UNRAMIFIED COHOMOLOGY OF QUADRICS, II

BRUNO KAHN and R. SUJATHA

Abstract

We compute the unramified cohomology of quadrics of dimension 4 in degree 4 over
an arbitrary field of characteristic different from 2. We find that it is related to classical
invariants of a more elementary nature, such as the group of spinor norms and the
projective special orthogonal group modulo Manin’s R-equivalence.
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1. Introduction
In this paper, we continue our investigation of the unramified cohomology of quadrics,
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initiated in [11]. Let F be a field of characteristic not equal to 2. For any F-scheme X,

let H' X denote the étale cohomology group Hét(X, Z/2),and let H' (X, i—1) denote
i C 1) — 1 ®i—1

the group H; (X, Q/Z(i — 1)), where Q/Z(i — 1) = h_r)n(n’Char Fy1 Hn . We recall

from [11] the unramified cohomology groups

H..(F(X)/F) = Ker (HiF(X)—> 11 Hf—lF(x)),

xex®

Hi (F(X)/F.i—1)=Ker |H'F(X,i—1)— [] H'(F).i-2)
xex®
for a smooth, proper, geometrically integral variety X over F. Extension of scalars
from F to F(X), the function field of X, determines homomorphisms

nh: H'F — H}.(F(X)/F),
n': H'(F,i—1) — HL(F(X)/F,i—1).

We are interested in the kernel and cokernel of né and ' when X is a quadric. If
X is the quadric defined by a quadratic form ¢, we sometimes write 77’2 q for precision.
We then have dim X = dim g — 2. For the reader’s convenience, let us briefly recall
the results of [11].

(a) For any quadric X and any i, Ker rlé = Kern'. For i < 4, there is an exact
sequence

0 — (Ker né)o —> Coker né —> Coker ', )

where
(Kernb), = o & Ker | - (1) =0).

Let us mention here that the construction of this exact sequence relies on the
Milnor conjecture. From the proof of this conjecture by Voevodsky, it follows that
(1) is in fact valid for any i (cf. [11, proof of Prop. 7.4]).

(b) Fori < 4 and dim X > 2i=2 _ 2 Ker r]é consists of symbols, that is, of
elements of the form (ay, ..., q;) foray,...,a; € F*. A symbol (ay, ..., a;) lies in
Ker né’ q if and only if g is similar to a subform of the Pfister form ((ai, ..., a;)). In
particular, it is
e trivial for dim X > 2/ — 2,

o at most Z/2 for dim X > 2/~1 — 2.

Although we feel that the above must remain true for any i, it is not a straight-
forward consequence of the Milnor conjecture and we do not know a proof of it, say,
fori =5.
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(c) For i <2, Coker ' = 0 for all quadrics. The group Coker 3 is zero, except
when X is an anisotropic Albert quadric (see Section 1.3 for a definition), in which
case this group is isomorphic to Z/2. Then the map Coker ;7% — Coker n? is bijective.
As for Coker n*, our main results are as follows. This group is zero for dim X = 1
or dim X > 10. For dim X > 4, it embeds canonically into the 2-torsion of CH3 (X),
which is itself at most Z/2 (Karpenko).

Here we deal mostly with the cases i = 4, dim X = 2, 3, 4. The cases where
i =4,5 <dim X < 10 are dealt with in another paper (see [12]). This paper also
contains the results on real quadrics announced in [11].

Let us now describe the results of the current paper.

1.1. The sequence (1)
A vexing issue is whether the map Coker né — Cokern' is always surjective. We
can prove the following theorem.

THEOREM 1
Suppose that F contains all 2-primary roots of unity. Then, for any quadric and any
i >0, the map Coker né — Coker ' is surjective.

It seems quite difficult to make a descent from Theorem 1, even when F contains
a fourth root of unity. The minimal possible counterexample to surjectivity is when
i =4 and X is a virtual Albert quadric (see Section 1.3 for a definition). To the best
of our efforts, we have not been able to decide what happens in this case. At least
we are able to prove surjectivity if we assume in addition that the 2-cohomological
dimension of F is less than or equal to four (see Theorem 5).

1.2. Ker ’73
Let us say that a subgroup A of H' F is generated by its symbols if every element of
A is a sum of symbols, each of which belongs to A.

Obviously, A is generated by its symbols if it consists of symbols. The results
recalled above then imply that Ker né is generated by its symbols for i < 4 and
dimX > 272 — 2. For i < 3, this covers all quadrics, and for i = 4, it covers
all quadrics of dimension greater than two. The following theorem deals with the
remaining cases for i = 4.

THEOREM 2

For any quadric X of dimension less than or equal to two over F,
. Kerrfz1 = HlF-Kerng,

o Ker ng is generated by its symbols.
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To prove Theorem 2, we use the results of [17]. We note that, amusingly, the compu-
tation of Ker 71‘21 for a 3-dimensional Pfister neighbour, which is the main step in [6]
and [23], can be easily deduced from [17, (9.2)] and Theorem 2.1. We also provide
an alternate proof of Theorem 2, in characteristic zero, by using the results of [10]
(see Remark 2.7).

Note the following corollary to Theorem 2 and the results recalled before it (cf.
[5, Prop. 3.2)).

COROLLARY 1
Leti <4, n > 0and q, ¢ be, respectively, a quadratic form and an n-fold Pfister
form over F. Then

¢"(¢)Kernh ,,  Kerny i .

Proof

We argue as in [5]. We have to prove that, for x € Ker né e e"(¢) - x € Ker n"“

) 2,08q°
By Theorem 2 we may assume that x is a symbol, say, x = ¢'(7) for an i-fold Pfister

form 7. Since xp) = 0, we have tr) ~ 0 (see [21]); hence g is similar to a
subform of t (see [1, Satz 1.3]). Then ¢ ® ¢ is similar to a subform of the (n + i)-
fold Pfister form ¢ ® t. Therefore (¢ ® T)p@pag) ~ 0 and " (¢ ® T)Fipeqy) =

@ (@) - X)Fpeq) = 0. 0

1.3. Coker 17‘2‘ and Coker n*
Here we need to assume that char F = 0. We have the following results.

THEOREM 3
Let X be a quadric of dimension 2 or 3. Then Coker n*=0.

By [11, Prop. A.1 and A.2], the same result holds for dim X = 1 or O (the latter with
a suitable definition of Coker n*).

Assume now that dim X = 4. For the reader’s convenience, we recall the classifi-
cation of (anisotropic) 4-dimensional quadrics used in [11]. Let X be such a quadric,
let ¢ be a quadratic form defining it, and let d = d+q € F*/F*2.

o Neighbours:d # 1, q FJd) is hyperbolic. (These are the 6-dimensional gs that are
Pfister neighbours.)

o Intermediate quadrics:d # 1, q FJd) is isotropic without being hyperbolic. (These
forms did not receive a name in [11].)

* (Anisotropic) Albert quadrics: d = 1.

o Virtual Albert quadrics: d # 1, q F(Jd) is anisotropic.
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THEOREM 4
Let X be a 4-dimensional quadric.
(a) If X is neighbour or intermediate, then Coker n* = 0.
(b) If X is an Albert quadric, then cup product by the generator e of Coker n3
gives an isomorphism
F*/Sn(X) = Coker n*.

