DEBRIS VALFINAL

Let R be as in Proposition 7?7, and let ¢.: R — R” be the completion morphism.
Let 11 be a valuation with which v is composed, and denote by 7 its extension to RY
according to the first Corollary. Denote by 7 the residual valuation on R/(m,, NR).
After subsection ??, we know that the T-adic topology on R/(m,, N R) is the
quotient of the v-adic topology of R. Even if R is complete for the r-adic topology,
the quotient R/(m,, N R) is not complete for the T-adic topology in general (see
example 2) above). However, we have!

Proposition 0.1 If the quotient ring R”/(mf,1 N R”) is complete for the
mp N RY/(my, N RY)-adic topology, the morphism

R/(my,, NR) — R”/(mf,1 N R”)

induced by v is the completion morphism of the first ring with respect to the U-adic
topology, quotient of the v-adic topology of R.

Proof Since R is nceetherian, the value semigroup I' of v on R is well ordered
(Proposition ??), so that the the v-adic topology may be defined by a decreasing
chain of ideals. Moreover, if §; denotes the smallest non-zero element of I'y =
v1(R\ {0}), which is also well ordered, the ideal m,, N R is equal to {x € R |
vi(x) > 01}, so that its closure in RY is mp, N RY. Now we can apply Theorem 8.1,
page 56 of [Ma], which states the equality we seek. O

For the next two propositions, given R C R,, remember that there is a unique
sequence of consecutive valuation rings

R,CR, C---CR,,_,

ending at the ring of the valuation of height one v,_; with which v is composed,
and by the results of subsection ??7 we can produce a sequence of consecutive spe-
cializations of the valuation v having a center in R, of the form

RCR,,CR, ,,,C---CR,_, CRy

and such that R, . dominates R.

s

Proposition 0.2 Let R be a netherian equicharacteristic analytically irre-
ducible local ring, and v a valuation of its field of fractions, non negative on R. If,
for all pairs of consecutive valuation rings R, C R,, appearing in the sequence of
consecutive valuation rings which connects R, to R,, ,, the quotient R/(m,, N R)
is complete for the m, N R/(m,, NR)-adic topology and R is complete for the p-adic
topology, where p is the center of the valuation of height one with which v is com-
posed, each pair (R, m,, NR) is henselian. If the assumption of completeness can be
extended to a sequence of specializations of v ending at a valuation ring dominating
R, the local ring (R, m) is henselian.

n the classical theory of the completion of valued fields, it is the v-adic completions of the
valuation rings which play a role, more or less explicitly. They are not ncetherian in general, and
a result such as this Proposition is not true; I believe this complicates the study of complétion par
étages; see [Ri].
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Proof Notice first that by definition of restricted power series, for my, NRC
my,_, N R, the natural map of polynomial rings extends to a map of rings of
restricted power series

(B/(m., N R) (X} — (B/(m,, , N R){X)}.

We prove that (R, m,, N R) satisfies Hensel’s Lemma in the sense of Bourbaki (cf
[B3], Chap. 3, §4, No.3), which we now recall.

Let F € R{X} be a restricted power series, and assume that the image of F modulo
my, N R, denoted by F, admits a factorization F = P.Q, where P € (R/(m,, N
R))[X] is a unitary polynomial, and Q a restricted power series Q € (R/(my,_, N
R)){X}, with P, @Q strongly relatively prime. Then they lift in a unique way to
a unitary polynomial P € R[X] and a restricted power series Q € R{X?}, strongly
relatively prime, such that F' = P.Q. If F' is a polynomial, so is Q.

To prove this, note that the ideals m,, N R are closed for the v;-adic topologies,
which all coincide. By Theorem 1 of the quoted paragraph of [B3], the result is
true for v,_1, which is a valuation of height one, since the elements of m,, , N R
are topologically nilpotent as we saw in Remark 1) following Proposition ??.

To prove the general case, it suffices to note that the statement is amenable to in-
duction on the height and that if h(r;_1) > 1, there is a unique (up to isomorphism)
valuation v; of R which is the immediate successor of v;_;. The valuation induced
by v;_1 on the quotient ring R/(m,, N R) is of height at most one, according to
Section ??. Assuming that we have a decomposition in (R/(m,,_, N R)){X} as in
Hensel’s lemma, by using the case of height one, we can lift it to a decomposition in
(R/(my, NR)){X}, and continue this until we have a decomposition in (R/p){X},
where p is the center of the valuation v_; of height one with which v is com-
posed, and we are reduced to the case of height one. The last sentence is proved
by applying this result to the valuation ring R,__ which dominates (R, m). (I

Proposition 0.3 Let R be a netherian equicharacteristic analytically irre-
ducible local Ting, and v a valuation of its field of fractions, non negative on R. If
for all pairs of consecutive valuation rings R,, C R,, appearing in a sequence of
nested valuation rings which contains R, and connects a valuation ring dominating
R to the ring of a valuation of height one the quotient R/(m,, N R) is complete
for the m, N R/(m,, N R)-adic topology and R is complete for the p-adic topology,
where p is the center of the valuation of height one with which v is composed, the
local ring R admits a field of representatives.

Proof We have a sequence of quotient rings
R/(ml’h—l n R) — R/(mufs+1 n R) - R/(ml’fs n R) = kg,
where some of the maps may be isomorphisms. I need the following:

Lemma 0.4 Let S be a netherian equicharacteristic local ring and I an ideal
of S. Assume that the quotient S/I admits a field of representatives and that S is
complete for the I-adic topology. Then S admits a field of representatives.

Proof This follows from Cohen’s Theorem as found in [Z-S], Vol. 2, Chap.
VIII, §12 after making the following remark.
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Let I be an ideal of S such that S/I admits a field of representatives. Let ¢: S —
S/I be the natural map. Set B = ¢~ 1(k), where k C S/I is a field of representatives.
We have I = m N B, where m is the maximal ideal of S.

It follows from this that B is closed in S for the I-adic topology, so that it is
complete for its mp = m N B-adic topology, and by Cohen’s Theorem it has a field
of representatives, which is also a field of representatives for S. O

I apply the lemma to the maps
R/(my,; NR) — R/(m,,_, N R).

