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Abstract. Let R be a complete equicharacteristic noetherian local do-
main with an algebraically closed residue field k. Let ν be a zero dimen-
sional valuation centered in R with value group Φ. We prove that, if the
value semigroup Γ = ν(R \ {0}) of the valuation is finitely generated or
the valuation is of rank one, the valuation ν is the restriction, via an
embedding R ⊂ k[[tΦ≥0 ]], of the t-adic valuation νt of the ring of Hahn
series with coefficients in k and exponents in Φ≥0. This embedding is
given by series

ξi 7→ ξi(t) = ρit
γi +

∑
δ>γi

c
(i)
δ tδ with c

(i)
δ ∈ k, ρi ∈ k

∗,

where the (γi)i∈I constitute a minimal system of generators, indexed by
an ordinal I ≤ ω, of the semigroup Γ = ν(R \ {0}). The ξi ∈ R are
representatives of a minimal system of homogeneous generators (ξi)i∈I
of the graded k-algebra grνR associated to ν. The ρi parametrize an
isomorphism of graded k-algebras between grνR and k[tΓ].

1. Introduction

Among the problems studied by the founders of general valuation theory,
in particular W. Krull and F.K. Schmidt, is the question of determining the
extent to which a valued field is determined by its value group and residue
field (see [26]). This led to the notion of a maximal valued field, which has
no valued extension with the same value group and residue field, called
immediate. Krull raised the questions of whether an immediate embedding
of a valued field in a maximal valued field is unique and whether in the
equicharacteristic case a maximal valued field is a field of generalized power
series. In the two papers [16] and [17], Kaplansky provided precise anwers
to these questions by describing valued extensions using pseudo-convergent
sequences in the sense of Ostrowski. The uniqueness holds provided some
conditions called condition (A) on the residue field and value group are
satisfied (see [16, Theorem 5]) and in the equicharacteristic case the maximal
field is a generalized power series field provided the same conditions hold
(see [16, Theorem 6]) and in addition the value group is discrete (see [17,
Theorem]). Condition (A) is vacuous if the residue field is of characteristic
zero. The combination of these results is Kaplansky’s embedding theorem.

More recently, the question of embedding valued noetherian local domains
in rings of generalized power series has become of interest, in particular in
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2 Kaplansky’s embedding

connexion with the problem of local uniformization of valuations in positive
characteristic. Here a key role is played by the semigroup of values which the
valuation takes on the local domain. The motivating example is as follows:

Let k be an algebraically closed field. A plane algebroid branch is given
parametrically by two power series x(t), y(t) ∈ k[[t]] without constant term
whose exponents are coprime, which satisfy a relation f(x(t), y(t)) = 0 with
f(x, y) ∈ k[[x, y]] irreducible and without constant term.

In characteristic zero, assuming that f(0, y) 6= 0, Newton’s method pro-
duces a series y(x) in rational power of x with bounded denominators and
if k = C and the series x(t), y(t) converge, one can deduce, as Puiseux was
the first to do, a lot of geometric information, up to the bilipschitz geometry
and the embedded resolution of singularities algorithm of the corresponding
complex analytic branch, from the arithmetical properties of the exponents
of y(x). These properties are condensed in the Puiseux characteristic expo-
nents.
From these properties, one can also deduce (see [34, Chap. 1]) a minimal
system of generators for the numerical semigroup Γ ⊂ N of the values taken
by the t-adic valuation of k[[t]] on the subalgebra k[[x(t), y(t)]] ⊂ k[[t]]. From
this set of generators, one can conversely calculate the Puiseux exponents
of the Newton series.

If k is of positive characteristic, Newton’s method does not work well
at all; an expression of y as a series in x may have a very complicated set
of exponents (see [18]), with unbounded denominators, as is shown by the
Artin-Schreier example which is recalled below. However, the semigroup
Γ still determines the embedded resolution of singularities process of the
plane branch (see [30, Remark 5.4]), and therefore a lot of its geometry. We
recommend [2], [10] and [23] as very informative studies of plane algebroid
curves in any characteristic.

If we accept to describe our curve by a parametrization in a higher
dimensional space Ab(k), as ui = ξi(t), i = 1, . . . , b, with ξi ∈ k[[t]], we can
do this in such a way that ξi(t) = ρit

γi +
∑

δ>γi
c

(i)
δ t

δ with ρi ∈ k∗, c(i)
k ∈ k,

where γ1, . . . , γb is a minimal system of generators of the semigroup Γ.
So we do not need to do any arithmetic with the exponents of the series
ξi(t) to extract the semigroup, which determines the equisingularity class of
the plane branch in any characteristic (see [2, Chapter 3]).
To recognize that this parametric representation is that of a plane branch,
however, we now need to do arithmetic on the integers γi and then work
some more (see [34, Appendix]); we have shifted the place where we have
to work in order to describe the geometry of our curve.

The geometric idea here is that after eventual re-embedding of our branch
in an affine space Ab(k), it is parametrized by a constant semigroup defor-
mation of the parametrization of the monomial curve ui = tγi which is the
geometric realization of the semigroup Γ.
Thus re-embedded, the branch admits (see [11]) an embedded resolution of
singularities by a single toric modification of the ambient space Ab(k) which
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resolves the monomial curve. This resolution is blind to the characteristic
(see [29, §6.3]).

In higher dimension, a natural generalization of the parametric descrip-
tion of an algebroid branch is local uniformization of rational valuations of
excellent local domains.

We recall that a rational valuation on a local domain (R,m) is the datum
of an inclusion R ⊂ Rν of R in a valuation ring of its field of fractions, such
that Rν dominates R in the sense that mν ∩ R = m and the inclusion
k = R/m ⊂ Rν/mν = kν is an isomorphism. It corresponds to a k-rational
point on the Zariski-Riemann manifold of R. If k is algebraically closed,
rational is the same as zero dimensional.

A local uniformization is a regular local ring R1 essentially of finite type
over R and dominated by Rν . For branches, R1 = Rν but in general valua-
tion rings are not noetherian.

What we show in this text generalizes the description of the ring of func-
tions of the branch as a subring of k[[t]] generated by the ξi(t): it generalizes
the parametric presentation of the branch in a suitable affine space exposing
the semigroup generators as exponents of initial terms.

For this reason we call it the embedded Kaplansky embedding theorem.
Geometrically, it is a parametrization of the formal space corresponding
to R obtained as a constant semigroup deformation of the parametrization
ui 7→ ρit

γi of the generalized toric variety corresponding to grνR.
It is worth noting that for branches, the deformations which are obtained

by deforming the parametrization (as opposed to deforming the equations)
are exactly those which admit a simultaneous resolution of singularities (by
normalization). See [33, §3].

We do not address the problem of the uniqueness of the parametric rep-
resentation in the same way as Kaplansky. Suffice it to say that even for
plane algebroid branches in characteristic zero, different parametric repre-
sentations generating the same semigroup of t-adic values may correspond to
isomorphic one dimensional complete local domains with fields of fractions
isomorphic to k((t)). See [34, Chapter III].

The main difficulties arise from the fact that the semigroup
Γ = ν(R \ {0}) is not finitely generated in general. See section 7 for the
basic example.

As a consequence, the "dimension" of the affine space where we re-embed
our formal space may be a countable ordinal, which is ≤ ω in the rank one
case by [36, Appendix 2]), indexing a minimal system of generators of the
semigroup Γ.

