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Abstract
We define a valuation induced by a transcendental hypersurface and a suitably chosen ordering
on the group Q2. It is naturally approximated by a sequence of quasi-ordinary hypersurfaces. The
value semigroup v(C[X, Y]\ 0) is the union of the semigroups associated to these quasi-ordinary
hypersurfaces.

1 Introduction

We construct a class of zero-dimensional valuations with value group being a subgroup of Q?. The
construction is based on generalizing the notion of quasi-ordinary hypersurface singularities ([6]), this
is done in Definition 2.1. This generalization gives us a transcendental element ((X) € C[[X QgO]]. By
a process of truncation of this element, ((X), we get the usual quasi-ordinary hypersurfaces which
we denote them by f() (Definition 2.3). One of the difficulties to construct a valuation with value
groups in Q% is that there is no natural ordering on Q¢. In Section 3, we introduce the notion of
”good ordering” on Q% and study its properties. In the next section we introduce a valuation ring
Cl[X Qio]], which is in fact the valuation ring of the valuation that we will define on the ring C[X, Y].

We show that there is an injective morphism O, : C[X,Y] — C[[XQQUH (see Definiton 4.2). With
the help of this injection we get the desired valuation on C[X,Y]. We study the properties of this
valuation and the smigroup I'c attached to it. We show that there is a close relation between the
formal semigroup which [3] attaches to a quasi-ordinary hypersurface and the semigroup which comes
from the valuation. More precisely, if we denote the formal semigroups which are attached to the
truncated quasi-ordinary hypersurfaces, f(?’s, by I'; then we have I'c = UT;. In the final section we
study an embedding of the spaces SpecR, R = C[¢(X)] and Spec(C[X'¢]) in an infinite dimensional
regular space SpecC[[X]][U],U = (U1, Us,...). We study the ideals definig these embeddings and the
relation between them.

2 Transcendental hypersurface and its approximation

Generalizing the classical definition of quasi-ordinary hypersurface singularities (see for example [6])
we define a transcendental quasi-ordinary hypersurface singularity in the following manner:

Definition 2.1 Fiz an element ((X) = Y oo, ex X = Y00 piy pi € (C[Xﬁ], X = (X1,...,Xq).
Where m® ’s are defined in Definition 2.4. We impose the following extra conditions:

o All the exponents of p;, i.e., X’s of the monomials of p;, are ordered with respect to the the partial
order < on Q% with minimum equal to ;.

e The partial order on Q¢ induces a total order on the set {\;}22,, i.e., \1 < Ay < ....

o We define the sequence of subgroups of Q¢, Qo = Z¢, Q; = 74 + ZAKMH ZX;, for j € N. We
impose the condition A\j ¢ Q;—1.
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o IfcyX is a term of pj then X € Q.

The above definition is a sort of generalization of [8], Subsection 4.4, where a ”natural valuation”
attached to a "transcendental plane curve”, has been studied through a series of examples from dif-
ferent perspectives: the sequence of point blow ups, the semigroup, the graded valuation ring, ....
Moreover, the relations between these approaches has been studied. In this text we follow the same
approach.

Note that if we define A = {\ : ¢y # 0} then A € p; A If A; < X # Aiyq. We call \;’s the
characteristic exponents of the transcendental hypersurface defined by ¥ = ((X), see the next propo-
sition. This terminology is justified in Definition 2.3, in which we define for any ¢ € N, an irreducible
quasi-ordinary hypersurface (see for example [3] or [6] ) with characteristic exponents A1, ..., \;.

One can imagine ”¢(X)” as an element of C[[X Q%U]], which is by definition the set of elements
z(X) e (C[[XQéOH, in which the set of exponents of each z(X) is well-ordered with respect to a fixed
"good ordering ” (see Definition 3.4). The properties of ”good ordering ” shows that (C[[XQEOH, with
natural multiplication and addition, is a ring (see [1], CH 6, Section 3, n°® 4, Exemple 6 ). In this text
by C[[X Qé“]], we mean the ring just explained. We have the inclusions:

e~

Cl[X) c C[[X]] = Nliinoo(c[[)(%” C C[[X %]

Proposition 2.2 The element ((X) is transcendental on the ring C[X,Y]. In other words, if f €
ClX,Y] then f(X,() #0.