Each of them satisfies the hypotheses of the Lemma since by subsection 7?7 the
valuation induced by v;_1 on R/(m,, N R) is of height at most one, and so the
residual topology coincides with the (m,,_, N R)/(m,,; N R)-adic topology, for which
this ring is complete by our assumption. So we can step by step lift k& to a field of
representatives of R/(m,, _, N R). Since the valuation vp,_1 is of height one, and we
assume that the ring R is complete for the p-adic topology, where p =m,, , N R,
we can apply the lemma one last time to lift the field of representatives to R. [

Question. Can one extend this result to the case where R is not equicharacteristic,
to prove under similar assumptions the existence of an injection W (k) — R for a
neetherian analytically irreducible local ring R of unequal characteristic with a
perfect residue field k and a valuation v, where W (k) is the ring of Witt vectors
relative to the residue field & of S ([B3], Chap. IX, §§1,2, [Ei], Chap.7)?

Remark 0.5 In order to be able to apply Propositions 0.1, 0.2 and 0.3 the
easiest way is to deal with a local ring which is complete with respect to the p-adic
topologies for primes ideals p which are the centers of the valuations with which v
is composed. Then R and its quotients by the centers of valuations with which v is
composed will be complete and separated with respect to the v-adic topology and
its images in these quotients. This will be the case if R is m-adically complete, by
[Z-S], loc.cit, and then of course the two propositions above are not needed in view
of Hensel’s lemma and Cohen’s theorem; they will be used elsewhere.

Suppose that there is a regular local ring Ry C R such that R is a finite Ry-

algebra. Then the completion Ry is isomorphic to k[[x1,...,24]] C R™. Consider
the restriction (9 of v to Ry, which is centered at mq. If we can prove the propo-
sition for ©(9), obtaining an ideal H(® of R™o and an extension 29 to k™o /H(O),
the completeness of R™o will ensure that we can extend the valuation 7 to a
valuation o of R™ /H O R™. Tt is then not difficult to check the assertion on the
graded rings.
I may therefore assume that R is regular, and consider the valuations with which
v is composed. The case of height one was settled above. Let us consider two
successive valuations p and pq with which v is composed, with centers p and p;
respectively, and denote by W the kernel of the corresponding map A: ®,_; — ®;
of value groups. Assume that we have built an ideal H; C R™ and a pseudo-
valuation fi; on R™ /Hy which extends p1, with the properties that Hy is a prime
ideal, Hi N R = (0) and

gfﬂlém/Hl = nglR ®R/p1 Rm/plém
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Reasoning by induction on the dimension, and using the results of section 77 for
rings of smaller dimension than R, we may assume embedded local uniformization
for the image 7 of v in the ring R/p1 by a toric map of R. Thus, after replacing R
by a toric modification R’ of R, which is still a regular local ring, we may assume
that both R and R/p; are regular. For the next argument we write R instead of R/,
for simplicity. The valuation @, which is of height at most one, may be extended
to the quotient of Rm/plf%m by an ideal H = me\I’+ P¢Rm/p1f€m. We may for
the same reason assume that H is generated by a regular sequence (b1, ...,b;) in
Rm/p’lnf%m. Representatives (by,...,b) in R™ generate an ideal H C R™. The
ideal p1 R™ is generated by (x1,...,2.), with z; € R. Assume first that ¢ = 1. Then
we have HN R = (0). Indeed, let a € HN R, say a = Z;C:l Ajb;. The image of a in
R/pi is in HN(R/p1) = (0) so that a € HNp; R™. The two ideals are transversal
(their intersection is equal to their product) so that a = Az1a’ with o’ € HN R; by
iteration this shows that a € ;o =} R™ = (0). Using this argument inductively to
lift the generators (by,...,by) of H to the quotients R™/(x1, .. .,x;)R™ we finally
get that the ideal H satisfies H N R = (0), and H C pR™. Now we can extend p
to R™/H = R™/H,/H(R™/H,) as follows: given an element y € (R™/H)\ {0},
we can lift it to § € R™/H, which has a pseudo-valuation fi;(j) € ®;. Since
7¢ Nyew, PyR™/H,, it follows from ([Z-S], VoL.II, Appendix 3, Lemma 4) that
there is a ¢ € ®;_14 such that § ¢ PyR™/H;, and A(¢) = i1 (§). By the argument
invoked at the beginning, there is a largest n € ®;_; such that §y € P,, and
A(n) = [1(9). Setting fi(y) = n defines a pseudo-valuation fi on Rm/H with value
group ®;_;. We have H C p so the same argument as above shows that

grﬂRm/H =gr,R®r/p (Rm/pf%m)(g).
The map R — R™ /H induces the map
gr,R — gr,R®p/;p 1 Cgr,RQpr/p (Rm/p]:?m)(g),

which shows that H(R™/H;)(\ R = (0). The point is that the ideals of the form
pVPy, for some ¢ with A(¢g) = ¢1 are cofinal in the ideals (Py)x(g)=¢,, as are
the ideals (Py Py, )pew, -

Following this inductive procedure, we continue until the valuation y is our original
valuation v with center m. But now the graded ring grﬁRm /H is equal to gr, R, so
that it is an integral domain, and ¥ is a valuation and not only a pseudo-valuation,
so that the images in R™ /H of all the fi are also valuations, those with which » is
composed.

Now we remember that this was done in a toric modification (and localization at the

point picked by v) R’ of R. Denote by H' C R™ the ideal built in the preceding

argument. Denote by 7: R™ — R the natural map of complete local rings, and
set H=71"1(H') = H' N R™. The valuation v extends to a valuation © of R™/H,
with group ® and this proves the Proposition.

Remark 0.6 1) It would be preferable to show that one can reduce to the
case where p; is generated by a regular sequence by using the graded algebra of
the valuation, and thus remove the assumption that R is finite over a regular local
ring.
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Let us set K = q(co) and note that we have by construction, since ’P¢R1 D
’P;rl R; for all ¢ such that A(¢) = ¢

Ma(g)=¢, Polia
LS B
Pl R

. , K+PH)nPys R
C (KQ,P¢IR1)R1/P;_1R1 C ( ¢Jlr) = ¢ 1.
PR

from this we deduce
() Polr C(K+PJ)NPy Ry +P) Ry
A(@)=¢1
By the computation we made above, the image in R; /K of Py, Ry is ﬂA(¢):¢l PyRi+
’P;{l Rl, so that if we pass to the quotient Ro =Ry /K we get
m PsRo/PJ, Ro = (0).

A(P)=¢1

From this follows, by Lemma 0.14

Naipy=s, Pola/H 0

PR /H
Rl/H _ Rl/p1R1 _; T7
Remark also that we have PR H T Ri/H.
Let us now consider the ring ﬁo = ﬁl /H and the f%o—modules Ny = %
®1710
= z?gz; we have just seen that (14—, Ne = (0). It follows from lemma
1

0.19 that we have (Ng : M) = 731/,(@1%30 C pﬁo.
Since the ring R is assumed to be excellent, the ideal pRm is the intersection of

prime ideals of the same height, and therefore the same is true for pﬁo since H C
pR1. (see [EGA], §7, scholie 7.8.3, (x), p. 216). Let us consider the multiplicative

subset T ofA}_%O whichA is the complement of the union of the prime idfeal of pRy.
The rings (Ro)7/p"(Ro)r are artinian. Moreover, since (Ng : M) C pRy, we have
that ﬂA(¢):¢1(N¢ ®§0 (Ro)r) = (0).

