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DIVIDED POWERS ON ABELIAN VARIETIES

BRUNO KAHN

ABSTRACT. We prove the existence of divided powers in étale Chow
groups of abelian varieties over a separably closed field, and hence of
an integral lift of the Fourier transform, away from the characteristic
and up to 2-torsion. The method is to lift the Deninger-Murre Chow-
Kiinneth projectors to integral ones, and draw consequences. Several
techniques used here are new.
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Let A be an abelian variety of dimension g over a field k. In [14, Rem.
4.1], Hélene Esnault gave an example, with ¢ = 2, where there exists a
divisor class L € CH'(A) such that L? is not divisible by 2 in the Chow
group CH?(A) and even in its étale version CHZ (A), where

CH(A) = HE (A, Z(i))
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(see [23] for étale motivic cohomology). This is significant because, for any
value of g, the degree of L9 is divisible by g! [31, §16]. We recall her argument
in §4 and give a slightly stronger statement, where CHZ (A) is replaced by
H% (A, Z3(2)) (continuous étale cohomology).

In the same negative direction, Philip Engel, Olivier de Gaay Fortman
and Stefan Schreieder have very recently proven in [12, Th. 1.1] that, for
k= C, g > 4 and A very general, principally polarised by the divisor ©, the
cohomology class of any cycle of codimension ¢ € [2, g—1] is an even multiple
of cl(©)¢/c!, hence a fortiori that ©¢ is not divisible by ¢! in CH¢(A). In
[13], the multiple 2 is replaced by 6 for g = 6.

Suppose k separably closed. Then CH 2(A)deg:() is divisible and, more-
over, CH*(A) — CHZ(A) is an isomorphism thanks to the exact sequence

0 — CH*(A) — CHZ(A) — HY(A, H2,(Q/Z(2))) = 0

of 23, Prop. 2.9] and the fact that HO(A, H3, (Q/Z(2))) = 0since cd(k(A)) =
2. Thus Esnault’s example cannot exist in this case. Similarly, the follow-
ing proposition shows that the counterexample of [12] disappears when we
replace Chow groups by étale Chow groups.

Proposition 1.1. Let x € CH{ (A). Then x" is divisible by (r!), in
CHY (A) for any r > 1, where p is the exponential characteristic of k and
(n)p denotes the largest divisor of an integer n which is prime to p.

The proof, given in §3, is almost trivial in view of a result of [23]; T feel
sheepish not to have noticed it at the time. (In fact, [21, Th. 1.22 and (1.8)]
is already sufficient.)

In Proposition 1.1, we could say that CH, (A) has “weak” divided powers;
note that in view of torsion in this ring, they are by no means uniquely
determined. This raises the issue of strong divided powers, i.e. the existence
of functions v, : CHJ (A) — CH!'(A) such that, identically

(1) 0(z) =1, n(z) =

(2) M (Az) = A"y (z) for any A;

B3) W@ +y) =22 omn 1 (2)7s(y):
(4) Ym(z)ym(z) = (mntn)7m+n(x)§
(5) 7n(7m(x)) = %’an(x)

It turns out that the solution to this problem is essentially positive —
except that, besides the exponential characteristic, the prime 2 comes to
haunt us: one cannot refine Proposition 1.1 to obtain such divided powers,
see Remark 1.5 below. However, the 2-torsion subgroup oCH}, (A)[1/p] is
an ideal in the ring CHZ (A)[1/p]; write CHy,(A) for the quotient." Then:

Theorem 1.2. a) There exists a canonical divided power structure on the

ideal CHL, (A) of CH(A).

ISince the torsion subgroup of CH{ (A)[1/p] is divisible (Proposition 2.6 c)),
CHZ,(A)[1/p] and CHZ,(A) are isomorphic as groups but probably not as rings.
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b) If f: A — B is a homomorphism of abelian varieties, then ~v,(f*z) =
f*yn(x) for any x € ﬁ;O(B).

A consequence of Theorem 1.2 is that the Chern character of any line
bundle over A admits a canonical lift to CHy, (A). (Here we use the fact
that CH*(4) ® Q = CH,(A) ® Q [23, Th. 2.6 ¢)].) As a special case, we
get part of the following corollary.

Corollary 1.3. The Fourier transform of Beauville [4] admits a canonical
lift Fo to CHy (A) verifying the identities of loc. cit., Prop. 3 (i), (i) and
(iii): inversion formula, exchange of intersection product and Pontryagin
product and commutation with isogenies.

In §12, we show that several identities of Beauville in [4] have integral lifts,
and use this to give an integral lift of Scholl’s formula in [39] for the Chow-
Kinneth projectors of Deninger-Murre when A is principally polarised, and
of Suh’s formula in [41] for Jacobians of curves (see below for more on the
Deninger-Murre projectors).

Corollary 1.4. The augmentation ideal ofﬁit(A) provided with the Pon-
tryagin product admits a canonical divided power structure.

Remark 1.5. Corollary 1.3 is optimal: by [29, Th. 3.11], one cannot lift its
Fourier transform to CHJ,(A)[1/p] in general, already when A is an elliptic
curve (note that Chow groups and étale Chow groups agree in this case).

We now come to Chow-Kiinneth projectors. Here we don’t need to use
CH,,(A). For convenience, here is a definition.

Definition 1.6. Let 4 — S be an abelian scheme of relative dimension g,
where S is a connected smooth scheme over a field of exponential character-
istic p. Orthogonal projectors with sum 1 (7)g<;<2, in CHI(Axg.A) (resp.
in CHY (A xg A)[1/p]) are called integral (resp. étale integral) Deninger-
Murre projectors (DM projectors, for short) if
e For any i and any prime [ # p, cl;(7?) is the i-th Kiinneth projector
of H*( Ay, Qi), where Aj is the geometric generic fibre of A; here cl;
is the l-adic cycle class map (resp. the étale l-adic cycle class map
of [23, §3A]).
e For any ¢ and any integer n, nj‘owi = n’n’, where n 4 is multiplication
by n on A.

Theorem 1.7. a) If A is an abelian k-variety with k separably closed, the
rational DM projectors of [10] lift to a system of étale integral DM projectors
(7rf4). This set is unique up to conjugation by an element of the form 1 4+ x
with 2z = 0.

b) If B is another abelian k-variety, then 27ri‘ of*=2f*o 7riB m CHégt(A X
B)[1/p] for any homomorphism f: A — B. Here g = dim A.

¢) If A is principally polarised in a), we may choose (7)) self-conjugate, i.e.

t.i _ 29—t
7TA_7TA .
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(In b), the factor 2 is rather unsubstantial: among the correspondences
o f*o 7739 for i # j, the only possibly nonzero ones are for j =i — 1, and
those are 2-torsion.)

The proof of Theorem 1.7 is in two steps. First a weaker statement up
to multiplication by 2, Theorem 7.1. Then we get rid of this factor 2 by
a deformation argument which rests on the (non trivial!) special case of
elliptic curves: Theorem 10.8 and Proposition 10.9. The reader may consult
Theorem 11.11 for a more complete and cleaner statement in CHyg, (A).

The following corollary was my initial motivation for this work.

Corollary 1.8. Let Ab be the category of abelian k-varieties, with mor-
phisms the homomorphisms of abelian varieties. Let M be the category
of effective Chow motives with integral coefficients [39]. Then the additive
functor of [39, Cor. 5.2]

RloQ:AbQ - M Q

induced by the first Chow-Kinneth projectors of [10] lifts to an additive, fully
faithful functor

hét  Ab[1/p] = Mg,
where Mg is the category of effective étale Chow motives (see §2).

I doubt that this functor lifts to a functor Ab — M, although I don’t
have any counterexample.

Remark 1.9. The proof of the full faithfulness of hét rests on an adjunction
statement closely related to the functors LAlb and RPic of [3]: Theorem
A.10. This recovers the full faithfulness of h' ® Q [39, Cor. 5.10]* with a
completely different proof, which does not involve a hard Lefschetz isomor-
phism theorem.

While in [10] the existence of the Chow-Kiinneth projectors is deduced
from that of the Fourier transform, here we proceed in the opposite way,
proving first Theorem 1.7, deducing Theorem 1.2 and finally Corollary 1.3.
Contrary to my initial expectation, Proposition 1.1 is not used.

Abelian schemes. In §9, we extend the above story to abelian schemes
over a smooth base S, up to losing some torsion. It yields the following

Theorem 1.10. Let S be a smooth scheme over a field k, and let A be an
abelian S-scheme of relative dimension g. Then all the above results hold in
CHZ (A)[1/Mp] and CHY (A xs A)[1/Mp|, where M is the product of the

primes | such that

(1.1) I —1|inf(cd(S) 4 1,29 — 1)*.

Here we use the notation (for want of an established one)
¢ =lem{a|1<a <7}

2In the proof of loc. cit., the 4th line of the computation should be dropped.
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The proof, given in § 11.5, relies on a finer result, Theorem 9.2. Here
cd(S) is the étale cohomological dimension of S; recall that c¢d(S) < cd(k)+
2dim S, and even cd(S) < cd(k) + dim S if S is affine.

A similar bound was obtained in [18, Th. 4.5 and 5.5] for ordinary Chow
groups, where M is replaced by (2g + dim S)!. The proofs are completely
different: those of [18] rest essentially on Pappas’ integral refinement of the
Riemann-Roch theorem [33], while the present proofs rest on the excellent
control one has on the torsion subgroup of CH (A)[1/p], see §§2 and 5.

Algebraic and étale algebraic cohomology classes. We come back to
the case of a separably closed base field k. Call an [-adic cohomology class of
a smooth k-variety X algebraic (resp. étale algebraic) if it is in the image of
the [-adic cycle class map (resp. of the étale [-adic cycle class map). If k C C,
both cycle class maps admit refinements to maps to Betti cohomology (in
the étale case, thanks to [1, Déf. 2.4]), and we can talk of algebraic and étale
algebraic classes in Betti cohomology. The subgroups of algebraic and étale
algebraic classes coincide rationally and the latter is pure in H*(X) (see
Proposition 2.1 a) below); therefore, when X is projective, it is contained in
the subgroup of Hodge or Tate classes. This shows readily that the (rational)
Hodge or Tate conjectures are equivalent to their integral versions involving
étale algebraic classes (see [37] for developments of this remark). When
the latter conjectures are not known, étale algebraic classes thus allow us
to reformulate the issue of an “integral Hodge or Tate conjecture” in the
following unconditional form:

Question 1.11. When are étale algebraic classes algebraic?

In this spirit, the result of [12] mentioned at the beginning of this intro-
duction shows that, in general, algebraic classes are not stable under divided
powers. By contrast, the previous results show:

Corollary 1.12. For abelian varieties, étale algebraic classes are stable un-
der divided powers and the Fourier transform. The Kunneth projectors are
étale algebraic. The groups of étale algebraic classes of A and its dual A are
isomorphic. O

To conclude, these results confirm that étale Chow groups are a receptacle
in which (basically) “everything goes well”, in contrast to ordinary Chow
groups: étalification in some sense removes the asperities of torsion in the
latter.> These asperities, on the other hand, are sources of counterexamples
to rationality, as for example in [12, Cor. 1.4]. My viewpoint is that both
theories are relevant and one should play with them according to needs. See
§8B.6 and B.7 for possible interactions of the present ideas with ordinary
Chow groups.

