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An example

Let (W ,S) be a Coxeter system.

W = 〈s ∈ S | s2 = 1, st . . .︸ ︷︷ ︸
ms,t

= ts . . .︸ ︷︷ ︸
ms,t

〉

Let (B+,W,S) be the corresponding Artin monoid.

B+ = 〈s ∈ S | st . . .︸ ︷︷ ︸
ms,t

= ts . . .︸ ︷︷ ︸
ms,t

〉

Here W are the simples and S the atoms of a locally Garside monoid
structure on B+ (Garside monoid if W is finite).
The braid group, denoted B, is the group with the same presentation. We
will consider it only when W is finite.
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Left divisibility, nice posets

In a monoid we write x 4 y if there exists z such that xz = y . We write
x ≺ y if in addition x 6= y .

The relation 4 is a preorder. We are interested in situations where it is is
a partial order.

Such a case is if the monoid has the left cancellation property
xz = xz ′ ⇒ z = z ′.

Another case is when the preordered set is Noetherian nice.

Definition

A preordered set is nice if there does not exists a bounded infinite strictly
increasing sequence.
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Locally Garside monoids

We say that a monoid M is locally Garside if

It has the left and right cancellation property.

Divisibility on the left and right is nice.

Divisibility on the left and right is a left-semi-lattice, i.e., two
elements have a gcd.

Two elements which have a common multiple have a lcm (on left or
right).

It is possible to separate right and left.
For Garside, one asks a full lattice, and an element ∆ whose divisors are
the same on the left and right and generate the monoid (and a little bit
more — some finiteness assumptions which should not be necessary).
For the monoid, one can do almost as much which locally Garside as with
Garside (normal forms, fixed points of automorphisms, etc. . . ).
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A Garside category related to normalizers of parabolic
subgroups

Proposition

(Assume W finite) Let I ⊂ S,w ∈ B+ and assume that Bw
I = BJ for some

J ⊂ S. Then w = vw′ in B+ where v ∈ B+
I and J = Iw

′

Any w ∈ B+ has a longest left divisor in B+
I , that we denote αI(w).

We define ωI(w) by w = αI(w)ωI(w).

The above proposition holds for v = αI(w) and w′ = ωI(w).

Conjugacy in a monoid or category: vw ′ = w ′′ ⇔ vw ′ = w ′′v and
w ′v = w ′′ ⇔ w ′v = vw ′′

We will consider the elements w ∈ B+ such that Iw ⊂ S and αI(w) = 1.
This makes sense in any (possibly non-spherical) Artin monoid.
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The category B+(I)

Let I ⊂ S and let I the set of conjugates of I in B+ (they are subsets of
S).

Definition

We define B+(I) as the category whose set of objects is I and such that
the morphisms between I and J is the set of elements w ∈ B+ such that
Iw = J and αI(w) = 1.

We will see that this is a locally Garside category, and a Garside category
when W is finite.
In a Garside category, there is a ∆ starting from each object. The ∆ from
I is ωI(∆) = ∆−1

I ∆S.
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Locally Garside categories
In a category, we have the notion of left divisibility, left gcd, right lcm
etc. . . . for morphisms with given source. We write xy if A

x−→ B
y−→ C .

Definition

A (small) category is left locally Garside if

It is a nice poset for left divisibility.

It has the left cancellation property, i.e. xy = xz implies y = z (in
other words, every morphism is an epimorphism).

Two morphisms with the same source have a left gcd.

Two morphisms which have a common right multiple have a right lcm.

The notion of right locally Garside category is obtained by exchanging
left and right in the above definition.
A locally Garside category is a category which is both left locally
Garside and right locally Garside.

A left locally Garside monoid is the monoid of endomorphisms of a
one-object left locally Garside category.
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Garside categories

Definition

A left locally Garside category C is Garside if

It is right nice and

There exists an equivalence of categories Φ,

and a natural transformation ∆ from the identity functor into Φ

such that the left divisors of ∆ generate C .

Φ replaces “conjugation by ∆” for a monoid.

For an object A of C we have A
∆A−−→ Φ(A).

In a Garside category, left divisibility is a lattice.

A Garside category has a category of fractions which is a groupoid.

