NEARBY CYCLES OF AUTOMORPHIC ETALE SHEAVES

KAI-WEN LAN AND BENOIT STROH

ABSTRACT. We show that the automorphic étale cohomology of a (possibly
noncompact) PEL-type or Hodge-type Shimura variety in characteristic zero
is canonically isomorphic to the cohomology of the associated nearby cycles
over most of their mixed characteristics models constructed in the literature.
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1. INTRODUCTION

The étale cohomology of Shimura varieties are arguably one of the most cen-
trally important geometric objects in modern algebraic number theory, because
they provide natural grounds for relating automorphic representations to Galois
representations. To study any representation of the Galois group of number fields,
it is important to understand its restriction to the various decomposition subgroups.
In the case of the étale cohomology of Shimura varieties, such restrictions to decom-
positions groups can be analyzed by considering the cohomology of the associated
nearby cycles over the reductions of Shimura varieties, namely the positive char-
acteristic fibers of certainly naturally defined integral models, at least when the
integral models in question are proper. The goal of this article is to show that
this assumption of properness is redundant for most of the mixed characteristics
models of Shimura varieties constructed in the literature. As byproducts, we obtain
generalizations of many results previous known only in the proper case.

Let us explain our goal in more details. Suppose X — S = Spec(Rp) is a model
of a Shimura variety in mixed characteristics over the spectrum of a Henselian
discrete valuation ring of residue characteristic p > 0. Let j : n = Spec(K) — S
(resp. i : s = Spec(k) — S) denote the generic (resp. special) point of S = Spec(Ry),
with its structural morphism. Let K be an algebraic closure of K, let Ry denote
the integral closure of Ry in K, with residue field k an algebraic closure of k, and
let j : 77 := Spec(K) — S := Spec(Ry) (resp. i : 5 := Spec(k) — S) denote the
corresponding geometric point lifting ¢ (resp. j). For simplicity, we shall denote
by subscripts the pullbacks of various schemes over S to n, 7, s, or 5. Consider
any rational prime number ¢ # p. Then we have the (complex of) nearby cycles
RUQ, := i*Rj.Qy over Xz, which is nothing but the constant sheaf Q, when the
morphism X — S is smooth (see [3, XV, 2.1] and [I3}, XIII, 2.1.5]).

When the morphism X — S is proper, it is a consequence of the proper base
change theorem (see [3 XII, 5.1]) that we have a canonical isomorphism

(1.1) HL (X5,Qp) & HE (X5, RYQy)

of Gal(K /K )-modules, for each i. There are similar isomorphisms when we replace
the coeflicient sheaf Q, with more general automorphic étale sheaves. As an imme-
diate consequence, when X — S is proper and smooth, H}, (X5, Q¢) and its analogues
for more general automorphic étale sheaves are unramified as Gal(K /K )-modules.
More generally, such isomorphisms allow us to study their left-hand sides by an-
alyzing their right-hand sides, often using the geometry of X5. They serve as the
foundation of, for example, the important works [25], [47], [48], and [60], and hence
of the subsequent works [62] and [61] based on them.

In fact, in the above-mentioned works, the analysis of the cohomology of nearby
cycles were carried out without the assumption that the model X — S is proper.
It is only in their initial steps—or final steps, depending on one’s viewpoint—that
they assume the existence of some isomorphisms as in , in order to relate
their results to the étale cohomology in characteristic zero. (Such a relation to the
cohomology in characteristic zero is crucial for the results to be useful.)

The goal of this article, as we repeat now again in more detail, is to show that iso-
morphisms as in , and their analogues for the compactly supported cohomology
and for the intersection cohomology (of the associated minimal compactifications),
exist for most constructions of mixed characteristics models in the literature, not
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just for the trivial coefficients but also for more general sheaves (which we call au-
tomorphic sheaves), without assuming that X — S is proper. (Certainly, X — S
cannot be arbitrary—isomorphisms such as can be destroyed by removing
closed subschemes from the special fiber. We will show that the integral models
we consider are natural in the sense that, intuitively speaking, there are no such
missing subschemes.) Consequently, we will obtain almost for free several gener-
alizations of the above-mentioned works to the nonproper case, without having to
repeat their delicate arguments.

The existence of isomorphisms as in is essentially known when X — S
admits proper smooth compactifications whose boundaries are given by divisors
with relative normal crossings, as in the case in [I7, Ch. IV] of the Siegel moduli
of principally polarized abelian schemes, or more generally as in the case in [37]
(resp. [46]) of smooth integral models of PEL-type (resp. Hodge-type) Shimura
varieties with hyperspecial levels at the residue characteristics (resp. odd residue
characteristics), where nice toroidal compactifications are known to exist. In these
cases, it follows from [I3 XIII, 2.1.10] that there are also isomorphisms like (|1.1)
for the case of trivial coefficients (namely, Q). Moreover, as explained in [I7, Ch.
VI, Sec. 6], it follows from the constructions of good toroidal compactifications of
the Kuga families as in [I7, Ch. VI] and [36] that there are also analogues of
for automorphic sheaves. (We warn the reader that the argument in [26], Sec. 7], for
the usual and compactly supported cohomology in the setting of this paragraph,
is unfortunately incomplete—the first step in the proof of [26, Lem. 7.1] should
require some tameness assumption as in [I3, XIII, 2.1.10]. To clarify the matters,
we will also include these essentially known cases in our treatment.)

However, the good reduction cases (as they are often called) in the previous para-
graph require the algebraic data defining the integral models of Shimura varieties
to be unramified in the strongest possible sense. While these unramified cases are
already very useful, we now also know good constructions of integral models of
PEL-type and even Hodge-type Shimura varieties and their toroidal and minimal
compactifications, in all ramified cases, thanks to the more recent developments in
[66], [65], [46], [41], [40], and [39]. As we shall explain in later sections, the con-
structions we shall consider are good in a precise sense. Roughly speaking, étale
locally, the natural inclusions from the integral models of the Shimura varieties or
Kuga families in question into their toroidal compactifications are direct products
of some affine toroidal embeddings with the identity morphisms on some schemes
(about which we know little), and it is only the factors of affine toroidal embed-
dings which matter for showing the compatibility between the formations of direct
images (under the above natural inclusions) and of nearby cycles. Once we have
such an étale local description of the toroidal boundary, the remaining arguments
are straightforward, thanks to an idea due to Laumon (see [21] 7.1.4] and Remark
5.33)).

As a special case, we have established [23 Conj. 10.3] in all PEL-type cases for
integral models at parahoric levels whose associated flat local models are known
to be normal (including the cases considered in [5I] and [52]; see Remark [6.15).
Our results subsume some closely related results by Imai and Mieda in [28] for the
supercuspidal parts of the cohomology, although we have learned from them that
their assumptions in [28] can be much relaxed (see Remark for more details).
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Here is an outline of this article. In Section [2] we introduce the integral mod-
els of PEL-type and Hodge-type Shimura varieties that we consider, together with
their toroidal and minimal compactifications, and summarize some of their impor-
tant properties. (We note that none of the three PEL-type cases we consider is
completely subsumed by the Hodge-type case. This is about the actual choices of
integral models, but not about the classification in characteristic zero.) In Section
we define the automorphic sheaves we shall consider, first by using finite étale cover-
ings of our Shimura varieties, and then by using the relative cohomology of certain
Kuga families, which are isogenous to self-fiber products of the universal abelian
schemes over some PEL-type Shimura varieties. In Section [4] we explain how to
realize such Kuga families as some toroidal boundary strata of larger Shimura va-
rieties, and realize their toroidal compactifications as closures of such strata. In
Section |5, we review the definition and some basic properties of nearby cycles, and
prove our main results of comparisons for the usual cohomology, the compactly
supported cohomology, and the intersection cohomology. In Section [B] we explain
some applications of such results, including the unipotency of inertial actions on
the cohomology of PEL-type Shimura varieties at parahoric levels (for the flat inte-
gral models considered in [51] and [52] that are normal); and the above-mentioned
generalizations of [47] and [48], and of (a slightly weaker form of) [60].

During the preparation of this article, we observed that the supports of nearby
cycles over the good integral models of Shimura varieties we consider, even in the
trivial coefficient case, enjoy some intriguing nice features near the toroidal and
minimal boundary, which make it possible to talk about good toroidal and minimal
compactifications of such supports. Moreover, the same can be said for several
other kinds of subschemes over the integral models we consider. We shall pursue
this topic in more detail in our next article [43].

We shall follow [37, Notation and Conventions| unless otherwise specified. While
for practical reasons we cannot explain everything we need from the various con-
structions of toroidal and minimal compactifications we need, we recommend the
reader to make use of the reasonably detailed indices and tables of contents in [37]
and [42], when looking for the numerous definitions. For references to [37] and
[36], the reader should also consult the errata available on the author’s website for
corrections to known errors and imprecisions.

2. INTEGRAL MODELS WITH GOOD COMPACTIFICATIONS

2.1. The cases we consider. Let p > 0 be a rational prime number.

Assumption 2.1. Let X3y — S be a scheme over the spectrum of a discrete valua-
tion ring Ry of mized characteristics (0, p), which is the pullback of one the following
integral models in the literature: (The various notations Sy, §0, etc below are those
in the works we cited, which we will freely use, but mostly only in proofs.)

(Sm) A smooth integral model Myo — So = Spec(Op, (o)) defined as a mod-
uli problem of abelian schemes with PEL structures at a neat level HP C
G(Z9), as in [37, Ch. 1, 2, and 7], with p € O and H = H® x [ G(Z,).

gen
(When O = {p}, it is shown in [37, Prop. 1.4.3.4] that the definition in [37,
Sec. 1.4.1] by isomorphism classes agrees with the one in [37, Sec. 1.4.2] by
Z(Xp)—isogeny classes, the latter being Kottwitz’s definition in [33], Sec. 5].)
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(Nm) A flat integral model |\7|7.[ — Sy = Spec(Or,,(p)) of a moduli problem My, —
Sy = Spec(Fy) at a neat level H C G(Z) (essentially the same as above,
but with O = () defined by taking normalizations over certain auziliary
good reduction models as in [A1l Sec. 6] (which allow bad reductions due to
arbitrarily high levels, ramifications, polarization degrees, and collections of
isogenies). (In this case, we also allow Fy to be a finite extension of the
reflex field, with My, etc replaced with their pullbacks.) For simplicity, we
shall assume that, in the choice of the collection {(L;, (-, -)j)}jes tn [}
Sec. 2], we have (Lj,, (-, -)j,) = (p"°L,p~2"(-, -)) for some jo € J and
some rg € 7. -

(Spl) A flat integral model Mj_lzl — Spec(Ok) of My ;@ K — Spec(K) defined by

0

taking normalizations as in [39, Sec. 2.4] over the splitting models defined
by Pappas—Rapoport as in [51, Sec. 15]. (By taking normalizations, we
mean we also allow H to be arbitrarily higher levels, not just the same
levels considered in [51) Sec. 15].) For simplicity, we shall assume that, in
the choice of the collection {(L;, (-, - );) }ies in [39, Choices 2.2.9], we have
(Lig, (+ )jo) = (7oL, p=270( - -)) for some jo € J and some ry € Z.
(Hdg) A flat integral model .- — Spec(Og () in the notation of [46, Intro-
duction] at a neat level K. For consistency with the notation in other
cases, we shall denote K, E, and Lk as H, Fy, and My, respectively,
in what follows. Essentially by construction, there exists some auxiliary
good reduction Siegel moduli My, — Spec(Zy)) in Case (Sm) above, with

a finite morphism My — My, ® OF, (v extending a closed immersion
Z(p)
M'H (%Q — MHaux %F@

In all cases, there is some group functor G over Spec(Z), and some reflex field Fy.

o In Cases (Sm), (Nm), and (Spl), the integral models are defined by
(among other data) an integral PEL datum (O,%,L,{-, ), ho) (cf. [31,
Def. 1.2.1.3]), which defines the group functor G as in [37, Def. 1.2.1.6],
and the reflex field Fy as in [37, Def. 1.2.5.4]. For technical reasons, we
shall insist that [37, Cond. 1.4.3.10] is satisfied. In Cases (Nm) and (Spl),
we allow the level H to be arbitrarily high at p.

e In Case (Hdg), we still have an integral PEL datum defining the auxil-
iary good reduction Siegel moduli My, ., which we abusively denote as
(O, %, L, (-, ), ho) (with O = Z, without “aux” in the notation), which also
defines a group functor Guux with an injective homomorphism G — Gaux.

We shall say that we are in Case (Sm), (Nm), (Spl), or (Hdg) depending on the
case in Assumption [2.1] from where X3, — S is pulled back.

2.2. Qualitative description of good compactifications. The upshot is that
the integral models considered in Assumption [2.1] are known to have good toroidal
and minimal compactifications, constructed as in [37], [41], [40], [39], and [46]. Let
us summarize some of their properties, which will be used later:

Proposition 2.2. Let X3y — S be as above. Then there is a minimal compactifi-
cation

. min
ng’x_zin . XH — XH
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together with a collection of toroidal compactifications
Ixsgr + Xg = X';_‘Zfz

labeled by certain compatible collections ¥ of cone decompositions, satisfying

the following properties:

(1)

(2)

The structural morphism X%i“ — S is proper. For each X, there is a proper
surjective structural morphism fH,E : Xg_ffz — qu{in, which is compatible
with Jymin and Jyser  in the sense that Jymn = §,, 5 0Jxser .
X5 admits a stratification by locally closed subschemes Z flat over S, each
of which is isomorphic to an analogue of Xy (in Cases (Sm), (Nm), or
(Spl)) or a finite quotient of it (in Case (HAg)). Moreover, the same inci-
dence relation among strata holds on fibers.
Each X is a set {¥z}z of cone decompositions Xz with the same index set
as that of the strata of X,“_iin—The elements of this index set can be called
the cusp labels for X4. For simplicity, we shall suppress such cusp labels
and denote the associated objects with the subscripts given by the strata Z.
For each stratum Z, the cone decomposition Yz is a cone decomposition of
some P, where P is the union of the interior PT of a homogenous self-
adjoint cone (see [4, Ch. 2]) and its rational boundary components, which is
admissible with respect to some arithmetic group I acting on P (and hence
also on 3z). (For ezample, in the case of Siegel moduli, each P can be
identified with the space of r X r symmetric positive definite pairings for
some integer v, and P can be identified with the space of v X r symmetric
positive semi-definite pairings with rational radicals.) Then Xz has a subset
Z‘Z" forming a cone decomposition of PT. If T is a cone in Xz that is not in
E;, then there exists a stratum Z' of X,‘Qi“ whose closure in Xﬂin contains Z,
and a cone ' in Z;,, whose TV -orbit is uniquely determined by the T'-orbit
of 7 (where I is the analogous arithmetic group acting on ¥z:.)

