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ABSTRACT. The purpose of this paper is twofold. Firstly we give an exposition of Gab-
ber’s proof of the Bloch-Ogus theorem for étale cohomologyof a smooth varietyX over
a fieldk, with torsion coefficients defined overk. Secondly we discuss the axioms used in
that proof (étale excision and cohomology of the projective line), and apply them to other
cohomology theories. We give several extensions of the theorem: the torsion hypothesis
is irrelevant, the basic exact sequences for semi-local rings ofX are universally exact in
the sense of Grayson, and they remain exact after multiplyingX by an arbitraryk-variety.
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INTRODUCTION

Stemming directly from Quillen’s proof of the Gersten conjecture in the geometric case
[43], the Bloch-Ogus theorem is a fundamental result of modern algebraic geometry. Its
simplest consequence is that, for a local ringA of a smooth algebraic variety with func-
tion fieldK, h∗(A) injects intoh∗(K) for all “cohomology theories”h∗ satisfying a list
of natural axioms (étale cohomology with coefficients in roots of unity is such a theory).

The Bloch-Ogus theorem, briefly described, is as follows. Given a smooth algebraic va-
rietyX and a cohomology theoryh∗ as above, filtration by codimension of support yields
Cousin complexeswhich form theE1-terms of theconiveau spectral sequence, converg-
ing to h∗(X) (compare [24]). Restriction of the Cousin complexes to the open subsets
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of X defines complexes of flasque Zariski sheaves. The Bloch-Ogustheorem says that
these complexes of sheaves areacyclic, except in degree0 where their cohomology is the
Zariski sheafH∗ associated toU 7→ h∗(U). This identifies theE2-term of the coniveau
spectral sequence toH∗(XZar,H

∗). By a standard argument, the proof reduces to proving
an “effacement theorem” for the version ofh∗ with supports.

Bloch and Ogus’ proof of the effacement theorem [2] uses a geometric presentation
lemma devised by Quillen for his proof of the analogous Gersten conjecture for algebraic
K-theory (a strengthening of Noether’s normalization theorem), see [43, Lemma 7.5.12].
This step reduces the proof to a “split” case. However, Quillen’s simpleK-theoretic ar-
gument in this split case has no counterpart in the cohomology setting, and is replaced in
[2] by a much longer argument, involving a delicate diagram chase (op. cit., section 5).

At the beginning of the eighties, Gabber provided a different proof of the effacement
theorem for étale cohomology, which has now appeared in print as [14] (he considers
there a more general situation of vanishing cycles). Gabberuses another, more powerful
variant of the Noether normalization theorem, which reduces one to a situation where the
ambiant space is the affine line over some base and the relevant closed subset is finite over
the base. In this special case, Gabber’s argument to prove effacement is different from that
of Bloch-Ogus. It essentially uses the section at infinity coming from an embedding of
the affine line into the projective line, as well as a computation of the cohomology of the
latter. A geometric presentation lemma very close to Gabber’s was independently found
at about the same time by Ojanguren, who used it to prove Gersten-like properties of qua-
dratic forms [40]. Unlike Gabber, Ojanguren does not use theprojective line, but rather
the affine line and homotopy invariance proved for the Witt ring by Karoubi; see remark
after Lemma 4.1.3. This kind of idea has been reemployed to gofurther in that direction,
notably for non-abelian cohomology [8], [7]. See also the articles of Nashier [37] and
Dutta [11].

Gabber’s proof makes it clear that the Bloch-Ogus theorem holds for considerably more
general cohomology theories than those considered in [2], notably in cases where purity
or homotopy invariance does not hold. As an example, his method was then used by Gros
and Suwa to prove Gersten’s conjecture for logarithmic Hodge-Witt sheaves [22].

Somewhat later, Grayson, looking at Quillen’s proof again,observed that the argument
gives more: theK-theoretic Zariski sheaves of complexes analogous to the sheafified
Cousin complexes have stalks which are not only exact, but even “universally exact” [19].
This means that they remain exact after applying any finitelypresented additive (not nec-
essarily exact) functor to them. Gabber also states that thesheaves of Cousin complexes
for étale cohomology have universally exact stalks [14, 1.6], but he does not elaborate.
Finally, by unrelated methods, Gillet, using Suslin’s rigidity theorem for the algebraic
K-theory with coefficients of henselian discrete valuation rings, obtained a proof of Ger-
sten’s conjecture for theK-theory with coefficients of an arbitrary discrete valuation ring
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[16].

The scope of this paper is twofold. Firstly, we give a simple and detailed exposition of
the proof of the Bloch-Ogus theorem for étale cohomology, following Gabber’s method:
this is done in Part I. In contrast with [2], étale homology is not used. Secondly, we give
in Part II an axiomatic treatment of Gabber’s argument. We show that it applies to any
“cohomology theory with supports” which satisfies two simple axioms: étale excision
and an axiom dubbed “key lemma”. The latter follows either from homotopy invariance
or from a good behaviour of the cohomology ofP1.

In section 1, we construct the Cousin complexes and the coniveau spectral sequence.
In section 2, we formulate the effacement theorem for torsion coefficients defined over
the base field, and derive the Bloch-Ogus theorem from it. In section 3, we prove a geo-
metric presentation theorem which is a little stronger thanGabber’s. In section 4, we
prove Gabber’s effacement theorem in a special case, and deduce it in general thanks to
the geometric presentation theorem.

In section 5, we set up the axioms described above. In section6, we formulate a “uni-
versally exact” version of the Bloch-Ogus theorem for cohomology theories with sup-
ports which are defined by a “substratum” (see subsections 5.1 and 5.2). In section 7,
we give several examples to which our framework applies. Classical examples include
étale cohomology with finite coefficients, Betti cohomology, de Rham cohomology, alge-
braicK- andG-theory. Other examples include Hodge, de Rham-Witt, Hodge-Witt and
logarithmic Hodge-Witt cohomology, Rost’s cycle cohomology and Voevodsky’s motivic
cohomology. In section 8, we give a few corollaries which partially motivated this paper
(see table of contents): the one in subsection 8.1 was announced in [7], and those in sub-
sections 8.2 and 8.4 were used in [30].

There are 3 appendices. In Appendix A, we extend the effacement theorem to arbi-
trary (not necessarily torsion) complexes of sheaves coming from the small étale site of
k. This includes a self-contained proof of Gabber’s computation of the étale cohomology
of the projective line [13], which was not given in section 4.In Appendix B, we prove
a refined version of the Bloch-Ogus theorem over a semi-localDedekind domain, Gillet
style. Appendix C is technical: it exposes a homological theory of unbounded complexes
of objects of an abelian category, which allows for a smoother exposition in sections 5
and 6.

As the expert reader will already be aware after having read this introduction, we do
not claim much originality in many results and proofs given here. The main purpose of
writing this text was for us to make those easily accessible to the general public. We
strongly encourage the reader to also have a look at V. Voevodsky’s preprint [52], whose
methods and results are different yet closely related.
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We thank Ofer Gabber for a number of very useful comments, andFabien Morel for
helpful discussions on the topic of Appendix B.

Part 1. Etale cohomology

1. THE CONIVEAU SPECTRAL SEQUENCE

Let X be a scheme andA a sheaf of abelian groups on the small étale site ofX. In
this section, we recall the construction of the coniveau spectral sequence overX with
coefficients inA in a leisurely way.

1.1. An exact couple.

First consider a chain of closed subsets ofX

→

Z : ∅ ⊂ Zd ⊂ Zd−1 ⊂ · · · ⊂ Z0 = X.

Take the convention thatZi = ∅ for i > d andZi = X for i < 0. For a pair(Zp+1 ⊂
Zp), we have a long exact sequence of cohomology with supports:

· · · → Hp+q
Zp+1

(X,A)
ip+1,q−1

−−−−→ Hp+q
Zp

(X,A)

jp,q

−−→ Hp+q
Zp−Zp+1

(X − Zp+1, A)
kp,q

−−→ Hp+q+1
Zp+1

(X,A)→ . . .

We construct an exact coupleC→
Z
(D,E, i, j, k) [27, ch. VIII, §4], [35, ch. 2,§2.3] by

settingDp,q = Hp+q
Zp

(X,A) andEp,q = Hp+q
Zp−Zp+1

(X − Zp+1, A):

Dp+1,q−1 ip+1,q−1

−−−−→ Dp,q

kp,q տ(0,+1) jp,q ւ

Ep,q

This exact couple yields a spectral sequence of cohomological type, converging to
D0,n = Hn(X,A) with respect to the filtration

F p = Im[Hn
Zp

(X,A)→ Hn(X,A)] = Ker[Hn(X,A)→ Hn(X − Zp, A)]

TheE1-terms of this spectral sequence areEp,q
1 = Ep,q, and the differentialdp,q1 :

Ep,q
1 → Ep+1,q

1 is the composite

Hp+q
Zp−Zp+1

(X − Zp+1, A)
k
−→Hp+q+1

Zp+1
(X,A)

j
−→Hp+q+1

Zp+1−Zp+2
(X − Zp+2, A).

1.2. Passing to the limit.

We now assume thatX is equidimensional and noetherian of dimensiond and that for

all p, codimX Zp ≥ p. Order the set of(d + 1)-tuples
→

Z by
→

Z ≤
→

Z ′ if Zp ⊆ Z ′
p for all p.
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The construction of the exact coupleC→
Z

is covariant with respect to this ordering. Passing
to the limit now defines a new exact coupleC

→
with

D
→

p,q = lim-------→
→
Z
Hp+q
Zp

(X,A) := Hp+q

X(p)(X,A) and

E
→

p,q = lim-------→
→
Z
Hp+q
Zp−Zp+1

(X − Zp+1, A)

whereX(p) denotes the set of points of codimensionp in X. The following lemma de-
scribes the second direct limit more concretely:

Lemma 1.2.1. a) If T1, . . . , Tr are pairwise disjoint closed subsets ofX, then
⊕

H∗
Ti

(X,A)
∼
−→ H∗

S

Ti
(X,A).

b) We have

E
→

p,q ≃
∐

x∈X(p)

Hp+q
x (X,A) (1.1)

where, forx ∈ X(p),Hp+q
x (X,A) := lim-------→

U∋x

Hp+q
x∩U(U,A).

Proof. a) By induction onr we may assumer = 2. We have a commutative diagram

H∗
T2

(X,A)




y
ց

H∗
T1

(X,A) −−−→ H∗
T1∪T2

(X,A) −−−→ H∗
T2

(X − T1, A)

ց




y

H∗
T1

(X − T2, A)

in which the row and column are exact and the two diagonal mapsare isomorphisms by
excision. The claim follows.

b) Note that, if the irreducible components of codimensionp of Zp areY1, . . . , Yr, then
Zp \ Zp+1 =

∐

(Yi \ Zp+1) (disjoint union) as soon asZp+1 contains theYi ∩ Yj and the
higher codimensional components ofZp. The isomorphism now follows from a). 2

The spectral sequence associated to the exact coupleC
→

still converges toH∗(X,A). It

is called theconiveau spectral sequence(compare [2, remark 3.10], [15, p. 239]):

Ep,q
1 =

∐

x∈X(p)

Hp+q
x (X,A)⇒ Hp+q(X,A). (1.2)

The associated filtration

NpHn(X,A) = Im(Hn
X(p)(X,A)→ Hn(X,A))
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is called theconiveau filtrationor filtration by codimension of support. ItsE1-terms yield
Cousin complexes:

0→
∐

x∈X(0)

Hq
x(X,A)

d0,q
1−−→

∐

x∈X(1)

H1+q
x (X,A)

d1,q
1−−→ . . .

. . .
dp−1,q
1−−−→

∐

x∈X(p)

Hp+q
x (X,A)

dp,q
1−−→ . . .

(1.3)

In the next section, we shall need:

Lemma 1.2.2. For all n, p, the presheaf

U 7→
∐

x∈U (p)

Hn
x (U,A)

is a sheaf for the Zariski topology ofX. This sheaf is flasque and can be identified with
∐

x∈X(p)

ix∗H
n
x (X,A)

whereix is the immersionx →֒ X and the abelian groupHn
x (X,A) is considered as a

(constant) sheaf onx for the Zariski topology.

Proof. Forx ∈ X(p), define a presheafFx on the category of Zariski open subsets of
X by

Fx(U) =

{

Hn
x (U,A) if U ∋ x

0 if U 6∋ x.

By definition ofHn
x (X,A) (see Lemma 1.2.1 b)),Fx(U) = Fx(X) if U ∋ x, henceFx

is the sheafix∗Hn
x (X,A), which is obviously flasque. 2

Suppose now thatX is a smooth, irreducible variety over a fieldk, A is a locally
constant, constructible sheaf and the stalks ofA arem-torsion, withm prime to the char-
acteristic ofk. We shall use cohomological purity to transform these complexes into ones
which involve only étale cohomology without supports. Fori ∈ Z, we write

A(i) = A⊗ µ⊗i
m

whereµm is the sheaf ofm-th roots of unity. LetZ be a smooth irreducible closed
subvariety ofX of codimensionp. Cohomological purity ([36, ch. VI,§§ 5 and 6],
[SGA4 1/2, p. 63, th. V.3.4]) then gives canonical isomorphisms:

Hn
Z(X,A)

∼
←− Hn−2p(Z,A(−p)).

Noting that, for an arbitrary irreducible closed subvarietyZ ofX, the intersectionZ∩U
is smooth for small enough open subsetsU , hence defines a smooth pairZ ∩U ⊂ U , this
yields isomorphisms

Hp+q
x (X,A) ≃ Hq−p(k(x), A(−p))1

1Strictly speaking, this argument is only valid when the ground fieldk is perfect. Otherwise a closed
point of X whose residue field is inseparable overk will produce a counterexample to the statement just
before this equation. However, ifk is imperfect, the isomorphism will hold after passing to itsperfect



8 COLLIOT-THÉLÈNE, HOOBLER, AND KAHN

for x ∈ X(p) (wherek(x) is the residue field ofx), so that the complex (1.3) takes the
following, perhaps more familiar form (compare [2, prop. 3.9]):

0→ Hq(k(X), A)→
∐

x∈X(1)

Hq−1(k(x), A(−1))→ . . .

· · · →
∐

x∈X(p)

Hq−p(k(x), A(−p))→ . . .
(1.4)

Here,k(X) is the function field ofX. Note thatHq−p(k(x), A(−p)) is simply Galois
cohomology of the residue field ofx. So theE1-terms of the coniveau spectral sequence
have taken an especially simple form. Note also that

Ep,q
1 = 0 for p > q.

2. THE EFFACEMENT THEOREM AND THEBLOCH-OGUS THEOREM

2.1. Effaceable sheaves.

In this paper, we are interested in a special property of the sheafA:

Definition 2.1.1. Let X be a variety overk. Let t1, . . . , tr ∈ X be a finite number of
points contained in some affine open subset ofX. An étale sheafA overX is effaceable
at t1, . . . , tr if the following condition is satisfied:
Givenp ≥ 0, for any small enough affine open neighbourhoodW of t1, . . . , tr and any
closed subsetZ ⊆W of codimension≥ p+1, there exists a smaller open neighbourhood
of t1, . . . , tr, U ⊆W , and a closed subsetZ ′ ⊆ U containingZ ∩ U such that

(1) codimU(Z ′) ≥ p;
(2) the compositeHn

Z(W,A)→ Hn
Z∩U(U,A)→ Hn

Z′∩U(U,A) is 0 for all n ≥ 0.

The sheafA is effaceableif it is effaceable att1, . . . , tr for all t1, . . . , tr as above.

This condition looks very technical, but it has far-reaching consequences:

Proposition 2.1.2. LetR = OX,(t1,...,tr) be the semi-local ring ofX at (t1, . . . , tr) and
Y = SpecR. Suppose the sheafA is effaceable att1, . . . , tr. Then, in the exact couple
defining the coniveau spectral sequence for(Y,A), the mapip,q is identically0 for all
p > 0. In particular,

Ep,q
2 =

{

Hq(Y,A) if p = 0

0 if p > 0.

The Cousin complex(1.3)yields an exact sequence:

0→ Hq(Y,A)
e
−→

∐

x∈Y (0)

Hq
x(Y,A)

d0,q
1−−→

∐

x∈Y (1)

Hq+1
x (Y,A)

d1,q
1−−→ . . .

closure. Since étale cohomology is invariant under purelyinseparable extensions [36, Ch. II, p. 77, remark
3.17], the isomorphism holds in general. Compare [2, remark4.7].
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Proof. Consider the diagram

Hn
Z(W,A) −−−→ Hn

Z∩U(U,A) −−−→ Hn
Z′∩U(U,A)





y





y





y

Hn
W (p+1)(W,A) −−−→ Hn

U (p+1)(U,A) −−−→ Hn
U (p)(U,A)





y





y

Hn
Y (p+1)(Y,A) −−−→ Hn

Y (p)(Y,A)

The composition of arrows in the first row is identically0 for anyn. Therefore, the
compositionsHn

Z(W,A)→ Hn
Y (p+1)(Y,A)→ Hn

Y (p)(Y,A) are0. Passing to the limit over
Z, this gives that the compositionsHn

W (p+1)(W,A) → Hn
Y (p+1)(Y,A) → Hn

Y (p)(Y,A) are
0. Passing to the limit overW , we get that the map

Hn
Y (p+1)(Y,A)

ip+1,n−p−1

−−−−−−→ Hn
Y (p)(Y,A)

is itself0. 2

Corollary 2.1.3 (The Bloch-Ogus theorem). Let A be effaceable onX. Then, theE2-
term of the coniveau spectral sequence for(X,A) is

Ep,q
2 = Hp

Zar(X,H
q(A))

whereHq(A) is the Zariski sheaf associated to the presheafU 7→ Hq(U,A).

Proof. Consider the complex of flasque Zariski sheaves associatedto the Cousin com-
plexes (1.3) (compare Lemma 1.2.2):

0→
∐

x∈X(0)

ix∗H
q
x(X,A)→

∐

x∈X(1)

ix∗H
1+q
x (X,A)→ · · · →

∐

x∈X(p)

ix∗H
p+q
x (X,A)→ . . .

(2.1)

Proposition 2.1.2 implies that (2.1) is a resolution ofHq(A), with global sections (1.3).
The conclusion follows. 2

2.2. The effacement theorem.

The main result of [14] is:

Theorem 2.2.1. (Gabber)ForX smooth overk, any torsion sheaf (on the smallétale site
ofX) of the formp∗A0 is effaceable, wherep : X → Spec k is the structural morphism.

Specializing to twisted roots of unity and using sequence (1.4), we get a more familiar
case:

Corollary 2.2.2. (Bloch-Ogus, [2])LetX be smooth, irreducible overk, R andY as in
Proposition 2.1.2, and letm be an integer prime to the characteristic ofk. Then, for all
i ∈ Z andq ≥ 0, we have an exact sequence:

0→ Hq(Y, µ⊗i
m )→ Hq(k(Y ), µ⊗i

m )→
∐

x∈Y (1)

Hq−1(k(x), µ⊗(i−1)
m )→ . . .

Remarks 2.2.3.

(1) In Appendix A we shall remove the hypothesis thatA0 is torsion in Theorem 2.2.1.
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(2) Effaceable sheaves have the following trivial stability properties:
• A sheafA is effaceable att1, . . . , tr if and only if A|W is effaceable for a small

enough open neighbourhoodW of t1, . . . , tr (effaceability is a local condition).
• LetA,B be two étale sheaves overX. ThenA ⊕ B is effaceable if and only if

A andB are.
(3) Over a smoothk-varietyX, it is not true that all étale sheaves are effaceable. As an

example, takek = R and forX the affine lineA1
R

. Let f : X ′ → X be the two-fold
covering given by the equationx2 + y2 = 0, wherex is the parameter ofA1

R
, and

letA = f∗Z/2. Let Y be the localization ofX at 0 andY ′ = X ′ ×X Y . Sincef is
finite, there is an isomorphism

H∗(Y,A)
∼
−→ H∗(Y ′,Z/2).

On the other hand, the structural morphismY ′ → SpecR is split by the inclu-
sion of the closed point ofY ′, henceH∗(Y ′,Z/2) containsH∗(R,Z/2) 6= 0 as a
direct summand. However, the two generic pointsη′1, η

′
2 of Y ′ are isomorphic to

Spec C(x), hence the Kummer theory class of−1 in H1(Y ′,Z/2) goes to0 in both
H1(η′1,Z/2) andH1(η′2,Z/2). Correspondingly, ifη denotes the generic point of
Y , the map

H1(Y,A)→ H1(η, A)

is not injective. One can give a similar example withX = A2
R

andX ′ defined by
the equationx2 + y2 + z2 = 0 (fromH2 onwards), etc. See also [9, p.173].

(4) One may however produce effaceable sheaves which are more general than those of
Theorem 2.2.1:

Proposition 2.2.4. LetX̃
f
−→X be a finite map between schemes of pure dimensiondwith

X̃ smooth, and letB be anétale sheaf over̃X. If B is effaceable atf−1({t1, . . . , tr}),
thenf∗B is effaceable att1, . . . , tr.

