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Abstract

Given an ordered semi-group I' of rational rank r, with a well-ordered minimal system of
generators of ordinal type at most wn, which satisfies a positivity and increasing condition, we
construct a valuation centered on the ring of polynomials with » + n + 1 variables such that
the semi-group of the values of the polynomial ring is equal to I". The corresponding valuation
is constructed using a generalization of Favre and Jonsson’s version of MacLane’s sequence of
key-polynomials [3].

1 Introduction

Recently the interest for studying the structure of the value semi-groups of the valuations centered on
a noetherian local-ring has raised (see for example [2]). Several worked examples (e.g., plane branches,
irreducible quasi-ordinary hypersurface singularities) suggests that the structure of these semi-groups
contain important information on the local uniformization process of the valuation. What type of
semi-groups can be realized as the semi-group of values of a noetherian local ring dominated by a
valuation ring? Little is known in this respect. We know they are well-ordered of ordinal type < w”,
for some natural number h ([12], Appendix 3, Proposition 2). Abhyankar’s inequality holds between
numerical invariants of these valuations (see below). And, such semi-groups have no accumulation
point when they are considered as semi-groups of (R", <jes) [2].

In this paper we show that given a semi-group I' of rational rank r, given with a minimal system
of generators which is well-ordered of ordinal type at most wn, n € N, which satisfies a positivity and
increasing condition (Definition and Theorem [T]), there is a polynomial ring R = k[X7, ..., X4]
and a valuation v, which is positive over R, such that the value semi-group of R, v(R \ {0}) is equal
to I'. Moreover, we give a bound for d: d < n+ r+ 1. It seems that this bound is optimal, i.e., in
general given such a semi-group I', the least number of variables which is needed to realize I' as the
value semi-group of a valuation centered on a polynomial ring is n +r + 1.

Our basic tool is a generalization of Favre and Jonsson’s version of MacLane’s sequence of key-
polynomials ([3], [6]) for polynomial rings with arbitrary number of variables. The technique of
sequences of key-polynomials was first invented by MacLane [6], following ideas of Ostrowski, to
produce and describe all the extensions of a discrete rank one valuation v of a field K to the extension
field L = K (x). He attached to any extension, say u, of the valuation v, a sequence of polynomials
¢i(x) of the ring K[z]. By induction one can produce any extension p to L of the valuation v
using valuations constructed by key-polynomials (augmented valuations). In [I1], Vaquié generalized
MacLane’s method to produce all the extensions of any arbitrary valuation of an arbitrary field K
to L. He showed that given such an extension of a valuation, there may be many ways to produce
such sequences of key-polynomials and augmented valuations. Later Favre and Jonsson showed that
in the case of d = 1 one can consider a rather simple sequence of toroidal-key-polynomials (SKP), to
produce all the pseudo-valuations centered on the ring k[[Xo, X1]].

In this text, we give a generalization of the sequence of toroidal-key-polynomials of [3] to produce a
class of valuations of the field k((Xo, ..., Xq)). Our generalization can not generate all the valuations



centered on the polynomial ring. The construction is explicit enough to describe the value semi-group
v(k[[Xo,...,Xa4]] \ {0}). And in addition to realize certain semi-groups as value semi-groups.
Here we recall the basic definitions associated to valuations.

Definition 1.1 Fix a valuation v.
e The rank rk(v) of v, is the Krull dimension of the valuation ring R, .
e The rational rank of v, r.rk(v), is the dimension of v(Frac(R,)*) ®z Q as a vector space over Q.

e The transcendence degree of v, tr.deg(v), is the transcendence degree of the extension of F' with
residue field of v, FF C k,, := ﬁ_:'

The principal relation between these numerical invariants is given by Abhyankar’s inequalities:
rk(v) + tr.deg(v) < rak(v) + tr.deg(v) < dimR.

Moreover, if r.rk(v) +tr.deg(v) = dimR, then value group is isomorphic (as a group) to Z"***), When
rk(v) + tr.deg(v) = dimR, the value group is isomorphic as an ordered group to Z™*), endowed with
the lex. order.

Let R be an integral domain with field of fractions K and let v be a valuation of K such that
its valuation ring R, contains R, in this case we say the valuation is centered on the ring R. Let
us denote by ® the totally ordered value group of the valuation v. Denote by ®, the semigroup of
positive elements of ® and set I' = v(R \ {0}) C &4 U {0}; it is the semigroup of (R,v); since T’
generates the group ®, it is cofinal in the ordered set @ .

For ¢ € ®, set

Po(R) = {z € R | v(z) > ¢}

PH(R) = {z € R| v(x) > 8},

where we agree that 0 € P, for all ¢, since its value is larger than any ¢, so that by the properties of
valuations the Py are ideals of R. Note that the intersection (,cq, Py = (0) and that if ¢ is in the
negative part ®_ of ®, then Py(R) = P;r (R) =R.

For ¢ ¢ T, P4(R) = P;r (R). For each non zero element x € R, there is a unique ¢ € I" such that
T € Py \ P;r; the image of x in the quotient (gr,R)y = 7345/73;r is the initial form in,(z) of x.

The graded algebra associated with the valuation v was introduced in ([5],[9]) for the very special
case of a plane branch (see [4]), and in [8] in full generality. Later it was extensively used in [I0] as a
tool to solve the local-uniformization problem. It is

gr,R =P Ps(R)/P/(R).
el
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2 The inductive definition of SKP’s

From now on by ® we mean a totally ordered abelian group of rank d + 1. Let Ag = (0) C --- C
Agy1 = ® be its sequence of isolated subgroups (see [12]). We define the sequence of pre-values
and the sequence of positively generated values. Attached to a sequence of positively generated
values there exists a sequence of key-polynomials (SKP) which are elements of the power series ring
k@D = k[[Xo, ..., X4|[l. First we need a general lemma on abelian groups.

Lfor any i < d we define k(9 = k[[Xo, ..., X;]] and k@ = k((Xo,..., X))



Lemma 2.1 Let ¥ be an abelian group and T = {70,71,--,%a}, @ an ordinal number, be a well-
ordered sequence of elements of W. For any ordinal i < « define the subgroups of U, G; = (v;) ]<E
Gi- = (7j)j<i, ni =[Gy : Gi-], and set ng = oo. Then for any i < a such that n; ;é 00, we have a
unique representation n;y; = Zj<imj7j’ such that 0 < m; < n; when n; # oo, and m; € Z when
n; = 0o, and m; = 0 except for a finite number of j. More generally, every element of G;- has such
a unique representation.

Proof. Let i < a and n; # oo, we have n;y; € G;— (by definition of n;). Thus, there exists a
representation n;y; = Zj<i Dj7;, where p; € Z, and p; = 0 except for a finite number of j. We define,
inductively, a sequence of the elements of the index set a, A: N’ C N — {1,...,a}, as follows:

Let jo < 4 be the greatest ordinal number such that nj, # oo and p;, # 0, the ordinal jo
exists- as there only a finite numbers of non-zero p;. Set A(0) = jo. Using Euclidean division, write
Djo = TjoMjo + Tjo,» Where 0 < rj; < mj,. Substituting this for p;,, and expanding n;,v;, in terms of
elements of GJJ’ we get n;y; = Zj<j0 p;vj + 7y V4o, Where p; # 0 except for a finite number of j.
Now, as before, let ji1(< jo) be the first ordinal number such that nj, # co and p; # 0. Set A(1) = j1
and continue as before to obtain n;v; = >, Pjvj + 75,V + 7joVjo, Where 0 < r; < nj. Continue
this construction.

Either this construction stops after a finite number of steps, say ji, then we have n;y; = > j<i M5
such that m; = 0 except for a finite number of j, and 0 < m; < n; when n; # co. This shows the
existence part of the claim in this case. Or, the construction continues for ever, in this case we get
a strictly decreasing sequence A : N — «. But this is impossible: It suffices to note that A(N) is a
subset of a without least element, which is impossible (as « is well-ordered). Thus we have proved
the existence part of the claim.

For the uniqueness, if we have two such representation n;y; = > i< MY = > j<i m’7y; then let
Jo be the greatest index such that mj, # m/ (as the number of nonzero m; and m/ is finite this
greatest index exists). Suppose mj, >m/ then (mj, —m} )vjo = 32, ; (M) —m;)v; € G~ which is
a contradiction, because 0 < m;, — m}o < M- g

Definition 2.2 With the notation of Lemma 2] we say the sequence I' positively generates the
group ¥, if for any ¢ we have m; € N.

Definition 2.3 A sequence (§;; € @)izo___dyjzlndﬁ, @; an ordinal number and &y = 1, is called a
sequence of pre-values if for any ¢ and j we have

o Bij+1 = nijbij, where nij =min{r € N: 785 € (Bij) (i j) <10 (i) }
e When j is a limit ordinal then f; ; > f3; 7, for any j' < j.

