ON LECLERC’S CONJECTURAL CLUSTER STRUCTURES FOR OPEN
RICHARDSON VARIETIES

PEIGEN CAO AND BERNHARD KELLER

ABSTRACT. In 2016, Leclerc constructed conjectural cluster structures on open Richard-
son varieties using representations of preprojective algebras. A variant with more explicit
seeds was obtained by Ménard in his thesis. We show that Ménard’s seeds do yield upper
cluster algebra structures on open Richardson varieties and discuss the problems that
remain in order to prove that they are cluster algebra structures.

1. INTRODUCTION

Open Richardson varieties were introduced by Kazhdan-Lusztig [20]. They are relevant
for Kazhdan—Lusztig polynomials [20, 7], the study of total positivity in the Grassmannian
[24, 34, 26, 35], the Poisson geometry of the flag variety [17] and many other subjects.

It is natural to ask whether open Richardson varieties carry cluster structures compatible
with total positivity and Poisson geometry. In 2016, Leclerc [23] gave a conjectural positive
answer using representations of preprojective algebras. His conjecture was slightly modified
and made more explicit by Ménard [27, 28]. In this note, based on [21], we show that
Ménard’s seed does provide an upper cluster algebra structure on each open Richardson
variety. We also discuss the problems that remain in order to prove that it is a cluster
algebra structure.

In type A, a (possibly different) upper cluster algebra structure was obtained using
completely different methods by Gracie Ingermanson in her thesis [19] under the supervision
of David Speyer. Open Richardson varieties are special cases of braid varieties. In this
more general framework, much stronger results will be contained in the forthcoming work
of two groups of mathematicians:

- Roger Casals, Eugene Gorsky, Mikhail Gorsky, Ian Le, Linhui Shen, and José
Simental in [4] and

- Pavel Galashin, Thomas Lam and Melissa Sherman-Bennett in [11, 12], cf. also
[10].

Acknowledgments. B. Keller thanks Bernard Leclerc and Etienne Ménard for stimulat-
ing discussions. P. Cao is supported by the ERC Grant No. 669655. We are grateful to
the authors of [4] for providing us with a preliminary version of their preprint.

2. OPEN RICHARDSON VARIETIES

Let A be a simply laced Dynkin diagram, for example the diagram A4 given by a chain
of length 4. Let GG be the associated simple, simply connected complex algebraic group, for
example Si5(C). Let B, B~ C G be opposite Borel subgroups, for example the subgroups
of upper/lower triangular matrices in Sl5(C). Let H = BN B~ be the associated maximal
torus and W = Np(H)/H the Weyl group, for example the subgroup H C Si5(C) of
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diagonal matrices and the symmetric group S;. Let X = B~ \ G be the flag variety and
7 : G — X the canonical projection, for example the variety of complete flags

O=FyCcFHC--CF,=0

in the space of rows C® with its natural right action by Sl5(C). We have the Schubert

decomposition
xX=1]] Cw
weW

into the Schubert cells C,, = m(wB™), which are affine spaces of dimension equal to the
length {(w). Dually, we have the opposite Schubert decomposition

X:HC“

veW

into the opposite Schubert cells C¥ = 7(vB), which are affine spaces of dimension equal to
l(wg)—1(v), where wy is the longest element of W. For a pair of Weyl group elements (v, w),
the open Richardson variety R, ., is defined as the intersection C N C,,. It is non-empty if
and only if v < w for the Bruhat order and in this case, it is a smooth, irreducible, locally
closed subvariety of C,, of dimension [(w) — [(v) which is affine but not an affine space, in
general. In the minimal example where G = Sly(C), the flag variety X = B~ \ G identifies
with the projective line P!(C) by the map sending a 2 x 2-matrix to the line generated by
its first row. Under this identification, if s generates the Weyl group S, we have

Ce = {0} Cs =PY(C) \ {0}
ce = AY(C) C% = {0}
Ree = {0} Res = P1(C) \ {0, 00} Rys = 0.

