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RIGIDITY RESULTS FOR QUASIPERIODIC SL(2,R)-COCYCLES

BASSAM FAYAD AND RAPHAFEL KRIKORIAN
(Communicated by Dmitry Dolgopyat)

ABSTRACT. In this paper we introduce a new technique that allows us to inves-
tigate reducibility properties of smooth SL(2,R)-cocycles over irrational rota-
tions of the circle beyond the usual Diophantine conditions on these rotations.

For any given irrational angle on the base, we show that if the cocycle has
bounded fibered products and if its fibered rotation number belongs to a set of
full measure ~(a), then the matrix map can be perturbed in the C* topology to
yield a C*°-reducible cocycle. Moreover, the cocycle itself is almost rotations-
reducible in the sense that it can be conjugated arbitrarily close to a cocycle
of rotations. If the rotation on the circle is of super-Liouville type, the same
results hold if instead of having bounded products we only assume that the
cocycle is L2-conjugate to a cocycle of rotations.

When the base rotation is Diophantine, we show that if the cocycle is L2-
conjugate to a cocycle of rotations and if its fibered rotation number belongs
to a set of full measure, then it is C°°-reducible. This extends a result proven
in [5].

As an application, given any smooth SL(2,R)-cocycle over a irrational ro-
tation of the circle, we show that it is possible to perturb the matrix map in
the C* topology in such a way that the upper Lyapunov exponent becomes
strictly positive. The latter result is generalized, based on different techniques,
by Avila in [1] to quasiperiodic SL(2,R)-cocycles over higher-dimensional tori.

Also, in the course of the paper we give a quantitative version of a theorem
by L. H. Eliasson, a proof of which is given in the Appendix. This motivates the
introduction of a quite general KAM scheme allowing to treat bigger losses of
derivatives for which we prove convergence.

1. INTRODUCTION

We will be interested in smooth quasiperiodic cocycles on T x SL(2,R), where
T denotes the circle R/ Z (the base) and SL(2,R) the set of 2 by 2 real matrices with
determinant 1 (the fiber). For a e R~Q and A€ C" (T, SL(2,R)), r € NU {oco, w}, we
define the cocycle (a, A) as a diffeomorphism on the product T x SL(2,R):

(a,A): Tx SL(2,R) — T x SL(2,R),
0,y)— 0 +a,A0)y).
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We denote by C{(T,SL(2,R)) the set of maps A € C"(T,SL(2,R)) that are ho-
motopic to the identity. We say that a C"-cocycle (a, A) is C"-reducible if there
exist Be C"(R/2Z,PSL(2,R)) and A, € SL(2,R) such that

BO+a) 'AO)BO)=A, VOeR/2Z.

Reducibility is an important issue in the study of quasiperiodic cocycles and
their applications (e.g., to the spectral theory of Schrodinger operators). An obvi-
ous obstruction to reducibility is nonuniformly hyperbolic behavior of the cocy-
cle, that is, a nonuniform exponential increase almost everywhere of the fibered
products of matrices over the base rotation. On the other hand, when certain
parametrized families of cocycles are considered, Kotani’s theory asserts essen-
tially that there is an almost sure dichotomy between nonuniform hyperbolic-
ity and L?-rotations-reducibility (conjugacy to a cocycle with values in SO(2,R),
see the exact definition below). More precisely, to any cocycle (a, A) one can
associate a fibered Lyapunov exponent LE(a, A) (we refer to Section 2.1 for the
definitions and basic results). Now let Q, (-) = R, A(*), where R, € SO(2,R) is the
cos2myp —sin2ne
sin2nmg  cos2mg
either LE(a, A) > 0 or (@, R, A) is L*-rotations-reducible (see [5] for references).
This dichotomy also holds for Lebesgue almost every value of E € R in the setting
of Schroédinger cocycles

rotation matrix ) Then, for Lebesgue almost every ¢ € [0, 1],

Sy pe E-V@O) -1

V.E= ( 1 0 ),

(V € C'(T,R)), which, combined with rigidity results that we now describe, gives
information on the spectrum of the corresponding Schrédinger operator.

In [5], the latter dichotomy was pushed further to a global analytic rigidity
result (also true in the smooth category). By analytic (resp. smooth) rigidity, we
mean the fact by which weak regularity information (L?) on the conjugating map
is enough to guarantee its analyticity (resp. smoothness) under some additional
assumptions. An important role is played by the fibered rotation number of the
cocycle (see Section 2.2 for its definition).

THEOREM A. [5] If @ € R~ Q is recurrent-Diophantine and if A€ Cg (T,SL(2,R))
satisfies:

() pgla, A) is Diophantine with respect to a and

(ii) (a, A) is Lz—conjugate to a cocycle of rotations,
then (a, A) is C”-reducible. As a consequence, for Lebesgue a.e. ¢ € [0,1]) (resp. if
V € C?(T), for Lebesgue a.e. E € R), either (a, Ry A) (resp. (&, Sy,g)) is C* -reducible
or it is nonuniformly hyperbolic.

The set of recurrent-Diophantine numbers is by definition the full Lebesgue-
measure set of irrationals with the property that the iteration of a by the Gauss
map G: (0,1) — (0,1), G(x) = {x~1}, falls infinitely many times in some Diophan-
tine set with fixed constant and exponent. Also, for any fixed a, numbers that are
Diophantine with respect to a form a set of full Lebesgue measure. See Section
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2.3 for precise definitions. One aim of this note is to extend in a smooth setting
the result of [5] to all Diophantine frequencies as follows.

1.1. Almost-sure dichotomy for every Diophantine a.

THEOREM 1. If a € R~ Q is Diophantine, there exists a set 2(a) c T of measure 1
such thatif Ae CgO(TT, SL(2,R)) satisfies

(i) pfla, A) € Z(a) and

(i) (a, A) is L>~conjugate to a cocycle of rotations,
then (a, A) is C*-reducible.

In the analytic case, this theorem is also true, by different techniques, as a
consequence of [4, 2], and [6] where, in addition, the Diophantine condition on
a can be relaxed to be lim;, .o % =0, where g, denotes the denominator of
the n-th continued-fraction expansion of « (see Section 2.3).

As in [5], Theorem 1 yields a global dichotomy that generalizes Theorem A to
all Diophantine frequencies (in the C* category).

COROLLARY 1. Let @ € R~ Q be Diophantine and let A € C8°(T,SL(2,[R)) (resp.
V € C*(T,R)). Then, for Lebesgue almost every ¢ € [0,1] (resp. E € R), the cocycle
(@, Ry A) (resp. (a, Sy,g)) is either nonuniformly hyperbolic or C*-reducible.

1.2. Almost rigidity. It is clear that the notion of reducibility for cocycles de-
fined over Liouvillean translations is too restrictive since in that case even an
S! or R-valued cocycle is in general not reducible. The appropriate notion in
this case is rotations-reducibility. We say that (@, A) is L>—conjugate, (resp. C’ -
conjugate), to a cocycle of rotations (for short, we shall say that (a.A) is L? (resp.
C") rotations-reducible) if there exists a measurable B: T — SL(2,R) such that
IB()| € L*(T,R), (resp. Be C" (T, SL(2,R)), and

BO+a) 'AB)B®) € SO2,R), VOEeT.

How to extend Theorem A or Corollary 1 to any irrational number when re-
ducibility is replaced by rotations-reducibility is an interesting and important
problem.

Here we introduce and study the following notions of almost-reducibility and
almost-rotations reducibility: a cocycle («, A) is almost reducible (resp. almost
rotations-reducible) if there exist sequences B, € C"(R/2Z,SL(2,R)) and A, €
SL(2,R) (resp. Ay € C"(T,SO(2,R))) such that B(_nl)(- +a)A()Buy () — Ay — 01in
the C"-topology as n — co.

We prove the following “almost rigidity” results

THEOREM 2. Let a € R~ Q. There exists a set 2(a) c T of measure 1 such that if
A()) € C3°(T, SL(2,R)) satisfies

@) prla,A) e Z(a) and

(i) (a, A) is C°-rotations-reducible,

then A is C*°-almost rotations-reducible and is C*-accumulated by functions
A() € C°(T, SL(2,R)) such that (a, A) is C*°-reducible.
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REMARK 1. Note that from [16], it follows that (ii) is equivalent to the fact that
the fibered products of A(-) be C°-bounded; if we use the notation (a, A(-))" =
(na, An(") (n € Z), this means sup,c7 [l A ()l co) < oo.

This theorem can be strengthened in two cases. The first is that the frequency
in the base is Diophantine, in which case, as stated in Theorem 1, (ii) can be
replaced by L?-rotations-reducible and the conclusion is reducibility. The other
case is that « is very well approximated by rational numbers: we shall say that
a € R~ Qis super Liouville if

logl
n—00 log gy

)

where g, denotes the denominator of the n-th continued-fraction expansion of
a (see Section 2.3).

THEOREM 3. Leta € R~Q be super Liouville. There exists asetZ(a) < T of measure
1 such that if A(-) € C3°(T, SL(2,R)) satisfies

@) prla,A)eZ(a) and
(i) (a,A) is L?-rotations-reducible,

then A is C*°-almost rotations-reducible and is C*°-accumulated by functions
A() € C°(T, SL(2,R)) such that (a, A) is C*-reducible.