We may and we shall assume that ¥ is smooth and projective, and that,
for each Z and o € E;, its stabilizer T'y in T is trivial.
For each %, the associated XE;ZTE admits a stratification by locally closed
subschemes Z,) flat over S, labeled by the strata Z of X5 and the orbits
[0] € X3 /T'. The stratifications of X', and X5 are compatible with each
other in a precise sense: The preimage of a stratum Z of X,‘Qin is the (set-
theoretic) disjoint union of the strata Zi4) of X", with [o] € SF/T. If 7 is
a face of a representative o of (o], which is identified (as in above) with
the I'-orbit [1'] of some cone 7' in ©3,, where Z' is a stratum whose closure
m X%in contains Z, then Z4 is contained in the closure of Z|.n. The same
incidence relation among strata holds on fibers.
For each stratum Z of Xﬁi“, there is a proper surjective morphism C — Z
from a normal scheme which is flat over S, together with a morphism = — C
of schemes which is a torsor under the pullback of a split torus E with some
character group S over Spec(Z), so that we have

E = Spec,, <£?S U(L))

for some invertible sheaves ¥(£). (Each ¥(£) can be viewed as the subsheaf
of (2 = (C).0Oz on which E acts via the character £ € S.) This character
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group S admits a canonical action of ', and its R-dual S := Homgy(S,R)
canonically contains the above P as a subset with compatible T'-actions.
(7) For each o € Xz, consider the canonical pairing (-, -) : Sx Sg — R and

oV ={leS:{,y)>0,Vycao},
o =={leS:{l,y) >0, Vy e o},
ot ={teS:(l,y)=0,Vycol=o"/ay.
Then we have the affine toroidal embedding
2= Ho):=S e Y()).
(o) = Spec,, (& W)

The scheme Z(o) has a closed subscheme E, defined by the ideal sheaf
corresponding to @ W({), so that Z, = Spec,, ( ® V({)). Then Z(o)
teay ¢ teot

admits a natural stratification by =,, where T are the faces of o in Xz.
(8) For each representative o € 5 of an orbit [o] € 5 /T', let X, denote the

formal completion of Z(c) along Z,, and let (X%_‘Zfz)é\[a] denote the formal

completion of Xg_‘t’fg along Zi51. Then there is a canonical isomorphism

X, (Xg_‘ifx)/z\[al inducing a canonical isomorphism Z, = Z4).

(9) Letx be a point of 25, which can be canonically identified with a point of Z4
via the above isomorphism. Let us equip Z(o) with a coarser stratification
induced by the T-orbits [t] of T, where T are the faces of o. FEach such
orbit [t] can be identified with the T'-orbits [t'] of some cone 7' in X3,
where Z' is a stratum whose closure in X%i“ contains Z. Then there exists
an étale neighborhood U — X%fz of x and an étale morphism U — Z(o)
such that the stratification of U induced by that of XE:ZTZ coincides with the

stratification of U induced by that of Z(o), in the sense that the preimage of
the stratum Z(;,) of Xg_‘ZfE coincides with the preimage of the [7]-stratum of
E(o) when [7] determines [T'] as explained above; and such that the pullbacks
of these étale morphisms to Zi, and to =, are both open immersions. (In
particular, X%fzfz and Z(0), equipped with their stratifications as explained

above, are étale locally isomorphic at x.)
The proof of Proposition 2.2 will be postponed until Section [2.3]

Lemma 2.3. Zariski locally over C, the scheme Z(o0) — C is isomorphic to
E(ec) x C—C.

Spec(Z)
Proof. This is because the invertible sheaves W({) over C are Zariski locally trivial,

and because the semigroup ¢V is finitely generated (see [29, Ch. I, Sec. 1, Lem.
2]). O

Corollary 2.4. Let x be any point of ng[),rzf which we may assume to lie on some
stratum Z,). Let o be any representative of [0], and let E — E(c) and E, be the
affine toroidal embedding and the closed o-stratum of E(c) over Spec(Z) (defined
analogously as in the case of = — E(0) and E,, but are simpler). Then there exists

an étale neighborhood U — X% of x and an étale morphism U—El) x C
’ Spec(Z)

such that the stratifications of U induced by that of Xij._‘z’rz and by that of E(o)
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coincide with each other; and such that the pullbacks of these morphisms to Z4)

and to E, x C are both open immersions.
Spec(Z)

Suppose T is a face of o. Then the preimage of the stratum Z.n of Xg_‘ZfZ n
U, where [7'] is determined by [1] as in the property @ of Proposition is the
preimage of the stratum E; of E(c). If we denote by fo,r] the closure of Zj in
X%‘Zfz, and by E. (o) the closure of E; in E(o), then the above implies that, étale
locally at x, the open immersion szolr] VAR Zf‘;,r] can be identified with the
product of the canonical open immersion Jg (o) @ Er — E, (o) with the identity
morphism on C'. -

In particular, when T = {0}, this means the preimage U of X in U coincides
with the preimage of E. Moreover, étale locally at x, the open immersion JX%_(‘)rZ :

X — Xg_‘ffz can be identified with the product of the canonical open immersion
JE(o) + E = E(0) with the identity morphism on C.

Proof. The first paragraph is a consequence of Proposition [2.2] especially the prop-
erties (7)) and @, and of Lemma The second and third paragraphs are straight-
forward consequences of the first paragraph, and of the various definitions. (I

Remark 2.5. Under Assumption [2.I] the results stated in Proposition [2.2) also in-
corporated some earlier constructions of integral models of toroidal and minimal
compactifications as special cases, such as those in [17], [66], and [65] for the Siegel
moduli with hyperspecial or parahoric levels at the residue characteristics.

Remark 2.6. Similar assertions can be made for the integral models of Hilbert mod-
uli and their compactifications, including the cases of splitting models, considered
in [55], [15], [59], and [58]. (Or one can consider the even older theories for modular
curves.) We leave the precise statements of these cases to the interested readers.

2.3. Existence of good compactifications.

Proof of Proposition in Case (Sm). In this case, X3y — S is the pullback of
some integral model Myo — Sy defined in [37, Ch. 1], and we can take X%gfz —S
and X5 — S to be the pullbacks of the toroidal and minimal compactifications
M%’E,E — Sp and M — Sy in [37, Thm. 6.4.1.1, 7.2.4.1, and 7.3.3.4], where
the collections ¥ can be any smooth and projective ones as in [37, Def. 6.3.3.4 and
7.3.1.3] (satisfying the [37, Cond. 6.2.5.25]). Then the properties (2)—(8] follow from
the statements there (where the last requirement in the property (4)) is satisfied by
tor

[37, Lem. 6.2.5.27]), and the property @[) follows from the construction of M3 s,
(with its stratification) by gluing good algebraic models as in [37, Sec. 6.3]. (]

Remark 2.7. In Case (Sm), the isomorphism X, = (ngt’fz)%g] in the property

(8) of Proposition is the pullback under S — Sy of the canonical isomor-
phism X¢,0.6,0.0 = (M5 5)2 in [37, Thm. 6.4.1.1(5)]. Since both

Z((®,,0 6540 ,0)]
Ed,0,6,0 (0) and ME9E x are separated and of finite type over the excellent Dedekind
base scheme Sg = Spec(OF, (o)), it follows from Artin’s approximation (see [2, Thm.
1.12, and the proof of the corollaries in Sec. 2]) that there exists an étale neigh-

borhood U — X, of # and an étale morphism U — E(¢) x C such that the
’ Spec(Z)

pullbacks of these morphisms to =, and to Z,] are both open immersions. But the
isomorphisms obtained using this more abstract argument are not automatically
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compatible with stratifications—we need to also approximate the closures of strata
to ensure that. For simplicity, we resorted to the more involved construction in [37,
Sec. 6.3], which is nevertheless also based on Artin’s approximation.

Proof of Proposition[2.2] in Case (Nm). In this case, X3 — S is the pullback of
some integral model My — S as in 41l Sec. 6], and we can take X;‘jfz — S
and X%in — S to be the pullbacks of the toroidal and minimal compactifications
Mg_‘zrz — Sy and I\_/’IEin — S in [40, Thm. 6.1] and [4I], Prop. 6.4], where ¥ can be
any collections which are projective and smooth, and satisfy [37, Cond. 6.2.5.25].
Then the properties (2)—(8) follow from [40, Thm. 6.1] (and the references from
there to various results in [41]) and [4I, Thm. 12.1 and 12.6].

It remains to verify the property @) Given the isomorphism X, = (E(0))&, =
(X%_‘Zfz)é\[d] in the property , which is the pullback of the isomorphism

tor

®30:09,0 (MH Z) Z(@34,634.0)]
given by [40, Thm. 6.1(4)] (see also [4Il (10.3) and Thm. 10.14]), since both
écp%gﬂ (o) and I\_/I’gj’fE are separated and of finite type over the excellent Dedekind

Xy 00,0 = (E@Hﬁu (U))

[t >

base scheme Sy = Spec(OF,,(p)), it follows from Artin’s approximation (see [2]
Thm 1.12, and the proof of the corollaries in Sec. 2]) that, at each point = of
By 60,0 Z[(@H 5y,0)]» there exist an étale neighborhood U — Sy, (0) Of z
and an étale morphism U — Mtor such that the pullbacks of these morphisms
to = _4),{75%0 and to Z[(<I>H,5H,0)] are both open immersions. By also approximat-
ing in characteristic zero the various additional structures as in the proof of [37,
Prop. 6.3.2.1] (cf. Remark , we can ensure in the above that the pullbacks of
the stratifications of é@,_“ay (o) and M%‘{’TE to U are compatible with each other
in characteristic zero. Since the strata of these stratifications are flat over S (see
[41l, Cor. 10.15] and [40, Thm. 6.1(5)]), they are induced by their restrictions to
the characteristic zero fiber, and hence they are also compatlble with each other
in mixed characteristics. Since the images of such U — Mﬁr‘z 5, cover Z[(qm,(g%g)],

by considering their pullbacks under S — So = Spec(Op, ), the property @
follows. 0

Proof of Proposition in Case (Spl). In this case, X3y — S is the pullback of
some integral model I\_/'Iifz1 — Spec(Ok) as in [39, Def. 2.4.5], and we can take
X%;’fz — S and X%in — S to be the pullbacks of the toroidal and minimal compact-
ifications M;f_l’zmr — Spec(Ok) and M;_lzl’min — Spec(Ok) in [39, Thm. 3.4.1 and
4.3.1], where ¥ can be any compatible collections which are projective and smooth,
and satisfy the mild [37, Cond. 6.2.5.25]. Then the properties 7 follow from
the statements there, and the property @ follows from the same argument as in
the above proof of Proposition in Case (Nm), using the analogous canonical iso-
morphism between formal completions in [39, Thm. 3.4.1(3)], the flatness of strata
in [39, Thm. 3.4.1(2)], and Artin’s approximation. (Note that the stratification of
l\_/l’if,lgor is the pullback of the one of M%‘{’fz, by [39, Def. 3.1.8 and (3.1.9)], which is
just a base change from Fy to K in characteristic zero, by [39, Prop. 2.3.10].) O

Proof of Pmpositz'on in Case (Hdg). In this case, X3y — S is the pullback of
some integral model “x — Spec(Op (,)) as in [46], Introduction], and we can take
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X4y — S and X™ — S to be the pullbacks of the toroidal and minimal com-
pactifications .% — Spec(O, () and 2" — Spec(O, () in [46, Thm. 4.1.5
and 5.2.11), where ¥ is induced by some auxiliary choice 3 for Sk as in [46], Sec.
4.1.4], or some refinement of it (see [46, Rem. 4.1.6]) which can be assumed to be
projective and smooth. Hence, the properties 7 follow from the statements
there. By the proof of [46, Prop. 4.2.11], each stratum Zj,) of XE:ZfE is open and
closed in the preimage of a stratum of an auxiliary good reduction toroidal com-
pactification in Case (Sm), and the isomorphism in the property is compatible
with the pullback of the corresponding isomorphism in Case (Sm). Therefore, the
property @[) follows from also approximating such open and closed subsets of the
preimages in the argument in Case (Nm). O

3. AUTOMORPHIC SHEAVES AND THEIR GEOMETRIC CONSTRUCTIONS

3.1. Construction using finite étale coverings. Let £ > 0 be a rational prime
number. Let us fix the choice of an algebraic closure Q; of Q.

For simplicity of notation, let us assume the following:

(1) In Case (Sm), we have £ ¢ O and H = H'H; in G(Z") for some open
compact subgroups H¢ C G(ZPY1) and H, € G(Zy).

(2) In Cases (Nm), (Spl), and (Hdg), we have H = HH, in G(Z) for some
open compact subgroups H¢ C G(Z*) and H, C G(Zy).

For each integer r > 0, let Up({") := ker(G(Z;) — G(Z/{"Z)), and consider
H(L") := H'U(¢"), which is contained in H when r is sufficiently large. For such
sufficiently large 7, in all cases in Assumption we have a finite cover Xy (pry —
Xy which induces a finite Galois étale cover X ) Qzé(@ — Xy %Q with Galois

group He/Ug(€"), where Xyy(ery is defined as in the case of X, but with H replaced
with its normal subgroup H(¢"). If £ # p, then the finite cover Xy ry — Xy is
étale (and Galois) over all of S.

Consider any algebraic representation £ of G %} Q on a finite-dimensional vector

space Vg over Q. By the general procedure explained in [33, Sec. 6] and [25]
Sec. IIL.2], there is an associated lisse (-adic étale sheaf Ve over X®@ Q. (Since
Z

X ® Q is often not connected, the construction is not based on the consideration of
Z

representations of its étale fundamental group. Instead, it uses systems of possibly
disconnected finite étale covers Xy oy @Q — X3 ® Q as mentioned above.) If
z Z

{ # p, this lisse f-adic étale sheaf over X ® Q extends over all of X, which we still
zZ

abusively denote as V.

Let us briefly spell out the procedure in our special case. As explained in [25]
Sec. I11.2], by the Baire category theorem (see, for example, the proof of [7, 2.2.1.1]
or the beginning of [63, Sec. 2]), there exists a finite extension E of Q in Qp, and
an Og-lattice V¢ o with a continuous action of G(Z,) (with respect to the ¢-adic
topology), such that Ve = V¢ (g@ Q¢ as continuous representations of G(Qy). For

E

each m > 0, by the continuity of the action of G(Z,) on V¢ ¢, there exists an integer

r(m) > 0 such that H(¢""™) € H and U, (¢7("™)) acts trivially on the finite quotient

Veoom = Veo®(Z/EMZ). By abuse of notation, let us also denote by V¢ g jm
Zs o

the constant group scheme over Spec(Z), which carry an action of H, /Uy (£7(™)).
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Let us define V¢ g ¢m to be the torsion étale sheaf of sections over X3 ® Q of the
zZ

He /U (€7
contraction product (Xy(grcm)) ® Q) X V¢ .4m, and define the étale sheaves

Veo = hm Ve ,0,em and Ve := Vg 0 ® Qg over Xy ® Q as usual. Then it is elementary

(though tedlous) to verify that such a Constructlon is independent of the various
choices, is functorial in various natural senses, and allows us to define the Hecke
actions on the cohomology groups if we take the limit over H. We are admittedly
being vague here, and we shall refer the readers to [33], Sec. 6] and [25], Sec. II1.2] for
more details. When £ # p, the same construction defines the étale sheaf extensions
of Ve o and Vg to all of X4;. This construction certainly also works if we replace V¢
with a continuous representations of G(Z;) on a (possibly torsion) finite Z;-module
Wy, without reference to any representation over @g.

