Mathematics and Narrative: why are stories and proofs interesting?

Bernard Teissier

Si non e vero, e bene trovato
.         Italian saying
La limite de la vérité n'est pas l'erreur, c'est l'insignifiance.
      René Thom 

There are many types of narrations, from the myths of origin of the world  or the origin of men and animals to the ship logs of maritime explorers, from the stories told to put children to sleep to the works of literature -including poetry- or theater. One can also remember the joke mentioned by Kipling in one of his letters from Japan about the person who, having borrowed a dictionary, gives it back with the comment that the stories are generally interesting, but too diverse.

The concept of narration is not fixed in time and varies with location. Is a haiku a narration? Is Heraclitus' ''panta rhei''
 the concise narration of a part of his experience with the world?

There are also many sorts of mathematical texts, and just as the most widely known narratives nowadays seem to be novels, the most widely known mathematical texts are probably proofs. 

The concept of mathematical text is also far from constant in time, and varies also a little with the local traditions.

One of the differences between narration and proof which I would like to underline is that the narration, among other things, provides vicariously the experience of a path in a set (or a graph) of interactions between characters, which may be humans or collections of humans, or objects of the world around us. Usually the reader of a narrative has no difficulty to identify himself with the characters or at least to capture their essence. In some narratives, however, characters which cannot exist in the real world are created to fulfill a specific role and then the identification may become more delicate, and interesting. 

Proofs are also, among other things, paths in a graph of logical interactions between statements. But the statements may be created along with the path. In proofs some new objects may be created to fulfill a specific role, say a function space or a precise algebraic variety with a precise group action. 

The mathematician, however, usually has more difficulty with identifying himself with the ''characters'' of the proof, and therefore, while the « understanding » of a narration is usually direct, the understanding of a proof is more often of the nature of a sudden illumination, when all at once ''everything fits together''. Of course the value of some narrations may be in their metaphorical or symbolic nature, and then the understanding is somewhat closer to the understanding of a proof. 

But what exactly do we mean by understanding a proof ? it is certainly not the logical structure of the proof which illuminates us. I claim that the understanding of a proof is meaning-based and not logic-based. Perhaps we understand a proof only when we can understand it as a narration.

We understand when we have extracted from the proof a scheme which, through an array of analogies and interpretation of mathematical objects in terms of our primitive experience of the world, is compatible with that experience. Of course we learn to make these analogies and interpretations when we train as mathematicians and later as we try to understand Mathematics. 

This is a problem which we do not usually meet when exposed to a narrative, because it is expressed directly in terms of our world experience (there are counterexamples, where the narrative is more language-led, to some extent as in Mathematics; think of Joyce's Ulysses or the charming nonsense rhymes of Lewis Carroll, which put us in the situation of an infant trying to make sense by the context of words whose meaning he does not know, and we love that feeling!). But narration has no intrinsic truth, while the meaning of Mathematics is more remote.

The two aspects which I wish to explore in Mathematics and Narrative are exactly these: we expect Mathematical texts to be ''true'' according to a certain precise definition, and this is indeed a very strong constraint. We do not expect narratives to be ''true'' in the same sense (hence the Italian quotation at the beginning of this text); think of Marco Polo's account or of Alice in Wonderland, but we do expect them to be meaningful. The connexion I wish to establish between Mathematics and Narrative is that in fact Mathematics has to be meaningful in a strong but not obvious sense, and Narrative has to be true also in a strong but not obvious sense. The reason is quite simple: they are both products of the interactions between our (physical, emotional) perception of the world and certain very strong and mostly unconscious pulsions, some of which are related to the Freudian unconscious but many of which are of a different nature which remains to be explored.

One extreme example of analysis of a special set of narratives is the work of Lévi-Strauss on collections of amerindian myths (see [L-S]). Is is as elaborate as the analysis of the structure of some mathematical texts could be, if it were ever done in the same spirit. However the analysis of mathematical texts seldom tries to bring to light their « hidden meaning » and the manner in which that meaning interacts with the structure, as Lévi-Strauss does; it is mostly concerned with checking their correctness and understanding and refining the tools used.

This illustrates the fact that one of the obstacles to understanding the relation between Mathematics and Narrative is that, two centuries after Kant, the dominant scientific culture has not yet completely accepted the fact that meaning is not reducible to rational and conscious thought. 

 I propose that one should distinguish between the foundations of truth and the foundations of meaning. It will then become possible to examine the real differences -and similarities- between narrative meaning and mathematical meaning, and the differences -and similarities- between the pulsions which lead to the creation of narrations and those which lead to the creation of Mathematics.

