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ABSTRACT. The Kashiwara-Vergne (KV) conjecture is a property of the Campbell-
Hausdorff series put forward in 1978, in [15]. It has been settled in the positive
by E. Meinrenken and the first author in 2006, in [3]. In this paper, we study
the uniqueness issue for the KV problem. To this end, we introduce a family of
infinite dimensional groups KRVOn7 and a group KRV which contains KRV,
as a normal subgroup. We show that KRVy also contains the Grothendieck-
Teichmiiller group GRT as a subgroup, and that it acts freely and transitively
on the set of solutions of the KV problem SolKV. Furthermore, we prove that
SolKV is isomorphic to a direct product of affine line A and the set of solu-
tions of the pentagon equation with values in the group KRVY3. The latter
contains the set of Drinfeld’s associators as a subset. As a by-product of our
construction, we obtain a new proof of the Kashiwara-Vergne conjecture based
on the Drinfeld’s theorem on existence of associators.

1. INTRODUCTION

The Kashiwara-Vergne (KV) conjecture is a property of the Campbell-Hausdorff
series which was put forward in [15]. The KV conjecture has many implications in
Lie theory and harmonic analysis. Let g be a finite dimensional Lie algebra over a
field K of characteristic zero. The KV conjecture implies the Duflo theorem [9] on
the isomorphism between the center of the universal enveloping algebra Ug and the
ring of invariant polynomials (Sg)?. Another corollary of the KV conjecture is a
ring isomorphism in cohomology H (g, Ug) = H(g, Sg) (proved by Shoikhet [23] and
by Pevzner-Torossian [18], see Section 4.2 in [3] for the relation to the KV problem)
for the enveloping and symmetric algebras viewed as g-modules with respect to the
adjoint action. For K = R, another application of the KV conjecture is the extension
of the Duflo theorem to germs of invariant distributions on the Lie algebra g and
on the corresponding Lie group G (see Proposition 4.1 and Proposition 4.2 in [15]
proved in [5] and [6]).

The KV conjecture was established for solvable Lie algebras by Kashiwara and
Vergne in [15], for g = sl(2,R) by Rouviere in [21], and for quadratic Lie algebras
(that is, Lie algebras equipped with an invariant nondegenerate symmetric bilinear
form, e.g. the Killing form for g semisimple) by Vergne [26]. The general case has
been settled by Meinrenken and the first author in [3] based on the previous work of
the second author [24] and on the Kontsevich deformation quantization theory [16].

In this paper, we establish a relation between the KV conjecture and the theory
of Drinfeld’s associators developed in [8]. To this end, we introduce a family of
infinite dimensional groups KRV?,,n = 2,3,..., and a group KRV,. The group
KRV; contains the Drinfeld’s Grothendieck-Teichmiiller group GRT; as a subgroup,
and the group KRV?; as a normal subgroup. We show that KRV, acts freely and
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transitively on the set of solutions of the KV conjecture SolKV. Furthermore, the
set SolKV is isomorphic to a direct product of a line K and the set of solutions
of the pentagon equation with values in the group KRV%;. We make use of an
involution 7 acting on solutions of the KV conjecture to select symmetric solutions
of the KV problem, SolKV". The set SolKV” is isomorphic to a direct product
of a line and the set of associators (joint solutions of the pentagon, hexagon and
inversion equations of [8]) with values in the group KRV"3. The latter contains the
set of Drinfeld’s associators as a subset.

In summary, we solve the uniqueness issue for the KV problem in terms of
associators with values in the group KRV’;. As a by-product, we obtain a new
proof of the KV conjecture. Indeed, by Drinfeld’s theorem, the set of Drinfeld’s
associators in non empty. Hence, so is the set of associators with values in the
group KRV, and the set of symmetric solutions of the KV conjecture SolKV7.
This new proof is based on the theory of associators rather than on the deformation
quantization machine.

An outstanding question which we were not able to resolve is whether or not the
symmetry group of the KV problem, KRV, is isomorphic to a direct product of
a line and the Grothendieck-Teichmiiller group GRT;. A numerical experiment of
L. Albert and the second author shows that the corresponding graded Lie algebras
coincide up to degree 16! If correct, the isomorphism KRV, = K x GRT; would
imply that all solutions of the KV conjecture are symmetric, and that all associators
with values in the group KRV'3 are Drinfeld’s associators.

Below we explain raison d’étre of the link between the Kashiwara-Vergne and
associator theories. Ome possible formulation of the KV problem is as follows:
find an automorphism F of the (degree completion of the) free Lie algebra with
generators x and y such that

(1) F:z+yw ch(z,y),

where ch(z,y) =z +y + 3[x,y] + ... is the Campbell-Hausdorff series. The auto-
morphism F' should satisfy several other properties which we omit here. Consider
a free Lie algebra with three generators z, v, z and define the automorphism F*-2
which is equal to F' when acting on generators x and y and which preserves the
generator z. Similarly, define F?3 acting on generators y and z and preserving z.
Furthermore, define F12:3 acting on z+y and z, and F'*?? acting on x and y+ 2 (for
a precise definition see Section 3). The main property of the Campbell-Hausdorff
series is the associativity,

ch(z, ch(y, z)) = ch(ch(x, y), 2).
We use this property to establish the following formula:
FL2P123(z +y+2) = FY%(ch(z +y,2))

= ch(ch(z,y),z)

= ch(z,ch(y, 2))

= F?%3(ch(z,y+2))

— F2’3F1’23($ + Yy + Z)
Hence, the combination
(2) P = (F12’3)71(F1’2)71F2’3F1’23

has the property ®(z + y + z) =  + y + z which is one of the defining properties
of the group KRV'3. Furthermore, as an easy consequence of (1) and (2), the



automorphism & satisfies the pentagon equation

(3) @1,2,3@1,23,4@2,3,4 — @12,374@1,2,34'

Equation (3) is an algebraic presentation of two sequences of parenthesis redistribu-
tions in a product of four objects (a standard example is a tensor product in tensor
categories): the left hand side corresponds to a passage ((12)3)4 — (1(23))4 —
1((23)4) — (1(2(34)), while the right hand side to ((12)3)4 — ((12)(34)) —
1(2(34)). The pentagon equation is the most important element of the Drinfeld’s
theory of associators. Our main technical result shows that solutions of equation (3)
with values in the group KRV’3 admit an almost unique decomposition of the form
(2), and the corresponding automorphism F' is automatically a solution of the KV
problem (and, in particular, has the property (1)).

An important object of the Kashiwara-Vergne theory is the Duflo function J'/2
which corrects the symmetrization map sym : Sg — Ug so as it restricts to a ring
isomorphism on adg-invariants. It is more convenient to discuss the logarithm of
the Duflo function,

1 /2 — eme/2 I~ Bp .,
) f(x)zlr‘(x) 22 kR
k=2

where By, are Bernoulli numbers. The function f(x) is even. Consider a formal
power series f(z) = f(z) + h(z) with h(z) odd. Tt is known that replacing J'/2
with J'/2(z) = exp(f(z)) in the definition of the Duflo homomorphism preserves its
property of being a ring isomorphism between Z(Ug) and (Sg)? (in the category of
Lie algebras, all these isomorphisms coincide). We show that Drinfeld’s generators
O2kt+1,k =1,2,... (see equation (15)) of the Grothendieck-Teichmiiller Lie algebra
grt; define flows on the set of solutions of the KV conjecture SolKV, and on the
odd parts of Duflo functions such that (ooryq - h)(x) = —22*+1 (see Proposition
4.10). Hence, all odd formal power series (the linear term of the Duflo function
is not well defined) h(z) can be reached by the action of the group GRT; on the
symmetric Duflo function (4). This action coincides with the one described in [17]
(see Theorem 7).

The plan of the paper is as follows: in Section 2 we introduce a Hochschild-type
cohomology theory for free Lie algebras, compute the cohomology in low degrees
(Theorem 2.8), and discuss the associativity property of the Campbell-Hausdorff
series. In Section 3 we study derivations of free Lie algebras. Again, we define a
Hochschild-type cohomology theory, and compute cohomology in low degrees (The-
orem 3.17). In Section 4 we introduce a family of Kashiwara-Vergne Lie algebras
tvo’, and the Lie algebra frvy, and show that the Grothendieck-Teichmiiller Lie
algebra grt; injects into vy (Theorem 4.6). In Section 5 we give a new formulation
of the Kashiwara-Vergne conjecture, and show that it is equivalent to the original
statement of [15] (Theorem 5.8). In Section 6 we discuss properties of Duflo func-
tions and show that they can acquire arbitrary odd parts. In Section 7 we establish
a link between solutions of the KV problem and solutions of the pentagon equation
with values in the group KRV’3 (Theorem 7.5). In Section 8 we discuss an involu-
tion 7 on the set of solutions of the KV problem, and derive the hexagon equations
using this involution. Finally, in Section 9 we study elements of the group KRV's
solving the pentagon equation (3). We compare them to Drinfeld’s associators, and
give a new proof of the KV conjecture (Theorem 9.6).
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2. FREE LIE ALGEBRAS

2.1. Lie algebras lie,, and the Campbell-Hausdorff series. Let K be a field
of characteristic zero, and let lie,, = lie(x1,...,z,) be the degree completion of the
free Lie algebra over K with generators z1,...,z,. It is the product

oo
lie, = [ ] tie" (21, ..., 20),
k=1

where the degree k factor [iek(xl, ...,Zp) is spanned by Lie words consisting of k
letters. In case of n = 1,2, 3 we shall often denote the generators by z,y, z.
The completed universal enveloping algebra of lie,, is the degree completion of the

free associative algebra with generators x1,...,z,, U(lie,) = Ass,. Every element
a € Ass,, has a unique decomposition
n
(5) a=ap+ Z(@ka)xk,
k=1

where a¢ € K and (9ra) € Assy,.

The Campbell-Hausdorff series is the element of Ass, defined by the formula
ch(z,y) = In(e®e?), where e = > 7= 2¥/k! and In(1 — a) = — Y 2, a*/k. By
Dynkin’s theorem [10], ch(z,y) € liex and

1
Ch(x,y):x—l—y—ﬁ—f[ac,y]—i—,

2
where ... stands for a series in multiple Lie brackets in # and y. The Campbell-
Hausdorff series satisfies the associativity property in lies,
(6) ch(z, ch(y, z)) = ch(ch(z,y), 2).
One can rescale the Lie bracket of lie; by posing [-,:]s = [, ] for s € K to obtain

a rescaled Campbell-Hausdorff series,

S
Chs(xay):$+y+§[lxay]+a

where elements of lie*(z,y) get a extra factor of s*~!. Note that chy(z,y) =
s~1ch(sz, sy) for s € K* and chg(z,y) =  + y. The rescaled Campbell-Hausdorff
series chg(z,y) satisfies the associativity equation,

chy(w, chs(y, 2)) = s 'ch(sz,ch(sy,sz))

= s lch(ch(sz, sy),sz)
= Chs(Chs(xa y)v Z)



Remark 2.1. Let g be a finite dimensional Lie algebra over K. Then, every element
a € lie, defines a formal power series ag on g" with values in g. For instance, the
Campbell-Hausdorff series ch € liey defines a formal power series chy on g? with
rational coefficients. For every finite dimensional Lie algebra g this power series
has a nonvanishing convergence radius (see e.g. Lemma 9.1 in [1]).

2.2. The vector space tr,,. For every n we define a graded vector space tv, as a
quotient

tr, = Ass /{(ab — ba);a,b € Ass,).

Here Ass!” = [[22, Ass*(21,...,2,), and ((ab — ba);a,b € Ass,) is the K-linear
subspace of Assj; spanned by commutators. One can think of tv, as a K-vector
space spanned by cyclic words in letters x1, ..., z,. The product of Ass, does not
descend to tv,, which only has a structure of a graded vector space. We shall denote
by tr : Ass, — tr, the natural projection. By definition, we have tr(ab) = tr(ba)
for all a,b € Ass,, imitating the basic property of trace.

FExample 2.2. The space tr; is isomorphic to the space of formal power series in
one variable without constant term, tv; = zK[[z]]. This isomorphism is given by
the following formula,

flx)= kaxk — ka tr(z").
k=1 k=1

In general, graded components tt* of the space tv, are spanned by words of
length £ modulo cyclic permutations.

Example 2.3. For n = 2, tr} is spanned by tr(z) and tr(y), tv3 is spanned by
tr(x?), tr(y?) and tr(xy) = tr(yx), te3 is spanned by tr(z?), tr(z%y), tr(xy?) and
tr(y?), ted is spanned by tr(a?), tr(x3y), tr(22y?), tr(zyxy), tr(zy?) and tr(y?) ete.

Remark 2.4. Let g be a finite dimensional Lie algebra over K, p : g — End(V)
be a finite dimensional representation of g, and a = 21;“;1 ap € tr, an element of
tv,. We define p(a) as a formal power series on g" such that p(te(z;, ... ;) =
Try (p(xs,) - .. p(x;,)) for monomials, and this definition extends by linearity to all
elements of tt,.

2.3. Cohomology problems in li¢e,, and tr,,. For all n = 1,2,... we define an
operator 9 : lie,, — lie, 11 by formula

(@) (@1, @p1) = f(22,23,. .., Tny1)
(7) + Z?:l(—l)’f(xl,...7xi+xi+1,...,xn+1)

+ (=D f (2, 1p).
It is easy to see that 62 = 0.

Remark 2.5. The differential ¢ originates from the fact that lie, (for different
n) form a cosimplicial vector space, with coface maps being the terms in (7) and
codegeneracy maps s; for i = 1,...,n given by

(Sif)(x17 e 7xn71) = f(-’l:l, ey Ti—1, 07xi+17 e 71.7’7,71)'

Here f € lie, and s;(f) € lie,—1. In this paper, we do not make use of the
codegeneracy maps.
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Ezxample 2.6. For n =1 and f = ax € lie; 2 K we have
0f)(@,y) = fly) = flx+y)+ fz) =0
For n = 2 we get

One can also use equation (7) to define a differential on the family for vector
spaces tt,,. By abuse of notations, we denote it by the same letter, § : tv,, — tv, 1.