3.2. Construction using Kuga families. There is an alternative approach using
the relative cohomology of Kuga families over the Shimura varieties, which is less
systematic but crucially useful.

Consider the abelian scheme f : A — Xy defined as follows:

(1) In Case (Sm), it is the pullback of A — Myo, which is part of the tauto-

logical object (A, A, 4, o) — Myo.

(2) In Case (Nm), it is the pullback of /_1;-0 — My, which is part of the tauto-

logical objects (A},Xj,f},o?q.[j) — My (with all j € J) as in [41], Prop. 6.1],
under the assumption that (Lj,, (-, - )j,) = (L, (-, -)) for some jo € J,

(3) In Case (Spl), it is the pullback of /on — My as in Case (Nm) above, via
the composition of X — MSpl with the structural morphism |\7|§_IL)1 — My.
(4) In Case (Hdg), it is the pullback of Auux — My, which is part of the

tautological object over the auxiliary good reduction moduli My, . (which

we assumed to be in Case (Sm)), under the composition of canonical mor-

phisms Xy, = My — My (see Assumption [2.1]).

Lemma 3.1. The general construction in Section of étale sheaves over Xyy @ Q
zZ
associates Homg (L, R) with the étale sheaf R (f ® Q). R, where R can be either Q,
zZ

Qy, or any finite (and possibly torsion) Zg-module. When £ # p, the construction
also works over all of Xy, and associates Homgz (L, R) with the étale sheaf R'f,R.

Proof. Tt suffices to prove these in Cases (Sm), (Nm), and (Spl), because the con-
struction in Case (Hdg) is the pullback of the analogous construction in Case (Sm).
In all of these three cases, the abelian scheme f : A — X4 extends to some object
(A, XA, ia, p 340 ), where Aa : A — AV is a polarization, ia : O — Endx,, (A) is an
O-endomorphism structure for (A, A\a) as in [37, Def. 1.3.3.1], and where aa 30 is a
level-H" structure for (A % Q, \a %} Q,ia %) Q), with O = @ in Cases (Nm) and (Spl),

such that (AQ@ Q, Aa ®Q,ia ® Q, aa o) defines an object of Myo over X3 @ Q as
Z Z 7 zZ

in [37, Def. 1.4.1.4]. (In Case (Sm), this follows from the definition of Mo in [37]
Sec. 1.4]. In Cases (Nm) and (Spl), this is because Xy %) Q is isomorphic to a base

change of some My, defined in [37, Sec. 1.4], and because A — Xy is isomorphic

to the pullback of A;j, — My.) For any geometric point § — Xy of residue char-

acteristic zero, aa o induces, in particular, a 7 (Xy ® Q, §)-invariant H,-orbit of
z
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isomorphisms L ® Z; — T, Ag matching the pairing (-, -) on L with the Aa-Weil
zZ

pairing on Ty Az up to scalar multiples, compatible with the O-module structures
of L and of Ty A; given by ia. If £ # p, then this isomorphism also extends to
similar isomorphisms at geometric points § — Xy of characteristic p. Hence, the
lemma follows from the very definitions of the various objects. O

Proposition 3.2. Suppose £ is an irreducible algebraic representation of GRQ
Z

on a finite-dimensional vector space V¢ over Q¢. Then there exist te € Z and
n¢ € Zxo such that the associated étale sheaf Ve over Xy ® Q is a direct summand
= Z

of (R(f*"e @ Q).Qp)(—t¢)[ng], where f*me : AX"e — Xy is the ne-fold self-fiber-
Z

product of A — Xy, and where (—t¢) denotes the Tate twist. If £ # p, then V¢
extends over all of Xy as a direct summand of (Rf, " Q) (—t¢)[ne]. The integer

me = ng + 2t¢ depends only on the irreducible representation & (and the data
defining Xy1); and Ve is pointwise pure of weight me.

Proof. By [37, Def. 1.2.1.6] and the assumption that G%Q is a subgroup of
Gaux %Q in Case (Hdg), L% Q is a faithful representation of the reductive group
G ® Q. By [12, Prop. 3.1(a)], the irreducible representation V is a direct summand
of Z(LQZ@(@g)@“é ®(LW§Q¢)®”€, for some integers ag,be > 0, where the tensor
products are over Qg, and where LY := Homgy(L,Z). Since (-, -) induces a perfect

pairing (LQZ@QZ) x(L(EZ{)Qg) — Q(1) (where the Tate twist is formal, by tensor

product with Z(1) := ker(exp : C — C*)), which is matched via the level structure
(in the proof of Lemma with the A-Weil pairing (V,Az) X(VeAs) = Vi G s
up to scalar multiples at each geometric point § — Xy of residue characteristic
zero, we obtain an isomorphism L%}Qg >~ Homgz(L,Q)(1), which is matched

with the isomorphism Homg,(R'(f®Q).Q¢, Q) = R'(f®Q).Qe(1) between
' Z Z

étale sheaves. Hence, the proposition follows from Lemma from [IT]
6.2.5(b) and 6.2.6], from the fact that (R'(f®Q).Q)® "¢ is a direct summand
Z

of R(f*"®Q).Q, = A" ((RYf®Q).Q)®"), and from the fact that
Z z ~
R (f*" ©Q),Q, is a direct summand of R(f*"¢ ®Q).Qq[ne] thanks to
Z Z
Lieberman’s trick (cf. [44, Sec. 3.2]). O

Remark 3.3. While the proof of Proposition is abstract, and so the integers #¢
and n¢ are not effective, by using Weyl’s construction for representations of classical
groups, we can write down explicit choices of ¢ and n¢, depending on the highest
weights of £. This is the approach taken in, for example, [25 Sec. I111.2] and [4§],
and is spell out in precise detail in [44] Sec. 2—4], the last of which also pinned down
the optimal values of t; and n¢ in all PEL-type cases. (More precisely, there were
some representations that were ignored when G % Q is disconnected, because they

were not needed; but by the explanation in [44, Rem. 2.25], the same methods can
also be used to pin down the optimal values of t; and n¢ in those cases.)

For torsion coefficients, we have the following subtler statements:
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Proposition 3.4. Suppose Ky is a finite extension of Q in a fived choice of alge-
braic closure Q of Q, and suppose Wy is a finite flat Ok,-module with an algebraic
action of G. Suppose W := Wy @ Ky is an irreducible representation of G ® Ky.

Kqo Z
Then there exist integers tyy € Z and ny,cw € Z>q (depending only on G® Ky,
= Z

L® Ky, and the weights of W) such that, as long as £ > cy, for each finite exten-
Z
sion field K of the w-adic completion Ko, of Ko at a place w|¢ such that GQ K
Z

is split, and for each finite Ox-module M, the étale sheaf Wy ar associated with

Wo @ M is a direct summand of (R(f@ Q)™ M)(—tw). If £ # p, then Wo
Ox, Z

extends over all of Xy as a direct summand of (Rf™ M)(—tw). In Cases (Sm),
(Nm), or (Spl), the integers tw, nw, and cw can be explicitly determined using
only the PEL datum (O, x, L, (-, -}, hg) and the weights of W.

Proof. By [12], Prop. 3.1(a)], there exist aw,bw € Z>o such that W =W, ® K
> Ony
is a direct summand of (L ® K()® W (LY ® Ko)®"W. For all sufficiently large
zZ zZ

¢, and for each K as in the statement of the proposition, the weights of W ® K
Ko

and (L ® K)®W (LY @ K)®® are all f-small, and there are no nontrivial exten-
Z Z
sions between admissible G ® Og-lattices in irreducible representations of G ® K
Z Z

of such f-small weights (see, for example, [54, Sec. 1] and the references there,
which are applicable because G ® K is split). Hence, there exists some integer
zZ

cw > 0 (as in the statement of the proposition) such that the induced pairing
(+, Y®Zy : (LRZp) X(LRZy) — Ze(1) is perfect, and such that Wy ® Ok is
z z z

Ko
a direct summand of (L ® Ok)®*W ®(LY ® O )®’ | whenever £ > ¢y and K is
7 z

as above; and we can conclude as in the proof of Proposition In Cases (Sm),
(Nm), or (Spl), since we are in PEL-type cases with residue characteristics prime
to ¢, we can explicitly determine ty, ny, and cy using only the PEL datum
(O,x,L,{(-, ), ho) and the weights of W, as in [44], Sec. 2-4]. O

4. KUGA FAMILIES AS TOROIDAL BOUNDARY STRATA

4.1. General statements. In this section, we explain in Cases (Sm), (Nm), and

(Spl) how to realize the scheme A*™ (for any fixed choice of an integer n > 0)

as a toroidal boundary stratum of a larger analogue of X4, not just over S®Q
z

but over all of S, based on an argument in [36] (which is closely related to similar
considerations in the context of mixed Shimura varieties in [53]). At the end of this
section, we explain how the realization in Case (Sm) is also useful in Case (Hdg).

Proposition 4.1. In Cases (Sm), (Nm), or (Spl), let X3y = S and f : A — Xy be
as above. Let n > 0 be an integer. Then there exist some (noncanonical) )~(ﬁ —+S
(depending on n and certain auxiliary choices) as in Assumption (in which
case we denote all associated objects below with a wide tilde) and some Y as in
Proposition such that there exists a stratum Z of )N(%‘in and a stratum 2[5} of

igri such that there is an isomorphism z5 Xy identifying the canonical morphism

)
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E[G] : 2[5] — Z (induced by the structural morphism Eﬁ X;-chri — Xmm) with

an abelian scheme over Xy that is Z(Xe)-isogenous to the n-fold self-fiber product
fXm e AX™ 5 Xy of f: A — Xy

Proposition 4.2. In Proposition[f.] given each ¥ for Xy, there exist some choices
of Y and G such that the canonical morphism f[ Z[U} — 7 Xy extends to a
(proper surjective) morphism from the closure Z‘fg]r of Z[g] n X;_izri to X';_‘ffz.

4.2. Constructions in Case (Sm). We shall follow the arguments in [36], Sec. 3A]
and [42 Sec. 1.2.4] closely. (We will be rather brief in our explanations, but the

proofs will still be rather lengthy because we need to introduce many definitions.
They will be needed in the later proofs in Cases (Nm) and (Spl).)

Proof of Proposition[.1] in Case (Sm). Let (O,,L, (-, ), ho) be the integral PEL
datum defining M. By assumption, there exists a maximal order @’ in O ® Q such
Z
that the action of @ on L extends to an action of @’ on L. Consider
Q:=0%",
Q-2 := (Diff 5/ (1)) ™ = Homo (@, Diff 5 (1)) € Q7 <§@(1), and
Qui=(0)°"=0'-Qc Qe
where the O-actions on
Q" := Homz(Q,Z) = Homp (Q, lefo/Z)

and similar dual modules are induced by the right action of O° (and the anti-
isomorphism * : O = O°P), and consider the canonical pairing

()@ Q-2xQo— Z(1)
given by
((z—2,20), (9—2,yo)>Q = TT(O<§>@)/@(%—2 Yo — txo Y—2).
Consider the integral PEL datum (O, *, L{-, ->~,i~1) defined as follows:

o I = Q_ 2P L3 Q.
o (-, ) cLxL— Z(1) is defined (symbolically) by the matrix

<'7 '>Q Y2
(z,y) = (-5 ) Y1
Yo
e h:C— EndO®R L®R ) is defined by
z
z=z1+VvV—12
21 IdQ_QgR —22((27r\/—1)0j521)

5 h(z) = h(z) ,
z2(jg o 2mv/=1)71) 21 ldg, or
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where 27v/—1 : Z 5 Z(1) and (27v/—1)"! : Z(1) = Z stand for the
isomorphisms defined by the choice of v/—1 in C, and where

jo: (Diff o) ,)°" @R = QVQR 5 QR = (0)*" gR
Z Z Z Z
can be identified with the identity morphism on O®" @ R.
Z

These define a group functor G as in [37, Def. 1.2.1.6] (and the same reflex field
Fy). By construction, there is a fully symplectic admissible filtration Zon L®7Z°
Z

(see [37, Def. 5.2.7.3]) induced by
2_3 =0C 2_2 = Q_Q (%)ZD

C va,l = (Q,Q D L) %ZD

C Zo:= (Q_2@L@QO)%ZE’ - Z%im,
so that there are canonical isomorphisms Grrz_2 > Qo ®ZD, Gr*, 2 L®Z", and

Z
Grf = QO(%ZD matching the pairings Gr, x Gré — Z7(1) and Gr%, x Gr%, —
ZP(1) induced by (-, -) with (-, -)o and (-, -), respectively. Let
X :=Homo(Q», Diff 5),(1)) = (0')®"

and

Y i=Qo = (0)%"
Then the pairing (-, -)g : @—2 X Qo — Z(1) induces a canonical embedding 5 :
Y — X, which can be identified with the identity morphism on (O')®™ in this
case, and there are canonical isomorphisms ¢_g : G]ri_2 3 Homy, (X %) Z°,7°(1))

and @ : Grg Y ®@Z° (of ZP-modules). These data define a torus argument
z

% = ()?a ?7 gv 4:5—2a 8’50)
for Z as in [37, Def. 5.4.1.3]. Let
§:CGf =Gt ,aC%, 0t 3 Lel”
Z

be the obvious splitting of Z induced by the equality Q_o & L & Qo = L.
For any Z -algebra R, let P3z(R) denote the subgroup of G(R) consisting of
elements g such that g(Z_ o ® R) =Z 2 ® Rand g(Z_; ® R) =Z_1 ® R. Then we
28 28 28 28

have a homomorphism Grﬂz;1 : ﬁi(ZD) — G(Z) defined by taking graded pieces.
Let 13’2(25) be the kernel of Gr?, x Gr4, where the homomorphisms Gr?, and Grf

are defined analogously. Let H° be any nealt open compact subgroup of G(ZD)
satisfying the following conditions:

(1) Gri;l(??lmﬂﬁ’z(zu)) = G{Z;l(ﬁﬂmﬁz(zﬂ)) = H". (Both equalities are
conditions. Then H° is a direct factor of Gr(H" N P5(Z7)).)