1.3. Density of cocycles with positive Lyapunov exponent. As a corollary of The-
orems 1 and 2 we have the following result.

THEOREM 4. For fixed irrational a € T, the set of A € C°(T,SL(2,R)) such that
(@, A) has positive Lyapunov exponent is dense in C3°(T,SL(2,R)) for the C*-
topology.

Proof. The proof relies on Kotani’s theory and proceeds along the lines of [14].

Leta e R~Qand A() € C3°(T, SL(2,R)). Then, by a theorem of De Concini and
Johnson [7], either for any 6 > 0 there exists € € (—6,0) for which the Lyapunov
exponent of (a, A(")R,,) is positive, or (@, A(-)Re) has C°-bounded fibered prod-
ucts for any € € (-6, 6), in which case we also have that the continuous function
(=6,06) 3€ — prla, A()Re) is not constant.

As mentioned earlier, we know from [16] that C°-boundedness of the fibered
products is equivalent to the fact that the cocycle is C°-conjugate to rotations.
Since the fibered rotation number of this cocycle is continuous and not constant
as € varies in (-6,0), we can choose g such that, depending on «a, hypothe-
sis (i) of Theorem 2 or of Theorem 1 is satisfied. We conclude that the cocycle
(a, A(*)Re,) is accumulated by reducible cocycles.

Theorem 4 then follows if we make the following observation (cf. [14])

LEMMA 1. Any constant Ay in SL22,R) is C*°-accumulated by functions A(-) €
Coo(T, SL(2,R)) such that (a, A(") is hyperbolic (in the fiber). O
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REMARK 2. In fact, as proven in [1], a stronger result holds: Theorem 4 is true
for SL(2,R)-cocycles over translations on tori of any dimension (and even more
general dynamics).

Let us describe briefly the novelty of this paper. There are usually two tech-
niques to attack the reducibility problem for quasiperiodic systems: KAM the-
ory and renormalization. In the case of SL(2,R)-cocycles, a third approach to
tackle reducibility, based on localization and Aubry duality, proved to be fruit-
ful in [15, 3, 2, 4]. Renormalization is usually used to reduce to a local (pertur-
bative) situation where KAM techniques are applicable. This naturally requires
Diophantine conditions on both the rotation number on the base and on the
fibered rotation number of some renormalized system. The crucial observation
in the present paper is that if the Diophantine condition on the base fails, it is
indeed possible to take advantage of this fact and conjugate the cocycle closer to
rotations (depending on the base point) with an error that will be even smaller
as the involved small divisor is small (cf. Theorem 2 and 3). This remark is also
useful to treat the Diophantine case in full generality (cf: Theorem 1). We refer to
Sections 3.2 and 4.1 for a more detailed discussion concerning each case.

1.4. A quantitative version of the Eliasson Theorem and a generalized KAM
scheme. Given an analytic cocycle (a, A), a Diophantine and A sufficiently close
to a constant (as a function of @), Eliasson proved in [9] a theorem that guaran-
tees reducibility of (a, A), provided the fibered rotation number satisfies some
(weak) Diophantine condition.

We will prove a precise version of Theorem 1 (see Theorem 8 below) that uses
an extension of Eliasson’s reducibility theorem to the smooth case and also pro-
vides estimates, involving the Diophantine constants, on the required closeness
to constants. This is our Theorem 5.

As pointed out to us by the referee (and as will be explained in Section 4.1), a
usual KAM scheme with estimates would be sufficient for the purpose of proving
Theorem 1. However, proving the quantitative version of Eliasson’s theorem is
itself interesting and allows for a slightly more general result on reducibility (cf.
§4.1).

Thus, we present a proof of Theorem 5 in the Appendix together with a quite
general KAM scheme that we think may be of broader utility, especially in prob-
lems where small divisors cause losses of derivatives that are proportional to the
order of differentiability.

2. DEFINITIONS AND PRELIMINARIES.

2.1. The fibered Lyapunov exponent. Given a cocycle (a, A), for n € Z, we de-
note the iterates of (a, A) by (@, A)" = (na, A,(-)), where for n =1,

Ap()=AC+(n-1Da)---A()
A_,()=AC-na)t- A — a) L.
We call the matrices A,(-) for n € N fibered products of («, A).
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The fibered Lyapunov exponent is defined as the limit
1
L(a, A) := lim —f logll A, (0)d0,
n—oon JoeT

which by the subadditive theorem always exists (similarly, the limit when n goes
to —oo exists and is equal to L(a, A)).

2.2. The fibered rotation number. Assume that A(-): T — SL(2,R) is continuous
and homotopic to the identity; then the same is true for the map

F:TxS'—-TxS!

(e,v)~(9+ Al );

Y IA@) v

thus F admits a continuous lift F: T x R — T x R of the form F(0,x) = (0 + a, x +
f(0,x)) such that f(0,x+1) = f(0,x) and n(x+ f(0,x)) = A@)n(x)/ |A@) ()|,
where 7: R — S, 7(x) = /2™ := (cos(27x),sin(27x)). In order to simplify the
terminology, we shall say that F is a lift for (@, A). The map f is independent of
the choice of the lift up to the addition of a constant integer p € Z. Following [10]
and [11], we define the limit

. 1 n-1 .
0 & S 6,2,
which is independent of (6, x) and where the convergence is uniform in (0, x).
The class of this number in R/Z, which is independent of the chosen lift, is
called the fibered rotation number of (a, A) and denoted by p r(@, A). Moreover
pr(a, A) is continuous as a function of A (with respect to the uniform topology

on CJ(T,SL(2,R))).

2.3. Continued fraction expansion. Diophantine conditions. Define as usual
forO<a<]l,

ap =0, ap=a,

and inductively for k = 1,

-1 -1
ai = la; 4], Oék=6¥k_1—dk=G(ak—1)={a }
k-1

where [ ] denotes the integer part and G(-) the fractional part (the Gauss map).
We also set

k
ﬂkZ 1_[ aj.
j=0

Forall k=0,
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@2.1) Br = (=D*(gra - po),
(2.2) _r <Pk < !
' dk+1 + gk k L7k+1’
1
(2.3) ,Bk

Gk+1+ X1 Gk
We use the notation

mﬂw=ggm—pL
Recall that
(2.9 Vi< k<gqy, llkall = llgn-1all.

We say that @ € R~ Q satisfies a Diophantine condition DC(y, 1), where y > 0,

7>0,ifforevery pe Z,q e N*,
y!
q1+r'

lga—pl=

Let @ € R and 8 > 0. We say that p € R/Z is 8-Diophantine with respect to « if
there exists C such that

120—ka—1>CA+kl+1ID7%  (kDez?

For short, we shall say that p is Diophantine with respect to @ (no mention to 0
is made) when it is -Diophantine with respect to a with 8 = 2. Note that the
set Uy»o DC(y, 7) of Diophantine numbers with given exponent 7 > 0 is a set of
full Lebesgue measure. Note also that given any «a € R, the set of p € T that are
Diophantine with respect to a is a set of full Haar measure on the circle.

2.4. Eliasson’s local theorem on reducibility. We will need the following quan-
titative extension of a result by Eliasson [9] (where the case of analytic continu-
ous quasiperiodic Schrodinger cocycles is considered).

THEOREM 5. There exist two constants C1,C, > 0 such that the following holds.
Let A € SL(2,R) and t > 0 be fixed. Then there exists e(t, A) > 0 such that if a
cocycle (a, A) e R x C*°(T, SL(2,R)) satisfies

(1) aeDC(y,1),
(i) pf(a, A) is Diophantine with respect to a, and
(i) |A—Allco < }f‘doe and |A- Allcso < 1, wheredy = C1(t + 1), so = [Ca(T + 1)],
then (a, A) is C*° reducible.

REMARK 3. Assume that only 7 is fixed and A varies in some compact subset K
of SL(2,R). Then € can be taken uniform with respect to A.

A sketch of the proof of Theorem 5, based on Eliasson’s original proof, is given
in Appendix B.
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2.5. Z%-actions [14, 5]. Let Q" = R x C" (R, SL(2,R)) be the subgroup of Diff(R x
R?) made of skew-product diffeomorphisms (a, A): R x R?> — R x R?,
(@, A)(x, w) = (x+ a, A(X)w).

A C' fibered Z?-action is a homomorphism ®: Z> — Q. We denote by A’ the
space of such actions. When, in the above definitions, the group SL(2,R) is re-
placed with SO(2,R), we denote by A" (SO(2,R)) the subset of A" thus obtained.
As ®(1,0) and ®(0,1) determine ®, we often write for short ® = ((®(1,0),D(0, 1)).
Let 71: Rx C"(R,SL(2,R)) — R, m2: R x C"(R,SL(2,R)) — C"(R,SL(2,R)) be the
coordinate projections. Let also y‘,ll”m =m10®(n,m) and Ay, = 7120 ®(n, m). We
let A(’) be the set of ® € A" such that y‘fo =1and Ygl € [0,1].

We say that an action is:

— constant if for all (n, m) € 72, the maps A‘,I;ym are constants;

— normalized if ®(1,0) = (1,1d), and in that case, if ®(0,1) = (a, A) the map
A€ C"(R,SL(2,R)) is clearly Z-periodic.

