SEMIGROUPS OF VALUATIONS ON LOCAL RINGS, II

STEVEN DALE CUTKOSKY, BERNARD TEISSIER

Let (R, mp) be a local domain, with quotient field K. Suppose that v is a valuation
of K with valuation ring (V,my). Suppose that v dominates R; that is, R C V and
my N R =mpg. The value groups I' of v which can appear when K is an algebraic function
field have been extensively studied and classified, including in the papers MacLane [?],
MacLane and Schilling [?], Zariski and Samuel [33], and Kuhlmann [17]. The most basic
fact is that there is an order preserving embedding of I' into R™ with the lex order, where
n is the dimension of R. The semigroups

ST(w) ={v(f) | f € mgr — {0}
which can appear when R is a noetherian domain with fraction field K dominated by v,
however, are not well understood, although they are known to encode important infor-
mation about the ideal theory of R and the geometry and resolution of singularities of
SpecR.
In Zariski and Samuel’s classic book on Commutative Algebra [33], two general facts

about semigroups SR(V) of valuations on noetherian local domains are proven (in Appen-
dix 3 to Volume II).

1. For any valuation v of K which is non negative on R, the semigroup Sf(v) is a
well ordered subset of the positive part of the value group I' of v of ordinal type
at most w”, where w is the ordinal type of the well ordered set N, and A is the
rank of the valuation.

2. If v dominates R, the rational rank of v plus the transcendence degree of V/my
over R/mp is less than or equal to the dimension of R.

The second condition is the Abhyankar inequality [?].

Prior to this paper, no other general constraints were known on the value semigroup
semigroups ST(v). In fact, it was even unknown if the above conditions 1 and 2 charac-
terize value semigroups.

In this paper, we construct an example of a well ordered subsemigroup of Q4 of ordinal
type w, which is not a value semigroup of a local domain. This shows that the above
conditions 1 and 2 do not characterize value semigroups on local domains. We construct
this in Corollary ?? by finding a new constraint, Theorem 7?7, on a semigroup being a
value semigroup of a local domain of dimension n. In Corollary 77, we give a stronger
constraint on regular local rings.

In [?], Teissier and the author give some examples showing that some surprising semi-
groups of rank > 1 can occur as semigroups of valuations on noetherian domains, and
raise the general question of finding new constraints on value semigroups and classifying
semigroups which occur as value semigroups.

The only semigroups which are realized by a valuation on a one dimensional regular
local ring are isomorphic to the natural numbers. The semigroups which are realized
by a valuation on a regular local ring of dimension 2 with algebraically closed residue
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field are much more complicated, but are completely classified by Spivakovsky in [29]. A
different proof is given by Favre and Jonsson in [?], and the theorem is formulated in
the context of semigroups by Cutkosky and Teissier [?]. However, very little is known in
higher dimensions. The classification of semigroups of valuations on regular local rings of
dimension two does suggest that there may be constraints on the rate of growth of the
number of new generators on semigroups of valuations dominating a noetherian domain.
We prove that there is such a constraint, giving a new necessary condition for a semigroup
to be a value semigroup. This is accomplished in Theorem ?? and Corollaries 7?7 and 77.
The constraint is sufficiently strong to allow us to give a very simple example, Corollary
77?7, of a well ordered subgroup S of Q4 of ordinal type w which is not the semigroup of a
valuation dominating an local domain.

1. ASYMPTOTIC GROWTH OF VALUE SEMIGROUPS

If R is a local ring, mp will denote its maximal ideal, and ¢(N) will denote the length
of an R module N.

Given a valuation v which is non negative on R and an element ¢ of its value group,
we will denote by Py,(R) the ideal {x € R|v(x) > ¢} and by PS(R) the ideal {2 €
Rlv(x) > ¢}. When no confusion on the ring is possible we will write Py, P} .We note
that P,(R)/PS(R) = 0if ¢ ¢ S%(v) U {0}.