Acknowledgement. I thank Olivier Benoist for pointing out the preprint
[13], which completely changes my perspective on the subject.

3For example, the “étale Griffiths group” is divisible by Proposition 2.1 a), contrary to
the classical one in characteristic 0 [6, 38].
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2. ETALE MOTIVIC COHOMOLOGY OF ABELIAN VARIETIES

Let k be a field of exponential characteristic p, and take a prime number
[, possibly equal to p. Recall

Proposition 2.1 ([23, Cor. 3.5] and [24, Prop. 1]). Let X be a smooth
k-variety. Let (i,7) € Z.
a) The étale cycle class map of [23, §3A]

ol HI (X, Z(i)) @ Zy — H

cont (X> Zl(i))

has divisible kernel and torsion-free cokernel. Here the target is Jannsen’s
continuous étale cohomology [19] if | # p and logarithmic Hodge- Witt coho-
mology if | = p. '

b) Suppose k algebraically closed and X projective. For j # 2i, H} (X, Z(i))®
Z 1s a direct sum of a group of finite exponent and a divisible group; in

particular, Hgt(X, Z(i)) ® Qi/Z; = 0 and the image of cl; is finite if | # p.

Definition 2.2. If M is an abelian group, we say that an element « € M ®Q
is integral (with respect to M) if it comes from some element of M.

Remark 2.3. In Definition 2.2,

a) « is integral with respect to M if and only if it is integral with respect to
M /Moy, and its lift is unique in the latter case.

b) To be integral is the same as to vanish in M ® Q;/Z; for all {. This shows
that « is integral with respect to M if and only if o ® Q; is integral with
respect to M ® Z; for all [.

Corollary 2.4 (Integrality lemma). Let o € Hgt(X7 Q(7)), and let N > 0.
Suppose that clj(a) € Hl, (X, Qu(i)) is integral with respect to Hlop (X, Za(i))

for all 11 N. Then « is integral with respect to H} (X, Z(i))[1/N].

Proof. In view of remark 2.3 b), this follows from Proposition 2.1 a) via an
easy diagram chase. O

Proposition 2.5 ([27, Th. 15.1]). Let A be an abelian k-variety of dimen-
sion g, with k separably closed. If I # p, H. (A, Z;) is an exterior algebra
on HY (A, Z)); in particular HY (A, Zy) is torsion-free.

cont

The same holds for Betti cohomology when k£ = C [31, §1, (4)].

Proposition 2.6. In Proposition 2.1, suppose that X = A is an abelian
variety. Suppose also k separably closed and | # p. Then
¢) There is a canonical isomorphism

HILH(AZ) © Qu/Zy(i) = HI (A, Z(0)) {1}

cont

If j # 2, HL (A, Z(i))[1/p] is divisible.
d) If (i,7), (¢', ") are two pairs, the cup-product

H2,(A, 2(1) x HL (A, 2(1) — HL (A, Z(i + 1)
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restricts to 0 on torsion subgroups. '

e) Forn € Z, the contravariant action of n4 € End(A) on Hgt(A, Z(1))tors 18
multiplication by n/ =1 and its covariant action is multiplication by n?9—7+1,
at least away from p.

f) If 3 # 2i, H} (A, Z(i))[1/p) is divisible.

Proof. In ¢), the isomorphism is the composition of two isomorphisms

HIHAZ) (1) @ Qu/Zy = HL (A, Qu/Z4(i) = H (A, Z(0){1}

cont
where the second one follows from Proposition 2.1 b) and the first holds by
Proposition 2.5. By Proposition 2.1 b), if j # 2i then the image of the étale
cycle class map is finite, hence 0 by Proposition 2.5, hence H, (A, Z(4))[1/p]
is divisible by Proposition 2.1 a). d) follows from c), since the tensor product
of two torsion divisible groups is 0; similarly, e) follows from c). Finally, f)
follows from Propositions 2.1 and 2.5. U

Correspondences and motives. We shall use three categories of (pure,
effective) motives: M (Chow motives), Mg (étale Chow motives) and M
(cohomological motives). There are ®-functors

M5 Mg & M.
If X is a smooth projective k-variety, we write h(X), hgt(X), hi(X) for
its motive in M, Mg, M respectively. If Y is another, connected, one,

morphisms from its motive to that of X are elements of the groups of cor-
respondences

CHY™Y (Y x X)), CHI™Y (v x X)[1/p], H*¥™Y(Y x X,dimY")

where o ‘
HY (Z7 Z) = H Hgont(Zv ZZ(Z))
l#p
This extends to nonconnected Y by additivity as usual. The functor Ris
induced by the étale cycle class maps cl;, and a* ® Q is an equivalence of
categories [23, Th. 2.6 c¢)]. Correspondences 7,¢ from Z to Y and from Y
to X compose according to the usual rule

607 = (p13)«(P120 - P237)
where p;; are the projections of X xY x Z on the two-fold factors. To justify
that composition is well-defined and associative in Mg, the simplest is to
use the formalism of the six operations for étale motives, as in [2] or [8].%
If k C C, the adic realisation R factors through the Betti realisation

4 If one wishes not to invert p in characteristic p, the six operations are not available
anymore because A'-invariance is lost. See [22, App. A] for a programme to define such a
refined category; to the best of my knowledge, the required properties have still not been
written up.
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where Mp is the category of cohomological motives with respect to Betti
cohomology Hp, and H%(Z,Z(i))®] ], Z1 — H’(Z,i) by Artin’s comparison
theorem. The reader only interested in this case can replace H by Hp in
the sequel.
We shall also use the notation
Mab £> Mab i Mab
ét

for the thick (= full, stable under direct summands) subcategories generated
by motives of abelian varieties; similarly for M. We then have

Corollary 2.7. Composition in ./\/lgl’ restricts to 0 on torsion correspon-
dences.

Proof. This follows from Proposition 2.6 d). |

3. PROOF OF PROPOSITION 1.1

By Proposition 2.5, the even part of the cohomology algebra HY, (A, Z;)
has a divided power structure [34, 36]. Thus cl;(z") = clj(z)" is divisible by
r! and we conclude with Corollary 2.4, applied to a = ‘%T ([

Remark 3.1. If x € Hgt(A,Z(i)) with j # 2¢, then 2" is divisible by any
positive integer in H; (A, Z(ir))[1/p] by Proposition 2.6 f). If j is odd and
p # 2, we even have 22 = 0 because 222 = 0 a priori [26, Th. 15.9].

4. ESNAULT’S EXAMPLE, REFINED

Here we take g = 2. Further, we assume that A is the Jacobian of a
smooth projective curve C' having a rational point ¢. This provides an
embedding

1:C—= A
sending ¢ to 0 and realising i(C') as a theta divisor.

Proposition 4.1. Let Ko € Pic(C) be the class of the canonical divisor
on C, and let x be the class of i(C) in Pic(A). Then deg(x?) = 2 and the
Albanese class of v2 —2[0] € CH?(A)g in A(k) is Ko — 2[¢]. In particular,
22 is divisible by 2 in CH?*(A) or CHZ(A) if and only if K¢ is divisible by
2 in Pic(A). If p # 2, the same holds for cla(x).

Proof. By [17, Ch. II, Prop. 8.20], we have
Ko =i"(Ka + [i(C)]) = i"i[C]
using that K4 = 0 [31, §4, (ii)]. Therefore
2% = i,i%i,[C) =i.Kc.
This already gives deg(z?) = 2g — 2 = 2, and moreover

2? —2[0] = i, (K¢ — 2[c])
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hence the conclusion (here we use that the composition A(k) = Pic®(A)

Ly CHy(A)g % A(k) is the identity, where a is the Albanese map.) To deal
with cla(z), we reason as in the proof of Proposition 1.1. O

One example in [14, §4] (attributed to Serre) where the condition of

Proposition 4.1 fails is k = C(t), C given by the affine equation 3> =

x5 —x—t.

5. THE TORSION BIMODULE

Let X be a smooth projective k-variety. From now on, we abbreviate
Hl (X, Z(7)) to H}(X,i) and H}(X,0) to H{(X) if | # p. Consider the

cont
following two actions:

e the étale intersection product
HIH (X, Qu/Z(i)) % HE (X, 2() — HLY 7N (X, Qu/2u(i+ 1)),
denoted by -;
e the [-adic product
HITHX, Qu/Zai)) < H (X, 1) = HED N, Qu/2zai + 1),
denoted by U.
Lemma 5.1. For (z,y) € H) (X, Qu/Zy(i)) x H., (X, Z(i")), we have
xz-y=cl(z)Uy.
Proof. This follows from the fact that, in [23], the morphism (3-2) (defining
cl;) is compatible with products. O

Given an additive category A, recall that an A-bimodule is an additive
bifunctor on A° x A. Let

(Q/2) =P Q/Z:
l#p
For r € Z, the two actions described above provide the assignment (Y, X)
— HgtdimY*T(Y x X, (Q/Z)'(dimY)) with structures of bimodule over Mg
and M respectively, and Lemma 5.1 implies

Lemma 5.2. These two bimodule structures are compatible via R. ([

We denote this common bimodule by t(r). For abelian varieties A, B
with dim A = g, the proof of Proposition 2.6 c) interprets t(1) both as
H}(A x B,Z(9))[1/pliors and as H*~'(A x B, g) ® Q/Z. In the rest of

this section, we compute the M?*-bimodule structure of t(r). For this, we
note that as a consequence of Proposition 2.5, the Kiinneth formula for
H}(A x B) holds integrally for all [ # p. Moreover, Poincaré duality also
holds integrally for A thanks to [7, §11, Prop. 7] and the fact that the
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trace map H 12 9(A,g) — Z; is an isomorphism. We therefore have a Kiinneth

decomposition in M:

(5.1) h(A) = @ hi(A)

corresponding to the Kiinneth projectors frfél in
HY(Ax A,g) HEnd (H'(A

We first recall the structure of the tautological M?-bimodule ¢(0) =
Hom .0 in view of (5.1), it may be written P, ; - M(hi(A),h(B)), where

0 ifi£j

M(I'(A), b (B)) = {Homz(ﬁi(A),f{i(B)) if i = j.

In particular, #% o f = fo#% for any f € M(h(A), hy(B)), and the 7Y
are central in H29(A x A, g).

Lemma 5.3. Let T(r) be the M?-bimodule induced by (A, B) — H?*9~"(Ax
B,g). Then

: _Jo fiti-r
Tr)(R(4), 1 (B)) = {Homz(ﬁﬂ(A), H="(B)) ifj=i—r.
In particular, #~"(B) e x = x @ #(A) for any z € T(r)(h(A), h(B)), where

e denotes the bimodule action.
The same holds, mutatis mutandis, for t(r) =T(r) ® Q/Z.