Ifde A reN,and I c Ris an interval or I = T, we denote by | ®||,,; the
quantities

® @
I1®Il,7 := max(0” AT gl co(ny» 10" Ag 1 I cory), IO = [nax IPlls,1-

We define
dy,1(@1,®2) := max (10" (ATh — AT2)llcogny, 10" (Agy = AG) llcogn)-
and a distance on A": if &, D, € A" we set
dy (@1, @) = max dg (@1, Py).
When I is the interval [0, T] (T € R), we denote | - ||,,; and dy,;(-,-) by || - ll,7 and
drr ().

DEFINITION 1. Two fibered Z? actions ®, @’ are said to be conjugateif there exists
asmooth map B: R — SL(2,R) such that

V(n,m)eZ®> @' (n,m)=(0,B)o®(n,m)o(0,B) ",
that is, if
AY () =Bt+y2 )AL (B! and 2, =72 .

We write @' := Conjz(®) and get from the Hadamard-Kolmogorov convexity es-
timates (see Appendix A, (5.3)) the following estimates:

(2.5) 19D, < K (DA + ||B||0,1)3(||CD||Ir1,1le||B||0,1 + 1 ®llo, 7l Bll 1)
and, similarly, if QJ’]. = Conjg(®)), j=1,2,

(2.6) dy (@), D) <K (D(1+ ||B||0,1)3(d§11ax(q31,‘1)2) IBllo,r + do,1 (@1, P2) Bl 1),

where the constant K, ([) is, for any r, a decreasing function of the length of I
(and can be chosen equal to C”, where C > 0, when I = T). We shall sometime
denote K (I) by K;,1; when I = [0, T1, we write K,,7 in place of K}, 9,77, and when
I =T we simply write K.
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A fibered action is said to be reducible if it is conjugate to a constant action. A
fibered Z2-action can always be conjugated to a normalized one.

LEMMA 2. If ® € A" with y‘fo = 1, then there exist a conjugation B € C" (R, SL(2,R))
and a normalized action ® such that ® = Conjg(®); then, letting s, T € N with
0 <s<r, thereexists K; such that

IBlicsqo,my < Ks T* (101, 0)llo,7) 101, 0) T,
If furthermore, P := maxrez |O(T,0) | cr ) < 0o, then

I Bllcso,mn < KsP4STS||©(1,0)|I§,1||q>(1,0) II?%X-
The same results are true if ® € A" (SO(2,R)).

We give the proof of Lemma 2 in Appendix A.
Finally, we observe that a normalized action ® = ((1,1d), (a, A)) is reducible if
and only if the cocycle (a, A) is reducible (cf. [14, 5]).

2.6. Renormalization of actions. A fundamental tool in this note will be the
results on convergence of renormalizations of bounded cocycles obtained in
[14, 5, 6]. We recall here, following [5], the scheme of renormalization of Z? ac-
tions introduced in [14].

Let A #0. Define M : A" — A" by

M (@) (n,m) == A"y s ARy p(A).
Let 0, € R. Define Ty, : A" — A" by

Tp, (@) (1, M) = (Y5 s A (- +0.)).
Let U € GL(2,Z7). Define Ny: A" — A" by

L It n' _ -1
Ny (@) (n,m) :=®(n',m’), where (m,J—U (m)

Notice that these three operations commute. Also, Ty, and Uy commute with
Conjg while M) o Conjg = Conjg, ) o M). Further, if ®;,®; € A, then
27 IMy®1ll a7 = AT NP1y, dpp-17(My @y, My®@2) = A" dy, 7 (D1, D).
Let

qn Pn
2.8 n= ’
8 Q (%—1 Pn—l)

and define for n € N and 0., € R the renormalized actions
R"(®) := Mg, , o No, (@)
Ry (@) := Ty HR"(Ty, (D).

Renormalization is a powerful tool with which to study reducibility due to the
following elementary fact:

LEMMA 3 ([14, 5]). If there exist n and 8. such that IRZ (®) is CT -reducible, then
@ is C" -reducible.
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2.7. Fibered rotation number of nondegenerate Z-actions. Itis possible to as-
sociate to any (nondegenerate) fibered Z?-action ® a notion of fibered degree.
Since our initial quasiperiodic cocycle (a, A) is homotopic to the identity, the
degree of the associated Z?-action ®“ is zero (cf. [14, 5]) and in that case, once
a lift is chosen for the corresponding quasiperiodic projective cocycle, we can
define a fibered rotation number rot(®) for the Z2-action ®4. A change in the
choice of the lift results in adding to the fibered rotation number an element of
the frequency module {ky, + Iy, : (k, 1) € Z*}. We refer the reader to [14, 5] for
the definition of this rotation number and its behavior under renormalization. It
is proven in the aforementioned references that

(2.9 rot(R"®) = (-1)"rot(®)/B,-1.

2.8. Convergence of the renormalized actions [14, 5, 6]. Let ® be the action
((1,1d), (@, A)). Write ((1,Cy"), (@n, C)) = R2 (@). By definition

(2.10) Ch) = Acyrig, ,(Bn-1), CP = Acayg,(Bn1)-

(6] established the following result:

THEOREM 6 ([6]). If (a, A) is of degree 0 and is L?-conjugate to a cocycle of ro-
tations, then for almost every 0, € T, there is a constant matrix B such that if
Conjg (®) denotes the conjugate action of ® by B, then one has R (Conjg(®)) =

(@, CD), (an, CP)) with
~(i 0
Cﬁl]) = eUn Rp(j), ] = 1’2’
such that foranyr €N, |UY lerqo.siemy — 0> and oV eR.

3. THE WELL APPROXIMATED CASE
3.1. Statement of the result.

DEFINITION 2. A number a € R~ Q is said to be of Roth type if for every ¢ > 0
there exist at most finitely many integers g such that ||ga/l| < #.

We will say that a number a € R~ Q is well approximated if it is not of Roth
type. In this case, there exist € > 0 and an infinite set N(€) = N such that for any
n € N(e), we have

llgnall <

1+e”
n

Notice that if « is well-approximated, then there exists M € N such that if n €
N(e) is sufficiently large, then

1
(3.1) aM<—.
dn
. , 7 g s logloggn+1 _ .
We say that a € T \ Q is super-Liouville if limsup,,_. ., ogan = O Equiva-

log gn+1
A

lently, this means that for any A > 0, limsup,,_,, = oo. In that case, we

n
10g10g qn+l
logqy
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In this section, we prove the following theorem that encompasses both Theo-
rem 2 and Theorem 3.

THEOREM 7. Suppose a € R~ Q is well approximated and A(-) € C3°(T, SL(2,R))
satisfies one of the two following sets of assumptions:

Case (I)
pr(a, A)
(H1) l”,B—”' = po > 0 for some sequence n; — oo, n; € N(€);
I’ll‘—l
(H2) (a, A) is C*-conjugate to a cocycle of rotations (or equivalently has uniformly
bounded products);
Case (1)
(SL) «a is super-Liouville;
, A)
(H1) |||p’[§—||| = po > 0, for some sequence n; — oo, n; € L;
I’ll‘—l

(H2") (a, A) is L?-conjugate to a cocycle of rotations.

Then A(-) is C*®-accumulated by functions A() € C3°(T, SL(2,R)) such that (a, A)
is C*®-reducible. Moreover, (a, A) is almost rotation-reducible.

REMARK 4. Given any sequence of numbers 3, — 0, the set of numbers p for
which there exist pp > 0 and an infinite sequence n; € N(e) (resp. n; € £) such
that for all i, we have [[p/ By, lll = po, is of full Lebesgue measure.

3.2. Plan of the proof of Theorem 7. We concentrate on the description of case
(I). The basic observation for the proof of Theorem 7 is the following: let (a, A)
be a cocycle (homotopic to the identity), where A(:) is close to some cocycle of
rotations R, (-) € C*°(T, SO(2,R)), and assume that ¢ is close to ¢(0) that satisfies
mingez | (0) — (1/2)|| = 6 where § is not too small. On the other hand, let us
assume that a is very well approximated by rational numbers and consider the
even worse case where « is very small. The assumptions on A allow us to find
a conjugation B € C*(T, SL(2,R)) that “diagonalizes” A(-) in the usual algebraic
sense: B()"1A()B() = Ry, (y € C™(T,SO2,R)), the C*-norms of B being under
control. Though this conjugation relation is only algebraic, it can be put in a
“dynamical” form by writing

B(-+a) 'A()B() = (B(' + a)_lB('))Rwl(-)-

But B(-+a)~!'B(-) = I+ O(«|0B|)) and since we have assumed that a is very small,
this quantity will also be very small (as we said before, we have good estimates
on the norms of B). The virtue of this remark is to reduce by conjugation the sit-
uation to a perturbative case where the size of the perturbation is now related to
the “badness” of a. This is the content of Lemma 4 below. Notice that this step
can be iterated a finite number of times and this will allow us to prove Proposi-
tion 2, which is the main ingredient of the paper.