Consider the index set {(7, j) }i=0.-.d,j=0.--a,, ordered by the lex. ordering. As &; are ordinals, this
is a well-ordering. According to Lemma [2.T] when n; ; # oo there exists a unique representation

4,05 = > miyd) Bir g (1)

(i’,j’)GSi,jUSE,J,

where m(/’;,) =0, except for a finite number of (¢, ") <iex (¢,7), and S;; = {(@,5") | (7',7) <iex
(i,9), (”- >0}, S8, ={0,5") | (Z,5") <tex (4,7), (”- < 0}. By Lemma2Tlwe have 0 < mgfi) <
ny /1fnzj7éoo andm(’J-)GZlfnZ i = 00. Thus, 1f( )GSC then j' = ay and ny o, = oco.

Let I'=(Bi; € Pi=o0..d,j=1...c:5 ordered by lex orderlng, be a sequence of pre-values. Let ®4 4,
be the group generated by these elements We say I is a sequence of values if it positively generates
¢d.a,- This condition is equivalent to S§ . = 0, for any ¢ and j.

Definition 2.4 (SKP’s) Given a sequence of values I' = (8;; € ®)i=0...4,j=1...a,, We attach a se-
quence of power series (U, ; € k(d))izo___dyjzlmai, a; < a; to I'. Tt is called the sequence of key-
polynomials of the sequence of values I'. It is defined by induction on ¢. For i = 0, we set ag = g = 1
and Uy = Xo. Suppose Uy ;; and oy are defined for i’ < i. We set U; 1 = X,. Suppose U, j are
defined for j* < j. Then we define U; ; as follows

2If ai,...,an are elements of a group G, by (a1,...,an) we denote the subgroup generated by these elements and
by {a1,...,an) the semigroup generated by them.
SByi=1---dandj=1---&; wemeani=1,...,dand j=1,...,4a;.



(P1) If j is not a limit ordinal then

{3
Uy =07 =00 [ Ul (2)

1,7—1 i,
(4,5 )ESi,j—1

(3,5—1)

where 6; ; € k*. This can be written as U; j = U;'571" — 0; j U™

(P2) If j is a limit ordinal then .
U;; = lim U; 5 € k0V[X,].
J'=3

In Proposition 2.8 we prove that this limit exists in the ring k¢~ [X;]. If this limit is equal to
zero, then we set o; = j, 3;; = 00, and we stop the construction of the key-polynomials at this
step, for ¢. Otherwise, we continue to construct U; j for j > j.

If the construction of U; ;’s continues for every j < &; then we set a; = &;.
We denote an SKP by [Ui,ju ﬁi)j]izomd)jzlmai.

Remark 2.5 The following remarks are in order:

(i) Given any SKP as above, if we consider the data [U; ;, £i j]i=0,1,j=0--a; then it is a T—SKP for
the ring k[[Xo, X1]] in the sense of [3] for the group I" = &.

(ii) The formula of (P1) can be rewritten in the following way.

(4,5) m(li,j) m(i’j) m(i,j) m(ivj)

. — i _ g, g™ i-1 Bl =1
Uw+1 - Ui,j eon Ul Uifl (Ui,l Ui,jfl )v
(4,4) (4,9) (4,9)
where m;," is equal to (m;’y", ..., mi,ﬁai,).

(iii) For a fixed ¢ when «; is a limit ordinal:

— If there exists an infinite number of j such that n; ; > 1 then we have
* degy, (Uij) — oo(j — ai).
* We have U; o, = limj_,, U; j = 0 (See Lemma T2 (ii)).

— Otherwise (we denote this case by writing U; o, # 0), we have

* n;; = 1, except for a finite number of ordinals j.
* There is some ordinal jo such that degy, (Ui ;) = degy,(U; ;) and n;; = 1, for any
J > Jo-
(iv) For any limit ordinal j < «; there are only finitely many j’ < j such that n; ;» > 1: In contrary,
let j < a be the an ordinal such that there are infinitely many j' < j such that n; ;7 > 1. The

argument of the proof of Lemma 2121 (ii), shows that U; ; = 0. Thus, by construction of SKP,
we must have j = a; which is a contradiction.

Definition 2.6 Let [U, ;, 8; jli=o...d j=1...a; be an SKP. We define the semigroups I'; ; and the groups
®; 5, fori=0,...,d,7=1,...,04, as follows:

FiJ = <(ﬁ0)(1107 ey (ﬁi—l)?iiluﬁi,lu e 7/8i,j>7

®; ;= (T;),
(b::] = @7]7] ®Z @.

Definition 2.7 Consider a power series ring A = k"), The order of an element M = Y m CmX™ of
this ring is orda (M) = ord(M) = minm ¢, {> ;_o M }.

Proposition 2.8 Fiz an SKP [U, ;, Bi ili=0---d,j=1.--a;- LThen for any (i,j) we have U, ; € EC=DX].



Proof. The proof is by induction on ¢ and j. For ¢ = 0 it is obvious. Suppose it is valid for indices less
than 4, we prove it for i. When j is not a limit ordinal, formula (P1) represents U; ; as a polynomial
in terms of previous U’s and the claim is obvious in this case by induction on j.

It remains the case when j is a limit ordinal. We can assume that j = «; (considering the
SKP [Uy jr, Bir jrlir=0-.jv jo=1---at,, Where af = ay for i' < i and of = j). We must show that
limj/_,al. Ui,j/ S k(zil)[Xl]

If there is infinite number of j such that n; ; > 1 then by Lemma [2T2](ii), we have U; o, =0 €
kG=D[X;]. Thus, we can assume n; ; = 1, except for a finite number of j. Then by Lemma EI2 (i),
“7) = 00(j — ;). By Remark B (iii), we have degy, (U™"”) is limited.

Hence ordy,i-1) (Um(i’j)) — 00(j — «;). Using this fact and the equality U; j+1-U,; ; = —Hi)ij(i’j), for

“7 e kDX

we have ord-1)x,) (U™

. . . . . ni,-
J = jo (where n; j = 1, for j > jo), we have lim; .o, U; j = U; ;70 =37, 5 iy, 05 U™
0

Remark 2.9 The proof of the proposition shows that for any arbitrary two ordinals jf < j" such
that n; ; = 1, for j' < j < j”, we have U; j» = lim;_;» U; j = U:;}j, = 2 g<i<i 91‘,ij(1’]).

Let [U; 5, Bi,;li=0---d,j=1.--a; be an SKP. Fix an i < d. Consider the abelain ordered group ®; o,. This
group is order isomorphic to a subgroup of the ordered group (R™, <j,), for some n (see [I], Proposi-
tion 2.10). Suppose «; is a limit ordinal. Consider the first index ¢ < d, such that #{(8; ;)¢ }1<j<a; =
0o. The index t is called the effective component for i . Notice that this ¢ exists: In contrary, we have
#{(Bi ;)i hi<j<ait=1..n, < 00. On the other hand, we have 3;1 <jex Bi2 <iex - <iex Bi,a;- But this
is impossible when all the components of 3;’s come from a finite set. Thus ¢ is well-defined. In [2], it is
shown that well-ordered semi-groups of ordinal type < w”, h € N, have no accumulation point in R,
in Euclidean topology. We show that the positively generated semi-groups have a stronger property:
The effective component of any sequence of the elements of the semi-group tends to infinity (Lemma

211 and Lemma [T3)
Proposition 2.10 With the notation of the last paragraph we have:

(i) There exists juy, 1 < ju) < i, such that the first (t — 1) components of B;; are the same
(componentwise), for j > jiy, i.e., (Bij)e = (Bij)e, for §, 7" > juy and t' < t.

(it) For j > j' > ju) we have (Bij)e > (Bijr):-

(19i) If U; o, = 0O then:
(1) t=min{t'| 1 <¢ <n, Ij<a;: (Bi,)e #0}.
(2) (Bij)e =0, for any j < o and t' < t.
(3) (Bij)t = +00(j — ai).

Proof. The first item is a direct consequence of the definition. For (i), by definition of the SKP’s,
we have 0; j >iex Bi,57. On the other hand, by (¢), the first ¢ — 1 components of 8; ; and 3; j are the
same. Thus (61”‘)15 Z (6i,j/)t-

For (iii), set t1 = min{t'| 1 < ¢ < n, 3j < o : (B )¢ # 0}. By definition of ¢;, we have
(Bij)y =0, for any j < a; and ¢ < t;. So, t1 < t. From the definition of the SKP, we deduce
that Bij+1 >iex (Hjogj’gj 1 )Bij,- We choose jo such that (3; )y, # 0 (note that necessarily
(Bijo)ts > 0). As U, o, = 0, there are infinite number of j > jo such that n;; > 1 (j — «;). This
shows that (8; )¢, — c0(j — ;). Thus ¢t = ¢;. O

Lemma 2.11 Let [U; j, Bi jli=0---d,j=1--a; be an SKP. Fiz ani < d and let t be the effective component
for i. Suppose c is a limit ordinal then (B; ;) — +oo(j — aqr).