Proof. Suppose this is not the case, and there is an element f € C[X,Y] such that f(X,{(X)) =0,
(We can assume that f is the minimal polynomial of the root ¥ = {(X) in C[X,Y]). Then we have a
parametrization of the algebraic hypersurface V(f): f = 0, which we denote it by p: C? — V(f),
X — (X,{(X). The mapping p is surjective, or by duality p* is injective: Because in contrary, if
0#7¢€ % and p*(g) = 0, or in other words g(X,{(X)) = 0, then by the choice of f we have
/19, a contradiction. The dual map on the coordinate rings is given by

« . C[X)Y <.
p: [(f)_] - (CHXQZ)”
X X
Y ¢(X).
By intersection of V'(f) with the surface W = V(I), I =< X1—X9, X53— X3, ..., X4-1— X4 >, we get an
algebraic curve. The morphism ¢ : C*NW — V(f) NW, is a parametrization of this curve. Consider
the projection of the ambient space to the space with ” X1, Y —coordinates”: 7 : Agzﬂ — A%. By

restriction of 7 to V(f) (W we get an algebraic curve C in A%. The parametrization of this curve is
the composition of the bottom morphisms of the following diagram:

—
—

Tlvn
—

ct L V() A?

I I I

CInWw —is V() nw o, o

We have the following diagram between the coordinate rings:

*

d |5
Clx %)) F— Sl T ClX,,Y]

! l !

*

d .
c[x%20) q cx,y] Tlvinnw R
T <fil> ¢
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Where by Rc, we mean the coordinate ring of the plane curve C.

— o
Take t := X, as the generator of the ring M. We have:

od
. . Clx =0
qom |V(f)r‘|W: EC - M = C[[tho]]
X1 = t
Y —  ((,...,1).

By Newton-Puiseux Theorem the algebraic closure of the ring C[[X1]][Y] is equal to (6[\[;5]/] = limy 0o C[[t™]]

——

C CJ[[t%0]]. The fact that m " — oo, shows that ((t,...,t) ¢ C][[t]], a contradiction. [J

A variant of the proof above gives us the following statement: Given any f € C[X], there does

not exist a root n(X) € C[[X QiO]] of f, such that the denominators of terms of 7 tend to infinity (By
denominator of a term cgX? of n we mean: the least natural number n such that n.3 € N<.).

We introduce a sequence of quasi-ordinary hypersurfaces (), which in some sense approximates
the original element ”{(X)”.

Definition 2.3 We define for any i € N, an irreducible quasi-ordinary hypersurface f&(X,Y) €
C[[X]][Y], by the following parametrization:

Y=¢(X)=>
j=1

Definition 2.4 We define for 1 < j <i € N:n; =[Q; : Q;j—1] and m©® =1, m® =ny.. .0,
It can be proved that m®) = degy (f@)) (see [3] or [6]). Moreover, we define the following vectors (
originally defined and studied in [4]):

M= AL Y = Y- A = Ay, J > 1
By R(f), for a quasi-ordinary f, we mean the set of roots of f in C[[X]]. Following [7], we define
the notion of intersection index of two ”comparable” quasi-ordinary hypersurfaces.

Definition 2.5 For any two quasi-ordinary hypersurfaces f, g, we say they are comparable if for any
n € R(f) and u € R(g) we have n — p = X*.unit, where o € Q%O. The intersection index of two such
hypersurfaces is defined as follows:

(fa g) = ’UX(R@SY(f, g))

Proposition 2.6 [7] Let g be an irreducible unitary quasi-ordinary hypersurface which is comparable
with . We have:
D9 o E
deg(f@).deg(g) n1...mij—1  n1...my,

Here r is the exponent of contact of f,g. Note that r is an exponent in parameterization of (@), @
and i, is the index of the greatest characteristic exponent of f that Aj < K.

‘We recall the notion of semi-roots in our context:

Definition 2.7 Set X" = Ty, for k = 1...d, and ()(T) := ¢ (X) € C[[T]]. We say that
g € C[[X]][Y] is a j*"—semi-root of f&), j <1, if the following two conditions are satisfied:
2)g(0.) = Y7, |

b)g(T{”m7 o ,Té”(l),g(i) (1)) = Tm(l)W“eg»Z), 5§Z) : unit.
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We have the following lemma (see also [4]):

Lemma 2.8 For any j < i € N, the quasi-ordinary singularity f9) is a j*"-semi-root of f@.