We first recall how one proves, as in [30, §7], the embedded Kaplansky
embedding Theorem for rational valuations with finitely generated semi-
group, whose value group is ZdimR, on equicharacteristic excellent local do-
mains with an algebraically closed residue field. It is a consequence of local
uniformization. Then we extend to all rational valuations of rank one with
the additional assumption of completeness of the local domain by using
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their approximations by Abhyankar semivaluations with finitely generated
semigroups.
We recall that a semivaluation on R is a valuation on a quotient of R by
a prime ideal. A valuation is a semivaluation such that only 0 ∈ R gives a
value ∞ larger than any element of Φ.

2. Hahn series

Definition 2.1. (Hahn in [14]) Let ∆ be a totally ordered abelian semigroup
containing a smallest element 0 and A a commutative ring. The set of formal
sums s =

∑
δ∈E aδt

δ where the set E of exponents of the series is a well
ordered subset of ∆ and aδ ∈ A for all δ ∈ E can be endowed with a
commutative product by the usual multiplication rule of series. It is an A-
algebra called the Hahn ring of series with exponents in ∆ and coefficients
in A and denoted by A[[t∆]].1

In this text we will be interested in the case where A is the residue field
k of a local subring R of a valuation ring Rν and ∆ is the subsemigroup
ν(R \ {0}) of the non negative part Φ≥0 of a totally ordered abelian group
Φ of finite rational rank r which is the value group of the valuation.

If R is a local noetherian subring dominated by Rν and with residue field
k, the semigroup Γ = ν(R \ {0}) is well ordered and contained in the non
negative part Φ≥0 of the value group Φ of ν. We have an inclusion

k[[tΓ]] ⊂ k[[tΦ≥0 ]],

where now k[[tΓ]] is the ring of all series with exponents in Γ.
The Hahn ring k[[t∆]] is endowed with a valuation defined as ν∆(s) =

min(δ|aδ 6= 0). Its residue field is k and its value group is the totally ordered
abelian group ∆ +(−∆) ⊂ Φ. It is spherically complete with respect to this
valuation in the following sense (see [22], [16], [26]):
A pseudo-convergent sequence2 of elements of a valued ring (R, ν), for exam-
ple (kν [[t

∆]], ν∆), is a sequence (yτ )τ∈T indexed by a well ordered set T with-
out last element, which satisfies the condition that whenever τ < τ ′ < τ”
we have ν(yτ ′ − yτ ) < ν(yτ” − yτ ′). One observes that if (yτ ) is pseudo-
convergent, for each τ ∈ T the value ν(yτ ′ − yτ ) is independent of τ ′ > τ
and can be denoted by wτ . An element z is said to be a (pseudo-)limit of this
pseudo-convergent sequence if ν(yτ ′ − yτ ) ≤ ν(z − yτ ) for τ, τ ′ ∈ T, τ < τ ′.
This is equivalent to ν(z − yτ ) ≥ wτ for all τ .

The balls B(yτ , wτ ) = {y ∈ R |ν(y − yτ ) ≥ wτ} then form a strictly
nested family of balls indexed by T and their intersection is the set of limits
of the sequence.

If z is a limit of the sequence (yτ )τ∈T , Ostrowski defined in [22, Chap.
11, p. 368] (see [16, p.304]) the breadth of the pseudo-convergent sequence:
it is the ideal B ⊂ R of elements z′ such that ν(z′) > wτ for all τ ∈ T .

1See [14]. Some call it the Mal’cev-Neumann ring because Hahn’s definition was later
generalized to the non abelian setting by these two authors.

2They are also known as pseudo-Cauchy sequences. This concept is due to Ostrowski;
see [22, §11, p.368], [26].
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Intuitively, the breadth corresponds to the "radius" of the intersection of
the balls B(yτ , wτ ) with respect to the "ultrametric" ν∆(y − x).

Definition 2.2. (Ostrowski) A valued ring is spherically complete if every
pseudo-convergent sequence has a limit. Equivalently, every nested sequence
of non-empty balls has a non-empty intersection.

Theorem 2.3. (See [16, §1, §2], [25]) The valued ring k[[t∆]] is spherically
complete. �

Example 2.4. 1) Assume that our value group Φ has rank h > 1 and let
(0) = Ψh ⊂ Ψh−1 ⊂ · · · ⊂ Ψ1 ⊂ Ψ0 = Φ

be the nested set of its convex subgroups. Let (δi)i∈T be an infinite well
ordered set of elements of Φ≥0 without a last element contained in a strict
convex subgroup Ψj, j ≥ 1. Then the sum y =

∑
i∈T t

δi is a limit of the
pseudo-convergent sequence (yτ =

∑
i≤τ t

δi)τ∈T of elements of k[[tΦ≥0 ]], but
if we now take any tδ such that δ /∈ Ψj, then y+ z is another limit and if we
consider the sequence of finite sums ỹτ =

∑
i≤τ (t

δi + tδ), it is still pseudo-
convergent and certainly cannot have a (usual) limit in our ring, but it still
has

∑
i∈T t

δi as a limit.
2) The original, and more significant, example is that of the truncations of
the roots of an Artin-Schreier equation attached to a prime number p, such
as

yp − xp−1(1 + y) = 0,

in K[y], with K the perfect closure
⋃
n≥0 k(x

1
pn ) of k(x), where k is an

algebraically closed field of characteristic p, which are the conjugates ζ +
ax, 1 ≤ a ≤ p− 1, of

ζ = x1− 1
p + x

1− 1
p2 + · · ·+ x

1− 1

pi + · · · ∈ k[[x( 1
p∞Z)≥0 ]].

The exponents form a well ordered set of rational numbers and the trunca-
tions form a pseudo-convergent sequence for the x-adic valuation of k[[x( 1

p∞Z)≥0 ]],
which obviously does not converge in the usual sense.

In this case the breadth of the pseudo-convergent sequence is the ideal
{s ∈ k[[x( 1

p∞Z)≥0 ]]|νx(s) ≥ 1}.
This is an example of the method invented by Ostrowski and pursued by
Kaplansky: the sequence of truncations is a pseudo convergent sequence of
algebraic type of elements of K equipped with the x-adic valuation, which
does not have a limit in K. The x-adic valuation of k(x) has a unique
extension νx to K and the extension of νx from K to K(ζ) described in [16,
Theorem 3] is immediate: it changes neither the value group 1

p∞
Z nor the

residue field k. Other interesting examples may be found in [22, Chap. III],
[24] and [28, §4], as well as [7].

Lemma 2.5. (Ostrowski) Given a pseudo-convergent sequence (yτ )τ∈T with
breadth B, and a limit z of the sequence, all other limits are of the form z+z′

with z′ ∈ B.

Proof. See [22, No. 72, p. 386], [16, Lemma 3]. �
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We note that the exponents of ζ have an accumulation point in R. The
series ζ belongs to the integral closure k̃[[x]] of k[[x]] in K. The semigroup
of values on k̃[[x]] of νx also has accumulation points in R (see [30, §10])
but this does not contradict the results of [6, Section 3] about the absence
of accumulation points in semigroups of values of valuations on noetherian
local domains because k̃[[x]] is not noetherian.

3. The valuative Cohen Theorem and its applications

In this section we do not need the residue field to be algebraically closed.
Since R is noetherian, the semigroup Γ = ν(R \ {0}) is well ordered and

admits a natural minimal system of generators

Γ = 〈γ1, . . . , γi, γi+1, . . .〉,

where γi+1 is the smallest element of Γ which is not in the semigroup gen-
erated by γ1, . . . , γi. It is shown in [36, Appendix 3, Proposition 2] that this
set of generators is indexed by an ordinal I ≤ ωh where h is the rank (or
height) of the valuation, which is ≤ dimR.