We now illustrate how this argument coupled with renormalization gives the
proof of Theorem 7. Consider now the case where « is a Liouville number. If
we assume that (a, A) is C°-rotations-reducible, renormalization will converge
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to constants. This means (after normalizing the renormalized action) that there
exists a cocycle (a,, A"), with a, = G"(a) (G is the Gauss map G(x) = {1/x})
and with A" close to a constant rotation in C*-topology for some fixed k, from
which one can retrieve many of the dynamical properties of («, A). If we make
some assumption on the fibered rotation number of (a, A), we can expect that
A" (0) will be not too close to I. Also, if « is a Liouville number, there are renor-
malization times n; where @, goes to zero much faster than any power of q;kl.
If we apply the basic observation we have described in the previous paragraph,
we can conjugate (ank,A(”k)) to a cocycle (ank,A(”k)) that will be closer to an
SO(2,R)-valued cocycles (ay,, R‘Pnk) with &, small. Now invert the renormaliza-

tion both for (a,, A”)) and (ap,, Ry, ): this basically means that we iterate each
of these cocycles about g, times. But these two cocycles are much closer than
q;kl; this has as a consequence that the two cocycles obtained after applying in-
verse renormalization will remain close. Since conjugation and renormalization
commute (up to dilation that is of the order of g, at the k™ step), this will give
the desired result. Some technicalities about actions complicate the argument a
little bit, which essentially remains the same for case (II).

The same set of ideas and Proposition 2, coupled with the quantitative version
of Eliasson’s reducibility theorem, will also be useful in the proof of Theorem 1
(cf. Subsection 4.1).

3.3. The renormalized actions. Theorem 6 (about the convergence of renor-
malization) and Lemma 2 (about normalization) imply the following proposi-
tion.

PROPOSITION 1. Let® be the action ((1,1d), (a, A)), and assume it is L?-reducible.
Then there exist a subsequence n; and a sequence of matrices B; such that for any
reN, TeR,

(3.2) IBilly,r < u;i(r,T).
Here
(3.3) witr, T) = K771 A1 ) ap,,
and the action Conj B; (Rg: (@) is of the form ((1, 1d), (ap,, G;)) and satisfies
Gi()=e"VR,,
with, foranyr eN,
U;eC'(T,sl(2,R), 1Uillcrery — 0,
and (cf. 2.9))
pi=(=1" —pgff) :

Furthermore, if the fibered products A, () are uniformly C°-bounded, namely if
maxyez | Anllcorr) < 0o, one can take u;(r, T) to be equal to u(r, T):

(3.4) u(r, T) =K, (AT,
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where K, (A) depends on A.

Proof. From Section 2.8, consider a subsequence of n; (that we still call n; to
simplify notation) such that ng" (Conjgz(®) = ((1, C’gl)), (an,, Cl@)), with

~(i 0 )
C;j) =eUi Rp(j), j=12,
13

and for any r € N, ¢€;, := max;=1 | Ul.(j)ll
pi.j) eR.

Since C’;D = AdB'A(_l)ni—l P (Bn,-1°), from Lemma 8 of Appendix A and (2.10)
we deduce that for any T € R,

croap — 0 as i goes to infinity, and

Gn;-1

~(1
10" CP Ny < K, Bl 1, 1 1Al Al

n
Gn;-
< KAl Al
Using Lemma 2, this provides us with a normalizing conjugation B; such that
B; := B;B satisfies the required bound (3.2) and the conclusion of the theorem.
If we now assume that sup,,c7 Il A, llo < oo, then the fibered products of C’;D are
C%-bounded and we have

~(1
1, CMlerqo, 1 < B, -1y, 1 Kl Aller .

Using Lemma 2 concludes the proof. O

3.4. Further reduction. We now come to the crucial basic observation that al-
lows us to conjugate the renormalized system, which is close to a constant sys-
tem, to a cocycle which is a perturbation of a cocycle of rotations, the size of the
perturbation now being explicit in terms of the new rotation number on the base
(an,-)~

We use the notation of Proposition 1.

PROPOSITION 2. There exists a sequence of conjugacies D; € C*°(T,SL(2,R)) that
is bounded (in C" (T, SL(2,R))-norms, for each r € N) and such that the sequence
&V = Conjp, (1, 1), (an;, G)) = (1, 1d), (an,, Gy)) satisfies

(3.5) Gi()=e"9R; ()
with, foranyl,1' €N,

U;
3.6) Jim 1Uill i

3.7 lim [|6;() = pillct = 0.
1—00
Moreover, there exists constants [s(po) depending only on s and po such that
IDillcs(ry = ps(po)-

Combining this proposition with Proposition 1, we immediately get the fol-
lowing corollary.
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COROLLARY 2. Ifwedefine Z; := D;B;, we have
®; = Conjz, Ry’ (®) = (1, 1d), (an,, G1)),
and Z; satisfies the following estimate for n; € N(¢) (Case (I)) or n; € £ (Case(Il)):
3.8) I Zillcr o,y < pr(po)ui(r, T).
Proposition 2 follows inductively from the following.

LEMMA 4. Let pg € (0,1/2) and M > 0. There exist €y > 0 and, for any s € N,
constants Cs > 0 such that forany U € C" (T, sl(2,R)), p € C" (T, R) satisfying

1Ullcom <€, fTIZP(x)—”ZZPo and |plcs <M,

in
leZ,xe
there exist Y,U € C"(T,sl(2,R)), and p € C"(T,R) such that

0,670 (@, eV R,y 00,677 = (a, 7 Ry,

with
(3.9 10llcs-1 < Cs(po)allUllcs
(3.10) 16 —pllcs < Cs(pa)lUllcs,

with a conjugacy e’V satisfying
(3.11) 1Vllcs < Cs(po) Ul cs.

Proof. By simple algebra, there exists €9 > 0 such that for any u € sI(2,R), p € R
satisfying [|ull < €9, p € (po, 1/2—po) M, there exist y € sI(2,R) and p € R such that

Uup _ L, ¥p_ oY
e"Rp=e "Rse’.

Also, y = Hi(u, p), p = H»>(u, p) for some real analytic functions H;, H, defined on
Eeypo,M :={u € sl2,R) : lull < &0} x (o, 1/2 - po), and we clearly have H;(0,p) =0
and H»(0,p) = p for any p € (pg,1/2 — pg). We define Y (-) = H,(U(), p(-)) and
p()=Hy(U("),p(")) so that

VO R, 0) = e YO R;9 67O

It is then a standard fact that || Y ||¢s < Csl|U |ll¢s, 16 — pllcs < Csll U |l ¢s.
Next, we write

eU(B)Rp ©) = e_Y(6+a)eU(6)Rﬁ(9)€Y(0),

where eV© ;= ¢¥0+®o=Y®)  Now it can be proven (cf [13], Prop. A.2.3) that if
¢, f, u are smooth functions, for any s € N there exists a constant C; such that

lpo (f +uw)—pouls =< Cslldls(L+ 11 fllo) A+ 1 fllluells.

Ifwe choosep=exp, f=Y (), u=Y(-+a)—-Y(-), then (3.9) follows from (3.11) if
£ > 0 is chosen sufficiently small. O
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3.5. End of proof of Theorem 7. We introduce the notation ¥ := JRy (¥) if ¥’ =
Ry (P). Itis easy to check that

n _ -1
(3.12) IRG (@) =T, o No.1o Mg o Ty, ().

The proof of Theorem 7 from Corollary 2 will be a consequence of the follow-
ing lemma, the proof of which is given in the Appendix.

LEMMA 5. Let®;,®, € A". Then, provided do, (P, D7) < (lqul), we have
dpge R (@1),IR"(@2) < Kpp, 7y~ 1Dl 12l 7, 7 (@1, D).

We can now conclude the derivation of Theorem 7 from Corollaw 2. We use
the notation of Section 3.4. We define ®; = ® := ((1,1d), (a, A)), (D(I’) = ng" (@),
&Y = Conj, (@) = (1,1d), (@n,, G:) and B = ((1,1d), (as,, R5,)). We then set
@gi) = Conj 41 (d)g)), and @, ; = JR™ ((Dg)). From Proposition 2, we know that
there exists K;,p (r = I) such that

dy,r @, 8 < K pah,
forany r, T,1'. If we set ®; ; = Conjzfl(ﬁ;l;il,) (@), Dy = COani—l(ﬁ;ilil_) (@), we
have CTDN =JRM (ﬁ);’)) (j =1,2). By Lemma 5, the fact that @;’) isin A®(SO2,R)),
and, since for n; big enough, dr,T((igi),d);i)) < (1/43) (see (3.1)), we can write
(3.13) dyge (@10 P20 <K, DB 7 IS Nk,

Since @;,; = Conj( () (@ j,i), using inequalities (2.6) and (3.8) we then get

B19)  dyp (@, < Kepp, T (0 Ui fr TN 4310 I ra,
From Lemma 8 of the Appendix,

(3.15) 1917 < Kr g,

and thus

g r(@1,®20) < Kypp, ()i (1 B T 5 ety

Denote by ¢,,,, the quantity on the right-hand side of this last equation with
T =, . Thatis (notice that K., g1 = K,y since f,' > 1),

(3.16) Erm = Ky (lpo)u; (r, B, ) g5 el .