(2) The splitting 5 defines a (group-theoretic) splitting of the surjection
HO 015%(25) — H" induced by Grzl.
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(Such an H® exists because the pairing (-, - ) is the direct sum of the pairings on
Q_2®Qo and on L.) The data of O, (L, (-, -) ,h), O, and H® C G(Z°) define a

moduli problem I\N/Iﬁ as in [37, Def. 1.4.1.4]. Let H := H” x [[ G(Z,).
q€d

Take any projective smooth S for |\~/|ﬁg, which defines a toroidal compactifica-
tion M;_izg s Wwhich is projective and smooth over So by [37, Thm. 7.3.3.4]. Let

(Z,®,6) be as above, and let (~?_£D,<I>HD = (XY, 0,6 5 50,$g50),050) be the

induced triple at level 'HD, inducing a cusp label [(Z Hn,@ﬁn,ggu )] at level HE.
Let 0 C PgN be any top-dimensional nondegenerate rational polyhedral cone in
HD

the cone decomposition §J~ - in ¥. By [37, Thm. 6.4.1.1(2) and 7.2.4.1(5); see

also the errata], the stratum Z[ of “7';:% is a zero-dimensional torus

@50, ’H.D ,0)]
bundle over the abelian scheme C ®. 3., Over Myo. (We have canonical isomor-
HETH

phisms Z[@ 3 ~ I\N/Iqiﬁu >~ I\N/IZF: =~ Myo because of the condition above

0,850)]
H H

. S0 . .
on the choice of H®. The abelian scheme torsor C’~ o e Mﬁ’f is an abelian

scheme because of the condition above on the ch01ce of 7—~[D.) In other words,
Z = C . . By the construction of Cz 5 asin [37, Sec. 6.2.3—
[(®50.050.8)] — ~ 0.0y 570,050

6.2.4], and by the same arguments as in the proofs of [42 Lem. 8.1.3.2 and 8.1.3.5],
it is Z(XD)—isogenous to the abelian scheme Hom,(Q, A)° = AX™ over Myo. Since
(€0, a Z(XD)—isogeny is a Z(Xé)—isogeny.

. v Y mi Xt
To conclude, it suffices to take Xz; — S, X%m — S, Xﬁ% — S, and

Zi;) — Z to be the respective pullbacks (under S — Spec(Op, (o)) of
Mgo — Spec(Op, o)), M@;‘ — Spec(Op, (@), Mter _ Spec(Op, (), and

He S
=7 O

210 50.5)]

(P50 .0570)]"
Proof of Pmpositz'on in Case (Sm). In this case, the proposition follows [36]
Sec. 3B, the paragraph following Cond. 3.8]. (]

4.3. Constructions in Case (Nm).

Proof of Proposition in Case (Nm). Let us proceed with the same choices made
in the proof of Proposition in Case (Sm), with O = (). (We shall henceforth
omit all the superscripts with O.) In this case, My — So = Spec(Op,,(p)) is defined
with some choice of {(L;, (-, - )i) ties, with (Lj,, (-, *)j,) = (p"°L,p=2"(-, -)) for
some jo € J and some rg € Z, which allows us to take f : A — Xy to be /on — I\_/IH.

For each j € I, let (Ej,<-, ) ) be defined as in the case of (L,{-,-) ), but
with (-, -)g and (L, (-, -)) replaced with i+, )@ and (Lj,7{(-, -);) for some
sufficiently large integers rj, rJ > 1 such that (-, -) j is induced by the restriction of

rj( Ty T >~ QZ@ Q.
For any Z-algebra R, let GE(R) denote the subgroup of ﬁ(R) consisting of el-
ements ¢ such that g(Z_; ®R) C Z_i1 ® R, for all 4; let Uz ,(R) denote the
70 b
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subgroup of [NJz(R) consisting of elements g such that g(Z_; ®R)C Z_i o ® R, for
VA 20

all 4; and let Uz _(R) := Uz(R)/Uz _,(R).
Each element g € ﬁz_l(Z) is determined by its induced morphisms
g2 : Grz1 = LQZQZ — Gr§2 =Q_2 QZ§>Z = (Diffa,l/z)@”
and B B X
go1 : Grg = (O/)®n — GI‘Z,I = L%Z

on the graded pieces, and ¢™ induces mgi2 and mgg; for each integer m, which
satisfy

mg12(Ly %Z) C (Diff ) ;) ®"

and
mgo1 ((0")®") C L ‘%Z

for all j € J and all sufficiently large m. Consequently, up to replacing H with
an open compact subgroup, we may and we shall assume that it also satisfies the
following additional requirements:

(3) H stabilizes all the lattices Zj ® 7.
Z
(4) The subgroup (HNU3(Z))/(HN Ufi’f?(Z)) of U*Z:il(Z) is of the form

(Uz _1(Z))™ for some integer m > 1 satisfying mL C L; for all j € J.
These choices of {(Ej, (-, '>;)}jej and H (and, in particular, the condition
above) allow us to define a moduli problem I\N/Iﬁ — Spec(Fp) as in [37, Def. 1.4.1.4]

and an integral model M?—Y — Spec(Opr,,(p)) as in [41], Prop. 6.1], and its minimal

compactification l\~/|%in — Spec(Fp) has an integral model Mz — Spec(Op, () as
in (Il Prop. 6.4, and Thm. 12.1 and 12.16]. Moreover, for any projective smooth
3 for M, the toroidal compactification I\/I;ifi — Spec(Fp) as in [37, Thm. 6.4.1.1

—tor
and 7.3.3.4] extends to an integral model My 5 — Spec(Op, () as in [40, Thm.
6.1]. Then the pullbacks of l\~/|ﬁ — Spec(Or,, (), l\~/|ﬁ — Spec(Op,,(p)), and
—tor

Mz s — Spec(OF, (), for all projective smooth 5, define the models )N(ﬁ — S,
wmin Y tor : : fps Y -
qu — S, and Xﬁ,i — S, which satisfy the analogue of Proposition for X ete.

We claim that the pullback Zz — Z of Z[(%,;@;,E)] — Z[@g)gﬁ)] under S —

Spec(Opy,(p)) is isomorphic to the abelian scheme f* ™ : AX™ — X3 we want.
=75 :57:(
Firstly, by the constructions of My and My by taking normalizations (see

[41, Prop. 7.4 and 8.1]), the canonical isomorphisms I\N/Ij_if ~ MAH My, over

Spec(Fp) (because of the condition on the choice of # in the proof in Case
::I;M :E~ -
(Sm)) induce canonical isomorphisms MgH = M;LH = My over Spec(Op,,p))-
Secondly, the condition above on the choice of H implies that the abelian
~ 5

scheme torsor C3 5  — Mﬁ” over Spec(Fp) is an abelian scheme. Moreover,
HIH
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the condition above on the choice of H implies that the canonical morphism
o 0~ AXM 7 ~ M o

C3. 5, — Homy (@, A)° = A*™ over L5, 5, = Mg = My (where A — My
is the tautological abelian scheme) can be identiﬁed with [m] : A*™ — A*"™ (the
multiplication by m over My). Since p™L = L;, and mL C Lj, for all j € J,
there exists some integer 71 > 0 (depending on 7g) such that [mp™]: AX™ — A*"

extends to isogenies A'jf)” — A}X" over My, for all j € J, by [37, Cor. 1.3.5.4,
Prop. 1. 4 3.4, and Prop. 3.3.1.5] and the normality of I\7|H By the construc-

tion of Cq) 5 by taking normalization over the product of the auxiliary mod-

els indexed byJ € J (see [l Prop. 8.4]), and by Zariski’s main theorem (see

22, TII-1, 4.4.3, 4.4.11]), the canonical finite morphism A" — HAjX" (de-
jed

fined by the above isogenies) induces the composition of [p™] : ff;}” — /YJXO” and

an isomorphism AX” — C Finally, since o is top-dimensional, we have

Ty Oz

25 5,5 = Cs, 5,

structural morphisms to Z[@g,gg)] =~ My and Z[(%gﬁﬂ ~ MH, respectively, by [41],

Lem. 8.20 and Thm. 12.16] and [40, Thm. 6.1(5)]. Thus, by pulling back everything
under S — Spec(Op,,p)), the above claim follows. O

and Z = ~ 5’~~ =~ which are compatible with their
[(®57,057,5)] L3705

Proof of Proposition[4.2] in Case (Nm). Let us proceed with the same setting of
the proof of Proposition in Case (Nm).
Since X satisfies [37, Cond. 6.2.5.25] by assumption, by the same argument as
- tor
in the proof of [37, Lem. 6.2.5.27], the closure of each stratum of l\~/|g7§ has no self-
intersection. Therefore, by the étale local description spelled out in the property
@ of Proposition [2.2|and in Corollary and by the geometric normality of affine

toroidal embeddings over their base schemes as explained in the proof of [41] Prop.
—tor

8.14], the closure of each stratum of My 5 is noetherian and normal. In particular,
otor

this is the case for the closure Z[@17 5:7.5)] of Z[@N 55"
50975 7:057,0
Following the same strategy as in [36, Sec. 3B], we would like to show that, for

stor
suitable choices of ¥ and & o, the noetherian normal scheme Z[( ) carries some
object parameterized by Mgfz, which satisfies the condition in [0, Thm. 6.1(6)].
Compared with the condition in [37, Thm. 6.4.1.1(6)], the main difference is that
the condition in [40, Thm. 6.1(6)] also requires a collection of semi-abelian degener-
ations parameterized by j € J, whose pullback to the generic point in characteristic
zero is Q*-isogenous to the tautological object parameterized by My,. Without re-
peating (essentially verbatim) all the steps in [36, Sec. 3B], we shall at least explain

how to create such a collection. .
= tor

Consider the tautological semi-abelian objects (GJ, )\J, ZJ, & 7) — Mz 5. By con-

the pullbacks G T ofGJ toZ (35755

(357,555

of the pullback of the abelian scheme A My by a split torus T

struction of C~

- )] is an extension

= . Since
Z -
(@ 705° 5)]
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otor

Z[@,;,Eﬁﬁl] is noetherian and normal, by [37, Prop. 3.3.1.7], Eor each j € J, the

—

subtorus f = of G = extends to a subtorus T ztor of the
V2@ 7.57.9)] Ba(CF ! D@5, 5.5)]
= = —tor
pullback G ztor of Gj to Z[@NgN &) which allows us to define a quotient
J7Z[($g,5ﬁ,5)] HOTHY
= = = ztor
semi-abelian scheme Gj := G ztor /T ztor over Zig_5_z)- On the
J>Z[(&>ﬁ,§ﬁ,a)] J»Z[(%ﬁ,gﬁ,a)] HOTHY
other hand, in characteristic zero, the pullback of the tautological semi-abelian ob-
3 ~N 7 ~ N tor Ztor 7 o s Ntor
ject (G, \,i,a7) — Mﬁj to the closure Z[($q7gﬁ7a)] of Z[(@%éﬁﬁ)] in Mﬂ,i defines

the semi-abelian scheme G := G5, T5ior over Ztr _ _  exactl
7 7 s y
(785780 C[(B7.557.5)] [(®57,07,9)]

as in [36, Sec. 3B]. By construction, these quotient semi-abelian schemes G and
—tor
tor

(@ dga) = Al dan Q@ DY
the same argument as in [36, Sec. 3B], they also carry the additional PEL struc-
tures, providing the collection we need, and satisfying the condition in [40, Thm.
6.1(6)] as long as the same combinatorial [36, Cond. 3.8] is satisfied. Thus, the
proposition follows. ([

{Gj}ies are Q*-isogenous to each other over z

4.4. Constructions in Case (Spl).

Proof of Proposition in Case (Spl). Let us proceed with the setting of the proof

of Proposition in Case (Nm), so that 6$~5~N — MH is isomorphic to the
HITH
- - =spl
abelian scheme Ajf) "™ — My, which is smooth. Since 05;77597 is the normalization of
C X M;};’l (see [39, Def. 3.2.3 and Lem. 3.2.4]), and since this fiber product is

R
HIWH M

already normal (by the smoothness of 65,;,5,; — I\7I»H and the normality of I\7I§_1L’1),
—spl o N .
the induced morphism ng’gﬁ — M;_IZI is isomorphic to the pullback of Ajf) " — My

under l\_/l'z_lz1 — MH. Again, since ¢ is top-dimensional, by [39, Prop. 3.2.11, Thm.

~ ~ =spl —=spl
3.4.1(2), and Thm. 4.3.1(5)], the pullback Zz — Z of 2(@,,5.5)] — (@555
under S — Spec(Ok) is isomorphic to f*™ : AX™ — Xy, as desired. O

Proof of Pmposz'tz'on in Case (Spl). In this case, by the same argument as in the
4.2

proof of Proposition|4.2|in Case (Nm), the pullbacks of the semi-abelian objects over
= spl,tor N . = spl,tor

Mz s to the closure ZSPY™L sl in M7 5 define quotient objects
S (B3890 © TU@g el TS b !
which also carry the splitting structures given by the analogue of the recipe [39]

—spl,tor .

(3.3.12)] (for Mg & instead of M;f}gor). Hence, the condition in [39, Thm. 3.4.1(4)]
applies to these quotient objects, which is satisfied under the same combinatorial

[36, Cond. 3.8], by the same argument as in [36, Sec. 3B] (again). O

4.5. Application to Case (Hdg). Let X4, — S denote the pullback of My, . —
Spec(Zy)) under S — Spec(Zp)), and let faux @ Aqux — X3, denote the pullback
of Aaux — My, (see the beginning of Section under the canonical morphism
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XHone — My, so that A — Xy is the pullback of Ayux — Xy, under the

canonical morphism Xy — Xy, . induced by My — My, ® OFy,(v)-
Zp)
Let n > 0 be an integer. Suppose that Xz — Xi9's; is induced by some Xy, —

X 5. (see the proof of Proposition in Case (Hdg), in Section . By
Propositions and (in Case (Sm)), there exists some integral model X7 — S

an .

and some toroidal compactification X;zori such that the structural morphism 2 :

)

Yaux = Aaxu?( = X3, can be identified with the canonical morphism from some

stratum Z[ ] of Xtor to some stratum Z of )N(@“, and such that f7 (necessarily

uniquely) extends to a morphism from the closure Y oy = Zf"r of Z (7 in Xfr‘zrz to

)

some toroidal compactification X59*

aux,Saux

Consider the canonical morphism Y := AX" — Y, .x. Let Y denote the normal-
ization of Y ..k under the composition ¥ — Yaux — Y aux of canonical morphisms,
which induces an open immersion Y < Y because Y (being an abelian scheme over
X#) is normal. We have the following étale local description of Y < Y

Proposition 4.3. At each point x of Y, there exist a scheme C, of finite type
over S; an affine toroidal embedding E, — E,(1,), where E, is a split torus over
Spec(Z) and T, is some cone in the R-dual of the character group of E,; an étale

neighborhood x — U — Y ; and an étale morphism U — E,(1,) x C, such that
S

U:=UxY =U x FE, (as open subschemes of U).