Here Sn(X) is the group of spinor norms of X, that is, the subgroup of F* generated
by products of two nonzero values of q, where q is any quadratic form defining X.

(¢) If X is a virtual Albert quadric of discriminant d, let E = F(~/d). Then there
is an exact sequence

C
Coker n‘;: _EE, Coker n4 —> PSO(q, F)/R — 0,

where Coker ’7‘1‘5 = Coker n‘)‘(E and PSO(q, F)/R is the group of rational points of
the projective special orthogonal group of q, modulo R-equivalence. Here q is any
quadratic form defining X.

In [20], Merkurjev shows that if ¢ is a quadratic form of dimension less than or
equal to six, the group PSO(q) is not R-trivial if and only if ¢ is a virtual Albert
form. It is therefore striking to see the group PSO(g, F)/R appear as a quotient of
Coker n* in the latter case. This is the first known cohomological description of this

group.

COROLLARY 2
In Theorem 4 the map Coker 17‘21 — Coker n* is surjective, except perhaps in the case
of a virtual Albert quadric.

Proof
Indeed, the only issue is that of an Albert quadric. By [11], Coker n% — Coker 1> is
then bijective, so cup product by the element e of (b) factors through Coker n%. O

We have not computed the kernel of the map F* — Coker ”3 in Theorem 4(b); this
would be an interesting exercise.

THEOREM 5
Let X be a virtual Albert quadric. Then the cokernel of the map

Coker 13 —> Coker 7*

is a subgroup of Ker ng/(—l) - Ker 773- In particular, it is zero if cdr(F) < 5.
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For the proof of Theorems 3, 4, and 5, we use the results of [10]. This is the
only reason why we need to assume that char F = 0, as the spectral sequences
of [10] rely on results of Voevodsky which require resolution of singularities. Al-
though he declined to be a coauthor of this paper, it was Markus Rost who first
suggested that Theorems 3 and 4(b) should hold. He also explained the proof of
Theorem 3 that we give here, assuming the existence of spectral sequences as in
[10].

The structure of this paper is as follows. Theorem 2 is proven in Section 2.
Theorem 3 is proven in Section 3, which also contains material for the next section.
Theorem 4 is proven in Section 4; the most daunting case is that of a virtual Albert
quadric; Theorems 1 and 5 are proven in Section 5. Finally, we construct in the
appendix a spectral sequence analogous to those of [10] for an affine quadric; this
spectral sequence is used in Section 4 for the virtual Albert case.

2. Proof of Theorem 2

Let X be a smooth, projective quadric of dimension greater than or equal to one.
Choose a conic C traced over X, and let D be the quaternion algebra associated
with C. If C is defined by a 3-dimensional form ¢, then D = Cy(g). Recall from [17]
the algebraic K-theory K, (X, D) of X with operators D (denoted there by K f (X)),
this is the K-theory of the exact category of locally free &'x-modules provided with
a left action of D. We have a Brown-Gersten-Quillen spectral sequence

Ey?=HP (X, 7)) = K_, 4(X. D), )

where HP (X, L%QDq) denotes the pth cohomology group of an appropriate Gersten
complex. We also have a Swan-style isomorphism

K*(D)n@K*(CO ®F D) :>K*(Xa D) (3)

described in [17, (4.1)]. (Here n = dim X and Cy = Cy(g), where ¢ is any quadratic
form defining X.)

THEOREM 2.1
There is a natural isomorphism

HO(x, )

Ker 3 = XD

Proof
Consider the following commutative diagram:
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H*F(C) = H*F(C x X)

H*F i H*F(X)
D] D]
0 K> F KFx) 4 o 1] KiFe
xex®
Nrd Nrd Nrd

kD kpx) 4 | Kipw)
rex

In this diagram both rows are complexes, and the maps labeled d and d’ have
(by definition) respective kernels H 0(X, #) and HO(X, %D ). The top horizontal
map is injective because X is isotropic over F(C). The columns are exact at H*F
and H*F(X) by the 1-dimensional case, and at K> F and K, F(X) by [17, Th. 2].
The bottom right square commutes by [17, (3.14)]. Finally, the reduced norm on
K of quaternion algebras is injective by Wang’s theorem, so that the bottom right
vertical arrow is injective. These remarks and an easy diagram chase give the map
we want.

The third row of the above diagram is exact. At K> F' it follows from [24, Th. 3.6]
and at K F(X) it follows from [24, Cor. 5.6], since X is a complete rational variety.
This implies that our map is an isomorphism. O

PROPOSITION 2.2 (see [17, §11])

Let n = dim X. Then

(a) the norm homomorphism H" (X, ji/n?_]) i) KD is an isomorphism;

(b) the natural map H" (X, '%/nl—)i-l) — K1(X, D)™ is an isomorphism.

In particular, all differentials arriving at H" (X, %/ngl) in the spectral sequence (2)
are zero.

(The results of [17, §11] in fact concern the case n = 3, but the proofs are easily seen
to carry over for any n.)

COROLLARY 2.3
If n = 2, the map K»(X, D) — HO(X, %D) is surjective. Therefore there is a
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canonical isomorphism

K2(X, D)V __ HO(X,.6P)
—_— .
K> D K> D

Suppose dim X = 2;letd = d+ X, and let £ = F(«/E). Then Cy >~ D ®F E; hence
Co ®F D is a simple algebra similar to E. On the other hand, X is hyperbolic on
E(X); hence E(X) splits D(X) := D ®F F(X) and so is contained in D(X). This
allows us to define a map v : Ky E — K, D(X) as the composite

K.E — K E(X) — K.D(X).

PROPOSITION 2.4
The composite

K.D® K.D ® K,E = K,(X, D) — K.D(X)

maps a triple (f, g, v) to fpx)+ &px) +v(v). Here the first map is Swan’s isomor-
phism (3).

Proof
This follows from an elementary computation in the spirit of [17, (4.3), (4.11)]. O

COROLLARY 2.5

The composition

K>(X, D)V
K>D

is surjective, where the first map is given by Swan’s isomorphism.

K>E < K»(X, D) — K»(X, D)V —

PROPOSITION 2.6
Let X be a 2-dimensional quadric defined by a quadratic form of discriminant d # 1
and E = F(J/d). Then the corestriction map

Corg/r : Ker (H*E — H*E(X)) — Ker (H*F — H*F(X))

is surjective.

Proof
By Theorem 2.1 and Corollaries 2.3 and 2.5, it suffices to prove that the map
I®N,
K2(E ®F E) —25 Ky (E)

is surjective, which is obvious. ]
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Proof of Theorem 2

The statement is true for quadrics of dimension zero by the long exact sequence for a
quadratic extension (see [1, Satz 4.5], [21]). If dim X = 1, then by [19, Prop. 3.15] and
the Milnor conjecture in degrees 2 and 3 (see [16], [21]), one has Ker n* =c(g)-H?F,
where ¢ is a quadratic form defining X and c(g) is its Clifford invariant. Theorem
2 follows from this by reapplying [16]. If dim X = 2 and X is defined by a 2-fold
Pfister form, then Ker nﬁ'( = Ker n‘é, where C is a conic traced on X [11, Prop. 2.5
¢)], so Theorem 2 follows from the 1-dimensional case.