Exzample 2.7. For n = 1, we have for f(z) = tr(z¥)
(6)(x,y) = tr(z" +y" — (@ +)").

Note that the right hand side vanishes for £ = 1 and that it is non-vanishing for all
other k =2,3....

The following theorem gives the cohomology of § in degrees n =1, 2.

Theorem 2.8. In degrees one and two, the cohomology of complexes (lie,,d) and
(tr,,d) are given by

H'(ie,8) = ker(d: lieg — lieg) = liey
H(tr,0) = ker(§:tr; — tro) 2K tr(x),
H2(lie,8) = [K[z,y]],

H?%(te,§) = 0.

The proof of Theorem 2.8 is deferred to Appendix A.

2.4. Applications. In this section we collect two simple applications of the coho-
mology computations of Theorem 2.8.

Proposition 2.9. Let s € K and let x € lies be a Lie series of the form x(z,y) =
r+y+35[z,yl+..., where ... stand for a series in multibrackets. Assume that x
is assoctative, that is

x(@,x(y, 2)) = x(x(2,9), 2) € lies .
Then, x coincides with the rescaled Campbell-Hausdorff series, x(x,y) = chs(z,y).

Proof. The Lie series x and chg coincide up to degree 2. Assume that they coincide
up to degree n — 1, and let x = >_° | X, with x,(z,y) a Lie polynomial of degree
n. The associativity equation implies the following equation for x.,:

Xn(y + 2) + Xn (¥, 2) = Xal2,y) — xn(@ + 4, 2) = F(xa(2,9), - Xn—-1(2,9)),
where F is a certain (nonlinear) function of the lower degree terms. By the induction
hypothesis, the lower degree terms of x and chg coincide. And the equation for x,,
has a unique solution since the only solution of the corresponding homogeneous
equation dy, = 0 for n > 3 is x,, = 0. Hence, x,, = (chs), and x = chs,. O

Similar to the differential §, we introduce another differential 5 acting on lie,
and tr,,:

(5f)(1‘1,...,1‘n+1) = f($27x3,..'.,13n+1)
(8) + Z?zl(*l)lf(’l}l,...,Ch(xi,$i+1),...,xn+1)
+ (=D)L f (g, @)

Again, 62 = 0, but in contrast to d, 6 does not preserve the degree. In the following
proposition we compute the cohomology of § for n =1, 2.



Proposition 2.10.

H'(lie,0) = 0,
H'(tr,8) = ker(d:tr; — tro) 2K tr(z),
H2(lie,d) = 0,
H%(tr,6) = 0.

The proof of this Proposition can be found in Appendix A.

Remark 2.11. For every s € K one can introduce a differential ds by replacing
ch(z, y) with ch,(z,y) in formula (8). We have 6; = 6 and &y = &. Proposition 2.10
applies to all s # 0. Note that H'(tr,d,) = Ktr(z) and H?(tr,d,) = 0 for all s € K
(including s = 0).

3. DERIVATIONS OF FREE LIE ALGEBRAS

3.1. Tangential and special derivations. We shall denote by det,, the Lie al-
gebra of derivations of lie,. An element u € det,, is completely determined by its
values on the generators, u(z1),...,u(z,) € lie,. The Lie algebra det,, carries a
grading induced by the one of lie,,.

Remark 3.1. Let g be a finite-dimensional Lie algebra. Then, to every u €

det,, one can associate a formal vector field ug on g” such that ug(zq,...,2z,) =
(w(z1)g,. .., u(zpn)g). Here u(xy),...,u(x,) are elements of lie,, z1,...,2, € g
and we define formal power series u(x1)g,...,u(zy)g on g" with values in g as in

Remark 2.1. The map u — ug4 is a Lie homomorphism.

Definition 3.2. A derivation u € detv,, is called tangential if there exist a; € lie,,i =
1,...,n such that u(z;) = [z, a;].

Another way to define tangential derivations is as follows: for each i =1,...,n
there exists an inner derivation w; such that (u — u;)(z;) = 0. We denote the
subspace of tangential derivations by tder,, C det,,.

Remark 3.3. Let py : lie, — K be a projection which assigns to an element
a=3Yp_, \xk + ..., where “...” stand for elements of degree greater than one,
the coefficient A\ € K. Elements of toet,, are in one-to-one correspondence with
n-tuples of elements of lie,, (a1, ...,a,), which satisfy the condition pg(ax) = 0 for
all k. Indeed, the kernel of the operator ady, : a — [z, a] is exactly Kzy. Hence, an
n-tuple (aq,...,a,) defines a vanishing derivation u(zy) = [zk, ax] = 0 if and only
if ay € Kz, for all k. By abuse of notations, we shall often write u = (ay,...,an).

Proposition 3.4. Tangential derivations form a Lie subalgebra of det,,.

Proof. Let u = (ai,...,a,) and v = (by,...,b,). We have

[w,v](zr) = w([zk,br]) — v([zk, ar])
= [[zg, ar), k] + [zr, w(br)] — [Tk, bk, ax] — [z1, v(ak)]
= [2k, u(be) — vl(ax) + [ak, bk]]
which shows [u,v] € tdet,,. O
One can transport the Lie bracket of tder,, to the set of n-tuples (aq,...,an)

which satisfy the condition pg(ax) = 0. Indeed, put the kth component of the new
n-tuple equal to u(bg) — v(ag) + [ak,bx]. This expression does not contain linear
terms, and in particular it is in the kernel of py.
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Definition 3.5. A derivation u € tdet,, is called special if u(z) = 0 for z = > | ;.

We shall denote the space of special derivations of lie,, by sdev,. It is obvious
that sdet,, C tder, is a Lie subalgebra. Indeed, for u,v € sdet,, we have [u,v](z) =
u(v(z)) — v(u(x)) = 0 and, hence, [u, v] € set,,.

Remark 3.6. Thara [12] calls elements of sdet,, normalized special derivations.

Ezample 3.7. Consider r = (y,0) € tdery. By definition, r(z) = [z,y],r(y) = 0.
Note that r(z+y) = [z,y] # 0 and r ¢ sdery. Consider another element ¢ = (y,z) €
toery. We have t(z) = [z,y], t(y) = [y, 2] and t(z + y) = [z,y] + [y, 2] = 0. Hence,
t € s0ety.

3.2. Cosimplicial maps and cohomology. We shall need a number of Lie al-
gebra homomorphisms mapping tder,_1 to tdev,. First, observe that the permu-
tation group S,, acts on lie, by Lie algebra automorphisms. For ¢ € S,,, we have

arr a’ = a(Te(1), -, To(m)). The induced action on tder, is given by formula,
u = (a1,...,a,)
u? = uo(l),...,o’(n) = (ao_l(l)(xa(l)a"'7xrr(n))a"'7aa_1(n)(x0(1)7~~'7x0(n)))~

Ezample 3.8. For u = (a(z,y),b(z,y)) € toera we have u>! = (b(y,z),a(y,z)),
where ¢ = (21) is the nontrivial element of Sz. In the same fashion, for u =
(a(z,y, 2),b(z,y, 2), c(z,y, 2)) € tders we have u®12 = (b(z, x,), c(z, 7, 9),a(z, x,7)).

Similar to lie,, we define coface maps by the following property. For u =
(ai,...,an_1) € toer,_1 define ub? "=t = (ay,...,a,-1,0) € tder,. It is clear
that the map u — u>?"~! is a Lie algebra homomorphism. We obtain other
Lie homomorphisms maps by composing with the action of S,, on tder,,. Note that
they map special derivations to special derivations. Indeed, for u € sder,_; and
r =73, x we compute

u1’2"“’”_1(w) = Z[mi,ai] =0

which implies u2"~1 € sder,,.

Ezample 3 9 For u = (a(z,y),b(x,y)) € toery we have ub? = (a(z,y),b(z,y),0) €
1,2

ters and u = (0,a(y, # ,b( z)). For instance, for r = (y,0) we obtain r'* =
(y,0,0),7%3 = (0,2,0),r3 = (z 0,0).

Proposition 3.10. The element r = (y,0) € tdery satisfies the classical Yang-
Baxter equation in tders,
[7“1’2, 7,173] + [7,,1,2’ 7,273] 4 [7,,1,3’ 7,273] =0.

Proof. We compute,

12, 7% = [(y,0,0), (2,0,0)] = ([y, 2], 0,0),

[ 12 ] [(y ) (072,0)] :7([21’2]7070))

[ 323 = [(z, 0,0), (0, 2,0)] = 0.
Adding these expressions gives zero, as required. [
Next, consider ¢ = (y,x) € sdete. By composing various coface maps we obtain

n(n—1)/2 elements of "/ = tJ* € toer,, (1 <i,j < nand i # j) with non-vanishing
components x; at the jth place and x; at the ith place.
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Proposition 3.11. Elements t* € sdet,, span a Lie subalgebra isomorphic to the
quotient of the free Lie algebra with n(n—1)/2 generators by the following relations,

(9) [th9 7 =0
for k.1 #14,j, and
(10) [t4 4 0k 0+ =0

for all triples of distinct indices i, j, k.

Remark 3.12. We denote by t,, the (degree completed) Lie algebra with generators
thd = ¢3" with 1 <4, < n and i # j defined by relations (9) and (10). Note that
€= 1cici<n thJ is a central element of t,,. Indeed, [t/ c] = D hoki ki GRS
t3%] = 0. It is known (see Section 5 of [8]) that

t 2t g @ le(th™, ... b)),

where the free Lie algebra lie(t\'™, ... t"~1") is an ideal in t, and t,_; C t, is
a complementary Lie subalgebra spanned by ¢/ with i, < n . In particular,
ty = Kt12 is an abelian Lie algebra with one generator, and t3 = to @ le(t13,23).
In fact, ad;i.2 is an inner derivation of lie(t!:3,¢%3). For any a € le(t!3,t%3) we
have

(1% a] = [tY? — ¢ a] = —[t"? + 123, q],
and t3 = Kc & le(th3,¢23).

Proof. First, we verify the relations (9) and (10). The first one is obvious since the
derivations %7 and t*! act on different generators of lie,,. For the second one, we
choose n = 3 and compute [t1? 4 ¢1:3 ¢23]:

[t1’2,t273] = [(y,x,O), (O,Z,y)] = (*[y,z], [:L',ZL [y,x]),

[t92,62%] = [(2,0,2), (0, 2, y)] = (=[2,9], [2, 2], [, ).
Adding these expressions gives zero, as required. We obtain the relation (10) for
other values of ¢, j, k by applying the .S,, action to replace 1,2,3 by 14, j, k. Hence,
the expressions t/ define a Lie algebra homomorphism from t, to sdetr,. We
prove that it is injective by induction. Clearly, the map t; = Kt''? — sdery is
injective. Assume that the Lie homomorphism t,_; — tdetr,,_1 is injective. Let
a € t,, a = a’ + a”’, where @’ € t,_1 and a” € le(t'", ... t"" "), We de-
note by A’ and A” their images in sdet,. Observe that A’(z,) = 0 since A’
is a derivation acting only on generators zi,...,z,—1. It is easy to check that
A" (zy) = [xn,ad”(z1,...,24-1)], where a”(x1,...,2,_1) is obtained by replacing
the generators " by z; in a” (", ... t""1"). Assuming A = A’ + A” = 0, we
have A(z,) = 0 which implies A”(z,) = 0 and ¢” = 0. Then, a = o’ € t,_1 and
A = 0 implies a = 0 by the induction hypothesis. O

Proposition 3.13. The element c = Zl<i<j<n t belongs to the center of sdet,,.

Proof. First, note that c(z;) = >, ;[xi, 2] = [z;,2] for x = 377 x;. Hence,
¢ is an inner derivation, and for any a € lie, we have c¢(a) = [a,z]. Let u =
(ai1,...,ax) € sder,, and compute for 1 < k < n the kth component of the bracket

[e, u]:
clar) = u(X iz i) + i zlmian] = law, 2] + ul@e) + 32,4 [0, ax]

= lak, @] + [2g, ar] + D2, (74, ar]
[ak, z] + [z, ax] = 0.
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Here we have used that u(z) = 0 for u € sdet,,. O
Another family of coface maps is constructed as follows. For u = (aq,...,a,-1) €
toer,_1 we define
ul?3n = (ay(zy + 22,23, .., Tp),
ar (w1 + 22,23, .., Tn),
az(w1 + T2, T3, - -, Tn),
ap—1(x1 + X2, T3, ..., Zy)).

One uses the action of the permutation groups on tdetr,,_; and on tder, to obtain
other coface maps.

Ezample 3.14. For n = 2 and u = (a(x,y),b(x,y)) we have u'?3 = (a(z +
Y 2),a(z +y,2),b(z +y,2)) and u® = (a(z,y + 2), b(x,y + 2),b(w, y + 2)).

These maps are Lie algebra homomorphisms. Let u = (a,b) € tders and compute
ul?3(z+y) = [z+y, a(x+y, 2)] and u'?3(2) = [z, b(z+y, z)]. Hence, for any f € lies
we obtain u'?3(f(z +y,2)) = (u(f))(z+y, 2). For u = (a1,b1),v = (a2, ba) € toery

we compute [ul?3 v123] = (¢y, co, c3) where
ca=cy = u?az(z+y,2) =0 ai(x +y,2)) + ar(@ +y,2), a2z +y, 2)]
= (u(az) —v(a1) + a1, a2))(z + y, 2),
c3 = u??(ba(x +y,2) — 023 (bi(z +y,2)) + [bi(z +y,2), ba(w + y, 2)]
= (u(b2) —v(by) + [b1, b2])(z + ¥, 2).
Hence, [u'?3,v'2:3] = [u,v]'23. As before, coface maps map special derivations to

special derivations. For u € sdet,,_1 and z = Z?:l T; we compute

ur?3on(x) = [x1 4+ 22,01 (x1 + 22, ..y xn)] + -+ [Xnyan_1 (1 + 22, ..., 2,)] =0
which implies u!23+" € sdet,,.