We refer to section 1 for the most relevant references on open Richardson varieties. It is
natural to ask whether they carry cluster structures compatible with total positivity and
Poisson geometry. In 2016, Leclerc [23] gave a conjectural positive answer using represen-
tations of preprojective algebras. There is a direct link between such representations and
the coordinate algebra C[N] of the unipotent radical N of B. We will recall it in the next
section. In turn, the coordinate algebra C[N] is linked to the coordinate algebra C[R, 4]
of the affine variety R, as follows: Put N(v) = N Nv~!N~v, where N~ is the unipotent
radical of B~, and N'(w) = N Nw~!Nw. Let C[N]>% C C[N] be the subalgebra of double
invariants

(C[N]v,w _ N(U)C[N]N’(w)_

Let M,,, be the multiplicative subset of C[N]"" generated by the irreducible factors of

Dv,w = HAvfl(wi),wfl(wi) )
i€l

where [ is the set of vertices of the Dynkin diagram and the factors of the product are
generalized minors, cf. section 2.2 of [23]. In section 2.8 of [23], Leclerc constructs an
algebra isomorphism

CN]"*[M; 1] = C[Ro.w).

VW )
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We thus obtain the following diagram summing up the relations between the coordinate
algebras C[N] and C[R, ]

C[N]*® —— C[N]

\LC&H

CIN[M, L] —=— C[Ry.w)-

VW

3. ADDITIVE CATEGORIFICATION AND LECLERC’S CONJECTURE

3.1. The case of N = C\,,. We keep the notations and assumptions of section 2. Let A
be the preprojective algebra of A over k = C. For example, if A is the diagram Ay

1 2 3 4

Y

then, up to isomorphism, A is the k-algebra presented by the quiver

a\ ﬂ\ ’Y\
1 72 '3 !

with relations
—a'a=0, aa" = B=0, B"—v"y=0, 7" =0.
Let us recall some important properties of A and the category mod A of k-finite-dimensional
(right) A-modules:
a) The algebra A is finite-dimensional and selfinjective so that the category mod A
becomes a Frobenius category.
b) As shown by Crawley-Boevey [5], for finite-dimensional A-modules L and M, we
have a bifunctorial isomorphism

DExt} (L, M) = Extp(M, L),

where D = Homy (7, k) is the duality over the ground field. This means that the
Frobenius category mod A is stably 2-Calabi—Yau.
¢) The category mod A contains (basic) cluster-tilting objects

I'=T1& - - &1,

where the T; are indecomposable (and pairwise non isomorphic) and m is the length
of the longest element wy. These can be mutated at each non projective summand
T;.

d) Each reduced expression wy of the longest element wy yields a canonical cluster-
tilting object Tz which, up to mutation, is independent of the choice of wy.

e) We have a canonical cluster-character

¢ :mod A — C[N]
constructed by Geiss—Leclerc-Schréer [13] using work of Lusztig [25].

For an ice quiver Q, let us write A1(Q) for the cluster algebra with non invertible co-
efficients associated with @ and A(Q) for the cluster algebra with invertible coefficients
associated with (). We always denote the initial cluster variables by x;, i € Qq.

Theorem 3.2 ([13)). If T = T1 & --- ® T, is a basic cluster-tilting object mutation-
equivalent to Ty and Q(T) is the ice quiver of its endomorphism algebra Endp(T) with
frozen wvertices corresponding to the projective-injective indecomposable summands of T,
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then (Q(T), (o(T3))) is an initial seed for a cluster structure on C[N]. Moreover, the
algebra isomorphism morphism taking z; to ¢(T;) fits into a commutative diagram

AN(Q(T)) —— C[N]

| |

AQ(T)) —— ClRewol-

For example, suppose that A = A4 and
Wy = 81825354518253518287.

We refer to [14] for the construction of the canonical cluster-tilting object T = Ty and
the computation of the corresponding ice quiver Q(T") given by

Il °
< °
where the squares denote frozen vertices. In this case, the subgroup N is formed by the
upper unitriangular 4 x 4-matrices and the isomorphism

AT(Q(T)) = C[N]

sends the x; to certain maximal minors.

3.3. Case of C,. Recall that a torsion pair in mod A is a pair (7,F) of strictly full
subcategories such that we have

a) Hom(7,F) =0 and
b) for each M € mod A, there is a short exact sequence

0 My y M M7 » 0,

where M7 belongs to 7 and M7 to F.