We can show that a Garside category is also right locally Garside, so there
is no notion of “left Garside”.
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Germs

A germ is a special kind of presentation for a category.

Idea: the set of simples is a germ.

Definition

A germ (P,O) is a pair consisting of a set O of objects, and a set P of
morphisms (which have a source and a target, which are objects), with a
partially defined “composition” map m : P × P → P (for a, b ∈ P we will
write “ ab ∈ P” to mean that m(a, b) is defined).
If we denote by PA→B the set of morphisms in O of source A and target
B, we require the following axioms:

1 For all A ∈ O, there exists 1A ∈ PA→A such that for any a ∈ P(B,A)
(resp. any a′ ∈ PA→B) a = a.1A ∈ P (resp. a′ = 1A.a′ ∈ P).

2 For a, b, c ∈ P, we have ab, (ab)c ∈ P if and only if bc , a(bc) ∈ P
and in this case a(bc) = (ab)c .
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Category generated by a germ

A path is a sequence of morphisms (p1, . . . , pn) of P such that the target
of pi is the source of pi+1.

If (x1, . . . , xn) is a path such that for some bracketing of this sequence the
product x1 . . . xn is defined in P, then by the associativity axiom the
product is also defined for any other bracketing of the sequence, and has
the same value; we write x1 . . . xn ∈ P in this situation.

Definition

The category generated by the germ (P,O) is the category with objects O
defined by generators and relations as follows: the generators are P, and
the relations are ab = c whenever c = ab ∈ P.

We denote by C (P) the generated category. We can show that P
identifies to a subset of C (P) stable by taking right and left factors.
In particular, it makes sense to talk about a nice germ, i.e. when left
divisibility induces a nice poset.
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Left locally Garside germs

Definition

A germ (P,O) is left locally Garside if

1 It is nice for left divisibility.

2 If two morphisms in P have a common right multiple in P, they have
a right lcm in P.

3 If two morphisms u, v ∈ P have a right lcm ∆u,v ∈ P and if x ∈ P is
such that xu, xv ∈ P then x∆u,v ∈ P.

4 For z ∈ C (P) and x , y ∈ P, the equality zx = zy implies x = y .

One of our main results is that for left locally Garside germ, C (P) is a left
locally Garside category.
The last axiom does not involve only elements of P.
However, in practice we can check it if there is an injective map
compatible with multiplication from P into a category with the left
cancellation property (e.g. a groupoid).
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4 For z ∈ C (P) and x , y ∈ P, the equality zx = zy implies x = y .

One of our main results is that for left locally Garside germ, C (P) is a left
locally Garside category.
The last axiom does not involve only elements of P.
However, in practice we can check it if there is an injective map
compatible with multiplication from P into a category with the left
cancellation property (e.g. a groupoid).
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Converse

Theorem

A left locally Garside category C is the category C (P) of any germ (P,O)
where O is the set of objects of C and where P is a set of morphisms of C
which generate C, stable by taking left factors and stable by taking right
lcm when they exist.

We may call simples a minimal such germ.
Normal forms
We show that there is a maximal left factor in P of x ∈ C (P), which we
denote by α(x). It satisfies α(xy) = α(xα(y)).
We then show that there is a unique ω(x) such that x = α(x)ω(x).
We then get a unique normal form x = x1 . . . xn such that α(xi . . . xn) = xi

(equivalently α(xixi+1) = xi ).
We show that the number of terms in the normal form is the minimum for
all decompositions of x as a product of elements of P.
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Subgerms, fixed points

Definition

We call sub-germ of a germ (P,O) a germ (P1,O1) obtained by taking a
part O1 of the objects and a part P1 of the morphisms between objects in
O1 which is stable by the partial multiplication in P.

If P is left locally Garside germ, and P1 is stable by lcm then P1 is
left locally Garside.
[when two morphisms in P1 have a lcm in P, that lcm is in P1]

If in addition P1 is stable taking 2-term normal forms then C (P1)
injects in C (P).
[if x , y ∈ P1 and x1x2 is the normal form of xy then x1, x2 ∈ P1].