Now we can apply the linear compactness of complete filtered modules (see [B3],
Chap III, §2, No. 7), or generalized Chevalley theorem. It gives us that for every

integer n there exists ¢ € A71(¢;1) such that Ny ®@= (Ro)r C p"M ®= (Ro)r-
0 0
Finally we can deduce from this the

Lemma 0.7 Keeping the notations just introduced, let R — R’ be a rational
toric extension subordinate to v associated to o finite family (&;)jer of elements
such that v(€;) =0 for j € F. The equality

Py(R)R™ NR™ = Py(R)R™

holds for every ¢ € T' and in particular, setting H' = ﬂ¢€¢+ P¢(R')R'm/, we have

via the natural inclusion R™ C R’ml,

H NnR™ = H.



Proof The inclusion Py(R)R™ C Ps(R')R"™ N R™ is clear. Let us prove the
inclusions Py (R)R™ N R™ C Py(R)R™. In view of our assumption, denoting
by p’ the center of v in R/, we have a natural birational inclusion R/p C R'/p’.
Moreover, the map of R/p-modules

Ps(R)/Py (R) = Ps(R)/PS(R)

is injective. Since the m/-adic topology of R'/p’ induces the m-adic topology on
R/p, the map of completions

Ps(R)R™PF(R)R™ — Py(R)R™ /P (R)R™

is also injective. If an element z of Pg(R')R™ N R™ belonged to Py, (R) \ 73;;1 (R)

for ¢1 < ¢, it would not belong to ’P;{l (R')R'™", which contains Py(R)R"™ | and
this is a contradiction. (]

Definition 0.8 Assertion TLU(d) (Toric local uniformization in dimension
< d) is the following: For every local noetherian excellent equicharacteristic integral
domain R of dimension < d, given a rational valuation v on R, there is a rational
toric extension R C R’ C R, such that R’ is a regular local ring , v extends to a

valuation # of a regular quotient R’ " /H' of the m’-adic completion of R’ in such
a way that the induced map of graded rings

gr R — gr,R"" |H'
is an isomorphism; in particular, H' N R’ = (0)
2) One can slightly generalize the concept of a rational valuation as follows

Definition 0.9 The valuation v is said to be generically rational if the valua-
tion induced by v on the local ring Ry is rational, where p denotes the center of v
in R.

The following result helps to explain the presence of binomial relations in cer-
tain non-rational cases.

Proposition 0.10 Let R C R,, be a generically rational valuation of R, and
let (7;)jes be a set of generators of the R/pi-algebra gr, R. Then the map of
R/p1-algebras sending W; to7; induces a presentation

gr,, R = R/p1[(W)jesl/ (AnW™ = X W™ ) (m.m)cE) Ams An € R/p1\ {0}

Proof By our hypothesis, the valuation induced by v; on Rp, is rational. On
the other hand we have Py, (Rp,) = Py, (R)Rp, and, setting x(p1) = Rp,/P1Rp,,

grul Rp1 = grulR <X)R/In K(pl)'

The elements 77; ® 1 generate the x(p1)-algebra gr, Ry, , so by Proposition 77 it is
of the form x(p1)[(W;)jes]/ (W™ =Xy W), where Ay € £(p1)*. If we remember
that each Py, / P(;; is a torsion-free R/p;-module the result follows from the flatness
of k(p1) over R/p1, writing A\yun = A\ 1A, with A, A, € R/p1\ {0} O



0.1 More speculation. Keeping the notations of the previous subsection and
of subsection ??, remark that if the images of the (&;);cr generate the maximal ideal
of R™) | the (&)icr must generate the maximal ideal of R. Let us denote by & the
valuation of R which is monomial in the variables (&;);cr and satisfies 7(&;) = v(&;)
for i € F. The valuation 7 extends as a monomial valuation to R*) and a toric map
which uniformizes as above the valuation 7 via a uniformisation of its extension to
R®) also uniformizes v. Now the set of rational valuations which are uniformized
by a given process is open in the patch topology of the Zariski-Riemann manifold.
By the compactness, it would follow that every rational valuation is resolved by a
toric map v

First, we have in any basic extension T(X) < oo unless A € pj,_1'(R™/H)', and
in that case, after some calculation, we see that x € 75;’171. Let us show that any

element of 7547}1,71/75(;,"}171 is in one of the Py/Py, ,. Let us write x = >/, c;e; a
representative of such an element. Since all the e; have the same v,_1-valuation,
by considering R — E(U) = Em/ﬁ

In the proof, I consider the valuations (v;)o<i<n—1 with which the rational
valuation v is composed, with vy = v and v, _; of height one. The idea is to build
a sequence of ideals H; and extensions of the v; by loose valuations of the R™ /H;,
by descending induction on .

Proposition 0.11 Let (R,v) be a valued neetherian local integral domain and
H an ideal of R. Let us assume that H is closed in R for the v-adic topology, that
18
() (H+Ps)=H
ped
and that in addition, if we denote by

(I):(I)O—>(I)1—>---—>(I)i—>(1)i+1—>---—>(I)h_1—>(0)

the sequence of the groups of the valuations with which v is composed, for each
Ai: @, — @11 we have for each ¢i11 € Pigp14

N (H+P)=H+P],
€N (pit1)
Then the valuation v gives rise to a loose valuation in R/H whose group is contained
n .

Proof Let us first assume that v is of height one. Given a nonzero element
T € R/H, I claim that the valuations of all the elements in R whose image in R/H
is T are bounded. Fix such an element z(; if the valuations are not bounded, we
have g € m¢6<1’+ (H + Py), which is equal to H by assumption, a contradiction.
Since @ is of height one, there is a largest element among these valuations, which
we choose as U(T).
If Z = T + 7, we may choose representatives x and y with the largest valuations,
but this does not guarantee that = + y gives the largest valuation in its class mod
H, so that indeed
7(2) 2 v(w +y) = min(v(@), 7(7)).
I leave it as an exercise to check that if 7(x) # T(y) we have equalities. Remark
also that the ideal of elements of R/H having valuation > ¢ is PsR/H.
Similarly, choosing representatives of maximal valuation for Z,7 gives
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7(zy) > 9(@) + ().