Proof. We use Proposition 2.6. Here i,, = j + 1, and we have deg(%f;;fgi()fm) = ,3]+71L . We notice
that deg(f“)) = ny ...n;, which shows that (f@, f9)) = m@y; ;. O
We need another result (see [3] and [7]) which allows a (f(9,..., f()) — adic representation of any

element of C[X,Y].

Lemma 2.9 Given g € C[[X]][Y], there exits iy such that for i > iy, g can be uniquely written as
a finite sum g =3 cig. 1, (FO)o . (FONE with ¢y, € C[[X]], the (i + 1)—tuples (I ...1;) € Ni+1
verifying 0 <l < ngy1 — 1, Vk € {0,...,i}.

Proof. This is essentially proved in [7]. The only thing which remains to prove is the inequality
0 <1l; < nij11 — 1. Because if i is chosen so large that m(® > degy (g), then f() (which is of degree
m(i)) can not appear in the expansion of g, i.e., [; =0. O

The preceding expansion is called the (f(9, ..., f(¥)—adic, expansion of g. The finite set {(lo .. .1;),
Clo..1, # 0} is called the (f, ..., fV) — adic support of g. We set (fi;) = (f©,..., f)) so we can
speak of the (f};) — adic expansion of an element. We write c;(fy;))¢ for cy,..,(f@) ... (f@)h. For
a fixed set of functions {gi,...,gn} the next lemma says that for sufficiently large values of i and
arbitrary j € N the (f;)) — adic expansion of each gy, is the same as its (f;;4;)) — adic expansion, so in
this case for sufficiently large values of i we can speak of (f|«]) — adic expansion of gi’s. For example
note that the (fl]) — adic expansion of ) is itself.

Lemma 2.10 With the notations of the last lemma, for sufficiently large values of i and any j € N
the (f;)) — adic expansion of g and (fii4;)) — adic expansion of g coincide.

Proof. For the i chosen in the proof of the last lemma, we have for any j > 0 l;4; = 0.00

This expansion allows us to compute in an effective way the Newton polyhedron of g(¢), where ¢
is a root of () =0 (We write R(f) for the set of roots of f = 0). This computation is explained by
the following two lemmas of [7]:

Lemma 2.11 If g = ZCg(f[i])g, is the (f}i) — adic expansion of g € C[[X]][Y], then for every ¢ €
R(f), the sets of vertices of the Newton polyhedra Nx (cz(f[i])z), for varing ¢, are pairwise disjoint.

P

Lemma 2.12 If g1,...,g9; € C[[X]] and the sets of vertices of Newton polyhedra Nx(g1),---,Nx(g;)
are pairwise disjoint, then Nx (g1 + ...+ g;) is the convezx hull of the union of Nx(g1)U- .. UNx(g:)-
In particular, each vertex of Nx (g1 + ...+ ¢:) is a vertex of one of the polyhedra Nx(g1),-..,Nx(gi)-

3 The ordering and semigroup

Definition 3.1 We associate to ¢ € C[[XQéU]], satisfying the conditions of Definition 2.1, the se-
quence of semigroups:
I, = Zéo + ’yl.ZZQ + ...+ ’yi.Zzo, forieN.

And the semigroup:
FC = Zéo + ’yl.ZZO -+ ’)/Q.ZZO + ...

Later, when we attach to the element ¢ the valuation v we will see that:
v(C[X,Y]\0) =T¢.

We need the following two lemmas from [4]:
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Lemma 3.2 1) The order of the image of y; i i for
jeN
2) We have v; > nj_1vj—1, for j > 2.
3) For any vector u; € Q; we have uj + n;y; € ;.
4)The vector n;vy; belongs to the semigroup T'j_1 (j € N). Moreover, we have a unique relation:
gy = o + 10 + . +19 55
such that 0 < l,(cj) <np—1, and a9 € Z‘éo, forj €N
Lemma 3.3 For any j € N the (f|)) — adic expansion of (fU=N"i s of the following form:
(FU=ni = ¢, 0 +Z (J) f(O))ll(f(l)) L (fU
where ¢; € C*. We have 0 < I, <ngqp1 — 1, for k=0,...,5 — 1. The coefficient c((])) [ appears,
..... ¢
and it is of the form XU, umt where the integers l(J) .. l(j)1 and the exponent a(j) are given in

Lemma 2.2. Moreover, if X" appears on the coefficient c(J) ol then:

n;7j < Ol/ —+ ll")/l + ...+ lj"yj,

and equality holds iff (I, ...,1;) = (l%j), e l§])1, 0).
In order to define the valuation we need to fix a total well-ordering on Z¢ which extends to a total
ordering on "I'c”. This ordering should verify certain conditions.

