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&RQMXJDF\ 3UREOHPV

Fix a group *�

&RQMXJDF\�GHFLVLRQ�SUREOHP��&'3��
Given two elements determinewhether they are conjugate.

&RQMXJDF\�VHDUFK�SUREOHP��&63��
Given two conjugateelements find a conjugating element F.



([DPSOHV

* = $EHOLDQ�JURXS

CDP = Word problem

CSP = Trivial



([DPSOHV

* = )UHH�JURXS

Algorithm to solve CDP & CSP:

5HGXFH a word:  Repeatedly remove all subwords

&\FOLQJ of a word: Put the first letter at the end, and reduce.(conjugation)

Z Cycling Z�
Cycling Z�

Cycling Z� …

CRW(Z)

&5:�Z�� Cyclically Reduced words conjugate toZ�&5:�Z�� Cyclically Reduced words conjugate toZ�



([DPSOHV

Algorithm to solve CDP & CSP:

Each cycling gives a conjugating element.
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CDP:

CSP:

* = )UHH�JURXS



%UDLG JURXSV
�(��$UWLQ�������



%UDLG JURXSV
�(��$UWLQ�������



3RVLWLYH DQG VLPSOH�HOHPHQWV

3RVLWLYH�HOHPHQWV� Braids in which every crossing is positive

Positive elements in which 
every pair of strands cross at most once.
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Simple elements of  BQ
Bij.

Permutations of

6LPSOH�HOHPHQWV�



*DUVLGH HOHPHQW

There is a special simple element, called KDOI�WZLVW or *DUVLGH¶V 'HOWD�
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Center of  Bn =  K'2L.



*DUVLGH JURXS

A group * is said to be a *DUVLGH�JURXS if

$���* admits a ODWWLFH�RUGHU, invariant under left-multiplication.

Unique lcm

Unique gcd

3RVLWLYH�FRQH



*DUVLGH JURXS

A group * is said to be a *DUVLGH�JURXS if

$���* admits a ODWWLFH�RUGHU, invariant under left-multiplication.

%���There exists a *DUVLGH�HOHPHQW satisfying:

&� The monoid 3�is DWRPLF:

For there is an upper bound on the length of chains



*DUVLGH JURXS

�

*
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A Garside group has ILQLWH�W\SH�if the set is finite.



6LPSOH�HOHPHQWV

Lattice of simple elements in the braid group %4.



:RUG�3UREOHP

*DUVLGH��(1969)   Every element can be written as

where                and  ;� is a positiveelement.

Since every positive element is a product of simple elements,
every element can be written as

where every factor is simple.

:DQW�U DV�VPDOO�DV�SRVVLEOH�



:RUG�3UREOHP

An element ; is said to be in OHIW�QRUPDO�IRUP�if it is written as:

where  S��is maximal,

& ;L���is the biggest simple prefix of ;L��� ;U�.

Garside (1969), Deligne (1972), Adyan (1984), Thurston (1992), Elrifai-Morton (1994). 

� U� is minimal.

,QILPXP�
6XSUHPXP�
&DQRQLFDO�OHQJWK�



,QLWLDO DQG ILQDO�IDFWRUV

)LQDO�IDFWRU�
,QLWLDO�IDFWRU�

If  ;��is written in left normal form, we define:

5HPDUN� The left normal form of             is:



*DUVLGH����(OULIDL�0RUWRQ����%LUPDQ�.R�/HH����)UDQFR�*0����*HEKDUGW�����
(1969) (1994) (1998) (2003) (2005)

&RQMXJDF\ 3UREOHP
In a *DUVLGH�JURXS:

&KDUQH\�
(1992)

Artin groups of spherical type are biautomatic.

)LHGOHU�.XUOLQ�
(2006)

CDP in braid groups.



&\FOLQJ�RI��; � Put the initial factor at the end.

( not necessarily in left normal form )

'H\FOLQJ�RI��; � Put the final factor at the beginning.

&\FOLQJV DQG GHF\FOLQJV



66�;� (6XPPLW 6HW�RI�;�� Conjugates of  ; of maximal inf.