Proof. LetT = {t1, . . . , tr},Z be as in Definition 2.1.1,̃T = f−1(T ) andZ̃ = f−1(Z).
Apply the effacement theorem to(X̃, T̃ , Z̃, B) and get a pair(Ũ , Z̃ ′) such thatT̃ ⊂ Ũ
and the composition

Hn
Z̃
(X̃, B)→ Hn

Z̃∩Ũ
(Ũ , B)→ Hn

Z̃′∩Ũ
(Ũ , B)

is 0 for all n ≥ 0. Let

U = X − f(X̃ − Ũ)

Z ′ = f(Z̃ ′)
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so thatT ⊂ U , Z ⊂ Z ′, codimX Z
′ ≥ p andf−1(U) ⊆ Ũ , Z̃ ′ ⊆ f−1(Z ′). We then get a

commutative diagram

Hn
Z(X,f∗B) −−−→ Hn

Z∩U (U,f∗B) −−−→ Hn
Z′∩U

(U,f∗B)

≀





y

≀





y
Hn

f−1(Z′)∩f−1(U)
(f−1(U),B)

x





Hn
Z̃

(X̃,B) −−−→ Hn
Z̃∩Ũ

(Ũ ,B)
0

−−−→ Hn
Z̃′∩Ũ

(Ũ ,B) −−−→ Hn
f−1(Z′)∩Ũ

(Ũ ,B)

where the left vertical map and top right vertical map are isomorphisms by Shapiro’s
lemma for étale cohomology (exactness off∗ for a finite morphism). Proposition 2.2.4
follows. 2

Note that in the proof of Proposition 2.2.4, it is not necessary to assumeX smooth. So
it provides non-smooth cases in which the effacement theorem holds.

Corollary 2.2.5 (Shapiro’s lemma for Zariski cohomology). LetX ′ f
−→X be a finite flat

map between two smooth varieties overk, and letF be a sheaf of abelian groups overX ′

for the Zariski topology. Suppose thatF is of the formHq(A) for some effaceabléetale
sheafA overX ′. Then the natural homomorphism

Hp
Zar(X, f∗F)→ Hp

Zar(X
′,F)

is an isomorphism for anyp ≥ 0.

Proof. Shapiro’s lemma for étale cohomology yields isomorphisms of cohomology
groups with supports, forZ ⊂ X a closed subset andZ ′ = f−1(Z):

Hp
Z(X, f∗A)

∼
−→ Hp

Z′(X
′, A).

Localizing, we get isomorphisms of theE1-terms of the coniveau spectral sequences
for A (overX ′) andf∗A (overX):

∐

x∈X(p)

Hp+q
x (X, f∗A)

∼
−→

∐

x∈X′(p)

Hp+q
x (X ′, A).

This isomorphism of Cousin complexes induces an isomorphism of their homology
groups:

Hp
Zar(X,H

q(f∗A))
∼
−→ Hp

Zar(X
′,Hq(A))

by the Bloch-Ogus theorem over semi-local rings (note thatf∗A is effaceable by Propo-
sition 2.2.4). Finally, there is an isomorphism of Zariski sheaves

Hq(f∗A)
∼
−→ f∗H

q(A)

which is merely Shapiro’s lemma for étale cohomology applied at the local rings ofX.2

Remarks 2.2.6.
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(1) An alternative argument would be to show thatRqf∗F = 0 for q > 0. This is what
we shall do in subsection 8.4, removing the flatness hypothesis.

(2) “Shapiro’s lemma for Zariski cohomology” is false for arbitrary Zariski sheaves! For
example, takeX = A1

k andX ′ some2-fold covering ofX split at0 (e.g.X ′ = A1
k,

f(x) = x2− 1 if char k 6= 2). LetY be the localization ofX at0 andY ′ = f−1(Y ).
Let F = j!A (extension by0), wherej : η → X ′ is the inclusion of the generic
point andA is a constant sheaf. Then we have:

H i(Y, f∗F) = 0 for i > 0 (sinceY is local);

H1(Y ′,F) = A.

The latter is easily seen by ǎCech cohomology computation.

The proof of Theorem 2.2.1 is given in sections 3 and 4. We shall in fact prove some-
thing slightly stronger (and simpler to state):

Theorem 2.2.7(Effacement theorem). LetX be a smooth, affine variety overk, t1, . . . , tr ∈
X a finite number of points,p ≥ 0 an integer andZ a closed subvariety of codimension
≥ p + 1. LetA be a sheaf of torsion abelian groups over the (small)étale site ofX.
Assume thatA = p∗A0, wherep : X → Spec k is the structural morphism andA0 is a
Gal(ks/k)-module. Ifk is infinite, then there exist an open subsetU ofX containing all
ti and a closed subvarietyZ ′ ⊆ X containingZ such that

(1) codimX(Z ′) ≥ p;
(2) the mapHn

Z∩U(U,A)→ Hn
Z′∩U(U,A) is 0 for all n ≥ 0.

If k is finite, then there exists(U,Z ′) as above such that (at least) the composite

Hn
Z(X,A)→ Hn

Z∩U(U,A)→ Hn
Z′∩U(U,A) (2.2)

is 0 for all n ≥ 0.

Remark 2.2.8. We would like to point out that (contrary to the definition of effaceability)
the statement in Theorem 2.2.7 is not local: the proof by no means implies that the map
of Theorem 2.2.7 (2) remains0 whenU is replaced by a smaller open set. Therefore, if
in Theorem 2.2.7 one replacesX by Y as in Proposition 2.1.2, it is not at all clear that
the conclusion still holds. In other words, given a closed subsetZ ⊂ Y of codimension
≥ p+1, although the mapsHn

Z(Y,A)→ Hn
Y (p)(Y,A) are all0 by the proof of prop. 2.1.2,

it is not clear whether one can find a singleZ ′ ⊂ Y as in Theorem 2.2.7 such that the maps
Hn
Z(Y,A)→ Hn

Z′(Y,A) are0. This shows the subtlety of the situation and probably why
Gersten’s conjecture is so difficult for general regular local rings of dimension≥ 2.

3. SOME GEOMETRY

3.1. The geometric presentation theorem.

The key to the proof of Theorem 2.2.7 is a geometric presentation theorem which fol-
lows from lemmas of Gabber [14] supplemented with some remarks of Gros and Suwa
[22]. This section is devoted to a detailed proof of this theorem. For simplicity, we write
An for An

k
andS × S ′ rather thanS ×k S ′ for the product of twok-schemesS andS ′.
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Theorem 3.1.1(Geometric Presentation Theorem). LetX be a smooth, affine, irreducible
variety of dimensiond over an infinite fieldk; let t1, . . . , tr ∈ X be a finite set of points
andZ a closed subvariety of codimension> 0. Then there exists a mapϕ = (ψ, υ) :
X → Ad−1 × A1, an open setV ⊂ Ad−1, and an open setU ⊂ ψ−1(V ) containing
t1, . . . , tr such that

(1) Z ∩ U = Z ∩ ψ−1(V );
(2) ψ|Z is finite;
(3) ϕ|U is étale and defines a closed immersionZ ∩ U →֒ A1

V ;
(4) ϕ(ti) /∈ ϕ(Z) if ti /∈ Z (1 ≤ i ≤ r);
(5) ϕ−1(ϕ(Z ∩ U)) ∩ U = Z ∩ U .

(If no ti lies onZ, it is quite possible thatZ∩U is empty in Theorem 3.1.1. See remark
after the proof of Lemma 3.5.1.)

Corollary 3.1.2. With notation as in Theorem 3.1.1,ψ|Z∩U : Z ∩ U → V is a finite
morphism and one has a cartesian square:

Z ∩ U −֒→ U

≀





y

ϕ|U





y

ϕ(Z ∩ U)−֒→A1
V

where the horizontal arrows are closed immersions, the leftvertical one is an isomorphism
and the right vertical one iśetale. (One could say thatϕ defines ańetale neighbourhood
ofZ ∩ U ⊂ A1

V , that is, it induces an analytic isomorphism alongZ ∩ U .)

This theorem and its corollary can be summarized by the diagram below:

X
ϕ

−−−→ Ad−1 ×A1

∪ ∪

U −−−→ A1
V

տ ր

ψ|U





y
Z ∩ U p1





y

ւ ց

V = V ⊂ Ad−1

We shall see that the pair(Z ′, U) of Theorem 2.2.7 may be taken as(ψ−1(ψ(Z)), U)
whereψ andU are as in Theorem 3.1.1.

The proof of Theorem 3.1.1 is essentially a (quite involved)series of exercises of com-
mutative algebra and elementary algebraic geometry; it elaborates on those of [14,§3]
and [22,§2]. We briefly outline it:

(1) Reduction to the case where theti are closed points andZ a principal divisor.
(2) Securingψ.
(3) Securingϕ.
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(4) ConstructingV .
(5) ConstructingU .

3.2. Reduction to closed points.

Lemma 3.2.1. a) With notation as in Theorem 3.1.1, there exist closed pointss1, . . . , sr ∈
X such that

(1) si ∈ {ti} for all i;
(2) si /∈ Z if ti /∈ Z.

b) Let theti be closed. Then there is a non-zerof ∈ Γ(X,OX) such thatZ ⊂ V (f) and
ti /∈ V (f) if ti /∈ Z.

Proof. a) follows from [34, p. 34, th. 5.5] and b) follows from [6, ch. II, §1, prop. 2].2

Reduction. Thanks to Lemma 3.2.1, we may assume that theti’s are closed points
in Theorem 3.1.1 (note that sinceψ|Z is finite,ϕ|Z is also finite, henceϕ(Z) is closed;
moreover, anyU containing thesi’s also contains theti’s) and also thatZ is a principal
divisor. Therefore:

Hypothesis. From now on, we assume that

• theti’s are closed inX;
• Z is a principal divisor inX.

Let A = Γ(X,OX), so thatX = SpecA. Write A as a quotient ofk[X1, . . . , XN ]
(for N large enough), henceX as a closed subvariety ofAN. Any u ∈ k[X1, . . . , XN ]
defines a morphismAN → A1. This is the case in particular foru ∈ E, whereE
is the sub-vector space ofk[X1, . . . , XN ] spanned byX1, . . . , XN . Hence anyr-tuple
ϕ = (u1, ..., ur) ∈ Er defines a morphismAN → Ar. Composing it with the closed
immersionX →֒ AN, we get a morphismX → Ar that we still denote byϕ.

Let E be the affine variety associated toE (so thatE = E(k)). We may viewE as the
dual space ofAN . We shall in fact prove the following more precise statement:

Theorem 3.2.2.LetX,Z, t1, . . . , tr be as in Theorem 3.1.1. We assume that theti are
closed and thatZ is a principal divisor. Then there exists a non-empty Zariski open
subsetΩ of Ed−1 × E , such that for anyϕ = (ψ, υ) ∈ Ω(k):

(1) ψ|Z : Z → Ad−1 is finite;
(2) ϕ is étale at allti (1 ≤ i ≤ r) and at all points of the finite setS = (

⋃

1≤i≤r ψ
−1(ψ(ti)))∩

Z;
(3) ϕ|S : S → ϕ(S) is radicial;
(4) For 1 ≤ i ≤ r, ti /∈ Z ⇒ ϕ(ti) /∈ ϕ(Z).

Moreover, for anyϕ ∈ Ed satisfying 1)–4), there exists a pair(U, V ) such that(ϕ, U, V )
satisfies the remaining conditions of the Geometric Presentation Theorem.

(Note thatΩ(k) 6= ∅ sincek is infinite.)
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Condition 3) means thatϕ|S separates the points inS and that forP ∈ S, the residue
field extensionk(P )/k(ϕ(P )) is purely inseparable. This theorem slightly improves on
the lemmas of Gabber and Gros-Suwa: it says that the set ofϕ satisfying 1)–4) contains a
Zariski open set, while the former only say that this set is non-empty.

Remark 3.2.3. It can be shown that Theorem 3.2.2 holds even without assuming theti’s
to be closed andZ to be a principal divisor. We don’t need this refinement here.

3.3. Securingψ.

Lemma 3.3.1. (compare [18, prop. 1.1])There exists a non-empty open setΩ1 ⊆ E
d−1

such that, forψ ∈ Ω1(k), ψ|Z : Z → Ad−1 is finite.

Proof. Let B = k[Z] be the affine algebra ofZ, andxi the image ofXi in B. For
ψ = (u1, . . . , ud−1) ∈ Ed−1, ψ|Z is finite if and only if, for all i, xi is integral over
k[u1, . . . , ud−1], whereuj is the image ofuj in B.

Let K = k(Ed−1) be the function field ofEd−1 andη the generic point ofEd−1. We
view η as a rational point ofEd−1 overK, so thatη = (η1, . . . , ηd−1) with ηi ∈ E(K).
For simplicity, we still writeηj for the image ofηj in K ⊗k B. SincedimZ ≤ d − 1,
there is for alli a non-zero algebraic relation inK ⊗k B:

fi(η1, . . . , ηd−1, xi) = 0

with fi ∈ K[T1, . . . , Td]. We claim thatfi can be chosen so that it gives an integral
dependence relation onxi. To see this, we argue as in [34, p. 262, proof of Lemma 2]:
let n = deg fi andf (n)

i be the homogeneous part of degreen of fi. Sincek is infinite,
we can find(t1, . . . , td−1) ∈ kd−1 such thatf (n)

i (t1, . . . , td−1, 1) 6= 0 in K. Letting
gi = fi(T1+t1Td, . . . , Td−1+td−1Td, Td), the coefficient ofTd in gi isf (n)

i (t1, . . . , td−1, 1)
and we get

gi(η
′
1, . . . , η

′
d−1, xi) = 0

with η′j = ηj − tjxi. Substituting backηj instead ofη′j gives the desired integral de-
pendence relation. Therefore there exists a polynomialg′i ∈ k[Ed−1][T1, . . . , Td] such
that

• g′i(η1, . . . , ηd−1, xi) = 0 ∈ k[Ed−1]⊗k B;

• the coefficientai of T
deg g′i
d in g′i is 6= 0.

Then, we may takeΩ1 =
{

(u1, . . . , ud−1) ∈ E
d−1 | ai(u1, . . . , ud−1) 6= 0 for 1 ≤ i ≤ N

}

.
2

3.4. Securingϕ.

Lemma 3.4.1. Assumek is algebraically closed. With notation as in Theorem 3.1.1,there
exists a non-empty open setΩ2 ⊆ E

d such that, forϕ = (ψ, υ) ∈ Ω2(k), ϕ is étale at
ti, 1 ≤ i ≤ p and all points ofS.

Proof. Recall that the Jacobian criterion says thatϕ = (u1, ..., ud) is étale atx ∈ X if
and only if(du1 ∧ ... ∧ dud) |x 6= 0 in Ωd

X/k ⊗ k(x). Throughout this proof, for aϕ ∈ Ed,
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we writeϕ = (ψ, υ) with ψ = (u1, . . . , ud−1) ∈ E
d−1 andυ = ud ∈ E .

For i = 1, . . . , p, define

T i =
{

(ϕ, y) ∈ Ed × Z | ψ(y) = ψ(ti) and(du1 ∧ ... ∧ dud) |y= 0
}

,

i.e., for anyk-algebraR,

T i(R) =
{

(ϕ, y) ∈ (E ⊗k R)d × Z(R) | ψ(y) = ψ(ti) ∈ R
d−1 and(du1 ∧ ... ∧ dud) |y= 0

}

,

and also
T ′i =

{

ϕ ∈ Ed | (du1 ∧ ... ∧ dud)|ti = 0
}

.

It is clear thatT i is a closed subset ofEd × Z. By Chevalley’s theorem, its projection
onEd:

F i =
{

ϕ ∈ Ed | for somey ∈ Z, ψ(y) = ψ(ti) and(du1 ∧ ... ∧ dud) |y= 0
}

is constructible. On the other hand,T ′i is closed inEd. Let Ωi
2 = Ed − (F

i
∪ T ′i). By

definition,ϕ ∈ Ωi
2 implies thatϕ is étale atti and all points ofψ−1(ψ(ti)) ∩ Z.

We shall show thatdimT i < dim Ed, hence thatdimF
i
< dim Ed, and also that

dimT ′i < dim Ed, hence thatΩi
2 is non-empty. Fory ∈ X, let

F i
y =

{

ϕ = (u1, ..., ud) ∈ E
d | ψ(y) = ψ(ti) and(du1 ∧ ... ∧ dud) |y= 0

}

⊆ Ed ×k k(y).

For y = ti, this is justT ′i. For y ∈ Z this is the fibre aty of the projectionT i → Z.
To prove thatdimT i < dim Ed, it is enough to show that for ally ∈ Z, codimEd

k(y)
F i
y >

dim {y}. (It would be enough to lety run through the projections of the generic points of
T i.)

Let y be such a point. First assumey 6= ti. Then the linear spaceH = {u ∈ Ek(y) |

u(y) = u(ti)} is of codimension one inEk(y) and soHd−1 is of codimensiond−1 in Ed−1
k(y) .

Since the differentialsdu, u ∈ E , generateΩ1
X/k at each point ofX, the subspace spanned

by du, u ∈ H, is of codimension≤ 1 in Ω1
X/k ⊗ k(y). In particular we can findui ∈

H(k(y)) ⊆ k(y)[X1, . . . , XN ] (i = 1, . . . , d− 1) such thatdu1, ..., dud−1 ∈ Ω1
X/k ⊗ k(y)

are independent aty. Complete this system by aud ∈ E(k(y)) such thatdu1, ..., dud are
linearly independent aty. Thenϕ = (u1, ..., ud) ∈ E(k(y))

d is such that:

• ψ(y) = ψ(ti);
• (du1 ∧ ... ∧ dud) |y 6= 0.

ThusF i
y is of codimension> 0 inHd−1×Ek(y) and so is of codimension≥ d > dimZ

in Edk(y). As dimZ ≥ dim {y}, we are done.

The casey = ti is easier, since thendim {y} = 0: we need only use the fact thatΩ1
X/k

is generated bydE at ti. This also shows thatdimT ′i < dim Ed−1 for all i, which we
wanted. ThusΩi

2 6= ∅.
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Let Ω2 =
⋂p
i=1 Ωi

2. Forϕ ∈ Ω2(k), ϕ is étale at allti and all points ofψ−1(ψ(ti)) ∩ Z
(1 ≤ i ≤ p). This completes the proof of Lemma 3.4.1. 2

Lemma 3.4.2. Assumek is algebraically closed. There exist non-empty open setsΩ3,Ω4 ⊆
Ed such that:

(1) For ϕ = (ψ, υ) ∈ Ω3(k), ϕ|S is injective.
(2) For ϕ ∈ Ω4(k) and1 ≤ i ≤ p, ti /∈ Z ⇒ ϕ(ti) /∈ ϕ(Z).

Proof. Fors, s′ ∈ X(k), consider

M(s, s′) = {(ψ, υ, t, t′) ∈ Ed−1 × E × (Z × Z \∆Z) |











ψ(t) = ψ(s)

ψ(t′) = ψ(s′)

υ(t) = υ(t′)

},

where∆Z is the diagonal ofZ×Z. Letp be the projection ofM(s, s′) onEd = Ed−1×E .
Let us fixs, s′ ∈ X(k) and for simplicity writeM instead ofM(s, s′). Let p be the pro-
jection ofM onEd = Ed−1 × E ; we are going to show thatp is not dominant.

Let q be the composite ofp with the projectionEd−1 × E → Ed−1, η = SpecK the
generic point ofEd−1 andMη the generic fibre ofq. Thenp induces a mapMη → EK
which is dominant ifp is dominant.

LetK be an algebraic closure ofK. This gives rise to the geometric pointη : SpecK →
SpecK → Ed−1, and we have an induced morphismMη → EK (whereMη = Mη⊗KK),
which is still dominant ifp is dominant.

Now the pointη defines aK-morphismψ0 : ZK → Ad−1

K
which is finite as a conse-

quence of 3.3.1. Views ∈ X(k) as a point ofX(K). Letyα (α = 1, . . . , n) be the finitely
many (K-rational) points ofZK such thatψ0(yα) = ψ0(s). Let zβ (β = 1, . . . , m) be the
finitely many (K-rational) points ofZK such thatψ0(zβ) = ψ0(s

′). We have:

Mη = {(v, t, t′) ∈ (E × (Z × Z \∆Z))×k K |











ψ0(t) = ψ0(s)

ψ0(t
′) = ψ0(s

′)

v(t) = v(t′)

}

=
⋃

yα 6=zβ

Vα,β

where

Vα,β = {v ∈ EK | v(yα) = v(zβ)} × {(yα, zβ)}.