Ezample 3.15. For r = (y,0) € tders we have r'23 = (z,2,0) = r13 4 23

and 1?3 = (y + 2,0,0) = r12 4+ r13. Similarly, for t = (y,z) € tdera we have
t123 = (z,z,z +y) =t!3 + 23 and 12 = (y + z, 2, 2) = t52 + 13,

Let u = (a1,b1) € s0erg and v = (ag,by) € toera. Then, [ul?, v123] = 0. Indeed,
note that u'? acts by zero on lie(z +y, z) and v123 acts as an inner derivation with
generator as(x + ¥y, z) on lie(z,y). We compute

[wh?,012?)(2) = u?([z,a2(z +y,2)]) — >3z, a1(a, y))])

= [[x,al(m7y)] UQ(IL’-I-@/, )} [[xval( ] CLQ(Z'—I—y, )] 0,
and similarly [u!?,v'2:3](y) = 0. Finally, [ub?,v1%3](2) = w2 ([, b2(z +y, 2)]) = 0.
In general, for u € §0et,, v € ey, we have [ul2m 12 montlntm) — () ip

toet,, 1. Here pl2-mntl.

(n —1) times.
We define a differential d : toer,, — tder,, 1 by formula,

du = u2,3,..4,n+1 o u12,...,n7n+1 S (_1>nu1,2,...,n(n+1) + (_1)n+1u1,2,...,n

=M g obtained from v by applymg the coface map

It is easy to check that d squares to zero, d? = 0.

Ezample 3.16. For u € tdery we get du = u?3 —u'?3 + 4123 — 412, For u € tders
we obtain du — w234 _ 1234 1 1,234 _ 1,234 1,23
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We shall compute the cohomology groups
H"(toer,d) = ker(d : tder,, — tder,,11)/im(d : ter,_1 — tety)
forn =2,3.
Theorem 3.17.

H?(toer,d)
H3(toer,d)

ker(d : tdery — toers) = Kr & Kt,
KI[(0, [z, 2], 0)],

It

where r = (y,0),t = (y,x).

For the proof of Theorem 3.17 we refer the reader to Appendix A.

3.3. Cocycles in tt,. The action of der,, extends from lie,, to Ass, and descends
to the graded vector space tr,,. For u € der,, and a € tr,, we denote this action by
u-a € te,.

Ezample 3.18. Let r = (y,0) € tery, and a = tr(zy) € tro. We compute
r-a=tr(r(z)y +2r(y)) = tr(fz, yly) = tr((zy — ya)y) = 0.

We shall be interested in 1-cocycles on the subalgebra toer, with values in tv,.
That is, we are looking for linear maps « : tder,, — tr,, such that

u-a(v) —v-alu) —alfu,v]) =0
for all u,v € toer,.
Proposition 3.19. For alln > 2 and k = 1,...,n the map ay : toer, — tr,
defined by formula oy, : u = (a1,...,a,) — tr(ax) is a I-cocycle of the Lie algebra

toer,, with values in tr,.

Proof. Note that «j vanishes on all elements of degree greater or equal to two.

Hence, ay([u,v]) = 0 for all u,v € tder,. Let u = (ay,...,a,) and v = (by,...,by).
Then, u - ag(v) = u - tr(by) = tr(u(bg)) = 0 since u(by) is of degree at least two,
and similarly v - o (u) = tr(v(ag)) = 0. O

Proposition 3.20. The map div : tdev, — tv, defined by formula div : u =
(at,... an) = > op_y tr(zk(Okar)) is a 1-cocycle.

Proof. On the one hand, we get
w-div(v) —v-div(e) = Yp_;tr(u(zk(Okbr)) — U(:ck(akak)))

= ZZ:l tr [xbak](akbk)—kxku(akbk)
- [xk,bk](akak> — xkv(akak)).
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On the other hand, we obtain,
div([u, v]) St (o (u(br) — vlar) + [ax, bk]))
= Yo tr (2w (“( i1 Oibr)zs) —v( X7, (O5an)z;) + [%bk]))
= Zzzl tr z:k@k( (u(@lbk)xl (0;bi) x4, ai})
= i (v(9jar)z; + (@'ak)[%»bﬂ) + [ak,bk]))
= iyt (o (u(@rb) — (Orbr)ar + Iy (O0) (k)
— w(Okar) + (Ohar)bs — Xy (Oar)a; (Okby) + ax (Okbr) — by(Orar)) )
= Yy tr (2 (w(@be) — (Okbr)ar — v(Oka)
(Okag)br + ar(Oxby) — bk(akak)))
= wu-div(v) — v - div(u).
proving the cocycle condition. Here we have used the definition of dy operators (see
equation (5)) and the fact that a), = Y77, (9ja)x; and by = >, (0ib)ws O

+

The divergence cocycle transforms in a nice way under simplicial and coproduct

maps. For u = (a1,...,a,) € ter, we have div(u>?") = Y7 | tr(z;(9;a;)) =
div(u)(zy,...,2,). For div(u!?"*1) we compute
div(u!2-"+) = tr (1’1 (81(11(:171 + 9, ... )) + 29 (5‘2a1(z1 + x9,... )))
+ Zi; tr (xk (Okar—1(z1 + 22, . .. )))
= tr ((Jcl + x2)(01a1)(z1 + 29, .. .)
T Yoo Trr1(Okar) (1 +:1?2,-~-))

(div(u))(wl F X2, X3y ey Tpt1)-
Proposition 3.21. div(du) = §(div(u)).
Proof. We compute,

div(du) = divgu2""’"+1) — div(u'®" ) 4 (=) P div (w2
= div u) (Tay .oy Tpg1) — div(u) (x1+ 22,y Tpg1) + - -
+ (=)™ div(u) (@1, ..., 2n)
= 0(div(u)).

O

Remark 3.22. Let g be a finite-dimensional Lie algebra, u € tdet,, a tangential
derivation, ug the corresponding formal vector field on g, div(u) € tv,, the diver-
gence cocycle, ay(u) € tr, cocycles of Proposition 3.19, and ad(div(u)), ad (o (u))
formal power series on g™ defined by the adjoint representation of g. Denote by
div the divergence of the vector fields on g™ with respect to the Lebesgue measure.
Then, it is easy to show that
n
div(ug) = ad (div(u)) — Z ad (ay(u)).
k=1

In view of this relation, it would be more logical to call “divergence” the cocycle
div — ZZ:1 ap but it would have made notation in the rest of the paper much
heavier.
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4. KASHIWARA-VERGNE LIE ALGEBRAS

4.1. Definitions. In this section we introduce a family of subalgebras of soet,
called Kashiwara-Vergne Lie algebras.

Definition 4.1. The Kashiwara-Vergne Lie algebra trv”,, C sdet,, is a Lie subal-
gebra of special derivations spanned by elements with vanishing divergence. For
n =1, we define £rv”; = {0} C sder; = K.

Remark 4.2. The divergence cocycle defines an extension tr,, of the trivial tder,
module by the module tv,,. As a graded vector space, tr, = Kc @ tr,,, where ¢ is a
generator of degree zero. The action of tder,, on ¢ is given by u - ¢ = div(u). By
restriction, s0et,, acts on tA‘cn, and Etuon C sdet,, is the stabilizer of ¢ for this action.

Example 4.3. The element t = (y,x) € sdety is contained in €rv’y. Indeed, we
have a(z,y) = y,b(x,y) = « and dya = 9yb = 0 which implies div(t) = 0.

Coface maps restrict to tro’,, subalgebras. Indeed, for u € sder, the condition
div(u) = 0 implies div(ul?") = 0 and div(u!?3"+1) = 0.

Exzample 4.4. Since t € 0’5, we have t12,t13 23 ¢ ¢ro’5 and
[t13, 22 = ([y, 2], [z, 2], [z, y]) € €rv’s.

Observe that for n = 2 the subspace ker(d) = im(J) C tvy is annihilated by the
action of sdets. Indeed, for u = (a,b) € sdery and tr(f) € tr; one has

u(@tr(f)) = ulte(f(2)) + tr(f(y)) — tr(f(z +y))) = tr([f(z),a] + [f(y),0]) = 0.
Let €tvy C sdetz be the normalizer of the subspace Ke @ ker(d). That is,

troy := {u € svery, div(u) € ker(d)}.

Obviously, this is a Lie subalgera of s0¢ty containing tvo’,. Moreover, for u, v € tro,
one has div([u,v]) = u - div(v) — v - div(u). Hence, [tros, trvy] C £ro’s.

For every u € frvy there exists an element tr(f) € tr; such that div(u) =
tr(f(z) — f(x + y) + f(y)). By Theorem 2.8, such an element is unique if we
choose it in the form f(z) = Y ;o frz®. By abuse of notations, we denote by
f i trog — K[z] the map f : u — f, and by fi : trog — K for £ > 2 the maps
T iue fi.

Proposition 4.5. Let u € troy. Then, div(u) = §(f) with f = > pos frtr(z¥)
odd, and Taylor coefficients fr,k = 3,5,... are characters of trv,.

Proof. Let u € frvy with divergence div(u) = tr(f(z) — f(z +y) + f(y)), where
f(z) = 332, fra®. Consider the bigrading of try by the number of z’s and y’s in
the cyclic word. Then, the degree (1,n — 1) component of tvy is one-dimensional,
and it is spanned by tr(zy”~!). The corresponding contribution in div(u) is equal
to —nf,. Since u = (a,b) € trvy, we have u(x + y) = [z,a] + [y, b] = 0. Consider
terms linear in x in both a and b. First, observe that for m > 1 the degree (1,m)
component of b vanishes since adZ“'l(x) ¢ im(ad,). In particular, this applies to
all m odd.

Next, note that for m odd the degree (1,m) of a vanishes since in this case
[z,ady"(x)] ¢ im(ady). Indeed, let m = 2s + 1. The subspace of liez of bidegree
(2,2s) has a basis 2 25—k = [ad];(x),adisfk(x)} for k =0,...,s — 1. By applying

1 .
ady to an element Z:::O AkZk,2s—k We obtain an element z = ZZ:O Ik 2k, 2541k
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where g = Ao, ptk = A\g—1 + Mg for k=1,...,5s— 1 and pus = As_1. Observe that
> i—o(—1)*u, = 0, and this is a necessary and sufficient condition for z € im(ad,).
We conclude that 202s41 = [2,ad}’(x)] ¢ im(ad,), as required.

We conclude that div(u) = tr(zd,a + yd,b) does not contain terms in degree
(1,m) for m odd, and fi =0 for all kK = m + 1 even. Finally, Taylor coefficients of
f are characters of £rv, since they vanish on trv’5, and on [eros, Bros] C tro’y. O

4.2. The Grothendieck-Teichmiiller Lie algebra. Recall that the Grothendieck-
Teichmiiller Lie algebra grt; was defined by Drinfeld [8] in the following way. It is
spanned by derivations (0, ) € tders which satisfy the following three relations

(11) P(z,y) = =y, z),

(12) 1/’(%?/)+¢(y72)+¢(2a37) =0
for x + y + z = 0 (that is, one can put z = —z — y),
(13) 1/)(t1’2,t2’34) + 1/)(t12’3,t3’4) _ ¢(t2’3,t3’4) + 1/)(t1’23,t23’4) + w(t1’2,t2’3),

where the last equation takes values in the Lie algebra t; and t123 = t1:2 +¢13 ete.
Note that defining equations of grt; have no solutions in degrees one and two. The
Lie bracket induced on solutions of (11), (12),(13) is called Ihara bracket,

(11, Yol = (0,1)(2) — (0,v2) (1) + [¢1, Yol

Theorem 4.6. The map v : ¢ — (Y(—x —y,z),Y(—x — y,y)) is an injective Lie
algebra homomorphism mapping get; to Eroy.

We split the proof of Theorem 4.6 into several steps.

Proposition 4.7. Let ¢ € get;. Then, ¥ = v(y)) € tdery verifies the following
equation in tdets,

(14) AU = (2 127).
We defer the proof of this proposition to Appendix.
Proposition 4.8. im(v) C trvs.
Proof. Using equation (14) we compute
§(V(z+y)=(AU)(z+y+2z) =0t %) (@+y+2) =0

because t1:2,t2:3 € sder3. Since W € tdety is of degree at least three, ¥(x + y) is of
degree at least four, and by Theorem 2.8 this implies U(z + y) = 0 and ¥ € sdery.
Note that this reproduces the result of Proposition 5.7 in [?].

Similarly, we compute

§(div(¥)) = div(d¥) = div(s(t2,t*%)) = 0
since t12,t>3 ¢ ¢rv’s. By Theorem 2.8, this implies div(¥) € im(5) and ¥ €
tros. |

Proposition 4.9. v : gtt; — trvy is a Lie algebra homomorphism.

Proof. Let 11,12 € grt; and compute (a,b) = [v(¢1), v(12)],

a(z,y) v(r)(Wa(—z — y,x)) — v(h2) (1 (-2 — y,2)
[7/)1(—53 - Y, ZC), LZJQ(_‘,E - Y, LU)]
((07w1)(w2) - (O’¢2)(¢1) + [wlawﬂ) (—LL‘ - y,:z:)7

=+ 1
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where we used that v (1), v(12) € s0ery. Similarly, we have

b(z,y) = v() W=z —y,y)) —v(2)(r(—z - y,y)
+ (=2 —y,y) o=z —y,y)]
= ((0,91)(¥2) = (0,92) (1) + [¢h1, ¢a]) (=2 =y, 9)-
In conclusion, [v(11), v(2)] = v([11,¥2]m), as required. O

This observation completes the proof of Theorem 4.6.

It is known [12, 8] that there exit elements og,11 € grt; of degree 2n + 1 for all
n =1,2,... Modulo the double commutator ideal [[lieg, lie], [lieq, lies]], oan41 has
the following form,

2n

(15) Oon+1 —

Proposition 4.10. Forn > 1, fov(ogni1) = —z? L.