Definition 3.4 We say a total ordering "<” on Q% is a ”good ordering” if:
o Itis a monomial ordering on Q%, i.e., for any v, 7/,7” € Q? fromy < 'y/ one has 'y—i-'y// =< 7/+7".
o It refines the partial ordering "<” on Q% i.e., if u,v € Q% and v < v then u < v

The following proposition shows that every ”suitably choosen” ordering on Z¢ can be expanded in
a way to a ”good ordering” on Q¢.

Proposition 3.5 Every global well-ordering on Z% which refines the partial ordering ”>7 on Q% can
be expanded to a ”good ordering” on Q7.

Proof. Let ”<” be such an ordering. Expand this ordering on Q% as follows: For 'y,yl € Q?:
v =< fy/ iff there is n € N such that n-, n'y/ € Z% and ny < nfyl. The next lemma shows that we have
the following equivalent definition: We have v < ~ iff for any n € N such that ny,ny € Z% then
ny < n’y/ It is clear that ”<” is a total orderlng on Q% We show that it is a monomlal ordermg
Suppose th1s is not the case. Then there is 7,7 ,7 € Q% such that v <~ but v+~ 74 7 +, then
’y—l—’y - 7 +7 By the next lemma and deﬁmtlon we can find an n € N such that ny,ny , ny € Z¢
and ny+ny >ny + n’y This gives v > fy a contradlctlon

This ordering refines the partial ordering on (@d. Let v < ’y and take a natural number n such that
n*y,n'y/ € Z4,. By definition of good ordering ny < ny/. By the discussion in the first step of the

proof v <~ . O

Lemma 3.6 Let "<” be a global ordering on Z¢ and a,b € Z%. If a < b then for any p € Q such that
pa,pb € Z¢ we have pa < pb.

Proof. By monomial ordering property for every p € N we have pa < pb. It suffices to prove the
Theorem for p~!, where p € N. If p~'a > p~'b then p.p~ta > p.p~'b so a > b, a contradiction. O
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Remark 3.7 The ordering introduced in Proposition 3.5, is no longer a well-ordering on Q2. For
o0

example take the set A = {u; = (1,...,1, %) 1. The property that 7<” refines the partial ordering
7>7_ shows that the set A, has not an initial element.

Here is a concrete example of a ”good ordering”.
Example 3.8 Consider the "<g.1e.” ordering on 7% which is defined as follows:
For any a,b € Z% we have a <gier. b iff (deg(a) = Z?Zl a; < deg(b) or (deg(a) = deg(b) and
a <lex. b))

It could be shown that this ordering verifies all the conditions of the Definition 8.4. It expands to a
"good ordering”, yet denoted by "<gjes.” on Q2.

One way to introduce a monomial ordering, ” <", on a group, G, is to introduce a subset of the
group as the subset of positive elements, {0 <} = {g € G : 0 < g}.For example we have

{0 >d,lez,}={u€(@2:u1+u2 >0}U{u€@2:u1 > 0,u1 + ug = 0}.

Lemma 3.9 Consider the ordering "<” on Q% We have:

1) It refines the partial ordering "<” iff Q¢, C {0 <}.

2) It is a total ordering iff for any u € Q¢ : {u,—u} {0 <} # 2.

3) Its restriction on Zio is a well-ordering iff this restriction refines the partial ordering "<” on Zio.

proof. The items 1) and 2) are easy to prove. For a proof of 3) we refer to [5]. O

As a corollary one can give another characterization of ”good ordering”.

Corollary 3.10 The ordering "<” on Q% is a "good ordering” if @‘éo c {0 <} and for any u € Q?
we have {u, —u} {0 <} # 2.

As another corollary we can give another description of the construction given in Proposition 3.5.

Corollary 3.11 Given a monomial well-ordering "<” on Z*. There is a natural expansion of this
ordering to a “good ordering” on Q%, which we denote it with the same notation. We define this
expansion with the set of its positive elements: Consider the positive cone in R? based on the set of
positive elements of "<” in Z. The set of positive elements will be the intersection of this cone with
Q<. Moreover, this expansion coincides with the expansion defined in Proposition 3.5.