 The foundations of meaning are just as necessary to scientific thought as the foundations of truth. The recent progress of cognitive studies open radically new possibilities in the search for foundations of meaning. This progress provides the beginning of a new understanding of our perception of the world, of memory and of the myriads of unconscious events which we host. This understanding is a source of new concepts and allows us to imagine new modes of explanation which take into account our unconscious relationship with the world, and which should replace the hopeless attempts to analyze meaning ''rationally'' with the help of words such as ''metaphor'', whose meaning itself has to be explained in termes of other words, and so on in an endless flight before the true issues.

 I propose to present a first view, extremely rudimentary, of the ''cognitive meaning'' which I hope may shed some light on the relations between Mathematics and Narrative.

 There are two types of ingredients:

( A cognitive interpretation of some primitive mathematical objects. The progress of neurosciences allows us to begin to see the biological basis of the irreducible constitutive role of space and time in our representation of phenomena, a role on which Kant, Poincaré, Hermann Weyl, Enriques, and others have insisted so much.

( The energy source and structuration provided by what I call ''low level thought''. This terminology is not disparaging at all; it is inspired by the study of vision, which really took off when physiologists tried the humble approach of trying to modelize ''low level vision'', which is the ''immediate'' part of vision, before color and before any interpretation. Admittedly, this concept itself is not perfectly clearly defined, but neurophysiology begins to provide a very intricate and convincing description of the way it works in higher mammals and man, and of the role of the various visual areas in the brain.

By ''low level thought'' I mean involontary and most often unconscious thought processes. It includes involontary judgments such as making the distinctions immobile/mobile, inhomogeneous/homogeneous, the fact that we automatically compare things which are comparable, for example in their size, detect temporal or spatial regularities, or symmetries, make analogies, distinguish between an object and its attributes, identify objects which exactly share features of interest to us. It also includes what are apparently fundamental needs, or pulsions of the human mind, such as the obstinate search for causes or origins, the need to ask, whenever A implies B, whether B implies A, the need to project into the future, to predict, to create rituals, to complete what is incomplete, to decompose a complex object or mechanism into simple objects or mechanisms, to classify, and many others.

The study of this ''low level thought'' remains to be done. It is so close to us that we do not see it. It appears, nevertheless, at each step of ''rational'' thought, even in the most abstract domains. To make a list of low level judgments and pulsions is in itself a challenge. 

It seems that Augustinus (as far as time is concerned, in the Confessions) and in a more philosophical manner Aquinas and Maimonides were the first to clearly recognize, in the special case of the attributes of divinity in their respective religions, that such automatisms of thought could lead to paradoxes (see [M]) 
. Another example is this: a stone can be used to grind cereals or to bash your enemy's head: it is an operator, producing different results according to the object to which you apply it, just like addition, or partial differentiation (as first seen apparently by Georges Boole). Do we have an innate notion of ''operator'', which also applies in narrations? For example do we also perceive time as an operator, which modifies beings? 

The common idea of these two ingredients is that our brain is the seat of unconcious and unvoluntary activities, of which a part resembles Mathematics, and that these unconscious activities interact with our conscious activities as reservoirs of meaning.

What we perceive as meaning is in fact a resonance produced by our physiology between our conscious thought and the structure of the world such as it is integrated, unconsciously, by our senses. This resonance is far from being an isomorphism in the sense described below; on the contrary it has to be supple enough to propagate along very elaborate linguistic and formal constructions.  In what follows I will try to illustrate this idea in the simplest examples.

Let us now come back to the cognitive interpretation of mathematical objects; I have begun to work out the case of the line. It goes as follows (for more details I refer to [T4]):

The cognitive foundations of the real line

( The vestibular line (for more precise information, see the beautiful book [B1] of Alain Berthoz, and a synthetic presentation in [B3]). The vestibular system, in the inner ear, measures with a good precision the accelerations of all kinds. It plays an important role in the survival of bipeds because it provides an extremely fast response when the subject stumbles; the head is shot forward with a high acceleration. It is also used to compensate for the up-down motion of the head during the walk in order to provide a rather stable view of our environment. Above all, with memory, it constitutes an excellent inertial navigation system keeping a trace of all our accelerations. According to the principle of Galilean relativity, the only motion which gives no signal (except the up-down head motion, whose treatment is distinct from the rest) is walk at constant speed in a fixed direction. Of course the neurophysiological description is much richer than this.

We shall call this dynamic state of motion with minimal excitation the vestibular line. We note that it is naturally parametrized by time, and rythmed by the steps. The only way to know where one after walking blindfolded at constant speed in a fixed direction is to use a clock, biological or not, or to count the steps.