Proof. Equation (15) implies that the degree (1,2n) part of a(z,y) = o(—z—y, ) is
equal to (2n+1) adj" x, and the degree (1, 2n) part of b(z,y) = o(—z—y, y) vanishes.
Hence, the degree (1,2n) component of div(v(o2,41)) is equal to (2n + 1) tr(ay?"),
and

div(v(oant1)) = —tr(@® T — (z +y)*" 2 = S tr(a* ),

which implies f(v(o2n+1)) = _p2ntl .

Theorem 4.6 shows that €rv, is infinite dimensional, and Proposition 4.10 im-
plies that characters fx,k = 3,5, ... are surjective. The Lie algebra frvs contains a
central one dimensional Lie subalgebra Kt for ¢ = (y, z), and a Lie subalgebra iso-
morphic to the Lie algebra grt;. This observation suggests the following conjecture
on the structure of rvs.

Conjecture. The Lie algebra ro, is isomorphic to a direct sum of the Grothendieck-
Teichmiiller Lie algebra grt; and a one dimensional Lie algebra with generator in
degree one, troy = Kt @ grt;.

Remark 4.11. The Deligne-Drinfeld conjecture (see Section 6, [8]) states that
grt; is a free Lie algebra with generators og,41 for n = 1,2,.... In [20], Racinet
introduced a graded Lie algebra dmrj related to combinatorics of multiple zeta val-
ues. A numerical experiment of [11] shows that up to degree 19 the Lie algebra
omry coincides with grt; and is freely generated by oar41’s. Recently, Furusho
showed (see [14]) that there is an injective Lie homomorphism grt; — dmrg. A
numerical computation by Albert and the second author [2] shows that up to
degree 16 the dimensions of graded components of €tvy coincide with those of
Kt @ lie(os, 05, ... ) (up to degree 7, the computation has been done by Podkopaeva
[19]). Since Kt @ v(grt;) C trvg, we conclude that the Conjecture stated above is
verified up to degree 16.

5. THE KASHIWARA-VERGNE PROBLEM

5.1. Automorphisms of free Lie algebras. Recall that one can associate a
group G to a positively graded Lie algebra g = [[,—, g with all graded components
of finite dimension. G coincides with g as a set, and the group multiplication is
defined by the Campbell-Hausdorff formula. If g is finite dimensional, G is the
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connected and simply connected Lie group with Lie algebra g. Even for g infinite
dimensional we shall denote the map identifying g and G by exp : g — G and its
inverse by In : G — g. Then, the definition of the group multiplication in G reads:
exp(u) exp(v) = exp(ch(u,v)).

Lie algebras tder,,, s0et,,, trv’,, and €rv, introduced in the previous Section are
positively graded, and all their graded components are finite dimensional. Hence,
they integrate to groups. We shall denote these groups by TAut,, SAut,,, KRV,
and KRV, respectively. The natural actions of t0et,, s0et,, Etnon and €rvy on lie,
and on tr,, lift to actions of the corresponding groups given by formula

(oo}
exp(u)(a) ==Y —u"(a)

n=0
for a € lie, or a € tr,, where u™(a) is the n-uple iterate of the derivation wu
on a. Note that the group TAut, consists of automorphisms g of lie, with the
property that the action of g preserves conjugacy classes of generators x; for ¢ =
1,...,n. That is, for each i = 1,...,n there exists an element g; € exp(lie,,) such
that g(z;) = g;lxigi. Furthermore, the group SAut,, is the subgroup of TAut,
preserving x = Y ., ;.

The representation of tdet,, on tr,, defined by the divergence cocycle (see Remark

4.2) lifts to a representation of TAut,. It defines an additive group cocycle j :
TAut,, — tr,, given by formula j(g) = g - ¢ — c. It verifies the cocycle condition

(16) i(gh) =3(9) +g-j(h),

and has the property

(17) %j(exp(su))\s:o = div(u).

In the case of vector fields on a manifold, a multiplicative cocycle integrating the
divergence is called Jacobian. The letter j stands for Jacobian cocycle (more pre-
cisely, for the logarithm of the Jacobian cocycle since j is additive). Equation (16)
for h = g=! implies j(g~') = —g~! - j(g). Together, equations (16) and (17) give
the following differential equation for j:

o jlexp(su)) = div(u) + - j(exp(su)).
Given the initial condition j(e) = 0, we obtain
e’ -1

jlexp(u)) = -div(u).

u

The action of TAut,, on tv, restricts to an action of SAut,. The group KRV,
is the stabilizer of ¢ for this action. Similarly, the group KRVj is the normalizer
of the subspace Ke @ ker(d) C tro. In particular, for ¢ € KRV, we have jlg) =
g-c—c€ker(§) =im(d) C tra. Note that for any g € SAuty and f € tr; we have
g-0(f) = §(f) since the action of g preserves conjugacy classes of z and y and
stabilizes « + y. Hence, we obtain a more explicit description of

KRV; = {g € SAuta; j(g) € ker(5)}.
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5.2. Scaling transformations. For 0 # s € K consider an automorphism A, of
the free Lie algebra lie, such that A, : z; — sx; for all ¢« = 1,...,n. We have
Ag Ay, = Ag sy, (A)"1 = A, 1, and A} = e. For example, we compute

As(ch(z,y)) = ch(sz, sy) = schy(x,y).

Note that for ¢ € TAut, an automorphism g, = A,gA;! is also an element of
TAut,. Indeed, g(z;) = gi(z;) = e®x;e”®, where g; is an inner automorphism of
lie,, given by conjugation by e® for a € lie,. Then,

gs(xi) = AsgAs_l(xi) = 3_11459(7;2') = eAS(a)xie_As(a)

proving g, € TAut,,. Moreover, since a; = Aq(a) is analytic in s with ag = 0, we
conclude that g is also analytic in s with gg = e. We shall denote the derivative
of g5 with respect to the scaling parameter s by g;. Here ¢, is understood as a
linear operator on lie,, given by the derivative in s of the family of linear operators
defined by automorphisms gs. That is, for z € lie, we have ¢s(z) = dgs(z)/ds. In
general, g, is neither an automorphism nor a derivation of lie,,. Note, however, that
Us 1= gsg; * is an element of tdet,,.

Proposition 5.1. Let g € TAut,. Then, us = gsg; ' has the property us =

sTYAuATY, where u = uy.

Proof. .Let I be a derivation of lie,, defined by the property I(z;) = z; for all i. We
have, A;A;! = s71, and

Us = §sgs L =5 11— gslgs ) = s A1 — glgT )AL
Hence, u = u; = — glg~"! and uy, = s 1A uA ! as required. O

Note that us = s~ (a1 (sx1,522,...),...) is analytic in s with ug given by the
degree one component of u. For ¢ € TAut, we denote by xs : TAut, — toer,
the map rs : g = us = s LAl — glg7')A;!, and we put kK = k;. Similarly,
let u € tdet,, set us = s tAuA;! and denote by FEy : tder, — TAut, the map
FEs : u — g, defined as the unique solution of the ordinary differential equation
gsg5 1 = us with initial condition go = e. We denote E = Ej. It is important
to note that F is not the exponential map for toer,,. Indeed, for u € tdoer,, one
can define an element exp(su) as the unique solution of the differential equation

gs95 1 = u (the right hand side is independent of s!) with initial condition go = e.
Proposition 5.2. The maps E and k are inverse to each other.

Proof. Let g € TAut,, and consider u = x(g). Then, u, = s 1 A;ud;! = k4(g) and
gs = AsgA;! is a solution of the ordinary differential equation (ODE) g5 = usgs
with initial condition go = e. But so does F(u). Hence, by the uniqueness property
for solutions of ODEs, we have g = E(u) = E(x(g)). In the other direction, let
u € tder, and consider g = E(u). Then, g5 = AsgA;! = Es(u) and rs(g) =
G595 = us. Hence, k(E(u)) = u as required. O

Automorphisms A, extend from lie, to Ass, and to tr,,. Note that for u € tder,
and ugs = sT1A,uA; we have div(us) = s 1A, - div(u). Similarly, for ¢ € TAut,
and g5 = A;gA; ! we obtain j(gs) = As-7(g). Indeed, for g = exp(u) with u € tder,
we have g; = Asexp(u)A; ! = exp(AsuA;!). Then,

, _ - et —1 e — 1
3(gs) = j (exp(AsuA;h)) = A,

AS_1 -div (AsuAs_l) = A,

div(u) = As-j(9)-
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Proposition 5.3. Let g € TAut,, and u = k(g). Then,

dj(gs)
ds

(18) = us - j(gs) + div(us).

Proof. We compute

3(9q) = 7(9q9: " 95) = 3(9q9: ") + (9495 ") - 3 (gs)-

Put ¢ — s = €. Since §s9; ' = us, we have g,g; ' = exp (eus + 0(62)). Then, taking
a derivative of j(gq) with respect to ¢ and putting ¢ = s yields

V2] _ L (G explens +0() +explens +0() 3(g))|_, = div(us) +rss(0,),
as required. O

Proposition 5.3 implies the following statement that we shall be using later.
Proposition 5.4. Let u € toer,, and g = E(u). Then, glg=* - j(g) = div(u).

Proof. For g = E(u), equation (18) at s = 1 implies the following relation between
j(g) and div(u): 1-j(g9) = u - j(g) + div(u). Since u = | — glg~! we obtain
glg=' - j(g) = div(u), as required . O

Remark 5.5. The maps E and k establish bijections soet,, — SAut,,, tev’,, —
KRV, and €rv, — KRV,. In order to prove the last statement observe that for
u € troy we have div(us) € im(d). Hence, equation (18) implies j(gs) € im(d) and
E(u) € KRV,.

Note that the map FE is not the exponential map, and the map x is not the
logarithm relating a group of Lie type to the corresponding Lie algebra.

5.3. The generalized Kashiwara-Vergne problem. The generalized Kashiwara-
Vergne (KV) problem is the following question:

Generalized KV problem: Find an element F' € TAut, with the properties

(19) F(z +y) = ch(z,y),
and
(20) §(F) €im(é).

We shall denote the set of solutions of the generalized KV problem by SolKV.
For any s € K one can introduce rescaled versions of equations (19) and (20) as

F(x 4 y) = chs(x,y) and j(F) € im(d). We shall denote the corresponding set of
solutions by SolKVy. For s = 0, SolKVy = KRVs. For all s #£ 0, SolKV = SolKV
with isomorphism given by the scaling transformation F — F, = A,FA; L.

Proposition 5.6. Let F € SolKV and a € tv;. Then, da = F - (8a).

Proof. We have, a = tr(f(x)) for some formal power series f. We compute
F-(6a) = F-tr(f(z) = fle+y)+fy) _
= t(f(x) - f(ch(z,9) + F(y)) = ba.
Here we used that F - tr(f(x)) = tr(f(z)) and F - tr(f(y)) = tr(f(y)) since F acts

as an inner automorphism on x and as a (different) inner automorphism on y. We

also used that F - tr(f(z +vy)) = tr(f(ch(z,y))) because F(x + y) = ch(x,y). O
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The Kashiwara-Vergne conjecture has been proved in [3] (see Theorem 3.3).
We shall see in this Section (see Theorem 5.8) that the original statement of the
Kashiwara-Vergne conjecture is equivalent to the fact that the set SolKV is non-
empty. We shall give an alternative proof of nonemptiness of SolKV in the end of
the paper. In order to preserve the logic of the presentation, we shall not be using
the existence of solutions of the generalized KV problem until we prove it with our
methods.

Theorem 5.7. Assume that SolKV is non-empty. Then, the group KRV acts on
SolKV by multiplications on the right. This action is free and transitive.

Proof. Let F € SolKV and g € KRV,. Then, (Fg)(z +y) = F(g(z +y)) =

F(x +y) = ch(z,y) and j(Fg) = j(F) + F - j(g). Note that j(F) € im(d) and
j(g) € im(8). Hence, F-j(g) € im(é) and by Proposition 5.6 we have j(Fyg) € im(d).
In conclusion, KRV, acts on the set SolKV by right multiplications. This action is
free since the multiplication on the right is.

Let F1, Fy € SolKV and put g = F; ' Fy. We have, g(z+vy) = F{ ' (Fy(z +y)) =
Fy 'l (ch(z,y)) = @ +y and j(g) = j(FT ) + Fy - j(F2) = Fy ' - (j(F) — j(F1).
Since j(Fy),j(Fy) € im(0), by Proposition 5.6 we have F; ' (j(Fy) —j(F1)) € im(0)
and g € KRV3. Hence, the action of KRVy on SolKV is transitive. g

The Kashiwara-Vergne problem was stated in [15] in somewhat different terms.
‘We shall now establish a relation between our approach and the original formulation
of the KV problem (KV conjecture).

Theorem 5.8. An element F' € TAuts is a solution of the generalized KV problem
if and only if u = k(F) = (A(z,y), B(z,y)) satisfies the following two properties,
(21) TH+Y— Ch(ya £B) = (1 - exp(f adz))A(xa y) + (exp(ady) - 1)B(£L’, y)a

and

(22) div(u) € im(9).

Proof. First, we show that equation F(z + y) = ch(z,y) is equivalent to equation
(d/ds — us) chg(z,y) = 0. Indeed, we have

Fox+y)=AFA; (z+y) =s 1A F(z +y) = s Ay ch(x,y) = chy(x,y)

and
. . d dchy(x,y
us(chs(z,y)) = FsFy 1(Chs(x,y)) =Fy(z+y) = ds (Fs(z +y)) = #
In the other direction,
L (ehy(w,y) = —FOUEE N (chy (o) + B (4 chalay)

F1 (% — u5> chy(z,y) =0

implies that F. !(chs(z,y)) is independent of s, and comparison with the value at
s =0 gives F; Y(chs(z,y)) =2 +y or Fs(x +y) = chy(z,y).