Suppose that I' is a totally ordered abelian group, and a,b € I'. We set

[a,b) ={z €T |a<x<b}and [a,b[={x €T |a <z <b}

Let v1 and v, be valuations on the noetherian local domain (R, m), with centers ps C p;
and such that 11 is composed with v, and their ranks differ by one. Let A: I'y — I's be
the corresponding map of value groups. Set t; = v1(p1),ta = v2(p2).

Definition 1.1. Given 9 € I'y, denote by @9 € I'y the minimum of {v1(f); f € R, va(f) =
©2}. This minimum exists since the semigroup v; (R \ {0}) is well ordered.

Note that A\(p2) = 2 and that ¢; € KerA.
We remark that for p1 € [@2, P2 + y1t1] we have the inclusions:
Pl Py, C Py, C Py,

Py, = Pg, and since the valuation 7; which is the image of v1 in R/ps is of rank one, the
number of elements of v (R \ {0}) in the interval [P2, ¢2 +y1t1] is finite (see [33], loc. cit.).

Theorem 1.2. For any function A on R-modules with values in R which is additive on
short exact sequences we have:

(1) > AP, /PL) < A(M, /pY My,),
1€[P2,P2+y1t1]

where My, = Py, /77:;2,

Proof. We note that P, C p{' P,,. The R-module Py, / Pz, 11y, is a quotient of Py, /p{' Py, =
M, /p{* M,, and by the additivity of A we have

A(Pcpz /P¢2+t1y1) = Z A(Pgm /,P;—l)

p1E[P2,P2+y1t1|

a finitely generated torsion free R/pa-module.

The result follows, since the value of A can only decrease when passing to a quotient. [
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In the special case where v is a valuation of rank one and vy is the trivial valuation,
we have I's = 0, 92 = 0 € [';] and, writing ¢ for o1, p for p;, etc., the inequality reduces
to:

(2) > A(P,/PJ) < A(R/PYR),
€(0,yt]

Remark The R modules Py, /Pf and M,,/p{* My, have p; as their unique minimal
prime.

We can take as additive function A on R-modules of dimension = dimR/p; the multi-
plicity e,, with respect to the maximal ideal of R. The inequality (1) then becomes

Corollary 1.3. We have the inequalities
(3) Z em(P%/P;rl) < em(Mq, /p{' Mi,).
P1€[P2,P2+y1t1]

It is now possible to evaluate the right hand side thanks to ([B], §7, No.1, Prop 3),
which says this: given a finitely generated R-module M of dimension d > 0, denote by B
the set of minimal prime ideals of Supp(M) such that dim(R/p) = d. Let ¢ be an ideal of
R contained in its radical and such that M/qM has finite length. Then we have

eq(M) = lengthy (M,)ey(R/p).
peEB

If we apply this to M., /p{' M, we get:

(4) em(Mw/pzill sz) = lengtthl ((sz)m /m%l (Mapz)pl)em(R/pl)a

where my = p1 R, and the support of the R-module M, is the ideal ps.
By the main result on Hilbert-Samuel polynomials, in view of the fact that the support of
(Mg, )p, is the ideal po R, , we have an asymptotic estimate:

€my ((MSDQ )pl)) dim(RP1 /pQRP1)

5 length M mY (M. = —

( ) g Ry, (( 4,02)101/ 1 ( 902);01) (dlm(Rpl/pZRpl)!yl
Let us now consider a valuation v of rank n.
Let

(0) =pPns1 CPn CPp-1C - Cp
be the sequence of the centers of valuations v; with which a given valuation v of rank n on
a noetherian local domain (R, m) is composed. We assume that the centers are distinct
prime ideals.

Let py be a prime ideal of R containing the center p; of v = v; (pg could be equal to
p1). Then

Theorem 1.4. The sum
Z Z e Z emo((lptpl/,]); ):Do)
@ne[oytnyn[@7171€[¢n;¢n+tn71yn71[ W1€[¢27¢2+t1y1[
is bounded for yi,...,yn large enough by a function which behaves asymptotically as
Hglzoemi((R/pi-‘rl)Pi) " . dim (R/pi+1)p;
IGL ) (dim(R/piy1)p)! ’
where m; = p; Ry, for 0 <1 < n. We take y1 > y2 > --- > y, to obtain this asymptotic
behavior.
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Proof. The proof of this formula is by induction on n. We first prove the formula in the
case when n = 1. We apply formulas (2) and (3) - (5) to the ring R,,,, observe that for
p1 €I,

(Peor)po = {f € By | v(f) 2 1},
and that (Rp,)p, r,, = Rp,, to obtain

3 enl(Pa i) = i R

p1€[0,t1y1[

which is the formula for n = 1.