( The visual line (see [B1], and [N]). The optic nerve transmits electrical impulsions produced in the retina by the impact of photons to neurons among which some react to the presence in a given direction (of sight) of a small segment with a given orientation. Neurons corresponding to sufficiently close directions excite one another if they detect segments with the same orientation , much more than if they detect segments with different orientations. One might say the parallel transport is cabled in the visual system, although reality is much more complex. The geometry of connexions between neurons does not determine the working of the visual system, which depends also on dynamic interactions between the visual areas, between the two hemispheres of the brain, and more. One prefers to speak of the functional architecture of the visual areas. In any case, this architecture permits the detection of curves and, among curves, to isolate straight lines, where a straight line is ''a curve having everywhere the same orientation'' according to the perceptual definition of Jacques Ninio (see [N]). It seems that already in the « first » visual area V1, by a network of excitations and inhibitions of neuronal activity contours, or lines, are detected, and lines play a special role in visual areas following V1. In summary, detection of a line (or more accurately, a segment) corresponds to a particular state of excitation (probably extremal in some sense) of an assembly of neurons of the visual cortex. We shall call such a state a visual line. One must insist on the fact that the existence of the visual line in this sense is by no means obvious, and that strong evidence pointing to it is quite recent.

 Now enter the very strong relations existing in our brain between the visual system, the motor system and the vestibular system. These relations have been studied in particular in the laboratory LPPA of A. Berthoz at the Collège de France and amply justify Poincaré's intuition (see [P]) that the position of an object in space is related to the set of muscular tensions corresponding to the movement we must make to seize it by the equivalent of a coordinate change. It is permissible in my opinion to claim that the evolution of our perceptual systems has created an isomorphism between the visual line and the vestibular line. I tried to show its importance for the meaning of the mathematical line in [T3], where I gave it the name of Poincaré-Berthoz isomorphism.

 It is not an isomorphism in the set-theoretical sense; I cannot exhibit a bijection of one object onto the other respecting the structures, since both are dynamic states of neuronal assemblies. It would perhaps be more appropriate to speak of ''correspondence''. It is possibly an isomorphism in a category of percepts. In any case it allows us to transport the structure from one line to the other ; we can use it to parametrize the visual line by time. This is what allows us to imagine that me are moving along a geometric line, more generally that any movement takes place along a curve or a graph, and also to accept as obvious the fact that time is described by the geometric line, as well as the continuity properties of the set of real numbers, its archimedian property (in a finite number of steps I move beyond any given point on the line). This is the kind of picture of which Einstein said that they played an important role in his thought processes.

Comments on the cognitive line

 I suggest that the signification, or meaning, of the mathematical line is the protomathematical object obtained by identification of the visual line and the vestibular line, and that the ''mathematical intuition'' which is at work in a proof concerning real numbers has its origin there much more than in the definition of the reals by completion of the rationals or by the fact that they form a real-closed field.

 I can see a proof concerning real numbers as a narration taking place on the real line where its visual aspect is complemented by the fact that it contains in a way which is natural for me the integers (steps) and also the rationals. I see what it means that a sequence converges, or that a subset is discrete.

 An interesting aspect of the Poincaré-Berthoz isomorphism is that the visual line and the vestibular line do not have the same natural automorphisms. The only natural automorphisms of the vestibular line are the translations x( x+b, or at most affine transformations x(ax+b if one permits different speeds of uniform translation. Concerning the visual line, or segments, any two closed segments in space are equivalent by an affine automorphism ot the ambient space (which appears as ''external'' from the vestibular viewpoint) and in particular are comparable (can be brought to lie on the same line) at the price of a length-preserving linear automorphism, even if they do not originally lie on the same line. It is possible that this simple fact, added to the low-level pulsion to ''compare what is comparable'' lies at the source of the Greek theory of ratio, or logos, which is so beautifully explained in David Fowler's book [F]. The question of comparing with absolute precision two segments in space is solved by the Greeks by first bringing both to lie on the same line by an affine isometry of the ambient space as above, then counting how many times (say a0) the smaller one ''goes into'' the larger one, The next step is to count how many times the segment obtained by substracting a0 times the smaller segment from the larger (the remainder) one goes into the smaller segment, obtaining a new integer a1, and one continues in this way. The ratio of two segments is thus described by a sequence of integers, which is infinite if the ratio is irrational. In more modern terms, it is the continued fraction expansion of the real number which is the quotient of the length of the larger segment by the length of the smaller. A degenerate version of this operation, its restriction to ratios which are rational numbers, survives in our mathematics classes under the name of Euclid's algorithm.

 Another aspect of the Poincaré-Berthoz isomorphism is that it identifies the visual continuum with the continuum of motion, which has enormous consequences. It permits the invention of the notion of trajectory parametrized by time, subsequently the concept of function, that of speed, and finally of space-time!