Thus the projectionp(Mη) ⊂ EK decomposes as

p(Mη) =
⋃

yα 6=zβ

{v ∈ EK | v(yα) = v(zβ)}.
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This is a finite union of proper linear subspaces ofEK . Hence the projection map
Mη → EK is not dominant, sop : M → Ed−1×E is not dominant and the Zariski closure
of the constructible setp(M) is a proper closed subset ofEd.

Let nowΩ3 be the complement of
⋃

i,j p(M(ti, tj)) in Ed: this is a proper open set that
satisfies condition 1) of Lemma 3.4.2.

The proof of condition 2) is entirely similar, using the sets

N(s) = {(ϕ, t) ∈ Ed × Z | ϕ(t) = ϕ(s)} (s /∈ Z),

for s = ti, ti /∈ Z. 2

Lemma 3.4.3. There exists a non-empty open subsetΩ of Ed such that allϕ ∈ Ω(k)
satisfy conditions 1)–4) of Theorem 3.2.2.

Proof. Letk be an algebraic closure ofk, Ω1 ⊆ E
d−1

k
as in Lemma 3.3.1 andΩ2,Ω3,Ω4 ⊆

Ed
k

as in Lemmas 3.4.1 and 3.4.2. LetΩ = (Ω1 ×E)∩Ω2 ∩Ω3 ∩Ω4. There exists a finite
normal extensionK/k such thatΩ is defined overK. Let Ω be the intersection of its
conjugates under Aut(K/k). This is a non-empty open subset ofEdK , which is defined
over the radicial closureL of k in K. But Ω is even defined overk, since we can raise
the equations of its complement to an appropriatepn-th power, wherep = chark. Then
Ωk ⊆ Ω.

Let ϕ ∈ Ω(k). By construction,ϕ satisfies conditions 1)–4) of Theorem 3.2.2 after
extending scalars tok. We conclude the proof of Lemma 3.4.3 by observing that each of
these conditions descends tok. 2

3.5. Constructing V .

Lemma 3.5.1. Let ϕ = (ψ, υ) ∈ Ed satisfy conditions 1)–4) of Theorem 3.2.2. Then
there existsV ⊆ Ad−1 such that

(1) ϕ is étale at all points ofZ ∩ ψ−1(V );
(2) ϕ|Z∩ψ−1(V ) → A1

V is a closed immersion;
(3) ψ(ti) ∈ V for all i.

Proof. LetZϕ be the intersection ofZ with the (closed) locus whereϕ is not étale. By
condition 2) of Theorem 3.2.2,Zϕ ∩ ψ−1(ψ(ti)) = ∅ for all i. By condition 1),ψ|Z is
finite andψ(Zϕ) is closed inAd−1. Its complementV1 ⊆ Ad−1 is such thatϕ is étale at
all points ofZ∩ψ−1(V1), and thatψ(ti) ∈ V1 for all i. Consider the commutative diagram

k[U1, . . . , Ud]
tϕ
−−−→ B

տ tψ

x





k[U1, . . . , Ud−1]
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whereB = k[Z] as above, andtϕ, tψ are the homomorphisms corresponding toϕ andψ
on coordinate rings. Letp1, . . . , pr be the maximal ideals ofk[U1, . . . , Ud−1] correspond-
ing toψ(t1), . . . , ψ(tr). Let a =

⋂

pi.

Sinceϕ is étale at all points ofS andϕ|S : S → ϕ(S) is radicial,

k[U1, . . . , Ud]/ak[U1, . . . ,Ud]→ B/aB

is an isomorphism. SinceB is a finitely generatedk[U1, . . . , Ud−1]-module, by Nakayama’s
lemma there is anf ∈ k[U1, . . . , Ud−1]− (p1∪ · · · ∪ pr) such thatk[U1, . . . , Ud][1/f ]→
B[1/f ] is surjective. LetV2 = {f 6= 0} ⊆ Ad−1: thenV2 containsψ(ti) for all i and has
the property thatϕ induces a closed immersionZ ∩ ψ−1(V2) →֒ A1

V2
.

Let V = V1 ∩ V2. Thenϕ is étale at all points ofZ ∩ψ−1(V ), induces a closed immer-
sionZ ∩ ψ−1(V ) →֒ A1

V and containsψ(ti) for all i. HenceV satisfies conditions 1), 2),
3) of Lemma 3.5.1. 2

Remark 3.5.2. If S = ∅, Z ∩ ψ−1(V ) may well be empty.

3.6. Constructing U .

Lemma 3.6.1. With notation as in Lemma 3.5.1, let

Φ = ϕ−1

(

ϕ
(

Z ∩ ψ−1(V )
)

)

− Z ∩ ψ−1(V ).

Then:

(1) Φ is closed inψ−1(V );

(2) U1 = ψ−1(V )−Φ contains all theti, satisfiesZ∩ψ−1(V ) = Z∩U1 andϕ−1
(

ϕ(Z∩

U1)
)

∩ U1 = Z ∩ U1.

Proof. For simplicity, letT = Z∩ψ−1(V ). By Lemma 3.5.1,ϕ|ϕ−1(ϕ(T )) : ϕ−1(ϕ((T ))→
ϕ(T ) is étale andT → ϕ(T ) is an isomorphism. ThereforeT is open inϕ−1(ϕ((T )) and
Φ = ϕ−1(ϕ(T )) − T is closed inϕ−1(ϕ(T )). Sinceψ|Z is finite, ψ|T is finite overV
andϕ|T is finite overA1

V . Soϕ(T ) is closed inA1
V , hence inA1

ψ(T ). It follows that
ϕ−1(ϕ(T )) is closed inϕ−1(A1

ψ(T )) = ψ−1(ψ(T )). ThusΦ is closed inψ−1(ψ(T )). Still
by finiteness ofψ |Z, ψ−1(ψ(T )) is closed inψ−1(V ). This proves 1).

If ti ∈ Z, then ti /∈ Φ, henceti ∈ U1; if ti /∈ Z, ti /∈ Φ by condition 4) of
Theorem 3.2.2. In both cases,U1 is a Zariski neighborhood ofti. It is obvious that
Z ∩ U1 = Z ∩ ψ−1(V ); the last condition of Lemma 3.6.1 holds by construction. 2

End of proof of Theorem 3.2.2. LetU2 ⊆ X be the (open) locus whereϕ is étale. By
Lemma 3.5.1,t1, . . . , tr ∈ U2 andZ ∩ ψ−1(V ) ⊆ U2. It follows thatU = U1 ∩ U2, with
U1 as in Lemma 3.6.1, also satisfies condition 2) of this lemma; moreover,ϕ|U is étale.
So the triple(ϕ, V, U) satisfies all conditions of Theorem 3.1.1. 2
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4. PROOF OF THE EFFACEMENT THEOREM

For the convenience of the reader, we state the effacement theorem once again:

Effacement theorem. LetX be a smooth, affine variety over a fieldk, t1, . . . , tr ∈ X
a finite number of points,p ≥ 0 an integer andZ a closed subvariety of codimension
≥ p+ 1. LetA be a sheaf of torsion abelian groups over theétale site ofX. Assume that
A = p∗A0, wherep : X → Spec k is the structural morphism andA0 is aGal(ks/k)-
module. Ifk is infinite, then there exists an open subsetU of X containing allti and a
closed subvarietyZ ′ ⊆ X containingZ such that

(1) codimX(Z ′) ≥ p;
(2) the mapHn

Z∩U(U,A)→ Hn
Z′∩U(U,A) is 0 for all n ≥ 0.

If k is finite, then there exists(U,Z ′) as above such that (at least) the composite

Hn
Z(X,A)→ Hn

Z∩U(U,A)→ Hn
Z′∩U(U,A)

is 0 for all n ≥ 0.

4.1. A key lemma.

Key lemma (compare [13, Lemma 2], [22, p. 621])Let V be k-scheme andA be as
above. Letπ : A1

V → V , π̃ : P1
V → V be the natural projections,j : A1

V → P1
V the

inclusion ands∞ : V → P1
V the section at infinity of̃π. Finally, letF ⊂ V be a closed

subset ofV . Assume thatV andV −F are quasi-compact and quasi-separated. Then the
diagram

Hn
A1

F
(A1

V , A)

տπ∗

j∗
x




Hn
F (V,A)

րs∗∞

Hn
P1

F
(P1

V , A)

is commutative.

Proof. We may clearly limit ourselves to the cases where

(1) A is torsion prime to the characteristic ofk, or
(2) A is p-primary torsion, wherep > 0 is the characteristic ofk.

In case (1), we use the following computation ofHn(P1
V , A). For i ∈ Z, let A(i) =

lim-------→
m

Hom(µ⊗−i
m , A). Recall the étale first Chern class ofO(1) modm:

c(m) = c1(O(1))m ∈ H
2(P1

V , µ
⊗i
m )

defined as the boundary of the canonical class[O(1)] ∈ Pic(P1
V ) = H1(P1

V ,G⋗) in the
long exact sequence associated to the Kummer exact sequence

1→ µm → G⋗

⋗
−→ G⋗→ 1.
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AsV is quasi-compact and quasi-separated, the cup-productsH i(V,mA)
π̃∗

−→ H i(P1
V ,mA)

·c(m)

−−→
H i+2(P1

V ,mA(1)) for variousm fit together and give a map

H i(V,A)
c1(O(1))
−−−−→ H i+2(P1

V , A(1)).

We then have:

Proposition 4.1.1. (compare [SGA5, exposé VII, cor. 2.2.4])In case(1), the natural map

Hn(V,A)⊕Hn−2(V,A(−1))
(π̃∗,c1(O(1)))
−−−−−−−→ Hn(P1

V , A)

is an isomorphism for alln ≥ 0. 2

In case (2), things are even simpler:

Proposition 4.1.2. (compare [13, Lemma 3])In case(2), the natural map

Hn(V,A)→ Hn(P1
V , A)

is an isomorphism for alln ≥ 0. 2

Using the exact sequence for cohomology with supports and applying Propositions
4.1.1 and 4.1.2 toV andV − F , we get canonical decompositions:

Hn
P1

F
(P1

V , A) ≃

{

Hn
F (V,A)⊕Hn−2

F (V,A(−1)) in case (1)

Hn
F (V,A) in case (2).

(4.1)

The key lemma now follows from

Lemma 4.1.3. SupposeA is torsion prime to the characteristic ofk. In the diagram of
the key lemma, the restrictions ofs∗∞ andj∗ to the factorHn−2

F (V,A(−1)) of (4.1)are0.

Indeed, the mapHn−2
F (V,A(−1))→ Hn

P1
F
(P1

V , A) is given by cup-product by the first

Chern class ofO(1). But s∗∞O(1) is trivial, and so isj∗O(1). 2

Remark 4.1.4. If A is torsion invertible onV , the key lemma has a much simpler proof:
in this caseπ∗ is an isomorphism by homotopy invariance [36, ch. VI, p. 240,cor.
4.20] (for the definition of acyclicity, see [36, ch. VI, p. 232, section 4]). Applying this
homotopy invariance to the projection(P1− {1})V → V , we see thats0 ands∞, as right
inverses of this projection, induce the same map on cohomology. Now replaces∗∞ by s∗0
in the diagram of the key lemma and add a map on the top

Hn
F (V,A)

≀

x





s∗0

Hn
A1

F
(A1

V , A)

≃տπ∗

x





j∗ Hn
F (V,A)

րs∗0

Hn
P1

F
(P1

V , A)
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to make its commutativity obvious.

So Gabber’s argument going via the cohomology ofP1 can be thought of as a substitute
for homotopy invariance when the latter does not hold.

See [7,§ 5] for more on the homotopy invariant point of view, notably in non-abelian
situations.

4.2. The proof.

Theorem 4.2.1.Let V be ak-scheme,F a closed subset ofV andF ′ a closed subset of
A1
F such that the projectionf : F ′ → F is finite.

F ′ −֒→A1
F

i′

−֒→A1
V

f ց




y

πF





y

π

F
i
−֒→ V

Then, for any torsiońetale sheafA of abelian groups on the smallétale site ofV , the map

Hn
F ′(A1

V , A)→ Hn
A1

F
(A1

V , A)

is identically0.

Caution. When we writeHn
F ′(A1

V , A) and so on, we really meanHn
F ′(A1

V , π
∗A) and

so on, whereπ∗ denotes the pull-back morphism from sheaves over the small ´etale site
of V to that ofA1

V via π. Being this fastidious would quickly become cumbersome no-
tationally; hence we allow ourselves to abbreviateπ∗A to A, and similarly for the other
morphisms toV ; this should cause no confusion. Another way to present things is to
consider the morphismα from the big étale site to the small étale site ofV . What we do
is considerα∗A and restrict it to the small étale site ofT for anyV -schemeT (and then
we sneakily change the notationα∗A back toA).

Proof. Note thats∞(V ) ∩ F ′ = ∅. Therefore we can factors∞ into

s∞ = k ◦ s′

wherek is the open immersionP1
V − F

′ →֒ P1
V , and insert the diagram above into the

bigger commutative diagram:

Hn
F ′(A1

V , A)
α

−−−→ Hn
A1

F
(A1

V , A)

տπ∗

excision

x





≃ j∗
x




Hn
F (V,A)

րs∗∞ տs′∗

Hn
F ′(P1

V , A)
β

−−−→ Hn
P1

F
(P1

V , A)
k∗
−−−→ Hn

P1
F−F ′(P

1
V − F

′, A)

where the bottom row is part of an exact sequence for cohomology with supports. Since
k∗ ◦ β = 0, it obviously follows thatα = 0. 2
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Proof of Theorem 2.2.7.We may assumeX irreducible. Suppose firstk infinite. Let
ψ, ϕ, V, U be as in Theorem 3.1.1, and setZ ′ = ψ−1(ψ(Z)). We apply Theorem 4.2.1
with V = V , F = ψ(Z) andF ′ = ϕ(Z ∩ U). In the commutative diagram

Hn
Z∩U(U,A) −−−→ Hn

Z′∩U(U,A)

ϕ∗

x





≀ ϕ∗

x





Hn
F ′(A1

V , A) −−−→ Hn
A1

F
(A1

V , A)

the left vertical map is an isomorphism by Corollary 3.1.2 and étale excision ([36, ch. III,
p. 92, prop. 1.27] and [8, prop. 4.4]), and the bottom horizontal map is0 by Theorem
4.2.1. So the top horizontal map is0 as well.

Suppose nowk finite. We reduce to the infinite case by the following standard argu-
ment. Letp, q be two distinct prime numbers and letK1, K2 denote respectively theZp

andZq-extensions ofk. Let (ψ1, ϕ1, V1, U1), (ψ2, ϕ2, V2, U2) be as in Theorem 3.1.1 and
Z ′

1,Z
′
2 be as above for(XK1, ZK1) and(XK2, ZK2) respectively. There are finite subexten-

sionsk ⊂ k1 ⊂ K1, k ⊂ k2 ⊂ K2 such that(ψ1, ϕ1, V1, U1, Z
′
1) and(ψ2, ϕ2, V2, U2, Z

′
2)

are respectively defined overk1 andk2. Note that the effacement theorem holds respec-
tively overk1 andk2 with these choices, by the above. Define

U = X − (p1(Xk1 − U1) ∪ p2(Xk2 − U2)) , Z
′ = p1(Z

′
1) ∪ p2(Z

′
2)

wherep1 : Xk1 → X, p2 : Xk2 → X are the two projections. In other words,U and
X −Z ′ are those parts of(U1)k ∩ (U2)k andXk \ ((Z1)k ∪ (Z2)k) which are rational over
k. Note thatU contains alltis. We have

Uki
⊆ Ui, Zi ⊆ Zki

(i = 1, 2).

Considering the commutative diagrams (i = 1, 2)

Hn
(Z∩U)ki

(Uki
, A) −−−→ Hn

(Z′∩U)ki
(Uki

, A)
x





x





Hn
Z∩Ui

(Ui, A)
0

−−−→ Hn
Z′∩Ui

(Ui, A)
x





Hn
Z(X,A)

shows that the compositeHn
Z(X,A)→ Hn

Zki
(Xki

, A)→ Hn
(Z∩U)ki

(Uki
, A)→ Hn

(Z′∩U)ki
(Uki

, A)

is0 for i = 1, 2. Equivalently, the compositeHn
Z(X,A)→ Hn

Z∩U(U,A)→ Hn
Z′∩U(U,A)→

Hn
(Z′∩U)ki

(Uki
, A) is 0 for i = 1, 2. But the composite

Hn
Z′∩U(U,A)→ Hn

(Z′∩U)ki
(Uki

, A)→ Hn
Z′∩U(U,A)

equals multiplication by[ki : k], where the second map is transfer. Since these two de-
grees are coprime, this shows that the compositeHn

Z(X,A)→ Hn
Z∩U(U,A)→ Hn

Z′∩U(U,A)
is 0 indeed. 2
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Part 2. Other cohomology theories

5. AXIOMATIZING GABBER’ S PROOF

5.1. Basic axioms.

In [2], Bloch and Ogus prove their main theorem not only for étale cohomology with
coefficients twisted roots of unity, but also for other “cohomology theories with supports”.
Counterexample 2.2.3 (3) and the method of proof in the present paper show that this point
of view should be taken seriously. On the other hand, the Bloch-Ogus axioms are very
complicated, and the present proof shows that many of them are unnecessary. In this sec-
tion, we want to indulge in the exercise of finding a convenient and simpler set of axioms
which is enough to make the proof of the effacement theorem work.

Let Sk be a full subcategory of the category of algebraick-schemes, stable under étale
extensions. In practice,Sk will be either the categoryV ar/k of all separated algebraic
k-schemes or the categorySm/k of smoothk-schemes. LetPk the category of pairs
(X,Z), whereX ∈ Sk andZ is a closed subset ofX. By definition, a morphism

(X ′, Z ′)
f
−→ (X,Z) of Pk is anyk-morphismf : X ′ → X such thatf−1(Z) ⊆ Z ′

(example:X ′ = X, f the identity,Z ⊆ Z ′).

The most naı̈ve is to ask for a “cohomology theory with supports”

(X,Z) 7→ h∗Z(X)

a contravariant functor fromPk to Z-graded abelian groups, satisfying conditions ab-
stracted from the proof of Theorem 2.2.7. It is more natural,however, and more powerful,
as we shall see in section 6, to give such a theory a cohomological support

(X,Z) 7→ CZ(X)

whereCZ(X) is, for example, a complex of abelian groups. It may be usefulto allow
CZ(X) to be a complex of objects in more general abelian categoriesA than abelian
groups, for example if we want to have some ring action on the situation. So we give the
following general definitions:

Definition 5.1.1. LetA be an abelian category.
a) A cohomology theory with supportsis a contravariant functor(X,Z) 7→ h∗Z(X) from
Pk toA satisfying
For any tripleZ ⊆ Y ⊆ X, whereY, Z are closed inX, there is a long exact sequence

· · · → hqZ(X)→ hqY (X)→ hqY−Z(X − Z)→ hq+1
Z (X)→ . . .

which is natural in(X, Y, Z) in an obvious sense.
b) A substratumis a contravariant functorX 7→ C(X) from Sk to complexes of objects
ofA.

In b), defineCZ(X) as the homotopy fibre ofC(X)→ C(X−Z), i.e.C[−1], whereC
is the mapping cone of this morphism. This definition is natural in (X,Z). For all triples
(X, Y, Z) as in a), the sequence of complexes

0→ CZ(X)→ CY (X)→ CY−Z(X − Z)→ 0
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is exact up to homotopy ([20, p. 47, prop. 5.12], [29, p. 32, I.4.22]). Hence, defining

hqZ(X) = Hq(CZ(X)) (5.1)

yields a cohomology theory with supports in the sense of a).

Recall that a contravariant functorT to an additive category isadditiveif it commutes
with finite coproducts, i.e.T (X

∐

Y )→ T (X)× T (Y ) is an isomorphism for allX, Y .

We now introduce a first axiom for a cohomology theory with supportsh∗ (resp. a
substratumC) in the sense of definition 5.1.1.

COH1 (Etale excision).h∗ is additive and for any diagram

X ′

ր f





y

Z −֒→X

wheref is étale andf−1(Z)
f
−→Z is an isomorphism, the induced map

hqZ(X)
f∗

−→ hqZ(X ′)

is an isomorphism for allq.

SUB1 (Etale Mayer-Vietoris).C is additive and forZ,X ′, X, f as in a), the commutative
square

C(X ′)
v

−−−→ C(X ′ − Z)

f

x





f

x





C(X)
u

−−−→ C(X − Z)

is homotopy cartesian.

Recall that a commutative square of complexes

A −−−→ B
x





x





C −−−→ D

is homotopy cartesianif the natural map from the mapping cone of[C → A⊕D] toB is
a homotopy equivalence.