We now assume that the formula is true for valuations of rank < n. We will derive the
formula for a rank n valuation v. We apply the formula to the rank n — 1 valuation 1»
which v is composite with, and the chain of prime ideals

(0)=¢, Cqn-1C--Cq1 Cqo

where ¢,—1 = pn,...,q1 = p2 are the centers on R of the successive valuations vy, ...,
with which v» is composite, and ¢y = p1, to obtain

(6)
Z e Z emy (Pia /P i py) = [T em; ((R/Dis1)p, H M (R/pit1)p;

dim (R
on€l0tnyn]  p2€[@3+tays] Hz o(dim (R/pit1)p, i

We now apply formulas (1), and (3) — (5) to the ring R,, and the valuation v = v, to
obtain

(7) S emy(Poy /P o) =

P1E[P2,P2+y1t1]

emy (( 902/ )pl)emo((R/pl)po) dim (R/p2)p,
(dim (R/p)pn)! - ‘

Finally, we sum over (7) and (6) to obtain the desired formula for v. O

2. AMALGAMATION OF VALUATIONS

Theorem 2.1. Suppose that P; € K[X,Y] are defined fori € Nby Pp=X P =Y,
Pi1 = NP™ — NijoM; — Z Ai o M,

7Z’L

em'/,&"i/ <my forl1 <i' < 1, &'70,61’0 > 0 arbitrary, and \;, )‘i707 )‘Z; € K with A;, )\@0 #0.
Define 79 = 1 and by induction on 7, v; = m% 227:10 i yvir. Let Ty =< {vir }o<ir<i > be
the group generated by ~; for 0 < ¢/ <. Suppose that
(1) ZZ y o li.ive has order m; in - forall i > 1,
(2) Yit1 > myy; for all i > 1, and
(3) 2ob—o by yvir > myy; for all £,
Then

(1) Suppose that f € K[X,Y] and ¢ is such that deg, f < H] 1mi. Then f has a
unique finite expansion

¢
(1 =Y a LR
o =0
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with all @ = (ag,...,ap) € N1 0 < a; <m; for 1 <iand a, € K,
(2) In the expansion (1), The numbers Zfzo a;y; are distinct for distinct a,
(3) The rule

l
141 (f) = min, Z ;7Y
=0

where the minimum is computed for the expansion (1), determines a nondiscrete
rational rank 1 valuation v; of K(X,Y’), dominating the local ring K[X,Y](x v

Theorem 2.2. Suppose that R is a local domain with quotient field K and 7 is a valuation of
K which dominates R, with value group I'. Suppose that {P;} is a sequence of polynomials
in K(X,Y) satisfying the assumptions of Theorem 2.1. Define by induction on i, 79 = 0,
and

=

Ti == E ;)fi,i/n/ +ﬁ(>\170) - ?()\1) E FQ — F ®Z Q
=

For f € K[X,Y], define from the expansion (1),

l
v(f) = mina{z a;(vi, 1) + (0,0ord,(a(2))} € (Q x fQ)leX'

1=0

Then v defines a rank 2 valuation on K(X,Y’) which is the composition of v and .
Further, v dominates the local ring A = R[X, Y], . rix,v]+(x,v), and the center of v on
A is the prime ideal (X,Y).