Let (ui)i∈I be a set of variables indexed by the generators (γi)i∈I of Γ. It
is shown in [30, §4] and more precisely in [31] that the set of formal sums∑
deu

e with de ∈ k and ue a monomial in the variables ui is, with the usual
multiplication rule for series, a generalized power series k-algebra with all
the properties of power series rings, except of course noetherianity if Γ is
not finitely generated. It is regular in any reasonable sense. It is endowed
with a weight by giving ui the weight γi. We denote it by ̂k[(ui)i∈I ]. On this
local domain the weight determines a valuation w; the value of a series is
the weight of its terms of lowest weight. This is, by construction, a rational
monomial valuation. We shall sometimes write w(m) for w(um).

It is proved in [30, §4] that ̂k[(ui)i∈I ] is spherically complete with respect
to its valuation w. The morphism

̂k[(ui)i∈I ]→ k[[tΦ≥0 ]], ui 7→ tγi

is a continuous morphism of spherically complete valued k-algebras, whose
image is k[[tΓ]].
Its kernel is the closure for the w-adic topology of the ideal generated by
binomials um − un corresponding to a system of generators of the relations∑
miγi =

∑
njγj between the generators γi.

The continuous surjective morphism ̂k[(ui)i∈I ] → k[[tΓ]] may be seen as
encoding the minimal embedding of the formal space corresponding to k[[tΓ]]
in a non singular space.

We now recall, from [30, §4], the statement of the valuative Cohen The-
orem, which will allow us to approximate our rational valuation by semival-
uations with finitely generated semigroup.

To a valued local domain R ⊆ Rν with valuation ring Rν , value group
Φ and semigroup Γ ⊂ Φ≥0 is associated a graded ring as follows. Define as
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in [34, Appendix] and [29, Section 2.1] the filtration of R associated to the
valuation ν:

Pϕ(R) = {x ∈ R/ν(x) ≥ ϕ} and P+
ϕ (R) = {x ∈ R/ν(x) > ϕ},

and the associated graded ring

grνR =
∑
ϕ∈Φ

Pϕ(R)/P+
ϕ (R) ⊆

∑
ϕ∈Φ

Pϕ(Rν)/P+
ϕ (Rν) = grνRν ,

where the non-zero homogeneous components of grνR must have degree
ϕ ∈ Γ. We note that P0(R) = R, and P+

0 (R) = m if mν ∩R = m.
As shown in [29, §4], by the defining property of valuation rings, each

homogeneous component of grνRν is a one-dimensional vector space over
kν = Rν/mν . If the valuation is rational, the non-zero homogeneous com-
ponents of grνR are one-dimensional vector spaces over k = R/m = kν and
therefore grνR is a quotient of a polynomial ring k[(Ui)i∈I ] in such a way
that if we fix a minimal system of homogeneous generators (ξi)i∈I of the
k-algebra grνR, which are in bijection with the generators (γi)i∈I of Γ, the
kernel of the surjective morphism

k[(Ui)i∈I ] −→ grνR, Ui 7→ ξi

is generated by binomials (Um` − λ`U
n`)`∈L. Indeed, grνR is isomorphic

as a graded k-algebra to the semigroup algebra k[tΓ] of the semigroup Γ
with coefficients in k, which corresponds to the case where all λ` are equal
to 1 (see [31, Section 3.1]). The generators ξi have degree γi and each is
determined modulo multiplication by an element of k∗.

The generators ξi being fixed, an isomorphism of graded k-algebras be-
tween grνR and k[tΓ] is necessarily of the form

ξi 7→ ρit
γi ,

where the ρi are non-zero solutions ui = ρi of the system of binomial equa-
tions (um

` − λ`u
n` = 0)`∈L. Since k is algebraically closed, one can show

by transfinite induction that such solutions exist. If Γ is finitely generated,
say with b generators, the ρi are the coordinates of a point of a (k∗)r torus
orbit in Ab(k), where r is the rational rank of Φ, which is also the Krull
dimension of grνR (see [29, Proposition 3.1]).

Theorem 3.1. (The valuative Cohen Theorem)
1) Let R be a complete equicharacteristic noetherian local domain and let ν
be a rational valuation of R. We fix a field of representatives k ⊂ R of the
residue field R/m and a minimal system of homogeneous generators (ξi)i∈I
of the graded k-algebra grνR. There exist choices of representatives ξi ∈ R
of the ξi such that the map ui 7→ ξi determines a surjective morphism of
k-algebras

π : ̂k[(ui)i∈I ] −→ R

which is continuous with respect to the topologies associated to the filtrations
by weight and by valuation respectively. The associated graded morphism
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with respect to these filtrations is the morphism

grwπ : k[(Ui)i∈I ] −→ grνR, Ui 7→ ξi

whose kernel is a prime ideal generated by binomials (Um`−λ`Un`)`∈L, with
λ` ∈ k∗.
If the semigroup Γ = ν(R \ {0}) is finitely generated or if the valuation ν is
of rank one, one may take any system of representatives (ξi)i∈I .
2) The kernel F of π is the closure of the ideal generated by elements

F` = um
` − λ`un

`

+
∑

w(m)>w(m`)

cmu
m, cm ∈ k

as Um` − λ`Un` runs through a set L of generators of the kernel of grwπ.
In a slightly generalized sense, these generators form a standard basis of the
kernel of π, with respect to the weight w.
3) One can choose a minimal system of binomial generators for the kernel
of grwπ and the F` may be chosen so that each of them involves only finitely
many of the ui.
4) Denoting by J ⊂ I a set of variables (ui)i∈J minimally generating the
maximal ideal of R, the kernel of π is the closure of the ideal generated by
some of the series (F`)`∈L which we write as

Fi = um
i −λiun

i

+
∑

c(i)
m u

m−ui, for i ∈ I \J, where w(mi) < w(m) < γi,

and finitely many series

Fq = um
q − λqun

q

+
∑

c(q)
m um, with w(m) > w(mq), q = 1, . . . , f.

This is proved in [30, §4] and [31]. For rank one valuations the statement is
a consequence of Chevalley’s Theorem on filtrations of complete noetherian
local rings (see [1, Chap. IV, §2, No. 5, Cor. 4]) and the general case is
obtained by induction on the rank.

Intuitively, the Fi are necessary equations because in the ring R the
(ξi)i∈I\J are series in the (ξi)i∈J , and the Fq become, after elimination of
the variables (ξi)i∈I\J through the equations Fi, the equations defining the
ring R in a formal power series ring k[[(ui)i∈J ]] in accordance with the usual
Cohen Theorem (see [3]). The series (F`)`∈L then constitute a (generalized)
standard basis for the ideal topologically generated by the Fi, Fq.

4. Torific embeddings for rational valuations of rank one with finitely
generated semigroup

In this section we assume that ν is a rational valuation of rank one on the
complete equicharacteristic noetherian local domain R, that the residue field
k = kν is algebraically closed and that the semigroup Γ is finitely generated,
say Γ = 〈γ1, . . . , γb〉. By [30, beginning of §7], this implies that the valuation
ν is Abhyankar (in our case this means that dimgrνR = dimR) and in
particular its value group is ZdimR. We set r = dimR and B = {1, . . . , b}.
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The kernel of the map k[(Ui)i∈B] → grνR is finitely generated so the set L
is finite.
We fix an ordered embedding of the value group Φ in R.

According to Theorem 3.1 there are elements (ξi)i∈B in the maximal ideal
of R whose initial forms (ξi)i∈B constitute a minimal set of generators of
the k-algebra grνR and such that the morphism

(∗) π : k[[(ui)i∈B]] −→ R, ui 7→ ξi

is a continuous surjective morphism of complete noetherian k-algebras whose
kernel is generated by series F` as in 2) of Theorem 3.1.