Lemma 5.1.2. The square of axiom SUB1 is homotopy cartesian if and only if the induced
map

CZ(X)
f
−→CZ(X ′)

is a homotopy equivalence.
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Proof. This follows from the triangulated category version of thenine diagram. More
precisely, consider the map of exact triangles

C(X ′)⊕ C(X − Z)
diag(v,Id)
−−−−−→ C(X ′ − Z)⊕ C(X − Z) −−−→ CZ(X ′)[1]

(f,−u)

x





(f,−Id)

x





f

x





C(X)
u

−−−→ C(X − Z) −−−→ CZ(X)[1]

in the homotopy categoryK(A). By [29, Proposition 5.6 of chapter XI], we can complete
this diagram, up to isomorphism, into

D −−−→ D′ −−−→ D′′

x





x





x





C(X ′)⊕ C(X − Z)
diag(v,Id)
−−−−−→ C(X ′ − Z)⊕ C(X − Z) −−−→ CZ(X ′)[1]

(f,−u)

x





(f,−Id)

x





f

x





C(X)
u

−−−→ C(X − Z) −−−→ CZ(X)[1]

in which all rows and columns are exact triangles. It is clearthat:

• the middle top vertical map induces an isomorphismC(X ′ − Z)
∼
−→ D′.

• D′′ ≃ 0 ⇐⇒ CZ(X)
∼
−→ CZ(X ′).

• SUB1holds⇐⇒ D
∼
−→ D′ ⇐⇒ D′′ ≃ 0.

The claim follows. 2

Remarks 5.1.3.

(1) We say that a cohomology theory (resp. a substratum) satisfiesZariski excision
(resp. Zariski Mayer-Vietoris) if axiom COH1 (resp. SUB1) holds when we let
f run through open immersions. The obvious analogue of Lemma 5.1.2 (ordinary
excision) holds.

(2) Note that inSUB1 one can replace the condition “C is additive” by “C(∅) = 0”
(take the caseX ′ = Z in the commutative square).

(3) Definition 5.1.1 allows us to set up a coniveau exact couple and spectral sequence
as in section 1. Zariski excision allows us to recognize theE1-terms of the coniveau
spectral sequence in the form of equation (1.1), producingCousin complexesin the
sense of [24] by Zariski sheafification. In particular, ifh∗ satisfies Zariski excision,
we get a convergentconiveau spectral sequence, for allX ∈ Sk

Ep,q
1 =

∐

x∈X(p)

hp+qx (X)⇒ hp+q(X)

analogous to (1.2), wherehnx(X) = lim-------→
U∋x

hnx∩U(U) (note thatEp,q
1 = 0 for p /∈

[0, dimX]).

As we shall see in section 7, ifh∗ is defined by a substratum, Zariski excision
gives rise to an (a priori unrelated)Brown-Gerstenspectral sequence as well.
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Lemma 5.1.4. For a substratumC and the associated cohomology theory with supports
h∗,
a) Axiom SUB1 implies axiom COH1.
b) The converse is true if, for allX, C(X) is fibrant in the sense of definition C.1.1 b) of
Appendix C.

Proof. Part a) follows trivially from Lemma 5.1.2. Part b) also follows from this
lemma, Lemma C.1.4 b) and Corollary C.2.7. 2

Remarks 5.1.5.

(1) Obviously, Lemma 5.1.4 holds when étale Mayer-Vietoris is replaced by Zariski
Mayer-Vietoris.

(2) By Theorem C.3.1, ifA verifies axiom AB5 and has a generator in the sense of [23,
1.5 and 1.6] and if moreover countable products are exact inA (for example,A
satisfies AB4∗), then there exists another substratumF and a natural transformation

C
ψ
−→ F such that, for allX,
(a) F (X) is fibrant;
(b) ψX is a monomorphism and a quasi-isomorphism.

This applies to the case whereA is the category of leftR-modules over some ring
[23, §1].

Let us now introduce our second axiom. To do this, we need an assumption onSk.

Assumption 5.1.6.

(i) Spec k ∈ Sk.
(ii) If X ∈ Sk, thenP1

X ∈ Sk.

Lemma 5.1.7. If Sk satisfies assumption 5.1.6, then
a)X ∈ Sk ⇒A1

X ∈ Sk.
b) For anyn ≥ 1, the open subsets ofAn

k are inSk. 2

In axiomsCOH2 andSUB2, we assume thatSk satisfies assumption 5.1.6.

COH2 (“Key lemma” for cohomology) LetV be an open subset ofAn
k (for somen) and

A1
V

j
−−−→ P1

V
s∞←−−− V

πց π̃





y
=ւ

V
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be the diagram representing the inclusion ofA1
V and the section at infinity intoP1

V . Let
F be a closed subset ofV . Then the diagram of the key lemma of subsection 4.1

hq
A1

F
(A1

V )

տπ∗

j∗
x




hqF (V )

րs∗∞

hq
P1

F
(P1

V )

is commutative.

SUB2 (“Key lemma” for substrata) Let V, F be as in axiomCOH2. Then the diagram

CA1
F
(A1

V )

տπ∗

j∗
x




CF (V )

րs∗∞

CP1
F
(P1

V )

is homotopy commutative.

We give a last definition.

Definition 5.1.8. LetX ∈ Sk be affine and lett1, . . . , tr ∈ X be a finite set of points. A
cohomology theory with supportsh∗ (resp. a substratumC) overk is strictly effaceable at
(t1, . . . , tr) if, givenp ≥ 0, for any open neighbourhoodW ⊆ X of t1, . . . , tr and for any
closed subsetZ ⊆W of codimension≥ p+1, there exist an open neighbourhoodU ⊆W
of t1, . . . , tr and a closed subsetZ ′ ⊆ W containingZ such thatcodimW (Z ′) ≥ p and the
maphqZ∩U(U) → hqZ′∩U(U) is 0 for all q ∈ Z (resp. the mapCZ∩U(U) → CZ′∩U(U) is
nullhomotopic). It isstrictly effaceableif this condition is satisfied for any(X, t1, . . . , tr)
as above, withX smooth.

Example 5.1.9.Supposek infinite and letA be a sheaf of torsion abelian groups over the
small étale site ofSpec k. By Theorem 2.2.7, the cohomology theory with supports

(X,Z) 7→ H∗
Z(Xét, α

∗A)

is strictly effaceable, whereα is the projection of the big étale site on the small étale site.

The following theorem is immediate from the arguments of section 4.

Theorem 5.1.10.Letk be infinite andSk satisfy assumption 5.1.6. A cohomology theory
with supportsh∗ (resp. a substratumC) satisfyingétale excision COH1 (resp.́etale
Mayer-Vietoris SUB1) and the key lemma for cohomology COH2 (resp. the key lemma
for substrata SUB2) is strictly effaceable.
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The point here is that, in diagrams where there is an excisionmap as in subsection
4.2, one can use a homotopy inverse of this map to show that themap one wishes to be
nullhomotopic is indeed nullhomotopic.

Corollary 5.1.11. Let k be infinite, andSk verify assumption 5.1.6 and let the cohomol-
ogy theory with supportsh∗ satisfy axioms COH1 and COH2. Then, for any smooth
X ∈ Sk, the Cousin complexes are flasque resolutions of the ZariskisheavesHq associ-
ated to the presheavesU 7→ hq(U), and theE2-terms of the spectral sequence of remark
5.1.3(3) are

Ep,q
2 = Hp

Zar(X,H
q).

There is a need for something extra, like transfer maps, to deal with finite fields: see
Theorem 6.2.5.

Remarks 5.1.12.

(1) The axioms above are much more economical than those of Bloch and Ogus in [2,
§ 1]. Definition 5.1.1 corresponds to axioms (1.1.1) and (1.1.2) of Bloch-Ogus.
Axiom COH1 corresponds to axiom (1.1.3). AxiomCOH2 has no counterpart in
[2], but might be compared with [2, (1.5)]. On the other hand,we do not need to
introduce any twists, nor a corresponding homology theory.This means that purity,
let alone Poincaré duality, is irrelevant for strict effaceability.

(2) However, the “key lemma” we axiomatized inCOH2 andSUB2 is unsatisfactory,
because it is not obvious how to check it in practice. Moreover, COH2 need not
imply SUB2 even for fibrant substrata. In subsections 5.3 and 5.4, we introduce
stronger axioms that do not have this defect.

5.2. Spectra.

In order to include algebraicK-theory in the formalism of this section, it is necessary to
consider substrata with values not only in complexes, but also in the categoryE of spectra
in the sense of algebraic topology. We refer to [4,§ 2] for the definition of a suitable such
categoryE , provided with an appropriate closed model structure (fibrations, cofibrations,
weak equivalences). Recall (e.g. [50, 5.32]) that the Dold-Kan correspondence gives rise
to an embeddingDK of the category of complexes of abelian groups into the category of
spectra such thatπn(DK(C ·)) = H−n(C ·) for any complexC · of abelian groups.

The preceding subsection “extends” to substrata with values in spectra by
• replacing “complexes of objects ofA” by “objects ofE” in definition 5.1.1 b);
• defininghqZ(X) = π−q(CZ(X)) in (5.1);
• replacing the cases in Lemma 5.1.4 b) by “For allX ∈ Sk, the spectrumC(X) is

fibrant and cofibrant.”
• replacing “Lemma C.1.4 b)” in the proof of Lemma 5.1.4 b) by “the following fact:

a weak equivalence between two fibrant and cofibrant spectra is a homotopy equiv-
alence”.
• replacing remark 5.1.5 (2) by “For any substratumC : Sk → E , there exist two

substrataC ′, C ′′ and natural transformationsC
ϕ
−→ C ′ ϕ′

←− C ′′ such that for allX,
(a) C ′(X) is fibrant;



30 COLLIOT-THÉLÈNE, HOOBLER, AND KAHN

(b) C ′′(X) is fibrant and cofibrant;
(c) ϕX , ϕ′

X are weak equivalences.
This follows from the folklore result, for which we have no reference, that any map
between objects ofE can be factoredin a functorial wayinto a cofibration followed
by a trivial fibration, and also into a trivial cofibration followed by a fibration (small
object argument).”

In the next sections, we shall allow substrataC to take their values in spectra, and
comment on this only when necessary.

5.3. Homotopy invariance.

In this subsection we discuss two new axiomsCOH3/SUB3andCOH4/SUB4 for co-
homology theories/substrata. As we shall see in section 7, the axiomCOH3/SUB3below
is satisfied by many theories. AxiomCOH4/SUB4 is auxiliary and merely serves to give
a smooth proof thatCOH3⇒ COH2 (resp.SUB3⇒ SUB2).

We assume thatSk satisfies assumption 5.1.6.

COH3 (Homotopy invariance for cohomology). Let V, π be as in axiomCOH2. Then

hqF (V )
π∗

−→ hq
A1

F
(A1

V ) is an isomorphism for allq.
COH4 (Rigidity for cohomology). Let V, π̃, F be as in axiomCOH2, and lets0, s∞ be
the sections at0 and∞ of π̃. Thens∗0, s

∗
∞ : hq

P1
F
(P1

V )→ hqF (V ) coincide for allq.

SUB3 (Homotopy invariance for substrata). Let V, π be as in axiomCOH2. Then

C(V )
π∗

−→ C(A1
V ) is a homotopy equivalence.

SUB4 (Rigidity for substrata). Let V, π̃, F be as in axiomCOH2, and lets0, s∞ be the
sections at0 and∞ of π̃. Thens∗0, s

∗
∞ : CP1

F
(P1

V )→ CF (V ) are homotopic.

Lemma 5.3.1. Leth∗ be the cohomology theory with supports associated to the substra-
tumC.
a) AxiomSUB3 implies axiomCOH3.
b) If C(X) is fibrant and cofibrant for allX, then axiomCOH3 implies axiomSUB3.

Proof. Part a) : AxiomSUB3 implies the same property for substrata with support, by
the same argument as in the proof of Lemma 5.1.2. Part b): the proof is the same as for
Lemma 5.1.4. 2

Proposition 5.3.2. a) AxiomCOH3 implies axiomCOH2 and axiomCOH2 implies ax-
iomCOH4.
b) AxiomSUB3 implies axiomSUB2and axiomSUB2 implies axiomSUB4.

Proof. Part a): compare remark 4.1.4. Part b) is analogous but we give a detailed proof
for the convenience of the reader. First we show thatSUB2 impliesSUB4. Generally, for
x ∈ P1(k) (resp.x ∈ A1(k)), let us denote bysx (resp.s′x) the section of̃π (resp. ofπ)
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determined byx. We can complete the diagram ofSUB2as

CF (V )

s′∗0

x





CA1
F
(A1

V )

տπ∗

j∗
x




CF (V ).

րs∗∞

CP1
F
(P1

V )

(5.2)

It is then clear that the vertical composition iss∗0 while the right composition iss∗∞.

We now show thatSUB3 impliesSUB4. Axiom SUB3 implies thats′∗x is a homotopy
inverse ofπ∗ for all x ∈ A1(k). Consider now the inclusionj1 : A1

X →֒ P1
X given by

t 7→ t/(t− 1). We havej1(0) = 0 andj1(1) =∞, or in other words:

j1 ◦ s
′
0 = s0, j1 ◦ s

′
1 = s∞.

Sinces′∗0 ands′∗1 are homotopic, it follows thats∗0 ands∗∞ are homotopic.

Finally, we show thatSUB3impliesSUB2. UsingSUB3⇒ SUB4, we may replace, up
to homotopy,s∗∞ by s∗0 in diagram 5.2, which then becomes obviously commutative. But
SUB3implies thats′∗0 is a homotopy equivalence, hence the triangle ofSUB2is homotopy
commutative as desired. 2

5.4. Cohomology ofP1.

In order to express our axiom on the cohomology ofP1, we need to introduce more
material. We still assumeSk to satisfy assumption 5.1.6.

a) Cohomology theories. We suppose given a cohomology theoryh∗, a cohomology
theorye∗ and, for any(X,Z) ∈ Pk, a map

PicX → Hom(e∗Z(X), h∗Z(X))

which is natural in(X,Z) (we do not require this map to be additive). TakingX = P1
V ,

Z = P1
F , we get a homomorphism

e∗
P1

F
(P1

V )
[O(1)]−[O]
−−−−−−→ h∗

P1
F
(P1

V )

hence, composing with̃π∗, a homomorphism

e∗F (V )
α(V,F )
−−−→ h∗

P1
F
(P1

V )

natural in(V, F ).
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COH5 (cohomology ofP1, cohomological version)Let V, F, π̃ be as in axiomCOH2.
Then the natural map

hqF (V )⊕ eqF (V )
(π̃∗,α(V,F ))
−−−−−−→ hq

P1
F
(P1

V )

is an isomorphism for allq.

b) Substrata. We suppose given a substratumC, a substratumD and, for anyX ∈ Sk,
a map

PicX → HomE(D(X), C(X)) (5.3)

natural inX, whereE is either the category of complexes of objects of our abeliancate-
goryA or the category of spectra of subsection 5.2. TakingX = P1

V we get a map (for
spectra, in the stable homotopy category)

D(P1
V )

[O(1)]−[O]
−−−−−−→ C(P1

V )

hence, composing with̃π∗, a map (for spectra, in the stable homotopy category)

D(V )
αV−→ C(P1

V )

natural inV .

SUB5 (cohomology ofP1, substratum version)Let V, π̃ be as in axiomCOH2. Then
the natural map (for spectra, in the stable homotopy category)

C(V )⊕D(V )
(π̃∗,αV )
−−−−→ C(P1

V )

is a homotopy equivalence.

(To be correct, we should use wedge∨ rather than direct sum⊕ in SUB5whenC and
D are given by spectra.)

Remarks 5.4.1.

(1) The map (5.3) induces, by functoriality, a map on cones

PicX → HomE(DZ(X), CZ(X))

for any (X,Z) ∈ Pk. Hence we get a map (for spectra, in the stable homotopy
category)

CF (V )⊕DF (V )
(π̃∗,αV )
−−−−→ CP1

F
(P1

V )

generalizing that of axiomSUB5, and the latter implies by the usual argument (cf
proof of Lemma 5.1.2) that this generalized map is a homotopyequivalence as well.

(2) Axiom COH5 implies that the cohomology theorye∗ is uniquely determined byh∗

up to isomorphism. For example,e∗ verifies Zariski (resp. étale) excision ifh∗ does.
Similarly, axiomSUB5implies thatD is uniquely determined byC up to homotopy.
But the action ofPic is not determined by these axioms in an obvious way.
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Lemma 5.4.2. Leth∗ be the cohomology theory with supports associated to the substra-
tumC ande∗ the cohomology theory with supports associated to the substratumD.
a) AxiomSUB5 implies axiomCOH5.
b) If C(X) is fibrant and cofibrant for allX, then axiomCOH5 implies axiomSUB5.

Proof. a) follows from remark 5.4.1 (1); b) is proven as in Lemma 5.1.4 b). 2

Proposition 5.4.3. a) AxiomCOH5 implies axiomCOH2.
b) AxiomSUB5 implies axiomSUB2.

Proof. For a), compare proof of Lemma 4.1.3. Part b) is similar but we give a detailed
proof, as in subsection 5.3. By remark 5.4.1, we are reduced to checking that in the
diagram

CA1
F
(A1

V )

տπ∗

j∗
x




CF (V )

րs∗∞

CF (V )⊕DF (V )
(π̃∗,αV )
−−−−→ CP1

F
(P1

V )

the two paths fromCF (V ) ⊕ DF (V ) to CA1
F
(A1

V ) are homotopic. It is enough to check
this on both componentsCF (V ) andDF (V ). OnCF (V ) this is trivial (the two paths are
actually equal). OnDF (V ), the two paths are nullhomotopic, because the pull-backs of
O(1) by s∞ andj are both trivial. 2

5.5. Generating new theories out of old.

The following remarks show how to construct some strictly effaceable cohomology
theories and substrata. Here substrata take their values either inC(A), whereA is a
suitable abelian category, or in the category of spectraE of subsection 5.2.

(1) Let Sk = V ar/k, let h∗ (resp. C) be a cohomology theory with supports (resp. a
substratum) overSk, and letT ∈ V ar/k. Define a new cohomology theory with
supportshT (resp. substratumCT ) by

(hT )∗Z(X) = h∗Z×kT
(X ×k T )

(resp.
CT (X) = C(X ×k T )).

Assume thath∗ (resp.C) satisfies axiomCOH1 (resp.SUB1) (for all k-schemes).
ThenhT (resp.CT ) also does. This is obvious.

Suppose now thath∗ (resp. C) satisfies axiomCOHi (resp. SUBi) for some
i ∈ {2, 3, 5}, not only for open subsets ofAn

k but for anyV ∈ V ar/k. Then the
same holds forhT (resp.CT ). This is equally obvious.

(2) LetC
f
−→C ′ be a morphism of substrata, and letC ′′ be the homotopy fibre off . Then,

for i = 1, 3, if two amongC,C ′, C ′′ verify axiomSUBi, so does the third. This isnot
clear (and probably wrong) for axiomsSUB2andSUB4, or for “strictly effaceable”.
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As for axiomSUB5, the following holds:
Let D,D′ be the substrata attached respectively toC andC ′ in COH5. Assume
given a morphismf : D → D′ such that, for anyX ∈ Sk andα ∈ PicX, the
diagram

D(X)
α∗−−−→ C(X)

fX





y

fX





y

D′(X)
α∗−−−→ C ′(X)

commutes. LetD′′ be the homotopy fibre ofD
f
−→D′. From the assumption above,

we get a natural transformation

PicX → Hom(D′′(X), C ′′(X)).

Then, if two among the pairs(C,D), (C ′, D′), (C ′′, D′′) (together with the actions
of Pic) verify axiomCOH5, so does the third.

(3) Let (hα)α∈A (resp. (Cα)α∈A) be a filtered direct system of cohomology theories with
supports (resp. substrata) andh = lim-------→ hα (resp.C = lim-------→Cα). If all hα (resp. all
Cα) verify axiomCOHi for somei (resp.SUBi for i = 1, 3), then so doesh∗ (resp.
C). The same claim forSUB2 andSUB4 in the case of substrata is not clear. As
for COH5, we must request that theDα attached to theCα form a direct system
compatible with that of theCα via the actions ofPic.

(4) LetC be a substratum, and suppose given a direct system of substrata

· · · → C(n) → C(n+1) → . . . (n ≥ 0)

with a homotopy equivalencelim-------→C(n) ∼
−→ C. Suppose thatC(0) and, for alln, the

homotopy fibre ofC(n) → C(n+1) satisfies axiomSUBi for i = 1, 3 or 5 (for SUB5,
we request analogous conditions on theDs, as above). Then so doesC. This follows
by induction from remarks 2 and 3.

6. UNIVERSAL EXACTNESS

In this section, we want to show how strict effaceability of asubstratum (rather than a
cohomology theory) implies not only exactness, but evenuniversal exactnessof the asso-
ciated Cousin complexes. Recall that a complexA· is contractibleif there is a homotopy
from the identity to0 onA·.