Proof. 1If U;,, = 0, then the claim is the content of Proposition 2ZI0l(¢%¢). Assume U, o, # 0.
Then, by definition of U; o, # 0, there exists jo such that n; ; =1 for j > jo. Notice that in this case
there is a finite number of j (in general) such that n; ; # 1 (by definition of U; o, # 0). And we have

(Bij)e = Z(i’,j’)esi,j mgfj,) (Bir j* )t for j > jo. Define

Ci ={(,j") € Sij, max{jo,js} <J < oau, (Bj)e#0}



If #C; = oo then there exists some iy < ¢ and an infinite number of j’ such that (ig,j') € C;, so
we can speak of 7/ — oco. As for such (ig,j’) (which are infinite in number) we have n;, ; > 1, hence
@, is a limit ordinal and Ul-oyoéi0 = 0. Let t' be the effective component for ig. By definition of C;
there is at least one j" such that (3;, ;)¢ # 0. But Uj; a,, = 0, thus by Proposition .10l (i74).(2), we
have t' =t. As (8;,,j:)¢r — 00o(j’ — 00), we have (3; ;) — 0o(j — o).

If #C; < oo then (5, ;)¢'s are elements of the discrete lattice L C R generated by the finite set of
generators {(B;r ;)| (¢',5") € C;}. Thus, as any bounded region of R contains only a finite number of
elements of the lattice L, the sequence (0; ;)¢(j — ;) can not be contained in any bounded region of
R. On the other hand, by Proposition [Z10l (i), this sequence is increasing, so, it goes to +oo. |

Lemma 2.12 Consider an SKP [U; ;, i jli=0---d,j=1.--a; - Suppose «; is a limit ordinal. Then we have
the following:
(i) For any n € N and i < d there exists ordinal jff) such that Ordk(i—l)[xi](Um(i’j)) > n for any

j >j7(f).

(#9) If Ui,o; = 0 then one can choose the above j,(zi) such that in addition ordyi-vx,)(Ui ;) > n for
any j > ]7(1).
Proof. Suppose both (i) and (i7) are proved for any n’ and i’ < 4, and also for n’ < n and i. We
prove them for n + 1 and 7. Suppose ¢ is the effective component for ¢. For any vector V€ R” we
define |V| to be its tth component, i.e., |[V| = (V);. Let

M* = max{{|Bi ;1| : (i',5") € Sij, 7 <3\ when i <i,j’ < jO when i’ = i}.

Notice that the cardinality of this set is finite, so M* is well-defined.

For (4):

By Lemma 2T} we have |5, ;| — +oo(j — «;). Hence there exists jr(fll such that |3; ;| >
(n+1)M*, for j > jff}rl. The claim is that this number jr(fll works. We can assume j;) < jr(f) (see
Proposition 2I0L(4)). Suppose j > j,(fll. |

If there exists at least one (i,j') € S;; such that j/ > jr(f) then we are done. Indeed, if
mEZJ’-J) > 1, since ordyi-1x,](Uij) > n (by induction hypothesis for (i), in the case n) then
ordy- 1)[X](Um( 7y > nmgzj’]) >n+1. If m( n9) = 1, since |Bi /| < |Bi;| (because n; i > 1 and
Bij >lex Mij B, and |.| preserves ordering for i’ > Je) ), there should be at least one other

element (i",5") € S; ;. But ordyi-nx, (Ui ) > 1. Therefore, we have ord-1 [Xi](Um(i’j)) >
Ordk(ifl)[Xi](Ui,j’) + ordi-1 1X; ](U'N ‘//) >n+ 1.

If there exists some (¢, j') € S; ; such that ¢ < ¢ and j' > j( ) then clearly we are done.

There remains the case that for all (¢/,5") € S; ;:

o If i’ <ithen j' < 37(;)1

e If i/ =i then j’ <j(z).

By definition of M* and conditions above, we have |G ;.| < M*, for any (i, j') € S; ;. Hence

18,y V< 1Bl < mijlBi5] = ST miBepl <> midhme

(i',3")€Si,5 (i',3")€Si,5

Where the first inequality holds because |.| preserves ordering for 5/ > jn @ J(i) (Proposition2Z.T0l (i7)).
But, by definition of M*, we have |ﬁ J0 | > (n+1)M*. Thus n+1 <3 ines, m( 7 Finally

ordyi i (U™ > ST ml?) > ntl,
(i,3") €S,
For (i4):
As (i) holds for n + 1 and using induction hypothesis, we can find jff}rl such that ord(U; ;) >
n, ord(U™ ") > n+1, for j > 7). 1f this 5}, does not work for (i4), find the first jo > j | such



that n; j, # 1 (as U; o, = 0 this jo exists) then set jf;ll := jo. It is straightforward to check that this

new jf;ll works also for (i7). O

Example 2.13 Consider the ring k[Xo, X1, X2] and the group ® = Z3 with reverse lexicographical
order. Consider the valuation v centered on this ring defined by the SKP (Up 1, Ui 1, (Ug)j)?)il) and
Bo,1 = (1,0,0), 81,1 = (0,1,0), Bo,wntj = (J,n +2,0) for n € N,0 < j < w and 5,2 = (0,0, 1). Here
we have the relations _

Uz ontjt1 = Uz umyj — U&lUlan-

In this example we have ng; = 1 for any 1 < j < w?. We see that we can not continue to define
Us, w241 the reason is that (82,un)2 = n+ 2 — oo(n — 0o) and therefore necessarily 3, .2 ¢ Z* ® {0}.
Thus, as fo,1, 01,1 € Z* ® {0} there does not exist any relation between 3 .2, 50,1, 51,1 and we are
forced to stop at this step.

Example 2.14 Cousider the ring k[Xo, X1, X2] and the group ® = Q with the usual order < .
Consider the valuation v centered on this ring by the SKP

(Uo,1, (Ur,5)4=1, (U2,5)%-1, Bi,j) which is defined as follows: Let {p;}{2, be a sequence of increasing
prime numbers. Define fp1 =1, f11 = p%’ Bi,; =m; + pij, for j > 2 where mg =1 and m;1 =
pjm; + 1, and By ; = B, for j > 1. Then after setting 6, ; = 1, we have Uy j41 = Uffj — U(Tf+1 and

3 adic expansions

Given an SKP [U; j, Bi,j]i=0.--d,j=1.-a;- I this section we show that any element f of the power series
ring k(%) has a unique expansion in terms of key-polynomials. We give an algorithm for computing
this expansion. The algorithm is based on the notion of acceptable vectors o/ < «a attached to
the SKP. Any acceptable vector determines an SKP [U; j, Bi jli=0...d,j=1.a;- We define the notion
of (U)w — adic expansion and show how one can get (U)y — adic expansions for o/ > o/, using
(U)o — adic expansion. In the next section, we use the adic expansion of the elements to define a
valuation, attached to a given SKP.

Lemma 3.1 Fiz an SKP [U, ;, 5; jli=0.--d,j=1---a;- When U; ; # 0 it is of the form
Uij =X, +aija,; 1 X, +-+aijo

where a; j ;o € kO™, such that the constant term of a;;; is zero. Moreover, when j is not a
limit ordinal, we have d;; = n;j_1d;j—1 for 1 < j < ;. If j is a limit ordinal then there exists
an ordinal jo < j, which is not a limit ordinal and for any j' such that jo < j' < j, we have
diyjr = dijo = i jo—10i,jo—1-

Proof. The proofs are all by induction. We prove the last part. By definition of SKP’s, it is clear

that for any 7' = 1,...,5 — 1, we have mgzﬁ) € S 5, so we have 0 < mglﬂ) < n; . By induction we
have NG jr = di,j’Jrl/di,j/- Hence mgfﬂ) +1< di,j/Jrl/di,j/- So we have
j-1 i1 g
i1
S omiPdiy < (= = Ddiy = dij =1 < nijydi.
=1 j'=1 ;3

Hence degy, (Us j41) = nijd; ;. For the last claim we note that when j is a limit ordinal there exists
a jo such that for any j', jo < j' <j, we have n; jy = 1. O

Lemma 3.2 For any SKP [Ui,jv6i,j]i:0---d,j:1~-ai; Zf Ui,j 7§ 0 we have
degx, (Us;) > degx, (] UL,
J'<j

when 0 < p; o < ngj. In other words 3, _;pijidij < dij. Notice that p;j =0, except for a finite
number of j'.