Proof. Using again the Kiinneth formula and Poincaré duality, we get an
isomorphism

(5.2) H?7"(A x B, g) EBHomZ (H'(A), H™"(B))

and the lemma follows by bookkeeplng. O

For later use, we consider a slightly more general situation, replacing
B by an arbitrary smooth projective variety X. By Proposition 2.5, the
Kiinneth formula for H *(A x X)) still holds integrally. This, plus Poincaré
duality for A, still yields the isomorphism (5.2) for any r € Z. Torsion in the
cohomology of X makes it difficult to talk of its integral Kiinneth projectors,
but those of A still act on the left hand side, yielding the decomposition on
the right hand side. For r = 1 and [ # p, we have a short exact sequence

0— HY A x X,9)®Q1/Z; — HZ (A x X,Qi/Zi(9))
— HP(A x X,9){I} =0
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from which the action of m} (the l-component of #1) cuts off the exact
sequence

0 — Homg, (H}(A), H)(X)) ® Qi/Z; — H;? "' (A x X, Qi/Z(g)) o 7}
— Homg, (H]' (A), H}(X)){l} — 0.
But H} (X)) is always torsion-free and H(X) = Z, so this exact sequence

boils down to isomorphisms

(5.3)  A(R){I} ~ HNA) @ Qu/Zi = HY (A x X, Qu/Zy(9)) o i}

6. 1-COCYCLES

6.1. Hochschild cohomology. Let A = Z[Z — {0}] be the group algebra
of the multiplicative monoid Z —{0}; if M is a A-bimodule, we have as usual
its Hochschild cohomology

HH"(A, M) = Ext)jg (A, M)
where A is considered as a A-bimodule via left and right action. In particular,
_ {2 -0} = M [ f(mn) =mo f(n) + f(m) on}

{m—moa—aom}

HHY (A, M)

Since Z — {0} is commutative, the 1-cocycle relation implies in particular
the identity in (m,n)

(6.1) mo f(n)— f(n)om=mno f(m)— f(m)on.
6.2. Some numerology.
Definition 6.1. For any 7 > j > 0, we set
w;j = gcdmio(mi — mj)
and let w; ; :==11if ¢ > 0 and 5 < 0.
A stable version appears in [40, 2.8]: Soulé’s w;, is the supremum of our

wjj fori—j=r.
Here are some elementary properties of wj j:
iz

Lemma 6.2. a) Let | be a prime number and let s > 0. If l is odd, then
I lwi; =151t i—j4. Forl=2,4|w;; = i—jis even and 2° | w; ;
= 2572 | i —j for s > 2. In particular, w;; =2 if i — j is odd.

b) If j =0, then w;j = 1.

c) The converse to a) holds provided j > s.

Proof. a) Suppose [ odd. Then (Z/1°)* is cyclic of order I* —[*~1. Taking an
integer m whose class generates this group gives a) in this case. For [ = 2,
(Z)2%)* = {£1} x (1 +4Z/2%) ~ Z/2 x Z/2°72 when s > 1; taking either
m = —1 when s = 2 or m = 5 when s > 2 gives a) in that case. If j = 0,
then [ 1 I* — 1; this proves b). Conversely, to get c) we observe that, under
the hypothesis, if  { m then [* | m*~/ — 1 and if [ | m then [* | m/. O
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6.3. Cocycles and coboundaries. For i > j, define
Rij=A®A/{([m] —m))@1,1® ([n] —n")).

A A-bimodule M is of level (i, j) if the action of A ® A factors through
R;.;. Here the 1-cocycle relation is

(6.2) f(mn) = m? f(n) +n' f(m)
and (6.1) becomes
(6.3) (m' —m?)f(n) = (n' —n?) f(m).
For convenience, set
n' —nJ
f(n) = oy

Then 6 is a 1-cocycle with values in Z provided with its obvious level
(4, 7)-structure, and so is n +— 6(n)b for any b € M; we call such 1-cocycles
refined coboundaries.

Proposition 6.3. a) Let M be a A-bimodule of level (i, ). Then HHY(A, M)
= w,; M andw; ;HH"(A, M) = 0. In particular, HH°(A, M) = HH"(A, M)
=01 =0.

b) Suppose that j =i—1>0 and w; ;M =2M = 0. Then f(n) =0 if n is
a square or if 4 | n. Moreover, f(2n) = f(2) if n is odd.

Proof. a) The first claim is obvious. Let now f be a l-cocycle. Take

ni,...,n, such that ged, (ni—nl) = w; j; choose ay, . . . a, such that Y as(ni—

n%) = wj j, and let b =3 asf(ns). Then, for all n,
wig f(n) = ag(nh —nd)f(n) = as(n’ —n?)f(ns) = (n* —nI)b

s

thanks to (6.3), hence the second claim. The last one follows from Lemma
6.2 b).
b) In this case, (6.2) may equally be written

f(mn) =mf(n) +nf(m).

For n = m, we get the first claim; then f(4m) = m/ f(4) + 47 f(m) = 0.
The last identity follows similarly. O

7. A WEAK FORM OF THEOREM 1.7

7.1. A weak version of Theorem 1.7 a) (I).

Theorem 7.1. a) There exists a system (7'y) of orthogonal projectors of
sum 1 in Endpg,, (h(A)) such that 7% is given by the origin of A and, for
any n € Z4:

° nj‘4071'114 :mT}L‘;

o 2n% o7rf4 = 271171{4 fori > 1.
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Moreover, n’y o 7TfA = ni7rf4 for all i if n is a square or if 4 | n.

b) Any other such system is conjugate to (7'y) by an element of the form
1+2 with4z =0 and zo7ri‘ = 0. Conversely, any conjugate of (Wi‘) by such
an element verifies a).

¢) If x € End g, (R(A))tors is such that (14 z)on’y = 7'y o (1+x) for all i,
then x = 0. (Hence the element z of b) is unique.)

We proceed in three steps.

Step 1. Using the adic Kiinneth projectors 74 of §5, Corollary 2.4 shows
that the Chow-Kiinneth projectors of [10] lift from CHI(A x A) ® Q =
CHY (A x A) ® Q to a (unique) set of orthogonal projectors with sum 1 in
CHY (A x A)[1/p]/tors.

Step 2. Using Corollary 2.7 and [20, Lemma 5.4], we may lift the projectors
of Step 1 to a set of orthogonal projectors with sum 1 (ﬂé)?ﬁo in CHY, (A x

A)[1/p].

Step 8. Now we modify the projectors of Step 2 to achieve the conditions

of Theorem 7.1. We choose w% as said: it certainly verifies mjﬁrg = 7791.

For i > 0, consider the A-bimodule structure on CHY, (A x A)[1/p] given by
m oz on=mn'm%ox. By [10, Th. 3.1], the 1-coboundary

yi(n) = ny o my — n'm

takes values in CHY, (A x A)[1/pliors, hence defines a 1-cocycle with values
in this bimodule. But

(7.1) yi(n) = yi(n) o m.
Therefore, by Lemmas 5.2 and 5.3,
yi(n) € t;(1) == t(1)(h*(A), ' (B))

and the bimodule ¢;(1) is of level (i, — 1) by Proposition 2.6 e). Applying
Proposition 6.3 a), we may write
{(n—l)xl ifi=1

i(n) = i i
yi(m) Wl o gi(n)  ifi> 1

for some x1, 2} € t;, with 2¢;(n) = 0. We set g1(n) = 0.
For i > 1, using the divisibility of ¢; let z; € t; be such that 2z; = 2}, and
let x =, ;. Define

(72) #'=0+x)ombo(l+a) ' =ni4+zonm—niox

:7T6+$O7T6—.’IJO7T6+1 :7r6+mi—xi+1
where we used again Corollary 2.7 for the second equality and Lemmas 5.2
and 5.3 for the third. Then, for n € Z,

¥ ont —nin' =y;i(n) + (n* !
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which proves a). The last claim follows from Proposition 6.3 b) applied to
gi(n).

b) Still by [20, Lemma 5.4], any other lift of the projectors of Step 2 is of
the form 7% = (1 + 2)7*(1 + 2)~! with z € CHY (A x A)[1/pliors. The same
computation as (7.2) yields

7 =n'4 2z — 2z
with Zi:ZOFi:ﬂ'ii‘loz. ‘ '

Suppose that the 7 also satisfy a). For n # 0, let g;(n) = (n’y —n') ox’
as in the proof of a), and let similarly g;(n) = (n% — n') o @. Then

(n% —n') o (z — zi41) = (nfy —n') o (7 — 1) = §i(n) — gi(n) if i > 1;

(ny —n)o(z1 —22) =0.

But (n* —n') o (2 — zi+1) = (n*~! — n%)z as in the proof of a). Since
2(gi(n) — gi(n)) = 0 we get 4z; = 0 for i > 1, and z; = 0. Conversely, under
these conditions, the same computation shows that the 7* also satisfy a).

In c), the condition is equivalent to z o 7y = 'y ox; but z o7l = 7rf4_1 ox
by Lemma 5.3, hence

thor=nyonyoxr=rYoxony :Wf407rf4_loa::0
for all ¢, and therefore x = 0. This concludes the proof of Theorem 1.7 a).

7.2. Another lifting method. Later we shall need the following proposi-
tion:

Proposition 7.2. Let (ﬁ%)?ﬁo be the set of projectors of Step 1 in the proof
of Theorem 7.1, and let (Fi)?io be a set of lifts of the T4, with > " = 1.
Then the (7°)? form a set of orthogonal projectors with sum 1.

Proof. 1t is similar to that of Theorem 7.1 c¢), but a little more elaborate.
Let a;; = w'nd — 5yt € C’Hgf(A X A)[1/pltors. For any r and | # p, we have

Wroaij:frroaij, aijowr:aijofrr

by Lemma 5.2, and

Q;; ® Ar=7""le Qi
by Lemma 5.3.
Consider first the case i = j. Then a;; commutes with 7%, hence 7' e a;; =
#'~1 o a;;, which implies
(7.3) ilea;=r""ea;=0

Lo a; =0 and in particular

hence 7 o a;; = 7'~
(7.4) (1)? = (#)? and (') = ()3 = ()2,
Suppose now that i # j. Then
(m')? on’ = (7' + ay) o = ai; + a0 7 = a; + 7" e ay

=7lo(rlon!) = 7' e ay
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i.e.
(75) (1—fri)oaij+7?j_1oaii20
and playing with the equality 7% o (77)? = (7% o /) o 77, we obtain similarly
(7.6) (1—#""ea;+7 eaj;;=0.

If moreover 7 # j — 1, this implies 7" @ a;; = 0 for r # 4, j — 1, hence
(77) aij:ﬁiOGi]‘—i—ﬁjilOaz‘j:—ﬁ'iO(ljj—ﬁ'j710aii.

