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Bounding the size of USS

Braid group B,

In random examples of big canonical lengiiiof them satisfy:

#(USS(X)) = 24(X)

Gebhardt: This happens for=3,...,8 and /(X)) > 20.

Remark:

All these examples apseudo-Anosov andrigid.




Nielsen-Thurston classification

Braids inB, can be seen asitomorphismsf then-times puncturted disc




Nielsen-Thurston classification

Periodic Braids = Rootsof A" forsomem = {«: af = AN

Reducible Braids Preserve a family of disjoint, closed curves
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Properties of periodic braids

Bestvina (1999)

X €USS(X) = ((X)=1.

Birman-Gebhardt-GM (2006)

In general, #(USS()) is exponential im.

Bessis-Digne-Michel (2002)

The centralizer ofX is either B, or the braid group of an annuly

s,




Properties of reducible braids

A reducible braida preserves a family of curves, callededuction system.

Birman-Lubotzky-McCarthy (1983)

There is aanonical reduction system CRS(a)

It can always be simplified by an automorphism 7 (i.e., by a conjugation).




Properties of reducible braids

One can then decompose the disc D along CRS(«).
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Properties of reducible braids

Tubularbraid: o« o restricted to D.

Interior braids: «;; = « restricted to D; ;.




Properties of reducible braids

Tubularbraid: & = « restricted to D.

Interior braids: «;; = « restricted to D; ;.




Properties of reducible braids

We can simplify the interior braids of an orbit of tubes.




Properties of reducible braids

Hence, a can be decomposed into @ and ajy,. ..,y

GM (2003):

Two reducible braids a and  are conjugate if and only if

a and B\ are conjugate by some element 7 such that:

n sends the tubes of ayp; to the tubes of fj;;, which is conjugate to ay).

GM-Wiest (2004):

The centralizer ofa is a semi-direct product determined by:

1 — Z(ap)) X -+ X Z(apm)) — Z(a) — Zo(a) — 1.

Zo(@) € Z(@)



Properties of pseudo-Anosov braids

A generic braid is always pseudo-Anosg@y, (Not shown)

GM-Wiest (2004):

Its centralizer is isomorphic 4.

Birman- Gebhardt-GM (2006):

A small power of it is conjugate toréeid braid. | 7?7




Using powers to detect conjugacy

GM (2003): Then-th root of a braid is unique up to conjugacy.
And if the braid is pseudo-Anosov, the root is unique.

Corollary 1: | X and Y are conjugate if and only if so ax& andY”.

We can solve the CDP by using powers.

Corollary 2: |If X and Y are pseudo-Anosov, then thenjugating elements
of (X, Y)andof & ,Y™) coincide

We can solve the CSh the pseudo-Anosov case, by using powers.



Rigid elements

In a Garside group:

X =APX;X5---X, in left normal form.

C(X) = AP X, - °X7a7'_p(X1).

X is rigid if X,.77P(X;) is left weighted as written.

p(X) u(X)

In this case, cycling (& decycling) is just a cyclic perntiotaof the factors.

Hence X € USS(Y), and its orbit under cycling has length either 2r.

Easier combinatorics!



Rigid elements

Birman-Gebhardt-GM (2006): If X is rigid and /(X)) > 1,

thenall elements in USS) are rigid.

One can easily determine if an element is in U$S

Orbits under cycling are short:

But how many orbits may appear in a USS¥Y

Open problem.




Rigidity

If an element fails to be rigid, we can measure how farfrom being rigid.

Therigidity of X = APX;--- X, is: | R(X) =k/r

if the left normal form of APX; ... X,.77P(X;)

is APX;---X.Y;---Y;
-

k factors remain untouched

X isrigid & R(X)=1.




Rigidity
Examples:

R(A 01020201 -0102) =1 | X o(X)=A 010209010103 - 0207.
— — _/
All factors untouched

R(o103 - 0103 -01) =2/3 X (X)=0103 0103 0103 07.
— —~
2/3’s of the factors untouched

R(0'20'10'30'20'10'40'3 . 0'10'40'3) =0 X L(X) = A 0203020403092071.
— _

~—
No factor is untouched



Rigidity
X € SSSK).
Rigidity does not decrease bycling:

R(X) < R(c™(X)), Vm > 0.

Example: X = 01020104030201 0309 * 0201030204.

{R(c™(X))}mso =1/3, 1/3, 1/3, 2/3, 2/3, 1, 1, 1,...

Rigidity does not decrease ®king powers

R(X) < R(X™), VYm > 0.

Example: X = 0109010309071 - 03020403.

{R(X™)}m>1 =0, 1/2, 0, 3/4, 0, 1, 0, 6/7, 0, 8/9, 0, 1,...



Cyclings and powers

lterated cyclinganditerated powersf an element are closely related.

X € SSSY).

Iterated cyclings:

x S e(x) 8 e2(x) "B 3(x) —

Ci = 1 (X)) XC1:Cm = gm(X)




Cyclings and powers

lterated cyclinganditerated powersf an element are closely related

X € SSSY).

Iterated cyclings: XCCm = cm(X)

Iterated powers:

X=A? - X; - Xo-- X, =(X)-A? - X5--- X,
2[01 - (Remainder) - A@

X2:(L(X)'AP'XQ"'XT>(L(X)'Ap'XQ"'XT)

5
— (X) t(c(X)) - (Remainder) - AP - (Remainder) - A”

:[C'l (5 - (Remainder) - A2pj




Cyclings and powers

lterated cyclinganditerated powersf an element are closely related

X € SSSY).