6XPPLW 6HW

; DQG�< DUH�FRQMXJDWH�����LII�����66�;� 66�<�

*DUVLGH (1969):

It is an invariant of the conjugacy class, hence:

How to compute it?



6XPPLW 6HW
(O5LIDL�0RUWRQ�(1994): If the infimum of ; can be increased by a conjugation,

UHSHDWHG F\FOLQJ will do it.

%LUPDQ�.R�/HH (2001):The number of times one needs to cycle to increase inf

is bounded byM�M�

fw�D ) E � {E/�/w�D � CCw�D3

This procedure findsRQH HOHPHQW in  SS(;).



6XPPLW 6HW
(O5LIDL�0RUWRQ�(1994): Two elements in SS(;) are always conjugate through

a sequence of conjugations by simple elements.

SS(;)

;
<

V�
V� V� V�

V� V�



6XPPLW 6HW
(O5LIDL�0RUWRQ�(1994): Two elements in SS(;) are always conjugate through

a sequence of conjugations by simple elements.

Alternative proof:

)UDQFR�*0 (2003): �,�y,�K � CCw�D � �y+K � CCw�D�
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6XPPLW 6HW
$OJRULWKP WR FRPSXWH�66�;��

1. Find one element in SS(;) by iterated cycling.

2. Conjugate each known element in SS(;) by DOO VLPSOH�HOHPHQWV.
3. Repeat 2 until no new elements appear. 

This terminates since SS(;) and the set of simple elements are ILQLWH�

But both sets are, in general, huge!



666 (6XSHU�6XPPLW�6HW�� Conjugates of  ; of minimal length.

6XSHU 6XPPLW 6HW

(O5LIDL�0RUWRQ (1994)

Iteratedcyclingsends;��to <��in SS(;).

Iterateddecyclingsends<� to = in SSS(;).

Analogous construction and results.

SSS(;) is much smaller than SS(;)



866 (8OWUD�6XPPLW�6HW��
Elements  <� in  SSS(;)    s. t.    FN(<) = <���for some  N�!��.

8OWUD�6XPPLW 6HW

*HEKDUGW (2005)

= Cycling =�
Cycling =�

Cycling =� …

CCCw�D

�

�

JCCw�D2SHQ SUREOHP�� # times one must cycle Z to reach USS(;)?2SHQ SUREOHP�� # times one must cycle Z to reach USS(;)?

2SHQ SUREOHP�� Find a bound on the size of USS(X).2SHQ SUREOHP�� Find a bound on the size of USS(X).



,PSURYHPHQW

With the bove method, one still needs to conjugate every element in USS(;)

by all simple elements.

But if  V�is a simple element that can be decomposed...

... then one does not need to use  V��to go from  ; to  ;�V�

It suffices to use simple elements that cannot be decomposed.It suffices to use simple elements that cannot be decomposed.



Every two elements in  USS(;)  are FRQQHFWHG by PLQLPDO�VLPSOH�HOHPHQWV. 

Given  ;��in  USS(;),   V is a PLQLPDO�VLPSOH�HOHPHQW��for  ; if:

V is VLPSOH.

No prefix of  V��satisfies the above property.

0LQLPDO VLPSOH�HOHPHQWV
)UDQFR�*0 (2003)



USS(;)

;
<

V�
V� V� V�

V� V�

0LQLPDO VLPSOH�HOHPHQWV
)UDQFR�*0 (2003)

Every two elements in  USS(;)  are FRQQHFWHG by PLQLPDO�VLPSOH�HOHPHQWV. 



One can compute a GLUHFWHG�JUDSK:
9HUWLFHV���Elements in USS(;).

$UURZV� minimal simple elements.

0LQLPDO VLPSOH�HOHPHQWV
)UDQFR�*0 (2003)

Every two elements in  USS(;)  are FRQQHFWHG by PLQLPDO�VLPSOH�HOHPHQWV. 