But we have

ZT[' 7r] =) + aj; —i—ZaU
i#]
i.e.
(7.8) ajj +aj_1;+ Z a;; =0Vj.
1#5,j—1

Putting (7.7) into (7.8), we get

i ~j—1 i 7i—1
ajitaj_1; = 2 : (# 0qj it 0a;;) = ( E ﬂ)oajj—i-w] ° Z Qi

i#5.j-1 i#.j-1 i#.j-1
= eaj i+ e Y ai=a;+i e Y ay
[ i#j,j—1 i#j,j—1
where we used (7.3) for the last but first equality; thus
~j—1 ~j—1 ~j—1
aj-1;="""9 E aip = =7 eaj; — )T ea; 11
i#£j,j—1

where we used (7.8) again; so (7.7) is also true for i = j — 1.
This in turn implies, for i # j

()2 on! = —7eaj;=—7lo((n))? —nd) =71 ond — ' o (1)%
Composing with 7* on the left and using (7.4), the latter gives
(7.9) (792 o (77)? = 0.

We have proven that the (7%)? form a set of orthogonal projectors; it
remains to see that their sum is 1. But

1= (Z )2 =@+ a

i i#j
which shows that z = ), 45 Gij 18 idempotent. But x o x = 0 by Corollary
2.7, so x = 0 and the proof is complete. [l

Corollary 7.3. Let (7 ) be such that Y. 7w =1 and n*or’ = n'n" for all
1 and alln € Z. Then the ( 92 form a set of étale integral DM projectors.

Proof. By [10, Th. 3.1], the condition n* o 7" = n’n’ implies the condition
of Proposition 7.2. (|
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7.3. A weak version of Theorem 1.7 b).

Lemma 7.4. Let (Wi‘) be a system of projectors as in Theorem 7.1. Then
we have

(7.10) 2y on*y = 2nY oYy

for anyn € Z.

Proof. We proceed as in the proof of [10, Th. 3.1]: by Theorem 7.1, we have
ny = anﬁl oy = Z(njwil +g;(n))
J J
with 2g;(n) = 0. Moreover, g;(n) o 71'3;‘ = gj(n). Then
mhonly = Z(”jﬂixoﬂiﬁﬁféxogj(n)) = n'mh+giy1(n) = niory—gi(n)+git1(n)
J
where we used Lemma 5.3. Hence (7.10). O
Theorem 7.5. Let A, B be two abelian varieties, and let (7Y), (%) be
systems of projectors as in Theorem 7.1. Let f : A — B be a homomorphism.
Then A _
Af* oy =4nYy o f*
for all 1.

(We cannot get less than a factor 4 in view of the indeterminacy in The-
orem 7.1 b): take A= B, f=14.)

Proof. We imitate the proof of [10, Prop. 3.3]. Consider ¢; j = 7711 o f*orl,.
For i # j, ¢;; is torsion by that proposition, hence 0 unless j = i — 1 by
Lemma 5.3. In this case, we have

Wicyio1 = m o fonirh = i Vo f* o (n o s + hi(n))

=ntonfo ffony+ o f*ohi(n)
=7+ gin) o fromly + o f*ohi(n)
=n""teiio1+gi(n)o fromy + a1y o f*ohi(n)
where h; is a similar function for B as g; is for A in the proof of Lemma 7.4,
hence, taking the ged over n (or just n = —1),
461'71‘,1 =0.
From the identity
f= Zci,j = Z(sz + Ciji-1)
ij i

it follows that
(7.11) 7l'f4 (¢] f* — f* ¢} 7TiB = Ci-i—l,i — Ci,i—l

is 4-torsion. O
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To this, we add
Proposition 7.6. For A, B € Ab, M (h'(A), W (B)) is torsion-free if j #
i — 1 (in particular for i = j), and

Mt (R (A), B (B) )ors ~ Homy (H'(A), H~(B)) ® Q/Z.

Proof. Same as for Theorem 7.1 ¢): we have

M (h*(A), W(B)) = {f € CHE (A x B)1/p| | f =70 f = fomy}
and Mg (h'(A), h7 (B)) is torsion for i # j by [10]. But if f € Mg (h'(A), h?(B))
is torsion, then for’ = 75! o f by Lemma 5.3, hence f = tonl o f =0

ifj#i—1. If j =¢— 1, the conclusion follows as usual from Lemma 5.3
and Proposition 2.6 a). O

7.4. A weak version of Theorem 1.7 a) (II); self-conjugate projec-
tors. We first give a proof of [10, §3, Rem. 3)]:

Lemma 7.7. In CHI(A x A) ® Q,
a) The operator n% is invertible for any n # 0.

b) We have

(7.12) 7Yy 0 (na)e = n* Yy
for all (n,1).

c) We have

(7.13) tﬂig_i =7l

for all 1.

Proof. a) holds thanks to [10, Cor. 3.2]. Since (na).n% = n29, (7.12)
becomes true after composing with n* on the right, hence b) follows from
a). This implies

nitnly = n?97 i Y (n, i),

hence c) by the uniqueness part of [20, Lemma 5.4]. O

Corollary 7.8. In CHY (A x A)[1/p],

a) The identity (7.12) remains true after multiplication by 2.

b) In Theorem 7.1 a), one can choose the 7rf4 self-conjugate.

¢) Let B be another abelian variety, and let (1Y) (7%) be two systems of
self-conjugate projectors verifying Theorem 7.1 a). Let f : A — B be a
homomorphism. Then

4y o fo = Af, oy
for all i.
Proof. a) For n € Z — {0},
g'(n) =y o ((na)s —n*7")
is torsion by Lemma 7.7 b), and we have

g'(mn) = n*7'g'(m) + g'(n) o (ma).
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because (m4)« and (n4)« commute. But, by the same reasoning as in
the proof of Lemma 7.7 b), (m4)s acts as multiplication by m2?9~#t! on
H1(A) ® Q, hence on H"1(A) and finally on H~1(A) ® Q/Z. Tt follows
that ¢g*(n) o (ma)« = m?9~"*1gi(n) and the above identity becomes

g'(mn) = n*7'g" (m) + m* =g (n).

Applying Proposition 6.3, there exists b such that b = 7% o b and
(7.14) Qgi(n) = (nzg_i — nzg_”l)b
for any n, so that

(2% — D) o (na)s = n2974(27% — b).
Composing with n’y on the right, we get
n9(2rY — b) = n? 7 (2nYy on® —bon’) = n*2xYy —n*"ho
by Lemma 7.4, i.e. '
n?9b = n?9"'b o n¥.

But since b € 7'y o CHY (A x A)[1/pliors = CHZ (A x A)[1/pliors ® 711
(Lemmas 5.2 and 5.3), we have bon* = n"*1b, hence (n?9 —n?9*1)b = 0 for
all n, which finally yields 2b = 0. But then 2g‘(n) = 0 by (7.14).

b) By Theorem 7.1 b) and Lemma 7.7 c), there exists € CHZ (A x
A)[1/pltors such that
(7.15) 707 = (1 +2)ny(1+ o)t =Yy + anly — myx = 7Y + i1 — @

for all 4, where x; = 7 o x (here we used Lemma 5.3).
We first bound the order of z. Composing (7.15) with n on the left and
using a) and the identities of Theorem 7.1 a), we get

on’ tﬂig_i = 2(ni7rf4 +ni g — nzxz)
which, compared with (7.15) multiplied by 2n¢, yields
2(n' —n'" N,y = 0.

Taking n = —1, we find 4x;_1 = 0 for all 4, hence 4z = 0.
Now taking the transpose of (7.15) after switching ¢ and 2g — i, we get

iy = (L4 '2) M (L ) = (L4 f2) T (L a)rh (L + )T (L + )

for all 4.
By Theorem 7.1 c), this implies (1 +'z)~'(1+z) = 1, i.e. ‘o = z, hence

ri = whoa = whola = (wolry) = H(we'y) = Hwei ) = (72 o)

= 'Tag_i1.
Let y = :‘Zz_ol z;; noting that zo4 = 0, we have z = 'y +y, or equivalently
1+2="%1+y)(1+y). Therefore, if 7, = (1 + y)7y(1 + y)~!, we have

til = 7297 for all i, and 4y = 0. Then yorl = ye#l = 7% ey = xq is

not necessarily 0, but to achieve this we just replace y by y — x¢ + 'z, or
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equivalently redefine y as Zf;ll z; +22g—1. Then (74) still verifies Theorem
7.1 a), by part b) of this theorem.
c) follows from taking the transpose of the formula in Theorem 7.5. O

8. PROOF OF COROLLARY 1.8

We use the projector m} of Theorem 7.1. It defines a motive hl (A) €
M, direct summand of the motive h(A) associated to A. We write iy :
hi (A) — het(A) for the inclusion and pa : het(A) — b} (A) for the projec-
tion, so that paia =1 and i4ps = 7r114.

Let f: A — B be a homomorphism. We define

hé(f) = pafin
where f* = h(f) : het(B) — het(A).

To show that hl, is a (contravariant) functor, let g : B — C be another
morphism. We must show that b} (g o f) = h (f) o hl(g). It suffices to
prove this equality after composing with ¢4 on the right and with pc on the
left, hence to prove tie identity

thoffogtony =nho ffonhogtont.
The difference between the two sides is
myo(f* = fromp)ogtony =myo(myo fr— ffomp)ogtomy
=7y 0 (c21 — c10) 0 g o mE = (21 — c10) 0T 0 g o ML
= (a1 — 1) 0 (9" ome +dzo —day) omE
= (21 —c10) 0 (ds2 —dag) 0w =0
where cp1 — ¢10 is as in (7.11), dg2 — da1 is similar with respect to g and
the final vanishing follows from Corollary 2.7. This proves the existence of
the functor, which is obviously additive. Its full faithfulness will be proven

in Corollary A.11.
For later use, we record here:

Proposition 8.1. Then we have an isomorphism
A(k) [1/p]tors ; Mét(hét(A)a hét (X))tors
for any smooth projective k-variety X .

Proof. This follows from Proposition 2.1 b) and the isomorphism (5.3). O

9. EXTENSION TO ABELIAN SCHEMES

Let S be a smooth k-scheme, where k is now an arbitrary field.> We
want to extend what comes before to abelian S-schemes A in the style of

5k could even be a Dedekind domain, see [25, Rem. 1.1], but one would have to invert
all primes p that are not invertible in k. This somewhat reduces the interest of this
generalisation when k is a localised ring of integers in a number field.
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[10]. This is not straightforward, as the torsion of CHY (A xg A) is more
complicated. So we proceed step by step.

Lemma 9.1. The ideal CHY,(A x5 A)[1/pliors of CHY (A xg A)[1/p] is

nilpotent.

Proof. Consider the Leray spectral sequence
HE (S, R (7 x5 )+ Z(g)) = Hg (A x5 A, Z(g))

where 7 : A — S is the projection. It induces a filtration F*CHY, (A Xg
A)[1/p] on CHY, (A xg.A)[1/p] of length < inf(cd(S),2¢), and it is standard
that F%o F¢ C Fatd Qo it suffices to show that CHgt(A x5 A)[1/pltors ©
CHY (A xg A)[1/pliors € F'. But this follows from Corollary 2.7, applied

over a separable closure of k(S5). O

Theorem 7.1 a) now extends to A as follows:

Theorem 9.2. For all i, let
inf(cd(S),29—1)
N; = H W; j—a—1
a=0

where the w; ; are as in Definition 6.1 and cd(S) is the (possibly infinite)
étale cohomological dimension of S. Then one can find a system (mYy) of
orthogonal projectors of sum 1 in CHY (A xg A)[1/p] such that 79 is given
by the 0-section of A and

Nin¥ oYy = Nyn'wly for any n € Z.
A A A Y

Proof. We mimick the proof of Theorem 7.1, starting from the DM projec-
tors of [10]. Thanks to Lemma 9.1, we can go as far as Step 2 in §7.1. For
Step 3, we consider this time the Leray spectral sequence

HE (S, R (7 x5 m)sQu/Zi(g)) = HLTP (A x5 A, Qu/Zi(g)).