The equivalence of (d/ds—us) chs(z,y) = 0 and equation (21) is shown in Lemma
3.2 of [15]. For completeness of the presentation we reproduce the argument. First,



20 ANTON ALEKSEEV AND CHARLES TOROSSIAN

using the formula for the derivative of the exponential map we observe that

adch(z,y) exp(ad,)—1

d —

dt Ch(l‘ + tZ’ y) =0 T exp(aden(az,y))—1 ady Zy

d _ aden(z.y) 1—exp(—ady)
dt Ch(.]j, Y+ tz)‘ —0 T 1—exp(—aden(a,y)) ad,, <

Since chy(x,y) = s~ ch(sx,sy) and us(r) = [x, As] = s7x, A(sw, sy)], us(y) =
[y, Bs] = s~ [y, B(sx, sy)] we obtain

(d/ds — us) chy(z,y) = —sLchy(z,y) + s lo—idbGmen _explads)=liy [0 A(sq sy)])

exp(adch(sw,sy))_l sady
- aden(ar. e 1—exp(—sad
+ s ! 1—exp(—]e(1dch(y:w,sy)) exf;dja = (y - [y7 B(8$, Sy)D
Hence, (d/ds — us) chg(x,y) = 0 is equivalent to
dc sxT,s —
che(z,y) = “p(aad;((# (w — s (exp(sad,) — 1)A(sm,sy))

aden, (s.9) (y —s71(1 — exp(—sad,))B(sz, Sy))-

1—exp(— adch (2,y))
Multiplying both the left hand side ans the right hand side by exp(—s ad, ) (exp(adch(sz,sy)) —
1)/ adch(se,sy) We obtain
chy(y,2) =2 —s! (1 —exp(—s adm))A(sx, sy)+y—s ! ( exp(sady) — 1)B(sz, sy).
Replacing z +— s~ 1z, y > s~ 1y yields
4y —chly,z) = (1 - exp(—ad,)) Az, y) + (explad,) — 1) Bz, y),
as required. )
Finally, we compare equations (20) and (22). Let F' € SolKV, j(F) = §(tr(f(z))).
Using Proposition 5.4, we compute
div(u) = FIF~! - j(F) = FIF~!-tr(f(z) - f(ch(z,y)) + f(y))
Fl-tr(f(z) = f(z+y) + f(y))
= F-tr(o(x) — oz +y) + oy )
= tr(¢(z) — ¢(ch(z,y)) + ¢(y)) € im(9),

where ¢ = xf’(x) results from the action of the derivation I : 2" +— nz". In

the other direction, assume div(u) € im(5). Then, for us = st AuA;! we have
div(us) € im(ds). Equation (18) for F, gives (d/ds — us)j(Fs) = div(us) and
implies d/ds(F; ! - j(Fs)) = F; ! - div(us) € im(6). Hence, F; 1 - j(Fy) € im(d) and
§(Fy) € im(d,). O
Remark 5.9. Let g be a finite dimensional Lie algebra over K. The adjoint
representation is defined on elements of g C Ug by the standard formula, ad,(z) =
[a, 2], and it extends by universality to Ug. For instance, adas(2) = ad, (ady(z)) =
abz — azb — bza + zba for a,b € g.

For A, B € lieg of Theorem 5.8 define a pair of formal power series on g x g with
values in g which satisfy equation (21). By applying the adjoint representation to
the equation div(u) = ) (¢) we obtain an equality in formal power series on g X g
with values in K,

(23) Trg ( ad; oadp, a +ady oady, B ) = Trg (¢(adm) + ¢(ad,) — ¢(adch(x,y))>-

Here 0, A,0yB € Assy, and for every Lie algebra g they define formal power series
on g x g with values in Ug.
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One can rewrite expressions for the operators ads, 4, ads, g in the following fash-
ion. Let z,y, z be generators of lieg and ¢ € K. For A € lies consider the expression
U(z,y,z) = dA(xz + tz,y)/dt|;=o € lies. Since U is linear in z, one can represent
it in the form U = adg(,,)(2) for a unique a € Assy. Note that the only term in
U(z,y,z) which ends on z is az, and a = 9,U. Using equation (5) we compute

0= 0.Ua2) = (0.4 +10) )| =024

This shows that for x,y, z € g we have ady, a(z,y) 2 = dA(x+12,y)/dt|1—0 =: dz A(2)
and similarly adp, (s, 2 = dB(z,y + t2)/dt|i=0 =: d, B(2).

By choosing ¢(z) = % (;—71 — 1) (see Section 6 for details), we obtain a new

form of equation (23)

1 ad, ad adcn(z,y)
Try ((ad, od, A+ad, od, B) = 5 T v _ v
To| A 0y Arady ody g o (exp(adw) " exp(ady) =1  exp(aden(a,y)) — 1
which coincides with the second equation in the original formulation of the Kashiwara-
Vergne conjecture (see e.g. equation (24) in [3]).

6. DUFLO FUNCTIONS

Let F € SolKV. Then, j(F) = tr(f(z)— f(ch(z,y))+ f(y)) for some f € 22K[[]].
We shall refer to f(x) as to the Duflo function of F. In this Section, we describe the
set of formal power series which may arise as Duflo functions associated to solutions
of the generalized KV problem. It is convenient to introduce another formal power

series ¢(z) = zf'(x).
Proposition 6.1. Let u € tdery and assume that it satisfies equations (21) and

(22) with div(u) = 6(tr(d(z))). Then, the even part of the formal power series ¢ is
given by the following formula

n=2

where B,, are Bernoulli numbers.

Proof. We follow [4] (see Remark 4.3). Write A(z,y) = a(ad,)y + ..., B(z,y) =
bx+pB(ad,)y+. .., where b € K, «, 5 € K][z]], and . .. stand for the terms containing
at least two y’s. Replace y — sy in equation (21), and compute the first and second
derivatives in s at s = 0. The first derivative yields

ad,

v = (= e ™ )alady)y — bz, y],

y—
and we obtain
t t 1

— — T -
l—et (et=1)1—e"t) 1—et
Note that elements of lieo quadratic in the generator y (that is, homogeneous of
deg, = 2) are in bijection with skew-symmetric (that is, a(u,v) = —a(v,u)) formal
power series in two variables,

alt)=10

o0 oo
a(u,v) = Z a; ju'v? = Z a; jlad’ y, ad? y]
1,j=0 1,j=0



22 ANTON ALEKSEEV AND CHARLES TOROSSIAN

The second derivative of (21) gives the following equality in formal power series,

1 (u+v)(e* —e?) — (u—v)(e"t” —1) _ b

- = (1— (u+v) Yo _

2 (evtv — 1)(ev — 1)(ev — 1) (1—e )a2(“’”>+2(“ v)+(B(v)—B(u)),
where the left hand side corresponds to the second derivative of the Campbell-
Hausdorff series — ch(sy, x), and as(u, v) represents the second derivative of A(z, sy)
at s = 0. By putting v = —u in the last equation we obtain,

b 1 t let+1

Boda(t) = it_§ (et —1)(1 —e?) +Zet—1'

Here Boqa(t) = (B(t) — B(—t))/2.

Finally, consider equation (23) and compute the contribution linear in y (that
is, of the form tr(f(x)y)) on the left hand side and on the right hand side. Since
we only control the odd part of the function 5(t), we obtain an equation in odd
formal power series,

6odd(t) - aodd(t) = _(¢/(t))odd = _(¢even)/(t)

¢even(t) = 1 (t -1+ t> )

2 \et—1 2
as required. 0

which implies

Proposition 6.2. Let F € SolKV and f € 2*K[[z]] such that j(F) = 6(tr(f(z))).
Then, the even part of f(z) coincides with the function fepen(z) = 3 In(e®/? —
e~*/2)/x), and for every odd formal power series foqq(x) = Yooy forgp122F L there
is an element F € SolKV such that j(F) = 6(tv(feven () + foaa(x)))-

Proof. Let f and ¢ be the power series in j(F) = S(tr(f(x))) and div(u) =

d(tr(¢p(x))) for u = k(F). Then, we have (see the proof of Theorem 5.8) ¢(s) =
sf’(s). By Proposition 6.1, we obtain

o 1 0 B 1 s/2 _ ,—s/2
fe'uen - / ¢Le L(S) ds = = k Sk =—1In <€ © ) .
S 2 Pt k- k! 2 S

Let F' € SolKV with j(F) = 6(tr(f(z))), and g € KRV, with j(g) = &(tr(h(z))).
Then, Fg € SolKV and

j(Fg) = j(F) + F - j(g) = §(tx(f(x) + h(x))).

Put g = exp(u) for u € €rvs, and compute j(g) = (e* — 1)/u - div(u) = div(u). By
choosing ¢ with u = — "7 | hopy1v(02k41) (with hopyq € K) we obtain j(g) =
div(u) = §(tr(h(z))) for h(z) = Y3, hart12**T1. Hence, by an appropriate choice
of g € KRV, one can make the odd part of the linear combination f(z) + h(x)
equal to any given odd power series without linear term. ([l

Remark 6.3. The group KRV, acts on SolKV, and this action descends to the
space of formal power series 22K [[z]] along the map f : SOlKV — z?K|[[x]] sending F
to f = j(F). In Proposition 6.2 we have used this action to change the odd part of
f. Previously, this action (for the Grothendieck-Teichmiiller group GRT; C KRVy3)
on Duflo functions has been described in [17] (see Theorem 7).
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Proposition 6.4. Let F' = exp(u) € SolKV with u = (a,b) € tevy such that

a(z,y) = aoy+alady)r +...
b(z,y) = box+Plady)z+...,
where ag, by € K, o, 8 € sK][[s]], and ... stand for terms which contain at least

two x. If ag = 0, then the Duflo function f(s) associated to F satisfies equation
f'(s) = B(s) — als).
Proof. Consider the part of j(F) = tr(f(z) — f(ch(z,y)) + f(y)) linear in the
generator z. On the one hand, we have

J(F)e—tin = tr(f(2) — f(ch(z,y) + f(y))o—tin = — tr(f'(y)2).

On the other hand, for ag = 0 we obtain
. e —1 | .
.](F)x—lin = < . le(U)) = le(U)x—lm-

u xz—lin
Here we used that u is of degree greater than or equal to one in variable x, and all
contributions non-linear in u are of degree at least two in .
Finally, we compute

div(u)a:flin = tr<x(awa) + y(ayb»wflzn = tr(xa(y) - B(y)x) = tr((a(y) - B(y))x)
Comparison with the first equation yields f'(y) = B(y) — a(y), as required. O

In the original formulation of the Kashiwara-Vergne problem the Duflo function
f was assumed to be even.

KV problem: Find an element F' € TAut, such that F(z +y) = ch(z,y) and
J(F) = 3(f), where

(24) fz) =

= kak _1 z/2 —x/2
kzﬁk.k!_2ln((e —e %) /z).

N | =

We shall denote the set of solutions of the KV problem by SolKV°. Note that the
KV problem is equivalent to finding an element v = (A, B) € tdero which satisfies

equation (21) and the identity div(u) =6 (% try oo, B’;C—fk)

Remark 6.5. The group KRV, acts on SolKV? by right multiplications. This
action is free and transitive. The proof of this statement is completely analogous
to the proof of Theorem 5.7.

Remark 6.6. Recall that the Kashiwara-Vergne conjecture implies the following
Duflo theorem [9] (see [25] for the detailed account). Let g be a finite-dimensional
Lie algebra over K. Then, there is an isomorphism Duf : (Sg)? — Z(U(g)),
where (Sg)? is the ring of invariant polynomials (under the adjoint action), and
Z(U(g)) is the center of the universal enveloping algebra. In more detail, the
Duflo isomorphism Duf = Sym o 01,2 is the composition of the symmetrization
map Sym : S(g) — U(g) and the (infinite order) constant coefficient differential
operator 0;1/2. This differential operator is associated by the Fourier transform to
the function J/2 defined on the neighborhood of zero in g,

eads /2 _ = ad, /2 12
adg )

JY?(z) = det <
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Note that, up to replacing x — ad,, the function J'/2(x) is the exponential of the
function f(x) in equation (24). This explains the name of “Duflo function” in the
title of this Section.

7. PENTAGON EQUATION

In this Section we establish a relation between the Kashiwara-Vergne problem
and the pentagon equation introduced in [8]. Let ® € TAuts. We say that &
satisfies the pentagon equation if

(25) P1234pL234 _ §l.233123.452.34
in TAuty.

Proposition 7.1. Let F' € SolKV. Then,

(26) ® = (F123)-1(p12)-1p23pl2s

is an element of KRV s, and it satisfies the pentagon equation.

Proof. First, we compute

P(x+y+2) F12)*1F23F123(x+y+2’)
FL 2)71F2 3(Ch($ erZ))
F12)~1(ch(z, ch(y, 2)))

ch(z +y,2))

I
NN N N

BN

l\.’)

w
A/-\/-\/‘\

= r+y+-=z.

Hence, ® € SAuts. Next, we rewrite the defining equation for ® as F1.2F12:3% =
F23F123 and apply the cocycle j to both sides to get

j(Fl,Z) +1_711,2 ~j(F12’3) + (F1’2F12’3) ]((I)) — j(F2’3) + F2’3 'j(F1’23).
Since j(F) = tr(f(z) — f(ch(z,y)) + f()), we have
JFY2) + FL2 (R tr(f () + f(y) — flch(z,y)))

=y tr(f(z +y) — flch(z 4+ y),2) + f(2))
= tr(f(z) + f(y) + f(2) — f(ch(ch(z,y),%2)))
Similarly, we obtain
JF?3) 4 F23 . §(FY2%) = tr(f(y) — f(ch(y, 2)) + f(2))
+ F%tr(f(z) - f(ch(z,y +2)) + f(y + 2))

tr(f(x) + f(y) + f(2) = f(ch(z, ch(y, 2))))-

We conclude (F12F123) . j(®) = 0, j(®) = 0 and & € KRV’;.