Definition 3.3 Fix an SKP [U;j, i ;li=0..-d,j=1.-.a;- We say that a vector (ag,...,q/;) such that
of < oy is an acceptable vector if for any i =0,...,d and any j =0,...,¢/; and for any (¢',5') € S; ;
we have (7/,7") <jex (¢, 0i) for i/ < 4, and (7/,5") <jex (¢,7) when i’ = 4. This means that in the
equation (P1) defining U, ; in terms of U’s with smaller indices, one needs only indices from ¢/, not
necessarily all of o. Notice that an acceptable vector o determines an SKP, i.e., [U; ;, 61-13-]1-:0...(“:1_.&;
is an SKP.

Given an SKP [U; j, 3i ili=0.-.d,j=1.--a; the vector « is an acceptable vector. Moreover, the vector
(1,...,1) € N? is an acceptable vector for any arbitrary SKP.

Definition 3.4 Given any SKP and any acceptable o', one can consider the new SKP defined by this
acceptable vector and construct the power series ring k(o 1)) = k[[(Us j0)ir<i,jr<atny 210 (Ui, Jir<i]] C

k(D). We have k() = k((a,iy)-

Given an SKP [U; j, (i ]i=0...d,j=1.-.a, and an acceptable vector o/ = (ay,...,a};), we want to
expand an arbitrary element f € k(?) in terms of U’s as an element of the power series ring k((ara))-

Definition 3.5 (adic expansions) Fix an SKP [U, ;, 3 ili=0.-.d,j=1.-a;- Let o/ be an acceptable
vector for this SKP. For an element f € k(?) consider the expansion f = EI(J) CI(J)UI(J) € k(o ,a))>
where I(J) € N' x --- x N x - x N®, and cr(yy € k. This expansion is called the (U)n — adic
expansion of f, when for every monomial U(Y) we have 0 < I(J);; < n;, for any 0 < j < o/ and
i=0,...,d. Notice that I(J); ; =0, except for a finite number of j.

Definition 3.6 Fix an SKP [U; ;, 5 li=0.-d,j=1--a; and let o/ be an acceptable vector. For any
monomial M(U) = U® € k((,q)), we define

Vdeg(M) = (degx, (Ug°),degx, (U),. .., degx, (U3")) € N

Definition 3.7 Fix an SKP [U; ;, 5; jli=0---d,j=1.--o; and let o/ be an acceptable vector. Let M (U) =
cU? be a monomial of the ring k(. 4)) we say that it is a monomial of adic form if it satisfies the
conditions of monomials of Definition

Lemma 3.8 Fiz an SKP [U, ;, Bi jli=0---d,j=1.--a; and let o/ be an acceptable vector. Let M(U) =
cU? € k((ar,ay) be a monomial of adic form with respect to this SKP. Then Vdeg(M) determines the
vector a.

Proof. This is a simple consequence of Lemma If we set n = degy, (U}") then we have a; o, =
nizj’i:wrl a; jr.d; i ]

a i

Note that if a; ; # 0 then for any j' < j such that d; ; = d; j; we have a; j; = 0. This shows that in

the case of o be of infinite ordinal type also the number of entries of a computed inductively above,

which are nonzero is finite. O

(7] Suppose by induction we obtained a; o/, ..., a;j+1 then we have: a; ; = |

il

Corollary 3.9 Fiz an SKP (U, ;,8ijli=0--dj=1.-a;- Let o' be an acceptable vector. For any two
different monomials M, M' of the power series ring k((ar,qyy, we say M < M’ if

Vdeg(M) <jer Vdeg(M').
This is a total well-ordering on the set of monomials of k((a,ay) of adic form.

The following proposition shows that the adic expansions are well defined elements of the ring
k((a,a)) and they are unique and it gives an algorithm to compute them.

Proposition 3.10 ( Algorithm for getting adic expansions) Fiz an SKP [U; ;, 8; jli=0---d,j=1--a; -
Let o' and o be two acceptable vectors for this SKP such that o < o, with respect to the partial
product order of Z4t. Let f € k9D and suppose we know its (U)
obtain its (U),., — adic expansion we do the following:

Starting from (U) — adic expansion of f, for any monomial M(U) in the expansion, and for
any i =0,...,d and j < o, do the following replacements, and iterate this process on the resulting
expansion as far as possible.

o — adic expansion. In order to



o Ifn; ;11 > 1, replace any occurrence of Usz] in M(U) by its equal binomial by (P1) of Definition
namely,
. (:9)
U:;] = Ui1j+1 + Hiijm ’ .
o Ifnijt1 =1 thenlet j+1 < jo < o be the first ordinal such that n;j, > 1 or jo = o/ and
replace any occurrence of Ulnjj in M(U) by its equal expansion given in Remark[Z9, namely,
U =Uijo + Y. 00"

2]
J<3'<jo

The resulting expansion is equal to the (U)ar — adic expansion of the element f. Moreover, this
eTpansion is unique.

Proof. For any element of k(. q4y) we define M,, to be those monomials with ord = n. By Lemma
2121 we know that #M,, is finite. We do the replacements of the algorithm (staring from o’ — adic
expansion of f) in the n—th step only on the monomials of | J,,, ,, M, of the current expansion. Using
Lemma 6.6 of [7], this process terminates after finitely many steps. In this step all the monomials of
U, <, M of the current expansion are of o —adic form. Moreover, there exists a number m(n) < n,
where m(n) — oo(n — 00), such that in the process of replacements on the monomials of | J,,, ., My~
the monomials of Um/gm(n) M., does not change (Lemma[2.12). Doing this process as n — oo we get
an expansion, which satisfies all the properties of o — adic expansion. Thus we obtain a (U), — adic
expansion of f.

Now, we prove that this expansion is unique. Suppose an element f € k(?) has two different adic
expansions [ = ZI(J) cI(J)UI(J) = ZI,,(J,,) c'I’,/(J,,)UIN(JN). Assume by induction on d the claim is
valid for the power series ring R®y k=1, where R = k[[(Ua,j)j<au,na;#1, Ud,a.)] i considered as the
coefficient ring. Consider f as an element of the ring R®;k(?~1). The two adic expansions of f give two
adic expansion of f € R ®y, k(@) as follows. Setting U = (Ua—1y,Ua) and I(J) = (1(J) g1y, 1(J)a)
we have

_ 1Y ayy 1
P = a0 Cr sty =1y cronUa U

_ " (a7 (T -1

- ZI“(J“)(d,l) (ZI’(J/)d,I”(J”)(d,l):I’(J’)(d,l) CI’(J’)Ud )U(dfl) :
By induction hypothesis, these two adic expansions are the same. Suppose M be the least monomial
of this expansion, with respect to the ordering of Corollary 3.9 which refers to the indices Ip(Jp) and
IJ (JY) (respectively). Then equating the coefficient of M in two adic expansions we have

I'J IJ
g = Z CI’(J’)Ud (/) = Z CII//(J/)Ud ( )d.
I'(J")aIo(Jo)(a—1)y=1"(J")(a-1) '(J")a LY () (a—1y=1"(J") (a—1)
Write g |xo=0,....X4_1=0= D _aczCaXg. Let ap be the first a such that ¢, # 0. Then by Lemma

B and B¥ there is a unique monomial in either of the expansions of g (M and M’ respectively)
such that Vdeg(M) = Vdeg(M') = a (Here Vdeg(M) = degy,(M)). Hence M = M’'. Thus the
least monomials of two expansions of g (with respect to the ordering of Corollary B:) are equal.
Subtracting this monomial from two representations, and iterating the last procedure we deduce that
these two expansions are the same and we are done (A similar argument like the last part works for
the initial of the induction d = 1). O

Remark 3.11 Given an SKP [U; j, 8i jli=0---d,j=1.--a;, and an element f € k@ in order to obtain
its (U)s — adic expansion, we can use the algorithm of Proposition BI0 for the acceptable vectors
o =(1,...,1) and &’ = a. Notice that in this case the (U)o — adic expansion of every element

f € k9 is itself.

We also use the notation of (o) — adic expansion. When there is no stress on the special acceptable
vector o’ or they are clear, we use the simple notation Uy — adic or adic expansion.

Remark 3.12 The algorithm of Proposition B.10, can be applied to obtain the adic expansion of an
element f starting from any representation of it. For example, suppose two elements f and g are given
and we know their adic expansions. We can apply the algorithm of Proposition B.10] to the product
of the expansions of f and g to obtain the adic expansion of the product fg.



4 Valuations attached to SKP’s

In this section we show that to any SKP one can attach a valuation v of the field k((Xy, ..., Xq))
centered on the ring k[[Xo, ..., X4]].

Definition 4.1 Let [U; ;, 8; ;] be an SKP. For an acceptable vector o/, we define a map
Vo K\{0} — @
by:
e If M is any monomial M (U) with (U), — adic expansion M = ¢.UP, where ¢ € k then

d o
Vor (M) = Z Zpi,jﬂi,j-

i=0 j=0
o If f € k¥ has the (U)o — adic expansion f = ZI(J) C](J)UI(J) then
vor (f) = ming ) {va (UTD)}.