By smooth and proper base change, the sheaves R(7 x s 7). Q;/Z;(g) are
locally constant; therefore similar computations as in §5 hold, namely

(R (m x5 )4 Zi(9)) ® Qu/Zi = R¥(m x5 1) Qu/Zi(9);

Rb(m x5 7). 2(g) ~ @) Hom(R'm.Zy, R™P292,).
If (fri(A))?io denote the Kiinneth projectors of HO(S, R%(n x5 7). Z(g)),
then, by Lemma 5.3, 7% (A) acts on the right on R?(7x g7).Z(g) as #1T0=29(A)
acts on the left, and the same holds for their action on HZ(S, R(m xg

m)«(Q/Z) (g)) for all a.

We show the statement modulo F*CHY, (Ax sA)[1/pliors := F*NCHY (Axg
A)[1/pltors, by induction on a. Let (1% (a — 1)) be a set of projectors mod-
ulo F*~! and (7Yy(a — 1)) a lift modulo F*. As in Step 3 of the proof of
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Theorem 7.1 a), the obstruction for 7%(a) is a 1-cocycle f with values in
gr?®, verifying
fmn) =m'= " f(n) +n' f(m).
(If i —a — 1 < 0, there is no obstruction.)
By Proposition 6.3, w;;—q—1f is a coboundary, hence the theorem. O

10. GETTING RID OF 2-TORSION: PROOF OF THEOREM 1.7
10.1. Good abelian schemes.

Definition 10.1. An abelian scheme A — S is good (resp. étale-good) if
it admits a set of integral (resp. étale integral) DM projectors (Definition
1.6).

Lemma 10.2. Suppose that S = Spec k with k separably closed. Then

a) The set of étale integral DM projectors (7‘(_1;4) forms a torsor for conjuga-
tion by elements of the form 1 + x with 22 =0 and x o w' = 0.

b) They commute with n*y for any n € Z, and verify Theorem 7.5 with mul-
tiplying by 2 instead of 4.

c) We have the identity

w0 (na) = n*"'y

for any i € [0,2g] and any n € Z except perhaps if n =2 (mod 4), in which
case it holds at least after multiplying by 2.

Proof. a) follows from Theorem 7.1 ¢), and implies b) as one checks by going
through the proofs of Lemma 7.4 and Theorem 7.5 (the functions g; and h;
used there are 0 in the present case).

For c), recall from Corollary 7.8 a) that 2g°(n) = 0 for all n, where

g'(n) =m0 ((na)e —n*7").
By b), we have g(n) o n* = 0. But, as in the proof of Corollary 7.8 a)

for b, g'(n) o n* = n'*'g’(n). This shows that g‘(n) = 0 for n odd; also,
g‘(n) = 0 for n divisible by 4 by Proposition 6.3 b). O

Remark 10.3. Still by Proposition 6.3 b), g*(2m) = ¢%(2) if m is odd. So the
defect in Lemma 10.2 c) is entirely controlled by 24. Moreover, g¢(2) does
not change when one modifies the 7rf4 by conjugation as in Lemma 10.2 a),
as an immediate computation shows; therefore these are invariants of A.

Lemma 10.4. Suppose that S = Speck with k separably closed. If A is

étale good, it enjoys a set of self-conjugate €tale integral DM projectors if

and only if the invariants g"(2) of Remark 10.3 vanish. In general, we can
: 2g—1 t, i

at least achieve 27y~ = 2'7Y.

Proof. Tt improves that of Corollary 7.8:
Let (7‘(‘34)?&0 be a set of étale integral DM projectors. By Lemma 10.2 c)
and the hypothesis, (twffﬂﬁg o 1s another set of étale integral DM projectors.

1=
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Reasoning as in the proof of Corollary 7.8 b), we find y with 2y = 0 such
that the projectors A

Ta=1+yri(l+y) ™
are self-conjugate. But the 7~rf4 are also DM projectors, thanks to Lemma
10.2 a). Conversely, if A has a set of self-conjugate étale integral DM pro-
jectors, the invariants of Remark 10.3 must obviously vanish. U

Definition 10.5. Under the conditions of Lemma 10.4, we say that A —
Speck is very good.

Lemma 10.6. If A, B are good, then A xg B is good; similarly for “étale-
good” and “very good”. The converse is true for étale-good if S = Speck
with k separably closed.

Proof. The ‘if’ part of is obvious by taking the usual choice for the CK
projectors
7Tf4XSB = Z Trf4 X g Wf;.
k=i
Conversely, let (7%, ) be a set of étale integral DM projectors (here we
assume S = Speck, k separably closed). Let ¢ : A < A x B be the inclusion
a — (a,0), and let 7 : A x B — A be the projection. Let

T =1 oYy pgomt.

Then «° lifts the i-th l-adic Kiinneth projector of A for all I # p. By
Proposition 7.2, the 7y = (7%)? form a set of orthogonal projectors of sum
1. Moreover, for n € Z one has

nfon' =1fonforygont =1 onloryzont =n'n
hence n’j o 7rf4 = n’ﬁr% as well. U
10.2. Elliptic curves. Let C be a curve over the algebraically closed field

k, c € C(k) and let X be a smooth projective k-variety. The standard choice
of Chow-Kiinneth projectors

0 ={c} xC,n*=Cx{c},n' = Ac — 7" — 72

acts on the group of correspondences CH'(C x X) by composition on the
right. On the other hand, we have the decomposition
CHY(C x X) = piCHY(C) @ Corr((C, ¢), (X, ) ® psCH'(X)

attached to a point z € X (k) as in [31, §6, Remark]|, where p; is the i-th
projection and Corr((C, ¢), (X, z)) is the group of divisorial correspondences.
Write (p°, p!, p?) for the orthogonal projectors on CH'(C x X) with images
these summands. More specifically, let p : C — Speck be the structural
morphism and ¢ : Speck — C be the section at c; let ¢ : X — Speck be
the structural morphism and j : Speck — X be the section at z. We have
p2=pXx1lx,p1 =1c X qand

P’ = (e x (ja))*, p* = ((ip) x 1x)".
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We have a further decomposition
P’ = pi +
where Im pY = p} Pic?(C) and Tm p} = Zp3[c].
Lemma 10.7. a) For ¢ € CHY(C x X), we have £ on? = p?(§) and on® =
p5(§), hence Eont = p'(€) +p}(€).
b) If f: X — C is a morphism, then
P (Ty) = pi(ld = [f (@)

Proof. We have

Eon? = ((ip) x 1x)*¢, Eom’ = ((ip) x 1x):&.
The first equality gives the first claim of a), which also implies p?(£)on® =
0. Then

p2(€) o = ((ip) x 1x)+(1c % ()€ = (i x 1)ug"ps(1 % j)*¢
= (i X 1)ug" (px s = (i x Du(px 1)uf = o
hence p!(¢) o 7° = 0. Finally, note that

(p x 1x):& = d1(§)[X]
(which defines d;(£)), hence & o 70 = dy(€)[c x X]. If € = pin, then dy (&) =
deg(n); in particular, pin o 7% = 0 if n € Pic’(C). This proves the second
claim of a), hence its third claim. We then compute

P(Tp) = (1x )" (1 x )Ty = (1 x )" [f(2))] = pilf (2))]
hence b). O

Theorem 10.8. Elliptic curves € — S are good. More precisely, the
standard choice of projectors: 72 = {0} xs &, m2 = € xg {0} and 7} =
Ag — ﬂ'g — 7'('?: is a set of integral DM projectors.

Proof. We proceed in three steps.

Step 1. S = Spec k with k algebraically closed.
Obviously, nf o 72 = (1 x ng)*{0} x £ = {0} x €.
Next, ng o2 = (1 x ng)*E x {0} = € x ,&€. We reduce to two cases:

n is invertible in k: by the theorem of the square, the divisor class

[nE] — n?[0] equals n*([Y-,c o] — [0]). But > zene(ky® = 0 since
»E(k) is not cyclic, and n} o 12 = n?nZ.

n = p = char k: Here the group scheme ,& is nonreduced. According
as & is supersingular or not, it is supported by 0 with multiplicity
p?, or is of the form F x G with F ~ Z/p and G ~ p, [31, §15, p.
247]. In the first case, we obviously have [,€] = p?[0], while in the

second, we have

[n€] = n[0] = p[F] = p*[0] =p[ Y a] —p?[0] =0
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because ZxEZ/p x equals 0 when p is odd and 1 when p = 2, but

2([1] = [0]) = 0 in this case (phew!)
There remains the case of ﬂ'é. For this, we apply Lemma 10.7 with
(Cie) = (X,z) = (£,0) and f = ng. Since ng(0) = 0, we find that
Imnt = Corr((€,0),(€,0)). But the map Corr((€,0),(€,0)) — End(€)

given by the action of divisorial correspondences is an isomorphism of rings;

therefore ng o 71(% = mré.

Step 2. S = Speck with k arbitrary. We simply use the fact that Pic(€ xx
&) — Pic((€ xi €) Xy k) is injective for an algebraic closure k/k.

Step 3. The general case. Let 1 be the generic point of S. We have an exact
sequence

p*
0 — Pic(S) =2 Pic(€ x5 &) — Pic(&, Xy &) = 0
where p(g) : € Xg & — S is the structural map.
Let n be an integer # 0. For i = 0, the identity n} o 72 = 72 is obvious.
Suppose that i = 1. By Step 2 applied over 1, n} o 7t — nwt € Pic(S).
Let x € Pic(S) and 7 € Pic(€ xg &). An easy computation shows that

Pipyr oy =di(Y)p(y)®

where di () is given by the equality (p1)«y = di(7)[€] in CHO(E) for p; :
& xg & — S the first projection. In particular, pZ‘Z)a: o ﬂé =0 and ng o w‘}: —
nmg = (nfoms —nmh)oms=0.

For 2, we have to see that [,&] = n?[0] € Pic(£). The argument is the
same as over an algebraically closed field, since the theorem of the cube still

holds [31, §10]. O
10.3. A deformation result.

Proposition 10.9. Let 7 : A — S be an abelian scheme, where S is a
smooth variety over a separably closed field k. Let s,t € S(k). If As is
étale-good, so is Ay, and similarly for “very good”.