Y Ey(T2)
Proof. Without loss of generality, we may assume that S = Spec(Op, (). Suppose
that x is mapped to the stratum Zz of Xt°r~, which is above some stratum Z (in

the closure of Z & Xt ) OF X%m. Suppose that = is mapped to the stratum Z,
of X%‘jrz, which is above some stratum Z of Xmin Suppose that x is mapped to the
stratum Zp, ; of X" ., which is above some stratum Z, of Xpin

By the property @D of Proposmon- see also the second paragraph of Corollary
, étale locally at each point of Zz, for each representative 7 of [7], and for some
representative 7' of [7'], where [5] determines [7] as in the case of [7] determining [7']
in the property @) of Proposmon 2| the canonical open immersion Youx = Z5) =
Y aux = Z[Of is isomorphic to the affine toroidal embedding =5 — _g( ) over the C

over Z, where Z4(7) is the closure of Z4 in Z(7). (Such notation with ~ instead of
~is to make it clear that ¥ € E; and o € E% cannot be directly compared; cf. [30]
Sec. 2D].) Similarly, étale locally at each point of Z, i, for each representative 7,
of [Taux], the canonical open immersion Xy, = < Xtozux,zaux is isomorphic to the
affine toroidal embedding Z,,x < ZEaux(Taux) over the Cyux over Z,,x. As explained
in [46, the proof of Thm. 1, after Rem. 4.1.6], étale locally at each point of Z,, for
each representative 7, the canonical open immersion Xy — Xtor is isomorphic to
the affine toroidal embedding = — Z(7) over the C over Z.

As explained in [36, Sec. 3B], we have 7 Zaux, together with canonical mor-
phisms €' = Cauwxs 25 — Zawe and Z5(7) = Zaux(Taux)- By [36) Lem. 4.9], ¢ —

Caux 1s an abelian scheme torsor, and hence so is the pullback C, :=C x C—C.
Caux

Let =, := = X Z4, which is a torsor over C, under the subtorus F, := F x Ej

aux Eaux
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of E5. By [24, Lem. 3.2], the normalization of Z(7) under the canonical mor-
phism =, — ég,(i') is an affine toroidal embedding over C, which we can write as
Ey; < Ez(72) for some cone 7, induced by 7.

Since the canonical morphism Y. — X%—?Zux,Eaux is induced by [37, Thm.
6.4.1.1(6)] (see [36), Sec. 3B]), whose proof is based on the properties of good al-
gebraic models (constructed by Artin’s approximation), on which the proof of (9]
of Proposition [2.2)in Case (Sm) (in Section is also based, it follows that, étale
locally at each point of Zz, the canonical morphisms Yaux < Yaux and Xy, <
Xg_‘zzux’zwx are compatibly isomorphic to Zs < S (7) and E,ux — Eaux(Taux), re-
spectively. By using the nested approximation in [68] 2.9] and [64, Thm. 11.4 and
11.5] instead of Artin’s approximation, where the hypothesis (in the notation there)

that A; ® B;_1 is noetherian is satisfied because the canonical isomorphism X, =
i—1

(E(r)s = (Xg-?,rz)é\m in [46, Thm. 4.1.5(5); see the proof of Prop. 4.2.11] is induced

by the canonical isomorphism X, = (Zaux(Taux))Z, . .. = (X%-(Z;ux,Eaux)é\[ it

)
Taux]

follows that Y < Y and Xy — Xi9's; are compatibly isomorphic to =, — Z(7)
and E < Z(7), respectively, étale locally at x. Hence, the proposition follows. O

5. NEARBY CYCLES AND MAIN COMPARISONS

5.1. Basic setup. Suppose moreover that the base scheme S = Spec(Ry) is
Henselian. Let j : p = Spec(K) — S (resp. i : s = Spec(k) — S) denote the generic
(resp. special) point of S = Spec(Ry), with its structural morphism. Let K be an
algebraic closure of K, let Ry denote the integral closure of Ry in K, with residue
field k an algebraic closure of k, and let j : 7 := Spec(K) — S := Spec(Ry) (resp.
i:5:= Spec(k) — S) denote the corresponding geometric point lifting i (resp. 7).
For simplicity, we shall denote by subscripts the pullbacks of various schemes over
Ston, 17, s,ors.

Consider any rational prime number ¢ # p. Let A be a coefficient ring that is
either Z/¢(™7Z (for some integer m > 1), Z;, Qq, Qp, or a finite extension of any
of these. (These are the coefficient rings accepted in, for example, [27], 3.1].) For
simplicity, we shall also denote by A the constant étale sheaf with values in A.
For each scheme X separated and of finite type over S, we denote by DY(X,, A)
the bounded derived category of A-étale constructible sheaves over X, and by
DY(X; x 7, A) the bounded derived category of A-étale constructible sheaves over
X; with compatible continuous Gal(K /K )-actions. (See [I1}, 1.1] and [16] when A
is not torsion.) Then we have the functor of nearby cycles:

(5.1) RUx : DY(X,,A) — DY(Xs x 7, A) : F = i* Rj. (Fy),

where Fj; denotes the pullback of F to Xj. (See [13| XIII], [10, Th. finitude, Sec.
3], and [27], Sec. 4] for more details.)

Suppose we have a morphism ¢ : X — Y of schemes of finite type over S. Then
we have the adjunction morphisms

(5.2) RYy Ry, «(F) = Rps« RV x(F),
and

(5.3) Rpsy RUx (F) — RUy Ry, 1(F),



22 KAI-WEN LAN AND BENOIT STROH

which are isomorphisms when ¢ is proper, by the proper base change theorem (cf.
[8, XII, 5.1] and [I3, XIII, (2.1.7.1) and (2.1.7.3)]). In the opposite direction, we
have the adjunction morphism

(5.4) oz Ry (F) = RYx ¢, (F),

which is an isomorphism when ¢ is smooth, by the smooth base change theorem
(see [3, XVI, 1.2] and [I3, XIII, (2.1.7.2)]). We will freely use these facts without
repeating these references.

Lemma 5.5. Let E be a split torus over S with character group S, and let

JF:E%E:ULEJEE(U)

be a toroidal embedding over S defined by some rational polyhedral cone decomposi-
tion X of a cone in Sy. Then the adjunction morphisms

(56) R\I/E RJEW*(AEn) — RJE§7* R\IIE(AE,I)
and
(57) JE;,I R\I/E(AEW) — R\IJEJE,,,,!(AEn)

are isomorphisms in D(Es x 7, A).

Proof. Without loss of generality, by enlarging the collection ¥ if necessary, we may
assume that F is proper over S. Note that we have not assumed that ¥ is smooth.
Nevertheless, there exists a smooth refinement ¥’ of X, so that the corresponding
toroidal embedding
—
Jg :E—E = U_E(d
E > (o)
is between smooth schemes over Spec(Z), and so that F-FE (with its reduced
structure) is a simple normal crossings divisor flat over S. By [29, Ch. I, Sec. 2,

Thm. 8], £ and E are proper over S, and there is a canonical proper morphism

Q E/ —FE
satisfying
Jg=poJy.
Therefore, by [13, XIII, 2.1.9], the adjunction morphisms
(5.8) RV RJgy (Ap,) = Rig  RVYE(Ap,)
and
(59) JE;,! R\IJE(AE”) — R\I’E/ JELW!(AE”)

are isomorphisms. The proper morphism ¢ then induces canonical isomorphisms
R\I/E RJE,,,*(AEn) = R\I/E R‘Pm* RJE;’* (AEn) :> R(p;* R\I/E/ RJE;’,* (AEW)
and
RJz. ., RVYE(Ap,) = Rps RJE;* RVp(Ag,),

which are compatible with each other under the adjunction morphisms (5.6) and
(5.8). It also induces canonical isomorphisms

J5,  RYE(AE,) = Rps. . Rig RVYp(Ag,)
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and
R\I’E an,!(AEn) = R\I/ERQDW* JE;J(AEn) :> Rgog’* R\IIE/ JE;,!(AEW)’

which are compatible with each other under the adjunction morphisms (5.7) and
(5.9). Thus, we can conclude because (5.8) and ([5.9) are isomorphisms. (I

Lemma 5.10. Let J3-:Y — Y be an open immersion between schemes separated
and of finite type over S, which satisfies the following condition: For each geometric
point x — Y, there exist a scheme C of finite type over S, a toroidal embedding
J=:E < E as in Lemma (which defines the adjunction morphisms and

), an étale neighborhood x — U — Y, and an étale morphism U — E>S< C

such that U := U xY 2 U x E (as open subschemes of U). Then the adjunction
morphisms v "

(5.11) Ry RJg. (Ay,) = RJy_, RUy(Ay,)

and

(5.12) Jy_ RVy (Ay,) = RUs JYW,!(AYn)

are isomorphisms in D%(Ys x 7, A).

Proof. Note that Y;, — n might not be smooth. Since the assertion of the lemma can
be verified étale locally over Y, it suffices to show that the adjunction morphisms

(5.13)  RUg xo RIE o) BExey,) = RI® x 05 BV cA@xo),)
and

(5.14) JExc) 1 BYEx (A x o)) 7 RV o JE o), (N x o))
S S

S

are isomorphisms, where
Joyc=Jgxldc: ExC = ExC
s S S S
is the canonical open immersion. By the Kiinneth isomorphisms as in [3, XVII,

5.4.3] and [5], 4.2.7], and by Gabber’s theorem (see [27) 4.7]) on nearby cycles over
products of schemes of finite type over S, we have canonical isomorphisms

L L
(R¥g RJp, .(Ap,))BW(RYc(Ac,)) = R¥E  o(RJg, . (Ap,))MAc,)
s 7

= R\IIE?C RJ(E>S<C) *(A(E X C)n>7

7

o X
wgh

(RJg, . RVE(Ap,))®(RYc(Ac,)) = RIE, o), (R¥E(AE,)) B(RYc(Ac,)))

= RJ(E X C)s,* RYE X C(A(E X C)n)a
s

o [X]
o [X]

(g, RYe(Ag,)) (R‘I’c(/\cn))QJ(Eéck,;((R‘I’E(AEn)) (R¥c(Ac,)))

> JEx 0y RYE x c(AE X o))
S
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and

L N L
(RY5 Jp,(A,)) B(RYc(Ac,)) = RYE . c((Jg, ,(As,)) BAC,)

where the former (resp. latter) two isomorphisms are compatible with each other

under the adjunction morphisms (5.6) and (5.13) (resp. (5.7) and (5.14)) (and
3 i 11

the identity morphism on R¥c(Ac,)). Hence, (5.13)) and (5.14) are isomorphisms

because ([5.6) and (5.7)) are, by Lemma [5.5]

5.2. Compatibility with good compactifications. Let S, i, j, i, j, etc be as
in Section [5.1] Consider any Xy — S as in Assumption with toroidal and
minimal compactifications JxmrZ Xy — Xtor and Jxmln X3, < X§™ over S, as
in Prop051t10n n Consider any étale sheaf V that is elther of the form V, as in
Proposition associated with some irreducible representation & of G%Q on a

finite-dimensional vector space Vg over Qp, in which case we take A = Qy; or of the
form Wy, » as in Proposition @, where we assume that M is a ring that is a finite
free module over either Z; or Z/¢™Z (for some integer m > 1), for some ¢ > cy
there, in which case we take A = M.

Theorem 5.15. The adjunction morphisms

(5.16) R\I/X%-(Z,rz RJ(X%_‘Zf'Z),,,,*(V) — RJ(X;_‘ZfE)g,* RUy,, V)
and
(517) J(ngrz)§7! R\I/)(H (V) — R\Ifxcor J(Xcorz)m (V)

are isomorphisms in Db((X';_‘er) x 7, A).

Proof. Lett =t¢ andn =n¢ if V=V, asin Proposmon in which case we take
A=Quorlett =ty andn=ny if ¥V = Wo,mr as in Prop051t10n E 4] for some ring
M that is a finite free module over either Z, or Z/¢™Z (for some integer m > 1),
for some ¢ > cy there, in which case we take A = M.

In Cases (Sm), (Nm), or (Spl), let 2[5] — Z be as in Proposition which
realizes the abelian scheme f*™ : AX™ — X4 up to Z&)—isogeny Let YV := 2[5];
and let Y := Zfof the closure of Z[a] in Xtor Let J5-:Y — Y denote the canon-

ical open immersion. By Proposition up to modifying the choices of Y and
o, we may assume that the induced morphism h : Y — Xy extends to a (neces-
sarily proper surjective) morphism h : Y — Xtor In Case (Hdg), we simply take
Y — Y as in the paragraph preceding Pr0p0s1t10n with canonical morphisms
h:Y —= Xy and h: Y — X%, In all cases, we know that V is a direct sum-
mand of Rh,(Ay)(—t)[n], and therefore R xsgr ), +(V) and Jixeer (V) are direct
summands of Rh,.RJy  (Ay,)(—t)[n] and Rhy.J5 (Ay,)(=t)[n], respectively.

By the proper base change theorem (applied to h), and by shifting and Tate
twisting, it suffices to note that the adjunction morphisms

(518) R\IIYRJ?,,,*(AYT;) — RJva* R\I’Y(AYT,)
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and
(5.19) Jy.  RUy(Ay,) = RUs Jy ((Ay,)

are isomorphisms: In Cases (Sm), (Nm), and (Spl), this follows from Lemma
and the second paragraph of Corollary (applied to the strata of X*'<). In Case

(Hdg), this follows from Lemma [5.10] and Proposition o O
Corollary 5.20. We have canonical isomorphisms

(5.21) RT((X3)7, V) = RU((X3¢)s, R¥x,, (V)

and

(5.22) RTc((X3)s, RUx, (V) = RTc((X30)7, V),

which are compatible with their natural continuous Gal(K /K)-actions.

Proof. Since X%_‘zfz — S is proper, by the proper base change theorem, these follow
from the two canonical isomorphisms (5.16) and (5.17) in D5((X}'s)s x 7,A). O

Corollary 5.23. The adjunction morphisms

(5.24) R‘I’Xﬁin RJ(XEill)n7*<V) — RJ(X%in)g,* RUx,, (V)
and
(5.25) J(x;x_zin)g,! RUx,, (V) — R\Ijx;x-ziu J(X‘;;‘")m!(v)

are isomorphisms in D2((X5™)5 x 7, A).