6.1. Generalities.

We take from [19] the definition of universal exactness, actually in slightly greater
generality:

Definition 6.1.1. LetA be an abelian category. A complexC · of objects ofA is univer-
sally exactif the following condition is satisfied:
For any abelian categoryB and any additive functorT : A → B commuting with filtering
direct limits, the complexT (C ·) is exact.
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(In the caseA is the category of left modules over a ring, one should compare this
notion with Lazard’s pure sequences [32, Ch. I,§2, esp. Th. 2.3].)

Note that the exactness ofT (C) is automatic ifT is exact, but we only require it to be
additive. Here are some examples:

Examples 6.1.2.

(1) A contractible complex is universally exact. Indeed, any additive functor will trans-
form a homotopy into a homotopy.

(2) If A satisfies AB5, a filtering direct limit of universally exact complexes is univer-
sally exact.

(3) LetC · : 0 → C0 → · · · → Cn−1 → Cn → 0 be a bounded exact complex, so
thatBi(C ·)

∼
−→ Z i(C ·) for all i. Suppose all the exact sequences0 → Z i(C ·) →

Ci → Bi+1(C) → 0 are filtering direct limits of split exact sequences. ThenC · is
universally exact. This follows from the previous two examples.

Conversely:

Proposition 6.1.3. SupposeA satisfies AB5 and any object ofA is a filtering direct limit
of finitely presented objects (e.g.A is the category of left modules over a ring). Then
any bounded universally exact complexC · of objects ofA can be described as in example
6.1.2(3).

Recall that an objectX of A is of finite presentation if the functorY 7→ Hom(X, Y )
commutes with direct limits.

Proof. Applying definition 6.1.1 withT = identity, we see thatC · is exact. LetX be a
finitely presented object ofA. Applying the functor

T (M) = Hom(X,M)

to C ·, we see in particular thatHom(X,Cn−1) → Hom(X,Cn) is surjective. It follows
that, for anyf : X → Cn, the pull-back of the exact sequence

0→ Zn−1(C ·)→ Cn−1 → Cn → 0 (D)

by f is split. By the assumption in Proposition 6.1.3, (D) is a filtering direct limit of split
exact sequences, and in particular is universally exact. This now implies that the sequence

0→ C0 → · · · → Cn−2 → Bn−1(C ·)→ 0

is universally exact. We get the conclusion by induction onn. 2

6.2. Universal exactness of Cousin complexes.

Theorem 6.2.1.Let Sk satisfy assumption 5.1.6. LetX ∈ Sk be an affine variety,
t1, . . . , tr ∈ X a finite set of points andh∗ a cohomology theory with supports onPk.
Suppose thath∗ is given by a substratumC which is strictly effaceable att1, . . . , tr. Then
the Cousin complexes

0→ hq(Y )
e
−→

∐

x∈Y (0)

hqx(Y )
d0,q
1−−→

∐

x∈Y (1)

hq+1
x (Y )

d1,q
1−−→ . . .
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are universally exact, whereY = SpecOX,t1,...,tr .

The proof uses the following well-known lemma:

Lemma 6.2.2. Let T be a triangulated category andA → B → C → A[1] an exact
triangle inT . Suppose that the mapC → A[1] is 0. Then the mapB → C has a section.
(“Every epimorphism is split”.)

Proof. Apply the functorHom(C, ?) to the triangle and get an exact sequence

Hom(C,B)→ Hom(C,C)
0
−→Hom(C,A[1]).

which shows thatHom(C,B)→ Hom(C,C) is surjective. Lets : C → B be an element
that maps toIdC. Then by definition,s is a section, as wanted. 2

To prove Theorem 6.2.1, we go a little more carefully than in the proof of Proposition
2.1.2. We note that the Cousin complex of Theorem 6.2.1 is obtained by pasting together
complexes

0→ hq
Y (p)(Y )→

∐

y∈Y (p)

hqy(Y )→ hq+1

Y (p+1)(Y )→ 0 (6.1)

which in turn are obtained as direct limits of the complexes

0→ hqZ′∩W (W )→ hq(Z′−Z)∩W (W \ Z)→ hq+1
Z∩W (W )→ 0 (6.2)

coming from the long exact cohomology sequence of definition5.1.1. HereW varies
among the open neighbourhoods of(t1, . . . , tr) andZ ⊆ Z ′ ⊆ W vary among closed
subsets of codimensions respectively≥ p and≥ p+ 1.

Lemma 6.2.3. Let t1, . . . , tr andY be as in Theorem 6.2.1. Suppose the substratumC
is strictly effaceable att1, . . . , tr. Then for anyp ≥ 0 andq ∈ Z, the complex(6.1) is a
direct limit of split exact sequences, whereh∗ is the cohomology theory associated toC.
In particular, it is universally exact.

Proof. Let W ⊆ X be an open neighbourhood of(t1, . . . , tr), Z ⊆ W a closed
subset of codimension≥ p and takeU,Z ′ as given by definition 5.1.8. In the triangulated
categoryK(A) of complexes of objects ofA up to homotopy ([26, chap. I] and [20,§
5]), or in the homotopy category ofE if C is given by spectra [4], consider the triangle or
fibre sequence

CZ′∩U(U)→ C(Z′−Z)∩U(U \ Z)→ CZ∩U(U)[1]
0
−→CZ′∩U(U)[1].

HereCZ′∩U(U)[1] meansΣCZ′∩U(U) if C is given by spectra. Lemma 6.2.2 shows that
the mapC(Z′−Z)∩U(U \Z)→ CZ∩U(U)[1] has a homotopy section. Correspondingly, the
sequence

0→ hqZ′∩U(U)→ hq(Z′−Z)∩U(U \ Z)→ hq+1
Z∩U(U)→ 0

is split exact for allq. And such sequences are cofinal in the direct system of complexes
(6.2). 2



THE BLOCH-OGUS–GABBER THEOREM 37

Corollary 6.2.4. Supposek is infinite andSk verifies assumption 5.1.6. Leth∗ be a co-
homology theory with supports onPk, with values in an abelian categoryA satisfying
axiom AB5 and having a generator. Ifh∗ satisfies axiomsCOH1 (étale excision) and ei-
therCOH3 (homotopy invariance) orCOH5 (cohomology ofP1), and can be defined by
a substratum of complexes or spectra (the latter assumingA = {abelian groups}), then
the Cousin complexes of Theorem 6.2.1 are universally exactfor X smooth.

Proof. If h∗ can be defined by a substratum of complexes, it can be defined bya fibrant
substratumC by remark 5.1.5 (2). Similarly, for a substratum of spectra,it can be defined
by a fibrant and cofibrant substratum by subsection 5.2. By Lemmas 5.1.4 b), 5.3.1 b)
and 5.4.2 b),C satisfies axiomsSUB1and eitherSUB3or SUB5, hence axiomSUB2by
Propositions 5.3.2 and 5.4.3. By Theorem 5.1.10, it is strictly effacable. The corollary
now follows from Theorem 6.2.1.

Note that Theorem 6.2.1 does not cover the case of finite fields. For this, we introduce
another axiom, which was already used in section 4:

COH6 For any finite field extensionℓ/k and any(X,Z) ∈ Pk, there is given a map

Corℓ/k : h∗Zℓ
(Xℓ)→ h∗Z(X)

such thatCorℓ/k ◦Resℓ/k = [ℓ : k], whereResℓ/k corresponds to extension of scalars.
This map is natural in(X,Z) ∈ Pk.

Theorem 6.2.5.Let k be a finite field andh∗ a cohomology theory with supports onPk,
with values in an abelian category satisfying axiom AB5 and having a generator. Suppose
Sk verifies assumption 5.1.6 andh∗ satisfies axiomsCOH1, COH6 and eitherCOH3
or COH5, and can be defined by a substratum of complexes or spectra. Then, for any
connected smooth affineX ∈ Sk and any finite set of pointst1, . . . , tr ∈ X, the Cousin
complexes

0→ hq(Y )
e
−→hqη(Y )

d0,q
1−−→

∐

x∈Y (1)

hq+1
x (Y )

d1,q
1−−→ . . .

are universally exact, whereY = SpecOX,t1,...,tp.

Proof. ExtendC to SK for infinite algebraic extensionsK/k by settingC(X) =
lim-------→C(X0⊗k0 ℓ), wherek0 is a suitable finite subextension ofK such thatX = X0⊗k0 K
for someX0, andℓ runs through the finite subextensions ofK/k0. This extendsh∗ to a
cohomology theory with supports onPK , admitting a substratum and satisfying axioms
COH1, COH6 and eitherCOH3 or COH5. By Corollary 6.2.4, the Cousin complexes
of Theorem 6.2.1 are universally exact forK-varieties.

Let T be an additive functor (with values in some abelian categorysatisfying AB5)
which commutes with filtering direct limits. We have to provethat the complex

0→ T (hq(Y ))
e
−→T (hqη(Y ))

d0,q
1−−→

∐

x∈Y (1)

T (hq+1
x (Y ))

d1,q
1−−→ . . . (6.3)
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is acyclic, forX a smoothk-variety andY as in Theorem 6.2.1. We use the same trick
as in section 4. Letp1, p2 be two different primes andK1, K2 theZp1 andZp2-extensions
of k respectively. LetA be some homology group of the sequence (6.3). For an algebraic
extensionK/k, let (6.3)K denote (6.3) “pushed overK”. By assumption onT , we have

AK = lim-------→Aℓ

whereℓ runs through finite subextensions ofK/k. On the other hand, the transfer condi-
tion shows that, if[K : k] = N < +∞, then

N Ker(A→ AK) = 0.

It follows thatKer(A → AKi
) is pi-primary torsion and thereforeKer(A → AK1 ⊕

AK2) = 0. Finally, sinceK1 andK2 are infinite, we haveAK1 = AK2 = 0 as observed
above. SoA = 0, as was to be proven. 2

7. EXAMPLES

7.1. Hypercohomology of sheaves.

In this subsection as in subsection 7.5, the categorySk need not satisfy assumption
5.1.6.

7.1.1. Letν be a Grothendieck topology onSk. To a complex of sheaves of abelian
groupsC overν one can associate a cohomology theory with supportsh∗, given by the
ν-hypercohomology ofC with supports:

h∗Z(X) = H
∗
Z(Xν , C).

7.1.2. Letf : C → C′ be a morphism. Thenf induces a morphismf∗ of associated
cohomology theories. Iff is a quasi-isomorphism,f∗ is an isomorphism in the following
two cases:

• C andC′ are bounded below;
• for all X ∈ Sk, theν-cohomological dimension ofX is finite.

Indeed, we have a morphism of hypercohomology spectral sequences:

′Ep,q
2 =Hp

Z(Xν ,H
q(C′))⇒H

p+q
Z (Xν , C

′)

f∗

x





f∗

x





Ep,q
2 =Hp

Z(Xν ,H
q(C))⇒H

p+q
Z (Xν , C)

which is an isomorphism onE2-terms by assumption. Here,Hq(C) andHq(C′) are the
cohomology sheaves ofC andC′ respectively. In both cases, the two spectral sequences
converge, hence the map on abutments is an isomorphism.

7.1.3. A cohomology theory given by a complex ofν-sheavesC can always be de-
fined by a substratumC of complexes of abelian groups (this is in fact the wayν-
hypercohomology is defined!) There are several well-known constructions forC:
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• SupposeC is bounded below. Choose a Cartan-Eilenberg injective resolution I of C
and defineC(X) = Tot(I)(X), whereTot(I) is the total complex associated to the
bicomplexI. Note that the terms ofC(X) are injective abelian groups andC(X)
is bounded below. HenceC(X) is fibrant in the sense of definition C.1.1 (compare
Proposition C.1.2).
• ReplaceC by a fibrant complex of sheavesF . By Theorem C.3.1, we can do this

functorially in C. Define nowC(X) asF(X); note thatC(X) is fibrant for allX
as a complex of abelian groups. This construction does not requireC to be bounded
below.
• The Godement resolution. Suppose the topos associated toν has enough points (this

is the case for Zariski, Nisnevich, étale, complex topologies). ToC one associates a
new complex of sheaves

TC : U 7→
∏

f∈Π

∏

f∗(U)

f ∗C

whereΠ is the set of points ofν (compare [50, 1.31], especially for set-theoretic
problems). The terms of this complex are flabby in the sense of[36, ex. III.1.9
(c)]. IteratingT yields a cosimplicial complex of flabby sheavesT ·C, which in turn
yields a bicomplex of flabby sheavesT ∗C in the usual way. One definesC(X) =
Tot(T ∗C)(X). This is essentially the object denoted byH·(X, C) in [50].

By the usual arguments, there is a commutative diagram (forC bounded below)

Tot(I)

ր

C
x





ց

Tot(T ∗C)

in which the vertical map induces a quasi-isomorphism on global sections.

The last two constructions are natural inC. All constructions have the following virtue:
if C′ → C → C′′ defines an exact triangle in the derived category ofν-sheaves, then so
doesC ′(X) → C(X) → C ′′(X), for all X, in the derived category of abelian groups,
whereC ′, C, C ′′ are the associated substrata.

7.1.4. LetC be associated toC as in 7.1.3, and suppose we sheafify it for theν-topology.
In the first constructionC is already the complex of sheavesTot(I). In the second one,
the stalk ofT ·C at a pointx is homotopy equivalent to the constant cosimplicial complex
of abelian groups defined byCx. In both cases, the resulting complex of sheaves is quasi-
isomorphic toC.

7.1.5. Instead of taking complexes of sheaves of abelian groups, one can take complexes
of sheaves with values in an abelian category with enough injectives, orsheaves of spectra
[50] in the line of 5.2. All the above holds in these contexts,mutatis mutandis. In the
case of spectra, for 7.1.2 use the spectral sequence of [50, prop. 1.36]. For the second
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construction in 7.1.3, use [50, def. 1.33]. Nisnevich repeats these constructions in [38],
because he uses a different notion of point of a topos for the Nisnevich topology.

7.1.6. Letν ′ be another Grothendieck topology onSk which is finer thanν. Then the
identity functor ofSk defines a morphism of sitesν ′

α
−→ ν. If C is a complex of sheaves

for theν ′ topology, there is an isomorphism

H
∗
Z(Xν′ , C)

∼
−→ H

∗
Z(Xν , Rα∗C)

whereRα∗C is the total direct image ofC (in the derived category). In the caseC is a
sheaf of spectra, one should use the objectR

·αC of [50, def. 1.55] instead ofRα∗C, cf
[50, th. 1.56]. So we can viewν ′-hypercohomology asν-hypercohomology.

7.1.7. Suppose thatν is the big Zariski site ofSpec k. Thenν-hypercohomology ofC
verifies Zariski excision. Similarly, suppose thatν is the big Nisnevich siteNis onSpec k.
Thenν-hypercohomology verifies étale excision, i.e. axiomCOH1. This is known when
C is reduced to a single sheaf (for the Nisnevich case, cf [8, prop. 4.4], which applies to
Nisnevich cohomology; recall that the proofs of [36, prop. III.1.27] and [38, th. 1.27]
have a gap). In general, the proof follows from a comparison of convergent hyperco-
homology spectral sequences, as in 7.1.2. The two spectral sequences converge without
boundedness conditions onC, because the Zariski or Nisnevich cohomological dimen-
sions ofk-schemes of finite type are finite [38]. See [50, ex. 1.49] for Zariski excision in
the case of a sheaf of spectra (in [38] Nisnevich does not givethe corresponding statement
for étale excision explicitly).

7.1.8. By 7.1.6 and 7.1.7,ν-hypercohomology satisfies Zariski (resp. étale) excision as
soon asν is finer than the Zariski (resp. the Nisnevich) topology.

7.2. Generating new theories out of old, continued.

Let C be as in 7.1.1, letA be a bounded below complex of abelian groups, viewed as

a complex of constant Nisnevich sheaves, and letC′ = C
L
⊗A (in the derived category).

Then, if the cohomology theory associated toC verifies axiomCOH3 or COH5, the same
is true forC′. In the case of axiomCOH5, if D is a complex of sheaves associated toC,

we associate toC′ the complexD′ = D
L
⊗A and take for the action ofPic the original

action tensored byA. The claim can be justified in a few steps:
(a) A = Z[0]. This is trivial.
(b) A = Z/n. Follows from the previous case, item (2) of subsection 5.5 ,7.1.3 and

the exact sequence0→ Z→ Z→ Z/n→ 0.
(c) A consists of a single finitely generated abelian group placedin degree0. Fol-

lows from the previous cases.
(d) A consists of a single abelian group placed in degree0. Follows from the previ-

ous case and item (3) of subsection 5.5 by a passage to the limit.
(e) The general case. Follows from the previous case and item(4) of subsection 5.5.

In caseC is a sheaf of spectra as in 7.1.5, one has the same by taking forD the sheaf of
spectraC ∧ A, whereA is an arbitrary spectrum, viewed as a constant sheaf of spectra.
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The method is the same, reducing to the case whereA is an Eilenberg-Mac Lane spectrum
by dévissage from its Postnikov tower, cf [50, proof of th. 1.46].

7.3. Homotopy invariant examples.

In all examples of this subsection,Sk = V ar/k.
(1) Etale cohomology with coefficients in a sheaf defined overk and torsion prime to the

characteristic ofk. Etale excision follows from 7.1.8 and homotopy invariancefrom
[36, cor. VI.4.20]. More generally, by 7.1.8 and item (4) of subsection 5.5, one
may take étale hypercohomology of a bounded below complex of sheaves whose
cohomology is torsion prime to the characteristic ofk.

(2) (overC:) Classical hypercohomology with coefficients in a bounded below complex
of abelian groups. Here, étale excision again comes from 7.1.8 and the fact that,
for X a C-variety, the topological spaceX(C) essentially maps to the small étale
site ofX (cf [SGA4-III, exposé XI, 4.0]). Homotopy invariance is known for Z as
coefficients, and the general case follows from remark 7.2.

(3) (char k = 0:) De Rham cohomology. Recall that, for ak-varietyX, H∗
dR(X/k) =

H∗
Zar(X,Ω

·
X/k), whereΩ·

X/k is the de Rham complex. To check étale excision,
we note that, since theΩi

X/k are coherent sheaves, the mapsH∗
Zar(X,Ω

·
X/k) →

H∗
Nis(X,Ω

·
X/k) are isomorphisms [36, remark III.3.8], so we can apply 7.1.8. Actu-

ally, sincechar k = 0, we even have purity [25]. Homotopy invariance is proven in
[25, remark p. 54].

(4) Motivic cohomology. Letk admit resolution of singularities in the sense of [12, def. 3.4]
(for example,char k = 0), and leti ≥ 0. In [49, section 2], motivic cohomology
of weighti is defined byH∗

Z(X,Z(i)) = H
∗
Z(Xcdh,Z(i)cdh) for (X,Z) ∈ Pk, where

cdh is the Grothendieck topology introduced in [12, def. 3.2], Z(i) is a certain com-
plex of presheaves with transfers with homotopy invariant cohomology presheaves
in the sence of [52] andZ(i)cdh is its sheafification for the cdh topology. Therefore
motivic cohomology is given by a substratum, is homotopy invariant and satisfies
étale excision since the cdh topology is stronger than the Nisnevich topology. It also
satisfies purity by [49, prop. 2.4].

(5) Cycle modules. LetM∗ be a cycle module in the sense of [44]. ForZ ∈ V ar/k and
j ∈ Z, denote byC·(Z,Mj) the (homological) Gersten complex associated toZ and
ending with

∐

x∈X(0)
Mj(k(x)). ForX of pure dimensiond, define

C(X) = C ·(X,Mj) = C·(X,Mj−d)

viewed as a cohomological complex. ForZ ⊂ X a closed subset, there is an obvious
short exact sequence of complexes

0→ C·(Z,Mj+d)→ C ·(X,Mj)→ C ·(X − Z,Mj)→ 0.

SoC·(Z,Mj+d) is homotopy equivalent to the homotopy fibreCZ(X). In partic-
ular, the substratumC verifies étale excision (axiomSUB 1), and even purity. By a
result of Rost [44, prop. 8.6], it is also homotopy invariant. Therefore, the Gersten
complexes on a smooth semi-local scheme are universally exact ([44, th. 6.1] for the
exactness). Universal exactness actually follows directly from replacing the cycle
moduleM∗ by T ◦M∗, whereT is a given additive functor which commutes with



42 COLLIOT-THÉLÈNE, HOOBLER, AND KAHN

filtering direct limits.
This example includes as a special case Milnor’sK-groups, Milnor’sK-groups mod
m, m-torsion in Milnor’sK-groups. . .

(6) AlgebraicG- (= K ′-)theory. This is the only case in this list of examples where the
substratum is given by spectra, not complexes. Etale excision COH1 is implied by
the much strongerlocalization theoremof Quillen, akin to purity [43, prop. 7.3.2].
Homotopy invarianceCOH3 also follows from Quillen [43, prop. 7.4.1]. By smash-
ing the algebraicG-theory spectrum by the Moore spectrumM(Z/n), we get the
case of algebraicG-theory with coefficientsZ/n (compare subsection 7.2).