Proof. 1If S = Speck, Step 3 in the proof of Theorem 7.1 a) shows that we
have a collection of obstruction classes

ci(A) € HH' (A, M;(A)) (2 < i < 2g)
with
M;(A) = Hom(H3(A), Hy ' (A)) @ Q/Z

such that A is étale-good if and only if ¢;(\A) = 0 for all . This extends to
any abelian scheme 7 : A — S:

ci(A) € HH' (A, CHE (A))[1/pliors)-
Sheafifying for the étale topology, we get local obstruction classes
&i(A) € HY (S, HH (A, R*m.Z(3))[1/pltors)-



DIVIDED POWERS ON ABELIAN VARIETIES 25

By Proposition 2.6 ¢) and “Gersten’s principle” [3, 2.4], the natural maps
R 7.7, Q/Z,(i) — RIm.Z(i)){l}
remain isomorphisms for [ # p. By smooth and proper base change, ¢;(A;) =

0 < ¢(A) =0 < c¢i(Ay) = 0. Same reasoning for the invariants of
Remark 10.3, hence for “very good” by Lemma 10.4. O

10.4. Proof of Theorem 1.7. All abelian varieties are supposed to be
over k (separably closed). By Lemma 10.6 and Theorem 10.8, products
of elliptic curves are good, hence étale-good. By the connectedness of the
moduli scheme of principally polarised abelian varieties [15, Ch. IV, Cor.
5.10] and Proposition 10.9, all principally polarised abelian varieties are
étale-good. But then so is any abelian variety A by Lemma 10.6 again,
since (A x fl)4 is principally polarised (Zarhin’s trick). The same argument
shows that all principally polarised abelian varieties are very good, since the
DM projectors for elliptic curves in Theorem 10.8 are self-conjugate. (]

11. PROOFS OF THEOREMS 1.2 AND 1.10

We give ourselves a system (7‘(1«) of projectors verifying the conditions of
Theorem 7.1.

11.1. Beauville’s decomposition, p-integrally.
Lemma 11.1. Let ¢ > 0. Then,

a) We have 74~ 'z = x for any x € CHY (A)[1/pliors-
b) For j # 2i, wiCHét(A)[l/p] is divisible.

c) For j #2i—1, WQCHgt(A)[l/p] is torsion-free.

Proof. a) write x = 3, 27, with 27 = 7'('3;11', and let n € Z. Then each 27 is
torsion hence, by Proposition 2.6 ¢), we have njlxj = n%~12J for any j. On
the the other hand, 2n* 2/ = 2nfz7. Therefore, 2(n/ — n*~1)z7 = 0. For
j # 2i — 1, this means that WQCHgt(A)[l/p]mrs has finite exponent. But
then it is 0, as a quotient of a divisible group.

b) Let N =1, ,, Kerclj; we have N = @?io 7 N. Since N is divisible by
Proposition 2.1 a), all these summands are divisible. But ﬂf;lC'H L (A)1/p) C
N if j # 2i, hence 7, CH}, (A)[1/p]) = 7/, N for those j.

c) follows from a). O

In order to respect Beauville’s numbering, we set
Definition 11.2. CH}, (A) =75 °CHL (A)[1/p].
Note that CHj,(A)[1/p] = B1g;_g) CHi (A).
Proposition 11.3. Let By, = {zx € CH. (A)[1/p] | n’yx = n* "%z Vn € Z}.
Then

a) For s # 0 we have '
By =Fs @ CHgt,s<A)
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where F1 =0 and Fy = y,,_, ,,_,CHZ (A)[1/p] for s # 1.6
b) For s =0, we have inclusions

20H}, o(A) ® 20H (A)[1/p] € By C CHY o(A) © 2CH (A)[1/p)].
If (771‘) is a system of étale integral DM projectors, we even have
(11.1) By = CH, o(A) @ 2CHE (A)[1/p].

Note that in a) and b), the sums are direct since C'H, ét <
by Lemma 11.1 c).

Proof. If x € By, let xy = W%_tll? for all t. Let n € Z. On the one
hand, 2n%x; = 2n2?~!z; by Theorem 7.1 a). On the other hand, 2nYxy =
27?1241'4/711‘4:5 by Lemma 7.4. So 2n%x; = 2n2% =5z, and 2(n? ! — n? %2, = 0,
thus x; is of torsion bounded independently of x if ¢ # s. Thus there is
an integer N > 0 such that N(x — z5) = 0 for all x € By, i.e. Bs C
CHét,s(A) + NCH (A)[1/p]. We also have 2C’Hgt7S(A) C Bs by Theorem
7.1 a).

Suppose that s # 0; then Lemma 11.1 b) implies that CHgM(A) C By

and that this inclusion is split. Therefore B, = CH ét s(A) @ Fy where F

is of finite exponent. But Fy C C’Hgm(A) by Lemma 11.1 a); this shows
that F1 = 0 and that, for s # 1, F is killed by wg;—s2i—1. Conversely,
wai—s i1 CHY (A)[1/p] is clearly contained in Bs. This proves a), and b)
is obtained by the same reasonings: more precisely, the integer N of the
beginning may be taken as wa; 2;—1 = 2.

In the case of a system of étale integral DM projectors, the inclusion
QCng(A) C By improves to CHgt,o(A) C By, hence the last claim. O

(A) is torsion-free

Corollary 11.4. a) The subgroup CHng(A) of CHY (A)[1/p] does not de-
pend on the choice of (mYy) if s # 0. So does the subgroup C’ng(A) o
2CH (A)[1/p] in the case of étale integral DM projectors.

b) Let (ﬁi‘) be another set of projectors verifying Theorem 7.1; for x €
CH! (A)[1/p] and s, let x5 = 7% 5z and &5 = 7?%'_5:1;. Then xzs = &5 for
s # 0,1 and To — xg = x1 — T1 belongs to 4CH (A)[1/p], and even to
2oCHY (A)[1/p] in the case of étale integral DM projectors.

Proof. a) Indeed, CHgt,s(A) is the maximal divisible subgroup of B, for
s # 0 by Lemma 11.1 b) and Proposition 11.3 a). For s = 0, this follows
directly from (11.1).

b) For any s, the operator 72°~% — 7%~% is torsion by Theorem 7.1 b);
therefore it vanishes on the maximal divisible subgroup of CH (A)[1/p],
hence on C’Hém(A) for t # 0. On the other hand, for s # 0,1, x5 and Z;
belong to a common uniquely divisible subgroup by a), hence so does their
difference which is therefore 0. This gives the first claim, which implies

6Here, we write by convention wg,p := wp,q if a < b.
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To +x1 = To + T1. But 4(7% — 72 = 0, and even 2(7% — %) = 0 if (7))
and (77) are étale integral DM projectors. O

Corollary 11.5. We have C’Hgt’s(A) =0ifs¢[i—g,i].

Proof. By [5, Théoréme|, Bs; ® Q vanishes in this range. Therefore so does
CH{, .(A) ® Q by Proposition 11.3, and also CH}, ,(A) by Lemma 11.1 c).

ét,s

(Note that 1 € [i—g, i] except for i = 0 and that C’Hgm(A) = 0 trivially.) O
Corollary 11.6. We have CHéltJ(A) = Pic%(A).

Proof. We have CHélm(A) = B; by Proposition 11.3 a): this is Pic®(A)
since NS(A) is torsion-free.

O

Corollary 11.7. Let f : A — B be an isogeny. Then f*CHét,S(A) -
CHéitvs(B) for s # 0. If the (7)) and the (7%) are both étale integral DM

projectors, f.CHY o(A) C CHY o(B) ® 20H{ (B)[1/p].

Proof. Since nj; f, = fin’y for any n € Z, we have f,Bs(A) C Bs(B) for any
s. The conclusion follows as in the proof of Corollary 11.4. U

For the next corollary, note that B - Bf C B;Jﬂ for all 4,7, s,t, with
obvious notation.

Corollary 11.8. We have CH}, (A) - CHY, (A) € CH (A) if (s,t) #

ét,s+1
(0,0).
Proof. Indeed, in this case either CHY (A) or C’Hgtt(A) is divisible by
Lemma 11.1 b), hence so are their tensor product and its image in B;E

This image is therefore contained in the largest divisible subgroup of Biﬂ,

which is contained in CH;;?_H(A) by Proposition 11.3 (even if s+t = 0). O
11.2. The good divided powers. Let z € CH (A)[1/p] with i > 0, and
let n > 2. We first define y,(z) when z € CHy (A) for some s. Suppose
s # 0. Then 2™ € CHgénS(A) by Corollary 11.8. Since ns # 0, 1, this group
is uniquely divisible by Lemma 11.1 and we just set v, (z) = %T,L
Suppose now that s = 0. Then 2" = z[" 4+ y,,, with 2 ¢ CHQ{O(A) and
2y, = 0 (unique decomposition). In the torsion-free group C’Hgtl;O(A), z[!
is divisible by n! (same reasoning as in the proof of Proposition 1.1, using
Corollary 2.4). We define
[n]
() = %

In general, write z = Yz, with x; € CH., (A). We set

ét,s

yr(z,s) = Y ynlas)T" € CHE(A)L/p][T]
n>0
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where yo(zs) := 1 and v (zs) := x5,
yr() = [[rr(z, )

and 7, (z) = the n-th coefficient of yp(z).
We may extend the 7, by the same trick to inhomogeneous elements of
CHZ(A)[1/p] (this will not be used in the rest of this article).

Remark 11.9. This construction depends on the choice of (7)), and does
not satisfy the divided power identities in CHZ"(A)[1/p]. To get them, we
must go modulo 2-torsion as in the next subsection.

11.3. Etale motives modulo 2-torsion. We introduce here a category
which helps formulate our results:

Definition 11.10. For an abelian variety A and i > 0, we set
CHY, (4) = CHL,(A)[1/p] 20 Hiy (A)[1/p).
If B is another abelian variety of dimension gp, we set
Corrg (A, B) = CHYY (B x A).
We write /\;12%’ for the pseudo-abelian hull of the additive category with

objects abelian varieties and morphisms the Corrg(A, B), and he(A) for
the image of A in M‘;‘P

Note that the functors R : MZ‘P — M® and Rp : MZ‘E — M%b both
factor through M2P. One could equally define a larger category Mg, encom-
passing all smooth projective varieties, but the above would fail in general,
so this does not seem too useful.

We can now reformulate some of the previous results as follows:

Theorem 11.11. For any abelian variety A of dimension g,

a) A system of self-conjugate projectors (7'y) as in Corollary 7.8 b) induces
a system of self-conjugate projectors in Corrg (A, A) having the property of
[10] with respect to multiplications; we call it a system of DM projectors
modulo 2-torsion. We have

yonty =nimhy, 7wy o (na), =n*"'rY
for any i and any n € Z.
b) Fori >0, the direct sum decomposition

CHg, (4) = P CHy o(4)

where CiHéw(A) is the image of C’Hét’s(A) in CiHét(A), does not depend on

the choice of (mly); 04H2t7s(A) is divisible for s # 0 and torsion-free for s # 1.
c) If (7Yy) is étale integral (Definition 10.1), its image in Corr(A, A) is self-
conjugate and does not depend on the choice; we call it the canonical system
of DM projectors for A.