Proof. Since the structural morphism §,, . : X'y, — X5 is proper (for any choice
of X)), this follows from Theorem and the proper base change theorem. O

Let d := dim((Xy),). Suppose A = Q, or Q. Then A[d] is a perverse sheaf
on (X3;)y, and we can consider its middle perversity extension Jixminy 1. (A[d]). By

[27, 4.5], RVx,, (Ald]) is a perverse sheaf on (X3;)s. The analogous assertions are
true for Ve[d], for each V¢ as in Proposition (with £ # p and A = Qy).

Theorem 5.26. We have a canonical isomorphism
(5.27) Ry Ty, 12 (Veld]) 75 T 1o R, (Veld)

in the category of perverse sheaves over (Xﬁi“)g with compatible continuous
Gal(K/K)-actions.

Proof. Let us denote by PHY the zeroth perverse cohomology of a Q-sheaf, which
is a perverse sheaf. By definition, we have

J(Xﬁi")%!* = Im(pHO [e] J(Xl’xﬂin)?)! — pHO (] RJ(X;T:])?)*),

for 7 = n or 5, where the image is taken in the abelian category of perverse sheaves.
Therefore, it suffices to show that there are canonical isomorphisms

(5:28)  PH gy, R, (Veld) S R PHO (T u(Veld)
and

(5.29) RWypin PHO (R (xiny,  (Ve[d])) = PHO (R epiny . R, (Veld]))
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which are compatible with the canonical morphisms induced by the canonical mor-
phisms
J(Xf;‘ti")?,! — RJ(x%in)%*
of functors, for ? =7 and 5. By [27, 4.5] again, we have a canonical isomorphism
PH" o R = RU o PH°
of functors, because the functor RV is t-exact for the middle perversity. Therefore,
by applying the functor PH" to (5.25) and (5.24), we obtain the desired isomor-
phisms (5.28) and (5.29)). O

Remark 5.30. Theorem is interesting already in Case (Sm), when there is no
level at p and when everything is unramified in the strongest sense. Then we have

R‘I’xgi" J(xg;in)n,!*(vi [d]) = J(x;ﬂ{in)g,!*(vﬁ [d])

over (X3")5 by the smoothness of Xy — S (see [3, XV, 2.1] and [I3 XIII, 2.1.5]),
where we abusively denote by the same symbols the extension of V¢[d] over all
of X3, and its pullback to (X#)s. Intuitively (but imprecisely), while the mini-
mal compactification Xﬁin — S is not smooth, it has “compatible singularities”
when moving between the geometric fibers: On one hand, J(Xﬂin)nv!*(vg [d]) and

J(X;x_zixl)§7!*(V§ [d]) take care of the singularities of the fibers of X§™ — S over 1 and
s, respectively. On the other hand, R\leg_ntin takes care of the “bad reduction” of
X — S,

Corollary 5.31. We have a canonical isomorphism

(5.32)  RU(CG™)g, Jixminy 1 (Veld])) = RU(OKE™) s, I xaminy , 1 RY (Veld])),
which is compatible with the natural continuous Gal(K /K)-actions.

Proof. Since X%in — S is proper, by the proper base change theorem, these follow
from the canonical isomorphism ([5.27)) in the category of perverse sheaves over
(Xmin)s with compatible continuous Gal(K /K )-actions. O

Remark 5.33. Our strategies thus far are essentially the same ones as in the special
case of Siegel moduli at parahoric levels in [67, Sec. 4], which was inspired by [21]
7.1.1], based on the crucial [21] 7.1.4] due to Laumon. With our better knowledge
today, we can extend them to all cases considered in Assumption [2.1]

Remark 5.34. It should be possible to avoid the use of Propositions and
and hence also the assertions about stratifications in the property @D of Proposition
and in Corollary by requiring instead that the approximations match the
automorphic étale sheaves at torsion levels, which still preserves the filtrations
induced by the actions of the parabolic subgroups associated with the boundary
strata, whose graded pieces descend to C. (Such an idea is perhaps more appealing
in Case (Hdg).) We shall leave the details to the interested readers.

Remark 5.35. Let us conclude by briefly explaining why the isomorphisms ,
, and are compatible with Hecke actions. While there are many different
ways of defining them, the essential setup is as follows: Let H and H’ be two neat
open compact subgroups of G(Z), and let g € G(A*) be an element such that
gHg~' C H' and such that there are a proper morphism

[g] : X’H — XfH/
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and a morphism
(5.36) [g]'V =V

over Xy, where we abusively denote the analogous sheaf V over X4 by the same
symbols. In Cases (Sm) and (Hdg), due to the restrictions on the levels at p, and
hence also on the p-part of g, this proper morphism [g] is necessarily finite. In
Cases (Nm) and (Spl), it is also finite if Xy and Xy are defined by the same
collection J as in [41l Sec. 2], and if g stabilizes J—but in general, we need to use
different J’s for X4 and X3 in these cases, and allow the morphism to be proper
but not necessarily finite in positive characteristics. (Nevertheless, this means our
arguments are compatible with the variation of the choices of J’s.) By definition,
induces by adjunction a morphism

(5.37) V = Rlgl. [9]"V — R[g].V

over Xy, Since [g] is proper, this induces a morphism

(5.38) RUx., (V) — RUx, Rlgly«(V) = Rlgls« R¥x,, (V)
over (X4y/)s. Hence, there are commutative diagrams

(5.39) RU((X3)7, V) ———— RT((Xw)s, RYx,,, (V))

| |

RE((Xpt)g, V) = BL((Xn)s, RUx,, (V)
and
(540) RFC((XH/)g, R\I/)(H, (V)) —_—> RFC((XH/)ﬁ, V)

J |

RTo((Xp)s, RYx,, (V) —————— BLe((X)7, V)

in which the vertical morphisms are induced by (5.36]) and ([5.38)), which are com-
patible with each other under the canonical morphisms. Consequently, the isomor-

phisms (5.21)) and (5.22)) in Corollary are also compatible with Hecke actions.

Remark 5.41. The compatibility with the actions of Hecke correspondences on co-
homology requires more explanation. Suppose H and H’ are as above, satisfying
moreover the condition that 2 C H', so that there is also a proper morphism

[1] Xy — Xyyr.

The two morphisms [1], [g] : X% — X/ extend to proper morphisms

[1]m1n, [g]mln . X%in N Ein
and .

(1], [g]" « X5 — X30r 5
between integral models of minimal and toroidal compactifications (at the expense
of using different J’s and, in general, the replacement of ¥ with a refinement that
is simultaneously a 1-refinement and g-refinement of ¥'), by [41], Prop. 13.15], [40,
Prop. 7.3], [39, Prop. 2.4.17], and [46, Sec. 4.1.12 and 5.2.12]. (The upshot is that

the compatibility between stratifications ensures that the Hecke correspondence
realized by integral models at higher level stays proper over the integral models at
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the original level, both before and after compactifications.) For definitions requiring
finite morphisms even in positive characteristics, we have such morphisms between
the integral models of Shimura varieties when g stabilizes the same collection J at
levels H and H’, which also extend to finite morphisms between the integral models
of minimal compactifications. Consequently, we can define the actions of Hecke
correspondences on the cohomology (for both the usual and compactly supported
cohomology of the Shimura varieties, and the associated nearby cycles over their
integral models) by the general arguments in [20, Lem. 1.3.1] and [18 Sec. 5.1.7],

which are compatible with the canonically defined isomorphisms (5.21)) and (| -

in Corollary [5.20]

Remark 5.42. For the special cases of bad reductions which arise only because of
higher levels at p above a hyperspecial one, our results subsume the closely related
results by Imai and Mieda, matching the supercuspidal parts of the two sides of
(1.1) (and their analogues), in their current form in [28, Thm. 4.2, and Rem. 4.3
and 4.4]. Nevertheless, their method based on the consideration of adic spaces is
quite flexible and of some independent interest. We have learned from them that,
still for comparing the supercuspidal parts, their condition can be much relaxed.
This is because they can make use of morphisms to a good reduction Siegel moduli
rather than to integral models associated with the same Shimura datum.

6. APPLICATIONS

6.1. Notation system. In this section, unless otherwise stated, we shall consider
mainly Cases (Sm), (Nm), and (Spl). In these cases, we shall consider the following
notation system, which might differ from those in the works we cite (including our
own ones). Consider a fixed choice of an integral PEL datum (O, %, L, (-, - ), hg) as
in [37, Def. 1.4.1.1], which defines X3y — S in any of the three cases in Assumption
[2:1] which are based on the definition of moduli problems of abelian schemes with
additional PEL structures up to isomorphism as in [37, Sec. 1.4.1].

For many applications in the literature, which are based on moduli problems of
abelian schemes with additional structures up to Z(Xp )—isogeny in [33], it is only the

base extension (O ® Z),*, L @ Zpy, (-, ) @ Zpy, ho) that matters, or even the one
Z Z Z

with Z,) replaced with Z,. We note that the condition for p to be good as in [37,
Def. 1.4.1.1], which determines whether we can be in Case (Sm), can be verified
using only such base extensions of the integral PEL datum to Z, or Z,.

As in [37, (1.2.5.1)], the polarization ho : C — Endp %R(L %) R) defines a decom-

position L ® C = V; @ Vi of O ® C-modules, where ¢ denotes the complex conjuga-
Z Z

tion, and where ho(z) acts on Vj and Vi as 1 ® z and 1 ® z°, respectively. This is

a Hodge decomposition with V5 and V| denoting the parts of weights (—1,0) and

(0, —1), respectively. This induces a cocharacter u : G, ® C — G ® C which sends
Z z

z € C* to the O ® C-module automorphism of L ® C acting as z on V and as 1 on
Z Z
Vi, whose (G ® C)-conjugacy class [u] is well defined and has a field of definition

the subfield Fo of C. (This does not require Vj to have a model over Fy.)

Let Qp denote a fixed choice of an algebraic closure of Q,,, and let Fy — Qp be
any fixed choice of a Q-algebra homomorphism, which determines, in particular, a
p-adic place v of Fy. By abuse of language, we can also talk about the corresponding
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(G%@p)—conjugacy class [u] of cocharacters p : Gm%(@p — G%Qp. The pair
(G®Qp, [¢]) can be viewed (up to a sign convention on [u]) as a local Shimura
Z

datum at p—Indeed, this is the viewpoint taken in many works on local models.
Consider Op, v, the v-adic completion of the ring Op, of integers in the reflex
field Fy. Let K := Frac(Op,,), let K := Q,, and let K" denote the maximal
unramified extension of K in K. Let I'k := Gal(K/K) and T = Gal(K™/K).
Then we also have the inertia group Ik := ker(I'x — I'}}) and the Weil group Wi
in I'x. We shall also denote Op, , by Ok (for simplicity); the ring of integers in
K™ by Oguw; and the residue fields of O and Ok by k and k, respectively.

Let F' denote the center of the semisimple Q-algebra O ® QQ, which is a finite
Z

product of totally real or CM fields. Suppose that K is the smallest (finite) exten-

sion of K in K which contains all the images 7(F'), where 7 : F' — K runs through

all possible Q-algebra homomorphisms, and over which G® Q,, splits. (Then this
Z

is an acceptable choice of K in [39, Sec. 2.3]. Please do not confuse the notation
K there with the K here.) Then we similarly define I'z, I, and Wg. We denote

the ring of integers in K by Oz, and denote its residue field by k.

Throughout this section, we fix the choice of a prime ¢ > 0 different from p,
and assume that the requirements in Section [3.1] are satisfied by our choices of H.
Unless otherwise specified, V will denote an étale sheaf of the form Ve or Wy as as
in the beginning of Section Since £ # p, we may and we shall assume that V is
not just defined over X4 <§Z§ @, but also over all of X4. For simplicity, we shall often

denote the pullbacks of V by the same symbol.

6.2. Unipotency of inertial actions. Our first application is unsurprising and
considered known in the folklore, but has not been documented in the literature:

Theorem 6.1. Suppose we are in Case (Sm), with S = Spec(Ok) = Spec(Of, »)-
Suppose V is any étale sheaf over X — S as above. For each i, we have the following
canonical isomorphisms of I' g -modules: for the usual cohomology,

(62) Hét((x”)'-l)mv) = Hét((xﬂ>§7v);
for the compactly supported cohomology,
(6.3) H, o((Xa2)s, V) = Hiy o((Xa)g, V)i

and, when V is of the form V¢, for the intersection cohomology
(6.4)
He(X5™)a (Jomginy 1 (Veld])) [=d]) = Hee (X5™)s, (Jmginy, 12 (Ve [d)])[—d])

(of the minimal compactification), where d = dim((Xy)y). In particular, these

'k -modules are unramified (namely, I acts trivially on them). If mg is the

integer such that Ve is pointwise pure of weight me as in Proposition then both

sides of (resp.) are mized of weights > i +mg¢ (resp. <i+mg), and both
54)

sides of (| are pure of weight i + me.

Proof. With the choices 7 = Spec(K) and 5 = Spec(k) of geometric points above
the generic and special points n = Spec(K) and s = Spec(k) of S = Spec(Ok),
these follow from Corollary [5.20] from Remark [5.30] and Corollary [5.31} and from
[T, 3.3.4, 3.3.5, and 6.2.6] and |5 5.3.2]. O
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Corollary 6.5. The analogous cohomology groups for My, & Ey, where Fy is
Fo,(p)

an algebraic closure of Fy, are unramified as representations of Gal(Fy/Fy) at the
places above O, and at any places above a rational prime q # £ such that q is good as
in [37, Def. 1.4.1.1] and such that H is mazimal at g in the sense that H = HIH, for
some open compact subgroup H9 C G(ZPAD) and H, = G(Z,). (The étale sheaves
and their cohomology groups are also defined over the localizations of Spec(Op, (q)),
for all q as above, and they are compatible with each other over Spec(Fy).)

Proof. For each ¢ as above, by [37, Lem. 1.4.4.2], we may and we shall replace O with
OU{q}, and assume that p = ¢ € O. Hence, the corollary follows from Theorem
because, by [10, Arcata, V, 3.3], any base change from Fy to K induces a canonical
isomorphism between the étale cohomology groups (which is then equivariant with
respect to the actions of 'y = Gal(K /K), canonically embedded as a subgroup of
Gal(Fb/Fo)) [l

Remark 6.6. In the special case of Siegel moduli in [I7], this is recorded in [I7, Ch.
VI, Sec. 6, Prop. 6.1]. In fact, our use of Kuga families and their good toroidal
compactifications is based on the idea outlined there.

By [30, Thm. 2.3.8], and by the same argument of the proof of Theorem [6.1

Theorem 6.7. Suppose we are in Case (Hdg), with K := Op, ., the v-adic com-
pletion of Op, at a place v|p, and with H = HPH,, where H, is a hyperspecial
mazimal open compact subgroup of G(Q,). If p = 2, suppose moreover that the
condition [30, (2.3.4)] holds. Then the analogues of the assertions of Theorem [6.]]
also hold here.

