INTRODUCTION TO MODULI SPACES OF RIEMANN SURFACES 2025/2026
Problem set 6: Quadratic differentials and the Bers embedding

Exercise 1 (Injectivity of the Bers embedding).

(a)

(d)

We have seen in class that if f: D — C is analytic with nowhere vanishing derivative and
g € PGL(2,C), then

S(fog)=8(f)g(2) g'(2)* forzeD.

Prove the more general fact that if g is only analytic, then
S(fog)=8()9(2) g'(2)* +S(g)(z) forz € D.

Prove that if f: D — Cis analytic with nowhere vanishing derivative, then f is a M&bius

transformation if and only if
S(f)=0 on D.

Hint: Write the Schwartzian derivative in terms of the function u(z) = f”(z)/f'(2).

Let S = I'\H? be a closed hyperbolic Riemann surface. Recall that

Ppers : T(5) = Q(57)

Ppers([1]) = S(fﬁ H*)

where [z is the I'-invariant Beltrami differential on C that is obtained by extending x by 0
on the lower half plane and f# : C — C is the unique solution to the Beltrami equation for
i with f7(0) = 0, f#(1) = 1 and f#(c0) = co. Prove that, if ®pes([11]) = Ppers([V]), then

e = e

is given by

Conclude that the Bers embedding is injective.

Exercise 2 (Nehari’s theorem). The goal of this exercise is to prove that for any injective
analytic function f : H* — C with non-vanishing derivative,

[\CRGV]

IS(AII = sup Im(2)* - [S(f)(2)] <

zeH*

This in particular proves that the image of the Bers embedding is contained in a ball of radius
3 in Q(8%) ~ C¥3,



(a)

(e)

Write
A" ={z€C; |z]| > 1}

and suppose F : A* — C is an injective analytic function. Given r > 1, let
C.={z€C; |z|=r} C A"

writing A, for the (Euclidean) area of the bounded domain enclosed by F'(C,.), prove that

1 -
AT:Z/CTF(Z) dF(2)

Hint: Stokes’s theorem.

Suppose now that F' admits the expansion

Show that

> kel <1

k>1

This is called Bieberbach’s area theorem.

Prove that

lim |[2* - S(F)(z)| = 6 - |b1] < 6.

Z—00
Now let f : H* — C be an analytic function with nowhere vanishing derivative and let
20 = xg + iyo € H* such that f(z9) # oo. Moreover, let T': H* — A* denote the Mobius
transformation given by

Z—Z
T(z) = .
(2) p—
Moreover, define F' : A* — C by
2iyof'(20)

F(z) =

F(T71(z)) = f(20)

Use Exercise 1(a) to write the Schwartzian derivative of f at z; using F' and then conclude,

using the result of (c¢) that
3

2yt

S(f)(20)] <

Use a Mébius transformation to deal with the case when f(z9) = 0o, thus completing the
proof of Nehari’s theorem.