Let us now proceed by induction and assume that we have defined a loose valuation
Uiy1on R/H. Given an element T € R/H, let 7,11 (T) be its valuation. I claim that
the valuations v;(z) of the representatives of T in R such that v;y1(z) = 7U;11(T)
are bounded. Denote this last valuation by ¢; 1. Let © € R be a representative of
7; if the valuations were not bounded in A, Y(¢i41), we would have the inclusion

ve () (H+Ps)=H+P} |,
€N N (pig1)
where the last equality follows from our assumptions. But this means that T has
a representative y of valuation v;41(y) > ¢;4+1, which contradicts our definitions.
Since our set of valuations is bounded in A; ! (¢;11), by the reference given above,
the set of valuations v;(y) € \; '(¢i+1) of representatives y of T is finite, and we
choose its largest element as 7;(Z). The proof that it is a loose valuation is almost
the same as above. O

Remarks 0.12 1) The result still holds, with the same proof, if v is a loose
valuation with values in a group of height one, and more generally if v is a loose
valuation “composed” in the same sense as valuations are, through a sequence of
monotone maps \;: ®; — ®;4, with loose valuations.

2) It would be useful to know when 7 is a valuation apart from the cases where
H is the center of a valuation with which v is composed and 7 the corresponding
residual valuation.

Let us consider the case i = h — 1; denote temporarily by v the valuation of height
one v,_1, and let H stand for Hy_1 = m¢6<1’+ PsR™. The valuation v extends to

a loose valuation 7 of R™/H as follows: For an element z € (R™/H) \ {0} there
is a representative T € R™ and there is a ¢ € & such that 7 ¢ 73¢Rm; since ® is
archimedian and R is ncetherian, the elements of (R \ {0}) which are smaller than
¢ (see [Z-S], loc. cit) are finite in number, so that there is an element n € v(R\ {0})
such that & € P, R™ \ P R™.
Let us check that this 7 is independant of the choice of the representative of x; if
¥ — ¢ € H, assuming that n(Z) < n(J), we must have n(Z — ) = n(Z) and this
contradicts the fact that + —y € H.
We may now set (z) = n; one verifies as in the proof of proposition 0.11 that
this defines a loose valuation on R™/H. Finally, we have H N R = (0) since
PsR™ N R =Py and ,cp Py = (0).

Now let us remark that if p, is the center of v, we have the inclusions p, Py C
7{;‘ and the equalities PyR™ = P, ®p R™ by the flatness of R™ over R. We
therefore have the following equalities after remarking that H C P¢Rm for all
(b S (I)J,_Z

- PsR™/H PyR™ P S fm
(er )y = LR PoRY_ Po o (i, R,
PLR™/H — PfR™+p,Pskm P}

Note that the graded algebra grﬁ]:?m /H is not necessarily an integral domain, except
in the case where v has center m studied in [S2]. In this case, we have, setting
Rj_1 = R™/H, the equalities 7>¢/7>; = ’P¢R1/’P$R1, so that for any element
T, € P¢R1, there is an element x € Py such that z1 —x € P;Rl. This suffices,
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since v is a valuation, to show that 0(z1y1) = v(zy) = v(z) + v(y) = D(x1) + 2(y1),
so that 7 is a valuation and H; is prime.

Remark 0.13 In general, the ideal H is equal to its radical, as one easily
verifies, so that ;7 is a loose valuation on a reduced but not necessarily integral
ncetherian local ring.

Let us now consider the case where v is of height > 1. We proceed by induction
on the height of v and for a while I stop assuming that v is rational; the valuation
v now stands for one of the valuations with which my original rational valuation
is composed, and I assume by induction that I have extended the valuation 17 of
height h(v) — 1 with which v is composed, of center p,,. It means that we have an
ideal H; C R™ with H; N R = (0) and Hy C py, R™, and such that vy extends to
a loose valuation 7, of R™ JHj.

If the centers of v and vy coincide, there are finitely many ideals Py between Py,
and 73;{1, so that, given = € Ry with i () = ¢1, we have a largest ¢ such that
T € 73¢R1, and this defines a loose valuation on ]:21 extending v.

I therefore assume, until the end of this proof, that the centers of v and v,
are distinct, and try to construct an ideal H of Ry such that v extends to a loose
valuation of Ry / H. 1 denote by ¥ the group of height one which is the kernel of
the map from the group ® of v to the group ®; of ;. The main difficulty is that
the ideals M) =61 73¢R1 and ’P;{l Ry will in general be different. We must arrange

that they become equal after passing to Ry / H.
Let now S be an R-algebra and I an ideal of S. Given an ideal P of R, I denote as
usual by PS the ideal generated by the image of P in S.

Lemma 0.14 a) For each ¢ € X™'(¢1) we have an exact sequence of S/'P;r1 S-
modules
INPyS+PLS  PyS PsS
¥ ~ otaq T 0
P, S PiS  PsSNI+P4S)

—

and the equalities
PyS/T PyS B PsS
PaS/T  PeSN(I+PLS) INPyS+P;S

These S’/P;{1 -modules are actually S/p,, S-modules since p,, PpS C 73;15’.
b) Similarly, for ¢ € 4 U {0}, we have the equalities

PsS/I PyS B PyS

PLS/T PsSN(I+P;S) INPyS+P;S

Proof This is just a repeated application of the Dedekind-Ncether modular
law ([Z-S], vol. II, Chap. 3, p.137). O

Lemma 0.15 Let P be the center of the valuation v in R, and I be an ideal of
the m-adic completion R™ of R.
a) The graded algebra

P Po-(R™/1)

+ (pm
pedU{0} Pab '(R /I)
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is a quotient of the graded algebra

P Rm pm M

p = o = &R Oryp B /PR
pe® L U{0} P¢

by the ideal

INPyR™ + PSR™

+ [m
Py R

D

pe®U{0}

b) If for all ¢ € &4 we have (I + PgR™) N R = Py, the intersection of this ideal
with the subalgebra gr,R ®p/p R/p is equal to (0).

