(3.2) Lemma Let A be a local noetherian ring. Let U C SpecA be an open
such that for each p € U the ring A, satisfies the condition (S, ) of Serre. Assume
that the set of prime ideals p such that Agq satisfies the condition (Sy41) is open.
Then the set P = {€ U : hcod(A,) = n and dimA, > n} is finite.

Proof Let An,i1 = {p € U : A, does not satisfy the condition (S,4+1)}. Be-
cause of the hypothesis, the set A, 41 is closed in U. If p € A,,41 then it is
clear that dim(A4,) > n because A, satisfies the condition (S,). Let p1,...,p,
be minimal prime ideals of A,11 and a = p; N ... N p,. There exists elements
Z1,...,Zn € a which form a prime sequence of length n in A,. Let P’ be the set
of associated prime ideals of z1 A+ -+ A, 1. P’ is finite. Furthermore P C P’
because every p € P is contained in A, ;1 and thus it contains the elements
Z1,...,Tp, Which form a prime sequence in A,. Because for p € P we have that
hcod(Ay) = n, then P must be associated to £14 + - - - + z, A. The statement
(3.2) is proved.

(3.3) Theorem Let A be a local excellent ring, 7 C 94 be an ideal and
U C D(3J) be an open subset. Let A, verify the conditions (Ry) and (S,) of Serre
for p € U. Then there exists © € A such that (A/zA), satifies the conditions
(Rx) and (S,.) of Serre for every prime ideal g € U NV (x).

Proof Because A is excellent, the set SingU = {p € U : A, is not regular} is
closed. Let P; be the finite set of the minimal prime ideals of SingU. Thanks to
the Lemma (3.2) the set P» = {p € U : hcod(A,) = r and dimA, > r} is finite.
We find because the Theorem (3.1) an element 2 € I such that Reg(A/xA)NU D
Reg(A)NV (z)NU and the element x avoids the prime ideals of p; and P, and the
minimal prime ideals of U. This element satisfies the statement of the Theorem
as one can easily convice himself.