The pentagon equation is satisfied by substituting the expression for ® into the
equation, and by using that for ® € KRV’; C SAuts we have F12343123 —
PL23 1234 414 FL234H2.3.4 _ $2,3,4 1,234 0

Let F; € SolKV and ®; be the corresponding solution of the pentagon equation.
Consider another element Fy € SolKV. By Theorem 5.7, Fy, = Fjg for some
g € KRV3. The corresponding solution of the pentagon equation reads

b = ()RR |
1) e i L I Ul I S O R
— (912,3)—1(9 ) lq) 923 123
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Equation (27) defines an action of KRV5 on solutions of the pentagon equation with
values in KRV"3. Actions of this type are called Drinfeld twists (see [8], equation

(1.11)).

Proposition 7.2. Let Fy, F» € SolKV and assume that they give rise to the same
solution @ of the pentagon equation. Then, Fy = Fy exp(At) for some X € K.

Proof. First, note that for g = exp(\t) we have for all ® € KRV'3
(¢'23) 1 (g12) " 10g23 g2 = e AP = @

where ¢ = 12 4+ ¢13 4 ¢23 is a central element in sders and in tro’;.

The degree one component of frvy is spanned by t, and t is central in frv,.
Hence, one can represent g = F; 'Fy in the form g = exp(\t) exp(u), where u =
22022 uy, € trvy. Let @ be a solution of the pentagon equation which corresponds
to both F} and F5. Let kg be the lowest degree such that ug, 7 0. Then, equation
d = (g5 (gg®) 1 ®g>3g1?3 implies dug, = 0, and by Theorem 3.17 we have
Uk, = 0 which implies © = 0 and g = exp(At), as required. O

Proposition 7.3. Let ® = exp(¢) € TAuts be a solution of the pentagon equation,
where ¢ = 12 ¢x with ¢y € tders homogeneous of degree k. Then, ¢ = 0 and
¢2 = (Ol[y, Z]a 6[‘27 IL ’Y[Ia y]) fO’I’ some «, /87 v e K.

Proof. The degree one component of the pentagon equation reads d¢; = 0. Since
the degree one component of H3(tder,d) vanishes, we have ¢, = df for a degree
one element f € toers. However, the degree one component of tdery is spanned
by r = (0,z) and t = (y,z), and both r and ¢ are in the kernel of d. Hence,
¢1 = 0. This implies that the degree two component of the pentagon equation is
of the form, d¢o = 0. Then (see the proof of Theorem 3.17), ¢ is expressed as
(aly, 2], Blz, z], v[z,y]) for some a, 3,7 € K. O

Note that H3(tder,d) is one-dimensional, and the cohomology lies in degree two.
One can choose the isomorphism H?(tder,d) = K in such a way that it is represented

by the map 7 : 2 = (aly, 2, B[z, z], 7]z, y]) = a + B+ 7.

Proposition 7.4. Let F' = exp(u) exp(sr/2) exp(at) € TAuty, where s, € K and
u is an element of toery of degree greater than or equal to two. Assume that the
expression ® = (F'23)~1(FL2)"1F23FL23 45 an element of KRV s, and denote
7(¢2) = X\. Then, A = s2/8 and F € SolKV,.

Proof. First note that ® is independent of a (see the first paragraph in the proof
of Proposition 7.2). Hence, without loss of generality one can put a = 0.
Let ¢ = In(®) = > ;= ¢k, where ¢y, is of degree k. We have, ¢ = s(dr)/2 =
0. For the degree two part, we use the Campbell-Hausdorff formula to compute
FY2F123 and F23F%23 up to degree two, and notice that r2 47123 = p12.3 1,2
(since dr = 0). This yields
2 2

2
by = du2—|—%([T2’3,r1’23]+[r1273,r1’2]) - du2+%[r2’3,r1’2] - du2+%([y, 2],0,0).

Here we used the classical Yang-Baxter equation of Proposition 3.10. In conclusion,
A =7(po) = s2/8.

Denote x(z,y) = F(z +y) =x +y+ 5[z,y] +..., where ... stand for elements
of degree greater than or equal to three. Since ®(x 4+ y + 2) = = + y + 2, we have

X(@,x(y,2)) = F*2FY 2 (@ +y + 2) = FY2F3 (2 +y + 2) = x(x(2,9), 2)-
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By Proposition 2.9, this implies x(x,y) = chs(x,y). Denote b(x,y) = j(F) € tra.
By applying j to the equality F23F123 = F1.2F123¢ (and using j(®) = 0), we
obtain

b(y,z) + F23 - b(x,y + 2) = b(z,y) + FY2 - b(x + y, 2).
Equivalently, 0,(b) = 0 which implies, by Proposition 2.10, b € im(d,) and F €
Sol, (KRV). 0

Theorem 7.5. Let ® = exp (Y poy ¢k) € KRV'; be a solution of the pentagon
equation with w(p2) = A, and assume that 8\ admits a square root s € K. Then,
there is a unique element F € SolKV such that F = exp(u)exp(sr/2) € TAuts,
where u is an element of tdets of degree greater than or equal to two, and ® =

(F123)=1(F1:2)~1 2.3 (123,

Proof. Our task is to find f = Y 7| fi € tders with the degree one component
f1 = sr/2 such that F' = exp(f) solves equation ® = (F123)~1(FL2)~1 231,23,
In degree two, this implies

2

dfe + % ([y.),0,0) = 6.

Recall that dgs = 0 and 7(¢2) = A = s%/8. Hence, this equation admits a solution,
and it is unique since the operator d : tders — tders has no kernel in degrees greater
than one.

Assume that we found F;,, € TAuty such that

@ = oxp (Z wk> = (R (R TR,
k=2

and ¥, = ¢ for k < n (we say that ®, is equal to ® modulo terms of degree
greater than n). Then, F23FL123(x +y + 2) = FM2F123(2 + y + 2) modulo terms
of degree greater than n+ 1. By the proof of Proposition 2.9, F,,(z +y) = chs(z,y)
modulo terms of degree greater than n + 1. Since F}?340l23 = @l.23p123.4
and F124¢234 = 92341234 modulo terms of degree greater than n + 1, @,
satisfies the pentagon equation modulo terms of degree greater than n + 1. Denote
© = ¢py1—Ynr1. The pentagon equation for ¢ and the pentagon equation modulo
terms of degree greater then n + 1 for ®,, imply de = 0. Hence, by Theorem 3.17,
¢ = du for a unique element u € tdery of degree n+ 1. Put F, 11 = F,exp(u). It
satisfies equation & = (Fﬁif)_l(Fifl)_lFifl F;ff modulo terms of degree greater
than n + 1. By induction, we construct a unique F which solves equation ® =
(F123) =Y FL2) =123 FL23 and has f; = sr/2, as required. By Proposition 7.4,
the element F' solves the KV problem, F' € SolKV. ([

Remark 7.6. One can also spell Theorem 7.5 in the following way. Denote by
Pent), the set of solutions ® = exp (35", ¢x) € KRV'3 of the pentagon equation
with m(¢2) = A. Assume that 8\ admits a square root s € K. Then, the map
(26) F' — @ defines an isomorphism Penty 2 SolKV /K, where the action of the
additive group K is by F — F exp(At).

In particular, Theorem 7.5 implies that the Kashiwara-Vergne problem has so-
lutions if and only if the pentagon equation admits solutions ® € KRV’; with

7T((b2) = 1/8.
The next proposition provides a tool for extracting the Duflo function of an
element F' € SolKV from the corresponding solution of the pentagon equation.
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Proposition 7.7. Let ® = exp(¢) € KRV';3 be a solution of the pentagon equation
with w(p2) = 1/8, and let F € SolKV be a solution of equation (26). Denote
¢ = (A, B,C), and B(x,0,2)y—1in, = h(ad,)z for h € zK][[z]]. Then, the Duflo
function f(x) of F satisfies equation f'(x) = h(x).

Proof. Let F' = exp(u) with u = (a,b). Put a(z,y) = aoy + a(ad,)z + ... and
b(z,y) = box + B(ady)z + .... Choose F in such a way that ap = 0 (this is always
possible by replacing F' — Fexp(At) if needed). By Proposition 6.4, the Duflo
function f associated to F is a solution of equation f' = — a.

Put y = 0 in all components of u'?,u'?3 u?3,u"?3.  Assumption ag = 0
implies that all these expressions are of degree greater than or equal to one in
the variable x. Hence, for the computation of the degree one in x part of ¢ =
In ((F'%3)=1(F12)"1F23F123) one can replace it by uh?3 + u?? — ul? — 123,
This yields B(z,0,2),—1in = f(ad,)z — a(ad, )z, and h(z) = B(z) — a(x). Hence,
f'(z) = h(zx), as required. O

8. Zo-SYMMETRY OF THE KV PROBLEM AND HEXAGON EQUATIONS

In this Section we introduce an involution 7 on the set of solutions of the gen-
eralized KV problem, and show that the corresponding solutions of the pentagon
equation verify a pair of hexagon equations.

8.1. The automorphism R and the Yang-Baxter equation. Let R € TAuts
be an automorphism of lie; defined on generators by R(z) = e~ vz, R(y) = y.
Note that R = exp(r) for r = (y,0) € tdery, and

R (ch(y,z)) = ch(y, exp(— ady)z) = ch(z,y).

Denote by 6 the inner derivation of lie; with generator ch(z,y). That is, for a € lieq
we have 0(a) = [a,ch(z,y)]. Note that the derivation ¢ = (y,x) € tders is an
inner derivation of lico with generator x + y. Indeed, t(z) = [z,y] = [z, + y] and
t(y) = [y,2] = [y, +y]. Let F € TAuty be a solution of the first KV equation,
F(x +y) = ch(x,y). Then, FtF~! = 0. Indeed, for a € lico we have

FtF~Y(a) = F([F~}(a),z +y]) = [a, F(z +y)] = [a,ch(z,y)] = 0(a).
Proposition 8.1. RR*! = exp(0).
Proof. Note that R?>!(z) = x and R*!(y) = e~ =y, We compute,
RR*!(z) = R(x) = exp(—ad, )z = exp (— adeh(z,y) )2
and
RR*'(y) = R(exp(—ad,)y) = exp ( — adexp(— ad,)z )Y = exp ( — aden(a,y) ) ¥
as required. ([l
Proposition 8.2. The element R satisfies the Yang-Bazter equation,
RLI2RL3R23 _ R23RL3RL2.

Proof. In components, we have R"? = (exp(—ad,),1,1), R = (exp(—ad,),1,1)
and R?3 = (1,exp(—ad.),1). One easily computes both the left hand side and
the right hand side of the Yang-Baxter equation on generators y and z, z — 2z and
y — exp(—ad,)y. We compute the action of the left hand side on x:

RYRYSR*3(z) = R"?R"3(2) = R"?(exp(— ad,)z) = exp(— ad.,) exp(— ad, )z,
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and the action of the right hand side,
R2’3R1’3R1’2(5E) — R2 3R1 3( ( ) )
= R23(exp(— ad )eXp( ad,)x)
= exp(—ad:)ex ( dy)z
which completes the proof. O

Proposition 8.3. R'23 = RV3R?3. Let F € TAuty be a solution of equation
F(x +y) = ch(x,y). Then, F23RV23(F?3)~1 = RL2RL3,

Proof. For the first equation, note that both sides are represented by the automor-
phism (exp(—ad, ), exp(—ad,),1) € TAuts.

For the second equation, both the left hand side and the right hand side preserve
generators y and z, y — ¥y, z — z. It remains to compute the action on x:
FRSRY(F29) ) (1) = FXRI(2) = F*3(exp(~ adys2)a) = exp (— adaygy - ),
and the same for the right hand side
RY“2R"?(x) = R"?(exp(—ad,)r) = exp(—ad,) exp(— ad, )z = exp ( — aden(y,2) )x,

as required. 0

8.2. Involution on SolKV. In this Section we introduce and study a certain in-
volution on the set of solutions of the KV problem.

Proposition 8.4. Let F € SolKV. Then, 7(F) = RF>'e~'/? is a solution of the
KV problem, 7(F) € SolKV. The map 7 is an involution, 7% = 1.

Proof. We compute,
T(F)(z +y) = RF*'e”"(z + y) = RF>!(z +y) = R(ch(y, )) = ch(z,y).
Furthermore,
j(r(F)) = j(RF®'e™"?) = R j(F>).

Here we used that div(r) = div(t) = 0 and j(R) = j(exp(—t/2)) = 0. Let f €
2?K[[x]] such that j(F) = tr(f(z) — f(ch(z,y)) + f(y)). Note that j(F?!) =
J(F)%1) (since div(u?!) = div(u)??! for u € tbetz) This implies j(F?!) = tr(f(x)—
)-

f(ch(y,2)) + f(y)) and R - j(F*') = tx(f(x) — f(ch(z,y)) + f(y)) = j(F). Hence,
T(F) is a solution of the KV problem.
Finally,

7(F) = Rr(F)>'e”"* = RR*'Fe " = ¢’ Fe™' = F,
where we used t>! = t, RR*»! = exp(#) and FtF~! = . We conclude that 72 = 1,
and 7 defines an involution on SolKV. O

Proposition 8.5. Let F' € SolKV and let & be the corresponding solution of the
pentagon equation. Then,

O,y = (@371
Proof. We compute,

@T(F) — et12'3/2(F3,21)71(R12,3)716t1‘2/2 (F2’1)*1(R172)’1R2’3F3’267t2’3/2R1’23F32*1e’t

_ 66/2(F3’21)*1(R12’3)*1(F2’1)*1(Rm)*1R2’3F3’2R1’23F32’1e*5/2
_ 66/2(F3721)*1(F271)*1(R2’3)*1(R1’3)*1 (Rl,2)7lR2,3R1,3R1,2F372F3271676/2
_ 60/2(F3,21)—1(F2,1)—1F3,2F32,1€—0/2 _ ec/Q(q)3,2,1)—1e—c/2 = (321)-1

1,23/2
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1,2h12,3 — h12,3 1,2

Here in passing from the first to the second line we used that g g
for g € SAuty, h € TAuts, and the definition of the element ¢ = 52 4113 4423 € t3;
Proposition 8.3 in the passage from the second to the third line; and finally the
Yang-Baxter equation (Proposition 8.2) and the fact that c¢ is central in tro’s in
the passage from the third to the fourth line. O

Proposition 8.6. Let ' € SolKV and x(F) = (A(x,y), B(z,y)) € tdery. Then,
(28)

() = (4 Blya) + (chle) = o) Al 2) = p(chias) =) )

Proof. We compute,

d Fs dF2’1 1
K(T(F)) = T((is) o1 7(F) L = r+R d:gs |5:1(F2’1)_1R_1—§RF2’11€(F2’1)_1R_1,

where we used that dR;R;' = r = (y,0) € toers. In the last term, F21¢(F21)~!
is the inner derivation with generator ch(y,z), and RF?1¢(F*1)~!R~! is an inner
derivation with generator ch(z,y). With our normalization condition, it is repre-
sented by (ch(z,y) — z,ch(z,y) — y) € toers.