For any SKP, we denote the mapping of the definition above by v, = val[U; ;, 5; ;]. We will see that
this mapping is a valuation (Theorem [.1T).

Definition 4.2 Let [U; j,3; ;] be an SKP and f € k® an arbitrary element and let (/) be an
acceptable vector for this SKP. The initial form of f with respect to v,/ is defined as:

inl/a/ (f) = Z CI(JD)UI(JO)v

1(J9)

where f =3, cI(J)UI(J) is the (U)n — adic expansion of f and I(J°) ranges over those indices
with minimal v, —value.

Definition 4.3 Let [U; ;, 5; jli=0---d,j=1.--; b€ an SKP and consider the power series ring k((a,a))- For
any monomial M (U) = U? € k((4,4)) we define the vector of the powers

VP(M(U)) = (Ad,0y, 8d—1.04_ys - - »A0.00) € NFL,

Lemma 4.4 Fiz an SKP and suppose that o/ is an acceptable vector for this SKP. Let f € k9 and
suppose in,_, (f) = Z[(J) CI(J)UI(J) then the vector of the powers VP(M) of the monomials M of
in,_, (f) are all different.

Proof. Let cU!(Y) and U (V") be two monomials of in,_, (f) with equal vector of the powers. We
show that for any j = 1,...,a), the powers of the Uy ; in the two monomials are the same. Indeed,
let j' < o) be the greatest index such that I(J)q j» # I'(J")a,js, note that this maximum index exists.
We assume I(J)q ;> I'(J')q,5. By equating the v, —values of the two monomials

(I(N)ajr = I'(J)a,j)Bajr = > —(L( )i oo = T (Tirr o) Birn o € (Birr jor ) i1, 377y <o (Ao
(illvjll)<lem(d7j,)

which is clearly a contradiction, because 0 < I(J)q ;7 —I'(J")a,j» < ng,j. Continuing similar argument
for i < d, we deduce that the two monomials are the same. ]

Corollary 4.5 Fiz an SKP and suppose U; o, = 0, for i = 1---d. Then for any 0 # f € kD the
initial in,,_ (f) consists of just one monomial of adic form.

Lemma 4.6 Fiz an SKP (U, ;, 3; ;] and let &' be an acceptable vector. For any arbitrary monomial

M(U) € k((ar,q)), where M = c.U?, we have:

(i) The initial form of M in its (U)a — adic expansion is just one monomial M’ = ¢U? . In other
words, we have in,,_, (M) = M'.

10



(i1) We have a’d@ii =agq,

(iii) For any two monomials M and M’ of the power series ring k(o ay) with equal vo—values, if
VP (M) <jee VP(M') then VP(in,_, (M)) <iex VP(in,_, (M")).

Proof. For the first claim, let U; ; be a factor of the M with power greater than n; ;. Replace
U: J] by its expression from the algorithm for getting adic expansion. The claim is that after one
such replacement there exists just one monomial with minimal v, —value. We prove the claim for
the replacements of the first type of algorithm for getting adic expansion. For the second type the

argument is similar. After a replacement of type one we get two monomials with different v, —values:

M (4,3)
M = T (Ui7j+1 + 91'1ij )
i,

(4,3)
 UAUi , Ut
=c q,j Cli,j g5

0,7 i,
N
M, My

Then vo/ (Ms) = v (M) = Vo (M). Therefore, we have in,_, (M) = in,_, (M1). We do the same for
M. Finally we get a monomial M’ whose adic expansion is itself, this proves (4).

For the second part we notice the that the proof of the first part shows the following general fact:
For the monomial M (U) a replacement on U;";” can not affect the power of Uy jv, for (', j') >1ex. (4, ),
of the unique monomial with minimal value of the expansion generated after replacement.

For the last part, suppose M = U? and M’ = U?. Let d < d be the first index such that
ag o, < afi/)a;/. Then by Lemma .4 we have a;; = a; ; fori =d +1,...,dand j = 1,..., ;.
Thus the algorithm for getting adic expansion for these two monomials for such ¢ and j can be chosen
the same. Hence, without loss of generality we can assume that a;; < n;; and a}; < n,;, for
1=d +1,...,d and j < a;. Then because ag o, < afi,a;/, by part (ii) we are done. O

Theorem 4.7 Given any SKP [U; ;, 3; ;], for any acceptable vector o, the mapping
Vor + KN\{0} — @ eatends trivially to a k—wvaluation of the field k((Xo, ..., Xaq)). Moreover, for any
two acceptable vectors o/ and /' such that o/ < & and for any f € k'Y we have vo (f) < var (f).

Proof. The extension to the field k((Xo,..., X)) is a trivial task. We need only to prove that given
any f,g € E\{0} we have vy (f + g) = min{ve (f),va(9)} and v/ (f.9) = var(f) + var(g). The
first one is a direct consequence of the definition and the uniqueness of the adic expansions. For the
second equality, let in(f) = ZI(J) cI(J)UI(J) and in(g) = EI,(J,) c’l/(J/)UI/(J/). Let M = cI(JO)UI(J“)
(respectively M’ = cI/(Jé)UIl(Jfl))) be the unique (Lemma [4)) monomial of the expansion of in(f)
(respectively in(g)) with minimal vector of powers, with respect to the lex. order. Then by Lemma
[£8 (iii), we see that in(M.M’) = M" is the unique monomial of in(f.¢g) with minimal vector of the
powers. But vo (M") = Vo (M) 4+ vor (M') = vor (f) + var(g), by the definition of the mapping v,
we have vy (M") = vy (f.g). For the last part, we note that in the algorithm for getting o — adic
expansion of an element from its o — adic expansion every time of substitution we replace a monomial
with two new monomials with values equal to or larger than the original monomial. O

Corollary 4.8 Given an SKP [U; ;, 8 jli=0.--d,j=1--a;, all the U;;’s are irreducible elements of the
power series ring kU—D[X,].

Proof. We prove the claim for Uy ;. Consider the vector ('), defined by o = oy, for 0 <i < d, and
o/, = j. This is an acceptable vector. In this proof all the adic expansions are (U), — adic expansions.
Let Uy ; be reducible and Uy ; = f.g, for some non-unit elements f, g € k(~V[X,]. As the o/ — adic
expansion of Uy ; is itself, we have in(Uy ;) = Ug ;. We can compute this initial in the other way, using
initials of f and g¢. This gives us Uy ; = in(in(f).in(g)).

On the other hand, Bq,; = Vo (Uq,j) = Vo (f) + Vo (g). Thus the monomials of in(f) and in(g))
does not have a factor Uy ;. By Lemma [4.6] (i), this shows that the monomials in(in(f).in(g)) does
not have a factor Uy ;, which is a contradiction. O

Remark 4.9 One should note that in the definition of the SKP’s for the ring k[[Xo, ..., Xq4]] the
ordering of the variables plays an important role. In other words, changing the coordinates of the
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rings (even with a permutation) may change totally the system of SKP’s attached to the valuation, or
even they may not exist. This phenomenon can be seen even in dimension two; For example consider
the valuation v centered on the ring k[ X, X1] defined by the SKP, [(Uo.1,U1,1,U1,2,U1.3), (2,3,9,10)].
Where, we have Uy o = Uty — U3y, Uiz = Uiz — U3 Ur,1. Note that the last two equations are
given to us (up to the knowledge of the corresponding 6’s ) as soon as the sequence of 3’s (2,3,9)
is known. Now, changing the order of the coordinates, we consider the same ring as k[Yp, Y1] with
Yy = X1,Y1 = Xy. The same valuation is given by the following SKP’s in the new coordinate v =
val[(Vo1, Vi, Vie, Vis), (3,2,9,10)]. Where the SKP’s are as follows.

Vig = V13:1 - V02,1, Vig=Via+ V03:1-
The relation between two SKP’s is as follows:
Voo =U11, Vii=Uon, Vip=—-Uioa.
For V; 3 we have:
Vig=Via+ VO%I =-Ui2+ U13,1 =-Ui2+ (U&l + Ui 2)Ury = Uiz +UpUp .

As this example shows the explicit relation between the U’s and Vs is not, in general, trivial.

5 Euclidean expansion and more properties of SKP’s

In this section we give another expansion in the ring k(q—1)[Xa], attached to a SKP of the power
series ring k[[Xo, ..., Xa]] (k) := k((Xo,...,X5:))). We show that the valuation v attached to this
SKP, can be defined using this new expansion, plus the knowledge of the valuation v on the field
k(a—1). Moreover, we show that the Euclidean expansion can be obtained directly from the adic
expansion. This is practically interesting, because adic expansion is defined only with substitutions
while Euclidean expansion is defined using divisions.