Definition 3.12 For any two orderings, < and <, we define the set
Av(=,<)=({o<y—{o<HJHo <} - {0 <.
We say the sequnce {<,}32, of orderings on the group G converges to the ordering ”<” iff

Ap(=1,=) DAL (=2,<) D ... and [ | Ay(=k, <) =2.
k=1

In this case we write limg_, oo <p==< .
Example 3.13 We introduce for any w € Rsq a ”good ordering” on Q?, "<,”, by
{0<,}={uecQ®: u +wuy > O}U{u € Q%:uy +wauy =0,u; > 0}.

One can easily prove that this ordering verifies the conditions of the last corollary and it is a ”good
ordering”.



Example 3.14 Toke a sequence {wi}52, of positive irrational numbers that are increasing and con-
vergent to —1. According to the last example, construct the sequence of orderings {<w, }oo,. This is a
sequence of “good orderings”. Then it is easily seen that

lim <wr=>d.lex. -

k—oo

It is interesting to note that Q* with ordering” <., ” does not have non-trivial isolated subgroups. In
contrary if G is such an isolated subgroup then take 0 <., g € G. The group G should contain all the
rational points in the section between the line joining the origin to the point g, in the plane, and the
line uy + w.upy = 0. It could be seen that the group generated by this last set is Q*. In Example 3.7
we will see that Q2 with ordering "<4iew.” has a nontrivial isolated subgroup. As a result we have
constructed a sequnece of orderings on Q2 with rank=,, (Q?) = 1 which converges to the ordering

"<atex.” with rank<, .. (Q?) > 1.

Alternatively, in the above example one could take the wy’s to be rational numbers and define the
same constructions and the same limit. All the things are the same with the exception about the
rank. The argument given in the Example 4.6 could be repeated to prove that rank<, (Q?) > 1.

4 The valuation

Given any ”good ordering”, <, we can define a ring C[[X Qiﬂ]], which is the ring of power series
z(X) e (C[[XQiO]], in which the set of exponents are well-ordered with respect to < . This is in fact a
valuation ring (see [1], CH 6, Section 3, n°® 4, Exemple 6). We denote this valuation by v.

Lemma 4.1 There is an injective morphism of the rings
O : C[X,Y] = C[lx 9]

Y e ((X). =

Proof. This is clearly a morphism, the injectivity is a result of Proposition 2.2. [

Now we define the valuation induced by the transcendental element ¢(X) on the ring C[X,Y],
with respect to a ”good ordering”, ” <", fixed on Q¢ :

Definition 4.2 We define a mapping v : C[X, Y]\ {0} — Q2 by:
v(f) = v(©c(f))
This mapping is a valuation on the ring C[X,Y].

The following proposition gives an effective way to compute the value v(g), for an arbitrary g €
ClX,Y]. It also gives us essentially another definition of this valuation.

Proposition 4.3 We generalize the definition of v to the set C[[X]][Y], by the same definition. We
then have:

1) For any g € C[X,Y], the values of monomials of (fi]) — adic expansion of g are distinct elements
of Q.. Moreover, we have:

v(g) = ming{v(ce(fie))")}-
2) We have:
v(f?) =i
3) We have:
v((FU)) = a® 417y + 41,
where the llij) s and aY) are defined in Lemma 3.2. Moreover, there is exactly one term in (fio0)) —adic

expansion of (fUT) with this value, if . is the index of this term then {, = (lgj), .. .,l§j21,0).


Bernard Teissier
Note
X goes to X and


proof. The first claim is a direct consequence of Lemma 2.11 and the properties of good orderings.
The second one is a consequence of Definition 2.7 and Lemma 2.8. The third one is a consequence
of the last step and Lemma 3.3. Alternatively, we can prove the third result directly and as a conse-

quence, yield another proof of Lemma 3.3; We note that by Lemma 2.8 N ((fU~)"%) = o9 +l§j)71 +
. .+l§]217j_1 +]R‘é0, which gives the first claim of 3). By 1) there is a unique term, say with index £, in
(fioo)) —adic expansion of (fU~1)" that v((fU=D)) = v(cy, (froe)™) = ald) —l—lgj)vﬁ-. . .—Q—lgﬂ)l'yj_l.
By arguing on uniqueness representation of elements of I';_;, one can show that ¢, is of the claimed
form. O

We note that the monomial which appears in the first case of the above proposition is not necce-
sarily a vertex of the Newton polyhedron of g(¢).