Here the submodule M7 is called the torsion part and M7 the torsion-free part of M. The
subcategory T is called a torsion class and F a torsion-free class. Torsion classes ordered
by inclusion form a poset.

For two elements v and w of the Weyl group W, we write v <p w if w admits a reduced
expression w equal to the concatenation T of a reduced expression T for v with a reduced
word T. The relation <p is called the weak right order on W. Clearly, the relation v < w
implies that v < w in the Bruhat order but the converse does not hold in general.

Recall the a subcategory C of mod A is functorially finite if, for each M € mod A, there
are morphisms Cy — M — CY with Cy, C° € C such that for each C € C, each morphism
C — M factors through Cy — M and each morphism M — C factors through M — C°.

Theorem 3.4 ([29]). We have a canonical isomorphism of posets w +— Cy, from (W, <gp)
to the poset of functorially finite torsion classes of mod A.

Theorem 3.5 ([6]). If A is a finite-dimensional k-algebra such that mod A admits only
finitely many functorially finite torsion classes, then each torsion class is functorially finite.
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By combining the two theorems, we see that all torsion classes of mod A are functorially
finite and that they are canonically parametrized by the elements of W via the bijection
w > Cyp.

Theorem 3.6 ([2]). If C C mod A is an extension-closed, functorially finite full subcate-
gory, it becomes a Frobenius category (for the exact structure inherited from mod A) which
is stably 2-Calabi—Yau and has a cluster structure. In particular, the category C contains
a cluster-tilting object.

For an ice quiver @, let we write U™ (Q) for the upper cluster algebra with non invertible
coefficients associated with Q.

We say that an ice quiver @ has a reddening sequence if the non frozen part of () has a
reddening sequence in the sense of [22].

Theorem 3.7 ([14, 2]). Fiz w € W and let W be a reduced expression for w.

a) There is a canonical cluster-tilting object Ty of Cy which, up to mutation, only
depends on w.

b) The ice quiver Qw of the endomorphism algebra of T has an explicit description
(up to the determination of the frozen subquiver).

c) The ice quiver Qg has a reddening sequence [22] and we have AT (Qw) = UT (Qw).

As an example, consider A = A4 and W = $1525351528483. Then the quiver Q is given
by

0

N

e o

NN
N

Let w € W and let w be a reduced expression for w. Recall that we have defined N(w) =
N Nw 'N~w, where N~ is the unipotent radical of B~, and N'(w) = N Nw 'Nw. We
have a canonical isomorphism

C[N(w)] = C[N]N'®),
Theorem 3.8 ([14, 15]). Choose a decomposition into indecomposables
To=T1 @ ® Ty

Then the pair (Qw, (¢(T3))) is an initial seed for a cluster structure on C[N(w)], i.e. the
algebra morphism taking x; to ¢(T;) is an isomorphism. Moreover, it makes the following
square commutative

AT (Qw) —— C[N(w)

|~ ¢
| % —

A(Qm) —= C[ e,w]

[N]N’(w)
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3.9. The case of R, ,. We follow [23]. Let v < w be elements of W. Let (C,,C") be the
torsion pair associated with v. Define

Cow =C"NCy C modA.
Clearly, this subcategory is extension-closed. By the results of Auslander—Smalg [1], it is
also functorially finite in mod A. By Theorem 3.6, the category C, ., has a cluster structure.
If T is a cluster-tilting object of C,, then its C’-torsion-free part T¢" is a cluster-tilting
object of Cy., by Proposition 3.12 of [23]. However, in general, the module 7¢" is not

basic. Let T,z be a maximal basic summand of the cluster-tilting object TS" and let Q,
be the quiver of the endomorphism algebra of T, z.

Theorem 3.10 (Leclerc [23]). a) The C-span of ¢(Cy ) € C[N] equals
(C[N]v,w _ N(U)(C[N]N’(’w)'
b) The map ¢ : Cy — C[N] induces injective algebra morphisms

A+ (Qum) —Z— C[NJow

! |

A(QU,E) W C[Rv,w]

and dAim R, 4, equals the number of vertices of Q.
c) The algebra embedding Pioc is an isomorphism if v <g w or if Cy, has only finitely
many indecomposables (up to isomorphism).