The embedding of the algebroid space corresponding to R into Ab(k)
corresponding to this morphism is called a torific embedding.

Given a surjective morphism of rings g : S → R and a filtration P =
(Pϕ)ϕ∈∆ of S by ideals, the image filtration in R is the filtration by the ideals
g(Pϕ). The order of an element of R with respect to g(P) is the maximum
of the orders with respect to P of its preimages in S. This maximum exists
in the framework we are in. See [30, Corollary 3.4, Proof of a)].

The image by the morphism (∗) of the filtration of k[[(ui)i∈B]] by weight
is the ν-filtration of R. Since the filtration by weight can also be considered
as associated to the monomial valuation w by smallest weight on k[[(ui)i∈B]],
we may say that The valuation ν is the image by π of the monomial weight
valuation of k[[(ui)i∈B]].
Recall that :
It is proved in [19, Theorem 11], [9, Chap. V, §6] and [4, Chapter 11] that
we have:

Proposition 4.1. Given a finite collection of rational convex cones in Řb

contained in a rational convex cone C, there are regular fans Σ with support
C which are compatible with all the cones of the collection in the sense that
the intersection of any cone σ of Σ with a cone of the collection is a face of
σ.

It is shown in [30, Proposition 3.3, b)] that we have:

Proposition 4.2. For a fixed torific embedding and a choice of generators
(F`)`∈L of the kernel of the morphism (∗) there exist finitely many rational
strictly convex cones (C`)`∈L in the space Řb

≥0 such that any regular fan Σ

with support Řb
≥0 which is compatible with those cones and with the traces

in Řb
≥0 of the hyperplanes (H`)`∈L dual to the vectors (m` − n`)`∈L has the

following properties:
(1) The fan Σ contains a unique r-dimensional rational convex cone

σw = 〈a1, . . . , ar〉 generated by primitive integral vectors a1, . . . , ar

and containing the weight vector w = (γ1, . . . , γb) ∈ Řb in its relative
interior.

(2) In any chart Z(σ) ⊂ Z(Σ) corresponding to a cone σ = 〈a1, . . . , ab〉
of maximal dimension containing σw the vectors a1, . . . , ar generat-
ing the convex cone σw correspond naturally to coordinates y1, . . . , yr.
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(3) The birational toric morphism $(Σ) : Z(Σ) → Ab(k) is such that
the strict transform C̃ of the toric subvariety C of Ab(k) defined by
the binomials (um

` − λ`un
`
)`∈L is non singular.

(4) In a chart Z(σ) as above the center of the valuation w on the bira-
tional model C̃ of C is the point defined by

y1 = . . . = yr = 0, yr+1 = cr+1, . . . , yb = cb with cj ∈ k∗

and y1, . . . , yr are local coordinates on C̃ with rationally independent
values.

(5) The coordinates y1, . . . , yb are Laurent monomials in the coordinates
ui, say yj = uαj and the ring R1 = R[ξα1 , . . . , ξαb ] is a subring of
the valuation ring Rν. The local ring R̃ = (R1)mν∩R1 is called the
algebraic transform of R by the toric modification $(Σ).

(6) The local ring R̃ is regular and its maximal ideal is generated by
the images of y1, . . . , yr, namely the images of ξα1 , . . . , ξαr in the
localization of R1 by mν ∩R.

(7) The values of ξα1 , . . . , ξαr are rationally independent so that the valu-
ation ν on R̃ is induced by the monomial valuation on its completion
k[[y1, . . . , yr]] determined by the values of the yi, whose semigroup is
Nr. These two valuations induce the valuation ν on R.

Definition 4.3. The datum of a torific embedding and a regular fan Σ
with support Řb

≥0 satisfying the conditions of Proposition 4.2 above will be
called a torific uniformizer for ν.

It follows from what we have just recalled that torific uniformizers ex-
ist for any rational valuation with finitely generated semigroup on a com-
plete equicharacteristic noetherian local domain with an algebraically closed
residue field.

Let Σ be a regular fan with support the first quadrant Řb
≥0 and compat-

ible with the hyperplanes (H`)`∈L dual to the vectors m`−n` and the cones
(C`)`∈L, and let σw be an r-dimensional cone of Σ containing the weight
vector w = (w(u1), . . . , w(ub)).

Lemma 4.4. The cone σw of Σ is uniquely determined and contained in
the weight cone W = (

⋂
`∈LH`)

⋂
Řb
≥0.

Proof. Since the vectors m` − n` have entries of different signs, their linear
duals H` meet the interior of the first quadrant of Řb

≥0 so that W is of
dimension r. Since the coordinates of w generate a group of rational rank
r, by [30, Lemma 3.10] the vector w cannot be contained in a rational cone
of dimension < r. The intersection of two cones of Σ containing w or, if σw
was not contained in W , its intersection with W , would be such a cone. �

Let σ ∈ Σ be a cone of maximal dimension containing σw. Write σ =
〈a1, . . . , ar, ar+1, . . . , ab〉. The birational toric morphism Z(σ) → Ab(k) is
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described in coordinates as:

u1 = y
a11
1 . . . y

ar1
r y

ar+1
1
r+1 . . . y

ab1
b

.

.

.

ui = y
a1i
1 . . . y

ari
r y

ar+1
i
r+1 . . . y

abi
b

.

.

.

ub = y
a1b
1 . . . y

arb
r y

ar+1
b
r+1 . . . y

abb
b

From this array follows that the valuations of the yi are the coordinates
of the vector w ∈ σ with respect to a1, . . . , ab. Since w ∈ σw, the values
of yr+1, . . . , yb are zero. Let ξ1, . . . , ξb be elements of R lifting generators
ξ1, . . . , ξb of the k-algebra grνR according to the valuative Cohen Theorem.
Having fixed a torific embedding of R, i.e., a morphism (∗) with generators
of its kernel, we have seen that such an embedded local uniformization
provides us with a composed morphism of valued rings

R ⊂ R̃ ⊂ k[[y1, . . . , yr]] ' k[[tN
r

]].

We know that the corresponding inclusion of associated graded rings has to
correspond to an inclusion grνR ' k[tΓ] ⊂ k[tN

r
].

Proposition 4.5. (Embedded Kaplansky embedding for rational valuations
with finitely generated semigroup)
Let R be a complete equicharacteristic noetherian domain and ν a rational
valuation of R with finitely generated semigroup. Fix a field of representa-
tives k ⊂ R, a torific embedding as above and a torific uniformizer Σ in
Řb
≥0.
(1) The ring R is contained in a uniquely determined regular local ring

R̃ = R[ξα1 , . . . , ξαb ]mν∩R[ξα1 ,...,ξαb ]

as above, endowed with a rational monomial valuation which induces
the valuation of R.

(2) The monomial valuation of R̃ extends uniquely to a rational mono-
mial valuation of its completion k[[y1, . . . , yr]] and we may view this
last ring as k[[tN

r
]], which can itself be identified with a subalgebra

of k[[tΦ≥0 ]], with Φ = Zr, by sending yi to tν(yi). The valuation on
k[[y1, . . . , yr]] and therefore also the valuation ν on R, is induced by
the t-adic valuation of k[[tΦ≥0 ]]. The image in k[[tN

r
]] or k[[tΦ≥0 ]] of

each x ∈ R is of the form

x(t) = ρtν(x) +
∑
δ>ν(x)

cδt
δ with cδ ∈ k, ρ ∈ k∗.