Proof The proof of a) is the same as for lemma 0.14, and the proof of b) is
a direct computation. One may also refer to [B3], Chap. III, §2, No. 8, Theorem
1. O

Note that Rl/p,jlf%l = Rm/plem is equal to the m-adic completion of Ry =
R/p.,. In this last ring, we have the valuation 7 of height one with group ¥ = Ker),
where A: & — ®; is the map corresponding to the composition of valuations as in
section ?77. . .
By the height one case, there is an ideal H = Nyew, Py(R/pu, R), with Py =
Py/py, and such that 7 extends to a loose valuation of (R/p,, R)/H.
Let us choose a system of generators (by,...,bs) of H and lift them to elements
(bl, .. .,bs) of Rl.
Let us denote by H the ideal of Ry which they generate.
For simplicity let us write p; for p,,
Remark that since H C pﬁl, where Ry = ]:21 /lel, we have the inclusion
f{ C pRl

For a given ¢; € 'y C @1, N {0}, and ¢ € T N A"1(¢y), let us define the ideal
P, &} — (& . &)

+ + + - pF /)
P¢1 P¢1 P¢1 P¢>1
The last notation is that of [Z-S] and [B3], Chap. 1, §2, No. 10, for the transporter
of an R;-module, say, into one of its submodules. Let us denote by ¢; the smallest
element of I'N A~1(¢;), which exists since I is well ordered and is equal to v(Py, ),
and, f0r~¢ € M H(¢1), by (o) the smallest element of I' N W which is at least equal
to ¢ — ¢1, so that we have Py =P,

T¢:{Z€R_1/Z

C

p—d1”

Lemma 0.16 a) The ideal Ty = (Py : Py,) is equal to Py(g)-
b) The ideal Ty is the image of Ty in Ry; setting Py = PyRi, the ideals T
coincide in Ry with some of the ideals Py; they define the same topology as the
ideals (Py)pernw-

Proof We have 2Py, C P, if and only if v(z) > ¢ — ¢1, so that T = Py_g, =
Py(p)- Since ’P;{l C Py, the image of Ty in Rl/’P¢1+ is the transporter of the
R1/73¢1+—module Zil into ;—f. Since they are both in fact R;/p1Ri-modules, the

1 1 _
transporter acts through its image T4 in Ry /p1R1. The result on topologies follows
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from Proposition ?? which implies that for each ¢ € 'NW there are finitely many
¢’s in A~ (¢h1) such that ¢ — ¢y < 1. O

I can now apply Corollary 8, Vol. 2, p. 267, of [Z-S], which tells us that the
formation of the transporter of a module into a submodule commutes with m-adic
completion in this case, since Py, /7{2’1 is an Ri-module of finite type. It gives the
following

Lemma 0.17 a) We have the equality
(PoR™ : Py, R™) = Py R™.
b) Given ¢1 € A(T), for ¢ € TN A"(¢h1), we have
R™ R™ R™
{ze —— /z% 17 PR
PLR™ PLR™ Pl R™

} = Pyo)R™/PLR™

Proof The first statement follows from the reference just given, and the sec-
ond from the fact that when we pass from R™ to R™ /P4, R™ the image of the
transporter is equal to the transporter of the images since Py, R™ C Py R™. (Il

Let us remark here, as in Lemma 0.16, that the elements of R™ /P;Rm act on
Py, R
LR

via their images in R™/p;R™. Therefore in statement b) above we may

replace Pw(@Rm by ﬁp(@ + ’P;{l R™, where ﬁ¢(¢) is any other ideal of Rm™ having
the same image in Rm™ / plf%m. From now on 751/,((75) denotes such an ideal, which is
not a valuation ideal in general.

By [Z-S], Vol. 11, Appendix 3, Proposition 1, p. 342 and Proposition 2, p. 345,
a primary decomposition for ¢ € I' is of the form
'P¢:qﬂqh1 ﬂ...ﬁqhq
for Py in R, where the \/q, = pp, are among the centers in R of the valuations

with which v is composed and p is the center of v.
I assume them ordered as

P2 Ph 2 2 Ph,-
By loc.cit, the ideal qx, N---Nqp, is a valuation ideal, equal to (Py : q) and which
has to be equal to Py, , where ¢1 = A(9), since it is contained in the center p; of
vy, which we assumed to be distinct from p, and its vi-valuation is ¢1. Although
the ideal q is not uniquely defined, we may for each ¢ € A=1(¢1) choose one such
ideal and write

P¢ = q(¢) ﬂ,P¢717 Vo € )‘_1((;51)'
Since R™ is a flat R-algebra, we have
PoR™ = q(¢)R™ NPy, R™.
Note that we have also A A
PSR™ C q(o)R™.
Using Lemma 0.17, we obtain for each ¢ € A=!(¢1) the inclusion
q(d))Rm - ﬁw(d,)Rm + P;rl Rm,
since q(¢) is contained in the transporter of Py, into Ps. This gives

(1) 'P¢Rm - (ﬁw(d,)Rm + 73;:1 Rm) N P¢1Rm.
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The next step is to use Chevalley’s theorem to show that the 731!1 approximate H.

Lemma 0.18 Let H C R™/pR™ be the ideal ﬂwe\l,fqpf%m/pl}?m associated
to the valuation 7 of R/p1R in the height one case. There is a function ¢ — t(¢) €
N tending to infinity with v such that for all ¢ € ¥ the inclusions

PyR™/p1R™ CH +m!™R™/p,R™
hold.

Proof By the height one case the valuation 7 of R/p; extends to a valuation of
height one 77 of of (R/p1)/H; we have Nyew, P (R/p1)/H = (0), and the valuation
ideals form a simple decreasing sequence of ideals. By Chevalley’s theorem ([Z-S],
Chap. VIII, §5, Th. 13) there exists a map ¢: ¥4 — N such that ¢()) tends to
infinity with ¢ and such that Py (R™/pR™)/H c m'®)(R™/p,R™)/H. O

As a consequence of this lemma, we can lift to Ry generators of the ideals Py, Rm/ p1R™
in such a way that the ideals Py Ry which these lifted elements generate in Ry satisfy

(2) HC 751/,1%1 - H+ mtw)RL

The second inclusion follows from the lemma, and we may then add H to each P,
in order to satisfy the first.

Now if we go back to our quotient Rl = Rm /Hy of Rm, to which the valuation 14
extends as a loose valuation, it follows from the inclusions (1) and (2) above that
we have, for ¢ € A~1(¢1), the inclusions

(3) Pyl C (PysyBa + P R1) NPy, By C (H+ PSRy +m PO Ry) NPy, Ry.