Conjecture 3.11 (Leclerc [23]). The algebra embedding Qioc is always an isomorphism.

One difficulty arises from the fact that Leclerc’s seed (Qyw, (¢(13))) is not known ex-
plicitly. The following theorem is the first to have made it explicit in certain cases.

Theorem 3.12 (Serhiyenko—Sherman-Bennett—Williams [36]). Leclerc’s seed equals the
canonical seed defined by a plabic graph if Ry . is an open Schubert variety (in type A).

This theorem implies Leclerc’s conjecture for these cases since we have v <p w if Ry 4
is an open Schubert variety.

Theorem 3.13 (Galashin—Lam [9]). Leclerc’s seed seed equals the canonical seed defined
by a plabic graph if Ry 15 an open positroid variety (i.e. a type A open Richardson variety
in the Grassmannian). Moreover, the conjecture holds in this case.

Notice that in the situation of the theorem, we may have v £r w.

4. MENARD’S RESULTS
We keep the notations and assumptions of the preceding section.

Theorem 4.1 (Ménard [28]). There is an explicit sequence of mutations transforming T
into a cluster-tilting object Ti such that any mazimal direct summand M,z of Tk lying in
Cow s a cluster-tilting object of Cy -

The sequence of mutations in the theorem was conjectured by Jan Schréer. The cluster-
tilting object M,  is expected to be isomorphic to T}, . It yields a (possibly new) candidate
seed for C[N]|"" and C[R, ). In his thesis [27, 28], Ménard has developed an algorithm
allowing to explicitly compute the seed associated with M, 3. It follows from his theorem
above that the quiver Q(M, ) is a cluster reduction of Q(T), i.e. it is obtained from
Q(Tw) by mutating, freezing vertices and deleting certain frozen vertices (in this order).



ON LECLERC’S CONJECTURAL CLUSTER STRUCTURES FOR OPEN RICHARDSON VARIETIES 7

By a theorem of Muller [31], the existence of reddening sequences is preserved under
cluster reduction. Since the existence of a reddening sequence for the ice quiver Q(T%) is
known [15], it follows that the ice quiver Q(M, ) has a reddening sequence. Moreover,
the exchange matrix associated with Q(M, ) has full rank (this follows essentially from
[2]). Thus, the upper cluster algebra U(Q(M,w)) (with invertible coefficients) admits a
theta basis in the sense of Gross—Hacking—Keel-Kontsevich [18] and also a generic basis, as
shown by Qin [33]. In particular, the image of the Caldero-Chapoton map spans the upper
cluster algebra U(Q (M, w)) over the algebra of Laurent polynomials in the coefficients.

5. UPPER CLUSTER STRUCTURE

We keep the notations and assumptions of the preceding section. Let T" be Ménard’s
cluster-tilting object M, . Let ¢ : A(Q(T")) — C[N]"" be the algebra morphism associ-
ated with the seed (Q(T), (¢(13)))-

Theorem 5.1. The map ¢ yields a commutative square

UF(QT)) —— CINJ™
UQ(T)) —— ClRyul.

where the bottom map Pjoe s an isomorphism.

Remark 5.2. We do not know whether the statement of the theorem also holds if T s
Leclerc’s cluster tilting object T, .

Proof. Since the ¢(T;) are algebraically independent, the map z; — ¢(T;) defines a field
embedding

C(a;) —2— C(N).

Let CC : Cyu — C(x;) denote the cluster character associated with the cluster-tilting
object T' € Cy 4 in [8]. By Theorem 4 of [16], the triangle

C(;) ‘ C(N
(kc e

commutes. Now by definition, the map CC : C,,, — C(z;) actually takes its values in
C[z] and by Theorem 1.1 of [32], it even takes its values in the upper cluster algebra
Ut =UT(Q(T)) with non invertible coefficients. Clearly, the field embedding

¢ : C(z;) —» C(N)

)

induces an isomorphism
UT = o(UT) C C(N)
and we have the commutative square

Coy —— C(N)

ccl T

Ut ——=— gU).
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By Theorem 3.10 (a), the C-span of ¢(Cy,) equals C[N]"". This implies the inclusion
CNT™™ C U™).