Finally, let X be defined by ¢ = (d, —a, —b, ab), with d ¢ F*Z, and let £ =
F(+/d). Note that ¢ is the 2-fold Pfister form ((a, b)), so Ker(H*E — H*E(X)) =
(a,b) - H*E by the above. Let (a, b) - x € Ker(H*E — H*E(X)), with x € H?E.
By [16], x is a sum of symbols and, by [2, Cor. 5.3], it is even a sum of symbols of
the form (y, e), with y € E* and e € F*. Now

Corg/r(a,b,y,e) = (a, b, Ng/ry, e).
This proves both (a) and (b), since

(a,b, Ngjry) = Corg/p(a, b, y) € Ker (H'F — HF(X)). O

Remark 2.7

In characteristic zero, one can give an alternative proof of Theorem 2 by using the
results of [10]. By [10, Cor. 5.5], there is (for any quadric X) an exact sequence after
localisation at two:

0 —> H'(X, 7)) — Ka(E1) —> Kern* — H2(X, #5) — H2(X, .45),

where E| is a certain étale extension of F associated to X. If dim X = 2, we have by
[10, Prop. 6.2, Lemma 8.2, and Cor. 8.6] (see also [10, Cor. 6.3]),

Ei = E = F(Vd),
§({a, b}) = Corg/r ((a,b) - c(q)).

On the other hand, the map H*(X, %) — H*(X,. %) is injective (cf. [21,
Lemma 2.6]).

3. Coker 7*: Some preparations. Proof of Theorem 3
Let X be a quadric over F. Recall that, by [10, Th. 4.4], there is a spectral sequence
for any n > 0,

Eg’q(X, n) = Hélz_q(F, CHq(Xs) QR Z(n — q)) = HPt4 4)
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with maps HP — H}"7(X, Z(n)) which are bijective for p-+¢ < 2n and injective
for p+q = 2n+1.Here H; (X, Z(n)) is étale motivic cohomology and X; = F;®F X,
where Fj is a separable closure of F. These spectral sequences are compatible with
products and transfer.

Suppose n < 3. Then one has Hé"tJrl (F,Z(n)) ® Z) = 0 (Hilbert’s theorem 90);
from this one deduces that

EyP TN (X n+ ) ©Zp) =0 ©)

for any ¢ > 0 (see [10]). (In fact the restriction on n is not necessary in view of
Voevodsky’s proof of the Milnor conjecture (see [26]), but we do not need this here.)

Specialising (see [10, Cor. 5.5]) to quadrics, dimension by dimension, and taking
[10, Prop. 6.2, Lemma 8.2, and Cor. 8.6] into account, we obtain the complexes below
after localisation at two.

3.1. The cases dim X = 2, 3; proof of Theorem 3
If dim X = 2, Coker n* is a subgroup of the homology of

4
H2(X, 45) = F* > H3E. (6)

Here E = F(V/d), &* is the map H*(X, %3) — H*(X, . #%3)°F ~ F*, and
d(x) = (x)E - c(gg), where ¢q is a quadratic form defining X; § is the differential
d; ’2(X , 3) of the above spectral sequence. (Note that CH3(X ) = 0.) By [4, Prop. 2.3],
(6) is exact.

If dim X = 3, Coker n* is a subgroup of the homology of

4
H2 (X, 45) — F* 25 HOF. %)

Notation is as above, except that § (x) = (x)-c(q). (Note that CH'(X) — CH'(X)
is surjective and CH3(X)tOrs = 0 (see [13]).) By [11, computation before Cor. 5.3]
and [18, Cor. to Th. 7], (7) is exact.

We have proven Theorem 3. O

3.2. The case dim X =4
If dim X = 4, there is a complex

0 —> Coker n* — CH3(X)iors — H®(X, Z(3)), ®)

and the kernel of the first map is a subgroup of the homology of

4
H2(X, 45) — E* 5 HOF. ©)
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Notation is as above, except that § (x) = Corg,r((x)-c(gg)). (Note that CH'(X)
— CHI(Y) is surjective.) By [13, Cor. 4.5, Th. 7.3, and Remark 7.2], CH3(X)K,rS =
Z/2 if X is intermediate or a neighbour, and zero otherwise.

In the Albert and virtual Albert cases, we need the following more precise fact
(see [13]). The differential d;’ ‘Z(X , 3) of the spectral sequence (4) acts as

&3
Ker6 — H”(F, 3); (10)

one has Im&* C Ker d3'*(X, 3) and the kernel of the first map in (8) is isomorphic
to Ker d33’2(X, 3)/Im £4. We see that, in fact, d33’2(X, 3) = 0 for any 4-dimensional
quadric X.

We need the following lemma here only for n = 1,2 (n = 2 for the proof of
Proposition 4.5, n = 1 for the proof of Lemma 4.17).

LEMMA 3.1

Let X be a 4-dimensional quadric, let h be a hyperplane section of X, and let cl' (h)
be its class in H*(X,Z(1)). Let 7 : X — Spec F' be the structural map, and let
B :Z1/)2¢ ~71)2(n)sy — Z(n)[1]g be the integral Bockstein. Then the sequence

H'NE, 2/2) 25 H™2(F, Z(n)) 2> H"™(X, Z(n + 1))

is exact after localisation at two for 0 < n < 3, where A(x) = BCorg/r(x - c(qE))
and B(y) = (7*y) - cl' (h).

Proof

Let FPH™(X, Z(n)) be the (decreasing) filtration induced on H™ (X, Z(n)) by the
spectral sequence (4). By multiplicativity, the image of B is contained in F"*2 H"+4
(X, Z(n + 1)). The factor group

F'P2H" (X, Z(n + 1))
F”+3H”+4(X, Z(n + 1))

= E"22(X,n+1)

is a subquotient of E;’ +2’2(X ,n+1). Forn < 4, the latter is zero by Hilbert’s theorem

90 (see (5); remember that everything is localised at 2); hence F n+2gntd(x, Z(n +
1)) = FPB3H™4 (X, Z(n + 1)). Dividing by F"*t* we therefore get an induced
map

H'™2(F, Z(n)) => E"F3 (X, n+ 1),

For n < 3, the differential hitting the corresponding E,-term is zero for r > 2,
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by dimension counting. So, in this range, there is a commutative diagram

ES N (X,n+1)
d;l+1,2

Im

an

H'"™2(F, Z(n)) — 22— EX3 (X.n + 1)
where the vertical arrow is injective. We have an isomorphism
EFY (X, n+ 1) = H"P2(F,CH' (X,) ® Z(n)) = H""2(F, Z(n)).

This isomorphism identifies the oblique map in (11) with the natural projection.
Indeed, by multiplicativity, it suffices to check this for n = 0. In that case we have

dy 1.2 — 0, and we are left to prove that the composition

HY(F,7) 2> HY(X, Z(1)) = H2(F,CH'(X,))

is the identity (identifying CH'(X,) with Z via its generator /), where e is the edge
homomorphism of the weight 1 spectral sequence. This is clear, again by multi-
plicativity. Lemma 3.1 follows, using [10, Cor. 8.6 and 6.3] for the values of the d»
differentials. O

4. Proof of Theorem 4

4.1. Generalities
Let X be a 4-dimensional quadric defined by the 6-dimensional quadratic form g. We
constantly use the Clifford algebra C(g) and even the Clifford algebra Co(g) of ¢,
for which we refer to [15, Chap. V] or [14]. Letd = d+q and E = F[z‘]/(z‘2 —d), so
that

F(Vd) ifd ¢ F*,

Fx F ifde F*2.