Definition 5.1 (Euclidean expansion) Fix an SKP [U; ;, 5; jli=o....j=1..;- Forany j = 1,..., aq we
define the acceptable vector a9 = (ag,...,aq_1,5). Let f € k(4—1)[Xal, and consider the expansion
f=>,cU] € kig—1)[Uqg] such that 0 < Jj < ngj for any 0 < j' < j. This is called the jth
Euclidean expansion of f.

Proposition 5.2 (Algorithm for getting Euclidean expansion) With the notations of Definition
[51, do the following:

Consider the greatest index jo such that degx (f) > da j,. Divide f by Uq j, in the ring kq—1)[Xd]
to obtain f = qUygj, +r, where q,r € kq—1)[Xa| and degx,(r) < dq j,. Iterate the same process for
q as far as possible to obtain f = 3, f;US ; , where degx,(fi) < daj,- Iterate the same procedure
for each of the fi’s and the greatest index j', j' < jo, such that dgj < dgj,. Continue as far as
possible. This process terminates after finitely many steps. The resulting expansion is equal to the jth
Euclidean expansion of f. Moreover, the Euclidean erpansion is unique.

Proof. Asthe Uy’s which appear in the process are among the elements of the finite set {Uq, j// na,; #
1, and degy,(f) > dg j }, the process stops after finitely many steps. We show that the resulting
expansion is the jth Euclidean expansion of f. Let U, (;l’ be a monomial generated in the algorithm
above. It is sufficient to show that this monomial is of Euclidean form. Indeed, let j' be the greatest
index less than j such that Jj > ng ;. This means that degXUl(Uil1 e Uig,) > dg ;41 and we must
divide it (in the monomial in the procedure above) by Uy j/11, which is a contradiction.

The uniqueness of Euclidean expansion comes from the fact that (by Lemma [Z3) the degy, (U;)
of a monomial of Euclidean form determines the vector J. Therefore there is a unique vector Jy
such that degy, (U, él] °) = degx,(f). This monomial (plus its coefficient)is common in all the possible
Euclidean expansions of f. Subtracting this monomial from f, by induction on the degree of f we are
done. g

Lemma 5.3 Fiz an SKP [U; ;, 8i jli=0.--d,j=1.-a; and let f € k[[Xo,...,Xq]]. The jth Puclidean ez-
pansion of f can be obtained using the (o)) —adic expansion of it as follows. Let f = ZI(J) CI(J)UI(J)
be the (a(j)) — adic expansion of f. Then the Euclidean expansion of f is equal to

UI(J) ,

0> aw UL
d

J L), I(T)a=T"
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Proof. It is clear that the above expansion satisfies all the properties of the jth Euclidean expansion
of f. Thus, by uniqueness, it is the Euclidean expansion of f. O

Remark 5.4 Using the above lemma, we extend the notion of Euclidean expansion to the power
series ring k(9. An expansion of f € k@ of the form f = Y, ¢c;UJ € k{@V[[U,]] which satisfies
the conditions of Definition 5.1l is called the Euclidean expansion of f. The above lemma shows that
such an expansion can be obtained using adic expansion of f. An argument, similar to the proof of
Proposition B.10, shows that this expansion is unique.

Proposition 5.5 Fiz an SKP [U; j, Bi jli=0...d,j=1.-a; and let v be the k—valuation of the field kg
attached to it. Set 7 = v |y, , . The valuation v (as a valuation of the field ky_1y(Xa)) can be

defined using the data [U, (Uq,;)52,, (Ba,j)52,] as follows. For any f € E@=DXg) let f =3, f,U] be
its aqgth Fuclidean expansion then

v(f) = min {7(fs) + Ba-J}-

Proof. The lemma above shows that the equation of the proposition is just another writing for
v(f), which is originally the minimum of the values of the monomials in the adic expansion of f. O

Remark 5.6 With the notations of the proposition above, if we write f = 3=, f;Uj ;, with degy, (fi) <
dg,;. Then with a similar argument we have

v(f) = min{v(f;) + t8a,;}-
Proposition 5.7 The graded algebra gr, kq—1)[Xa] is a Buclidean domain.

Definition 5.8 Fix an SKP [U; ;, 0 j]i=0.--d,j=1.--a;- We consider the set of acceptable vectors ald) =
(g, yq-1,7), for j=1,... aq. _
For any f € k(4—1)[X4], and any a) we define

St (f) = max{f: £ is power of Uy ; in the monomials of in . (f)}.
Remark 5.9 Let u € k(1) and f € k(a—1)[Xa] then 0,6 (f) = dow (uf).
Lemma 5.10 For any f,g € k(4—1)[X4] we have

00 (f-9) = 00t (f) + 00 (9)-

Proof. First we find u,v € k(4= such that uf,vg € k®D[X,], this is always possible. Then by
last remark it suffices to prove the lemma for uf and vg, i.e., we can assume f, g € k(4= D[X,]. Lemma
L4 shows that there are unique monomials f;U; and g, U " of in(f) and in(g) (respectively) that
have maximal Uy ; power. Write Euclidean expansion of in(f.g) using the product in(f).in(g) and al-
gorithm for getting adic expansion. We see in(f).in(g) has a unique monomial with Uy ;—degree equal
5o () + 600 (9), ie., f797U’U7 . Now, Lemma B8} (i), shows that after getting adic expansion
from this product the Uy j—powers of the monomials do not change which proves the equality. O

The following lemma is an adaption of the results of [3] in our situation.
Lemma 5.11 Fiz an SKP [U; ;, 8 ;], and let a) be defined as in Definition[5.8 then
(i) For f € kiq—1)[Xa], we have 6, (f) =0 iff f is a unit in gr, k(a—1)[Xal-

(i) If f, g € kg—1)[X4] then there exists Q, R € kg_1)[Xa] such that f = Qg+ R in gr
and 40 (R) < Su) (g)

keg—1)[X4]

Vo)

(iii) The polynomials U, ),U, ) are irreducible in gr, . ka—1)[Xa]-
A VRS o)
(iv) If j' < j then Ug j is a unit in grya(j)k(d,l)[Xd].
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() If f =32, fUj ;, with degx, (ft) < da,j and 846 (f) < naj then f = f;Uf ; in grua(j)k(d,l)[Xd]
for some t < mng ;.

Proof. Throughout the proof we fix the expansion f = Y, ;U] ;, with degy,(fi) < da;-

(0). If 6, (f) = 0 then f = fo in g, ka—1)[Xa]. As Ug; is irreducible and degy,(fo) < da,;
the polynomial Uy ; is prime with fo. Hence we can find A, B € kg—1)[Xa], degx,(A),degy, (B) <
dd)j so that Afo =1- BUd)j. Then Va(j)(AfO) = a(j)(l) =< Va(j)(BUd)j). Therefore, Afo =1in
g, k(i—1)[Xa]. So fo and hence f is a unit in gr, k(a—1)[Xa]. Conversely, if f is unit, say Af =1
V() k(d—l)[Xd] for some A € k(d—l)[Xd] then 5a(j) (f) + 5a(j) (A) = 5a(j) (1) =0 so 5a(j) (f) =0.
(i1). Write g = 3=, g:U} ;. Tt suffices to prove the claim when g, = 0 for t > M := d, (g) and using (i)
we may assume gy = 1. Asdegx, (g¢) < dg,j fort < M we have degy, (g9) = Mdg ;. Euclidean division
in kg_1)[Xq] yields Q, R € kig_1)[Xq4] with degy (R') < degx,(g) so that f = Qg + R'. Write
R' =3, RUj; and set N := 6,6 (R"), R:= >,y RUS ;. Then f = Qg+ R in gr,  k@—1)[Xd]
and

in gr

Vo)
degy,(R) = degx,(RN) + Ndaj < Mda; = degx,(f)

Hence N < M and we are done.

(#9i). We have 6,y (Uqg;) = 1s0if Uy; = fg in grua(j)k(d_l)[Xd] then 6, . (f) =0 or 6,m (g) = 0.

k(d—l)[Xd]'

(d,5)

Hence by (i), f or g is a unit in gr

Yod)
For Ud)j+1, we have Ud)j+1 = UZ;’j — Hd,ij . Let Ud7j+1 = fg in nga(j)k(d_l)[Xd] with 0 <
00 (f)s 00y < naj. By (v), we can write f = fiUf., g = Qt’Uij- Then Uy j11 = ftgt/UZj’j
so (1 — ftgt/)UZj’j = Hd,ij(d’j). As U, is irreducible and gm Y
grua(j)k(d_l)[Xd]. But then U™"” = 0 in gr
30 (f) = na,; and §,» = 0. Hence g is a unit.
(iv). By (4) it suffices to show that 8, (Uq, ;) = 0. If dg j» < dg; then this is obvious. If dgq j» = dq ;
then Uq,j» = (Ug,j» — Uaj) + Ua,; where degx, (Uq,j» — Ua,j) < daj. Now voi) (Ua,jr) = Bajr < Ba,j =
VoG (Ud,j)7 SO V() (Ud,j’ — Ud,j) < Vy() (Ud)j) and 6a(j) (UJ/) =0.