In particular, the image of ξi is of the form ρit
γi +

∑
δ>γi

c
(i)
δ t

δ.
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(3) The image in k[[y1, . . . , yr]] of an element x ∈ R is the strict trans-
form of x by the ambient toric morphism inducing the ν-birational
morphism corresponding to the inclusion R ⊂ R̃.

(4) The center of the valuation ν on R̃ corresponds to the point y1 =
· · · = yr = 0, yr+1 = cr+1, . . . , yb = cb with cj ∈ k∗.
The image in k[[y1, . . . , yr]] of each ξi ∈ R is of the form

ξi 7→ y
a1i
1 · · · y

ari
r (cr+1 + zr+1)a

r+1
i · · · (cb + zb)

abi ,

where the zj for r + 1 ≤ j ≤ b are the images in R̃ of the yj − cj
and are power series without constant term in the y1, . . . , yr, and∑r

j=1 a
j
iν(yj) = γi.

(5) The value of ρi is c
ar+1
i
r+1 . . . c

abi
b . �

4.1. Examples.

Example 4.6. Let k be an algebraically closed field of characteristic p.
By [30, Section 10], the ring k[[x]][y]/(yp − xp−1(1 + y)) valued by the
unique extension of the x-adic valuation, embeds in k[[t]] = k[[tZ≥0 ]] by
x 7→ tp

1−tp−1 , y 7→ tp−1

1−tp−1 . If we want to represent y as a series in x, we have
to take y = ζ, where ζ is the series we have seen above, which is not a
Puiseux series and is only pseudo-convergent.

In this paper we do not address the problem of uniqueness of the embed-
ded Kaplansky embeddings which we build. The only step we take in this
direction is the following:

Example 4.7. This is an elaboration of an example kindly sent by referee
X0.

Let k be an algebraically closed field. Let R = k[[u1, u2]]. Let `, q be
coprime integers not divisible by the characteristic of k and ν a valuation
on R with ν(u1) = `, ν(u2) = q and ν(uq1 − u`2) = q`+ π. Set u3 = uq1 − u`2.
Let a, b be positive integers such that b`− aq = 1 and t a positive integer.
Consider in Ř3 the vectors v1 = (`, q, q`+3), v2 = (a, b, t), v3 = (`, q, q`+4).
The determinant det(v1, v2, v3) is equal to one for any value of t. The convex
cone σ generated by (v1, v2, v3) in Ř3 is regular and contains the vector
(`, q, q`+ π) in one of its faces.

The toric chart $(σ) : Z(σ) → A3(k) defined by σ is given in coordinates
by:
u1 = y`1y

a
2y

`
3, u2 = yq1y

b
2y
q
3, u3 = yq`+3

1 yt2y
q`+4
3 , and the transform of uq1 − u`2

is yq`1 y
aq
2 y

q`
3 (y2 − 1), while the transform of uq1 − u`2 − u3 is

yq`1 y
aq
2 y

q`
3 (y2 − 1− y3

1y
t−aq
2 y4

3).

We choose t = aq and set w = y2−1 so that the completion of the transform
R̃ of our ring R is

k[[y1, w, y3]]/(w − y3
1y

4
3).

From the expressions of u1, u2, u3 we find that ν(y1) + ν(y3) = 1 and that
ν(y1) = 4− π, ν(y3) = π − 3 so that ν(w) = π.
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We are in the situation where the transform R̃ of R is a regular local
ring with coordinates y1, y3 and their valuations are rationally independent.

The morphism of k-algebras determined by y1 7→ t4−π, y3 7→ tπ−3, w 7→ tπ

is an embedding of R̃ into k[[tΦ≥0 ]] with Φ = Z+Zπ. It induces the injection
R ⊂ k[[tΦ≥0 ]] determined by u1 7→ (1 + tπ)at`, u2 7→ (1 + tπ)btq, so that
uq1 − u`2 7→ −(1 + tπ)aqtq`+π = −uq1tπ.

Let us now consider another embedding of R into k[[tΦ≥0 ]], corresponding
to a regular cone σ′ generated by the vectors v1, v

′
2 = (a′, b′, a′q), v3, with

b′`− a′q = 1.
To prove that the two embeddings differ by an inner valuation-preserving

k-automorphism of k[[tΦ≥0 ]], it suffices (see [21, §4.2]) to prove the existence
of a morphism of groups u : Φ→ U , where U is the multiplicative group of
units of k[[tΦ≥0 ]], such that:

• For any series
∑

ϕ cϕt
ϕ ∈ k[[tΦ≥0 ]] the series

∑
ϕ cϕu(ϕ)tϕ belongs to

k[[tΦ≥0 ]].

• (1 + u(π)tπ)au(`)t` = (1 + tπ)a
′
t`,

(1 + u(π)tπ)bu(q)tq = (1 + tπ)b
′
tq, and

(1 + u(π)tπ)aqu(q`+ π)tq`+π = (1 + tπ)a
′qtq`+π.

The automorphism will then be described by
∑

ϕ cϕt
ϕ 7→

∑
ϕ cϕu(ϕ)tϕ.

We see that u(π) = 1 and u(`) = (1 + tπ)a
′−a, u(q) = (1 + tπ)b

′−b satisfy
these conditions. We have that (b′ − b)`− (a′ − a)q = 0, so that b′−b

q
= a′−a

`

is an integer n.
The morphism u : Z+Zπ → U determined by u(1) = (1 + tπ)n, u(π) = 1

gives the desired automorphism provided that∑
r,s

cr,s(1 + tπ)nrtr+sπ ∈ k[[tΦ≥0 ]]

for any series
∑

r,s cr,st
r+sπ ∈ k[[tΦ≥0 ]]. But the set of exponents of this series

differs from the original set by elements of the semigroup generated by 1
and π so that it is well ordered.

Remark 4.8. (from [29, section 4.3]) There is an explicit algorithm describing
how the semigroups of values of the k[[y1, . . . , yr]] fill up the semigroup Φ≥0

as the cones σw become smaller and smaller. By point 1) of the recall we can
view them as belonging to a sequence of refinements of fans with support
Rb
≥0.
Let τ1, . . . , τr be rationally independent positive real numbers and let

Φ ⊂ R be the group which they generate, ordered by the order of R. Let σ0

be a strictly convex regular rational cone of dimension r in Řr
≥0 containing

the vector w = (τ1, . . . , τr). The Jacobi-Perron algorithm produces a nested
sequence

σ0 ⊃ . . . ⊃ σh ⊃ σh+1 ⊃ . . . . . . 3 w

of strictly convex regular rational cones of dimension r converging to w.
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The semigroup Φ≥0 is isomorphic as a semigroup to the semigroup of integral
points in Rr of the half-space

∑r
i=1 τiai ≥ 0 which is the convex dual w̌

of the vector w. The convex duals σ̌h of the cones σh are an increasing
nested sequence of regular convex cones of dimension r contained in w̌
whose integral points σ̌h ∩Zr form nested free semigroups Nr

h which fill up
Φ≥0 because the hyperplane

∑r
i=1 τiai = 0 has no integral point except the

origin.

We can now interpret Proposition 4.5 as showing that, if ν is a rational
valuation with finitely generated semigroup and R is complete, just like in
the case of branches (see [11] and [12]), the formal space corresponding to R
is obtained by deforming the parametrization ui 7→ ρit

γi of the formal space
corresponding to the binomial equations of grνR in ̂k[(ui)i∈I ], which by [31,
Section 3.1] is isomorphic to the space corresponding to k[[tΓ]], into

ui 7→ ξi(t) = ρit
γi +

∑
δ>γi

c
(i)
δ t

δ with c
(i)
δ ∈ k, ρi ∈ k

∗

inside the space with coordinates (ui)i∈I .
Our purpose in this text is to show that the same is true for any rational
valuation, at least in the rank one case.