In case (1), it is enough to assume that a is well-approximated to ensure that
1

€rn;, — 0 as n; — oo, n; € N(¢), since in that case aj,, < q;iﬁ for some subse-
quence; notice that if this is so, then case (I) has the improved estimates on u;
(which is u), to work with (cf. Proposition 1). In case (II), the stronger assump-
tionlim ¢ ¢ ;—0o(10g gn) “!loglog g,+1 = oo is a sufficient condition to ensure this
convergence to 0.
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The action @, ; is conjugate to an action in A"(SO(2,R)) and is €;,,-close to
®, in the C"-topology, but it is not necessarily normalized. Since

IId—®; ; (1,0l crgo,1) = 1P1(1,0) = D2 ; (1,0) I cr(10,1] < ;s
we can construct from Lemma 2 a conjugacy B; € C" (R, SL(2,R)) such that B; (- +
1)®,,;(1,0)B;(-)~! =1d and satisfying
(3.17) IB; =1dllcro,1)) < Kr&r,n,-
As a consequence, from (2.6),
dr 1 (@2,1,P2,1) < Krer, (1+ €50 192,151
and from (3.15),
dr) (®2,i,D2,) < 2K7 €0, Ty

The normalized action Cbzyi := Conj Bl—q’Z,i is conjugate to one in A" (SO(2,R))
satisfying
(3.18) dry (@1, D2,0) <3K2e 10, G5
With the preceding notation, observe that ®, ; = Conj 5,Conj Z(B;) (®,,;) and

that CTDZ,,- € AgO(Z’R). This means that for any i, there exist A; € C"(T,SL(2,R)),

@i € C"(T,R), and B; € C' (T, SL(2,R)), where B;(-) = B;() Zi(B,," ") satisfies (cf.
Corollary 2 and (3.17))

(3.19) IBillcrn < Kr g, iir (00) i (1, B, 1),
such that

(3.20) IAC) = Ai Ol crry < 3KPern, qa
and

(3.21) (a, A;) = (0,B;) o (a,Ry,) 0 (0,B;)~".

Proof of the fact that (a, A) is accumulated by reducible cocycles. In both cases (I)
and (ID), &, q%lr goes to zero as n; goes to infinity (n; being in N(¢g) in case (I)
and n; being in £ in case (II)). Thus (3.20) shows that (a, A) is C"-accumulated
by cocycles that are C”-conjugate to the C"-cocycles (a, Ry,()) with values in
SO(2,R). But such cocycles can be accumulated by reducible ones: just trun-
cate the Fourier series of ¢; far enough to get a trigonometric polynomial ¢;(-)
and solve the usual cohomological equation ¥ (- + a) =y (-) = @; () — fwr @i(x)dx.

Proofofthe fact that (a, A) is almost rotations-reducible. From (3.21), (3.20), (3.19)
and the convexity inequalities we have
(3.22) (0, B) " o(a, A)o(0,B;) = Ry, lcrmy < 3K} g (r (o) i (1, By 1)) Erm, -

But from (3.3) and (3.16) the quantity in the right-hand side of this inequality
goes to zero as n; goes to infinity (n; being in N'(¢) in case (I) and n; beingin £ in
case (I)). This proves the almost rotations-reducibility and completes the proof
of Theorem 7.
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3.6. Proofs of Theorems 2, 3. Theorems 2, 3 now clearly follow from Theorem
7.

4. THE DIOPHANTINE CASE.

In this section, we prove Theorem 1.

4.1. Plan of the proof of Theorem 1. We show in this subsection how the argu-
ments given in Section 3.2 can be used to prove Theorem 1; we now assume that
(a, A) is a smooth cocycle homotopic to the identity and that « is a Diophantine
number. We observed in Section 3.2 that after renormalization and conjuga-
tion, we can associate to (a, A) cocycles (a,, A™), where a,, = G"(a) and A" is
a$-close in the C”-topology (r fixed) to some SO(2,R)-valued cocycle (a, Ry,),
where C > 0 is an arbitrarily large constant. Since a is Diophantine, @, is also
Diophantine with the same exponent, but its Diophantine constant can be small.
The relevant observation is that there exist infinitely many times rn; such that
the Diophantine constant of a,, is not less than cst- a,,. This allows us, first
to find a further conjugation that conjugates (@, , A"), ag;-close (C' > 0) in
C"-topology to a constant cocycle (a,,, Ry,), and second to apply a quantitative
version of Eliasson’s Theorem (Theorem 5, the proof of which can be found in
the Appendix) that guarantees reducibility of (a,, R,,) provided the fibered ro-
tation number satisfies some (weak) Diophantine condition. Since reducibility
is preserved by renormalization, this proves that (a, A) is reducible.

In fact, it was pointed to us by the referee that a local KAM theorem on re-
ducibility with estimates would suffice to prove Theorem 1. Indeed, in Theorem
1 it is supposed that the fibered rotation number should belong to a set X(a) of
full measure, while in Theorem 8, that is, a precise version implying Theorem
1, the set 2(a) is partly described by the fact that the fibered rotation number
ps(a, A) is supposed to be Diophantine with respect to a, a condition that is ev-
idently of full measure. With this condition, a quantitative version of Eliasson’s
result is needed to obtain reducibility.

However, one can further restrict the set X(a) and remain with a set of full
measure ensuring nonetheless that, along a subsequence, the renormalized co-
cycle (ay,, A has the vector (an,,pn,) (Where py, is the fibered rotation num-
ber of (a,, A")) satisfying a Diophantine condition with constant cst - ay,.
From there, a usual KAM theorem with estimates would allow to conclude, since
A" is a§ close to a constant, where C' > 0 is arbitrarily large.

4.2. Diophantine constants. We will first make explicit the condition on the
fibered rotation number that will be used in the proof of Theorem 1. We need
the following.

LEMMA 6. Let a € R~ Q be a Diophantine number. Then there exist v > 0 and
C > 0 that depend on «, and an infinite set M c N, such that for n € M, we have

Cay,

4.1 k=21, kel =
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thatis, @, e DC(Cay, V).

Proof. For n =1 define v,, > 0 such that g,+; = q,llw”. Since a is Diophantine,

there exists vy > 0 such that for all n =1 we have v,, <vy. We define
(4.2) v =10vq + 10.

Let M be the subset of n € N such that

4.3) Vi=n, Vi< 2vy,.

The set M is infinite because v, is bounded, and we will show that the assertion

of the lemma holds for every n € M with C = 2.4%.

Recall that ay = B/ Br_1 and that B = (~1)¥(gra — py); hence for k, 1 € N, we
have

1
lka, -1l = (kgn+1lgn-1)a—kpn—1Ipn-1l
Bn-1
= qullkqn+1lgn-1)a—kpn—Ipn-1l.
Since
i <a,=< zﬂ,
25]n+1 qdn+1
we have

Wka,ll =lka,—1(k)] forsome l(k)< 3kﬂ.
dn+1

Ifl<k< Z"” , we have
qn

lkanll = kan = an.

If % <k< Z’;nz , we have kq,, + [(k)gn-1 < qn+2; hence (2.2) and (2.4) imply

qn

2qn+2

lkanll = kan — LK) = qnl(kqn + Ign-1)a@ — kpp— Ipp-1l =

)

while we have
qn_ _ 1
2Gn+2 2q511+v,,)(1+vn+1)—1 :

Since k = ZZ;H , we have
n

1 4V+1

- .
Jvtl — qvn(v+l)’
n

hence the fact that v,(v+1) = v,v= (1+v,)(1 +v,41) implies that

llka,ll =

kv+1'

More generally, for % <k< %, i =1, we have kq,, + [(k)qn-1 < qn+i+1;
hence (2.2) and (2.4) imply

qn

llkanll =
2qn+i+1

)
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or equivalently

k = ! ;
el = 2 gdFTVn)(1+Vnriv) =1 ’
n
having in mind that
1 (4qn )V“ ~ 1
2.4v+1 Gn+i 2q;v+1)[(1+v,,)...(1+v,,+,-)—1]'

Our choice of v in (4.2) then implies

>
llkanll= 5.

Lemma 6 is proved. O

We can now state a precise version of Theorem 1.
THEOREM 8. Leta € R~Q be a Diophantine number and let M = M(«a) be the set
of integers given by Lemma 6. Then if A€ CSO(T, SL(2,R)) satisfies
(D1) py(a, A) is Diophantine with respect to a,

,A)
(D2) IIIFX—HI = po > 0, for some sequence n; — oo, n; € M, and
ni—1

(D3) (a, A) is L?-conjugate to a cocycle of rotations,
then (a, A) is C*°-reducible.

This theorem implies Theorem 1 since the arithmetic conditions imposed on
prla, A) are both clearly of full measure.

4.3. Proof of Theorem 8. We will need the following elementary fact.
LEMMA 7. If p is Diophantine with respect to a, then for any n € N, -2~ is Dio-

" B
phantine with respect to a,.

Proof. As in the proof of Lemma 6, we have

1
2= k-1l = ——12p = (kGn+ Iqn-1)@+ kpn + [pn_il
,Bn—l ﬁn—l
1 C
= 2
Brn-1 A+ 1kgn+1gn-1]+1kpn+1Ipn-1l)
Cn
P L A— O
(1 + 1kl +[1)?