Finally, for the middle term Rx(F)*'R~! we compute,

R(A,B)*'R™'(z) = R(B(y,z),A(y,z))e* (x)

= R(e™v[z, By, )] + 2 [A(y, x), x] — [A(y, ), e ()])
= [2,B(y,z) + (e — 1) A(y, z)]
= [, e B(y, z) + ch(z, ) — 7 ],

Here in the passage to the last line we have used equation (21) (with x and y
exchanged). For the action on y we compute,

R(A,B)*' R™!(y) = R(B(y,x), Aly. 2))(y) = R([y, Ay, 2)]) = [y, e” *V A(y, 2)].
By adding up all three terms we obtain,

H<T<F>) = (eade(?%x) —l—Ch(.’E,y) —T -y, e adyA(yvx))
+ (970) - %(Ch(l’,y) —x,ch(m,y) _y)
= (" B(y,z) + 3(ch(z,y) — ), e”*WA(y, ) — 3(ch(z,y) — v)),
as required. (I

Remark 8.7. Symmetry (28) has been introduced in [15] (see discussion after
Proposition 5.3).

8.3. Symmetric solutions of the KV problem.

Definition 8.8. An element F' € SolKV is called a symmetric solution of the
generalized Kashiwara-Vergne conjecture if 7(F) = F.

We shall denote the set of symmetric solutions by SolKV”. Since the map
k : TAuty — tdery is a bijection, 7(F) = F if and only if k(7(F)) = k(F). That is,
Kk(F) = (A(z,y), B(x,y)) satisfies the (equivalent) linear equations
1
— S(eh(ry) ).
Since equations (21) and (22) are linear in A and B, one can average an arbitrary
solution to obtain a symmetric solution F' with x(F) = (k(F) + k(7 (F)))/2.

Alw,y) = € Bly,2) + 5(ch(r,y) — o), Bla,y) = ¢ “A(y, )
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2,1

The involution u +— u*" acts on the Lie algebra frvy, and it lifts to the group
sym

KRV3. We shall denote the corresponding invariant subalgebra by £rog”™ C fro,
and the invariant subgroup by KRV3’™ C KRV,.

Proposition 8.9. The group KRV3™ acts on the set SOIKV™ by multiplications
on the right. This action is free and transitive.

Proof. Let ¢ € KRV3Y™ and F € SolKV". By Theorem 5.7, Fg € SolKV. By
applying 7 we obtain
7(Fg) = RF2’192’1e*t/2 = RFz’le*t/Qg =71(F)g = Fg.
Hence, Fg € SolKV™.
Consider two elements F, Fy € SolKV"™. We denote g = F1_1F2 and compute

92,1 — (FleQ)Q’l — (R—lFlet/Z)—l(R—leet/Q) — e—t/Z(F171F2>et/2 — e—t/QQet/Q =g,
as required. O
Remark 8.10. Note that the element ¢t = (y, x) as well as the image of the injection

v : grt; — Broy is contained in €rp3?™. In fact, it is not known whether any non-

symmetric elements of £rvs exist. If the conjecture stated in the end of Section 4 is
correct, it implies roy = Eros?™.

Proposition 8.11. Let F' € SolKV™, and let ® € KRV's be the corresponding
solution of the pentagon equation. Then,

(29) Pl:2:3§3.2.1 — e,

(30) 6(t1’3+t2‘3)/2 _ (1)2,1,36#*3/2(@2,3,1)71(3#’3/2‘1,3,2,1
and

(31) e(t1’2+t1'3)/2 _ ((I)l,3,2)—1et1=3/2@3,1,26t1v2/2(¢3,2,1)—1

Proof. Equation (29) follows by Proposition 8.5. In order to prove equation (30)

recall that R12? = R13R?3 = (exp(—ad.),exp(—ad.), 1) € TAutz. Furthermore,

this automorphism commutes with g''? for any g € TAut,. In particular, we have

F2IR123(F21) =1 = RIS R23, By substituting R = Fe'/2(F?1)~1 we obtain,

F2,1R12,3(F2,1)—1 _ F2,1F21,3e(t1*3+t2’3)/2(F3,12)—1(F2,1)—1
and
RIBR23 — F1,36t1'3/2(F3,1)—1F2,3et2*3/2(F3,2)—1

F1*3F2’13et1'3/2(F2*31)_1(F371)_1F2’3F23vlet2’3/2(F3271)_1(F3*2)_1.

A comparison of these two equations yields equation (30). Equation (31) follows by

applying the (13)-permutation to equation (30) and by using the inversion formula
(29). O
Remark 8.12. Equations (30) and (31) are called as hezagon equations. They
were first introduced in [8] (see equations (2.14a) and (2.14b)).

9. ASSOCIATORS

In this Section we consider joint solutions of pentagon and hexagon equations
called KV-associators (with values in the group KRV’3). We show that Drinfeld’s
associators defined in [8] make part of this set, and we use this fact to give a new
proof of the KV conjecture.
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9.1. Associators with values in KV3 and Drinfeld’s associators.

Definition 9.1. An element ® € KRV'; is called a KV-associator if it satisfies
the pentagon equation (25), hexagon equations (30) and (31) and the inversion
property (29).

Proposition 9.2. Let ® = exp(¢) = exp (5, %) € KRV; be a KV-associator.
Then, m(¢p2) = 1/8.

Proof. The degree two component of the hexagon equation (30) reads
1
< [1153,429] 4 @213 _ 231 4 g321 _ ¢

Note that [t13,t23] = ([y, 2], [z, 2], [x,y]) which implies 7([t}3,#33]) = 3. Also
observe that m(¢3*") = m(¢y) and w(¢5"?) = w(¢3*") = —7(¢2). We conclude
that 37(¢2) = 3/8 and 7(¢2) = 1/8, as required. O

Proposition 9.3. Let ® = exp(¢) = exp (Y ro, dx) € KRV'3 be a solution of
equations (25) and (29) with w(¢p2) = 1/8. Then, each F € SolKV which verifies
equation (26) is a symmetric solution of the KV problem, F' € SolKV™.

Proof. Theorem 7.5 implies that equation (26) admits solutions F = exp (> po ; fi) €
SolKV. By Proposition 8.5, @, () = (®3>')~! = ®p. Hence, by Proposition 7.2,
T(F) = Fexp(At) for some A € K. The degree one component of this equation
reads r + f12’1 —t/2 = f1 + At. Since f; = r/2 + at for some « € K, we have
r+ f21 — fi =t/2 and A = 0. In conclusion, 7(F) = F, as required. O

Recall that by Proposition 3.11 Lie algebras t, inject into £ev”,. In particular,
t3 injects into £ro’s, and the corresponding group T is a subgroup of KRV's.

Definition 9.4. A KV-associator ® € KRV’ is called a Drinfeld’s associator if
D eT;.

Drinfeld’s associators can be defined without referring to the Lie algebras toet,
and tro’,, since coface maps restrict to Lie subalgebras t,, in a natural way. In [7]
Drinfeld proved the following fundamental theorem:

Theorem 9.5. The set of Drinfeld’s associators is non-empty.
This implies the following result:

Theorem 9.6. The set of symmetric solutions of the KV problem SolKV™ is non-
empty.

Proof. Each Drinfeld’s associator ® = exp(¢) = exp (3o, ¢x) is a KV-associator
with m(¢2) = 1/8. Then, by Theorem 7.5, there is an element F' = exp (Y} ;o ; fx) €
TAuty with f; = r/2 which solves equation (26). By Proposition 7.4, this auto-
morphism is a solution of the KV problem, and by Proposition 9.3 this solution is
symmetric. ([

Remark 9.7. In the case of Drinfeld associators, there is a constructive proof of
Theorem 7.5 (see [1]). It gives an explicit formula for F' solving the twist equation
(26) in terms of the Drinfeld associator ®.
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Remark 9.8. The KV problem has been settled in [3]. The solution is based on
the Kontsevich deformation quantization scheme [16], and on the earlier work of
the second author [24]. Theorem 9.6 gives a new proof of the KV conjecture by
reducing it to the existence theorem for Drinfeld’s associators.

Proposition 9.9. Let ® = exp(¢) € T3 be a Drinfeld’s associator, and let F €
SolKV be a solution of the KV problem which satisfies equation (26). Write ¢ =
h(ads)th2 + ..., where h € xK][[z]], and ... stand for terms whose degree with
respect to t1'2 is greater than one. Then, the Duflo function f(x) associated to F
satisfies equation f'(x) = h(z).
Proof. By putting y = 0 we obtain 2 = (y,z,0) + (0,2,0) and t>3 = (0, z,y)
(0, 2,0). Hence,

p(t"2,t%%) 0 = (0, ¢(, 2), 0).
In particular, for ¢ = (A, B,C), we have B(z,0,2)z_1in = h(ad,)z. Then, by
Proposition 7.7, we obtain f’(z) = h(x), as required. O
Exzample 9.10. Consider the Knizhnik-Zamolodchikov associator (with values in
T3) constructed by Drinfeld. Equation (2.15) of [8] yields the function h(z):

h(z) = — Z ¢n) "L

= (2mi)"

Note that associators defined in this paper are obtained by taking an inverse of asso-
ciators in the Drinfeld’s paper. The Duflo function corresponding to the Knizhnik-
Zamolodchikov associator is given by

=3 S Lo (01 ).

Here ~ is the Euler’s constant, and the term ~yz/2mi cancels the linear part in the
logarithm of the T-function. Formula for f(z) matches (up to a sign change) the
expression In(Fyie(x)) in [17].

9.2. Actions of the group GRT;. Let Lie, be a group associated to the Lie
algebra lie, (such that a - b = ch(a,b)). Then, one can view the Grothendieck-
Teichmiiller group GRT; as a subset of Lies defined by a number of relations (see
Section 5 of [8]), and equipped with the new multiplication,

(h1 *Grr, h2)(,y) = ha(z, ha(z, y)yhy ' (z,y))ha(z,y).

Remark 9.11. Note that we have chosen to act on the second argument y of the
function h rather than on x (the first argument) as in [8].

Let 9 € grt; and consider a one parameter subgroup of GRT; defined by 1,
hs = expgrr, (s¥). Write hy = hy_s *grr, hs and differentiate in ¢ at ¢ = s to

obtain dhy(z,y)
s\, -
Ty = ’l/)(l',hs(1'7y)yhs($,y) 1)h3(x’y)'

This differential equation together with the initial condition hg(x,y) = 1 defines
the exponential function expggry, in a unique way.

Proposition 9.12. Let ¢ € gtty, h = expggry, (¥) € GRT1 and g = exp(v(v)) €
KRV,. Then,

§= (912’3)_1(91’2)_192’391’23 _ h(tl’Q,t2’3) € KRV, .
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Proof. First, observe that for g € SAut,, ¢g"'? commutes with ¢'23, and ¢*>3 com-
mutes with ¢g'23. Hence, the maps ¢ — ¢ = ¢12¢'?3 and g — ¢" = ¢*3¢"?% a
group homomorphisms mapping SAuts to SAuts.

Next, replace 1 by si» and consider the derivative in s of g, = (g!)~'g~:

b= @ (FE T e g
= (g)" (dv(¥)gy

— (g )—lw(t172’t2,3)gr
= Yt ( )17523 g

= ¥t (gh)7 t23( ) gq)gs
= 1/)(?51295?523( )71

To establish the second equality, we make use of (dgs/ds)(gé)_1 = v() 2+ ()23
and (dg” /ds)(g7)~* = v(¥)*3 + v(y)1?3. The third equality follows from Propo-
sition 4.7. For the fourth and fifth equalities, we are using that ¢ is central in
50evs.

Observe that gy = e € KRV’;. Then, h(t"2,t>3) and § satisfy the same first
order linear ordinary differential equation with the same initial condition. Hence,
they coincide, as required. (Il

The Lie algebra homomorphism v : grt; — frvy gives rise to a subgroup of
KRV; isomorphic to GRT;. The group KRV, acts on the set of solutions of the
KV problem, and on the set of associators with values in KRV's (see equation
(27)). In [8] (see Section 5) Drinfeld defines a free and transitive action of the
group GRT on the set of associators with values in T5. This action is given by the
following formula,

(32) g ®(th?12%) = B(tH2, gt*>%g ™ )g,

where g = expggrr, () € GRT; and ® € T3 are viewed as elements of the group
Lieg(t12,t%3). The following proposition relates these two actions.

Proposition 9.13. When restricted to the set of Drinfeld’s associators, the action
of the group GRT1 on KV-associators coincides with the canonical action (32).

Proof. Let g € KRVy and rewrite the action (27) on ®(¢1?,¢23) € T as follows,
B g = (g'2%) " 1(gh2) 1o (112, 123)g23gh 2 = p(112, 1235 1)g,

for g = (¢"*%)71(¢"?)"1g*?¢"**. Let ¢ € gety and g = exp(v(1)). Then, by
Proposition 9.12 we have § = (expGRT1 (1)) (12, #%2), and the action (27) coincides
with the canonical action (32). O

Remark 9.14. If Conjecture of Section 4 is correct, we have KRV, = Kt x
v(GRT}), where the additive group Kt injects into KRV via the exponential map,
At — exp(At). In particular, this implies KRVy = KRV3Y" since both Kt and
v(GRT}) are contained in KRV3Y™. Note that the action of K¢ on KV-associators
is trivial, and the action of GRT; on the set of Drinfeld’s associators is transitive.
The action of KRV3Y™ on KV-associators is also transitive, and we conclude that
all KV-associators are Drinfeld’s associators.