7.4. Non homotopy invariant examples.

In all examples of this subsection,Sk = V ar/k, except in examples (4) and (5) where
Sk = Sm/k.

(1) Etale (hyper-)cohomology with bounded below coefficients coming fromk. As above,
étale excision follows from 7.1.8. AxiomCOH5 is proven in Appendix A. More
precisely, in subsection A.2, we define an étale sheafQ/Z(−1) (over the big étale
site ofSpecZ) and a map

PicX → Γ(X,RHomét(Q/Z(−1)[−3],Z)) (7.1)

for any schemeX. Let nowC0 be a bounded below complex of sheaves over the
small étale site ofSpec k, andC its inverse image to thebig étale site. Leth∗ be the
cohomology theory with supports defined byC ande∗ the cohomology theory with

supports defined byC
L
⊗Q/Z(−1)[−3]. The map (7.1) induces a mapPicX →

Hom(e, h), and we show in subsection A.3 that this map satisfies axiomCOH5.
(2) Hodge and de Rham cohomology in any characteristic. Etale excision is seen as above.

Axiom COH5 is due to Illusie: ifh∗ is the cohomology theory associated to the
Zariski sheafΩi

X/k, then axiomCOH5 holds forh∗ with e∗ associated toΩi−1
X/k[−1]

(i.e. ejZ(X) = Hj−1
Z (XZar,Ω

i−1
X/k)). Here the mapPicX → Hom(e, h) is given by

cup product with the first Chern class, defined through the mapH1
Zar(X,O

∗
X)

d log
−−→

H1
Zar(X,Ω

1
X/k). Using item (4) of subsection 5.5, one can then extend axiomCOH5

to the de Rham-Witt complex itself, or truncations of it. Compare [21, p. 22, proof
of (4.2.7)]. Note thatX need not be smooth since, in [SGA7, exposé XI, th. 1.1],
X is arbitrary. Note also that, even in characteristic0, Hodge cohomology is not
homotopy invariant. In characteristicp one can then “escalate the ladder” to get the
same result for Deligne-Illusie’s Hodge-Witt and de Rham-Witt cohomology ([28],
compare [21]).

(3) (char k = p) Logarithmic Hodge-Witt and de Rham-Witt cohomology[22]. Etale exci-
sion is proven as above. AxiomCOH5 follows from [21, th. I.2.1.11] and is proven
there in the spirit of item (2) of subsection 5.5, using the description of the loga-
rithmic de Rham-Witt pro-complex as Frobenius fixed points of the de Rham-Witt
pro-complex [21, I. (1.3.2)] .

(4) Cohomology of a torus. Let T be ak-torus. Consider the cohomology theory with sup-
portsh∗ given by the sheaf associated toT on the big étale site ofSpec k. As above,
h∗ satisfies étale excision. LetM = Hom(Gm,T) be the group of cocharacters of
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T, also viewed as a big étale sheaf. Lete∗ be the cohomology theory with supports
given by

eqZ(X) = Hq−1
Z (Xét,M).

Cup-product defines a map

PicX → HomX(e, h)

for all X. It can be shown that axiomCOH5 is verified forh, e and this natural
transformation.

(5) Etale weight-two motivic cohomology.For an affine schemeX, let Γ(X, 2) be the
weight-two motivic complex introduced by Lichtenbaum in [33]. ForX smooth,
its Zariski sheafificationΓ(2)Zar is quasi-isomorphic toτ>0Z(2)Zar, whereZ(2)Zar

is the Zariski sheafification of the complex of 7.3 (4). The main steps in the proof
of this are [1, th. 7.2], [48] and [53, proof of prop. 4.9 and subsection 4.3]. (Con-
jecturallyΓ(2)Zar andZ(2)Zar coincide). It is proven in [31] that the cohomology
theory(X,Z) 7→ H∗

Z(Xét,Γ(2)ét) satisfies axiomCOH5, whereΓ(2)ét is the étale
sheafification ofX 7→ Γ(X, 2).

(6) AlgebraicKB-theory. HereKB denotes the Bass extension of Quillen’s algebraicK-
theory, which coincides with the latter for regular Noetherian schemes, see [51,
§6]. Axiom COH1 is one of the main results of Thomason-Trobaugh: it applies
generally toX,X ′ quasi-compact and quasi-separated such thatX − Z is quasi-
compact as well [51, Th. 7.1 and 7.4]. It would be wrong for ordinaryK-theory in
general. AxiomCOH5 follows from [51, Th. 7.3]. Just as in example 7.3 (6), we get
algebraicKB-theory with finite coefficients by smashing with a Moore spectrum.

7.5. More on hypercohomology and excision.

This subsection can be considered as a sequel to subsection 7.1.

7.5.1. Letν be a Grothendieck topology onSk. Suppose that we now start with a sub-
stratum of complexesC. SheafifyingC for theν-topology, we get a complex ofν-sheaves
C. Choosing an injective right Cartan-Eilenberg resolutionI of C, the augmentation
C → Tot(I) yields an augmentation

C(X)→ Γ(X, C)→ Γ(X, Tot(I)).

Similarly, if ν has enough points, the Godement resolution construction of7.1.3 gives
a natural transformation

C(X)→ H
·(Xν , C). (7.2)

By analogy with 7.1.4, we may ask the question:

Question. When is (7.2) a quasi-isomorphism?

This problem has no simple solution in general; however we shall explain that it has
one whenν is either the Zariski or the Nisnevich topology.
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In both cases, an obvious necessary condition is that the cohomology theoryh∗ asso-
ciated toC satisfies Zariski (resp. étale) excision, sinceH·(Xν , C) does by 7.1.7. The
remarkable fact is that this condition is sufficient:

Theorem 7.5.1.Suppose thatν = Zar (resp.ν = Nis). Then(7.2)is a quasi-isomorphism
if and only if the cohomology theoryh∗ associated toC satisfies Zariski (resp.́etale) ex-
cision. In other terms, a cohomology theory with supports which admits a substratum
made of complexes satisfies Zariski (resp.étale) excision if and only if it can be defined
by Zariski (resp. Nisnevich) hypercohomology of a complex of sheaves.

This theorem is either a consequence or an easy analogue of

Theorem 7.5.2(Brown-Gersten–Thomason–Nisnevich). Suppose thatν = Zar (resp.
ν = Nis) and letC be a substratum of spectra overSk. Then(7.2) is a quasi-isomorphism
if and only if the cohomology theoryh∗ associated toC satisfies Zariski (resp.́etale) exci-
sion. In other terms, a cohomology theory with supports which admits a substratum made
of spectra satisfies Zariski (resp.étale) excision if and only if it can be defined by Zariski
(resp. Nisnevich) hypercohomology of a sheaf of spectra.

Proof. See [5] and [50, 2.5] for the Zariski case, [38] for the Nisnevich case. 2

By 7.1.4, a complex of sheavesC definingh∗ can be chosen as the sheaf associated to
the presheafU 7→ C(U), whereC is a substratum definingh∗.

Corollary 7.5.3. Under the conditions of Theorem 7.5.2, there is for anyX ∈ Sk a
spectral sequence

Ep,q
2 = Hp(Xν ,H

q)⇒ hp+q(X).

whereν = Zar or Nis andHq is theν sheaf associated to the presheafU 7→ hq(U).

Proof. This is just the hypercohomology spectral sequence for thecohomology of
H·(Xν , C). 2

Example 7.5.4.Let µ be a Grothendieck topology onSk which is finer thanν, and let
α : µ → ν be the corresponding morphism of sites. LetD be a complex of sheaves (or
sheaf of spectra) for theµ-topology, and takeC = Rα∗D (or R·αD). There is a canonical
quasi-isomorphism (or weak equivalence)

H
·(Xν , C) ≃ H

·(Xµ,D)

and we recover the Leray spectral sequence for the morphismα.

Note that, just as the spectral sequence of example 5.1.3 (3), this spectral sequence
is defined for arbitrary, not necessarily smooth,X ∈ Sk. The two spectral sequences
have a priori nothing to do with each other. In other words, the comment in [50, last§
of p. 467] misses the point. The Bloch-Ogus–Gabber theorem implies that, whenX is
smooth, they have isomorphicE2-terms. Moreover, they actually coincide in this case for
many theories (Deligne, unpublished, cf [2, footnote p. 195], Gillet-Soulé, [17]). See also
Paranjape [41].
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7.5.2. Leth∗ be the cohomology theory with supports associated to some complex of
Nisnevich sheavesC. As seen above,h∗ satisfies axiomCOH1. By 7.1.2,h∗ only de-
pends, up to isomorphism, on the class ofC in thederived categoryD(Nis) of the cate-
gory of Nisnevich sheaves. Indeed, the Nisnevich cohomological dimension of a scheme
of finite Krull dimension is finite [38]. For the convenience of the reader, we reformulate
axiomsCOH3 andCOH5 purely in terms ofC (viewed inD(Nis)):

D3 Let π : A1
k → Spec k be the structural map. ThenC

∼
−→ Rπ∗(C|A1).

To formulate axiomD5, note that, ifh∗ satisfies étale excision and axiomCOH5, the
associated cohomology theorye∗ satisfies étale excision as well by remark 5.4.1 (2). Ifh∗

is given by a substratumC, thene∗ is given by the substratumD(X) = Ker(C(P1
X)

s∗∞−→
C(X)). By Theorem 7.5.2, bothh∗ ande∗ are given by Nisnevich hypercohomology of
complexes of sheavesC andD.

D5 a) There exists an objectD ∈ D(Nis) and, for allX ∈ Sk, a map

PicX → HomD(Nis|X)(D|X , C|X)

natural inX.
b) ForX = P1

k, the map of a) induces a morphism

D|P1
[O(1)]−[O]
−−−−−−→ C|P1 .

Consider the adjoint map

D
α
−→Rπ̃∗C|P1 .

Then the map

C ⊕ D
(ε,α)
−−→ Rπ̃∗C|P1

is a (quasi-)isomorphism, whereε is the unit (adjunction) map.

If C is a sheaf of spectra, one should replaceRπ∗ andRπ̃∗ by R·π andR·π̃ in axioms
D3 andD5.

8. A SELECTION OF COROLLARIES

8.1. Multiplying by a fixed variety.

Let T be a (not necessarily smooth)k-variety. The following theorem gives concrete
illustrations of item (1) in subsection 5.5.

Theorem 8.1.1.Let Y be the spectrum of a semi-local ring of a smooth, connectedk-
variety, as in Proposition 2.1.2. Letn be prime tochar k andi ∈ Z. Then, with notation
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as in Proposition 2.1.2, there are universally exact sequences:

0→ Hq(Y ×k T, µ
⊗i
n )

e
−→Hq

η×kT
(Y ×k T, µ

⊗i
n )

d0,q
1−−→

∐

x∈Y (1)

Hq+1
x×kT

(Y ×k T, µ
⊗i
n )

d1,q
1−−→ . . .

(8.1)

0→ Gq(Y ×k T )
e
−→Gq(k(Y )⊗k T )

d0,q
1−−→

∐

x∈Y (1)

Gq−1(k(x)⊗k T )
d1,q
1−−→ . . .

(8.2)

0→ KB
q (Y ×k T )

e
−→KB,η×kT

q (Y ×k T )
d0,q
1−−→

∐

x∈Y (1)

KB,x×kT
q−1 (Y ×k T )

d1,q
1−−→ . . .

(8.3)

where(8.1) is étale cohomology. If, moreover,T is smooth, there are universally exact
sequences:

0→ Hq(Y ×k T, µ
⊗i
n )

e
−→Hq(k(Y )⊗k T, µ

⊗i
n )

d0,q
1−−→

∐

x∈Y (1)

Hq−1(k(x)⊗k T, µ
⊗(i−1)
n )

d1,q
1−−→ . . .

(8.4)

0→ Kq(Y ×k T )
e
−→Kq(k(Y )⊗k T )

d0,q
1−−→

∐

x∈Y (1)

Kq−1(k(x)⊗k T )
d1,q
1−−→ . . .

(8.5)

Proof. After item (1) of subsection 5.5, the exactness of (8.1) and(8.3), as well as the
same sequence as (8.3) withG instead ofK, follows from examples 7.3 (1), 7.3 (6) and
7.4 (6). Universal exactness follows from section 6. We have(8.2) by purity ofG-theory
[43, prop. 7.3.2]. WhenT is smooth we have purity for étale cohomology, hence (8.4),
and theK-groups with support identify withG-groups with support, hence (8.3) yields
(8.5). 2

Remarks 8.1.2.

(1) We could of course state (8.3) and (8.5) forK-theory with finite coefficients.
(2) The reader is invited to apply this principle to other examples (e.g.K-cohomology,

compare [7, th. 5.2.5]).
(3) In the étale case, the use of item (1) of subsection 5.5 can be replaced by the isomor-

phisms
H

∗
ét(Y ×k T, µ

⊗i
n ) ≃ H

∗
ét(Y,Rf∗((µ

⊗i
n )|T ))

wheref : T → Spec k is the structural map, noting that the complex of sheaves
Rf∗((µ

⊗i
n )|T ) is defined overk. In Appendix B, we shall prove an analogue of

Theorem 8.1.1, replacing the projectionY ×k T → Y by a not necessarily constant
mapX

π
−→ Y , provided

• π is proper and smooth;
• dimY = 1.
One may ask whether the conditiondimY = 1 is necessary. This issue is being
investigated by Panin.

8.2. Galois action.

Proposition 8.2.1. LetSk satisfy assumption 5.1.6. LetR be a ring andh∗ a cohomology
theory with supports onSk with values in the category ofR-modules. LetX, t1, . . . , tr, Y
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be as in Theorem 6.2.1. Supposeh∗ is given by a substratumC which is strictly effaceable
at t1, . . . , tr. Finally, letM be a leftR-module. Then, for and for anyq, s, the complex

0→ TorRs (M,hq(Y ))
e
−→

∐

x∈Y (0)

TorRs (M,hqx(Y ))

d0,q
1−−→

∐

x∈Y (1)

TorRs (M,hq+1
x (Y ))

d1,q
1−−→ . . .

is exact.

Proof. This is an immediate consequence of Theorem 6.2.1. 2

Theorem 8.2.2.Let ℓ/k be a finite Galois extension andG = Gal(ℓ/k). AssumeSk
satisfies assumption 5.1.6. Leth∗ be a cohomology theory with supports satisfying axioms
COH1 and either COH3 or COH5, plus COH6 ifk is finite. Supposeh∗ is given by a
substratumC. LetX, t1, . . . , tr, Y be as in Theorem 6.2.1, withX smooth; denote byYℓ
the pull-back ofY overℓ. Then, at least ifC is given by complexes of abelian groups, the
complex

0→ Hn(G, h
q(Yℓ))→

∐

x∈Y
(0)
ℓ

Hn(G, h
q
x(Yℓ))→

∐

x∈Y
(1)
ℓ

Hn(G, h
q+1
x (Yℓ))→ . . .

is exact for allq, n ≥ 0.

Proof. Consider the new cohomology theory with support and substratumh∗ℓ , Cℓ given
by

hqZ(X)ℓ = hqZℓ
(Xℓ)

C(X)ℓ = C(Xℓ).

Thenh∗ℓ naturally takes its values in the category ofZ[G]-modules, and clearly satisfies
the same set of axioms ash∗. If C is given by complexes of abelian groups, thenCℓ takes
its values in the category of complexes ofZ[G]-modules. The claim then follows from
Corollary 6.2.4 and Theorem 6.2.5, applying the functorHn(G, ?) to a universally exact
sequence just as for Proposition 8.2.1. 2

If C is given by spectra, thenCℓ takes its values in the categoryEG of G-spectra. We
can then get away similarly if functorial factorizations similar to those inE (see subesc-
tion 5.2) are available inEG, provided with a suitable closed model category structure.
This is closely related to Thomason’s unfinished approach tomodel structures on functor
categories, as outlined in Weibel [54].

Theorem 8.2.2 applies in particular to étale cohomology. It also applies to algebraicK-
theory provided one fixes the remark of the last paragraph. Inthe former case, specializing
to coefficients twisted roots of unity and using purity, we get the following, which was
needed in [30] (precisely for a finite base field!):
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Corollary 8.2.3. LetX, t1, . . . , tr, Y be as in Theorem 8.2.2, withX irreducible; denote
byYℓ the pull-back ofY overℓ. Then, for allq, n ≥ 0, the complex

0→ Hn(G,H
q(Yℓ, µ

⊗i
m ))→ Hn(G,H

q(ℓ(Y ), µ⊗i
m ))

→
∐

x∈Y
(1)
ℓ

Hn(G,H
q−1(ℓ(x), µ⊗(i−1)

m ))→ . . .

is exact. 2

Remark 8.2.4. One might be tempted to extend this result to the case of any Galois étale
covering (not only those coming from the base field) by using Proposition 2.2.4, but this
fails. The point is that Proposition 2.2.4 will give homotopies, but not necessarilyG-
equivariant homotopies.

8.3. Zariski cohomology and Nisnevich cohomology.

Theorem 8.3.1. (Nisnevich [39, th. 0.12])a) Leth∗ be a cohomology theory with sup-
ports satisfying axioms COH1, COH2 and also axiom COH6 if thebase fieldk is finite.
For i ∈ Z, letHi

Zar (resp.Hi
Nis) be the sheaf associated to the presheafU 7→ hi(U) on

the big Zariski (resp. Nisnevich) site ofSpec k. Then, for all smoothX ∈ Sk andn ≥ 0,
the natural map

Hn
Zar(X,H

i
Zar)→ Hn

Nis(X,H
i
Nis)

is bijective.

This theorem applies notably to algebraicK-theory, étale cohomology and all exam-
ples listed in subsections 7.3 and 7.4.

Proof. We need a lemma:

Lemma 8.3.2. Let X ∈ Sk andM be the category of́etale morphismsU
f
−→ X. For

x ∈ X andi ∈ Z, let hix denote the presheaf onM

f 7→
∐

y∈f−1(x)

hiy(U).

Thenhix is a sheaf for the Nisnevich topology onM.

Proof. For simplicity, let us writehix(U) instead ofhix(f). It is enough to show that,
if f coversX at x, i.e. if there existsx′ ∈ f−1(x) such thatk(x)

∼
−→ k(x′), then the

sequence

0→ hix(X)
ϕ
−→

∐

y∈f−1(x)

hiy(U)
ψ
−→

∐

z∈(f×Xf)−1(x)

hiz(U ×X U)

is exact. Writef−1(x) = {x′} ∪ T . From étale excision it is easy to deduce that the map

hix(X)→ hix′(U)

is bijective. This shows thatϕ is split injective. It is now enough to show that the quotient
complex

0→ 0→
∐

y∈T

hiy(U)
ψ′

−→
∐

z∈(f×Xf)−1(x)

hiz(U ×X U)
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is exact, i.e. thatψ′ is injective. But we can decompose the set(f ×X f)−1(x) into

{(x′, x′)} ∪ {x′} × T ∪ T × {x′} ∪ T ′.

Here we note that, for anyy ∈ f−1(x), the schemesx′×X y andy×X x′ are spectra of
fields, becausek(x′) = k(x); we abbreviate these schemes by(x′, y) and(y, x′). By étale
excision again, the maps

hiy(U)→ hi(x′,y)(U ×X U)

hiy(U)→ hi(y,x′)(U ×X U)

given respectively by the first and the second projection arebijective. The injectivity of
ψ′ follows. 2

Proof of theorem 8.3.1. a) Let X̃Zar be the restriction of the big Zariski site ofX to
the category of schemes étale overX andα : XNis → X̃Zar be the natural projection. It
is obvious thatα∗Hi

Zar = Hi
Nis. Therefore, applyingα∗ to the resolution (analogous to)

(2.1) ofHi
Zar yields a resolution ofHi

Nis. Forx ∈ X, one has clearly an isomorphism of
functors

α∗iZar
x∗ ≃ iNis

x∗ α
∗

henceα∗(2.1) can be identified to the complex of Nisnevich sheaves

0→
∐

x∈X(0)

iNis
x∗ h

q
x(X)→

∐

x∈X(1)

iNis
x∗ h

1+q
x (X)→ · · · →

∐

x∈X(p)

iNis
x∗ h

p+q
x (X)→ . . .

(8.6)

It is clear thatiNis
x∗ is an exact functor for allx ∈ X. Therefore, then-th Nisnevich

cohomology of thep-th term of this complex is
∐

x∈X(p)

Hn
Nis(x, h

p+q
x (X)).

But the Nisnevich cohomological dimension of a field is0, hence this group is0 for
n > 0. It follows that the terms of (8.6) are acyclic. Finally, Lemma 8.3.2 shows that the
global sections of (8.6) are (the analogue of) (2.1). 2

Corollary 8.3.3. Under the assumptions of Theorem 8.3.1, the Zariski and Nisnevich
Brown-Gersten spectral sequences of Corollary 7.5.3 coincide.