Theorem 2.3. Suppose that R is a local domain with quotient field K and 7 is a valuation
of K which dominates R, with value group I'. Suppose that {P;} is a sequence of poly-
nomials in K (X,Y) satisfying the assumptions of Theorem 2.1 and {Q;} is a sequence of
polynomials in K (U, V) satisfying the assumptions of Theorem 2.1, where

Pipy = NP = NioMi =Y Nio My
g/

and
Qir1 = QY — pioNi = > e Ny
&
Let v1 be the valuation on K(X,Y) defined by the {F;}, with v1(F;) = ;, and let v

be the valuation on K (U, V') defined by the {Q;}, with v2(Q;) = ¢;.
Define by induction on i, 79 = 0, and

= B B
T = — Ei,i’Ti’ —{—ﬁ()mo) — f()\z) S FQ =1 ®z Q7
s
(o =0, and
1 i—1
Gi=— " i +(pio) ~ 7(1s) € Tq =T ©2 Q.
v =0
Then



(1) Suppose that f € K[X,Y,U, V], with degy f < HJ 1m; and degy f < HJ 1 N
Then f has a unique finite expansion

l m
(2) f=>aap [P ]]@
o,B i=0 i=0
with all & = (ag,...,op) € NP 0 <y < my for 1 < i, all 8= (Bo,...,0m) €
N0 < g, <n; for 1 <4, and a5 € K.
(2) Suppose that G is a totally ordered abelian group, and h; : Q — Gand hy : Q — G
are order preserving embeddings. For f € K[X,Y, U, V], define from the expansion

(2),
v(f) = min, B{Z a;(h1(vi), Ti +Zﬁz (h2(8:), Gi) + (0,0rd.(a(2))} € (G x TQ)jex-

Then v deﬁnes a valuation on K (X,Y) which is composite with 7. v has rank 2
or 3, depending on if the rank of h1(Q) + h2(Q) is 1 or 2. Further, v dominates
the local ring A= R[X, Y, U, V]mRR[X,Y,U,V}—i-(X,Y,U,V)'

3. WILD BEHAVIOR OF THE TILDE FUNCTION

Theorem 3.1. Given any decreasing function f : N — Z, there exists a valuation v with

value group ( Z x Z)]ex which dominates a local ring R of dimension 3, such that for

any valuation v equivalent to v, with value group (5= L7 x Z)]ex> We have that for all
sufficiently large n € N, there exists A € 557 N [0, 7] such that m(\) < f(n).

Theorem 3.2. Given any increasing function g : N — Z, there exists a valuation w with

value group ( Z x 7)]ox which dominates a local ring R of dimension 3, such that for

any valuation w equivalent to w, with value group ( Z x Z)jex, we have that for all
sufficiently large n € N, there exists A € 552 N [0, 7] such that ma(A) > g(n).

Theorem 3.3. Suppose that f : N — Z is a decreasing function and g N H Z is an
increasing function. Then there exists a valuation p with value group ((2Oo 7+ 5= S Z/2) x

Z)1ex which dominates a local ring A of dimension 5, such that for any Valuatlon m

equivalent to 4, with value group ((5% Z+ 55 Z\/2) X L)1, We have that for all sufficiently
large n € N, there exists A\; € (5% Z + 5= ZV/2) N[0, n] such that mo(A1) > f(n), and there
exists Ay € (5% Z + 5% Zv/2) N[0, 7] Such that m(\2) < g(n).

REFERENCES

[1] Abhyankar, S., Desingularization of plane curves, AMS Proceedings of Symp. in Pure Math. 40, Part
I (1883), 1-45.
[2] Abhyankar, S., On the valuations centered in a local domain, Amer. J. Math. 78 (1956), 321 - 348.
[3] Abhyankar, S., On the ramification of algebraic functions, Amer. J. math. 77 (1955), 575 - 592.
[4] Abhyankar, S., Two notes on formal power series, Proc. Amer. Math. Soc. 7 (1956), 903-905.
[5] N. Bourbaki, Commutative Algebra, Chap. 8.
[6] Benhessi, A., La Cldture algébrique du corps des séries formelles, Ann. Math. Blaise Pascal 2 (1995),
1-14.
[7] Brieskorn, E. and Knorrer, H. Plane algebraic curves, Birkhauser, Basel, 1986.
[8] Chevalley, C. Introduction to the theory of algebraic functions of one variable, AMS, Mathematical
Surveys 6, Amer. math. Soc., NY, 1951.
[9] Cutkosky, S.D., Resolution of Singularities, Graduate Studies in Math. 63, AMS, Providence, Rhode
Island, 2004.
6



[10] Cutkosky, S.D. and Ghezzi, L., Completions of valuation rings, Cont. math. 386 (2005), 13 - 34.