DIVIDED POWERS ON ABELIAN VARIETIES 29

d) If B is another abelian variety provided with a system (7'y) as in a) and
if f: A— B is a homomorphism, we have

2f*orly = 21 o f* € Corr(B, A), 277?39371'01"* = 2f*o7rigA7i € Corr(4, B)

for all i, where ga and gp are the dimensions of A and B. If the systems
(rY) and (my) are canonical, we can remove the factor 2 in both identities;

in particular, f*CHg (B) C CH,,(4) and f.CHE\'(4) € CHE'(B)
for any (i,s).
Proof. a) follows from Lemma 7.4 and Corollary 7.8 a). b) follows from

Corollary 11.4 a). c) follows from Lemmas 10.2 and 10.4. d) follows from
Theorem 7.5, Corollary 7.8 ¢) and Lemma 10.2 b). O
We now push ~7(z) in CHy, (A)[T]. We have:

Proposition 11.12. The function yr : CHZ (A)[1/p] — CHy (A)[T] fac-
tors through ﬁ;O(A).

Proof. Let i > 0 and z,y € CH. (A)[1/p], with 2y = 0: we must show that
2yr(x +y) = 2yr(z). Recall that y € CHgm(A) (Lemma 11.1 a)). This
already shows that vr(z,s) = vr(z + y,s) for s # 1; but for s = 1 and
n>1,

(w1 + )" = af +nya ™ = af

where the first equality comes from Proposition 2.6 d) and the second one
from the divisibility of CHg', (A) (Lemma 11.1 b)). Therefore v, (21 +y) =
V(1) O

Proof of Theorem 1.2. a) The divided power identities of the introduction
are all homogeneous of a certain degree N: N = 0,11in (1), N =n in (2)
and (3), N=m+nin (4) and N = mn is (5).

They are true tautologically after tensoring with Q, as well as in degree
N = 1. For the identities of degree N > 1, the target group is torsion free
(in CH,(A)!), as seen in the definition of the 7,’s, so they remain true.

b) Same argument as in a). (]

Definition 11.13. Although the ~;’s now verify the divided power identi-

ties, they still depend on the choice of (ﬂf;‘) in Cngto(A). If we choose the
canonical system of DM projectors as in Theorem 11.11 ¢), we shall talk of
the canonical divided powers.

11.4. Proof of Corollary 1.3. From now on, all abelian varieties are pro-
vided with their canonical divided powers (Definition 11.13).

For z € ﬁ;O(A), set
e’ = Z’yn(:c)

This is the polynomial yp(z) evaluated at T = 1. By Property (3) of
divided powers, we have the identity

(11.2) etV = e%el,
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Definition 11.14. Let ¢ € Pic(A x A) be the class of the (normalised)
Poincaré bundle. We define F4 as the (inhomogeneous) correspondence
given by e.

To prove Corollary 1.3 (i) and (ii), we want to follow the arguments of
[4, Proof of Proposition 3’]. However, this proof rests on Corollary 2 to
Proposition 3 in the said article, which, of course, rests on this proposition.
Therefore, we must first prove an integral version of that corollary.

Proposition 11.15. Let 7 : A X A — A be the first projection. Then
m.(ef) = [0] € CHZ (A).

Proof. We have to show that

0 ifi#g
™ Zf =
) {[0} ifi=g,

this being known after tensoring with Q by [4, Cor. 2 to Prop. 3]. Since
IS Ciﬂét’O(A x A), vi(0) € Cngmo(A x A) by construction. By Theorem

11.11 d), mey:(0) € CHét_f)(A). Since this group is torsion-free, we win.  [J

Thanks to Proposition 11.15 and its dual (transpose ef), Corollary 1.3
(i) and (ii) are proven as said before, by using (11.2) and Theorem 1.2 a).
Moreover, (iii) is given by the argument of Mukai [30, proof of (3.4)] and
Theorem 1.2 b).

Remark 11.16. If we relax the condition of taking the canonical divided
powers, Proposition 11.15, and therefore Corollary 1.3, remain true after
multiplying by 2.

11.5. Back to abelian schemes: proof of Theorem 1.10. Consider the
situation of Section 9. Let [ be a prime number. By Lemma 6.2, [ | w; ;—q—1
<= i—a—1>0and ! —1|a+ 1. Therefore [ divides the integer IV; of
Theorem 9.2 if and only if ¢ > 1 and

I —1]inf(cd(S) 41,7 — 1)*.
This implies the statement for the DM projectors, and we get the others
by the same arguments as above.

We leave it to the interested reader to refine the latter results in the style
of Theorem 9.2.

12. FURTHER PROPERTIES OF THE FOURIER TRANSFORM

12.1. DM projectors. Let (7)) be a system of projectors on A modulo
2-torsion (see Theorem 11.11 a)). We then get a system of projectors in
CHZ, (A x A) . '

T =Fa0 0 o Fyb.

Proposition 12.1. The 7',

2 also form a system of DM projectors modulo
2-torsion.
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Proof. This follows from the commutation of F4 and F; with isogenies and
from Corollary 7.8 a). O

i) is canonical if ()

Remark 12.2. It seems reasonable to expect that (7 4

is, but I don’t see a way to prove it.

Corollary 12.3 (cf. [5, Prop. 1]). a) The Fourier transforms Fa and F
exchange CiHEmS(A) and C7H§;;+S(A) for all (i,s).

b) The Pontryagin divided powers v of Corollary 1.4 respect these sub-
groups.

Proof. a) follows from Proposition 12.1 and Theorem 11.11 b); b) follows
from a) and the same property for the ~,. O

Corollary 12.4 (cf. [4, Cor. 1 to Prop. 3]). Let ¢ € Cﬁét(A) be a sym-
metric (resp. antisymmetric) element. Then the component of Fa(c) on

Cng;HT(A) is 0 if r is odd (resp. even).

Proof. Indeed, ¢ belongs to P Cﬁét,s(A) (resp. to P Cﬁét’s(A)). O

s even s odd
12.2. Beauville’s identities.

P:roposition 12.5. Suppose that A is provided with a polarisation ¢ : A —
A of degree v, induced by the class d € CH'(A) of an ample symmetric
divisor. Then we have, for any i € [0, g]

vFa(i(d) = (1) ¢u(vg-1(d), v (c) = v'y9-i(d)
where ¢ = y4—1(d). In particular,
(12.1) 7y(d) = v]o].
Proof. Same as for Proposition 11.15: the identities hold after tensoring
with Q by [4, Prop. 6 and Cor.. 2], but both of their terms are respectively
in the torsion-free groups Cint_ o(4) and CgHétvo(A) (for the first identity, by

Theorem 11.11 d) and Corollary 12.3 a); for the second one, by Corollary
12.3 b)). O

12.3. Application: Scholl’s formula for the DM projectors.

Proposition 12.6. In Proposition 12.5, suppose that the polarisation ¢ is
principal. Consider the correspondences

(122)  pi=(-1) > Ya(m1d) - (1 X $)*L) - Ye(m3d)

2a+b=2g—1i and b+2c=i

in CHY, (A x A), where 71, T are the two projections A X A — A (recall that
C is the class of the normalised Poincaré bundle). Let 7'y = p; o p;. Then
() is a system of DM projectors modulo 2-torsion.
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Proof. By [39, 5.9], the statement is true after tensoring with Q. Moreover,
(12.1) implies as in loc. cit. that > p; = 1 (this is the key point). We
note that Proposition 7.2 works equally well in CHg, (A x A). Hence the
claim. O

Remark 12.7. T cannot extend Proposition 12.6 to a non-principal polarisa-
tion as in [39], except of course up to multiplying by its degree. I am also
not sure what condition is needed on d to ensure that (') is canonical.

12.4. Jacobians of curves: Suh’s formula. Let C be a (smooth projec-
tive) curve of genus g, with Jacobian J. Choose a rational point on ¢ and,
for every i € [0, g, let Wl = [C9=9)] € CH?(J) be the corresponding cycle
class (image of S97¢(C) by the canonical map).

Theorem 12.8 (Etale integral Poincaré formula). a) We have W = ~;(d)
in CHy, (J), where d = W,
b) We have Wl Wlsl = ("T)Wlr+sl for any (r, s).

Proof. a) We first prove this after tensoring with Q. Then W = Yg—i(C)
where ¢ = [C] [29, (1.2.1], and the result follows from [4, Cor. 2 to Prop. 6]
(the rational version of the second identity in Proposition 12.5). But both

terms belong to the torsion-free group CiHéw(J ): for ~;(d) this is because
de CiHémo(J), and for W this is because nZW[i] = n2Wll for all n € Z,

and Ciﬂéw({] ) = By(J) with obvious notation (which follows from (11.1)).
Thus the formula holds integrally.

b) This follows from a) and the identity (4) in the introduction for divided
powers. O

The following corollary is an étale integral analogue (modulo 2-torsion)
of J. Sub’s formula for the Kiinneth projectors of J [41, Th. 4.2.3]:

Corollary 12.9. Consider the classes

(123) P, =(-1)’ > piwlel. pywld
2a+b=2g—1i and b+2c=i
X Z (—0)H prwld . rwlel . pswlfl e Corr(J, J).
d+e+f=b

Then the 7rf4 := P, 0 P; form a system of DM projectors modulo 2-torsion in
Corrg (J, J).

Proof. 1 claim that P; = p;, where p; is as in (12.2). The argument is the
same as in [41]: in (12.3), the term indexed by (d, e, f) is an expansion of the
term v, ((1 X ¢)*¢) in (12.2) given in Proposition 12.6, thanks to Theorem
12.8 a) and the identity (1 x ¢)*¢ = pjd + p3d — p*d. O
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Remark 12.10. Another formula for P; in Corre(J, J) is

—r—s r+s *yr7[r * —r—s] _ x117ls
124)  P=Y (-1 <s+z’—g>plw[]'“w[g il

This is proven by using Theorem 12.8 b) and the Chu-Vandermonde iden-
tity; details are left to the reader.

APPENDIX A. THE PICARD AND ALBANESE FUNCTORS

Definition A.1. We let AbS denote the full subcategory of commutative
k-group schemes whose objects are extensions of a constant, finitely gener-
ated group scheme by an abelian variety. If P € AbS, we write P° for its
identity component and P for P/P?. We say that P is discrete if P* = 0.
Let P, € AbS. We say that a homomorphism P(k) — Q(k) is repre-
sentable if it is induced by a morphism in AbS.

The aim of this appendix is to prove Theorems A.2 and A.10 below.

Theorem A.2. There exists a naturally commutative diagram of additive
functors

M 2, AbS

| l

My —5y ABS[1/p]

such that Pic(h(X)) = Picg (het (X)) = Picxy for any smooth projective X .

The functor X + Pic(X) = HZ(X,Z(1)) from smooth projective vari-
eties to abelian groups extends to a functor on M, and even on Myg; when
we invert p; we want to show that these functors induce the desired functors.
For this, we need a few lemmas:

Lemma A.3. The subfunctor X — Pic®(X) of Pic extends to a functor on
M, and even on Mg after inverting p.