Proposition

Let C be a locally Garside category and let σ be an autoequivalence of C
stabilizing a germ P such that C = C (P); then Pσ is a left locally Garside
sub-germ and C (P)σ = C (Pσ).
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Atoms
An atom is a morphism which has no proper left or right divisors.

A category (resp. a germ) is atomic if it is generated by its atoms.
This is the case if it is left and right nice and has the left cancellation
property.

Proposition

A nice atomic germ P is locally Garside if it has the left cancellation
property and

1 If two atoms have a right common multiple in P then they have a
right lcm in P.

2 If two atoms s and t have a right lcm ∆s,t ∈ P and xs, xt ∈ P then
x∆s,t ∈ P.

Similarly, if σ is a before a ’‘Garside autoequivalence” of an atomic left
locally Garside category C (P), then C (P)σ is atomic with atoms the right
lcm of orbits under σ of atoms of C (P) (more precisely, those lcm which
are not divisible by another).
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Back to B+(I)

We show that B+(I) is locally Garside by showing it is of the form C (P)
for a suitable germ (P, I).

We identify elements of I with subsets I ⊂ Π where Π is the set of
simple roots for W (in its standard geometric realization).

In P the morphisms from I to J are {w ∈ W | w(J) = I} (such
elements are automatically J-reduced, which corresponds to
αJ(w) = 1).

The axioms for a left locally Garside germ reduce to classical
properties of parabolic subgroups due to Howlett.

The left cancellation property comes from the natural morphism
P → W which extends to C (P).

The category is atomic; if W is finite the atoms are of the form
w−1

J wJ∪{a} where wI is the longest element of WI and a ∈ Π− J.
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The conjugacy category

Let B be a [locally] Garside monoid B (or even a [locally] Garside
category), and let w ∈ B.

We can form a category C whose objects are the conjugates of w and such
that HomC (w ′,w ′′) = {x ∈ B | w ′x = xw ′′}.

Proposition

This is a [locally] Garside category.

We can write the condition x ∈ HomC (w , ?) as x 4 wx . The basic
properties are

If x , y ∈ HomC (w , ?) then also their left gcd and right lcm:
x 4 wx , y 4 wy .

We also have that x ∈ HomC (w , ?) ⇒ α(x) HomC (w , ?) since
x 4 wx ⇒ α(x) 4 α(wx) = α(wα(x)).

We get a Garside category with simples the simples in some HomC (w , ?)
and atoms the “minimal simples” of Franco and Gonzalez-Meneses.
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Further examples

We still get a Garside category by restricting objects to the summit
set or the super summit set (Franco, Gonzalez-Meneses).

We still get a Garside category by restricting objects to the ultra
summit set (Gebhardt).

We still get a Garside category if we consider simultaneous
conjugation of a set of elements: conjugating a subset of S we get a
category which is almost our B+(I).

Etc. . .

Definition (Following Bessis)

A weak Garside monoid is the monoid of endomorphisms of an object in a
Garside category.

The centralizer of an element is a weak Garside monoid.
Question: What can we say about a weak Garside monoid?
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Bessis

Assume B is such that such that some power ∆a is central.

Definition

w ∈ B is periodic if some power wd = ∆a.

Using a variation of the conjugacy category, the a-divided category, Bessis
has shown that two periodic elements of the same order are conjugate in a
Garside group (or even groupoid).
He has used that the centralizer of a periodic braid in the dual monoid of
a complex reflection group is a Garside category to solve the K (Π, 1)
problem for complex reflection groups.
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A Deligne-like result
There is a natural poset structure on the set of decompositions of a
morphism into simples:

(g1, . . . , gi−1, gi , gi+1, . . . , gn) > (g1, . . . , gi−1, a, b, gi+1, . . . , gn)

when ab = gi ∈ P.

There is a dictionary between posets and simplicial complexes.

Proposition

In a locally Garside category, the poset of decompositions of a given
morphism is simply connected.

This has an application to Deligne-Lusztig varieties, which have models
attached to a decomposition in simples of a morphism, with a canonical
isomorphism attached to a change of decompositions as above:
it means that there does exist a well-defined Deligne-Lusztig variety
attached to a morphism since to sequence of canonical maps between
different decompositions will coincide.
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