If we only assume that R ⊂ Rν is excellent and analytically irreducible
with a field of representatives k ⊂ R of its algebraically closed residue field
(see [30, Proposition 7.2]), the valuation ν is induced by the embedding
R ⊂ R̂m ⊂ k[[tΦ≥0 ]] from the t-adic valuation νt of the last ring.

5. Approximating a rational valuation by semivaluations with
finitely generated semigroup

In this section, we show how one can apply the valuative Cohen Theo-
rem to construct a sequence of valuations with finitely generated semigroup
on quotients of R which provide better and better approximations to the
valuation ν. The rank one and algebraically closed residue field hypotheses
are not needed.
Let us choose a finite subset B0 of I which contains:

• The set J of indices of the elements (ξi)i∈J minimally generating the
maximal ideal of R;
• A set of r = rat.rk.Φ indices i1, . . . , ir such that the (γit)t=1,...,r ra-
tionally generate the group Φ;
• The indices of the finite set of variables ui appearing in the equations

(Fq)1≤q≤f .

It is stated in [32, Part 1] and proved in [31] that there is a nested
sequence of finite subsets of I:

B0 ⊂ · · · ⊂ Ba ⊂ Ba+1 ⊂ · · · ⊂ I,

such that
⋃
a∈NBa = I and which approximate the countable ordinal I in

such a way that the following properties hold:
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We denote by B one of the Ba and by ιB the injection k[[(ui)i∈B]] ⊂
k[[(ui)i∈I ]] and consider in R the ideal KB of R generated by the images by
the morphism of k-algebras

π ◦ ιB : k[[(ui)i∈B]] −→ R ; ui 7→ ξi

of the (F`)`∈L whose initial binomial involves only variables whose index is
in B and in which all the ui with i /∈ B have been set equal to 0.
These series are denoted by F`|B. Note that the F` which use only variables
in B are mapped to zero in this operation and the images by π ◦ ιB of the
other F`|B are contained in the ideal generated by the (ξi)i/∈B.

The ideal KB is the image by π ◦ ιB of the ideal KB of k[[(ui)i∈B]] gen-
erated by the F`|B.

Consider the following commutative diagram.

k[[(ui)i∈B]]

πB
**

� � ιB // ̂k[(ui)i∈I ]
π // R

κB

��
R/KB

By [31, Lemma 4.2], the kernel of the surjective morphism π◦ιB is generated
by the (Fi)i∈B\J , (Fq)1≤q≤f and the kernel of πB is generated by the F`|B for
those F` whose initial binomial is in k[[(ui)i∈B]], which include the generators
of the kernel of the morphism π ◦ ιB.

We now recall the main results in [31, Section 4]. See also [32, Part 1].

Theorem 5.1. (Approximation of ν by semivaluations with finitely gener-
ated semigroup)

(1) The ideals KB are prime. The quotients R/KB are of dimension
equal to the rational rank r(ν) of ν and each is endowed with an
Abhyankar valuation νB whose semigroup of values ΓB is finitely
generated by the (γi)i∈B. The valuation νB is the image by the mor-
phism πB of the weight valuation of k[[(ui)i∈B]].

(2) We have the equality ν(KB) = mini/∈Bγi, and
⋂
a∈NKBa = (0).

(3) For any x ∈ R \ {0} there is an a(x) ∈ N such that for a ≥ a(x),
the equality ν(x) = νBa(x mod.KBa) holds.

6. Projective systems of torific uniformizers

In this section we study the relation between torific uniformizers asso-
ciated to two finite subsets Ba ⊂ Ba+1 ⊂ I of variables as in section 5. As
usual ba denotes the cardinality of Ba.
Let Lba−r ⊂ Zba be the subgroup generated by the vectorsm`−n` of Zba . The
corresponding binomials um` − λ`un

` generate the kernel of the morphism
k[(ui)i∈Ba ]→ grνKBa

R/KBa . Since this last ring is of dimension r, the group
Lba−r is of rank ba − r.
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By [8, Theorem 2.1], since grνKBa
R/KBa is a domain, the lattice Lba−r

is saturated in Zba and we have a split exact sequence of Z-modules

(0) −→ Lba−r −→ Zba −→ Zr → (0).

Since by construction Zba is saturated in Zba+1 , it follows that Lba−r is
saturated in Lba+1−r and in Zba+1 .
The group Zr is by construction the group generated by the images of the
elements of the natural basis of Zba in the quotient Zba/Lba−r. It is the group
generated by the semigroup ΓBa = 〈(γi)i∈Ba〉.
The diagram

Zba

��

−→ Zr

Identity

��
Zba+1 −→ Zr

where the left vertical arrow comes from the natural injection of bases, does
not commute.
For example the semigroup Γ0 = 〈2, 3〉 generates Z as a quotient of Z2 by
Z(3,−2). The semigroup Γ1 = 〈4, 6, 13〉 also generates Z as a quotient of Z3

by the subgroup generated by (3,−2, 0) and (5, 1,−2). This corresponds to
the fact that the subgroup of Φ generated by the (γi)i∈Ba may grow with a.

Consider the r-dimensional weight cones Wa ⊂ Řba and Wa+1 ⊂ Řba+1 .
Denoting by πa+1,a : Žba+1 → Žba the natural projection as well as its exten-
sion Řba+1 → Řba , we see that we have the inclusion Wa+1 ⊂ π−1

a+1,a(Wa).
Let us denote by W aff

a = (Lba−r)⊥ the affine hull of Wa in Řba .

Lemma 6.1. (1) The dual Žr ⊂ Žba of the quotient Zba/Lba−r is the
intersection with W aff

a of the integral lattice Žba of Řba.
(2) The equality Lba+1−r ∩Zba = Lba−r holds and entails a natural injec-

tion Zba/Lba−r ⊂ Zba+1/Lba+1−r.
(3) The injection Zba ⊂ Zba+1 decomposes as

ι : Lba−r ⊕ Zr ⊂ Lba+1−r ⊕ Zr,

inducing a Z-linear injection Zr → Zr.
(4) The morphism W aff

a+1 ∩ Žba+1 → W aff
a ∩ Žba induced by the projection

πa+1,a is the dual of the injection Zba/Lba−r ⊂ Zba+1/Lba+1−r.

Proof. An integral point of Wa is an element of Žba vanishing on Lba−r and
thus an element of the Z-dual of Zba/Lba−r. Conversely, Žr ⊂ Žba is the
module of Z-linear forms on Zba vanishing on Lba−r and they are integral
points of Wa.

The second statement follows from the fact that Lba−r and Lba+1−r cor-
respond respectively to relations between the (γi)i∈Ba and (γi)i∈Ba+1 .

The third statement follows from then second one since Lba+1−r is a direct
factor in Zba+1 and the image of Zr in
Lba+1−r ⊕ Zr by the morphism ι cannot meet Lba+1−r.
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The last statement follows from statement 1) applied to Wa and Wa+1.
�

Definition 6.2. Let (ξi)i∈I be a system of representatives in R of the gen-
erators of grνR according to the valuative Cohen Theorem. Let R/KBa and
R/KBa+1 be equipped with the torific embeddings determined by the im-
ages of the (ξi)i∈Ba and (ξi)i∈Ba+1 respectively. A torific uniformizer Σa+1

for R/KBa+1 is compatible with a torific uniformizer Σa for R/KBa if it is
compatible with the (π−1

a+1,a(τ))τ∈Σa . In view of Definition 4.3, the fan Σa+1

is also compatible with Wa+1.