Proof. If a: X — Y is a Chow correspondence, then a(Pic’(X)) C Pic®(Y)
because algebraic equivalence is an adequate equivalence relation. If « is
now an étale Chow correspondence, there is an integer n > 0 such that na
is algebraic. Since Pic’(Y') is the maximal divisible subgroup of Pic(Y), we
also have a(Pic’(X)[1/p]) C Pic®(Y)[1/p]. O

Lemma A.4. The category AbS is pseudo-abelian.

Proof. Indeed, any idempotent endomorphism e of AbS has a kernel, hence
an image (= kernel of 1 — e). O

Lemma A.5. Let A, B be two abelian varieties, and let ¢ : A(k)[1/p] —
B(k)[1/p] be a homomorphism. If there exists an integer n > 0 prime to p
such that ng is representable, then so is ¢.
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Proof. Since B(k) is Zariski dense in B, the homomorphism Ab(A, B) —
Hom(A(k), B(k)) is injective. The conclusion follows from a chase in the
commutative diagram of exact sequences

0— Ab(A,B) —*—  Ab(A,B) —— Hom(,A,B)

| | |
0—Hom(A(k), B(k)) —*— Hom(A(k), B(k)) —— Hom(,A, B(k))
where Hom(, A, B) is computed in the category of commutative k-group

schemes, and the last vertical map is an isomorphism. (We used that A and
A(k) are n-divisible.) O
Lemma A.6. For any P € AbS, the inclusion P < P has a retraction.

Proof. Let P = P/P° and PT be the inverse image of P, (a finite group) in

P. Then P° < P7 has a retraction because P is connected, and PT < P
has a retraction because Ext(P/Piors, —) = 0. The lemma follows. O

Lemma A.7. Let P,Q € AbS and let ¢ : P(k) — Q(k) be a homomor-
phism. Assume that the restriction of ¢ to PY(k) is representable. Then ¢
is representable by a unique morphism f: P — Q.

Proof. First, notice that the representing morphism f°: P? — @ is unique,
because P%(k) is Zariski dense in P°. Consider now the commutative dia-
gram of exact sequences

0— AbS(P,Q) —— AbS(P,Q) —%—  AbS(P,Q)

wr l !

0—Hom(P, Q(k)) —— Hom(P(k),Q(k)) —— Hom(P°(k),Q(k))
where the left vertical map is an isomorphism. By Lemma A.6, a is surjective
and the claim follows from diagram chase. O

Proof of Theorem A.2. We first deal with Pic. By Lemma A.4, it suffices
to define it on motives of smooth projective varieties. For this, we use
a theorem of Friedlander-Voevodsky (cf. [42, proof of Prop. 2.1.4]): for
two (connected) smooth projective varieties X, Y, the group CHYX (X xY)
is generated by classes of finite correspondences. Let « be such a finite
correspondence, assumed to be integral: the map
a: Pic(Y) — Pic(X)
factors as a composition
Pic(Y) L Pic(Z) 25 Pic(X)

where p and ¢ are the projections of Z on X and Y (here the existence of
ps« follows from the normality of X, [16, Déf. 21.5.5 and (21.5.5.3)]"). By
Yoneda’s lemma, to show that ¢* and p, are representable it suffices to show

In loc. cit., §21.5, finite morphisms should presumably be assumed to be surjective.
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that they extend to morphisms of Picard functors. This is trivial for ¢*,
while for p, it follows from [16, Prop. 21.5.8].

More directly, thanks to the finiteness of p, “Schapiro’s lemma” yields an
isomorphism

Hélt(Z7 Gm) =~ Hgt(X, psGm)

as well as a norm map N : p.G,;, — G,, induced by the norm on the
function fields; their composition is p4. This is obviously compatible with
base change.

To construct Picy,, it suffices to prove the representability of morphisms
a : he(X) — hee(Y) for X, Y smooth projective. By the existence of Pic,
na is representable for some n > 0, and therefore so is a by Lemmas A.5
and A.7. O

In order to get a correct adjunction statement, we need to introduce a
rather baroque category:

Definition A.8. a) We write ADS for the category where
e objects are triples (P,Q,a) where P,@Q € AbS, P free, and « is an
isomorphism PO Q°;
e a morphism (P,Q,«) — (P',Q’,d') is a pair of morphisms f : P’ —
P, g:Q — Q' such that a’o}a:gooa.
b) Let ¥ be the set of cyclic groups of the form Z/I" where [ is a prime
number different from p, n > 1 and Z/I" is a direct summand of NS(X) for

—_/ —_~—
some smooth projective X. We write AbS for the full subcategory of AbS
whose objects are the triples (P, @, a) such that any cyclic direct summand
of Qtors[1/p] of prime power order belongs to X.

The explanation of this category is given by the following definition:

Definition A.9. We write Picg for the functor M — Kf)/Sl[l/p] induced
by the rule

Pices (het(X)) = (Albx, Picg (het (X)), )
for X smooth projective, where Albx is the Albanese scheme of X and

a: Albx =5 Pic% is the canonical isomorphism between the Picard variety
of X and the dual of its Albanese variety.

(The existence of the component Alb x as a functor on My; is shown as
for Picg;.)
We now have the following complement toi Theorem A.2.

Theorem A.10. The functor ﬁl\c; has a fully faithful left adjoint hi_.
Corollary A.11. The functor hét 18 fully faithful. U

—_—~—/
Proof of Theorem A.10. The category AbS [1/p] is additive; to prove the
existence of hﬂr it suffices in view of Lemma A.6 to show that it is defined
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at objects of the form (A,A, 14), (P,0,1) and (0,Q,1) where A € Ab, P
and @ are discrete and P is free.

We set
(i) hL(P,0,1) = P*®1 where 1 is the unit motive and P* is the Z-dual
of P,

(ii) h1(0,Q,1) = Q ® L where L is the Lefschetz motive; this makes
sense since My is pseudo-abelian,
(111) h—ll-(Av Av 1A) = h}et(A)v
and check the adjunction property in each case; it is enough to check it
“against” motives of the form he (X) for X smooth projective and con-
nected.
We also have an obvious unit isomorphism

NeQa) * (PQ.) = Picahl (P.Q.a)
in each special case. We now check that the composition
p: Ma(HL(P.Q. ), het(X)) — ABS [1/p](Piceihl (P, Q). Piceshe: (X))
M09, 358 11/p)((P, Q. 0)), Pieaha (X))
is an isomorphism in each case:
Case (i).
Mgt (P* @1, he (X)) = Hom(P*, CH"(X))
= Hom(P*, Z) = P = AbS [1/p)((P.0, 1), Pica (hee(X)).
Case (i1).
M (Q ® L, het (X)) = Hom(Q, CH'(X))
ABS1/p)((0, Q. 1), Picas (ke (X)) = ABS(Q. Picx).

The isomorphism follows from a diagram chase similar to that in the proof
of Lemma A.7.

Case (iii).
Met(hey(A), heo(X)) = CHE (A x X)[1/p] o my
ABS[1/p]((4, A, La), Pica(het (X)) = AbS(Alby, 4)
where g = dim A. The map
p: CHY (A x X)[1/p] ol — AbS(Albx, A)[1/p]
is induced by the functor Alb. We have an exact sequence

(A.2) 0 — A(k) — AbS(Alby, A) — Ab(Alby, A) — 0.
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For | # p, p is an isomorphism on [-primary torsion by Proposition 8.1
and the isomorphism

ABS(ATby, A){1} = A(k){1}

stemming from (A.2). On the other hand, Cokerp is torsion-free, as one
sees by using cl; and Proposition 2.1 a).

Suppose first that A = J(C') for a curve C. Pick a point z € X (k). Then
Lemma 10.7 yields an isomorphism

Mei(hk (A), het (X)) ~ Pic’(C) @ Corr((C, ¢), (X, x))

which, in view of (A.2), implies that p is an isomorphism. In general, let C
be an ample curve traced on A. Then A is almost a direct summand of J(C'),
hence p has torsion kernel and cokernel and is therefore an isomorphism.
The fact that the unit morphism is an isomorphism implies that h}r is
fully faithful. O

APPENDIX B. OPEN QUESTIONS

B.1. p-torsion in characteristic p. Suppose k algebraically closed. If the
cohomology algebra @, H2 (A, Zy(i)) also has divided powers, we can
replace (r!), with 7! in Proposition 1.1. If, on the other hand, one looks for
a counterexample, the simplest possible instance is for p = 2 and a divided
square on H2 (A,Z,(1)). More specifically, one may ask the following
question:

Question B.1. Is there an abelian variety A over an algebraically closed field
of characteristic 2 and a divisor D on A such that 22 # 0 in H?(A,v(2)),
where z is the cycle class of D in H'(A,v(1))?

Here, v(n) = Qf,.
Roitman’s theorem, which is independent of the characteristic by [28].

In general, it would be interesting to understand what happens if one
does not invert p (see also footnote 4).

Note that one must have dimA > 3 in view of

B.2. Self-conjugate DM projectors.

Question B.2. Can one remove the condition that A is principally polarised
in Theorem 1.7 ¢)? This would be possible if, in Lemma 10.6, the converse
statement could be extended from “étale good” to “very good”. I was not
able to prove this.

B.3. Pontryagin divided powers.

Question B.3. In Corollary 1.4, we constructed a system of divided powers
on the ring CH*t(A) provided with the Pontryagin product. In [29], the
same was done on C'H,(A) by a completely different (geometric) method.

Does the natural map CH,(A) — ﬁit(A) commute with divided powers?
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B.4. Torsion in Néron-Severi groups.

Question B.4. How large is the set 3 in Definition A.8 b)?

B.5. Etale Picard motive. Let M € Mg. The counit of the adjunction
of Theorem A.10 is a morphism

hl Picg M — M
which yields in particular a morphism h} (M) — M.

Question B.5. After tensoring with Q, this morphism becomes split for
M = h(X), X smooth projective, by a Hard Lefschetz argument (see [39,
Th. 4.4 (ii)]), and one recovers Murre’s Picard motive from [32]. Does it
already split in Mg ?

B.6. Comparison with ordinary Chow groups. For a smooth projec-
tive k-variety X of dimension g, we have the following result ([9, Th. 3.11],
[35, Cor. 4.10]):

Proposition B.6. For any primel, there is a surjection with divisible kernel
HI73 (X, 1 (Qu/Zi(g — 1)) — Crons

where C' = Coker(CHI™1(X) ® Z; N H2-2(X,Z)(g —1))).

cont

Suppose that X is an abelian variety A. Understanding the group Cios
is relevant in view of the results of [11] and [12]. For any n € Z, n’ acts on
this group by multiplication by n?9=2. In view of §§6 and 7, this motivates
the following

Question B.7. What is the action of n¥ on HI3(A, 1% (Qi/Zi(g —1)))?

Any information on the said action (except if it involves multiplication
by 1n2972) would bound the order of Ciors.

B.7. Jacobians of curves.

Question B.8. Do the P; of (12.3) define integral DM projectors already in
Corr(J,J) = CHY(J x J)? Does the identity (12.4) already hold in this
group? (In [29, Th. 2.3], the identity of Theorem 12.8 b) is proven in
CH"*5(J), modulo 2-torsion, for certain hyperelliptic Jacobians).
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