Let M be the set given by Lemma 6 and consider a sequence n; — oo, n; €
M, such that (D2) holds for this sequence. Since reducibility is invariant un-
der renormalization and conjugation, it is enough to show that the action ®; =
((1,1d), (ayp,;, G;)) of Section 2.8 is reducible.
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By (D2), we can apply Proposition 2 and conjugate @; to ((1,1d), (an,, G;)) such
that G; = eV'¥ R;, (), with, forany [,I' e N

U.
(4.4) lim Uil ll|,| ¢ _p
i—oo
(4.5) lim |p; — pillc: =0,
1—00

where p; := (-1)"pr(a, A)/ Bn,-1.
From (4.5), we have that lim || g; —f pill  =0.Inaddition, @, € DC(Cap,, V),
1—00 T Cc!
so there exists h; € C°(T,R) such that

ﬁi(-)—ﬁrﬁi =hi(-+ay)—h;()
and
_lim ani”hi”(;l =0.
1—00

Due to (4.4), conjugating (1,1d), (@, Gi)) by Ry, (), we get ((1,1d), (@y,, G1)),
where

(4.6) IG; - Rp sl = 0(065,-)

Cl
forany /,l’ e Nas i — oo.

Finally, pf(ani,éi) = pglan,Gi) = (—1)""pf(a,A)/ﬁni_1 is Diophantine with
respect to ay,, as is asserted by Lemma 7. So, the fact that a,, € DC(Cay,,V)
and (4.6) allow us to use Eliasson’s local theorem on reducibility, Theorem 5 (cf.
Remark 3), to conclude that for i sufficiently large, (1,1d), (a n,»rai)) is reducible,
and so is ®; and the original action ®.

5. APPENDIX A

5.1. Proof of Lemma 2. One just has to prove that, given C € C*(R,SL(2,R)),
one can always find B € C*(R, SL(2,R)) such that C(#) = B(t + 1)B(1)"!, which is
not difficult in the C*°-category (it is more difficult in the analytic category; see
Lemma 4.1 of [5]). Indeed, one can find B € C*°([0, 1], SL(2,R)) such that B(0) =
Id, B(1) = C(0), and such that for any k = 1, 3*B(0) = 0 and d*B(1) = 6*(CB)(0),
IBlls,0,1] < KslIClls,j0,1;- Setting B(¢) = C(¢—1)---C(¢t—m)B(t—m) for t € [m, m+1]
completes the definition of B. One then has, for any T € N,

(6.1)  [Blicsqo,mp = Ksollll?lXT(llclllcsuo,l])||C|ICO([0,1]) +1C IICO([o,u)||C|ICS([0,1])),

where ([,C;(1)) = (1,C (-)!. Lemma 2 will follow from Lemma 8 and Corollary 3
below.

LEMMA 8. Let (uy)1<k<n be a sequence of functions in C*°(T,SL(2,R)), and let
U,=up----- Up. Denote by Mg = maxy <<, (lulls). Then

1Ullr < (nC)" MG~ M.
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If the functions are defined on [0, 1] one can replace C" by some constant K, de-
pending only on r (and on the interval [0,1]).

Proof.
(5.2) 0"Up(x)=0" (

0
I1 uk) (%),
=n-1

which by the Leibniz formula is a sum of n” terms of the form (s < r)

k

il+1 i2+1
I(,-*)(x)=( I1 ul(x))-émluil(x)' [1 uz(x))-
I=n-1 l:il—l

i3+1
0" ug,(x) | ] ul(X))

l:iz—l

0
0™ u (0| [] ul(x)) )

I=is-1

where i* runs through J = {0,...,n— 1}{'~"and where {iy, ..., is} = i*({1,...,1})
satisfy n—1=i; > ip >---ig = 0and m; = #(i*) 71 (i;) (notice that my +...+mg =r).
From this and the convexity (Hadamard-Kolmogorov) inequalities [12],

(5.3) 10" ullco < Cllully™ "™ 10 ull fy, O<m=r,

we deduce (using ¥.y,_; mp =)

I 1= Mp B

I i+ ()1l < M SHI(CMO T M, )SCSMS '
p:

SO

1Unl < Y (0l < n”C" M~ M. 0

i*el
Lemma 8 has an immediate corollary on the growth of the products A,.

COROLLARY 3. LetJ R be some interval and define J,, = U?z_ol (J+la). If My(x) >
1 is an upper bound of || Ax(x)|l for x € J, then forany x e ]

10" Ap ()l < K" | Ap () [l oy Mo (%)% (MG (x) + -+ + M2 _1 (x))" 10" A(x) | co g, -

Observe that when the fibered products C;(¢) are uniformly bounded for £ € R
(P := sup;r ICillcomy < 00), we have [Cllcs@) < Ks(M*DIICllcso,m I Cllcogo, 1y
for some constants K, s €N, and using (5.1) we get the estimate for B.

In the general case,

-1
ICilcsqon < KB ICHG ;M IClg 10

This and (5.1) conclude the proof of Lemma 2.
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5.2. Proof of Lemma 5.
Proof. We use the following lemma.

LEMMA 9. Let (y, A), (y, A) € Q", and define (y, A* := (ky, Av), (v, A¥ := (ky, Ay)
for ke Z. If we define I, := U=} (I + 1), M := | Allcs(1,), Hs := 1A= Allcs(r,), then

10° Ay — 0% Apll oy < Ksn®H (Mp + Ho)”_z((Ms + Hy) Hy + (Mo + HO)HS).

Proof. Define H = A—Aandset A(v,t) =]]
Mean-Value Theorem, we clearly have

10°An = 0° Anllcoqry < max 10y (3° AW, Dllco)-

9, (Att+1y)+vH(t+1y)). By the

But 9, (0°A(v,-)) is a sum of n terms of the form O<=m=<=n-1)

m+1 0

as(( I (A(t+ly)+vH(r+ly)))H(t+my)( I (A(t+ly)+vH(r+ly)))).

I=n-1 l=m-1
By the convexity inequalities and Lemma 3, the C’-norm of this expression is
less than
Csn™ ! (Mo + Ho)"™* (M + Hy) Ho + (Mo + Ho) Hy).. O

Denote ¥; = Mﬁ’ll 0Ty, (@;),i=1,2,and I, = TQ_l ONQ;I. We clearly have
drp, ,7(¥Y1,¥2) = B,.,d;, (D1, D)
and
1¥1llrp, 7 = Bl @17
From (3.12), the previous lemma, and the definition of Ny, , we then get
=2
drge 7 Cn(Y1),Tn(¥2)) < Kpp, ,rap  1W1I05 " 1
x (I¥1ll0,, ,7arp, . 7(¥1,¥2) + 1 ¥1ll1p, , 7d0p, ,7(¥1,¥2)),

which in view of the previous formulae is the conclusion of Lemma 5. O

6. APPENDIX B
AN ABRIDGED PROOF OF THEOREM 5

The proof relies on a KAM scheme (named after Kolmogorov, Arnold, and
Moser). Assume that a € DC(y, 1), that is,
-1
llgall = %,

and that A()) = e/ Ay; here Fy € C"(T, s1(2,R)), where sI(2,R) is the Lie algebra
of SL(2,R), whose elements are traceless 2 x 2 real matrices.

DEFINITION 3. For N, K > 0, define the set

DS(N,K):={BeR| _inf |B-ka-I=K1}.
leZ,0<|kl=sN

It is easy to check the following.
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LEMMA 10. Leta € DC(y,T), N >0, and K = y(2N)3"*V, Then:

(@) If B¢ DS(N,K), then there exists a unique kg € Z — {0}, such that |ko| = N
and || — koalll < 1/K, and we have f— koo € DS(N3, K).
(ii) The following inclusion holds: {| | < K1}« DS(N3,K).

This lemma will be used with sequences N,, and K, given by N,, = LI+9",
K, = y(2N,)3"*V where ¢ > 0 and L > 1 some constants that will be fixed later.
The lemma shows that if § is almost resonant at step n, that is, f ¢ DS(N,, K,),
then it is possible, by replacing by f = - koa, to get a number f that is non-
resonant for a much longer period. The importance of the exponent in the Dio-
phantine condition on § will be explained later.

If gin SL(2,R) is elliptic (that is, conjugate to a rotation matrix or, equivalently,
if the absolute value of its trace is less than 2), it can be written eM, where M €
sl(2,R) is elliptic (conjugate to an infinitesimal rotation). In that case, det M is
positive, and we write S(g) := 7' vdet M. The eigenvalues of Ad(g): sI(2,R) —
sl(2,R) (which is defined by Ad(g)- X = gX g_l) are 1 and +e2"P®  Notice that if
(a, A) is a cocycle with A constant and elliptic, then its fibered rotation number
p equals S(A)/2.

If f is a periodic C” function, we define its Fourier coefficients

flo) = / f©e 2" gg,
T
its truncation up to order N,

|klsN

and its remainder at order N, Ry f := f— Ty f. For any s,s’ € N, s’ > s we have
the following estimates:

(6.1) |TNf|s’ = Cs,s’NS/_s+1|f|s; and |RNf|s = Cs,s’%-

NS N
Also, if Q is quadratic in (f, g) (Q being C? and Q(0,0) = 0, DQ(0,0) = 0), we have
(6.2) 1Q(f, 8)ls = Cs(L+1flo+18l0)° (I flo+18lo) (f15 +18ls),

which simplifies to

1Q(f, 8)1s = Cs(Iflo+18l0) (I fls +181s)

if | flo + |glo is a prioribounded (by 1 for example).
The main procedure at every step of the KAM scheme is given by the following
proposition.