 I believe that important mathematical developments, and in particular the nebula of ideas surrounding Cantor's set, owe their birth to the apparent contradiction between the cognitive definition of the line (or segment) and the (low-level) need to understand a segment as a set of points. This is related to another important cognitive concept, that of boundary. It is certainly fascinating to see Aristotles' cognitive and low level thought interact when he studies the possibility that space and time are made of indivisibles. 

 This type of analysis extends to the plane and to space. For example the plane can be parametrized in two different ways by the vestibular system: cartesian coordinates and polar coordinates. But the perceptual de finition of space is more complicated from both the visual side (it uses binocular vision in a way which is not so simple) and the vestibular side (we cannot leave the plane so easily). Only the motor aspect is fairly straightforward if one has the neurophysiological data. But since a large part of the problem is to understand the integration of all these perceptions, a lot remains to be done. I refer again to [B1] and [B3].  

 From such primitive but highly meaningful mathematical objects, our conscious thought constantly spurred on by our unconscious ''low level thought'' has, by a number of processes, built the world we call Mathematics. I am tempted to say that a mathematical statement, or text, is deemed ''interesting'' if it can be ''connected down'' to a set of primitive mathematical objects, such as the line just described, by a succession of operations each of which corresponds (perhaps not very precisely) to the satisfaction of a set of low level pulsions/desires. This statement is perhaps a bit outrageous, and counterexamples may spring to mind, but still I claim that it has some interest.

The concept of proof is important because the behavior of the new mathematical objects created to answer pulsions tends to be unpredictable and generate paradoxes, and therefore we need to really learn their « character » precisely.

What about narration, then? while in Mathematics objects are often described by their definitions and denoted by letters, and we seek their meaning, in narrations we have  a priori meaningful characters or events, but the truth of the narration is in the coherency or compatibility between the nature of the characters we see and their behavior.  For example in La Chartreuse de Parme we learn a lot about the character of Fabrice from the description of his behavior during the battle. Thereafter, in each circumstance, we expect him to behave in a certain way. The truth of the novel is that indeed he does, essentially. According to Christian tradition, after death, the soul goes away. Now our low level thought likes to have operators when there are operations. So ''something'' has to take the soul away. And the devil is a good candidate, although not the only one. So there are many stories where the devil tries to steal the soul before its time, or to negociate the soul, and so on. The « truth » of these stories is that the devil behaves in character. If we could reduce proofs to checking a sequence of logical implications in some formal description of the mathematical objects involved, could we not say that the formal description captures the ''character'' of the objects and that the proof consists in checking that they behave according to their character?

But even in the case of narration, the fact that each behaves according to character does not in general give the meaning of the narration. In novels as in myths, the characters are chosen according to the meaning one wishes to give to the narration. Historians have to make a conscious effort not to 

Conclusion

Both in Mathematics and in Narration,  a text is a dialogue between meaning and truth, which runs in part according to our low level thinking and pulsions and in part according to our conscious thoughts. Its referents for meaning are mostly unconscious and stem from our perception of the world, either through our perceptual system or though our social interactions, which we share with primates to a large extent. What makes the narration or the mathematics interesting is the vivacity of the dialogue and its coherence as a construction, again from the viewpoint of our low level thinking.

The following experiment (carefully prepared and controlled as ethologists do) was published in Nature some 10 years ago, and I learnt of it from Dominique Lestel, a primatologist at the Ecole normale supérieure:

Two chimpanzees are simultaneously given bowls of grapes. They have been taught that whenever one of them takes a bowl it shall be given to the other. The bowls contain different numbers of grapes, and the experiment shows that each chimpanzee just cannot resist the desire to take the bowl with the larger number of grapes. It even makes them furious as they understand fully that this is a mistake. When the similar experiment is made where grapes are replaced by balls of clay the chimps have no problem whatsoever in making the right choice to optimize the number of balls of clay they get. Their logic is no longer overwhelmed by desire. The account of the first part of the experiment is a micro-tragedy, an almost Shakespearian narration at its scale, and the second part is a simple exercise in logic. I hope to have convinced you, however, that the relationship between Mathematics and Narrative goes much deeper that the struggle between reason and desire; they have in common that their creation is the result of strong pulsions, some of which are common to both, and of which we are largely unaware. The novelty is that we can begin to imagine in a non-reductionist manner how the material which I call « meaning » on which these pulsions work is connected to the functional architecture of our brain.
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� If it is not true, it is well invented. 


� The limit of truth is not error, it is insignificance.


� All things are flowing.


� One of the most beautiful discoveries of religious thought, implicitely presented in the case of Judaism by Maimonides in [M] in his effort to clarify such paradoxes, is that of the being who does nothing but exist, without any attribute. It is the generic being, about whom the only possible realistic narration is the empty narration. I find intriguing the fact that it is also a possible meaning of the Greek word « Zeus »; mythologists probably have a lot to say about this. 