Corollary 4.4 The semigroup of valuation, v(C[X,Y]\ 0), is equal to T'¢. The value group is equal
to the subgroup of Q¢ generated by ['¢c. We denote this value group by ®..

The next proposition gives yet another feature of this valuation. It shows that, in some sense, this
valuation is approximated by intersection index of quasi-ordinary hypersurfaces f(.

Proposition 4.5 For any unitary irreducible quasi-ordinary g € C[[X]][Y], which is comparable with
97, we have:
(9, 9)
v(g) = lim ————.
@)=l degy (f1*))
Proof. We notice that if ¢ is chosen so great that x < A; (with notations of Proposition 1.6) then for

any j > ¢ we have: ‘ ‘
(f*,9) (f9,9)

degy (9)-degy (f@) — degy (g).degy (@)
As a result, the limit is well defined. For the equality, it suffices to note that (with the notations of
Definition 1.7):

m®

N (g™ (1)) = N([] 9(¢) = degy (fD)N(g(¢D)) = N(Resy (£, 9)),

k=1
where Clii)’s are all the m(® roots of f(?) = 0. O

The next example shows that for suitably chosen ”(” the value group will be QZ. In order to
simplify the notations the example is stated in the case d = 2.

Example 4.6 In the set of natural numbers start from s1 = 2 and pick up all the numbers that are
power of a prime. The sequence {s;}$2, is the result. The first elements are:

§51=2,80=3,83=4,54=05,55="T7,8=28,....

We define:
1 1
p— _— 1 f— —_—
7 (51’ )72 = (82,82 + 81),

1
Yoir1 = (S2...82i41 + i 52 $2i+1)

1
Yoite = (82...52i12,52. .. S2i42 + S )-

andforizlz{

One then defines the exponents \;’s using the inductive formula of Definition 2.4. These \;’s satisfy
the conditions of Definition 2.1: By the construction and computation of n;’s, which is given in
the following, we have v; > nj_17vj—1. This last inequality gives us A; > Xj_1. The condition \; ¢
Qj—1 s a consequence of the fact that components of elements of Q;j—1 have, as denominators, only
51,...,8j—1. If s;’s are the powers of a prime p, we have n; = p. As a result m() = I1,q%a, where



q runs through all the primes less than (or equal to) s; and aq is by definition the greatest power of
q such that ¢®« < s;. By Definition 4.2, the series ((X) = Y. X i defines a valuation of C[X,Y].
We see, by induction, that (i7 1), (1, Si) are in the value group of this valuation, we denote this value

group by ®. Therefore, by definition of s;’s we have ®¢ = Q2. This valuation is of rank two; Define
G = {(a,—a) : a € Q}. This is a subgroup of Q2. It is an isolated subgroup: Take an arbitrary element
0 <diex. (@,—a) € G then for any u = (uy,uz) € Q? from 0 <gjex. U <giex. (a,—a) we deduce
deg(u) =0 and then u € G.

Remark 4.7 Consider the sequence of orderings that introduced in Example 3.14. If we denote the
semigroups that are attached to the valuations induced by the above example to each of these orderings
by T'¢,<.,, then as the choice of "good ordering” does not have any effect on the resulting semigroup,
we have U'c <, = T¢>,,., . Therefore, we have a sequence of orderings which converge to another
one. All of these orderings impose the same semigroup but the dimension of the valuation ring for the
elements of the sequence is one and the dimension of the valuation ring which they converge to is two.

Example 4.8 Take ky,..., kg € N|J{oo} such that at least one of them is coand take d sequence of

natural numbers {sg-q)}?":l, where sg-q) >1 (forq=1,...,d), and complete these sequences by setting
S,S‘i)kq =1, for j =0,.... Define the following vectors:

1
T =" *+ Eela
1

-1 1
Yi = S§+1 )%'—1 + OO
818511
where e;’s are the transpose of the standard basis of the vector space Q% and o is an arbitrary element
of _mathbe%O. In the second equation we have i € N and it is written as i = dj + 1,5 € N|J{0},l =

2,...,d+ 1. By the definition of the ~;’s, it is clear that n; = sglll. Drop the ~;’s for which n; = 1.