Since Q(T) is of full rank, the upper cluster algebra with non invertible coefficients is a
finite intersection of Laurent polynomial rings (by Cor. 1.9 of [3], the ‘starfish lemma’).
Therefore, the upper cluster algebra with invertible coefficients U/ is the localization of U™
at the coefficients. Therefore, from the above inclusion, we deduce that we have

C[N]>¥[M, L] C 3(U).

VW
Here, the symbol M, ,, denotes the multiplicative set in C[IN]"" introduced at the end of
section 2.

Since T is Ménard’s cluster-tilting object, we know that the non frozen part of the ice
quiver Q(T') has a reddening sequence. By [33, Theorem 1.2.3], the upper cluster algebra U
has a generic basis. This implies that CC(C,,,) contains a generating set for the (C[M;—L&,]—
algebra U. Since the C-span of ¢(C, ) equals C[N|"", we have the reverse inclusion

P(U) C CINT"[M,].

VW

Thus, we obtain the equality
P(U) = CIN]"[M; 4] = C[Ryu].

VW )

This is what we had to prove. Vv

6. TOWARDS A CLUSTER STRUCTURE

Our hope is that for Ménard’s cluster-tilting object M, , we have A = U for the
corresponding cluster and upper cluster algebra with invertible coefficients. Recall that by
Ménard’s theorem, the ice quiver Q(M, ) is obtained from Q(T%) by cluster reduction,
i.e. by mutation, freezing and deletion of frozen vertices (in this order).

Theorem 6.1 (Geiss—Leclerc-Schréer [15]). a) We have A =U for Q(Tw).
b) The ice quiver Q(Tx) admits a reddening sequence.

The second property is preserved under cluster reduction by Muller’s theorem [31].
However, it is not clear under which conditions this holds for the first property.

6.2. Preservation of / = A under freezing? Let Q be an ice quiver and @’ the quiver
obtained from ) by freezing the cluster variable x associated with a non frozen vertex. We
then have the algebra inclusions

ACAx ) cuz Y cu,

where A = A(Q), ... . Following Muller [30], we define A’ to be a cluster localization of
A at z if A/ = A[z~!]. Unfortunately, it is not clear whether the freezing occuring in the
passage from Geiss—Leclerc-Schréer’s seed for 'y, to Ménard’s for R, ., is a composition
of cluster localizations. The following theorem may nevertheless be useful.

Theorem 6.3. Suppose the exchange matrix associated with the ice quiver Q is of full
rank. Let A and U be the associated cluster and upper cluster algebra. If we have A =U
and A’ is a cluster localization of A at x, then we have A =U'.

Proof. Since the exchange matrix B associated with the ice quiver @) is of full rank and
Q' is obtained from @Q by freezing the non frozen vertex of @Q labeled by x, we know that
the exchange matrix B’ associated with the ice quiver @' is also of full rank. Hence, the
starfish lemma [3, Corollary 1.9] holds for &/ and U’
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Denote by tg the initial seed of U and I¢ the set of non frozen vertices of the ice quiver
Q. Let k be the non frozen vertex of () such that z = zy,,. By the starfish lemma [3,
Corollary 1.9], we have

(6.1) U==cito)( V[ ) Llmito)) |,

i€ Lyt

(6.2) u=°Lio)( V| [ Llulto)) |,

k#i€l s

where L£(pi(to)) is the Laurent polynomial ring associated with the seed p;(to).
Since A = U and A’ is a cluster localization of A at x, we have that

A=Az =uUlz" Cu.

It remains to show the converse inclusion U’ C U[x~1].

By the equality (6.2), we know that for any v € U’, there exists a positive integer d such
that the exponents of x = x4, in the Laurent expansion of vz with respect to the seed
pi(to) are positive for any k # i € I¢. In this case, we have va? € L(ux(to)). Then by the
equality (6.1), we get vx? € U and thus v € U[z~!]. So we have U’ C U[z~!] and

A=Az =Ulz" 1 =U.
\/

6.4. Preservation of A = U/ under deletion? In general, the property A = U is not
preserved under deletion of frozen vertices. The hypotheses of the following proposition do
hold for the deletion occuring in the passage from Geiss—Leclerc—Schréer’s seed for C, to
Ménard’s for Ry .