E =

Recall that C(g) is a central simple algebra of degree 8 over F and that Cy(q)
is an Azumaya algebra of degree 4 over E; if d = 1, then C(g) >~ M>(A) and
Co(g) =~ A x A, where A is central simple of degree 4 over F. In general, by scaling
q (e.g., ensuring 1 € D(q)), we may and do assume that ind C(g) < 4.
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PROPOSITION 4.1

In (9), we have

(a) Kerd ={a € E* | Ng/r(a) € F*2Nrd C(q)*};
(b) Im&* = F*Nrdc,(q)/E Co(g)*

Proof
(a) For a € E*, we have

8(a) = Corg/r ((a) - ¢(qp)) = (Ng/F(@)) - c(q).
Since ind C(g) < 4, the sequence

F2Nd C(q)* — F* <2, m3F

is exact by [18, Cor. to Th. 7], hence the claim.
(b) By the same arguments as in [18, pp. 74—75], we have

Ki(X)® = F*h* @ F*h® @ K1(Co(q)),
where £ is the class of a hyperplane section. Over the separable closure Fy, we get
Ki(Xs)? = F*h’ @ F*h* @ F*P1 & F* Py,
where P;, P, are the classes of two conjugate plane sections. Therefore
(Kl(XS)Q))GF ~ F*}2 ® F*p3 @ E*,

and for this decomposition, the map K1(X YD 5 (K1(X)®)CF induced by exten-
sion of scalars has matrix (I?(: Igd N8d ) (Remember that Cy(q) is an Azumaya algebra
over E.) On the other hand, H2(X;, J3) = Ff QCH?(X,) = FFXP1®F; P, and with
this decomposition, the projection K (X;)® — H?(Xj, .#3) has matrix (14 1d 0).
Hence the map F*h> @ F*h> @ E* ~ (K{(X,)®)9F — H*(X,, #3)°F ~ E* has
matrix (A 01d), where A is the embedding F* — E*. Finally, the composite map &

has matrix
d 0 0
(A 0 Id[0 Id 0 |=(A 0 Nrd).
0 0 Nrd

By [18, Prop. 2], Kl(X)(z) — HZ(X, J#3) is surjective; hence @ has the same
image as £%. The conclusion follows. O

4.2. The neighbour case
It was proved in [11, Th. 6(3)].
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4.3. The intermediate case
The following lemma lifts a result of Szyjewski [23, Prop. 3.3.6(b) and 5.4.6] from
mod 2 cohomology to motivic cohomology. For any smooth variety X and n > 0, let

cl" : CH"(X) — H2"(X,Z(n))

denote the étale motivic cycle map.

LEMMA 4.2

Let Y be the 3-dimensional quadric defined by any neighbour of the 3-fold Pfister
form {{a, b, c)). Let m : Y — Spec F be the structure map, and let e be the nonzero
torsion element ofCHz(Y) (see [23, Prop. 3.3.6(b)], [13, Th. 6.1]). Then

cl’(e) = n*B(a, b, c).

Here (a,b,c) € H*(F,Z/2) = H3(F,Z/2(2)) is the cup product of the Kummer
classes of a, b, ¢, and B - H>(F,Z/2(2)) — H*(F, Z(2)) is the integral Bockstein.

Proof
The spectral sequence (4), together with [10, Cor. 8.6], yields another exact sequence

0 — H*(F,Z(2)) = H*(Y, Z(2)) — CH? (Y5,)".

Let K = F(Y). We get a commutative diagram with exact rows:

0—— H*(K.Z(2)) > H*(Yx. Z(2)) —> CH2 (v, )
00— H*(F, 2(2)) —“ H*(Y, Z(2)) — CH? (v;) "

The right vertical arrow is an isomorphism. The left one coincides via the
Bockstein map with

H(F,Q/Z(2)) — H*(K,Q/Z(2)).

The kernel of this map is 2-torsion by the usual transfer argument. Since H>(F,
Z./2) injects into H 3(F,Q /Z(2)) (see [16]), it coincides with the kernel of

H3(F,Z/2) — H3(K,Z/2)
which is generated by (a, b, ¢) (see Arason [1, Satz 5.6]). All this implies that

Ker (H*(Y, Z(2)) — H*(Yx.Z(2))) = (n*B(a. b, 0)).
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Recall from [9] or [10] the short exact sequence

0 — CHA () <L, HY(Y,Z(2)) — H°(Y, #°(Q/Z(2))) —> O.

Since Yk is isotropic, ex = 0; hence cl®(e) = w*B(a, b, ¢) since cl? is injective.
O

Remark 4.3
Lemma 4.2 shows incidentally that, if ¢ is any neighbour of a 3-fold Pfister form ¢,
the map CH2(X¢)t0rS — CH? (Xy)tors 18 an isomorphism.

LEMMA 4.4

Let g = {{a, b)) L (—c, cd) be an anisotropic 6-dimensional quadratic form, and let
E = F(+/d). Then the equation

(a,b,c) = Corg/r (x - (a,b)g) € H(F,Z/2)

has no solution in x € H'(E,Z/2).

Proof
Let x be a solution; then
(a, b, cN(x)) =0.

By [21], this implies that the 3-fold Pfister form ((a, b, cN(x))) is hyperbolic or
that
((a, b)) = cN(x){(a, b)).

Therefore
g = cNx)((a, b)) L (—c,cd)
= cN@)({(a. b)) L N(x)(—1.d))
= cNW)(((a, b)) L (=1,d)),
and the last form is isotropic, thereby contradicting the hypothesis. O

PROPOSITION 4.5

Let X be intermediate. Then

(a) the map CH? Xiors — HO(X, Z(3)) of (8) is injective;
(b) in (9), Kers/Img* = 0.

Proof
(a) Let ¢’ be a 5-dimensional subform of a form g defining X which is a Pfister
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neighbour, and let Y be the corresponding hyperplane section of X. Let i be the
corresponding closed immersion. We have a commutative diagram

CH?(Y) . H*(Y, Z(2))

CH?(X) S HS(X,Z(3))

where both vertical maps are Gysin maps. Recall that CH2(Y Yiors and CH? (X)tors are
both isomorphic to Z/2 [13]. Let e be the nonzero torsion element of CH2(Y). We
show that i, cI?(e) # 0. This shows both that i,(e) is the generator ¢’ of CH3 (X)ors
and that cI3(¢’) # 0.

By Lemma 4.2, cl®(e) = wyB(a,b,c) =i*nyp(a,b,c), where my (resp., mx)
is the structural map for Y (resp., X). Then, by the projection formula,

ixcl>(e) = w5 B(a, b, ¢)ixi*(1) = n§B(a, b, ¢) cl' (h).