PROPOSITION 3. If |A| <1 and N and K satisfy K = y(2N)3"*D gnd N6F+D|F|,
is small enough, then:

(1) if B(A) € DS(N,K), there are
Y € C*®(T,sl(2,R)), A’ € 51(2,R), F € C™°(T, sl(2,R))
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such that
63) eY(.+a) (ep(.) A) e—Y(.) — eFr(.)A/,
A, = eﬁ(O)Ay
|Flg
|F/|s < CS,YZNG(T+1) |F|s|Flo + CS'SIIVST‘;—I’

1Y |s < yCsNTHVIF|,  and
pla,e’'0 4" = p(a, e A);

(ii) if there exists me Z, 0 < |m| < N, such that | f(A) — mall < K71, then there
exist Be C*°(R/2Z,SL(2,R)), A’ € sl(2,R), F' € C*®(T, s1(2,R)) such that

IB(AN <K,
B(+a)V B = 0A,
N¥|Flo+|Flg
|F'|s < Cs,s/Y4N20(T+1) (NS|F|% +|Fls|Flo) + NB»(s’——s—l)S)’ nd

pla, eV A" = p(a, "V A) — ma/2.

Proof.

Case (i): Since «a is Diophantine and $(A) € DS(N, K), where K = y(2N)3(””,
it is easy to see, going through Fourier coefficients, that the so-called linearized
equation

Y(+a@)~Ad(AY () = ~(TnF - F(0)

has a unique solution Y € C*°(T, s/(2,R)) such that Y (0) = 0 and, for k € Z — {0},
one has Y (k) = 0if |k| > N and

. -1
Yk = (ezmk"‘ld—Ad(A)) o)

, -1
if |k| = N. The eigenvalues of (62” ikayq —Ad(A)) are

(ezmka _ 1)—1, (e2m'ka' _ eZm’ﬁ(A))—l 2nika e—27n'/3(A))—1’

and (e
and from this it is not difficult to get
(6.4) Y| < Coy? NSO+ R

If we define A’ = e A and F' by (6.3), one can see that F’ is the sum of an
expression that is at least quadratic in (T F, Y, F) and of a remainder of size com-
parable to Ry F = F— Ty F. The required estimates then follow from the applica-
tion of (6.1), (6.2) and (6.4). The equality on the fibered rotation numbers is due
to the fact that this fibered rotation number is invariant under conjugations that
are homotopic to the identity.

Case (ii): In this case, the constant matrix A is elliptic and can be conjugated

0 -1
to a rotation exp(B(A)w H), where H = ( 1 0 ), the constant conjugation being
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of size bounded by C/B(A)? < Cy>N?"+Y (because for some 0 < |ko| < N, [|f -
koall < 1/K < (y N3T+D)y~Lwhile | koalll = (y NT*H)™h).

Applying this conjugation to e’ A results in a new cocycle ef exp(wf(A)H),
where |F|; < Cy?N?*V|F|;. To keep the notation simple, we will still write A
in place of exp(n3(A)H) and F in place of F. We now perform a conjugation
D(:) =exp(-mrHm-) € C*(R/2Z,SL(2,R)). Writing

D(+a) (e AD() " = V4,
we see that A= A— maH, so [3(]\) = B(A) — ma and
|Fls < Cs(N*|Flo +|Fls).
Notice that although D is only 2Z-periodic, F is Z-periodic. But then we have
seen that f(A) € DS(N?,K), so Case (i) applies to ") A with N° in place of N:
there exists a conjugation Y € C*(T, s/(2,R)) such that if we set B(-) = e¥ ' D("),
one has the desired estimates

N¥|Flo+|Flg

2 a72(1+1) | 2 A76(T+1) 2
|F'|s < gy NV |y> NPT (NS |FI§ + | Fl5| Flo) + N3 5D

The relation on the fibered rotation number is due to the fact that if B: R/2Z —
SL(2,R) has topological degree —m, then

p(a, B(+a)efPAB()™ = p(a, eV A) — ma/2. O

In view of the estimates of Proposition 3, we now apply Corollary 4 of Appen-
dix Cwith a =20(t +1), 00 =1, M =1, m =0, and (up, fip) € {(1,0),(3,1)}. This
provides us with 0 < 0 < g, 0 < g, sp € N (of the form sy = O(7)), and L := y4C‘SO,
C s, -= MaX,<g, s'<s, Cs,¢ for which the conclusions of Corollary 4 are satisfied. As-
suming that

|Fols, <7~ %,
where dy = 4s¢/g, € = (C_’so)_SO/ &, setting N, = L1+9)" and inductively apply-
ing Proposition 3 (with, at step n, N,, A, F, in place of N, A, F) enables us to
construct sequences A, € sl(2,R), F, € C*(T,sl(2,R)), Z, € C*[R/2Z,SL(2,R)),
my, € Z such that

Zn(-+a)eVA, z,() = ef0 4,

20(a, ™19 Ay ) =2p(a, eV A,) — ya,
and satisfying the following estimates: setting £, s = | F|s and K;, = y(2N,,)3C+Y,
forall s=0,
Ens = O(N;OO).

Also,

o if B(A;) € DS(Ny, Ky) then my, = 0 and Z, is of the form el with Y, €

C®(T,sl(2,R)) satisfying | V|5 < yC;NST Ve, s and
o if B(Ap) € DS(Ny, Ky, then 0 # |7i1,| < Ny, and |B(Ay41] < K, L.
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Notice that Z, can be, depending on whether at step n we are in Case (i) or Case
(ii) of Proposition 3, “small” or “big” according to the C*°-topology.

We have thus proven almost reducibility without any condition on the fibered
rotation number.

THEOREM 9. If a € DC(y, 1) is Diophantine and A € SL(2,R), there exists € (de-
pending only on T and A) and sy € N such that for any F € C*®(T, s1(2,R)) with
|Fls, < y‘dos, there is a sequence W, € C*°(R/2Z,SL12,R)) W), = Zy_1--- Z,) for
which W, (- + a)(efV) A) W,()7Lis Z-periodic and converges to a constant in the
C*-topology.

Now, to prove Theorem 5 under the assumption |F|y, < }/‘d"e, we just have to
prove thatif p(a, eV A)is Diophantine with respect to a then 3(A;) € DS(Ny,, Ky,)
for all large enough 7. We make the following remarks: at the n-th step of the it-
eration scheme, the fibered rotation number of (a, et Ay,) satisfies

2p(a, eV A) =2p(a, e O A + (Mg + ...+ ),
and using the smallness of F;, we get
120(a, eV A) = B(A) — (Mg + ...+ My al < 0.

Now assume that there is an infinite sequence ny such that 7, ;1 # 0; then
|B(Ap)| < K, and we have

12p(a, eV A) = (Mg +... + 1) al < K, + €5, 0.

But since p(a, ef”) A) is Diophantine with respect to «,

¢ <K, +¢
(N0+"'Nnk_1)2 — "T“Ng ng,0-

This is clearly impossible for k large enough, since K, = y(2N,,)3"*D and &, 9 =
O(N;®).

We conclude that for n big enough, 5(A;) € DS(N,, Kj;), and consequently the
conjugation Z, (") is of the form e¥"") with ¥, € C*(T, s/(2,R)) satisfying | Yy |, <
yCSNg(”l)sn,s (Case (i) of the iteration scheme). The product Z,(:) - -+ Zy(:) clearly
converges in the C*-topology; this is the required conjugation that transforms
(a, e A) to a constant cocycle.

7. APPENDIX C
CONVERGENCE OF A GENERALIZED KAM SCHEME

In this section we present a proof of the convergence of a generalized KAM
scheme. We insist on the fact that nonconstant losses of derivatives are allowed
when solving the linearized equations; typically, a loss of ms derivatives is pos-
sible (m < 1) if we are dealing with C*-norms. Also, a loss in the truncated part
is allowed (in the sequel of the text, this is governed by the constants y, 1). We
essentially follow the presentation of [13, Chap. 5] and [8, Sec. 6] with some sim-
plifications and generalizations (and corrections of some minor errors).
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Leta>0,0<09<1, M,m,u,ji>0such that
M 1 m 1 0<20
—<l1l+o0y, — <1, <2U< M.
v %

Then there exists g such that

1409 1 1
— <g<mln( )_yf)-
H—f M m [
and 0 < 0 < 0 such that
l+o<(u-mg,
that is
1+0 o (1+09 1 1
(7.1) — < g<min ,—,— .
S m [

For s, 5, let Cs5: [0,00) — [1,00] be a family of continuous functions on [0, 2]
such that Cs;(f) = oo if ¢ > 2, increasing with respect to 5,5 = 0, and let Cs =
max;<p Cs s (7).

THEOREM 10. There exist sy > 0 such that if €, s is a double sequence satisfying,
foranys,s,peN,
(7.2)

Ep+1,s = Cs5(1+ AZEp,o) X (M,HMSEHU"

p,0
where A, = LA+’ g = Cs,, and if

+ /1?)+ms£p’3€py0 + /1;_(8_8)”(8’15 + A’,ﬁssp,o)),

€0,0 < (Cso)_s‘)/g, €5 =1,
then, g, s = O(/ll‘f’o) for any s € N. Also, sy does not depend on the sequence (Cs)
and can be taken of the form (a+1)¢(oo, M, m, u, f1).
Proof. Inview of (7.1), we choose x such that
l+o+x
—<
p—p

The proof consists of several lemmas. We assume that (¢),5) is a sequence

satisfying (7.2), where 1, = L1+9)” for some L > 1.