This implies in turn, taking intersections and using the modular equality , that
m P¢R1 QﬁﬂP¢1R1 +P;1Rl
A(@)=¢1
Lemma 0.19 We have the inclusions
ﬁPle%—P;{lRl - ﬂ 73¢R1 gﬁﬂPle+P;rlR1.
A)=¢1

Proof Assume by induction that Hy C p1 R™. Then the first inclusion follows
from Lemma 0.17 since the image of H in R™/pyR™ is H, and we have just proved
the second one. (]

Let us now check the

Lemma 0.20 The loose valuation vy descends to a loose valuation of Rl/f{

Proof Let us first prove that H is closed in R; for the topology of the P¢1R1.
This topology is the same as that defined by the loose valuation of height one with
which 27 is composed. But the loose valuation ideals for that loose valuation form
a simple decreasing sequence with intersection (0). By Chevalley’s Theorem each is
contained in an increasing power of the maximal ideal of Rl; since Ry is noetherian
H is closed for the m-adic topology, which shows that it is closed for the ©;-adic
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topology. If now we go to A;: ®; — P, using the notations of Proposition 0.11,
we can apply Chevalley’s theorem to Ry /’P¢_++1R1 and obtain, for ¢; € )\;1(@“),

P¢iR1 C P;Z'Jrl]%l + ms(@)éla
from which follows, since s(¢;) tends to infinity as ¢; grows in A (¢i11).

(N H+P,R)C () (H+PL Ri+m'%R)=H+P/ R
i €N (pit1) B €N (Pit1)

The result now follows from Proposition 0.11. O
In particular, if we set S = Rl/ﬁ, we have, since ﬂ)\(@:% 751/1(45)8 = (0),

_ p+
() P.S=P;5S
A(¢)=¢1
This implies that the valuation v extends as a loose valuation 2 on S. Let us denote
by H the inverse image of H in R™. We have by construction that

H, C HC pR™
and the

Lemma 0.21 (Assuming that TLU(dimR — 1) holds) For each ¢1 € ®1, we
have (H + Py, R1) N R =Py, .

Proof Fix z € R, and let us first assume that the ideal H is generated by a
regular sequence in the ring R™/p; R™ and that there exists a monomial ¢ € R/p;
such that the (R/p1)g-module ’P¢/’P;r ®r/p, (R/P1) g is free for all ¢ < v(z).

Then, if x € H, for some n we have, after choosing a representative & € R of &,
in,, (§"x) € gr, R ®r/p, H-

To see this, fix a regular sequence of generators of H and lift them as generators
(b1,...,bs) of H in Ry. Write z = 35 \ib;. By induction on the height of the
valuation, we may assume that if ; has an immediate succcessor v, the minimum
of the va(A;b;) is equal to vo(z). If minj<;<s11(N;) = vi(x), the initial form is
Yiem biin,, \;, where M is the set of indices where the minimum of valuations is
attained, and we are done. Otherwise, the minimum of the valuations is < v4(x)
and we have a relation Zie MEiinl,l Xi = 0. Since we assume that the ); form
a regular sequence and 73(;5/73;r ®R/p: (R/pl)@ is free, after multiplication by
a suitable power Zm of € we have expressions anim,j1 Xi =D re briny, jui, with
in,, ik € 7747/77;r ®pr/p, (R/p1) and py; = —pi,. We may now write

a =Y (€N =Y brmk)bi+ Y M Nib,
ieM k i¢M

and the minimum of the 1 valuations of the coefficients has increased. Since v5 is
fixed, in a finite number of such steps, we reach the situation where the minimum
of the valuation of the coefficients is v4(z), and we are done. Now if we assume
TLU(d) for d < dimR, since R is excellent by assumption, so is R/p; and we can
reach the situation taken as a hypothesis above by a toric modification of R as
in Lemma ?? which makes R/p; regular and H generated by part of a system of
coordinates of R™ /P1 Rm, and therefore by a regular sequence.
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Without affecting this, we may by a toric modification R — R’ of the same
type flatten the image of Py, (R)/ 73;1 (R) modulo torsion by principalizing a suit-
able Fitting ideal (see [G-R]) and this, by Lemma ?7?, gives us the freeness of
Py, (R')/ 73;2 (R') after localization by some (£). In a toric modification such as

R/p1 — R'/p), if we denote by H' the ideal Nyew., Pu(RHR"™ Jp, R of R Jp, R,
we have H N (R™/pyR"™) = H. From this follows the inclusion H C H' N R;.
Now we observe that for the ¢; which we are considering, we have
(H' + Py, (R)R)) N R = Py, (R'); if this were not the case, there would be an
element 2’ in the left hand side of valuation < ¢;. Then its initial form would be
that of an element of H’ so that, by what we have just proved, we would have,
remembering that v1(§) = 0, the inclusion in,, (§"2') € gr, R’ ®p//p; H'. But
since £"z’ € R’ and H N (R'/p}) = (0), this is impossible, which proves the re-
sult. Now since Py, (R') N R = Py, and H C H' N Ry, we have the inclusion
(H + 73¢1R1) N R C Py, , and the result since the reverse inclusion is clear. O

Lemma 0.22 We have HN R = (0)

Proof It suffices to prove that H N R = (0) since we know by induction that
HyN R=(0). By Lemma 0.21, we have H N R C (4, cq,, Per = (0). O

Finally, we have proved that H N R = (0) and v extends to a loose valuation of
Rm /H composed with #4. This also validates our induction hypothesis.
Moreover, by lemmas 0.14 and 0.21, the graded algebra gr,, Rm™ /H is a quotient
of R X
gr,, R®prp, R /p1R™
by an homogeneous ideal whose intersection with gr, R ®g/p, R/p1 is zero.

Going back to our rational valuation v composed with v1,v9,...,v5_1, We see
that we can build a sequence of ideals H,_1 C --- C Hy = H of R™ such that
H; N R = (0) and, if we set vy = v, the valuation v; extends as a loose valuation of
Rm/Hl- for 0 < ¢ < h — 1. However, since v is rational, the last graded ring is, in
view of Lemma 0.15, a quotient of gr, R ® g/, k = gr, R which contains gr, R since
H N R = (0) and the loose valuation extends v, and so has to be equal to gr,R.
Since that graded ring is an integral domain, this implies that Hy is a prime ideal
of R™ and that © is a valuation of R™ /Ho, and therefore all the extensions ; to
Rm/HO have to be valuations too, those with which ¥ is composed.

This end the proof of Prop051t10n 0.23.