With all simple elements:

With minimal simple elements:



3URSHUWLHV RI PLQLPDO VLPSOH�HOHPHQWV

Given  ;�� #(minimal simple elements for ;�) y #(atoms)#(minimal simple elements for ;�) y #(atoms)

3URRI� Every atom  D is a prefix of  at most one minimal simple element.

Otherwise:

)UDQFR�*0 (2003)

For each ;� one needs n-1 conjugations, instead of n!For each ;� one needs n-1conjugations, instead of n!



3URSHUWLHV RI PLQLPDO VLPSOH�HOHPHQWV

Given  ;�� if  V is a minimal simple element for ;���then

3URRI�

conjugates  ;��to USS(;).

Left normal form

Since  V is minimal:

%LUPDQ�*HEKDUGW�*0 (2006)



Conjugation by a prefix of          corresponds to a SDUWLDO�F\FOLQJ of  ;.

&\FOLQJ� 3DUWLDO�F\FOLQJ�

3DUWLDO F\FOLQJ

Given  ;�� if  V is a minimal simple element for ;���then

%LUPDQ�*HEKDUGW�*0 (2006)



Conjugation by a prefix of          corresponds to a SDUWLDO�F\FOLQJ of  ;.

Conjugation by a prefix of              corresponds to a SDUWLDO�F\FOLQJ of  

3DUWLDO F\FOLQJ

Given  ;�� if  V is a minimal simple element for ;���then

%LUPDQ�*HEKDUGW�*0 (2006)



Partial cycling

3DUWLDO F\FOLQJ



Partial cycling

3DUWLDO F\FOLQJ



The graph of  USS(;)  has WZR�NLQGV�RI�DUURZV�

3DUWLDO�F\FOLQJV� Black arrows

3DUWLDO�F\FOLQJV RI�WKH�LQYHUVH� Red arrows

In general, two elements in  USS(;)  are QRW connected by EODFN (resp. UHG) arrows.  

There are several EODFN�FRPSRQHQWV�

There are several UHG�FRPSRQHQWV�

%ODFN DQG UHG�DUURZV



USS of the braid in B10 :

24 orbits.

72 Elements.

([DPSOH



Every EODFN FRPSRQHQW intersects every UHG FRPSRQHQW.  

Proof:   Suppose we have

E is a black arrow (not simple)

%ODFN DQG UHG�FRPSRQHQWV



Every EODFN FRPSRQHQW intersects every UHG FRPSRQHQW.  

Every path in USS(;)  (made of  EODFN��and  UHG arrows) 

can be replaced by a  UHG�SDWK followed by a EODFN�SDWK.

Proof:  

The UHG�FRPSRQHQW of 8 intersects the EODFN�FRPSRQHQW of 9� Q.E.D.

%ODFN DQG UHG�FRPSRQHQWV



To determine if two elements  ; and  < are conjugate:

Compute the UHG�FRPSRQHQW of 8. Compute the EODFN�FRPSRQHQW�of 9.

; and  < are conjugate         these two components are not disjoint.

By construction, this also computes the FRQMXJDWLQJ�HOHPHQW.

$OJRULWKP



6RPH FRQFOXVLRQV

If every every black component has   #(vertices)  y N

then   #(USS)  y N2.

The EODFN�FRPSRQHQW of  ;��is analogous to the set of CRW’s in a free group. 

Given  ;���one can generate its black component using only partial cyclings. 

For elements of a given canonical length:



All elements in the EODFN�FRPSRQHQW�are obtained from this one by:

1) Applying semigroup relations:

2) Rotating.

# ways to reorganize the above crossings, to obtain an element in USS(X)?# ways to reorganize the above crossings, to obtain an element in USS(X)?



2WKHU VHWV VPDOOHU WKDQ 866
/HH�/HH (2006)

%LUPDQ�*HEKDUGW�*0 (2006)

Stable SSS =

Stable USS =

=KHQJ (2006)

T�F\FOLQJ�RI��;��������������������Move the first  T� factors to the end.

C*(X) =

All these sets are QRQ�HPSW\, ILQLWH and LQYDULDQWV of the conjugacy class.