By Lemma 3.1 (applied for n = 2), this element is zero if and only if B(a, b, ¢) =
BCorg/r(x - c(qp)), with x € H'(E,Z/2), that is, if and only if (a,b,c) =
Corg/r(x-(a, b)). Since X is anisotropic, this equation has no solution by Lemma 4.4.

(b) By scaling ¢, we may assume that ind C(q) = 2. Let A be a quaternion
algebra similar to C(q). Let a € E* be such that Ng,r(a) = Nrd(b), with b € A*.
Choose a maximal subfield L C A containing b, so that Nrd(b) = Np,r(b). Let
K = EL. By an easy consequence of [25, Cor. 2.10], there is a pair (A, u) € F*x K*
such that @ = ANk g (u); hence a = A Nrd(u), where u is viewed as an element of
E ®r A ~ Cp(q). We are therefore through by Proposition 4.1(b). O

Theorem 4 in the intermediate case follows from (8), (9), and Proposition 4.5.

4.4. The Albert case

LEMMA 4.6 (Rost)
Let g be an Albert form. Then

Sn(q) = {f € F*| f* e Ntd C(¢9)*}.

This lemma can be found in [14, Prop. 16.6]; for the reader’s convenience we give a
self-contained proof. Let

ST(q) = {x € Co(@)* | xVx~' =V}
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be the special spinor group of g, where V C Ci(q) is the underlying vector space of
q (see [11, §4]). Let x — x' be the unique involution of C(g) whose restriction to V
is the identity, and let sn(x) = xx’. As is well known, sn(x) € F* for x € ST'(q) and

Sn(g) = sn (ST'(g)).

‘We have
Colgq) A x A, C(q) ~M(A)

for a biquaternion algebra Aj; in particular, Nrd C(¢)* = Nrd A*. By [11, Cor. 4.3],
there is an exact sequence

1 — ST(q) 2, A% x F* 25 F*,

where p; is given by the first projection Co(q) — A and w(a, f) = Nrd(a)/ 12
Lemma 4.6 follows tautologically from this exact sequence.

LEMMA 4.7
Let X be a nonhyperbolic Albert quadric. Then d32 ’2(X , 2) = 0 in the motivic spectral
sequence (4).

Of course, the lemma also holds if X is hyperbolic, but we do not have to use this fact.

Proof
Recall the complex
2 £ 2 Gr 47X
CH”*(X) — CH" (X,)"" —— Br(F)

from [10, 5.3]. By [10, 5.3] there is an exact sequence

2,2

2
0 —> Cokern® — H —— H*(F,2), (12)

with H := Kerdy?/Im £°.
By a computation similar to that of Proposition 4.1, we have

Kerdy(X,2) = [aPy + bPs | a = b (mod2)},
Imé&* = {aP +bP, | a=b (modm))
as subgroups of CH2(X,)CF = ZP, ® Z.P>. Here

4 if X is anisotropic,

2 if X is isotropic.
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Indeed, the first equality follows trivially from d22 ’2(P1) = d22 ’2(P2) =c(X) # 0 (see
[10, Th. 8.3]); the other one follows from CH?(X) = (h?, mP;) (see [13]). (Recall
that h> = Py + P,.) This shows that
Z/2 if X is anisotropic,
H ~
0 if X is isotropic.

On the other hand, if X is anisotropic, then Coker n3 ~ Z/2 by [11, Th. 5]; and
if X is isotropic, then Coker 7> = 0. This shows that the first map in (12) is bijective,
hence the claim. O

PROPOSITION 4.8

Let X be an anisotropic Albert quadric. Then
(@) d;*(X,3)=0in (10);

() CH’(X)iors = 0.

Proof
(a) We have a commutative diagram of exact sequences (defining H')

Im&3 @ F* —=Kerd;*(X,2) @ F* —= H® F* —=0

A ul VL (13)

0 Im &4 Ker d3 (X, 3) H' 0

where the vertical arrows are given by cup product. This first yields an exact sequence
Coker A —> Coker 4 —> Coker v — 0. (14)

Proposition 4.1 and the computation in the proof of Lemma 4.7 identify the left
square of (13) with

{,y) e F*x F*|xy e F*} ——{(x,y) € F* x F* | xy~! € F*?}
{x,y) e F*x F*|xy ' e N} ——={(x,y) € F* x F* | xy~! € F**N}
where N := Nrd C(g)*, and hence the first map of (14) with
N/F* — F2N/F*.

This shows that v is surjective. By Lemma 4.7 and the multiplicativity of the
spectral sequences, this proves (a).
(b) This follows from Karpenko [13]. O
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Remark 4.9

For future reference, we give a precise description of the map v in diagram (13). By
the computation in the proof of Lemma 4.7, the generator ¢ of H is represented by
2P, € Ker dzz’z(X, 2). Therefore, for f € F*, v(e ® f) is represented by (1, f2)in
Kerd;(X,3) € F* x F* (cf. (9)).

Proof of Theorem 4 in the case of an Albert quadric

In view of Proposition 4.8, (8), (9), and (10), the group H’ in (13) can be identified
with Coker n*. In the course of the proof of Proposition 4.8(a), we have seen that the
map v in (13) is surjective; hence we are left to prove that Ker v = Sn(g). This is a
consequence of the following diagram chase. We have H @ F*< F*/F*2, induced
by cup product with the generator e of H< Coker n3(~ Z/2). Let e ® f € Kerv.
Lift f to 2P) ® f € Kerdy (X, 2) ® F* (see Remark 4.9). Then u((2P2) ® f) =
(1, f?) € Ker d;’Z(X, 3), viewed as a subgroup of F* x F* (cf. Proposition 4.1(a)).
By assumption, (1, f?) € Imé&*, which means that f> € N. But this condition is
equivalent to f € Sn(g) by Lemma 4.6. O

4.5. The virtual Albert case
In this subsection we let

/

_ Kerd; (X, 3)

Im &4
denote the homology of the exact sequence (9). Recall, for a quadratic form ¢, the
group of similarities of ¢

G(q) ={a € F* | aqg ~q}.

LEMMA 4.10
Let g be an even-dimensional form of discriminant d # 1, and let E = F (+/d). Then
G(q) € Ng/r(E™).

Proof

Let a € G(q). Then (1, —a) ® g ~ 0. The lemma follows from taking the Clifford
invariant of both sides. (The left one is (a, d).) O
LEMMA 4.11

Let X be virtual Albert, let d be its discriminant, and let E = F(/d). Then, in (9),

Kers = N/ (G(q)).
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Proof
By the description of § = d;’z(x, 3) (see Section 3),

Ker§ = {a € E*| Ngjr(a) - c(q) = 0}.
Let a € Ker §, and let
¢ =(I,-N@)®gq.
Then ¢ is a 12-dimensional form in /2 F. We have
) =e' (I, =N@)) - e' (@) = (N(@) - @) =0,
SO @ € I3F. We also have ((N(a), d)) ~ 0; hence o~ (l,—-N(a))® (g L (1, —d)).
Now

(1 -N@)® (g L (1, -a)))

(
e' (1, =N@)) - e*(q L (1, —a))
= (N@) - c(@)

) =e

Hence ¢ € 1 iF and, by the Arason-Pfister Hauptsatz, ¢ ~ 0. Therefore
q = N(a)q,

which shows that Ker 8§ € N~!(G(q)). The opposite inclusion is proved by reversing
this argument. O

LEMMA 4.12
Let E' = {x € E* | Ng/r(x) = 1}. Then there is an exact sequence

I — E' N (F*Nrdg Co(q)*) — E' 2> H' —> PSO(g, F)/R —> 0,

where R denotes R-equivalence.