By the regularlty of R , we may choose a representative R C R™ of the
quotient R = Rm /Ph— 1R™. Define the ideal

H= ()| (HR™+Py,_ k") CR™
Ph—1E€EPr_14
The claim now is that the valuation v extends to R™ /H in the way required by the
Proposition. The proof is in several steps:

First, there is a candidate extension of v,_1 to R™ /H, obtained by defining the
candidate valuation ideals

75‘15’171 = (Fém + Pd—’h,—lém)/H = P¢}L71Rm/H-
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Proposition 0.23 *Let R be a local equicharacteristic excellent integral domain
with mazimal ideal m and an algebraically closed residue field, and let v a rational
valuation on R with value group ®.

a) There exists a prime ideal H of the m-adic completion R™ of R such that v
extends to a valuation U of Rm/H i such a way that:
b) the associated graded map

gr,R — gr,R™/H

is a scalewise birational extension of ®-graded R/m-algebras, uniquely determined
by (R,v).
If the valuation v is of height one, the map gr, R — gr, R™/H is an isomorphism.*

Remarks 0.24 1) The proof depends on toric local uniformization, an argu-

ment for which is only sketched at the end of the paper.

2) The fact that & extends v implies that H N R = (0).

3) The assumption that the residue field is algebraically closed is due to the use of
local uniformization in lower dimensions in the proof. It should eventually disappear
when the method is generalized to excellent equicharacteristic local rings.

4) Although the ideal H is unique in the case considered by Zariski and Spivakovsky,
it is not uniquely determined in general; it is only the graded map associated to the
map R — R™ /H which is uniquely determined. Once H is fixed, the extension of
v is unique. A quotient R™ /H as in the Proposition will nevertheless be denoted
by R®),

4) The fact that the extension of the graded rings is scalewise birational implies
that any toric modification we make in R™) with respect to representatives (1;) e
of the generators of the graded algebra gr,;f%(”) can be viewed as coming from a
toric modification in R with respect to the chosen system of representatives (&;)ics-

Proof (Sketch) The method is to work by induction on the dimension of R.
Let us therefore assume first that R is a one-dimensional noetherian local domain
with a rational valuation v, which is necessarily of height one. Let us set H =
Noca., Ps(R)R™. Then we have HN R = {0} and if we set P, = PyR™/H, we see
that Ps N R = P, since by the faithful flatness of the extension R — R™ we have
P¢Rm N R = Py, and that the natural inclusion

is an equality. This shows that R™ /H is an integral domain, since its associated
graded ring for the filtration by the 75¢ is an integral graded algebra, and that the
’ﬁ¢ are the valuation ideals of a valuation ¥ on R™/H which extends v through
the inclusion R ¢ R™/H. Since H N R = (0), the ideal H is a minimal prime
ideal of R™ uniquely determined by the valuation v and the quotient R™ /H is a
one-dimensional local domain; we may call it the formal branch of the curve SpecR
corresponding to v. The proof in the dimension one case is partly inspired by a
proof in [S2], Theorem 4.3.

Assume now that the result is true for excellent local domains of dimension
< d = dimR. Let us choose a set of elements (&;);c; of R whose images in gr, R
generate it as a k-algebra. It may happen that the (&);cr do not generate the
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maximal ideal of R. We choose a minimal set of elements y1,...,y, such that the
(&)ier, Y1, - - -, Ya generate the maximal ideal. Our toric modifications will always
be in terms of the (&;);cr. Let vp—1 denote the valuation of height one with which
v is composed, and pp_1 denote its center in R. The valuation v projects as a
rational valuation 7 of height h(v) — 1 and value group ¥, of the ring R = R/pj,_1,
and we assume the result to be true for 7.

The proof now uses TLU(d-1) and TP(d-1). By using TLU(d-1) we may make
a toric birational extension ® — & of R in the coordinates which are the im-
ages of the {&)|v(&) € ¥y} such that the conclusion of TLU is satisfied for R.
Such a toric modification lifts in a natural way to a birational toric modification
R — R'. By applying TP to the relevant Fitting ideals as R-modules of any fi-
nite number of the quotients Py, ,/ ’P;'hil we may assume that in addition their

transforms modulo torsion, in the sense of Lemma 77, are free R -submodules of
Pon_1(R)/ P;hil (R') with a cokernel annihilated by some monomials in the images
in R of the {&)|v(&) € U1}

In order to extend the valuation v on R to a quotient R™/H in the way required
by the proposition it suffices to do the same for R’; the ideal H € R"™ will then be

the kernel of the map R™ — ™ /H'. From now on, I assume therefore that R

- o m
is regular, that H C R is generated by part of a system of coordinates, and that
Pon_/ ’P;{hil contains a free submodule such that the quotient is annihilated by

monomials in the {&;)|v(&) € ¥1}. Moreover, the ideal H is generated by elements

b1, ...,bs of the form 7, — ax(7) where the 7 are representatives in R of generators
()
of the graded algebra gr- R
N 2 () _ _
Denote by p the kernel of the natural map R™ — R . Let b1,...,b; be the
generators of H which are not contained in ph_leT N R™/pp_1R™. We can lift

them to elements b1, ...,b; of Rm, of the form yx — ak(n). Now set

H=(by,....b)R"+ () (Pe_, BE N R™).

Ph—1€EPHL_14

The idea now is to extend the valuation v,_; to a valuation 21 of the ring
(R™/H)p, i which induces a valuation with center p/H in the ring R™/H. The

valuation © which we seek will be the composition of 7 and Up_1.
For each ¢p,_1 € @1, let us set

Ponr = (Po_ RO R™ + (b1, ..., b)R™)/H.

R . =)

Let us first prove that the graded algebra @,,  cs,  Pon 1/ P 1+ I8 a R -
=(?)

algebra, which is a birational extension of gr,,  R®7R  and is an integral domain.

We see that p = (by, ... ,bt)Rm + ph,leL N R™, and it follows from this that in

~ ~ ~ ~(7)

R™/H we have pPy, , C Py, _,+, so that our algebra is indeed a R -algebra. By

construction, it is contained in gr,, | R ® K(Pr-1), where k(pp_1) is the field of
~ (D) =)

fractions of R ', so that it is a birational extension of gr, RQsR
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Now we have a candidate graded algebra of Rm™ /H with respect to the p_4
valuation. We are going to prove that it is an integral domain by building a filtration
on it such that the associated graded ring is a domain. This filtration will turn out
to be the filtration associated to a valuation 7 extending v to Rm/ H, and its
associated graded ring will be a scalewise birational extension of gr,R.

First, one must make a distinction concerning birational extensions of rings such
as R™ /H; this distinction is essentially due to the fact that if R — R’ C R, is a
birational extension, the extension R/pp—1 — R’/pj,_; is not in general birational:
Given a birational toric extension }_%(V) — (F(U))’ of }_%(U , we can lift it to a bira-
tional toric extension of R™/H with respect to representatives (1;)jcs in R™/H

of the (7];)es. Let us call such an extension R™/H — (R™/H)'" a basic birational

A . =~ (7)
extension of R™/H. There is a natural map (R™/H) — (R ). We use the fact
that after a toric modification R — R for all further torlc extensmns B = R the

ideal I is the strict transform of I under the map R — TR’ Thisis part of the
embedded resolution ”package” in lower dimension, see Proposition 77.