Lemma 6.3. Given a torific uniformizer for R/KBa, there exist compatible
torific uniformizers for R/KBa+1.

Proof. This follows immediately from Proposition 4.1. �

Let us denote by wa the vector (w(u1), . . . , w(uba)) ∈ Řba and by wa+1

the vector (w(u1), . . . , w(uba), . . . , w(uba+1)) ∈ Řba+1 .
By Lemma 4.4, the fan Σa must contain a unique r-dimensional regular
cone σwa containing wa in its relative interior, and similarly for Σa+1 and
wa+1. Since the fan Σa+1 is a uniformizer, it must be compatible not only
with the hyperplanes H` but also with the rational convex cones derived
from the exponents appearing in the generators of the kernel of the map
k[[(ui)i∈Ba+1 ]]→ R/KBa+1 as in Proposition 4.2.
In particular, if γi(a) = mini/∈Baγi, this kernel contains the series Fi(a) so that
the cone σwa+1 must be entirely on the positive side of the hyperplane of
Žba+1 linearly dual to the vector εi(a) − ni(a), where εi(a) is the basis vector
of Zba+1 corresponding to the variable ui(a).

Let us write σwa+1 = 〈ă1, . . . , ăr〉. Since Σa+1 is compatible with Σa, we
can choose a maximal regular cone σa+1 of Σa+1 containing σwa+1 and whose
image by πa+1,a is contained in a maximal regular cone σa of Σa.

Lemma 6.4. We must then have

σwa = σa ∩Wa, σwa+1 = σa+1 ∩Wa+1, and πa+1,a(σwa+1) ⊆ σwa ,

Moreover, πa+1,a(σwa+1) is of dimension r.

Proof. The proof is the same as that of Lemma 4.4 since by construction
πa+1,a(σwa+1) contains wa and is contained in a cone of Σa. �

The following diagram of toric morphisms and inclusions of orbits and
points

Z(Σa+1)

π∗a+1,a

��

←↩ Z(σa+1)

��

←↩ o(σwa+1) 3

��

ca+1

��
Z(Σa) ←↩ Z(σa) ←↩ o(σwa) 3 ca
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where the inclusions on the left are affine charts and those on the right are
the inclusions of r-codimensional orbits and of the centers of νBa in Z(σa)
and νBa+1 in Z(σa+1), is commutative.
Thus, there are bases

a1, . . . , ar, ar+1, . . . , aba and ă1, . . . , ăr, ăr+1, . . . , ăba+1

of the lattices Žba and Žba+1 , respectively generating the cones σa and σa+1,
and such that the vectors a1, . . . , ar generate the cone σwa and ă1, . . . , ăr

generate the cone σwa+1 .
After Lemma 6.4, in these bases the map of lattices πa+1,a : Žba+1 → Žba is
described by:

πa+1,a(ă
1) = e1

1a
1 + · · ·+ er1a

r

.

.

.
πa+1,a(ă

r) = e1
ra

1 + · · ·+ erra
r

πa+1,a(ă
r+1) = e1

r+1a
1 + · · ·+ err+1a

r + er+1
r+1a

r+1 + · · ·+ ebar+1a
ba

.

.

.
πa+1,a(ă

ba+1) = e1
ba+1

a1 + · · ·+ erba+1
ar + er+1ba+1a

r+1 + · · ·+ ebaba+1
aba

with eji ∈ Z≥0 since the image of σa+1 is contained in σa.
Taking now the dual bases of Zba and Zba+1 , which are respectively in

bijection with generators y1, . . . yba and y̆1, . . . y̆ba+1 of the polynomial alge-
bras corresponding to the free semigroups σ̌a ∩ Zba and σ̌a+1 ∩ Zba+1 and
applying the general theory of toric morphisms, we obtain that:
there are coordinates y1, . . . , yr, yr+1, . . . , yba and y̆1, . . . , y̆r, y̆r+1, . . . , y̆ba+1

on Z(σa) and Z(σa+1) respectively, such that the toric morphism
Z(σa+1)→ Z(σa) is described by:

y1 7→ y̆
e11
1 . . . y̆

er1
r .

.
(∗∗) .

yr 7→ y̆
e1r
1 . . . y̆

err
r

yr+1 7→ y̆
e1r+1

1 . . . y̆
err+1
r y̆

er+1
r+1

r+1 . . . y̆
e
ba+1
r+1

ba+1

.

.

.

yba 7→ y̆
e1ba
1 . . . y̆

erba
r y̆

er+1
ba
r+1 . . . y̆

e
ba+1
ba
ba+1

,

where, as we saw, the eji are the coordinates in the basis of the genera-
tors of σa of the images by πa+1,a of the generators, properly numbered,
ă1, . . . , ăr, . . . , ăba+1 of the cone σa+1.
We note that the matrix of the (eji ), 1 ≤ i, j ≤ r is not unimodular in general
because πa+1,a(W

aff
a+1 ∩ Žba+1) may be a strict sublattice of W aff

a ∩ Žba , and
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thus may correspond to a toric morphism Z(σwa+1) → Z(σwa) of degree
> 1.

For i ∈ Ba, consider, in the completion k[[y1, . . . , yr]] of the algebraic
transform R̃a of R/KBa by the toric modification of Aba(k) corresponding
to the fan Σa, the image ξ(a)

i of ξi by the composed morphism

R −→ R/KBa ↪→ R̃a ↪→ k[[y1, . . . , yr]].

By Proposition 4.5, we have

(S) ξ
(a)
i = y

a1i
1 . . . y

ari
r (cr+1 + zr+1)a

r+1
i . . . (cba + zba)

abai ,

where cj ∈ k∗ and the zj are power series without constant term in y1, . . . , yr.
The cj depend on a since they are coordinates of the center of the valuation
in o(σwa).

If we embed k[[y1, . . . , yr]] in k[[tΦ≥0 ]] by yi 7→ tν(yi), we have inνtξ
(a)
i =

c
ar+1
i
r+1 . . . c

abai
ba
tγi , where νt denotes the t-adic valuation of k[[tΦ≥0 ]].

7. The embedded Kaplansky embedding Theorem for rational
valuations of rank one

In this section we show that if the rational valuation ν is of rank one,
the embedded Kaplansky embeddings for the Abhyankar semivaluations on
the quotients R/KBa give rise to embedded Kaplansky embeddings for R.
Our index set I is assumed to be infinite and of ordinal ω.

In characteristic zero, examples of rank one valuations with infinitely
generated semigroup on the ring R = k[[x, y]] can be obtained from series
y(x) ∈ k[[xQ≥0 ]] with a well ordered set of exponents having unbounded de-
nominators. By Newton-Puiseux, for any non-zero h(x, y) ∈ k[[x, y]] we have
h(x, y(x)) 6= 0 and its order in x determines the valuation of h(x, y), with
values in Q≥0. Generators of the ideals KB ⊂ k[[x, y]] of section 5 then ap-
pear as the equations of the formal branches whose Puiseux expansions are
suitable truncations, with exponents having bounded denominators, of the
series y(x). The truncations must correspond to keeping only the exponents
which have a common denominator. The generators γi of the semigroup are
the valuations of these equations, which corresponds to the first part of As-
sertion 2) of Theorem 5.1. For references and more details see [29, Example
4.19].

A different approach to the Kaplansky embedding theorem for rings in
the mixed characteristic case can be found in the work of San Saturnino,
see [27, Theorem 4.1]. We believe that the method presented here, begin-
ning with the valuative Cohen Theorem, can be extended to the mixed
characteristic case.