Proof
By [20, p. 203, Cor. to Lemma 5 and bottom of same page], we have
PSO(q, F) _ PSimy(q)(F) _ G(q)
R - R ~ F*2Ng;r(Nrd Co(q)*)

By Lemma 4.11 and Proposition 4.1, H' >~ NI (G(q))/F*Nrdg Co(g). There-
fore the norm induces a map from H’ to P Sim4 (¢)(F)/R. (This is the map at the
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right of the exact sequence.) This map is surjective by Lemma 4.10. The exactness at
the other terms is obvious. O

We now want to prove that d; ’2(X , 3) = 0 for a virtual Albert quadric X. We deduce
this from the vanishing of d;’ ’2(U , 2) for the affine quadric

U=X\Z,

where Z is a nonsingular hyperplane section of X and d33 ‘2(U , 2) is a differential in
an analogue of (4) for U. The use of U was suggested by Rost. Although U is not
a geometrically cellular variety in the sense of [10], we see that the analogues of the
spectral sequences of [10] for U are particularly simple.

We start by considering a 4-dimensional quadric X that is either Albert or virtual
Albert, and we choose an affine subquadric U as above. Let

Z=f.1/Z,

where f is the projection Spec E — Spec F. As a G p-module, Z is a free abelian
group of rank 1; if d # 1, the Galois action is given by gx = e(g)x, wheree : G —
Z/2 is the character corresponding to the quadratic extension E/F. Otherwise, the
Galois action is trivial. We have the following lemma.

LEMMA 4.13
For all p > 0, the map

CHP™! (2,) %> CHP (X,)

is injective. Its cokernel CH? (Uy) is
e Z for p =0,

N/ for p =2,

e zero otherwise.

Proof

The claim is obvious for p = 0. Suppose p > 0. Let & be the class of a hyperplane

section of X in CH'(X,). By the projection formula, the map i, sends A’ to h'*! for

all i > 0. We now go case by case.

e p = 1. The claim is clear, since CHI(XS) has basis 4.

e p = 2. The group CH?(X,) has basis (P, P,) with P; + P, = h%. The claim
follows.

« p = 3,4. The claim is clear, since CH?~!(Zy) (resp., CH? (X;)) is generated by
(1/2)hP~! (resp., (1/2)hP). m|
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PROPOSITION 4.14
For all n > 0, there is a spectral sequence

EYI (U, n) = HI

with maps HP T4 — Hé’;+q(U, Z(n)) which are bijective for p + q < 2n. The E;-
terms are as follows:

H{ (F, Z(n)) forq =0,
EYIU.n) = {H! (F, Z(n —2)) forq=2,
0 otherwise.

For the proof, see the appendix.

Remark 4.15
After the fact, we see that the E,-terms can also be written as

EL(U.n) = HY (F,CHY(Uy) ® Z(n — q))

just as in [10] for a geometrically cellular variety. This formula is perhaps more
mnemotechnical; however, the reader should be aware that it is a sort of “miracle.”
(It would definitely not hold if the Chow groups of U had torsion.)

Take n = 2, 3. Let us reproduce for U part of the diagrams corresponding to those in
[10, 5.3 and 5.4]. (Here, all groups are localised at 2.)

0

d3'(U.2)

H3(F,?2)

)

0 ——=CH2(U) — H*(U,ZQ2)) —= H(U, 3 (2))  (15)

&

CH%(U,)%F

2,2
% ?

H*(F,?2) 0
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0

a3'u.3)

H*(F,3)

\\<§\\

0—= HX(U, #5) —= H5(U, Z(3)) —= H(U, #*(3)) (16)

\24/
E*/F*
a>2(U,3)
%) :

HY(F,3) 0

If d = 1, the action of Gy on CH2(X), CH2(U,), and CH!(Z,) is trivial.

LEMMA 4.16
Suppose X is a nonhyperbolic Albert quadric. Then
(a) the composition

Kerdy*(X,2) C CH? (X,) — CH? (Uy)

has cokernel Z./2;
(b) Coker& # 0.

Proof
(a) By Lemma 4.13, the map CH?(X,) — CH?(U;) sends both basis elements P,
P, to the same generator of CH?(Uy). The claim then follows from the computation
of Ker dzz’z(X ,2) in the proof of Lemma 4.7. (Note that this computation uses only
the fact that c(q) # 0 for a quadratic form ¢ defining X.)

(b) Consider the commutative diagram with exact rows

CH'(Z) —— CH?*(X) —— CH*(U) ——=0
R
CH'(Z,) — CH*(X,) — CH*(U;) —= 0

By [13] (cf. [11, Prop. 1.1(b)]), the left vertical map is surjective; hence Coker & )3(
= Coker Sg,. The former is isomorphic to Z/4 or Z/2 according to whether X is
anisotropic or isotropic (see [13]). O



472 KAHN AND SUJATHA

LEMMA 4.17
Suppose X is a nonhyperbolic Albert quadric. Then the cokernel of Coker 17; —
Coker n?] contains a nonzero element of order 2.

Proof
By the “purity” exact sequence in .7#’-cohomology, we have a diagram

H*(F,Z(2)) === H*(F, Z(2)) H3(F,Z(1)) == H3(F, Z(1)) ® CH'(X)

ny ny n%ll ﬁl

0> HO(X, #*(2(2)) > H'(U, #*(Z(2))) = H*(Z, 73(2(1))) — H' (X, #*(Z(2)))

Coker ni —— > Coker 77?]

0 0

In this diagram, the middle row is exact; the map 17% is bijective by [1, comments
after Satz 4.1] and [11, Th. 4]. The map « (resp., B) is defined by tensoring with A
(resp., by B(x ® y) = m*x - y, where 7 is the structural map of X). One checks easily
that the square involving 77%, o, and 8 commutes.

The diagram then yields an exact sequence

0 —> Coker 77?( —> Coker n?] —> Ker(Ba) — 0.

Consider the map B : H3(F,Z(1)) — H’(X,Z(2)) of Lemma 3.1. Letting
GPH3(X,Z(2)) denote the (decreasing) filtration defined on H3 (X, Z(2)) by the
coniveau spectral sequence, we have Im B C G'H> (X, Z(2)). By dimension count-
ing, Eégf — Eé’4 ~ HY(X, #*(Z(2))) and, again by multiplicativity, the diagram

H3(F, Z(1)) —2—~ G'H3 (X, Z(2))

ﬂal l

HY(X, #42(2))) =<— EL*

commutes. In particular, Ker B € Ker fo. By Lemma 3.1, Ker B = {0, c(q)}.
Lemma 4.17 follows. O
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LEMMA 4.18
Suppose X is a nonhyperbolic Albert quadric. Then d32’2(U, 2) =0.

