [|®3(z) — @5 (2)] < Cqae“ AT

Proof. Let (X (s),Y(s)) := ®%(z) and (z(s),y(s)) := ®5(z). Define the matrices

U; = 0 _(C)u 7}, and introduce the variables
Wi
(Uj(8)> _ o*Us <»Tj(5) - Xj(8)> .
v;(s) y;(s) = Y;(s)
Let£(s) = (u1(s),v1(8), ..., ua(s),va(s)). Since eV is a Euclidean isometry matrix,

(85) is equivalent to proving that for all s € [0,7] and for all z € B,
1€(s)| < CyaeCieAT,
The Hamiltonian equations give that

(%‘(S)) _ o5Us <adsz(‘1>Z(Z)) — ady, F(®3(2)) + a?dy, G(Pj( )))
0;(5) ady, F(®;(2)) — ady, F(23(2)) + a?dy, G(®;(2)) )

Since, as long as ®3;(2), and ®7 (z) are in Br41, we have that
|y F(®5,(2)) = oy F(@3 ()] < N Fle2(Brs) Y (25(5) = Xj(8) + i (s) = Yj(s)])
< V2| F|lc2(84, )€,
and a similar bound for the y; derivatives, the bounds on F' and G then yield
€(s)| < 2daAlé(s)] + V2da®A,  £(0) = 0.

Gronwall’s inequality then implies that for some constant C; > 0, and as long as
®%,(z), and @3 (2) are in Bry1 we have

I€(s)| < CqaeCieds,

™R
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Finally the condition CyaeCieAT < 1 /4 allows to conclude, since it also makes sure
that ®} (B,.) C Bgry1 for s € [0, T, from the fact that ®%,(B,) C Bg. O

n3 (kn+in n3 (kn+in
COROLLARY 3. — Let a € (e=2¢" "™ =™ """y "Lot H € C2(R2,R) be such
that

H(]"v y) = Hw (l’, y) + CLKn(Z‘l, z2,Y1, yQ) + GQGn(Z‘, y)
with ||Gullci(B,,y < €PFntln) and where K, (z1,22,y1,y2) = &E + nink =
a, ' F,, where F, is given by (2).
If (L) holds, there exist t,, € [0, (2n)k =2 and z, € R** such that |z,| = 5~ and
@ f (2n)] = n.

et (kntin)

Proof. From (L), there exists wi such that |w] — w;i| < e and |k,w] +
lowa| = 0. Then, {w]&1m1+waéane, K, } = 0. Hence if we define w’ = (w}, w2, ..., wq)
and

Hl(xu y) = Hw’ (%Zl) + G/K’n(wlyx27y17 y2)7
we get that

t
a

O30 ()] = | 1 rs (i, ()] = 128, (2)] = [0, (2.
Hence, by Proposition 4, there exists ¢, € [0, (2n)**»=2] and z, € R?? such that
20| < 5=, |<I>§(zn)\ =n+1land (I)EI,(B ) C B4 forevery s < t,.

1
4 n
e™ (kn+in)

Now since |[w] —wi| < e~ < a2, we have that

H(Z’, y) = Hw’(xa y) + aKn(:rla x2,Y1, yZ) + azGln(‘Ta y)
with |G}, |1 (B,,) < e*nHl) 4+ 1. Note also that [|K, ||c2(p,,) < emkntin),
Let A = e4n(katln) 4 1. Observe that for T = %, and Cy as in Lemma 4, we

have that Cyae®1e47 = Cyae®44!» < 1. We can thus apply Lemma 4, with r = 5,
R =n+1, and deduce that forall s € [0,¢,] and forall z € B 1 :

s s 1
e (z) — @ (2)| < aAt, e < 1

and the conclusion of the corollary thus holds if we apply the latter inequality to
z=z,and s = t,. O

5.4. PROOF OF THEOREMS 2 AND 3. We first take H as in (3). We fix n € N large,
and want to show that there exists z,, € R, such that |z,| < %, and 7,, > 0 such
that | D7} (2,,)] > n.

Note that for any value I € R, the set {(z,y) € R® : I3 = {313 = I} is invariant
under all the flows we consider in this construction.

We restrict from here on our attention to
(36) I;=I:=e

_en® (bntln)

For r > 0, we denote

B(r) == {(z1, 22,41, 92,23, ¥3) : (¥1,22,51,52) € B(r), I3 =TI}.
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In all this section, the norms || - ||, ) will refer to the C* norm with respect to
the variables 1 and 2 and not 3. Recall the definitions of b;, X; and X of (12) and

(15). Since, by the assumption (N R), k,, > e gt T3] forany j < n — 1, we have
for sufficiently large n

@7)  b; <ajlnk,.

It follows from (15) and (37) that for sufficiently large n

(38) ||%\|CI(B%) <Inlnk, <I°9,

from the definition of I in (36). We thus get for z € B(2n)

(39)  |Bi(z) - 2| <T°%.