Next, let us turn to the more interesting examples of integral models with para-
horic levels at p, or more particularly those with local models considered by [51] and
[62] that are known to agree with the normalizations of the naive integral models in
[57] (or more precisely the normalizations of the images of the generic fibers in the
naive integral models). There are two stages of such a theory, both important for
our purpose: One first constructs certain nice “local models”, which can be defined
by certain linear algebraic data, and shows that the nearby cycles over such “local
models” have certain good behavior. Then one shows that these nice “local models”
are indeed local models for some integral models of Shimura varieties, in the sense
that the latter is up to smooth morphisms isomorphic to the former. (However,
while there is a rich literature in the former stage, the corresponding latter stage
has not always been carried out.) We shall record several instances where we have
useful information for both stages, which are covered by Cases (Nm) and (Spl) in
Assumption (so that our results apply).

Following [52], assume for simplicity that p > 2 and that O(%)Zp is a maximal

order in O ® Q,, (stable under x). Suppose .Z is a (periodic and self-dual) multichain
Z
of (O ®Z,)-lattices in L& Q,, as in [57), Def. 3.4] and [39, Sec. 2.1].
Z Z

On one hand, as explained in [57), 3.2] and [39, Choices 2.2.9], there exists a finite
subset .25 = {Aj}jes of £ such that an O ® Z,-lattice A in L ® Q, belongs to .Z
Z Z

if and only if there exist some r € Z and j € J such that A = p"A;, and there exists

a collection {(1,L;, (-, -)j)}ies (with the same index set) for the consideration in

M1, Sec. 2] such that Aj = Li®Z, in LR Q,, such that L; 27 = L®ZP, and
Z Z Z Z
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such that L;, = p™L for some jo € J. Let H be any open compact subgroup of
G(A™>) such that its image H? under the canonical homomorphism G(Z) — G(Z»)
is a neat (see |37, Def. 1.4.1.8]) open compact subgroup of G(Z?), in which case H
is also neat; and such that the image H, of H under the canonical homomorphism
G(Z) — G(Z,) is the connected stabilizer (i.e., the identity component of the
stabilizer) of the multichain .Z (cf. [39, Def. 2.1.10 and Choices 2.2.10]) (which
is then a parahoric subgroup of G(Qy)), so that the collection {(1, L;j, (-, - )j) }ies
defines a flat integral model MH — Spec(Op,,(p)) as in 41, Prop. 6.1].

On the other hand, as in [52, Sec. 8.2.4], suppose that G%Qp is connected

and splits over a tamely ramified extension of Q,. (This is the case, for example,

when K is tamely ramified over Q. Since p is odd, it also satisfies the condition
p 1 m1(G(Qp)der) there.) Then the local Shimura datum (G®Q,,[u]) (up to a
V

sign convention) and the parahoric subgroup #, of G(Q,) define a local model
M which is normal by [52, Thm. 1.1; see also the explanations in Rem. 8.2 and
8.3]. Therefore, by [39, Prop. 2.2.11 and Rem. 2.4.13], the pullback Xy — S =
Spec(Ok) = Spec(OF, ) of the above My — Spec(Op,,(p)), Which fits into Case
(Nm) of Assumption is isomorphic to the flat integral model in [52, Thm. 1.2;
see also the explanation in Sec. 8.2.5] (with the Ox = Op,, here denoted Og,,
there).

Theorem 6.8. Let X3y — S be defined as above, in Case (Nm). For each i, we have
the following canonical isomorphisms of I g -modules: for the usual cohomology,

(69) Hgt((x')"l)ﬁvv) = Hgt((x’f-ﬂ)ng\PXH (V))v

for the compactly supported cohomology,

(6.10) H, o((Xa1)s, RUx,, (V) = Hg o(X90)7, V);

and for the intersection cohomology (of the minimal compactification),

H (X5 (T, 10 (Veld]) [=dl])

(6.11) o )
— Hg (K55, (Jmminy 1 B, (Ve [d])) [—d]),

where d = dim((Xy),). Moreover, the restrictions of the I'i-actions of these mod-
ules to I (but not Ic) are all unipotent, and even trivial when H, is a very
special subgroup of G(Q,) (see [62, Sec. 10.3.2]).

Proof. With the choices 7 = Spec(K) and § = Spec(k) of geometric points above
the generic point 7 = Spec(K) and special point s = Spec(k) of S = Spec(Ok),
these follow from Corollaries and from the fact that the M'°¢ above is a
local model for X3; (which means the latter is up to smooth morphisms isomorphic
to the former), and from [52] Thm. 1.4, and more detailed results in Sec. 10.3]. O

Remark 6.12. The assumption that G ® QQ,, splits over a tamely ramified extension
Z

of @, can be relaxed, at least when p > 5, thanks to [45], as soon as the local
models defined in [45] is shown to be provide local models for any Xy — S in Case
(Nm) in Assumption This possibility is now known in the folklore, although
we did not spell it out only because such a link was not explicitly provided in [45].
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More generally, we can still define a flat integral model |\7|7.[ —So = Spec(Or,,(p))
as in [4I], Sec. 6] and [39, Choices 2.2.10], with the assumptions that O ®Z, is a
z

maximal order in O ® Q,, (stable under %) and that the image #, of H under the
Z

canonical homomorphism G(Z) — G(Z,) is the connected stabilizer of .Z, but
without the assumptions that p > 2 and that G ® Q, is connected and splits over a
z

tamely ramified extension of Q,. By making the choices as in [39, Choices 2.3.1], we
can define the corresponding splitting models l\_/I'irlf1 — Spec(Of) as in [39, Sec. 2.4]
(with the K there given by the K here), which coincides with the normalizations
of the integral models introduced in [51), Sec. 15]. Then we take X3y — S to be this
M;_Izl — Spec(Oj), which fits into Case (Spl) of Assumption

Theorem 6.13. With the choice of X5y — S = Spec(Og) as above in Case
(Spl), the isomorphisms in Theorem which are now for I z-modules instead of
I'x-modules, also exist. Moreover, the analogous assertions concerning the unipo-
tency and triviality of the restrictions of the I z-actions of these modules to Iz are
valid if our context fits into one of the following cases:

(1) M?—L — S is defined as in the paragraphs preceding Theorem .
(2) The context of [b1, Part I], where G®Q, is (up to center) of the form
Z

Resg /g, GLg for some finite extension K' of Q.
(3) The context of [51, Part II], where GQQ), is (up to center) of the form
Z

Resg/q, GSpy, for some finite extension K' of Q.

Proof. With the choices 77 = Spec(K) and 5 = Spec(k) of geometric points above
the generic point n = Spec(f() and special point s = Spcc(%) of S = Spec(Of),
the isomorphisms as in Theorem [6.8, which are now for I'z-modules instead of
I'-modules, follow from Corollari and As for the restrictions of the
I" z-actions of these modules to I, since the left-hand sides of the isomorphisms
as in Theorem [6.8 have the same restrictions to Iz as those of the original ones in

Theorem the case (1)) is nothing but a repetition of Theorem the case
follows from [51, Thm. 13.1 and Rem. 13.2(a)] (see also [50, Rem. 7.4]); and the case
follows from [51, Rem. 13.2(b)]. (In cases (2) and (3)), the splitting models were
involved in the proofs in [5I], but not explicitly mentioned in the conclusions.) O

Remark 6.14. The two cases and in Theorem cover, for example, the
two cases spelled out in [4I, Lem. 14.6 and 14.7].

Remark 6.15. The isomorphism (6.10|) in Theorem and its analogue in Theo-
rem established |23, Conj. 10.3] for all integral models of PEL-type Shimura
varieties (with parahoric levels at p) considered in [52] and [51].

Remark 6.16. As soon as we have analogues of the results we cited from [52] and
[51] in Case (Hdg), and also the constructions of their splitting models (and their
toroidal and minimal compactifications) in that context, the analogues of Theorem
[6-8 and [6.13] can be proved by exactly the same arguments.

6.3. Mantovan’s formula. Let us follow the setting in [47] and [48]. Assume
that p is a good prime for an integral PEL datum (O, *, L, (-, -), ho) as in [37,
Def. 1.4.1.1], and consider the trivial collection J = {jo} with {(gj,, Ljo, (-5 - )jo} =
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{(1,L, (-, -)}, as in [4I], Ex. 2.3]. For simplicity, assume that O ® Q is simple and
zZ

involves no factor of type D, in the sense of [37, Def. 1.2.1.15].

Let H be any neat open compact subgroup of G(Z), let ‘HP denote the image
of # under the canonical homomorphism G(Z) — G(ZP), and let Ho := HPC(Z,).
Since p is a good prime for (O, %, L,{-, -}, hy), we have a good reduction integral
model My» — Spec(Op, () as in [37, Sec. 1.4.1]. Since O%Q is simple, by [37,

Prop. 1.4.4.3] and [33] Sec. 8], the canonical morphism My, — Myr @ Q is an
7

isomorphism. Since the schemes '\7'7.[0 and MH over So = Spec(Op,,p)) in 4],
Prop. 6.1] are independent of the choices of auxiliary models, by taking My» as an
auxiliary good reduction model, we have |\7IH0 >~ Myr, and we can take |\7IH to be
the normalization of I\_/I;.LU under the composition My — My, — I\_/OI;.L0 =~ Myp of
canonical morphisms.

Let us take S to be Spec(Ok) = Spec(OF, ) as in Section and take Xyy = S
to be the pullback of My, — Spec(Op,,(p)); as in Case (Nm) in Assumption ﬂ In
this case, the prime p is unramified in the linear algebraic data, except that the
level at p might be higher than G(Z,).

Given the local datum (G(%)Qp, [1]), there is a partially ordered finite subset

B of B(G®Q)) (see [31], [56], and [34, Sec. 6]), whose elements parameterize,
Z

roughly speaking, quasi-isogeny classes of Barsotti-Tate groups over k with

quasi-polarizations and endomorphism structures of the type defined by

(O, %, L,{(-,-))®Q, and by the conjugacy class [u] determined by ho. By
zZ

classifying the quasi-isogeny classes of Barsotti-Tate groups associated with the
pullbacks of the tautological object (A4, A, 4, ayr) — Myp to the geometric points
of (Mypr)s, we can write (Xy,)s = (Myr)s as a (set-theoretic) disjoint union of
locally closed subschemes (X3,)?, labeled by elements b € B, and we know that

b’%b(XHO)Zl is closed for each b € B. Then (Xy)s is the (set-theoretic) disjoint

union of the (locally closed) preimages (X#)? of (X4,)% under the canonical
morphism (Xg)s = (X#,)s, and b/Lib(XH)Z/ is closed for each b € B. (This is often

called the Newton stratification. However, in general, the closure of (X#)? might
be strictly smaller than the union b/Lib(XH)'S’/. To avoid confusion, we shall avoid

the terminology of stratifications in the remainder of this subsection.) We shall
replace s with § when denoting their pullbacks to s.

For each g € G(A*) and any two neat open compact subgroups H and H' of
G(Z) such that H C H'NgH'g™"', by applying [41, Prop. 13.15] with the same
J = {jo} and {(gj,, Ljo. {-» - )jo} = {(1,L, (-, -)} as above, we obtain two proper
morphisms

-, -, —

[1],[g] : My g = MH,{O,I} xJ |\7|7-L/

extending the two finite étale morphisms [1], [¢] : My — My defining Hecke ac-
tions in characteristic zero. Let us take X3 4 — S to be the pullback of My 4, —
Spec(Opy,(p)), and take

(1], [g] = Xa1,9 = Xpp/
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to be the pullbacks of the above two morphisms [1 ] lg ] Mo g MH/ By [41 Prop.
13.19 and 13.1], My,g can be identified with the normalization of M;.L/ X MH/ under
So
the composition of canonical morphisms My ([1]—’@) My S>< My — MH/ X MH/, and
0 S,
the morphlsm 1] : MH g MH/ factors as a composition of canonical morphisms
MH g — M% — MH/ where the first morphism is proper and extends the iden-
tity morphism of My, and where the second morphism is finite. The analogous
assertions for the pullback Xy, 4 are also true. Let A — Xy be the pullback of the
tautological abelian scheme A= ffjo — I\_/IH, as in Section As explained in the
proof of [41] Prop. 13.19], we have a canonical Q*-isogeny [I]*/T — [5]2? (respect-
ing the additional PEL structures, in a sense that can be made precise) between
their pullbacks over '\_/'l’H‘g, whose pullback is a canonical Q*-isogeny [1]*A — [g]*A
over Xy 4. Consequently, the morphisms [1] and [g] respect Newton stratifications
in the sense that [1]71((X#)2) = [g] 71 ((X3/)?) as locally closed subsets of (X3;,4)s,
for each b € B.

For each b € B, there is a formal scheme M§ over Spf(Oxur) as in [57, Def. 3.21,
Cor. 3.40, and onwards], which carries an action of a group J,(Q,), where J; is
an algebraic group over QQ, associated with b. Let Mg’rig denote the rigid analytic
generic fiber of MY over K. As in [57, 5.32 and onwards], one can also define

coverings ./\/lb T8 of ./\/lb "8 parameterized by open compact subgroups H, C G(Z,).

(These are the Rapoport Zink spaces.) Consider the étale cohomology of each ./\/lb rig

(following, for example, [6]), and consider the limit

(617) et C(Mb i QZ) hﬂ et C(Mb rig ® K QZ)

Hp CG(Zp)

for each i, where the notation of M?®'& is only symbolic, which is a
smooth/smooth/continous representation of G(Q,) x J5(Q,) X Wk. As explained
in [48], Sec. 2.4.2], there is a well-defined functor (called the Mantovan functor)

(6.18) & : Groth(J,(Q,)) — Groth(G(Q,) x W)

from the Grothendieck group of admissible representations of J,(Q,) to the
Grothendieck group of admissible/continuous representations of G(Q,) x Wk,
which assigns to each admissible virtual representation p of J,(Q,) the admissible
virtual representation

(619) 55(/7) = Z(fl)ﬂr]’[Eth]b(Qp)—smooth( ét, C(Mb e Qf) )(*dim(Mb’rig))]
0,J

of G(Q,) x Wik, where (— dim(M?"*8)) denotes the Tate twist. This extends to a

functor

(6.20) Ep : Groth(G(A?) x J,(Q,)) — Groth(G(A™) x W)

by combining the above functor with the identity functor on Groth(G(A°?)), the
Grothendieck group of admissible representations of G(A>?).