Proof
Consider the commutative diagram with exact rows

0 —> Coker 73, — H(X) —— Imd>*(X,2) —=0

| |

0 — Coker nj, — Coker &), — Im d5>(U, 2) —= 0.

Here H(X) = Ker a’zz’z(X, 2)/ Im(éff); we have dzz’z(U, 2) = 0 because its target
group is zero. By Lemma 4.7 we have Im d32 ’2(X , 2) = 0. Therefore the snake lemma
yields an exact sequence

Coker ni — Coker n%] —> Cokery — ImdSZ’Z(U, 2) — 0.

But Lemma 4.16 shows that Coker y is isomorphic to Z/2. Lemma 4.17 now
shows that Im d32 ’Z(U ,2) = 0, as desired. (This proof also shows that the cokernel of
Coker 77?( — Coker 77?] is exactly of order 2.) O

PROPOSITION 4.19

Let X be virtual Albert. Then
(a) CH? (Xtors = 0;

(b) d3*(X,3) =0.

Proof
(a) This follows from Karpenko [13].

(b) Diagram (16), the analogous diagram for X (see [10, (5.4)]), and functoriality
give a commutative diagram

Kerd;?(X,3) —= E*/F*
d§*2(x,3)l d§‘2(U,3)l
H3(F,3) =——— H>(F, 3)
which shows that it is sufficient to prove the vanishing of d;’ ’2(U ,3), where U is

the complement of a hyperplane section as above. By a multiplicativity and transfer
argument just as in [10, Lemma 6.1], to do this it is enough to show that

Gk

d3*(Uk,2) : CH? (U,)“* — H*(K,?2)
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is zero for any finite extension K/F. If E € K, then CH>(U;)®% = 0 and this
is trivial. If Xk is hyperbolic, then the computation of Lemma 4.13 shows that
CH2(Ug) — CHZ(U,)%k is bijective, hence the result again (cf. (15)). Finally, the
remaining case is covered by Lemma 4.18. O

COROLLARY 4.20
The map H' (F,Z(3)) — H!(X, Z(3)) is injective fori = 5, 6.

Proof

For i = 5, this is not a corollary of Proposition 4.19; it follows from [10, Cor.
8.6], which shows that the differential d5"' (X, 3) is zero. For i = 6, it follows from
Proposition 4.19. O

For the next propositions, we have to describe precisely the restriction and corestric-
tion

Resg/r : H'(F, CH? (X,) ® Z(1)) — H'(E,CH? (X,) ® Z(1)),
Corg/r : H'(E,CH? (X,) ® Z(1)) — H'(F,CH* (X,) ® Z(1))

under the identification of these groups used in Proposition 4.1; this is the most
confusing part of this paper. We recall these identifications from [10]. We have

H'(F,CH? (X;) ® Z(1)) = H(F,CH* (X,) ® F}).

Taking the basis (P1, P») of CH? (Xs) consisting of the classes of two plane
sections conjugate under G r, the coefficient group gets identified with (ZP, BZP»)®
F}.Since G r permutes P; and P,, Galois invariants get identified with E* via the map

x— P ®{x} + P, ® {x}.

(We use the K-theoretic notation {} in order to avoid conflict between additive
and multiplicative notation.)

On the other hand, the identification of H'(E, CH?>(X,) ® Z(1)) = HO(E,
CH?*(X,) ® F¥) with E* x E* used in Section 4.4 is given by the map

x,y)— PI®{x}+ P ®{y}.

The following lemma is now clear.

LEMMA 4.21
Under the identifications above,
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(a) the action of Gal(E/F) on E* x E* is given by (x,y) — (¥, X);
(b) the restriction is given by the map
r: E* — E* x E*,
X — (x,X);
(c) the corestriction is given by the map
c: E*x E* — E*,

(x,y) —> xy.

PROPOSITION 4.22
The diagram

pl l a7

commutes, where E! = Ker Ng /F as before, H' = Ker§/Im 4 H 1 s the corre-
sponding group over E, Hp = Ker d22’2(XE, 2)/Im 5)3(5’ 0 is the map of Lemma 4.12,
¢(x) = e ® x (e is the generator of Hg), v is the map of diagram (13), p is the map
X > X/x (X is the conjugate of x under Gal(E/F)), and c is induced by the map in
Lemma 4.21(c).

Proof
By Remark 4.9, we have vp(x) = (1, x2) for x € E*; hence

c(vp(x)) =x* (modImé?).

On the other hand, 8p(x) is represented by x/x in Ker dg’z(X, 2). But

=i? (modImé&?)

==

since
xX € F* CImé&*

by Proposition 4.1. O
PROPOSITION 4.23

Let x € Ker §. Then, with notation as in Lemma 4.21(b) and Proposition 4.22,

r(x) =vg(xy) (modImég),
where y € F* is such that NE/F()c)y2 =Ng/r(xy) € Nrd C(q)* (cf. Proposition4.1).
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Proof
We have

r(x) = (x,x) and vo(xy) = (1, xzyz).

We claim that (x,%) = (I,x%y?) (modImé&3), or (x,x/x?y?) € Imé&}. By
Proposition 4.1, this is equivalent to

3.2 4
_x Y O Nde@e).
x/x2y? x Ng/p(x)y?

Clearly, (xy)* € Nrd C(gg)*, and Ng/r(x)y? € Nrd C(¢)* € Nrd C(¢gp)*. O

Proof of Theorem 4 in the case of a virtual Albert quadric

By Proposition 4.19, (8), (9), and (10), Coker n* is identified with H' = Ker §/Im &4
in (9), just as Coker n‘)‘(E is identified with H} by the Albert quadric case. Putting
Lemma 4.12 and Proposition 4.19 together, we get a commutative diagram with exact
rows

E* " . Coker N

pJ/ CorE/Fl (18)

PSO(q, F) .

E! — Coker n* —— R

The exactness of the sequence of Theorem 4 follows from (18) and Hilbert’s
theorem 90 (classical style), which asserts that p is surjective. O

5. Proofs of Theorems 1 and 5

5.1. Proof of Theorem 1

This should have been already noticed in [11]. Just observe that, in the diagram of
[11, top of p. 867], the zero can be removed from H'(F, uff,’(i_l))o because, under
the assumption, the Bockstein that follows is zero (cf. [11, proof of Prop. 7.3]). We
get the claim by passing to the limit over m in this diagram.

5.2. Proof of Theorem 5

LEMMA 5.1
Let X be asmoothvariety such that CH! X ->CH! X, and CH? X/2— (CH2 XS/Z)GF
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are surjective. Then there is an exact sequence

2,3
d2

4
2, HO(x, %) s

H*'F 2> H2(x, %) % HX,
where d22’3 is a differential in the coniveau spectral sequence for Z/2 coefficients
and ¢ is an edge homomorphism in the same spectral sequence. Therefore,

Coker né = Ker ¢.

Proof
The sequence is obviously exact if we replace H*F by H*X, by dimension counting.
The assumption on X implies that the map

(f*,Cll -f*,Clz)
_—>

H*F @ CH' X ® H*F @ CH? X HYX

is surjective, as one sees from the Hochschild-Serre spectral sequence (cf. [§, Lemma
3]). It is then clear that Im(H*X — HY%(X, %) = Im(H*F — HO(X, %),
since the two other summands map to zero in HO(X, #%). O

The hypothesis of Lemma 5.1 is satisfied for quadrics of dimensions greater than
four and for a virtual Albert quadric (but not for any other anisotropic 4-dimensional
quadric).