Next, we recall that the conjugation of the flow of H by the time one map of X was
computed in (16) as 4

(40) Hodk=H, +I;F, + Z LFj+ B, I3+ R

j>n+1
=—*{ Yo E Y B} F Y iE)
j<n—1 j<n—1 j>n j<n—1

where . o . -
R = 5{{H — H,, X}, X} + g{{{H,X},X},X} +...
Hence due to (36) and (38), we have that R is a real analytic Hamiltonian that
is of order 3 in I3 that satisfies
(41) ”R”cl(g(gn)) < I%-
Now, (37) gives that
(42)  |Buller(san) < nlnkn.

Since ky11 > I~! we have from the definition of a; = e~7(ki 1) that

@3) | Y Filloysen <T
j=>n+1
Since I3 is invariant by the Hamiltonian flow of all the functions we are con-
sidering, we now fix Is = I and consider the flow of H o <I>)1A< in restriction to the

(z1,%2,y1,y2) variables. Introduce a := Ia, and recall the definition of K, =
a, ' F,,. We then have from (40), (41), (42) and (43),

Ho (I); = HW + a’K"(xth,ylayQ) -+ CLQG(.’ﬂ,y)

with [|Gll ¢ p,,) < a;2(1+nlnk, +IY/2) < e3nlkntin)

Observe that from the deﬁnitions of I and a, in (36) and (12), we have that
(672671 3 (kn+in) 67 (kw+’n))

a = Ia, € Since (£) holds by hypothes1s we can thus
apply Corollary 3 and get that there exist ¢, < (2n)**»~2 and w,, € R* such that

|wp| = 5 and | wy)| > n. To finish we pick z, = <I>§1(wn,x3,y3), where

H<I>1(

(3337y3) € R? are such that Is = I. Thus, |<I>§(zn)\ > n, while (39) implies that

4In the computations that will follow, it is helpful to keep in mind that a; F; and a; E; are bounded
in analytic norm, and that even if b; is large, it remains negligible compared to I=9-1.
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|zn| < 1. This completes the proof of Lyapunov instability of the equilibrium at
the origin for H as in (3). Since for H as in (4), we have that H — H = O3(I3), the
same proof of topological instability for H applies to H.

The divergence of the BNF of H and H at the origin was obtained in Section 4.2.
Thus, the proof of Theorems 2 and 3 is completed. O

5.5. PROOF OF THEOREMS 4 AND 5. We take H as in (6). Note that for any value
of (I,J) € Ry x R*, the set {(x,y) € R® : I3 = &n3 = 1, &ny = J} is invariant
under all the flows we consider in this construction.

If wefixnow Iy =J :=I;,and I3 =1 := eme” (Fn i)
flow of H to the (x1, z2, 91, y2) space takes the form:

, the restriction of the

H(z,y) = (w1 + )1+ wolz + wsT + wi I + > TF, (21,72, y1,52)
neN

which has the same flow as in the proof of Theorem 2 with this difference that
wy is replaced by w; + J. Moreover, the hypothesis (R) and (M R’) of Theorem
4 imply hypotheses (£) and (N R) of Theorem 2, so the existence of the diffusive
orbit for H as in (6) follows from Theorem 2. Since for H as in (7), it holds that
H — H = 03(13), the same proof of the topological instability of the equilibrium at
the origin for H applies to H.

The divergence of the BNF of H and H at the origin was obtained in Section 4.3.

Thus, the proof of Theorems 4 and 5 is completed.
a

6. The case of R? x T?. Lyapunov unstable quasi-periodic tori

To finish, we briefly describe in this section how the constructions of Theorems
2 to 5 can be carried to the case of Hamiltonians on R? x T?, T¢ = R4/Z4. We
will only discuss the case of Theorem 4, the others being similar. Closely related
to Hamiltonians as in (x) are the Hamiltonians on R? x T4, d > 4, expressed in
action-angle variables by

(+x)  H(r,0) = H,(r) + O3(r),
4
Hw(’f‘) = (w1 —+ 7”'4)7’1 —+ ijrj’
j=2

where 032 (r) denotes a real analytic Hamiltonian on R x T¢ that is of order 2 in the
7 coordinates. For these Hamiltonians, the torus {0} x T¢ is invariant by the flow
of Xy = (0pH,—0,H), and the restricted dynamics on this torus is a translation
flow of frequency w.

With w non-resonant, we again take (ky, [,,) € Z? such that

1
|k;nw1 +anJ2| < ka

Since we do not assume that wjws < 0 it is possible that k!, < 0. Similarly to F),
of (2), we introduce

Fo(riyra, 01,602) = e Ee bt el cos(2m (k) + 162))
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and the real entire Hamiltonians

H(r,0) = Ho(r) + ZTBFn(ThTZaalagQ)
neN

that satisfy (+*) and for which one can check similar results as those proved in
Theorems 2 and 4.

Observe that in this action-angle setting, the fact that k,, or /,, may be negative
does not constitute any restriction to the construction, and this is the reason why
the condition wyws < 0 is not needed.
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