(7.3)

LEMMA 11. Lety >0, so = gYo, b =«xYo. Then there exists
Y& a, 00, M, m, i, 1,8,0,)
such that if yo > y<t and A, = LA+, L = Cy, then
Epo < )L;YO and €, < )LZ
for any p €N, provided these inequalities hold for p = 0. Also, there exists
Q" (a9, M, m, u, fi, g,0,K) >0
such that one can choose y{ff =(a+1) xQref,
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Proof. Inview of (7.2), where we make s =0, § = sy, and s = sp, § = sp we just have
to check that
A;Ep,o <1

and

3C }Lu)tf(lﬂfo)}’o < A*Yo(lﬂf) 3¢ Aa+MSo/1*(1+Uo)Yo < 1b0+0)

So’Vp’tp ='p ’ So’tp p =Ap ,

(7.4) 365‘01;1;2}/0 < A;YO(I"'U), 3C~so/ftz+mSoA;YOAIbﬂ < /11;(1+U),
(7.5)  3CqAp *UAL+ A5 < A0 3C 144 + A5 T0) < A5+,

These inequalities are satisfied if

(7.6) a<vyo

and

(7.7) a<vyolog—o0), Msy—(1+00)yo<b(l+0)—-a,

(7.8) a<yo(l-o0), msy— Yo < bo — a,
a+b<pusg—yo(l+o0), a<bo,

(7.9) { a< (u—[1)so—ayo, {ﬁso —Yo< b(+0)-a,

provided L is larger than some Lf(q, oo, M,m,u, fi,8,0,K,%0, CSO), where in the
limit of large it is possible to take L = Cs,- Also in the limit of large vy, the
previous conditions (7.6), (7.7)-(7.9) will be satisfied if

Kk<pug-01+o0), Mg—-(1+o0p) <x(l+0),
mg—1<xo, o<glu—p,
pg-1<1+o)x,

or equivalently if

l+o0+x o

( 1+o0o)x+1+0y) l1+x0 1+(1+0’)K)
max )

’ ’

_)<g<m1n( Vi p F

[N
which follows from (7.1) and (7.3). For later use (see (7.12)), we impose in addi-
tion that g is big enough so that

(7.10) 1<min('ug_K_(a/Y0), (”_ﬂ)g_(“/y‘)))
l1+0 l1+0
and
7.11) 2 <y
( oK
It is clear that in order for (7.6), (7.7)-(7.9), and (7.10) to be satisfied, it is enough
to choose yq larger than some (a + 1) x Q™ (oo, M, m, U, g,0,x) > 0. O

LEMMA 12. Leta>0,0<0 <0, andyo > 7% If Yo <y < 1y and if up =
O(A;Y") satisfies
Ups1 < CAGU, 0 + 15

for some constant C > 0, then u), = O(A;Y).
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Proof. We can assume 0 < 1, < 1. Observe that
-y(1+00) —-y(1+0) — -y(1+0)
2CAZA, Y=, , 2CA, =4,
if p is big enough (since y > a/(0¢—0) and c¢/y > 1+0). Now either of the follow-
ing holds.
(i) For any p, the inequality u, > )L;Y is true, and then

—C C/Y
Ap <up’.
We have

a . min((c/y),(1+0y))
Upil < ZC)Lpup .

If we define v, by u, = A,,"”, we see that

p
min((c/y), (1 +00)) a log(2C)
Vp+1 = Vp— - +1 :
l1+o 1+0 (1+0)P*lloglL
We now introduce o < p < gg and 6 > 0 such that 1= >y > “%g ; it is plain

that for p = po big enough (remember that by assumption inf, v, > 0 and
1+ p <min((c/y),(1+0p))), one has

1+p a+od
V=T T T
and thus
a+d _(l+p\pP~Po a+d
VP_H_‘D—O'Z(E) Vpo—p_—o_).

Since by assumption liminfv,, =y, this implies u, = O(4,%).
(ii) There exists py — oo such that u,, < )L;ky and then the induction can be
initiated. O

The next lemma is similar to but easier than Lemma 12, so we leave the proof
to the reader.

LEMMA 13. Suppose the sequence u, = 0 satisfies
Upi1 < C(A;Y‘ up+ /1;7/2)
forsomeC>0,y,>0,y; €R.
(i) If y1 <0, thenuy = O(/lg)forcmyb >|y1l/o.
(i) If y1 >0, then u), = O(/l;b) forany b <min(|y1l/o,y2/(1+0)).

The next lemma shows that, in fact, we can improve the estimates on ¢,
significantly without altering the one on ¢ 5,, but rather extending it to €, s for
any s.

LEMMA 14. Inview of (7.1), let us choose

+0yp 1 1
- 1» - - 1’ —-1 )
Mg pg  mg
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and define for k = 1 sequences yy, sy such that

Sk
Sk =1+ w)sg-1], Y’“:E
Then, foranyp €N,
(Py) £po=00,"),  £,5=00D).

Proof. We prove by induction on k that (P) holds for k, assuming it is true for
k—1=0 (the case k = 0 is the content of Lemma 11). Observe that the sequences
Yk Sk are increasing. By making s = § = s in (7.2),

a+Msy 1+0 a+ms a [sik
€p+ls < Oy (/1 €,0 +Ap T EpoEps + Ap(Eps T A gp,O))’
. +Ms—(1+ _ .
and since (Pj_;) holds, /1“+MS’“£;)+O‘T° OA LT M= (1400 ko1 (ivhy

a+Msg—1Q+09)yk-1=a+(Mgl+w)—(1+00))Yk-1<0,
since Yk > yo, Mgl + w) < 1+ 0y, and yo was chosen big enough. We have,
furthermore,
sk —Yk-1= (g1 +w)—1)yr-1 <0,
since fig(1+w) < 1. The inductive hypothesis (Py_;) also yields A?f Mk & p0Ep,se =
O(Azms"_y""sl,,sk), and it follows from mg(1 + w) < 1 that
a+msg—Yi-1=a+(mgl+w)—-1yr-1<a.
Finally, Lemma 13(a) applies and gives ¢, = O(/lf,’,) with b > a/o, hence for

b =«yo due to (7.11).
Also, taking s =0, § = 5§ in (7.2),

a l+og a2 a— sk LSk
epﬂyoscsk(/lp €,0 TApEpo+Ap (EP.Sk"'/lp epyo)),

hence
Ep+1,0 = (/1“ 1+ay +/1“+b s +/1“S’“ Ve-r+a= “sk)
, r€p,0

In order to be able to apply Lemma 12, we have to check that

psi—(b+a) M-Sk +Yk-1—a
/o d
l1+0 and Yo<Tk< 1+0

Yo<Yk <

or equivalently

HEYKk—KYo—a (M—ﬁ)ng+Yk—1—a)
1+0 ’ 1+0 '
But the condition (7.10) ensures that this is the case. Lemma 12 then applies. O

(7.12) Yo <Yk < min(

We now conclude the proof of Theorem 10. Fix s > 0. Making § = s3 in (7.2),
we get

Aa+Msk 1+Uo+}ta+ms

a—(sg—s)
p,0

fisg
Ep,si T Ap epyo))

From Lemma 14, we know that £, 9 = O(/l_ )foranyI >0, so

E

£,,+1,SSCS( EpoEp,stAp

Epits = O(}Lm.ms 1“£pS_i_/lmax(cHMs;C T(1+00),a—p(sg—S)+b),a—u(sg—s)+sg— F)
p
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Now, we can choose I'. such that (remembering limy._. o, Sk = 00)
irklfmax(a—u(sk—s)+b, a+Ms-T(1+0¢),a+ms-T, a—(u—ﬂ)sk+ps—rk) = —o0.
Lemma 13(b) then implies that £ s = O(1,%) for any s € N. O

We now assume that a >0, 0< 0y <1, M, m > 0 are fixed and we assume that
we are given sequences (ip), (fp), with 0 < 2[1, < u, taking a finite number of
values (to simplify) and such that for any p,

1 . (1+00 1 1)
————— <min ,—,—|.
Hp = Hp M m fp
Now take g, o with 0 < o < g such that
1 <g<m'n(1+00 L 1) l1+o0<( (1))8
S — i ==, 0 <(up—fip)g.
Hp—Hp m Hp P

As before, for any s, §, let Cs 5: [0,00) — [1,00] be a family of continuous functions
on [0,2] such that C, (1) = oo if £ > 2, increasing with respect to 5,5 = 0, and let
Cs = max;< Cs(1).

The following extension of Theorem 10 is clear from the previous proof.

COROLLARY 4. There exists so > 0 such that if € s is a double sequence satisfying,
foranys,s,peN,
(7.13)

Ep+1,s < Css(1+A5€p,0) X (/1;+Ms£1+00

p,0
where A, = L1 = Cy, and if

a—(5—-s)u fpS
+ALT e sEp ot Ay P (epst+AY” €p0)),

So

60,0 = (CSO)_Q) 80,50 = 1;

then, forany seN g, s = O(/l;j’o). Also, sg does not depend on the sequence (Cy)
and can be taken of the form (a+1)¢(0o, M, m, u, f1).
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