Indeed, they are compatible and theirE2-terms coincide. 2

8.4. Shapiro’s lemma.

Theorem 8.4.1.Let h∗ be a strictly effaceable cohomology theory with supports and let
i ∈ Z. letHi denote the Zariski sheaf associated to the presheafhi. Letf : Y → X be a
finite morphism, withY smooth. ThenRqf∗H

i = 0 for q > 0.

Proof. We can computeRqf∗H
i by using the (flasque) Cousin resolutionCous of Hi

overY . But the stalk off∗Cous at a pointx ∈ X is none other than the “stalk” ofCous
atf−1(x), i.e. Γ(OY,f−1(x), Cous), which is exact. 2
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8.5. Birational invariance.

Theorem 8.5.1.Let h∗ be a cohomology theory with supports satisfying axioms COH1,
COH2 and also axiom COH6 if the base fieldk is finite. LetX ∈ Sk be smooth and let
H∗(X,Hi) denote either of the groupsH∗

Zar(X,H
i
Zar), H

∗
Nis(X,H

i
Nis) of Theorem 8.3.1

(they coincide by this theorem). Then, for alli ∈ Z, H0(X,Hi) is a birational invariant
of smooth proper varietiesX ∈ Sk.

Proof. a) By Corollary 5.1.11, the functorX 7→ hi(X) satisfies “codimension1 purity”
for regular local rings of a smooth variety in the sense of [7,def. 2.1.4 (b)] (a cohomology
class which is unramified at points of codimension1 is unramified everywhere locally).
The claim now follows from [7, prop. 2.1.8]. 2

8.6. Rational invariance.

Let Sk = Sm/k, and leth∗ be a cohomology theory with supports onPk. Assume
h∗ satisfies axiomsCOH1 (étale excision) andCOH2 (key lemma), the latter for all
V ∈ Sm/k. If k is finite, assumeh∗ also satisfies axiomCOH6. We then have the
following theorem:

Theorem 8.6.1.Let X, Y be two smooth integralk-varieties, with respective function
fieldsk(X), k(Y ), and letp : X → Y be a proper morphism. Assume that the generic
fibreXη of p is k(Y )-birational to d-dimensional projective spacePd

k(Y ). Then, for any
i ∈ Z, the map

H0(Y,Hi)
p∗

−→ H0(X,Hi)

is an isomorphism.

Proof. For any smooth integralk-varietyZ, with generic pointη, we have by definition

hiη(Z) = lim-------→
U⊆Z

hi(U)

whereU runs through the nonempty open subsets ofZ. We denote this group byhi(k(Z)).
Corollary 5.1.11 yields an exact sequence

0→ H0(Z,Hi)→ hi(k(Z))→
∐

x∈Z(1)

hi+1
x (Z). (8.7)

We may replacePd
k(Y ) by thed-fold self-product(P1

k(Y ))
d in the assumption of Theo-

rem 8.6.1. By hypothesis, there exists a birational map

(P1
Y )d . . . . .→ X

overY . Since(P1
Y )d is regular andp is proper, this rational map extends to aY -morphism

U
f
−→X

whereU is an open subset of(P1
Y )d containing all points of codimension1 (valuative

criterion of properness, cf [26, th. II. 4.7]). The exact sequence (8.7) then shows that the
restriction map

H0((P1
Y )d,Hi)→ H0(U,Hi)
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is an isomorphism.

Let ζ (resp.ξ) be the generic point ofX (resp.(P1
Y )d andU). We have a commutative

diagram

hi(k(X))
f∗

−−−→ hi(k(P1
Y )d) hi(k(P1

Y )d)

|| || ||

hiζ(X)
f∗

−−−→ hiξ(U) hiξ((P
1
Y )d)

⋃ ⋃ ⋃

H0(X,Hi) −−−→ H0(U,Hi) H0((P1
Y )d,Hi)

p∗ տ
x




ր

H0(Y,Hi)

in which the vertical inclusions follow from (8.7). Sincef is birational,f ∗ is an isomor-
phism. It is thus enough to prove Theorem 8.6.1 in the caseX = (P1

Y )d. By induction on
d, we may assumed = 1.

We first deal with the special caseY = Spec k. To begin with, the natural map

hi(k)→ hi(k(P1
k))

is injective. Ifk is infinite, this follows from the classical section argument, since any open
subset ofP1

k contains a rational point. Ifk is finite, axiomCOH6 provides a variant of
this argument, since any open subset ofP1

k contains two closed points of coprime degrees.

On the other hand, sinceP1
k is of dimension one, we have an exact sequence

hi(P1
k)→ hi(k(P1

k))→
∐

x∈(P1
k)(1)

hi+1
x (P1

k)

hence, from (8.7):

H0(P1
k,H

i) = Im(hi(P1
k)→ hi(k(P1

k))).

The maphi(P1
k)→ hi(k(P1

k)) obviously factors throughhi(A1
k). By axiomCOH2, it

even factors throughhi(k), hence Theorem 8.6.1 in this case.

In the general case, letη = Spec k(Y ) denote the generic point ofY . Note that any
smoothk(Y )-variety is a filtering inverse limit of smoothk-varieties, with affine transition
morphisms: we may therefore extendh∗ toPk(Y ) (corresponding toSk(Y ) := Sm/k(Y ))
by direct limits. This cohomology theory with supports obviously satisfies axiomCOH1;
it also satisfiesCOH2 because we assumed the originalh∗ verified it for all smooth vari-
eties.
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We have a commutative diagram with exact rows

0 −−−→ H0(P1
Y ,H

i) −−−→ H0(P1
k(Y ),H

i) −−−→
∐

y∈(P1
Y )(1)−(P1

k(Y )
)(1)

hi+1
y (P1

Y )

x





≀

x





x





0 −−−→ H0(Y,Hi) −−−→ hi(k(Y )) −−−→
∐

x∈Y (1)

hi+1
x (Y ).

To conclude the proof, it is sufficient to show that the right vertical map in this diagram
is injective. But this map factors through

∐

x∈Y (1)

hi+1
x (Y )→

∐

x∈Y (1)

hi+1
ηx

(P1
Y )

whereηx = Spec k(P1
x).

Let x ∈ Y (1): we have to see that the maphi+1
x (Y ) → hi+1

ηx
(P1

Y ) is injective. We may
replaceY by Y ′ = SpecOY,x. By definition, we have

hi+1
ηx

(P1
Y ′) = lim-------→

Z

hi+1
P1

x−Z
(P1

Y ′ − Z)

whereZ runs through proper closed subsets ofP1
x.

Suppose first thatk(x) is infinite. ThenP1
x − Z contains ak(x)-rational point; since

P1(Y ′) → P1(k(x)) is surjective, we may lift it to a sections of P1
Y ′ → Y ′, which does

not meetZ. Then the composite

hi+1
x (Y )→ hi+1

P1
x−Z

(P1
Y ′ − Z)

s∗
−→ hi+1

x (Y )

is the identity andhi+1
x (Y )→ hi+1

P1
x−Z

(P1
Y ′ − Z) is split injective.

Suppose now thatk(x) is finite, hencek is finite. ThenP1
x − Z contains in any case

two closed pointsx1, x2 of coprime degreesd1, d2. Extending scalars to the residue fields
k1, k2 and using axiomCOH6, we get as above compositions

hi+1
x (Y )→ hi+1

P1
x−Z

(P1
Y ′ − Z)→ hi+1

(P1
x−Z)ki

((P1
Y ′ − Z)ki

)

s∗i−→ hi+1
xi

(Yxi
)

Corki/k

−−−−→ hi+1
x (Y ) (i = 1, 2)

with valuesd1, d2. Since these integers are coprime, we get thathi+1
x (Y )→ hi+1

P1
x−Z

(P1
Y ′−

Z) is split injective once again. 2

APPENDIX A. ETALE COHOMOLOGY: THE NON-TORSION CASE

The aim of this appendix is to extend Theorem 2.2.7 to all complexes of sheaves coming
from the small étale site ofk.
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A.1. Proper base change.

The following is a version of the proper base change theorem involving non-torsion
coefficients:

Proposition A.1.1. Let V be an excellent Noetherian scheme of finite Krull dimension
and π̃ : X → V be a proper normal morphism[EGA4, (6.8.1)]. Then, for any complex
of étale sheavesC· overV and any geometric pointx of V , there is a quasi-isomorphism

(Rπ̃∗π̃
∗C·)x ≃ RΓ(Xx, π̃

∗C·).

Proof. Sinceπ̃ is proper andV is Noetherian,Rπ̃∗ has finitel-cohomological dimen-
sion for any primel, and the argument of [SGA4-III, exposé X, proof of th. 4.1] shows
that its rational cohomological dimension is bounded bydimV . Hence, by comparison of
hypercohomology spectral sequences, it is enough to prove this whenC· consists of one
sheafC placed in degree0. We proceed as Deninger in [10], first reducing to the case
whereC is Z-constructible. Using the excellence ofV , we can further reduce as inloc.
cit. to the case whereC = τ∗F , whereτ : V ′ → V is finite, V ′ is normal andF is a
constant sheaf given by a finitely generatedZ-module. Passing to the strict henselization
A of V at a geometric pointx, we get a commutative diagram of cartesian squares:

Spec κ′
ι′

−−−→ SpecA′ −−−→ V ′

τκ





y

τA





y

τ





y

Specκ
ι

−−−→ SpecA −−−→ V

Here κ = κ(x), SpecA′ = SpecA ×V V ′ and Specκ′ = Specκ ×V V ′, so that
κ′ = κ ⊗A A

′. SinceA′ is finite overA, it is a product of strictly henselian local rings
andκ′ is an Artin local ring with the same residue fields asA′. SinceV ′ is normal, so are
A′ and any of its connected components. LetB be such a component. Sinceπ̃ is proper,
it is of finite type, hencẽπB andπ̃κ(y) are normal by [EGA4, (6.8.3)], where for any ring
R and morphismSpecR → V , we denote bỹπR : XR → SpecR the pull-back of̃π. In
particular,XB andXκ(y) are normal, wherey is the closed point ofSpecB. Hence, by
[10, (2.3)], we have:

(Rq(π̃B)∗F )y ≃ Hq(Xκ(y), F ).

On the other hand, lettingκ′′ be the product of the residue fields ofA′, the morphism
Xκ′′ → Xκ′ is radicial hence induces an isomorphism of étale cohomology [36, ch. II,
remark 3.17]. It follows that

ι′∗(Rq(π̃A′)∗F ) ≃ Rq(τκ)∗F.

Sinceτ is finite,Rq(τA)∗ = Rq(τκ)∗ = 0 for all q > 0 [36, ch. II, cor. 3.6] and the
latter isomorphism implies

ι∗Rq(τA ◦ π̃A′)∗F ≃ Rq(τκ ◦ π̃κ′)∗(ι
′′)∗F.
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Xκ′′ −−−→ Xκ′
ι′′
−−−→ XA′ −−−→ XV ′

π̃κ′′





y

π̃κ′





y

π̃A′





y





y

Spec κ′′ −−−→ Specκ′
ι′

−−−→ SpecA′ −−−→ V ′

τκ





y

τA





y

τ





y

Specκ
ι

−−−→ SpecA −−−→ V

But using now the finiteness ofXV ′ −→XV and the induced maps and arguing as in
[10, proof of (2.4)], we get an isomorphism

ι∗Rq(π̃A)∗(τ∗F ) ≃ Rq(π̃κ)∗(ι
′)∗(τ∗F ),

as desired. (See diagram below.)

Xκ′
ι′′
−−−→ XA′

finite





y
finite





y

Xκ
ι′

−−−→ XA

π̃κ





y

π̃A





y

Specκ
ι

−−−→ SpecA

Remark A.1.2. We can use Artin’s example in [SGA4-III, exposé XII,§ 2] to show that,
in general, one cannot extend Proposition A.1.1 to more general complexes of sheaves
overX than those of the formD· = π̃∗C·. To be specific, takeV = SpecR whereR is
an complete discrete valuation ring andX = P1

R. Let Y be the projective curve overR
with equationzy2 = x(x − z)(x − πz), whereπ is a uniformizing parameter ofR, that
we view as a two-fold coveringY

τ
−→ X via the functionx/z. Let D· = τ∗Z[0]. Then

H1(X,D·) = H1(Y,Z) = 0 whileH1(X0, D
·) = H1(Y0,Z) ≃ Z whereX0, Y0 are the

special fibres ofX andY .

A.2. An integral Chern class.

Definition A.2.1. (compare [13, proof of Lemma 2]) Leti ∈ Z.
a) For any prime numberp, we denote byQp/Zp(i) the extension by0 of the étale sheaf
Qp/Zp(i) = lim-------→ µ⊗i

pn from SpecZ[1/p] to SpecZ. This defines a sheaf over the big étale
site ofSpecZ.
b) We defineQ/Z(i) =

⊕

Qp/Zp(i).

Remark. Note that with this definition,Q/Z(0) does not in general coincide with
Q/Z!

Let

Q/Z(0)[−1]→ Z (A.1)
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be the morphism in the derived category of big étale sheavesover Spec Z defined as
follows: for a primep, we have an exact sequence of sheaves0 → Z → Z[1/p] →
Qp/Zp → 0 hence a morphismQp/Zp[−1] → Z in the derived category. Lettingjp be
the open immersionSpecZ[1/p]→ SpecZ, we get a corresponding morphism

Qp/Zp(0)[−1] := (jp)!Qp/Zp[−1]→ (jp)!Z = (jp)!(jp)
∗Z.

Composing with the adjunction map(jp)!(jp)
∗Z→ Z, we get a morphismQp/Zp(0)[−1]

→ Z overSpec Z. The desired morphism is the sum of these morphisms for all primesp.

Definition A.2.2. (compare [13, Appendix B]) LetX be a scheme andL a line bundle
onX. ToL we associate a morphism inD(Xét)

Q/Z(−1)[−3]
C1(L)
−−−→ Z

as follows. The class ofL in H1(Xét,G⋗) corresponds to a morphism inD(Xét)

Z
[L]
−→ G⋗[1].

On the other hand, for all primesp, the sheafG⋗ is p-divisible away from the locus where
p is not invertible. This yields for alln ≥ 1 an isomorphism:

G⋗

L

⊗Z/⋉(0)
∼
−→ Z/⋉(1)[1].

These fit together to give a “Kummer” isomorphism

G⋗

L

⊗Q/Z(0)
∼
−→ Q/Z(1)[1].

C1(L) is then the composition of the morphisms in the sequence

Q/Z(−1)[−3] −→G⋗

L

⊗Q/Z(−1)[−2]
∼
−→ Q/Z(0)[−1] −→Z

where the first morphism is[L] tensored byQ/Z(−1)[−3], the second one is the Kummer
isomorphism twisted and shifted and the last morphism is (A.1). For two line bundlesL
andL′ onX, we haveC1(L⊗L

′) = C1(L) + C1(L
′); in particular, ifL is trivial then

C1(L) = 0.

The last claim of the definition is obvious from the construction ofC1 and the additivity
of line bundle classes inH1(Xét,G⋗).

A.3. Cohomology ofP1.

Theorem A.3.1. (compare [SGA5, exposé VII, th. 2.2.1] and [13, Lemma 3])Let V be
as in Proposition A.1.1 and let̃π : P1

V → V be the natural projection. Then, for any
complex of sheavesC· over the smalĺetale site ofV , there is a natural isomorphism in
D(Vét):

C· ⊕ C·
L
⊗Q/Z(−1)[−3]

∼
−→ Rπ̃∗π̃

∗C·.

This isomorphism is the adjunction of a morphism

π̃∗C· ⊕ π̃∗C·
L
⊗ π̃∗Q/Z(−1)[−3]→ π̃∗C·



56 COLLIOT-THÉLÈNE, HOOBLER, AND KAHN

in which the first component is the identity and the second oneis given by tensoring (in

the derived sense) the Chern class mapπ̃∗Q/Z(−1)[−3]
C1(O(1))
−−−−−→ π̃∗Z of definition A.2.2

by π̃∗C·.

Proof. By Proposition A.1.1, we have an isomorphism

(Rπ̃∗π̃
∗C·)x ≃ RΓ(P1

κ(x), π̃
∗
xC

·)

for any geometric pointx of V . To prove Theorem A.3.1, we may therefore assume that
V = Spec κ, whereκ is a separably closed field. We first remark:

Lemma A.3.2. Let C· be a complex of abelian groups andD· be a bounded above com-
plex of étale sheaves overP1

κ. Then the natural morphism in the derived category of
abelian groups

C·
L
⊗RΓ(P1

κ, D
·) −→RΓ(P1

κ, C
·
L
⊗D·)

is an isomorphism.

Proof. The argument of [36, ch. VI, Lemma 8.7], which consists of reducing to the case
whereC· is a single finitely generated freeZ-module placed in degree0, applies (compare
loc. cit., remark 8.14). Note that it is not necessary to assume thatC· is bounded above,
since the Tor-dimension ofZ is finite.

Applying Lemma A.3.2 toD· = Z[0] (Z placed in degree0), it now suffices to prove
Theorem A.3.1 in the caseC· = Z[0]. In this case, it follows from

Lemma A.3.3. a) We haveH1(P1
κ,Z) = 0 and Hq(P1

κ,Qp/Zp) = 0 for q > 0 if
char(κ) = p > 0.
b) There is an isomorphism inD(Ab):

κ∗ ⊕ Z[−1]
∼
−→ RΓ(P1

κ,G⋗)

whose first component is the adjunction of the mapπ̃∗κ∗ → G⋗ in D((P1
κ)ét) and the

second one is the adjunction ofπ̃∗Z
[O(1)]
−−−→ Gm (compare definition A.2.2).

Proof. The vanishing ofH1(P1
κ,Z) follows from the normality ofP1

κ. Suppose
char(κ) = p > 0. We have

Hq(P1
κ,Ga) = H

q

Zar
(P1

κ ,OP1
κ
) =

{

κ if q = 0

0 if q > 0

[36, ch. II, prop. 3.7 and remark 3.8] and [26, ch III, th. 5.1]. Using the Artin-Schreier

exact sequence0→ Z/p→ Ga

F−1
−−→ Ga→ 1 [36, ch. II, example 2.18 (c)], this implies

that
Hq(P1

κ,Z/p) = 0 if q > 0

for p equal to the characteristic ofκ. Using the exact sequences

0→ Z/pn → Z/pn+1 → Z/p→ 0
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it follows thatHq(P1
κ,Z/p

n) = 0 for all n, henceHq(P1
κ,Qp/Zp) = 0 for q > 0, as

claimed. Finally, we have

Hq(P1
κ,G⋗) =











κ∗ if q = 0

PicP1
κ = Z if q = 1

0 if q > 1

[36, ch. III, example 2.23 (b)], where the second isomorphism is induced by the degree
map. SinceO(1) generatesPic P1

κ, the mapZ → G⋗[1] defined by its class induces an
isomorphism

Z = H0(P1
κ,Z) −→H1(P1

κ,G⋗).

inverse to the former. The last claim of Lemma A.3.3 follows.

We now finish to prove Theorem A.3.1 forC· = Z[0] in the caseV = Specκ. By e.g.
[10, (2.1)],Hq(P1

κ,Q) = 0 for q > 0. From the exact sequence0→ Z→ Q→ Q/Z→
0 we derive

Hq−1(P1
κ,Q/Z)

∼
−→ Hq(P1

κ,Z) for q > 1.

In view of Lemma A.3.3 a), this implies that (A.1) induces isomorphisms

Hq−1(P1
κ,Q/Z(0))

∼
−→ Hq(P1

κ,Z) for q > 1.

Using the Kummer exact sequence1 → µn → G⋗

⋉
−→ G⋗ → 1 [36, ch. II, example

2.18 (b)], Lemma A.3.3 b) implies thatHq(P1
κ, µn) = 0 for q 6= 0, 2 andn prime to the

characteristic ofκ; in particular,Hq(P1
κ,Q/Z(0)) = 0 for q 6= 0, 2. We therefore have

Hq(P1
κ,Z) = 0 for q 6= 0, 3.

Clearly, Z → H0(P1
κ,Z) is an isomorphism; it remains to see that the adjoint to

C1(O(1)) induces an isomorphismQ/Z(−1)
∼
−→ H3(P1

κ,Z). To do this, we follow the
definition ofC1. According to definition A.2.2 and Lemma A.3.2, the map

Q/Z(−1) −→H3(P1
κ,Z)

can be decomposed as follows:

Q/Z(−1)→ H1(RΓ(P1
κ,G⋗)

L

⊗Q/Z(−1))
∼
−→ H

1(P1

κ ,G⋗

L

⊗Q/Z(−1))
∼
−→ H2(P1

κ,Q/Z(0))
∼
−→ H3(P1

κ,Z).