There is another type of birational extension:

Given ¢pn—1, let us choose elements (eq,...,e,) of Py, ,(R) such that v(e;) <
v(ez) < ... < v(e,) and their images modulo ,P;rh,fl form a system of generators
(€1,...,€-) of the R/pp—1-module Py, /73¢h -

Let x: R — R’ be the morphism of local rings obtained by blowing up the ideal
Ps,_, (R) in SpecR and localizing at the point picked by the valuation v. We have
a map (not necessarily injective)

R — R

The idea now is that to an element x € ’ﬁ%fl may be attributed a 7-valuation as
follows:

There is an element s ¢ P such that we may write sz = .. | Ge; with ¢; €

Rm/H; in the ring ]%’m, we may write e; = dje; (2 < i < s), and therefore
st =(c1 4 Y i_ycidi)er.

By our induction hypothesis, the valuation 7’ on R’/pj},_; induced by the valu-

~ — (¥

ation v on R’ extends to a valuation 7’ with value group ¥; on R'/p) _, , which

’

is a quotient of ™

’

. A, . . .
Now we may view ¢ = ¢1 + Zf:z Aic; as an element of R’ ; its image in

—/

R'/p},_, is not zero by the construction of the ideals H and we can define

the D-valuation of sz as the sum of v(e;) and the 7'-valuation of the image of ¢

in R’//pT 1( ). This is well defined since H'R/ ™ N R™ and H are equal modulo
pr_1R™. Then define the valuation of z as v(sx) — 1/( ) If we replace R’ by an
R such that pp,_1R” = e R”, the 7 value of ¢ and its 77 value are equal.

For ¢ € &, U{0} having image ¢;,_; in ®;_, define the ideal P, C Py, , € R™/H
to be the set of those elements z € ’ﬁ%fl such that in the local ring of some (not
necessarily basic) birational extension (R™/H)' of R™/H we have sz = ce1, with

=~ (@)

s ¢ p'/H and ¢ < U(C) + v(e1) — U(3), where ¢ is the image of ¢ in (R ). By
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what we have just seen, the ’ﬁ¢ /Py, _, form an exhaustive filtration of the quotient
75%71/75;;71. The quotient 75(;5/75;r is cither (0) or k. Given z € Py, , and

y € Py,_,, let f1,g1 be generators of minimal valuation of Py, , and Py, | 1y,_,
respectively; after blowing up the product of ideals Py, Py, 1 Poy_1+vn_, and
localizing at the point picked by v, we may write e; f1 = qg1, together with z =
ce1,y = dfi. Using the definitions above, we see that o(xy) = D(cdq) +v(g1), which
means ¥(zy) = P(x)+2(y). This shows that the graded algebra P ,cq, 110y 75¢/75;'

is a graded domain; it is therefore the graded algebra grﬁ]:?m /H with respect to the
. ~m
R®y H of gr

valuation ©. In particular, the ideal gr R®z R isprime. [

Vh—1 Vh—1

Now we have to show that the valuation 7 induces v on R. Let us first prove that

for all ¢p_1 € ®,_1 we have that the inverse image in R of 75%712 is equal to

P¢h—1 :

The inverse image clearly contains Py, ,. If we did not have the opposite inclusion,

there would be an element x € R such that v,—1(2) = pp—1 < ¢p—1 and an element

s € R™\ p such that sz € (by,...,b)R™ + P;hilf%m. The image of sz in
,PthlRm/,P-i_ Rm = Pﬂh—l/Plj_h—l ®§ Rm/ph—lRm

Hh—1

has to come from an element y of (b1, ..., bt)Rm. Let us write y = 25:1 b;c; with
¢; € R™. If the least 7>¢Rm to which all ¢; belong is pp—1, the image of y in
73%71/73:[,%1 @g R /pp—1R™ is in 73%71/73:[,%1 ®x H. Now 5 ¢ H since s ¢ p

and so we must have that the initial form of z is in P,,_, /Pl = @z H. Since

H N (R/pr-1) = (0), and the image of y is also that of x € R, this is impossible,
and so an element such as x cannot exist.
If the smallest ¢ such that ¢; € Py for all ¢ is & < pp—1, there must be a relation

Z EjEj =0,

JEJCA,...,t}

where ¢; is the image of ¢; modulo P;} R™.  After possibly making a new toric
modification we may assume, since vp,_1 is of height one, that all P./PI for k <
¢n—1 contain a free submodule M, such that the quotient by this submodule is
annihilated by monomials in the {&|v(§;) € ¥1}. Multiplying « by a suitable
monomial £¢, and since £z € R, we may assume that the ¢; are in My, in view
of the fact that the R™/p;_1 R™-module P.R™/PFR™ is torsion-free. Since H
is generated by a regular sequence, the relation between the ¢; implies that for

all j EA J we can write ¢; = Zk Ejkl;k with €;; = —ex;. Taking representatives
ejr € R™ such that ej;, = —ey;, we can finally write
5617 = decibi + Z(éecj‘ — Zejkbk)bj,
i¢J jeJ k

and the minimum of the v,_1-valuations has increased; in a finite number of such
steps, we reach the situation where the minimum valuation of the coefficients is
wh—1 and a contradiction as above.

This: also shows that HN R =1,  cq, ,, Pons = (0). Finally, theA valuation o
on R™/H is indeed the composition of the extension },_1 of v,—1 to R™/H and v

= (7)
on R .
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~, (@)

Since we have by the induction hypothesis that the graded algebra gr- (R )
is a scalewise birational extension of grg(ﬁl), the group of values of 7’ is ¥y, and
therefore the group of values of # is ®. The inclusion gr, R C @yecq, ui0) 73¢/Pq;|r
is scalewise graded. From this and Lemma ?? follows that the inclusion

gr,R C gr,R™/H

is scalewise birational. R

From the fact that the graded algebra gr,  R™/H is independent from the
choice of represntatives and that inside each of its homogeneous components the
definition of Py/Py, , is itself by construction independent of the choice of the
representatives §;, we see that the inclusion gr, R C ®¢e<1>+u{0} 75¢/P¢h71 is inde-
pendent of the choice of the representatives

If the valuation v is of height one, we set H = n¢6<1’+ PsR™ and Py =
PyR™/H. Since for all ¢ the ideal P, contains H and mP, C PJ, one sees

that Pg/ 75; = P,/P}, and the fact that in this case the graded algebra does not
change.