[11] Gonzalez-Pérez. P.D., Decomposition in bunches of the critical locus of a quasi-ordinary map, Compos.
math. 141 (2005) 461 -486.

[12] Grothendieck, A. and Murre, J., The tame fundamental group of a formal neighbourhood of a divisor
with normal crossings on a scheme, Lect. Notes in Math. 208, Springer Verlag, Heidelberg, Berlin, New
York, 1971.

[13] Hahn, H., ”Uber die nichtarchimedische Groossensysteme, in Gesammelte Abhandlungen I, Springer,
Vienna, 1995.

[14] Heinzer, W. and Sally, J., Exztensions of valuations to the completion of a local domain, Journal of
Pure and Applied Algebra 71 (1991), 175 - 185.

[15] Heinzer, W., Rotthaus, C. and Wiegand, S., Generic fiber rings of mized power series/ polynomial
rings, J. Algebra 298 (2006) 248 - 272.

[16] Huang, M.F., Phd Thesis, Purdue University, 1968.

[17] Kaplansky, 1., Mazimal fields with valuations, Duke Math. J. 8 (1942), 303 -321.

[18] Kedlaya, K., The algebraic closure of the power series field in positive characteristic, Proc. Amer.
Math. Soc. 129, (2001) 3461 - 3470.

[19] Lipman, J. Desingularization of 2-dimensional schemes, Annals of Math. 107 (1978), 115 - 207.

[20] Lipman, J. Quasi-ordinary singularities of surfaces in C*, Singularities Part 2 (Arcata, Calif., 1981),
161-172, Proc. Sympos. Pure Math., 40, Amer. math. Soc., Providence, RI 1983.

[21] Nagata, M., Local Rings, Interscience 1962.

[22] Orbanz, U., Embedded resolution of algebraic surfaces after Abhyankar, in Cossart V., Giraud J. and
Orbanz U., Resolution of surface singularities, Lect. Notes in Math., 1101, Springer Verlag, Heidelberg,
Berlin, New York, 1984.

[23] Poonen, B., Mazimally complete fields, Enseign. Math. 39 (1993), 87-106.

[24] Rayner, F., An algebraically closed field, Glasgow J. Math 9 (1968), 146-151.

[25] Ribenboim, P., Fields: Algebraically closed and others, Man. math. 175 (1992), 115-150.

[26] Ribenboim, P. and Van den Dries, L., The absolute Galois group of a rational function field in char-
acteristic zero is a semi-direct product, Can. Math. Bull. 27 (1984), 313-315.

[27] Rotthaus, C., Nicht Ausgezeichnete, Universell Japonische Ringe, Math. Z. 152 (1977) 107 - 125.

[28] Stefanescu, D., On meromorphic formal power series, Bull. Math. Soc. Sci. Math. R.S. Roumanie 27
(1983), 169-178.

[29] Spivakovsky, M., Valuations in function fields of surfaces, Amer. J. Math. 112 (1990), 107 - 156.

[30] B. Teissier, Valuations, deformations, and toric geometry, Proceedings of the Saskatoon Conference
and Workshop on valuation theory (second volume), F-V. Kuhlmann, S. Kuhlmann, M. Marshall, editors,
Fields Institute Communications, 33, 2003, 361-459.

[31] Vaidya, S., Generalized Puiseux expansions and their Galois groups, Illinois J. Math 41 (1997) 129 -
141.

[32] Zariski, O., The reduction of the singularities of an algebraic surface, Annals of Math. 40 (1939), 639
- 689.

[33] Zariski, O. and Samuel, P., Commutative Algebra Volume II, D. Van Nostrand, Princeton, 1960.