Proposition 6.5. Suppose Q' is obtained from @Q by deleting a frozen vertex, that Q and
Q' are of full rank and that the ice quiver Q admits a reddening sequence. Denote by A,
U, A" and U’ the cluster algebras and the upper cluster algebras associated with Q and Q'.
IfA=U, then A =U".

Proof. Let P and P’ denote the groups of Laurent monomials in the coefficients of A and
A’. Consider the diagram

A =——=U —— Clz'][P]

[

A —— U —— Clz[P]

Let CC and CC’ be the Caldero-Chapoton maps associated with Q and @’ and let 7 :
ClzF[P] — ClzE'][P'] be the specialization map. We have 7o CC = CC". By Qin’s work
[33], we know that the image of C'C generates U as a C[P]-module. Thus, the image of
7o CC generates m(U) as a C[P']-module. Now the image of m o CC equals that of CC’
and the image of CC’ generates U’ as a C[P’]-module since the ice quiver @’ also has a
reddening sequence. It follows that 7(U/) equals U’ and this implies A’ = U". Vv



10

[1]

[14]

[16]

[30]

31]

PEIGEN CAO AND BERNHARD KELLER

REFERENCES

M. Auslander and Sverre O. Smalg, Almost split sequences in subcategories, J. Algebra 69 (1981),
no. 2, 426-454.

Aslak Bakke Buan, Osamu Iyama, Idun Reiten, and Jeanne Scott, Cluster structures for 2-Calabi- Yau
categories and unipotent groups, Compos. Math. 145 (2009), no. 4, 1035-1079.

Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky, Cluster algebras. III. Upper bounds and
double Bruhat cells, Duke Math. J. 126 (2005), no. 1, 1-52.

Roger Casals, Eugene Gorsky, Mikhail Gorsky, lan Le, Linhui Shen, and José Simental, Cluster struc-
tures on braid varieties, preprint, July 2022.

William Crawley-Boevey, On the exceptional fibres of Kleinian singularities, Amer. J. Math. 122
(2000), no. 5, 1027-1037.

Laurent Demonet, Osamu Iyama, and Gustavo Jasso, T-tilting finite algebras, bricks, and g-vectors,
Int. Math. Res. Not. IMRN (2019), no. 3, 852-892.

Vinay V. Deodhar, On some geometric aspects of Bruhat orderings. I. A finer decomposition of Bruhat
cells, Invent. Math. 79 (1985), no. 3, 499-511.

Changjian Fu and Bernhard Keller, On cluster algebras with coefficients and 2-Calabi- Yau categories,
Trans. Amer. Math. Soc. 362 (2010), 859-895.

Pavel Galashin and Thomas Lam, Positroid varieties and cluster algebras, arXiv:1906.03501 [math.CO].
, The twist for Richardson varieties, arXiv:2204.05935 [math.RT].

Pavel Galashin, Thomas Lam, Melissa Sherman-Bennett, and David Speyer, Braid variety cluster
structures, I: 3D plabic graphs, in preparation.

, Braid variety cluster structures, II: general type, in preparation.

Christof Geifl, Bernard Leclerc, and Jan Schréer, Rigid modules over preprojective algebras, Invent.
Math. 165 (2006), no. 3, 589-632.

, Auslander algebras and initial seeds for cluster algebras, J. Lond. Math. Soc. (2) 75 (2007),
no. 3, 718-740.

, Kac-Moody groups and cluster algebras, Adv. Math. 228 (2011), no. 1, 329-433.

, Generic bases for cluster algebras and the Chamber ansatz, J. Amer. Math. Soc. 25 (2012),
no. 1, 21-76.

K. R. Goodearl and M. Yakimov, Poisson structures on affine spaces and flag varieties. II, Trans.
Amer. Math. Soc. 361 (2009), no. 11, 5753-5780.

Mark Gross, Paul Hacking, Sean Keel, and Maxim Kontsevich, Canonical bases for cluster algebras, J.
Amer. Math. Soc. 31 (2018), no. 2, 497-608.