Remark 9.15. For Drinfeld’s associators, Furusho [13] showed that the hexagon
equations (30), (31) and the inversion property (29) follow from the pentagon equa-
tion and the normalization condition 7(¢2) = 1/8. In the case of KV-associators,
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Proposition 8.11 shows that the hexagon equations (30), (31) follow from the penta-
gon equation, the inversion property and the normalization condition 7(¢3) = 1/8.
If we assumed KRV, = KRV3Y", the inversion property would be automatic, and
we would get the analogue of Furusho’s result for KV-associators. If Conjecture of
Section 4 holds true, we recover the Furusho’s result.

APPENDIX A: COHOMOLOGY COMPUTATIONS

In this Appendix, we collect the cohomology computations needed in the paper.
We give a detailed account for cohomology in low degrees. A more enlightened
approach can be found in [22] and [27].

Proof of Theorem 2.8. The first statement is obvious since lie; = Kz and §(z) =
x— (z4+y)+y = 0. The second statement follows from the calculation of Example
2.7.

For computing the second cohomology, let f be a solution of degree n > 2 of
equation

(33) f(y,2) = fla+y,2) + f(z,y +2) — f(z,y) = 0.
By putting = — sz,y — x, z — z we obtain
flz,2) = f(L+s)x,2) + f(sx,x + 2) — f(sz,z) =0.
In a similar fashion, putting x — x,y +— 2,z — sz yields
f(z,s2) — flx+ 2,s2) + f(z,(1 + 5)z) — f(z,2) = 0.
Combining these two equations gives an identity
F(14+8)2, 2)+f (@, (145)2) = 2f (2, 2)+ (52, 0+2)+ f (2-+2, 52) — (52, 2)— f (2, 52),
and differentiating both sides in s at s = 0 yields

(34) ’/lf(ZC, Z) = % (f((l + S)I’ Z) + f(x’ (1 + S)Z))|S:0
= & (flsmz42)+ flw+2,52) = f(sz,2) — f(2,52))]s=0-
First, we solve equation (34) for f € lies. In this case, f(sz,z) = f(z,sz) =0 and
we obtain
flx,2) = adli}(ax + B2)
for some a, f € K. For n = 2, this yields f(z,z) = (8 — a)[x, z]. It is easy to check
that this is a solution of equation (33).

For n > 3, consider equation (33) and first put y = —z to get f(x,—z) =
—f(z — z,2) which implies f(x,z) = —f(x 4+ z,—z). Then, put y = —z to obtain
f(=z,2z) = —f(z,z — x) which implies f(z,z) = —f(—z,z + z). Hence,

f(z,2) = —(a—B)ad? ' 2= (a - pB)ad’ 'z
This implies  — 8 = 0 and f(z,2) = 0 since ad” 'z # —ad” "' 2 (in liey) unless
n = 2. Finally, for n = 1 we put f(z,y) = azx + By to obtain df = ax — fz. In
conclusion, 0 f = 0 implies that f is of degree two, and f(z,y) = afz,y] for a € K.
For f € tvy equation (34) gives

f(@,z) =tr ((ax + Bz)(z+2)" " — az" — B2") ,
for some «, 8 € K. For n =1, it implies f(z,z) = 0. For n = 2, we get

Fl.2) = (ot Byteaz) = — T g(una)
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For n > 3, we have

Sf=(=B)try((z+y" " +@y+2)" " —(@+y+2)" =y,

Introduce a basis of monomial cyclic words in trz (e.g. tr(y"), tr(y" tx) = tr(zy™ 1)

tr(y"~2xz) etc.). With respect to this basis, the coefficient of the cyclic monomial
tr(y"~2z2) in the decomposition of df is equal to (8 — a)(n — 2). It vanishes if
and only if 8 = a. In this case, f(z,z) = —ad(tr(z™)). Hence, §f = 0 implies
the existence of g € tv; such that 6g = f, and the second cohomology H?(tr,d)
vanishes.

)

Remark. In the proof of Theorem 2.8 we have shown that ker (6 : liea — lies) =
K[z,y]. That is, the only solution of equation (33) is f(x,y) = alz,y]. Equation
(33) has been previously considered in the proof of Proposition 5.7 in [8]. There it
is stated that equation (33) has no nontrivial symmetric (that is, f(z,y) = f(y, x))
solutions in lies.

Proof of Proposition 2.10. For H'(lie,§) we consider §(z) = z +y — ch(z,y) # 0
which implies H'(lie,d) = ker(d : lie; — liey) = 0. To compute H'(tr,d), observe
that o(tr(z)) = tr(z +y — ch(z,y)) = 0 (here we used that tr(a) = 0 for all a € lie,
of degree greater or equal to two), and 4 tr(z*) = § tr(z¥) 4 - -- # 0 for k > 2 (here
“...” stand for the terms of degree greater than k).

In order to compute the second cohomology, assume ) f=0,where f =", f,
with f, homogeneous of degree n and fi # 0. Then, 6 f = & fi + terms of degree >
k, and we have § fr = 0.

First, consider f € lieo. In this case, dfx = 0 implies fr = 0 for all k except
k = 2. For k = 2, we have fo(z,y) = 5[z, y] for some o € K. Define g = f+cv(c§:£) =
f+a(z+y—ch(z,y)). We have g = 6f 4+ ad?z = 0, and go(z,y) = 0. Hence,
g=0and f = —a(z+y — ch(z,y)) = 6(—ax).

For f € try, equation §fr = 0 implies fr = dhy for some hy € tvy. Consider
g=f- Shi. It satisfies gg =0, and g = ZZOZIH_I gr.- In this way, we inductively
construct h € try such that g = 6h.

Proof of Theorem 8.17. Since tder; = 0, we have H?(tder,d) = ker(d : tdery —

toers). Let u = (a,b) € tdery, and consider du = u?? —u'?3 + 422 —4 12, Equation
du = 0 reads

- a(:c—l—y,z) + a(az,y—i—z) - a(.’L’,y) = 07
aly,z) — al@x+y,2) + blz,y+z) — blzy = 0,
by,z) — blx+y,2z) + blz,y+=2) = 0.

Put z = 0 in the first equation to get a(y, z) = a(0,y+z)—a(0,y) = az. In the same
way, put z = 0 in the third equation to obtain b(z,y) = b(z + y,0) — b(y,0) = Sz.
All three equations are satisfied by v = (ay, fz) = (o — B)r + St for all o, 8 € K.
Hence, ker(d : tdery — tderg) = Kr @ Kt

In order to compute H?(tder,d) we put u = (a,b,c) € tder3 and write du =
w23t — 1234 g 1234 12,34 g 123 Equation du = 0 yields

I
cocoo

_a(z+yasz) +a(:1:,y+z,w) —a(x,y,z+w) —HZ(CC,y,Z)
a(yvz7w) —a(x+y,z,w) +b(x,y+z,w) fb(x,y,erw) +b(x,y,z) =
b(yvzaw) _b(x+y7sz) +b(x7y+sz) —C(m,y,z—i—w) +C(x,y,z) =
C(yasz) —c(m+y,z7w) +c($7y+sz) —c(x,y,z—i—w)
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Make a substitution = — z,y — —x, 2z — x + y, w — z in the first equation to get
a(SL’, Y, Z) = a’(m> —x, T+ Yy + Z) - a(gc, -z, + y) + a(07 x + Y, Z)
Let f(x,y) = —a(z, —z,x +y) and k(z,y) = a(0,z,y) — f(x,y) to get the following
expression for a,
In the same fashion, putting x — y,y — 2z + w,z — —w,w — w in the forth
equation gives
c(y, z,w) = c(y + z + w, —w,w) — ¢(z + w, —w,w) + c(y, z + w, 0).
By letting g(z,w) = ¢(z + w, —w,w) and I(z,w) = ¢(z,w,0) + g(z,w) we obtain
C(y, Z,UJ) = _g(ya Z+ U)) + g(y + Z,’U)) - g(Z7 w) + l(y? z+ ’LU)
Consider @ = (@,b,¢) = u + d(f,g). It satisfies d@ = 0 and it has a(z,y,2) =
k(z+vy,z) and é(z,y, z) = l(x,y+z). The first equation (for a) implies k(z+y, z) =
k(x 4+ v,z + w) which forces k = 0 (since @ does not contain terms linear in z). In

the same way, the fourth equation for ¢ yields I(x +y,z+ w) = l(y, z + w) which
implies [ = 0. Hence, @ = (0, b, 0).~ Denote h(z,y) = b(x,0,y) and first put y = 0 in
the second equation for b to get b(x, z, w) = h(z,z +w) — h(x, z), then put z =0
in the third equation for b to obtain b(z,y,w) = h(x + y,w) — h(y,w). These two
equations imply

h(l‘vy) - h(l‘vy + w) + h(l‘ + va) - h(va) = 0;
and, by Theorem 2.8, h(x,y) = v[z,y] for some v € K. This implies I;(a:,y,z) =
Y[z, y + 2] — y[z,y] = [z, 2]. It is easy to check that @ = (0,v|x, z],0) verifies
da = 0. Finally, in degree two, im(d : tdeta — tders) is spanned by

d(alz,yl, B[z, y]) = (—aly, 2], (o = B)[z, 7], B[z, y]),
and (0,v[x, z],0) ¢ im(d : tderg — tders) for v # 0.
APPENDIX B: PROOF OF PROPOSITION 4.7

In this Appendix we give a proof of Proposition 4.7. It is inspired by the proof
of Proposition 5.7 in [8].
Denote d¥ = (a, b, ¢). We have,

a = —w(—x—y7x)+1j}(—x—y—z,x)—w(—x—y—z,x—l—y),
b = —WY(—z—yy)+d(-r—-y—2zy+2)—(—xz—y—2z,x+y) +(—y—27y),
c = YP(—r—y—zy+2)—(-r—y—22)+P(~y—z72).

Let g be the semi-direct sum of tders and lies. The following formulas define an
injective Lie algebra homomorphism of t4 to g:

th2 — (y,7,0) € toers, t13 > (2,0,2) € tders, 23— (0,2,y) € tders,

tht ¢ € lieg, 24— Yy e lies, 34— 2 € lies.
Indeed, 2, %3 and t?3 span a Lie subalgebra of tdets isomorphic to t3, and z,y
and z span an ideal of t4 isomorphic to a free Lie algebra with three generators. It

remains to check the Lie brackets between generators of these two Lie subalgebras.
For instance, we compute,

[t1’27t3’4] — t1,2(z) — 0, [t1’27t2’4] — tl’Q(y) — [y,x] _ [t2’4,t1’4},

as required.
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Note that (d¥)(z) is the image of the following element of t4,

[t1’4, _,(/}(_tl,ﬁl _ t2747t1’4) + ¢(_t1’4 _ t274 _ t3’4,t1’4)

_ w(_tl,ll _ t2’4 _ t3’4,t1’4 + t2’4)]

— [t14 _,L/)(tl,27tl,4)+,(/)(t1,2+t1,3+t2,37t1,4)_w(tl,Q+t1,3+t2,37t1,4+t274)]
[t14 _ (t1727t174)+w(t172+t1’3,t1’4)—¢(t1’3+t2’3,t174+t2’4)]

— [t14 _ (t23 t12+t2’4)+1/}(t2’3,t1’2)}
[ 05, 82)] = [(t12, £29), 11:1),

Here in passing from the first to the second equation we used the properties of
central elements in t3 and t,. For instance, t'2 4+ t'4 4+ t24 is central in the Lie
subalgebra (isomorphic to t3) spanned by t12 14 and t**. In the passage from
the second to the third equation we used the defining relations of the Lie algebra
t4. For instance, in the second term we used that 22 has a vanishing bracket with
th4 and t12 + t13. In the passage from the third to the fourth equation we used
a (3214) permutation of the equation (13). Finally, in the last passage we again
used the defining relations of 4, and in particular the fact that t'** has a vanishing
bracket with 23 and with ¢t!2 4+ t%4. In conclusion, we have

d¥(z) = p(t"?, 12%)(x).
Similarly, (d¥)(y) is the image of the following element,

[£24, —ap(—t1h — §24 $24) 4 p(—gld 24 _ 34 424 4 3.4

L (A A B LA L 24 g g24 34 2.4)

=2, (2, £24) (2 18 23§24 4 g3

SN 8 2B A g2 g (423, 124)]

=2, (£, 2 ) (53 E02) (13, 128 4 13 — (118, 123))]
=2, op(£18, 412 4 tbA) (53128 1 3 A) (112, 129)]

= [1/)(151’2, t2,3)’ t2’4]'

Here we used the (1324) and (3124) permutations of equation (13) as well as equa-
tion (12) which implies 1 (t12,t%3) = (12, ¢13) + (13, 4%3). Again, the conclu-
sion is

d¥(y) = ("2, 2%)(y).
Finally, we represent (d¥)(z) as the image of the element

[t3’4, ,;/)g_tl,;4_ t32;l4 _ t3’4, t2’4 + t3’4> _ 1b(_t1,4 _ t2’4 _ t3’4, t3,4)
)
— [t3’4, w(tlﬂ + tl,S + t273, t2,4 + t3,4) _ d)(tl,Q + t1,3 + t2’3, t3’4) + 'l,[}(t2’3, t3’4)}
— [t3’4, 'l/}(tl’z + tl’S, t2,4 + t3’4) _ 'l/)(tl’3 + t2’3, t3,4) + w(t2,37 t3’4)]

[t3’4, _zp(tlﬂ7 t2’3) + ¢(t1’2, t2’3 + t2’4)] — [,llzj(tl,Q’ t2,3)7 t3’4],

where we used the equation (13) (no permutation needed). We conclude
d¥(z) = ("2, %) (2),
and d¥ = (t12,¢%3), as required.
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