(v). Suppose Vi) (fiUf ;) = vaw) (ft/Uézj), where t < ¢ < ngj. Then (¢ — t)Ba; = Vou-» (ft) —
Vo Gi—1) (ft/)- Hence nd,j | t' —t thus t/ =t. O

a unit, we have figy = 1 in

v Fa—1)[Xa] which is absurd. So we can assume

Proof of Proposition 5.7t The item (é¢) proves the claim. O

Theorem 5.12 Fiz an SKP [U; ;, 5; jli=0..-d,j=1.-a; ond let v be its associated valuation. Consider
0+# f e€k[[X1,...,X4]]- Then initial form of f has a unique decomposition of the form:

(i) If Ugay # 0, ng,a, = oo then
f= 71U, in gr k1) X,

where f € kg—1) and 0 < J; <ngj, for 1 < j < ag.

(i1) If Ud,ay # 0, Nd,a, 7 00 then
f=pTU], in gr ke,

where p(T') € kg—)[T] and 0 < J; < ngyj, for 1 <j < aq, and T = Uzzzd u-m
the coefficients of p(T') has the same v—value.

(d,ag)
. Moreover,

(19i) If Ug,a, =0 then
f=fui, in gr,k_1)[Xd,

where 0 < Jj < ngy, for 1 <j < agq, and J; =0, except for a finite number of j.

Proof. (i). Suppose f =3, f;U; is the Euclidean expansion of f (Remark [.4), where f; € k(4_1),
and 0 < J; < ngj for j < ag . We claim that for any two J and .J’ we have v(f;U]) # v(frUi).
Indeed, if we have equality, consider the greatest index jo such that J;, # J; . We have (J —
Jjo)Bajo = v(f1) —v(fy) + 227 <jo(J; — J})Ba,;- Then as jo < aq (because 14, = 00), we have
nd.jo | Jjo — J},. Thus Jj, = J; which is absurd.
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(i1). We show that any monomial f;U; of the Euclidean expansion of in(f) is of the form fyTreaU g ,
in gr, k(@ for a fixed J such that 0 < jj < ngj, for any j.
Fix J, and make the Euclidean division J,, = 7o Nd,a, + jad, 0< jad < Nd,a,- And write f;U] =
FoUs8 TreaU2, with a:= J + ra,.m"*". As
m(d) (d,4)
Uyt = 0a (U770, in gr, ka1 [Xa),

making the Euclidean division a; = Tjnd,j + JJ, (Wlth 0< J < ng, ;) for the greatest index j such

that a; # 0, we get [] i< Udjj = Ud;HJ ' d;l/ with a, € N. We finally get by induction, a
representation

U] = faTreaU,
where 0 < J; < ngj, for any j. As v(T) = 0, with an argument like in the final part of the case (i) one

can argue to show that J is the same for all J’s. Clearly, the coefficients of p has the same v—value.
(¢47). This is similar to (7). O

Corollary 5.13 Let v be a valuation as above.
(1) If Ugay # 0, N a, 7 00 the only irreducible element of gr, kq—1)[Xa| is Ug,ay-

(#3) If Ugay # 0, Na,a, < 0o and moreover we impose the following strong condition: For every two
monomial of adic form U',U” € kiy_1), from v(U') = v(U’) one gets U' = U’. Then the
irreducible elements of gr,ky—1)[Xa] are of the form U;li’:d —gum' "

(ii1) If Ug,a, = 0 then gr, kq—1)[Xa] is a field.

, for some 6 € k.

Proof. (i). Assume f € gr, k4_1)[X4] is irreducible. By (i) of the last theorem, f = fUJ. But Uy
is a unit for j < ag (by Lemma 51T} (iv)), so Ug,a, is the only irreducible element in gr,k(g—1)[X4]
(Lemma B.TT] (447)).

(ii). We use (ii) of the last theorem. There we construct a polynomial p(T) € kg—1)[T]. As we
are working in the graded ring, we can replace the coefficients of p with their initial, which by
assumption is a unique monomial U € k(y_1y. Thus P(T) = Uop/(T), where p/(T) € k[T]. Factorize
P (T) =TI(T — 6;), modulo unit factors, we hence get

f UIOUJO‘d_Lnd’O‘d H(Und’ad elUm(d ad))

d,ag d,aq
1
where L = deg(p). On the other hand Lemma [BTT] (i4i), shows that all the elements of the form
Ugi:d 0, U™ are irreducible in gr,k—1)[Xa]. Thus the decomposition above is the decompo-
sition of f into prime factors in gr,k_1)[X4].
(#42). It is a result of (#i4) of last theorem and Lemma [BIT] (iv). O

Remark 5.14 Consider a valuation v as above. The strong condition of Corollary BI3 (i¢), is
satisfied iff for any ¢ = 0,...,d — 1 either we have U; o, = 0 or U, o, # 0 and n; o, = 0.

Theorem 5.15 (Homogeneous decomposition) Let v be a valuation attached to an SKP. Con-
sider the ring R = k((qa,q4)) and the induced valuation on it v. Every element f € R has a unique
decomposition of the form

f p( 117"'7Tid1)UJv in grvva
where dy < d+1 and A = {i1,...,ia,}, for any i € A, njqo, # 00 and T; = Um “yU- m - And

0< JiIJ < ny.j, fO'l“ 1<) <ay. And p(‘/l, .. .,le) S k[‘/l, .. .,le]. '
Proof. This is a simple induction on Theorem 5121 O

Theorem 5.16 Fiz an SKP [U, ;, 5; jli=0---d,j=1.--0;, Such that agq > w. Suppose there exists an
infinite sequence of ordinals s1 < -+ < s, = «aq such that ngs; > 1, for any j < w. Consider the

acceptable vectors ') (see Definition [5.8). For any f € ka—1)[[Xal] there exists j. € N such that
for any j > j. we have

Voon () = vy (f).

Thus the limit lim;_,, V. (s 18 well-defined and is equal to v (s,) = V.
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Proof. Multiplying f by a suitable factor u € k(4= we can assume f € k(). By assumptions, we
have Uy, = 0. Thus by Corollary 5, we have in,_(f) = c;U{, c¢; € k@D, Suppose j. is the
maximum index such that Js, # 0. Then by the algorithm of getting adic expansion, this j. works.
O

6 SKP-Valuations and numerical invariants

One of the ways to classify the valuations is through their numerical invariants. In this section we
show how the arithmetic of the SKP’s of an SKP-valuation determines the numerical invariants of the
attached valuation on the field k(4.

Proposition 6.1 Fiz an SKP [U, ;, 8; jli=0---d,j=1.--a; and suppose v be its attached k — valuation.
Let [U; ;, ﬁi,j]i:omd,jzl---a; be its minimal pseudo-SKP. The valuation v can be defined using the data
[Uijs Bi,jli=0--d,j=1-a, -

Proof. It is sufficient to note that to define the valuation v it is sufficient to know the adic expansion
of elements. Moreover, in the adic expansion of an element the U; ;’s with n; ; = 1 can not appear.
Thus the adic expansion of every element is defined using only the minimal pseudo-SKP associated
to v. g

The following lemma computes the rank and rational rank and value-semigroup of an SKP valua-
tion in terms of the arithmetic of the SKP.

Lemma 6.2 Consider a centered k—valuation on the ring k'Y such that v = val[U; ;, Bi,jli=0--d,j=1---c -

Letv=v |k(d—1) . It is clear that v = Val[Uiﬁj, ﬁiﬁj]i:()...dflyj:l...ai.

(1) We have rk(v) —rk(7) € {0,1}. More precisely rk(v) = rk(D) + 1 iff Ba,ay & A (A is the smallest
isolated subgroup of ® such that ®;_, ,  CA), and tk(v) = 1k(V) iff Bia, € A.

(1) We have rok(v) —rrk(P) € {0,1}. More precisely rok(v) = rak(v) + 1 iff Baag & Pi1.0, -
and rok(v) = r.0k(D) iff Ba,a, € Qg

(iii) The semigroup v(k® \ {0}) is equal to Tq.a,-
We define the notion of pseudo-SKP. It allows us to avoid ordinal numbers greater than w for «;.