By Lemma A.3.2, the second map is an isomorphism. According to definition A.2.2, the
third map is an isomorphism and as seen above the fourth one isan isomorphism too. It
remains to see that the first map is an isomorphism. But it is obtained by tensoring the
isomorphism of Lemma A.3.3 b) byQ/Z(−1). 2

APPENDIX B. THE ONE-DIMENSIONAL CASE

In this section, we prove a version of Gersten’s conjecture for regular one-dimensional
schemes, not necessarily in the presence of a base field. The proof mimics Gillet’s in
[16]. As in section 5, we shall axiomatize the situation. Theaxioms necessary to make
the proof work turn out to be much more costly than those in section 5.



58 COLLIOT-THÉLÈNE, HOOBLER, AND KAHN

B.1. Some axioms.

Let A be a semi-local principal domain,S = SpecA andSS the category of regular
schemes separated andquasifiniteoverS. By Zariski’s main Theorem, a connected object
X → S of SS is of the formSpecB, whereB is either a finite extension of one residue
field of S or a localization of a finite extension ofA at some maximal ideals. We give
ourselves a “cohomology theory”

hi : SS → A (i ∈ Z),

a collection of contravariant functors to some abelian categoryA, satisfying the following
axioms:

(i) Additivity. h∗ is additive.
(ii) Transfers. For a finite morphismf : Y → X in SS, there is given a mapf∗ :

h∗−2c(Y ) → h∗(X), wherec = codimX Y ; this collection of maps makesh∗ a
covariant functor.

(iii) Purity. ForX ∈ SS of dimension1, Z
i
−→X a (reduced) closed subset of dimension0

andU
j
−→X the complementary open subset, there is an exact sequence

· · · → hi−2(Z)
i∗−→ hi(X)

j∗

−→ hi(U)
∂
−→ hi−1(Z)→ . . .

Moreover, iff : X ′ → X is a finite and flat map, the square

hi(U ′)
∂′
−−−→ hi−1(Z ′)

f∗





y

f ′∗





y

hi(U)
∂

−−−→ hi−1(Z)

commutes, whereZ ′ = f−1(Z)red, U ′ = X ′ − Z ′ andf ′ : Z ′ → Z is the map
induced byf (no multiplicities!)

(iv) Action of units. For anyX ∈ SS there is a pairing

Γ(X,O∗
X)× h∗(X)→ h∗+1(X)

which is contravariant inX and satisfies the projection formula for finite flat maps.
Moreover,
• for X,Z, U, ∂ as in (iii), we have, for(f, α) ∈ Γ(U,O∗

X)× h∗(X):

∂(f · j∗α) =
∑

z∈Z

vz(f)i∗z(α)

whereiz is the inclusionz →֒ X (here we used the additivity ofh∗).
• In the situation of (iii), givenf ∈ Γ(X,O∗

X), the following diagram anticom-
mutes:

hi(U)
∂

−−−→ hi−1(Z)

·f





y

·f





y

hi+1(U)
∂

−−−→ hi(Z)
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(v) Rigidity. LetX ∈ SS of dimension1, x ∈ X a closed point andXh
x the henselization

ofX atx. Leth∗(Xh
x ) := lim-------→ h∗(U), whereU runs through all étale neighbourhoods

of x. Thenh∗(Xh
x )→ h∗(x) is an isomorphism.

Examples B.1.1.

(1) AlgebraicK-theory verifies all axioms except (v); algebraicK-theory with coeffi-
cientsZ/n, wheren is invertible inA, satisfies all axioms including (v) [47].

(2) Let C be a complex of sheaves over the small étale site ofS; assume that its coho-
mology sheaves are all locally constant constructible, torsion invertible inA. Then
h∗(X) =

∐

n∈Z
H∗
ét(X, C(\)) satisfies all the axioms. Axiom (i) is a general prop-

erty of étale cohomology. Axioms (ii) and (iii) follow fromcohomological purity in
dimension1 [SGA5, exposé I, th. 5.1] and the existence of trace maps [SGA4-III,
exposé XVIII]. Axiom (iv) is folklore: see [42, Lemma 3] fora detailed proof.
Axiom (v) can be deduced from proper base change as in [SGA4-III, exposé XII,
cor. 5.5]. Note that cohomological purity and proper base change for complexes
of sheaves follow from the same for sheaves plus comparison of hypercohomology
spectral sequences.

B.2. The result.

Theorem B.2.1. LetR be a ring andh∗ a cohomology theory with values inR-modules,
satisfying axioms (i)–(v). LetZ be the set of closed points ofS andη its generic point.
Then, for alli ∈ Z, the sequence

0→ hi(S)→ hi(η)
∂
−→hi−1(Z)→ 0

is universally exact.

Proof. For convenience we use ring-theoretic notation. LetR be the radical ofA and
F its field of fractions, so thatZ = V (R) andη = SpecF and the sequence of Theorem
B.2.1 can be rewritten

0→ hi(A)→ hi(F )
∂
−→ hi−1(A/R)→ 0. (B.1)

Write hi−1(A/R) as a direct limit of finitely presentedR-modules. LetM be such a
module. We construct anR-linear mapfM : M → hi(F ) such that∂ ◦ fM = ι, whereι
is the mapM → hi−1(A/R). In view of the long cohomology exact sequence of which
(B.1) is part (axiom (iii)), this will show that the restriction of (B.1) toM is a split exact
sequence ofR-modules.

LetAh be the henselization ofA alongR. ThenAh splits as a finite product of henselian
discrete valuation rings. By axioms (i) and (v), the naturalmap

hi−1(Ah)→ hi−1(Ah/RAh)

is an isomorphism.
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Consider the commutative diagram

HomR(M,hi−1(Ah))
∼
−−−→ HomR(M,hi−1(Ah/RAh))

x





x





lim-------→HomR(M,hi−1(A′)) −−−→ lim-------→HomR(M,hi−1(A′/RA′))

whereA′ runs through the quasi-finiteA-subalgebras ofAh. SinceM is finitely pre-
sented, the two vertical maps are isomorphisms, hence so is also the bottom horizontal
one. Therefore there exists anA′ and anR-linear map

σ : M → hi−1(A′)

such that the diagram

hi−1(A′) −−−→ hi−1(A′/RA′)

σ

x





x





M
ι

−−−→ hi−1(A/R)

commutes.

LetA1 be the integral closure ofA in the total ring of fractionsF ′ of A′. ThenA1 ⊆ A′

andA′ is a semi-localization ofA1 at some of its maximal ideals. SinceA′ is étale over
A, F ′/F is separable andA1 is finite overA [46, ]. Then the diagram

hi(F ′)
∂

−−−→ hi−1(A1/RA1)

Cor





y
Cor





y

hi(F )
∂

−−−→ hi−1(A/R)

(B.2)

commutes (axiom (iii)). LetR1 = RA1. WriteR1 = R′R′′, whereR′ + R′′ = A1,
R′A′ = R1A

′ andR′′A′ = A′. ThenA1/R1
∼= A1/R

′ ×A1/R
′′ ∼= A′/RA′ ×A1/R

′′ ∼=

A/R × A1/R
′′ and the compositeA/R → A1/R1

∼= A/R × A1/R
′′ pr1
−→ A/R is the

identity. Accordingly, diagram (B.2) becomes:

hi(F ′)
(∂′,∂′′)
−−−−→ hi−1(A/R)⊕ hi−1(A1/R

′′)

Cor





y
( Id

? )




y

hi(F )
∂

−−−→ hi−1(A/R)

(B.3)

By the Chinese remainder theorem, choosef ∈ E ′∗ such that:

• f ≡ 1 (mod R′′);
• f generatesR′.

For β ∈ hi−1(A′), write β for its image inhi−1(A′/RA′) = hi−1(A/R). Applying
axiom (iv), we get:
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Lemma B.2.2. For all β ∈ hi−1(A′), one has

∂′(β · (f)) = β;

∂′′(β · (f)) = 0.2

Corollary B.2.3. The mapfM : M → hi(F ) given byfM(α) = CorF ′/F (σ(α) · (f)) has
the required properties.

Proof. This follows from diagram (B.3) and Lemma B.2.2. 2

B.3. Corollaries.

Notation B.3.1. For any schemeX, we denote byLC+(X) the category of bounded be-
low complexes of sheaves over the small étale site ofX, whose cohomology sheaves are
locally constant constructible, torsion prime to the residue characteristics ofX.

Corollary B.3.2. With notation as in Theorem B.2.1, letB be a finite,étale, GaloisA-
algebra, with Galois groupG. LetC · ∈ LC+(B). LetE be the total ring of fractions of
B. Then the complex ofZ[G]-modules

0→ hi(B)→ hi(E)
∂
−→hi−1(B/RB)→ 0

is universally exact for alli ∈ Z.

Proof. Apply th. B.2.1 toRπ∗C · andR = Z[G], whereπ : SpecB → SpecA is the
natural map. 2

Corollary B.3.3. With notation as in Theorem B.2.1, letX be a proper and smoothA-
scheme,XF its generic fibre andX0 its closed fibre. LetC · ∈ LC+(X). Then the complex

0→ H i(Xét, C
·)→ H i(XF,ét, C

·)
∂
→ H i−1(X0,ét, C

·(−1))→ 0

is universally exact for alli ∈ Z.

Proof. Let π : X → SpecA be the structure map. By [36, cor. VI.4.2],Rπ∗C · is in
LC+(A). It is clear thatH0(F,Rπ∗C

·) ∼= H0(XF , C
·), sinceSpecF → SpecA is an

open immersion. Moreover, the proper base change theorem [36, cor. VI.2.3] shows that
H0(A/R, Rπ∗C

·(−1)) ∼= H0(X0, C
·(−1)). Therefore the complex of Corollary B.3.3

can be rewritten

0 7→ H i
ét(A,Rπ∗C

·)→ H i
ét(F,Rπ∗C

·)
∂
−→H i−1(A/R, Rπ∗C

·(−1))→ 0

and we can apply th. B.2.1. 2

Remark B.3.4. We can combine corollaries B.3.2 and B.3.3.

APPENDIX C. UNBOUNDED COMPLEXES

In this appendix, we extend the notion of injective resolution from bounded below to
unbounded complexes of objects of a suitable abelian category. These results are similar
to those of Spaltenstein [45] (see also [3]).
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C.1. Fibrant complexes.

LetA be an abelian category and letC(A) be the category of complexes of objects of
A. We set up the following definition:

Definition C.1.1. a) A morphism
C · → D·

in C(A) is a trivial cofibration if it is both a monomorphism and a quasi-isomorphism
(i.e. it induces an isomorphism on cohomology).
b) An objectF · ∈ C(A) is fibrant if it has the following property: given a trivial cofibra-
tionC · → D·, any morphism fromC · toF · extends to a morphism fromD· toF ·.

Fibrant complexes are closely related with K-injective complexes in the sense of J.
Bernstein. It can be shown that the latter are those complexes which are homotopy equiv-
alent to the former (compare [45, prop. 1.5]).

Proposition C.1.2. a) If F · is fibrant, thenF n is injective for anyn ∈ Z.
b) If F · is bounded below, the converse is true.

Proof. a) LetA
ϕ
→֒ B be a monomorphism inA, and letf : A → F n be a ho-

momorphism. LetC ·, D· be the complexes such thatCi = Di = 0 for i 6= n, n + 1,
Cn = Cn+1 = A, Dn = Dn+1 = B and the differentialsCn −→Cn+1 andDn −→Dn+1

are given by the identity. The monomorphismϕ induces an obvious monomorphism of
acyclic complexesC · →֒ D·, andf induces a morphism of complexesf ′ : C · → F ·. Ap-
plying the defining property,f ′ extends to a morphism̃f ′ : D· → F ·, whose restriction to
Dn = B defines an extension off toB.

b) It is convenient to give a lemma:

Lemma C.1.3. LetF · ∈ C(A) be such thatF n is injective for somen ∈ Z. LetC · →֒ D·

be a trivial cofibration, and letf : C · → F · be a homomorphism. Assume thatfn−1 :
Cn−1 → F n−1 extends tõfn−1 : Dn−1 → F n−1 such that:

(i) f̃n−1(Bn−1(D·)) ⊆ Bn−1(F ·);
(ii) f̃n−1(Zn−1(D·)) ⊆ Zn−1(F ·).

Then there exists̃fn : Dn → F n extendingfn such that
a) f̃nd = df̃n−1;
b) f̃n(Zn(D·)) ⊆ Zn(F ·).

Proof. We definef̃n first onBn(D·), then onZn(D·) and finally on all ofDn.

• OnBn(D·), definef̃n by f̃n(dy) = df̃n−1(y) for y ∈ Dn−1. By assumption (ii),
this does not depend on the choice ofy.
• OnZn(D·), definef̃n as the unique map whose restriction toBn(D·) is as above and

whose restriction toZn(C ·) is fn. This is well-defined by the quasi-isomorphism
assumption.
• OnDn, choose forf̃n any extension of the above, applying the injectiveness ofF n.

One checks readily that̃fn indeed verifies conditions a) and b). 2
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Proof of Proposition C.1.2 b).Lemma C.1.3 implies that if its conditions a) and b) are
satisfied for somen ∈ Z then they are satisfied forn + 1. In caseF · is bounded below,
conditions a) and b) are trivially satisfied forn << 0. 2

Lemma C.1.4. a) Let C · ∈ C(A) be acyclic andF · ∈ C(A) be fibrant. Then any

morphismC · f
−→F · is homotopic to0.

b) LetF · be fibrant andC · be arbitrary. Then, any quasi-isomorphismF · f
−→ C · has a

homotopy left inverse. IfC · is itself fibrant,f is a homotopy equivalence.

Proof. a) Applying the defining property of ”fibrant” to the monomorphismF · →֒
C(f), whereC(f) is the mapping cone off , we get that the identityF · → F · extends
to a morphismC(f) → F · (note that, sinceC · is acyclic, F · →֒ C(f) is a quasi-

isomorphism). Since the compositeC · f
−→ F · −→ C(f) is homotopic to0, we get that

f itself is homotopic to0.

b) (cf [24, proof of Lemma 4.5]) Note that the mapping coneC(f) is acyclic. Applying
a), we see that the morphismC(f) −→F ·[1] is homotopic to0, and the conclusions easily
follow. 2

Lemma C.1.5. Consider a commutative square of objects ofC(A)

C · α′

−−−→ F ′·

ψ





y

ϕ





y

D· α
−−−→ F ·

in whichψ is a trivial cofibration andF · is fibrant. Letβ : D· → F ′· be a morphism
extendingα′. Then the two morphisms

α, ϕ ◦ β : D· −→F

are homotopic.

Proof. By assumption,α − ϕ ◦ β factors through the acyclic complexD·/C ·. The
conclusion now follows from Lemma C.1.4 a). 2

C.2. Homotopy limits.

Definition C.2.1. Let (F ·
n, ϕn+1,n)n≥0 be a projective system of objects ofC(A). Its

homotopy limitholimF ·
n is the total complex associated to the double complex (with

vertical length1)
∏

F ·
n

D
−→

∏

F ·
n

where(
∏

F ·
n)
q :=

∏

F q
n, the differential being defined componentwise, and whereDn :

∏

F q
n →

∏

F q
n is defined as(−1)q(Id− ϕqn+1,n).

One readily checks thatD anticommutes with the differentials of
∏

Fn, so that the
construction indeed defines a complex. It is clear thanholim is a functor. By definition
and the two spectral sequences associated to the double complex, we have:
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Proposition C.2.2. a) There is a short exact sequence of complexes

0→ lim←−F
·
n → holimF ·

n → lim←−
1F ·

n[1]→ 0

hence a long exact sequence of cohomology groups

· · · → Hq(lim←−F
·
n)→ Hq(holimF ·

n)→ Hq−1(lim←−
1F ·

n)→ Hq+1(lim←−F
·
n)→ . . .

b) Assume that countable products are exact inA. Then there are short exact sequences

0→ lim←−
1Hq−1(F ·

n)→ Hq(holimF ·
n)→ lim←−H

q(F ·
n)→ 0. 2

Corollary C.2.3. Assume that countable products are exact inA. Let (C ·
n), (F

·
n) be two

projective systems inC(A), and let(fn) be a morphism from(C ·
n) to (F ·

n). Suppose that
eachfn is a quasi-isomorphism (resp. a trivial cofibration). Thenholim fn is a quasi-
isomorphism (resp. a trivial cofibration). 2

Lemma C.2.4. For all n ≥ 0, let ϕn : holimF ·
n → F ·

n be given on(holimF ·
n)
q =

∏

F q
n ⊕

∏

F q−1
n by (pn, 0), wherepn is then-th projection. Then:

a) Theϕn are morphisms of complexes.
b) For all n ≥ 0, ϕn andϕn+1,n ◦ ϕn+1 are homotopic.

Proof. a) is trivial. To see b), check that the map of degree−1

Sn : holimFn −→Fn

given bySqn = (0, (−1)qpq−1
n ) is a homotopy betweenϕn andϕn+1,n ◦ ϕn+1. 2

Lemma C.2.5. Let (F ·
n, ϕn+1,n)n≥0 be as in definition C.2.1, and letC · ∈ C(A).

a) Let f : C · → holimFn be a morphism. Thenϕn ◦ f = 0 for all n if and only if
f = (0, (gn)), where, for alln, gn is a morphism fromC · to F ·

n[1].
b) Letfn : C · → F ·

n be a family of morphisms such that, for alln ≥ 0, fn andϕn+1,n◦fn+1

are homotopic. Then there exists a morphismf : C · → holimF ·
n such that, for anyn ≥ 0,

ϕn ◦ f = fn.

Proof. a) is a simple computation. b) Choose for alln a homotopysn betweenfn and
ϕn+1,n ◦ fn+1. Definef by

f q = ((f qn), ((−1)qsqn))).

One checks easily thatf is a morphism of complexes, and that the identityϕn ◦ f = fn
holds. 2

Proposition C.2.6. Let (F ·
n, ϕn+1,n) be an inverse system inC(A). If eachF ·

n is fibrant,
thenholimF ·

n is fibrant.

Proof. LetC · α
−→D· be a trivial cofibration, and letf : C · → holimFn be a morphism.

By the fibrancy ofFn, we may extendϕn ◦ f to a morphismf̃n for eachn. Lemma C.1.5
shows thatf̃n andϕn+1,n ◦ f̃n+1 are homotopic for anyn; therefore, applying Lemma
C.2.5 b), we can find ãf : D· → holimF ·

n such thatϕn ◦ f̃ = fn for all n. We have

ϕn ◦ (f − f̃ ◦ α) = 0 for all n.

By Lemma C.2.5 a), we can writef − f̃ ◦ α = (0, (gn)), where eachgn is a morphism
from C · to F ·

n[1]. Applying the fibrancy ofFn again, we can extend eachgn to a g̃n :

D· → F ·
n[1]. Thenf̃ + (0, (g̃n)) : D· → holimFn extendsf . 2
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Corollary C.2.7. If f : C · → D· is a morphism between fibrant complexes, then the
mapping cone off is fibrant. 2

C.3. Resolutions.

Theorem C.3.1. Suppose thatA verifies axiom AB5 and has a generator in the sense
of [23, 1.5 and 1.6], and that countable products are exact inA. Then there exists a
functorF : C(A) → C(A) and a natural transformationε : Id → F such that, for any
C · ∈ C(A),

(i) F (C ·) is fibrant;
(ii) εC· is a trivial cofibration.

Proof. By [23, th. 1.10.1], the assumptions imply the existence ofa functorI : A → A
and a natural transformationη : Id→ I such that, for allA ∈ A

(i) I(A) is injective
(ii) ηA is a monomorphism.

We first constructF on bounded below complexes. IfC · is such a complex, the con-
struction of [24, proof of Lemma 4.6 1)] embedsC · into a bounded below complex of
injectives by a trivial cofibration; by Proposition C.1.2 b), the latter complex is fibrant.
We note that we can make this construction functorial by using the functorI above.

Suppose nowC · arbitrary. For anyn ∈ Z, letC · → C ·
≥n be the canonical truncation of

C · at leveln. Recall thatC ·
≥n is defined by

(C ·
≥n)

q =











Cq if q ≥ n

Bq(C ·) if q = n− 1

0 if q < n− 1

with the same differentials asC ·, except thatBn(C ·) → Cn is the canonical injection.

We haveHq(C ·
≥n) =

{

Hq(C ·) if q ≥ n

0 if q < n.
. Note also that, for eachq ∈ Z, the inverse

system(C ·
≥n)

q is stationary, hencelim←−
1C≥n = 0 and

C · ∼
−→ lim←−C

·
≥n

∼
−→ holimC ·

≥n

(isomorphisms) by Proposition C.2.2 a).

By the first part of the proof, we have a functorial trivial cofibrationC ·
≥n → F (C ·

≥n)
for all n. This gives rise to a chain of morphisms

C · ∼
−→ lim←−C

·
≥n

∼
−→ holimC ·

≥n → holimF (C ·
≥n). (C.1)

We defineF (C ·) asholimF (C ·
≥n) andεC· as the composition of this chain. By Propo-

sition C.2.6,F (C ·) is fibrant and, by Corollary C.2.3,εC· is a trivial cofibration, as de-
sired. 2
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