For each b € B such that (Xy,)% is nonempty, and for any fixed choice of a closed
point z of (X, )?, there is a central leaf CY;, passing through z, which is a reduced

closed subscheme of (X4, )%, which contains z and is smooth over 3. There is a
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tower of schemes Ig’;ﬂm — C4,, (the Igusa varieties) parameterized by integers
m > 1. (See [47, Sec. 4] and [48], Sec. 2.5.2-2.5.4] for more details.)
For each irreducible algebraic representation £ of G® Q on a finite-dimensional
z

vector space V¢ over Q¢, which defines an étale sheaf Ve over Xy, (because £ # p)
as in Proposition consider the limits

(6.21) H (X5, Ve) := g bne((X30)7, Ve)
and
(622) et c(XS’R\I’X(Vg)) ﬂ et c((XH).§7R\I’XH (Vf))

for each ¢, where the notations of X5, X5, and R¥Ux are only symbolic, and where
the limits are over neat open compact subgroups H of G(Z)7 which are admissi-
ble/continuous representations of G(A*) x W . Here the action of each g € G(A°)
on Hét (X5, RUx(Ve)) is defined using the proper morphisms [1], [g] : X3, — Xp

and XH’g — Xy introduced above, by Remark and the proper base change the-
orem, with the isomorphism [g]*Ve = [1]*Ve over Xy 4 defined by using Proposition

and the Q*-isogeny [1]*A — [g]*A over Xy 4.
For each b € B, consider the limit

(6.23) H, (X5 (RUx(Ve)) o) = Lim HE, o ((X90)5, (B, (Vo) | xi2)
H
for each 4, where the notations of X% and (R¥x V)| xv are only symbolic, and where

the limits are over neat open compact subgroups H of G(Z), which is an admissi-
ble/continuous representation of G(A>) x Wy Here the action of each g € G(A*>)
is similarly defined, because the morphisms [1],[g] : X34 — X3 respect Newton
stratifications, as explained above. Since (X#)s is the disjoint union of the locally
closed subschemes (X3)% as b runs through all elements in B, and since e (XH)I’,

is closed for each b € B, we have the equality

(624) Z(_l) [ ét, c(X97R\I’X VE ZZ etc 37(R\PX(V§))|Xb)]

i beB i
between virtual representations of G(A*) x Wk
For each b € B, let us denote by the same symbols the pullbacks of V¢ to Igg_ip’m

under the composition Igl;{pm — €5, = (Xuy)s — X, of canonical morphisms,
for each m > 1. Consider the limit

(625) et c(lg Vf) E et c(Ing’ m? Vf)’
HP,m

for each ¢, where the notation of | gb is only symbolic, and where the limit is over neat

open compact subgroups H? of G(Zp) and integers m > 1, which is an admissible

representation of G(AP) x J,(Q,) (see [47, Sec. 4, Prop. 7] and [48], Sec. 2.5.5]).
We can finally state our reformulation of Mantovan’s formula:

Theorem 6.26. With the setting as above, for each b € B, we have an equality

(6.27) D (L) [HE (X (RUx(Ve)lxe)] = D (—1) E([HY, (1, Ve)])

i J
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between virtual representations of G(A®P) x G(Q,)T x Wk, where
G(Qp)+ = {gp € G(Qp) : g;I(LQZ@ZP) - L%Zp}

is a sub-monoid of G(Qp) (cf. [T, p. 599]). (Note that each g, € G(Q,) is of the
form g, = g;r - (p"ldrgq,) for some gz‘f € G(Qp)* and some sufficiently large
Z

re’z.)

Remark 6.28. Theorem [6.26]is not exactly what Mantovan proved. In [47] and [48],
the integral model at a level H higher than #H,, which we shall denote by X%r, is
defined by introducing Drinfeld level structures at p, which is generally different
from our definition in Case (Nm) by taking normalizations as in [41l Prop. 6.1].

Proof of Theorem [6.26] For each H, let us denote by mbF : X2F — Xy, the forgetful
morphism, which is finite by [47, Sec. 6, Prop. 15]. For each b € B, let us denote by
(XBr)b the preimage of (X#,)% in (X5});. We shall replace s with § when denoting
their pullbacks to 5. By the proper base change theorem (see [3, XII, 5.1]), the
adjunction morphism

(6.29) Ry, R(m )y (Ve) — R(my" )5 RUxor (Ve)

is an isomorphism. On the other hand, let us denote by my : Xy — Xy, the
canonical finite morphism. Then, similarly, the adjunction morphism

(6.30) RUx,, B(m3)n«(Ve) = R(m3)5, RUx,, (Ve)

is also an isomorphism. Since (71F), can be identified with (73), under the canon-
ical identifications (XDF), = (Xy), (because they have the same moduli interpreta-
tion in characteristic zero), the left-hand sides of and are canonically
isomorphic to each other, and we have a canonical isomorphism

R(m3) )3, RUxor (Ve) 2 R(m3¢)5,0 R, (Ve)-
By the proper base change theorem again, this induces a canonical isomorphism
(6.31)  Hy (X532 (Rxor (Vo)) xory) = Hiy o((X30)2 (R0, (Ve))l x50 )

for each b € B and each i, by taking global sections over (X4, )%. In [47, pp. 599-600],
the Hecke actions of elements g € G(A™P) x G(Q,)* are also defined by proper
morphisms of the form [1], [g] : X%f g XD (with certain conditions on H and H/,
depending on g), which coincide with the proper morphisms [1],[g] : Xy 4 — Xpy
in characteristic zero. Moreover, the treatment of nontrivial coefficients in [48] also
used Kuga families, in essentially the same way we used Kuga families in Proposition
Consequently, by the proper base change theorem yet again (and by considering
adjunction morphisms as in Remark , the isomorphisms are compatible
with the Hecke actions of G(A™P) x G(Q,)*, as H varies. Therefore, for each b € B
and each 4, the limit of thc((X%r)lsl, (RWxo: (VE))‘(X%I‘)I%) is canonically isomorphic
to , as representations of G(A*?) x G(Q,)" x Wg. Thus, the first identity
in [48, Thm. 3.1] implies the identity , as desired. |

Without requiring the morphism Xz, — S to be proper as in the case of [47, Sec.
8, Thm. 22] and [48, Thm. 3.1], we can deduce from Theorem the following:
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Theorem 6.32. With the setting as above, we have an equality

(6.33) D (1) [HE (X, VOl = D> (=1) &([HY (18", Ve)])

9 beB j

between virtual representations of G(A™) x Wi.

Proof. By Corollary m 5.20| and Remark [5.35] . the identities and (6.27) imply
the identity - ) between virtual representations of G(A‘X”p) X G(Qp) x W,

which then extends to an identity between virtual representations of G(A>) x Wi
(cf. [47), Sec. 8)). O

Remark 6.34. Mantovan and Moonen announced in 2008 their joint work on the
construction of toroidal compactifications for integral models XPF with Drinfeld
level structures (as in Remark , and mentioned as an application the general-
ization of Mantovan’s formula to the nonproper case by analyzing the contribution
of the boundary. Nevertheless, our statement of Theorem [6.32] contains no bound-
ary terms, and our proof of it uses only the known results in [47] and [48] (and the
comparison results in Section .

Remark 6.35. It is possible to generalize Mantovan’s formula to some cases where p
is not a good prime. See, for example, the explanation in [62, Sec. 5.2]. (The earlier
work [25], up to suitable reformulation, can be considered another example.) Our
method should also allow one to remove the properness assumption in such cases.

6.4. Scholze’s formula. Let us follow the setting of [60, Sec. 5]. Consider any
integral PEL datum (O, *, L, (-, - ), ho) satisfying the following properties:
(1) O®Z,) is maximal (and stable under x) in O ® Q.
z Z
(2

)
(3) All places of F* := F*=14 above p are unramified in F.
(4) O ®Q involves no factor of type D, in the sense of [37, Def. 1.2.1.15].
Z

Consider the trivial collection J = {jo} with {(gj,, Lio, (> - )io} = {(1, L, (-, )},
as in [41, Ex. 2.3]. Let H be any neat open compact subgroup of G(Z), let HP
denote the image of H under the canonical homomorphism G(Z) — G(Z”), and let
Ho = HPG(Z,).

Let us take S to be Spec(Ok) = Spec(Op, ») as in Section [6.1} and take Xy —
S to be the pullback of '\7'7.[ — Spec(OF, (), as in Case (Nm) in Assumption
While this is very similar to the setting of Section we do not assume
that p is good as in [37, Def. 1.4.1.1]. Although we no longer have the moduli
M3 — Spec(Op, (p)) as in [37, Sec. 1.4.1], we can still define a naive one over
S = Spec(Of ), which we denote by M32iv¢ — S as in [60, Def. 5.1]. In general, we
cannot claim that M?f;"e is flat. Nevertheless, given the above properties and
, as explained in [52, Sec. 8.2.5 (a)], the closure My of MnHagve%Q in Myaive

is already normal. Hence, by [41l Prop. 6.1 and its proof], Xz, is canonically
isomorphic to My» over S. (This will suffice for our purpose, because the nearby
cycles defined by Mgﬁive are necessarily supported on the closed subscheme (My»)s
of (M3aive)s.)

Let £ be an irreducible algebraic representation of G %) Q on a finite-dimensional

O ®Q is simple, so that its center F is a field, and splits as an F-algebra.
Z

vector space Vg over Q, which defines an étale sheaf Ve over Xy, (because ¢ # p)
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as in Proposition Let us abusively define H{, .(Xg,Ve) as in , for each
i. By [61] Prop. 5.5], this is compatible with the definition in the next paragraph
there, which carries commuting actions of ', G(Z,), and G(A*?) needed below.
The following is [60, Thm. 5.7] when X4 (or equivalently X4,) is proper over S,
with the best possible lower bound jo(fP) = 1 (which is then independent of f?):

Theorem 6.36. With the setting as above, suppose fP € C(G(A>P)). Then
there exists a positive integer jo(fP) such that, for all integers j > jo(fP), all
element T € Wi that is mapped to the j-th power of the geometric Frobenius Frob &
Gal(k/k), and all h € C>®(G(Zy)), we have the following formula based on the
Langlands—Kottwitz method and a test function ¢, introduced by Scholze:

D (1) te(r x hf?|H, (X5, Ve))

(6.37) = kerl(QyG%Q) > c(70;7,6) O5(f*) TOs6 (dr,n) tr(£(70)),

(70:7,0) :
O[(’}/(j;’y, 5) =1

where the notation means the following:
(1) ker'(Q, G ® Q) is the locally trivial elements in the Galois cohomology group
Z

HI(Q,G%)Q), as in [33, p. 393].

(2) The sum at the right-hand side runs over a complete set of representatives
of degree j Kottwitz triples (yo;7,0) as in [60, Def. 5.6] and [6I, Def. 2.1]
with invariant a(yo;7y,0) = 1, where a(;7,9) is the invariant constructed
in [32, Sec. 2]. (For the readability of the remaining statements, let us
mention that v € G(Q), v € G(A*P), and § € G(Qpr).)

(3) The Haar measures on G(Qp) and G(Q,r) are normalized such that G(Z,)
and G(Zyr) have volume 1, where p" = (#k)7, and where Z, and Q- are
the unique unramified extensions of Z, and Q,, respectively, whose residue
field has p" elements. We shall denote by o the automorphisms of Z, and
of Qpr inducing the p-th power automorphism of the residue field F,r.

(4) c¢(v0;7,9) is the volume factor defined in [32] p. 172].

(5) O4(fF) = fG(Am,p)v\G(Aw,p) fP(z=Yyx)dT is the orbital integral, where
G(A®P).,, is the centralizer of v in G(AP).

(6) ¢4 is the test function in C°(G(Q,r)) introduced in [60, Def. 4.1].

(7) TOso(prp) = f(G(Qpr)(;)U\G(Qpr) - n(y~ o0 (y)) dy is the twisted orbital in-
tegral, where (G(Qpr)s)? is the subgroup of o-invariants in the centralizer
G(Qpr)s of 6 in G(Qpr).

(8) &(v0) € Endg,(Ve) and its trace tr(£(vo)) are defined by the algebraic rep-
resentation £ of G (% Q on the finite-dimensional vector space Ve over Q.

Remark 6.38. Most of the terms above, except for the test function ¢, were
introduced by Kottwitz (see [32] and related works). The crucial test function
¢-p introduced by Scholze in [60, Def. 4.1] is defined using the cohomology of
certain deformation spaces (of Barsotti-Tate groups with additional structures)
constructed in [60, Sec. 3], which depends only on the data at p and is local in
nature. On the contrary, the properness of X3y — S depends on the existence of
rational parabolic subgroups of G(%Q (see the discussions in [37, Sec. 5.3.3], [35}
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Sec. 4.2], and [38]), which is global in nature. This convinced us that it is reasonable
to consider the generalization of [60, Thm. 5.7] to the nonproper case.

Proof of Theorem[6.36] The arguments in [60, Sec. 6] make no reference to the
properness of Xy — S. Hence, our main task is to generalize the arguments in [60,
Sec. 7). Even in mixed characteristics, we have the analogue of the commutative
diagram in the beginning of [60, Sec. 7] for the minimal compactifications, consisting
of finite morphisms (possibly highly ramified at the boundary). (Since g € G(Z,),
we do not have to introduce any other choices of J.) Hence, by Corollary
by the proper base change theorem (see [3, XII, 5.1]), by Remark (and its
references to [20, Lem. 1.3.1] and [I8, Sec. 5.1.7]), and by the same argument as
in [60, Sec. 7], tr(r x hfP|H}, .(X5,Ve)) is equal to the trace of the action of a
correspondence on the associated cohomology of nearby cycles over s.

We need this latter trace to be computable by some Lefschetz—Verdier trace for-
mula (over nonproper schemes). The upshot is that this correspondence can be
defined using only the finite étale morphisms [1], [¢7] : (X, )5 = (X3g,)5 and the
geometric Frobenius correspondence on (Xy,,)s induced by Frob € Gal(k/k), where
Hi = (HPN(gP)"'HP(g"))G(Z,), together with a more complicated correspon-
dence between the sheaves of nearby cycles (defined by pushforwards from higher
levels at p, using also 7 and h). We obtain the analogue of [60, Thm. 7.1] in our
context (for j > jo(f?)) by also referring to [(0, Thm. 2.3.2 (b)], with the bound
Jo(f?) here given by the ramification bound d in [70, Thm. 2.3.2(c)] determined by
X = (X5, U = (o )i amd (en,e2) = ([1],[97) : © = OG5 = X x X, (In

the proper case in [60, Thm. 7.1], there is no need to introduce compactifications,
and one can take jo(f?) = d = 1 because the morphism [¢?] : C — X is étale.)
Once the analogue of [60, Thm. 7.1] is known (for j > jo(f?)), we can conclude
with the same arguments as in the last paragraph of [60], Sec. 7], which are pointwise
in nature over (Xy,)s and do not require X4, — S to be proper. (]
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