Definition 6.3 For a SKP [U; ;, 8i jli=0.--d,j=1.-a; & pseudo-SKP is a subset of U’s and (’s which
comes from dropping an arbitrary number of U’s (and associated 3’s) for which n; ; = 1 and also one
can not drop U; o,’s. To any SKP is attached a minimal pseudo-SKP which is obtained by dropping
all U; ; such that n; ; = 1. This minimal attached pseudo-SKP is unique. We denote this minimal
pseudo-SKP by [U; ;, Bijli=0.--d,j=1.--a;, Where o < w (using the same notation as SKP’s).

Theorem 6.4 Consider a centered k—valuation on the ring k[[Xo, X1, Xo]], v, which is defined by an
SKP, i.e., let v = val[U, j, Bi,j]i=0,1,2,j=1.--a;- Moreover, we suppose Bp1 € A1. Then we can compute
the numerical invariants of this valuation using the arithmetic of its minimal pseudo-SKP. This is
summarized in Table [

Proof. The computation of the rank and the rational-rank is a simple task. The only nontrivial task is
the computation of the transcendence degree or the dimension of valuation. It is a direct calculation
using Theorem For example in the case (I), pick f,g € kg—1) with v(f) = v(g). Then by
Theorem 515 we have in(f) = p(T1, T2)U” and in(g) = ¢(Ty, To)U”". Using the properties of .J and
J’ in the theorem, we see that J = J’. Thus f/g = p(T1,T2)/q(T1,T>). This shows k, = R, /m, =
k(Ty,Tz). We show that Th and T, are algebraically independent in k,. If T, is algebraic over k(T}),
then there is a polynomial 0 # p(T) € k(T1)[T] such that p = p(T2) = >, ¢;T% = 0 in k,. Regarding

) yet "2, an
Ty and Ty as elements of R, we have p(Tz) = >, ¢;T3 € m,. Note that T} = —7t— and Tp = 52

Multiplying p with a suitable power of U™ * say n, we can assume that U™ +7)p ¢ k((a,2))- The
condition p € m, implies that the cancelation should occur between initail monomials of monomials
of U™ +mM)p in the course of getting the adic expansion. We show that this is impossible.
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Arithmetic of minimal pseudo-SKP of the valuation v rk | r.ork | tr.deg
o) < o0, ah < oo Bi,j € QBoa 1|1 2
1 o < oo, oy < Bij € A1, Bra; € QBo1, B0y € A1\QBo 1 1 9 1
2 o) < 0o, ah < 00 Bij € A1, Brar € A1\QBo1, B0y € QB0
)1 o) =00, ap <00 Bi; € QBo,a Ll ]
)2 o) <00, =00 Bi,i € QBoa
) 0/1 < o0 0/2 < o0 Bi,or € A1\QBo,1, B0y € A1\ (Bo1; B1,a0) ®Q 1] 3 0
1 ozl 00 on < 00 Ba,a;, € A1\QBo1 1 9 0
2 o) < 00,0 =00 Br,o; € A1\QBoa
) af < 00,0y < 00 max{fi o} € A2\A1, Bia; € (Bo,1,02.04) ® Q 2 2 1
)1 O/l < 00,0/2 < o0 5170/1 € AQ\Al, 52,0/2 € (I)\Ag 3 3 0
(VII)2 a/1 < o0 a’2 < o0 5270/2 S Ag\Al, 51,0/1 S (I)\Ag
(VIID), ozl 00 on < o0 B2,0, € A2\Ay 9 9 0
(VIII), o < 00,0l =00 Biay € A2\Ay
(IX) O/l < 00, 0/2 < 0 InaX{ﬁi,a’.} S AQ\Al, 6170/1 S AQ\(BO,lyBQ,a’Z) (24 Q 2 3 0
(X) af =o00,ah =00 1 1 0

Table 1: Numerical invariants via arithmetic of SKP of the valuation

Write p = Zi,j riﬂijTQj, rij € k. Then grim+my, — Zi,j m_rjU"[i’ﬂUli_’mUJ

3 ap- By Lemma
.6l (i7) no cancelation can occur between initial monomials of monomials of U™ +™)p with different
j’s (notice that index (2, a2) does not occur in U™41). Tt remains to show that no cancelation can
occur for a sum of the form ¢; = Y, r; ;U0 U7 | Ug s Notice that the power of Uz ’s, are the same
for different monomials of ¢ and the power of U; ,, are different for any two monomial of ¢. Now,
the proof of Lemma [0 (47) shows that in the course of getting the adic expansion of the monomials
of g the power of U ,, in the initial monomials remain diffrent, for any two monomial of g. Thus no

cancelation can occur between the initial monomials of g. (|

7 Realization of certain class of semi-groups as value semi-
groups of polynomial rings

In this section we give a result on the realization of a semi-group as the semi-group of values which
takes a valuation on a polynomial ring.

Theorem 7.1 Let T be a semigroup of an ordered abelian group (¥, <), given by a minimal system
of generators {v;}i<a C T, a = wn + j*, n,j* € N (we denote this by 0.t(I')=n). Suppose that
T is positively generated (Definition [23), and v;41 > n;7v; when nj # co. set G = (') and d =
rok(G) + o.t(T') + 1. Then there exists a valuation v of the field k(X1,...,X4), centered on the
polynomial ring k[ X1, ..., X4], such that its value-semigroup is equal to T.

Proof. We give special names for those indices of the 7’s that are not rationally independent
to the previous ones Yst, Introducing a new variable for every Vst 41, We construct a set of key-
polynomials of this new Varlable with values equal to v, up to Vst, . Then, we need to define a new
variable. However, the situation differs in the case of limit ordlnal If s, is a limit ordinal then
the limit key-polynomial which is available is zero and can not take Vst,, @S its value. Thus, we are
forced to define a new variable for taking value =y o The precise definition is as follows.

t,

Set {FYJ'}J/SOC = {’Ys%} U {FYSE,+j}tET,t’GT{U{,fp+1},jEJtyt/7 Where T = {17 R + 1}7 Tt/ = {17 ey ft}
forteT. freN, forteT, fo:=0, fir1:=00. Jypv={1,...,80,4 —sp}, fort € T and ' < f;.
Fort<n: Jip={j: 1<j<whandfort=n+1, Jp ={j: 1<j<j*}, where a = wn + j*,
J* € N (for the simplicity of notation we assume f,1 < j*). Jiz,, = {0}, and Vst T Yttt for

t4+1
t < n. And finally, for ¢ € T" we have 7,¢ = 7,:—1) and the finite set {75t }t’eT,{ are all those v,
t,
Vo(t—1) < < Vu(t), With ng 6, =00 (see Lemma 2] for definition of n).
Then, by Lemma [7.3] we have rrk(G) = fo+ ...+ fot1-
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ForteT andt' € T set iy = fo+...+ fici+t+t,and iy py = fo+...+ fr+t+1, for t' = fiyq.
Notice that for any ¢ and ¢ we have i, s > 1. Thus the total number of i’s which has been defined d,
is equal to (we give here the formula without assumption f,+1 < j*):

d = fo+. .. Ff o1 +n =1.1k(G) + ot(T) 27 = faa
fot it faritn+1 =r1r1k(G)+ot(T)+1 :5* > fu1

Set 11 = Vo1 It is straightforward to check that the sequence {1 1, @t’t, o= '}/S:,_;’_j}it’t,:2...d_’j€‘]t,t/
is a sequence of values (note the index i starts from 1). The key-polynomials of the SKP attached to
this sequence of values are all polynomials of the ring k[Xy,..., X4-1]. The valuation v attached to
this SKP has value semi-group T'. O

Remark 7.2 The following remarks are in order:

e The positivity condition is quite restrictive in general. However, it is well-known that in the
case we restrict to the value semi-groups of polynomial rings of two variables, all the value
semi-groups are positively generated.

e It seems that the bound d obtained for the number of the variables of the polynomial ring is
the best possible. More precisely: Given any semi-group I' it can not be realized as a value
semigroup of a polynomial ring with < d variables.

Lemma 7.3 With the notation of Theorem[71}, for any limit ordinal w(i+1) < a we have rk(Gy(i41)) =
rk(Gw(iH)u) + 1. In particular, ng(i+1) = 0.

Proof. We extend the notion of effective component to this situation. Consider an order embedding
(@, <) € (R", <jex) such that ' C RZ . By definition, the effective component for the limit ordinal
wi is the first index ¢ < n such that #{(7;)¢ }wi<jcw(i+1) = 00. Like in the case of effective components,
one can prove t is well-defined. Note that (v;)y = 0, for ¢/ < ¢t and j < w(i + 1). Moreover, one
can show that the content of Proposition 2.101(¢) and (i7) hold in this case. Suppose the effective
component for wi is t. Then an argument similar to the proof of Proposition 210l (¢4¢), shows that
(7j)¢ = +o0(j — w(i+1)). But Y1) >iew Ywits, for j € N. This is possible only if (7y,(i41))¢ > 0,
for some t' < t. O
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