As the above example construct the vectors A\;’s. We have v; — nj—17vi—1 = ﬁel > 0, therefore
Sl ...Sj+l

Xi > N\i_1, and \; is not in the group Q;_1 of Definition 2.4. Consider the element ( =Y X*i, and

the valuation attached to it by Definition 4.2. We see, by induction, that ﬁel is in the value
Sl .S

S5
group of this valuation, ®¢. Therefore, we have:

P1 Pd . ) .
(PC:{(S(I) 5(1)7”.73((1) S(d))'p17~~~7pd€Z>.]1Sklv--w]dgkd}-
18 1

-85,

5 Specialization to the graded valuation ring

Following [8], Subsection 4.4 and [3], in this section we show that the transcendental hypersurface
S = Spec(R), R = C[[X]][¢(X)], embeds in an infinite dimensional space. We introduce an explicit
set of generators for the ideal of this embedding. Moreover, we show that the graded valuation ring
gr, R (which is defined in the following) embeds in this infinite dimensional space with a binomial
ideal which comes exactly by considering the ”initial forms” of the generators of the first embedding.
In fact the situation is general, this is explained in [8], subsection 2.3, see also [2].

Take an infinite sequence of indeterminates U = (Uy,Us,...). The infinite dimensional ambient
space is A = Spec(C[[X]][U]). Note that for every element h € C[[X]][U] there is an ¢ € N such that
h € C[[X]][U1,--.,U;]. The embedding of S in A comes from the following morphism:

U:C[X]IlU] — R
Uy = fOD(X,¢(X).
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Note that U is surjective, Uy — Y = ((X).

Consider an arbitrary valuation v and a ring R, R C R,. We denote the value group of this
valuation by ®. We set I' = v(R \ {0}) C &4 J{0}; It is the semigroup of (R, v). For ¢ € ® set:

Po(R) = {z € R:v(z) > 6}
P;L(R) ={z € R:v(x) > ¢}.
The graded algebra associated to (R, v) is defined by:
¢el ' ¢ ( )

It is a monomial algebra (see [8], Proposition 4.1) and can be represented as a quotient of an infinite
dimensional polynomial ring by a binomial ideal, so it is "essentially toric” (see [8], Subsection 4.2).

The valuation v on C[[X]][Y] (see Definition ??) induces a weight on any element of the ring
C[[X]][U] : For any monomial XPU" we define w(XPU") = v(¥(XPU")) = B+ > vy For any
w € I'¢ we define the ideal 7, of the ring C[[X]][Y], which contains all the elements with weight
greater than or equal to w. The sequence of ideals {Z,, },er, is a filtration (The ordering on the index
set, I'¢, of this sequence is the good ordering fixed to define the valuation v ).

Proposition 5.1 The morphism ¥ induces a morphism:

er¥ g CX|[U) = CIX,U] — gr, R = C[XT
U, +— X7,

Moreover, with the notations of Lemma 3.2, we have ker(gr¥) =< hy, ha, ... >, where
IO i
hi = UM —d, x“up U, d; e C.

Proof. In coordinate free terms the morphism gr¥ is defined by gr¥(a) = ¥(a), for a € C[[X]][U].
The equality gr C[[X]][U] = C[X,U] is clear from the definition of filtration on C[[X]][U] and the
equality gr, R = C[X"¢] comes from Proposition 4.3. The proof of Proposition 38 of [3] could be
adapted to give a proof of the second part. O

The above proposition shows that ZI'< := Spec(C[X¢]) is embedded in the infinite dimensional
space A. Moreover, the equations defining this embedding are binomial. This is also a general fact,
see [8], section 4.

Proposition 5.2 The ideal of the embedding S C A has the following generators:

(1)

H, = Uinl - d1 X“ + cUs + 7‘1(U1),
o (2
Hy = U;Q — nga( )Uil +  cUs + TQ(Ul,UQ),
n, ORI iz
H, := Uil — 4; X Ul U + CiUi+1 + TZ'(Ul,...,Ui),

fori € N. The elements c¢; are defined in Lemma 3.3 and d;’s are those that are defined in the previous
proposition. For any j € N the weight of a term XPUY appearing in r;(U) is strictly greater than
n;7y;. The terms appearing in the expansion of r;(U) are determined explicitely by the Lemma 3.3.

Proof. These relations are analogous of the equations intorduced in Lemma 3.3. O

Remark 5.3 Notice that, unlike [3], it is not possible to arrange the situation such that d; = 1,
because we have a pre-fized system of semi-roots. Moreover, in,(H;) = h;. In other words, the ideal
defining the embedding S C A specializes through the filtration to the ideal of the embedding Z'¢ C A.
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