The Hochschild-Serre spectral sequence defines a 3-step filtration on H>X,

HX = FOHY D F'H® > F?HY D0,

where FO! H5 is a subgroup of H'(F, CH? X, /2), F'/2 H" is isomorphic to H>F ®
CH! X, and F2H>X is isomorphic to HF. To compute Coker né, we filter Ker ¢
accordingly. Let us call
e @1 the composite

H2 (X, %) Y H’X — FO?H® = HX/H’F,

» ¢ the composite
H (X, 23 2 FO2HS — FY'HS € H'(F, CH? X,/2).
LEMMA 5.2

Let X be virtual Albert. Then there is a commutative diagram with exact row and
column (defining (Ker ¢)1):
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Ker n

00— (Ker ), Ker ¢ H3F

Coker n*

Proof
Consider the following commutative diagram:

0 0
{£1} H3F
4 a3?
0 — Kern* H2(X, 75) * H*(F,Z(2))
O\L 2 2 2
g dy*
0 — Kern* —— H2(X, /#5) E* H*(F,Z(2))
_ @ *
0 Ker ¢ HX (X, ) — —
0 0

In this diagram, all columns are exact; the left one is by the exact sequence
0 — H*(X,.#)/2 — H*(X, #7) — 2 CH(X) — 0

(see [3, (3.2)]) since here ; CH3 (X) = 0 (Karpenko), and the right one is by Hilbert’s
theorem 90 in weight two. The rows are exact, except the first two at E*, where their
homology is Coker n* by the previous sections. A diagram chase yields a map from
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Ker ¢ to H3F; it is well defined because —1 € Im &* by Proposition 4.1. For the
same reason, the map (Ker ¢); — Coker * induced by another diagram chase is
well defined; it is surjective because Coker 7* has exponent 2. A last diagram chase
gives an exact sequence

{£1} — Kern* — (Kerg),.

But the left map is zero; indeed, there is an element of order 2 in H 2(X, 43)
mapping to —1 via £*. To see this, go back to the proof of Proposition 4.1 and observe

that ®(—1, 1, 1) = —1. This diagram chase actually shows that the column in the
diagram of Lemma 5.2 is exact at Ker(¢);. O
LEMMA 5.3

The sequence

H(X,Z(3)) ® H>(F,Z(3)) % H’(X,Z(3)) — H°X/H°F

is exact.

Proof
We have the following commutative diagram with exact rows:

H(F,Z(3)) —— H*(F, Z(3)) —— H3(F) —— 2H%(F, Z(3))

| | | l

H3(X, Z(3)) —— H3(X, Z(3)) —— H3(X) —— 1H%(X, Z(3))

|

H X/HF
The right vertical arrow is injective by Corollary 4.20. A diagram chase now completes
the proof of the lemma. O
LEMMA 5.4

With assumptions and notation as in Lemma 5.2, we have (Ker ¢); = Ker ¢;.

Proof
The Hochschild-Serre spectral sequence gives an exact sequence

0 — H*(F,CH' X,/2) — H°X/HF — H'(F, CH’ X,/2).
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As ¢ factors as H2(X, ) — H>X/H>F — H'(F, CH? X/2), the above exact
sequence gives another map
Ker ¢ —> H?(F,CH' X,/2) ~ H*(F)

whose kernel is Ker ¢;. Consider the following commutative diagram:

. H(X,Z(3 o 432
H(X. ) HSEF, zgg i HE )
2 Zl 2 2
5 . H(X,Z3) o Lot
e H>X & E*
H* (X, #3) —— e
0 0

To understand the proof, the reader should compare this diagram with the one
used in the proof of Lemma 5.2. In the present diagram, e is induced by an edge
map from the coniveau spectral sequence and ¢’ is an edge map from the motivic
spectral sequence, so that £* = ¢’ o e (see [10, 5.4] and the diagram in the proof of
Lemma 5.2). Similarly, we have ¢’ o ¢ = ¢. The top two rows are exact at E*, and
the third column from the left is exact. Moreover, the second column from the left is
also exact by Lemma 5.3. Finally, ¢’ is injective by [10, 5.4]. We need to show that,
if x € H*(X, #?) is such that ¢(x) = 0 and furthermore maps to zero in H 3F by
the diagram chase of Lemma 5.2, then e(x) = 0 and conversely. This follows from a
straightforward diagram chase. O

The group Ker ¢ maps to H>F, and we have the following lemma.

LEMMA 5.5
The composition
Kerr]4 —> Ker¢g; — HF

is given by cup product by (—1).

Proof
Looking at the definition of the map Ker n* — H?(X, .#3) stemming from the diagram
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in [10, 5.4], we see that the above composition coincides with the composition of the
middle row in the following commutative diagram:

HA P — H3(F, u§) —— HSF

T

HYF —L H3(F.Z(3)) —— BF
H>(X,Z(3)) — H3X

The top composition is cup product by (—1) by the Milnor conjecture and [7,
Lemma 1]. O

Proof of Theorem 5
From the coniveau spectral sequence, the composition

H*(X, #73) — H’X — H(X, )

is evidently zero. Therefore the image of the composition Ker ¢; — H? F is contained
in Ker n°. Moreover, the spectral sequence now gives an exact sequence

Ker g1 —> Kern® — H'(X, 7).

Taking the previous lemmas into account, we therefore get a cross of exact se-
quences:

Coker 17‘2‘

e

0 — Ker n* ——— Ker ¢y ——— Coker n* ——0

(=D
Ker n°

&

H'(X, %)
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This diagram and the lemma of the 700th (see [22]) give back the exact sequence
(1) plus an isomorphism

Coker k >~ Kere/(—1) - Ker n4. (19)

O

Appendix. A spectral sequence for the étale motivic cohomology of an affine
quadric
In this appendix, we prove Proposition 4.14. Recall that
Z:= f.Z/Z,
where f is the projection Spec E — Spec F. Arguing as in [10], it suffices to show

the following.

PROPOSITION A.1
Let M(U) be the motive of U, viewed in the category DMif’fét(F ). Then

MU) ~Z & Z(2)[4],
where Z(i) = Z Q Z(i).
Proof
There is an exact triangle
MU) — M(X) — M(Z)(D[2] — MU)[1].
By [10, Cor. 3.6], we have

M(X) ~ [ [ CH? (X,)" ® Z(p)[2p],
p=0

M(2) ~ | [ CH? (2,)" @ Z(p)[2p],
p=0

where * denotes Z-dual. Consequently, the above exact triangle decomposes as a
direct sum of exact triangles (for p > 0):

MP(U) — CH? (X,)" ® Z(p)[2p]
— CHP™!(Z,)" @ Z(p)[2p] — MP (WU)I1].

By Lemma 4.13, these triangles identify M ") (U) with
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o Z for p =0,
« 7* ® Z(2)[4] ~ Z(2)[4] for p = 2,
« zero otherwise.
Proposition A.1 follows. O
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