Theorem 7.1. (Embedded Kaplansky embedding for rational valuations
of rank one) Let ν be a zero dimensional valuation of rank one on a com-
plete noetherian equicharacteristic local domain R with algebraically closed
residue field k. Fix a field of representatives k ⊂ R. Let (ξi)i∈I in R be such
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that the valuative Cohen Theorem holds and let

π : ̂k[(ui)i∈I ]→ R, ui 7→ ξi

be the presentation given by the valuative Cohen Theorem. Let Φ denote the
value group of the valuation. Then there exist Hahn series ξi(t) ∈ k[[tΦ≥0 ]],

ξi(t) = ρit
γi +

∑
δ>γi

c
(i)
δ t

δ with c
(i)
δ ∈ k, ρi ∈ k

∗

such that R is the image of the morphism

̂k[(ui)i∈I ]→ k[[tΦ≥0 ]], ui 7→ ξi 7→ ξi(t).

The valuation ν on R is induced from the t-adic valuation of k[[tΦ≥0 ]] through
the inclusion R ⊂ k[[tΦ≥0 ]] determined by ξi 7→ ξi(t).

Proof. We juxtapose the formulas (S) at the end of the preceding section
for Ba and Ba+1 and map R to k[[tΦ≥0 ]] through R/KBa+1 by mapping y̆i
to tν(y̆i). Then we map R̃a to R̃a+1 and so k[[y1, . . . , yr]] to k[[y̆1, . . . , y̆r]]
through the morphism described by (∗∗).
The images ξ(a)

i and ξ(a+1)
i now both have expressions as series in the y̆i with

1 ≤ i ≤ r.
We define embeddings of k-algebras k[[y1, . . . , yr]] ↪→ k[[tΦ≥0 ]] and k[[y̆1, . . . , y̆r]] ↪→
k[[tΦ≥0 ]] by ys 7→ tν(ys) and y̆s 7→ tν(y̆s) respectively.
In view of the monomial nature of the morphism described by (∗∗), the first
embedding coincides with the composition

k[[y1, . . . , yr]] ↪→ k[[y̆1, . . . , y̆r]] ↪→ k[[tΦ≥0 ]], y̆s 7→ tν(y̆s).

We may now view the images of ξ(a)
i and ξ

(a+1)
i as series in t, denoted by

ξ
(a)
i (t), ξ

(a+1)
i (t).

It follows from the definition of the idealsKBa that we have the inclusions
KBa ⊂ KBa+1 + ((ξj)j /∈Ba): indeed, the difference between the F`|Ba+1 and
the F`|Ba concerns only those F` whose initial binomial either

(1) is in k[(Ui)i∈Ba ] and in those, in the definition of the F`|Ba+1, we
keep the variables ui with i ∈ Ba+1 \ Ba so that the images in R
differ by an element of the ideal generated by the (ξj)j∈Ba+1\Ba , or

(2) involves a variable ui with i ∈ Ba+1 \ Ba and then its image in R is
in the ideal generated by the (ξj)j /∈Ba+1 .

In both cases, their images in R therefore differ only by an element of the
ideal generated by (ξj)j /∈Ba . The valuation of this ideal is minj /∈Baγj.

By Theorem 5.1, for each index i ∈ I there is a smallest integer a(i)
depending on i such that i ∈ Ba(i), ξi /∈ KBa(i) and νBa(ξi mod.KBa) = γi
for a ≥ a(i).
Given a ≥ a(i), the images of ξi in R/KBa and R/KBa+1 have the same
image in R/KBa+1 + ((ξj)j /∈Ba). The series ξ(a)

i (t) and ξ(a+1)
i (t) with i ∈ Ba

which we have just seen are therefore equal modulo the ideal of k[[tΦ≥0 ]]

generated by the (ξ
(a+1)
j (t))j /∈Ba and thus differ by an element of t-adic

value ≥ minj /∈Baγj. Let us denote this value by γa.
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The γi are cofinal in Γ because Γ has ordinal ω and for every a there is a
t(a) ∈ N such that have γi < γa < γa+t(a).
From the first inequality we deduce that inνtξ

(a+1)
i (t) = inνtξ

(a)
i (t) so that

inνξi has a well defined image in grνtk[[tΦ≥0 ]] = k[tΦ≥0 ]. This entails rela-
tions between the cj and the c̆j, which follow from the fact that they are
coordinates of the centers of the same valuation.
With our usual notations, the preceding discussion implies

(PC) ξ
(a+1)
i (t)− ξ(a)

i (t) ∈ Pγa(k[[tΦ≥0 ]]).

Given i ∈ I, we start from Ba(i). Using Lemma 6.3 we build a projective
system of torific embeddings as in section 6. We obtain a sequence of series
(ξ

(a)
i (t))a≥a(i) satisfying the inclusions (PC).

It follows that, perhaps after restricting the indices a to a cofinal subset of
N, the (ξ

(a)
i (t))a≥a(i) form a pseudo-convergent sequence in k[[tΦ≥0 ]].

By [6, Section 3], the semigroup Γ can have no accumulation point in R, so
that the breadth of the pseudo-convergent sequence is zero and its limit is an
element ξi(t) ∈ k[[tΦ≥0 ]] which is well defined and independent of a ≥ a(i).
Its νt-initial form can be denoted by ρitγi .

As we saw in section 3, the map of graded k-algebras determined by
inνξi 7→ ρit

γi establishes an isomorphism between grνR and k[tΓ] ⊂ k[tΦ≥0 ].
This implies that the morphism of k-algebras R → k[[tΦ≥0 ]] determined by
ξi 7→ ξi(t) is injective. �

7.1. Remarks. 1) As the index a ≥ a(i) grows, the images in σwa(i) of the
σwa+1 by the compositions of the maps πa+1,a become smaller and smaller
and the value semigroups Nr ⊂ Φ≥0 of the k[[y1, . . . , yr]] become larger and
larger. If for some a0 the image of the cone σwa+1 is equal to σwa for a ≥ a0,
the semigroup Φ≥0 is equal to Nr so that it is well ordered and this can
happen only if r = 1.
2) The same argument shows that if we had started from a different sequence
of finite subsets B′a′ approximating the ordinal I, and thus a different se-
quence of ideals KB′

a′
, the limits ξj(t) would be the same since we have

inclusions of the form Ba ⊂ B′a′ ⊂ Ba+k ⊂ B′a′+`.
3) There remains the problem of understanding to what extent the embed-
ded Kaplansky embeddings are independent, up to an inner automorphisme
of k[[tΦ≥0 ]], of the projective system of torific uniformizers.
4) The valued fields which are the fraction field of an excellent, and in
particular noetherian, local domain with an algebraically closed residue field
are rather special. Apart from the completeness, the noetherianity of R plays
an essential role in this text, first by the valuative Cohen Theorem, and
second by the fact that the semigroups of values are well ordered and have
no accumulation points in Φ ⊗Z R. It would be interesting to revisit from
this perspective, beginning with [16] and [17], the existing counterexamples
to the uniqueness of Kaplansky embeddings in the theory of valued fields.
This applies also to the condition Φ = pΦ when k is of characteristic p as
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suggested by examination of the proofs of Lemmas 12 and 13 in [16] or of
example 4.6 when one replaces k((x)) by its perfect closure.
5) The author is convinced that there is a result similar to Theorem 7.1 for
rank > 1 but then the breadths of the pseudo-convergent sequences built
from the R/KBa are more difficult to understand and therefore so is what
determines the embedded Kaplansky embedding.

7.2. Aknowledgements. The author is very grateful to the referees, es-
pecially the one known to him as X0, whose informed and constructive
criticisms have led to very substantial improvements in the text.
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