Gracie Ingermanson, Cluster algebras of open Richardson varieties, ProQuest LLC, Ann Arbor, MI,
2019. Thesis (Ph.D.) under the supervision of D. Speyer — University of Michigan.

David Kazhdan and George Lusztig, Schubert varieties and Poincaré duality, Geometry of the Laplace
operator (Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), Proc. Sympos. Pure
Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980, pp. 185-203.

Bernhard Keller, Progress on Leclerc’s conjecture via Ménard’s and Qin’s theorems, Talk at the Online
Cluster Algebra Seminar on February 23, 2021.

, On cluster theory and quantum dilogarithm identities, Representations of algebras and related
topics, EMS Ser. Congr. Rep., Eur. Math. Soc., Ziirich, 2011, pp. 85-116. MR 2931896

B. Leclerc, Cluster structures on strata of flag varieties, Adv. Math. 300 (2016), 190-228.

G. Lusztig, Total positivity in partial flag manifolds, Represent. Theory 2 (1998), 70-78.

, Semicanonical bases arising from enveloping algebras, Adv. Math. 151 (2000), no. 2, 129-139.
R. J. Marsh and K. Rietsch, Parametrizations of flag varieties, Represent. Theory 8 (2004), 212-242.
Etienne Ménard, Algébres amassées associées auz variétés de Richardson ouvertes : un algorithme de
calcul de graines initiales, These sous la direction de B. Leclerc, Université de Caen Normandie, Mars
2021.

, Cluster algebras associated with open Richardson varieties: an algorithm to compute initial
seeds, arXiv:2201.10292 [math.RT].

Yuya Mizuno, Classifying T-tilting modules over preprojective algebras of Dynkin type, Math. Z. 277
(2014), no. 3-4, 665-690.

Greg Muller, A = U for locally acyclic cluster algebras, SIGMA Symmetry Integrability Geom. Methods
Appl. 10 (2014), Paper 094, 8. MR 3261850

, The existence of a maximal green sequence is not invariant under quiver mutation, Electron.
J. Combin. 23 (2016), no. 2, Paper 2.47, 23.




ON LECLERC’S CONJECTURAL CLUSTER STRUCTURES FOR OPEN RICHARDSON VARIETIES 11

[32] Pierre-Guy Plamondon, Generic bases for cluster algebras from the cluster category, Int. Math. Res.
Not. IMRN (2013), no. 10, 2368-2420.

[33] Fan Qin, Bases for upper cluster algebras and tropical points, arXiv:1902.09507 [math.RT], to appear
in JEMS.

[34] Konstanze Rietsch, An algebraic cell decomposition of the nonnegative part of a flag variety, J. Algebra
213 (1999), no. 1, 144-154.

[35] Konstanze Rietsch and Lauren Williams, The totally nonnegative part of G/P is a CW complex,
Transform. Groups 13 (2008), no. 3-4, 839-853.

[36] Khrystyna Serhiyenko, Melissa Sherman-Bennett, and Lauren Williams, Combinatorics of cluster
structures in Schubert varieties, Sém. Lothar. Combin. 82B (2020), Art. 8, 12. MR 4098229

UNIVERSITE PARIS CITE, UFR DE MATHEMATIQUES, CNRS, INSTITUT DE MATHEMATIQUES DE JUSSIEU—
PARIS RIVE GAUCHE, IMJ-PRG, BATIMENT SOPHIE GERMAIN, 75205 PARIS CEDEX 13, FRANCE
PRESENT ADDRESS: EINSTEIN INSTITUTE OF MATHEMATICS, EDMOND J. SAFRA CAMPUS, THE HEBREW
UNIVERSITY OF JERUSALEM, JERUSALEM 91904, ISRAEL

Email address: peigencao@126.com

UNIVERSITE PARIS CITE, SORBONNE UNIVERSITE, CNRS IMJ-PRG, 8 PLACE AURKLIE NEMOURS,
75013 PARIS, FRANCE

Email address: bernhard.keller@imj-prg.fr

URL: https://webusers.imj-prg.fr/ bernhard.keller/



	1. Introduction
	2. Open Richardson varieties
	3. Additive categorification and Leclerc's conjecture
	4. Ménard's results
	5. Upper cluster structure
	6. Towards a cluster structure
	References