Iterated cyclings: XCCm = cm(X)

Iterated powers: X" =(C1---Cyp - (Remainder) - AP

Birman-Gebhardt-GM (2006)
The product of the firstz factors in the left normal form (X A~™P

is preciselyC'y - - - C,,,.




Cyclings and powers
Example:

X =(12132143)- 143 =(C1 ) R,

c(X)=121324321-14 = Cy - Ry
c*(X) = 12132432 - 214 = C3 - R3
c3(X) = 121343 - 12324 = Cy - Ry
c'(X)=12132143 - 143 =C; - Ry = X

X =(12132143)- 143
X2 =A-2324321 - 14 - 143
X3 =A?.12324-214 - 14 - 143
X4 =A%.12132143 - 143 - 12324 - 214 - 14 - 143
X% = A3.2324321 - 14 - 143 - 12324 - 214 - 14 - 143




Cyclings and powers
Example:
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c'(X)=12132143 - 143 =C; - Ry = X

X = 12132143 - 143
—(A - 2324321) 14 - 143
= A?.12324-214 - 14 - 143
= A?.12132143 - 143 - 12324 - 214 - 14 - 143
= A3.2324321 - 14 - 143 - 12324 - 214 - 14 - 143




Cyclings and powers

Example:
X =(12132143 1143 =(C,) R,
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c3(X) = 121343 -12324 = C4 - Ry
c*(X)=12132143-143=C1 - R; = X

X = 12132143 - 143

X2 =A-2324321 - 14 - 143

X3 =(A?.12324) 214 - 14 - 143

X4 =A%.12132143 - 143 - 12324 - 214 - 14 - 143
X% = A%.2324321 - 14 - 143 - 12324 - 214 - 14 - 143




Cyclings and powers

Example:

X = 12132143 - 143

X% =A-2324321 - 14 - 143

X3 =A%.12324-214-14 - 143

X4 =(A? 12132143 - 143 12324 - 214 - 14 - 143
X% =A%.2324321-14 - 143 - 12324 - 214 - 14 - 143




Cyclings and powers
Example:

X =/12132143 1143 =(C,) R,
c(X) = 121324321|- 14 =[Cs | R,
c?(X) = 12132432 -/214 =[C5|- R3
c3(X) = 121343} 12324 = Cy4|- Ry
4 _| . — . —
ct(X) =12132143 )143 & R =X up(Cy - Cr) = m
X = 12132143 - 143 inf(Remainder) =0

X% =A-2324321-14 - 143

X3 =A?.12324-214 - 14 - 143
X*=A%.12132143 - 143 - 12324 - 214 - 14 - 143
X% =(A%.2324321 - 14} 143 - 12324 - 214 - 14 - 143




Consequences
X € SSsy).

(X™)=u(Cr---Cp) Ym>1

inf(Cl cee Cm) S mf(Cl cee Cm_|_1) S mf(Cl cee Cm) —+ 1

4

inf(X™)+p < inf(X™) < inf(X™)+p+1

sup(X™) +p+r—1 < sup(X™) < sup(X™)+p+r

Corollary: Translation numbers in G apesitive.

X Shown independent]
(X) = lim by Lee & Lee (2006)
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Absolute factors

X € USS(). X =cV(X) for N arbitrarily large.

We studied thdinal factors of:

Cn)  ~

Cn-1Cn) =
Cn—2Cn-1CN) =
Cn-3Cn-2Cn1Cn) =

CN-_m+1 - Cn_3CN_2CNn_1CN) =

Looking at initial factors of suitable remaind
(ascending chain that stabilizes)

ﬂrs .

The chain stabilizes for
m < |Al.

F(X) Absolute final factor,

/(X) Absolute initial factor|,




Absolute factors

X € USS().

F(X) I(X) s always left-weightedy

Absolute factors are related to powers:

For everym > 1 such thatX” € SSSK"), (For everym, if X belongs
to thestable USS)

F(X) = p(X™)

I(X) 2 o(X™)

If X™ is rigid, the equalities hold.



Elements having a rigid power

Suppose thatk € USS(X) has a rigid power.

If an element hason-zero rigidity its powers have theame inital factar

Hence:
If R(X?") >0, then ((X*) = I(X).

If R(X~") >0, then p(X?") = F(X).

We need to know how many powers . &f may have O rigidity.



Elements having a rigid power

We compare ((X"™) for all m.

If X € Stable — USS(X), then for every s,t > 0
either |u(X®) < o(XY) | or |u(X?) = u(X?).

The set {:(X),(X?),...,u(XI2))} is totally ordered by <.

(Example: X = A-1213214-23 )

L(X) = 34321 34
L(X?) = 34321 34 23 LX) 2 (X)) 2 u(XP)
L(X3) = 34321

- /




Elements having a rigid power

The set {¢(X),(X?),...,u(XI2))} is totally ordered by <.

In this set there is gepetition: (X?%) = +(X?), with1<a<b<]|A|.

Then the sequence ¢(X %), (X%T1),(X%2),... is periodic.

Then ((X*%) = 1(X?%), witha<s<b — |R(X?)>0
(s <[A])

In the same way: — |R(X %) >0

(t <]Al)



Elements having a rigid power

R(X?®) >0

(s <]Al)

Taking m = lem(s, t),

R(X™) >0 = «X™)=I(X)

R(X™™) >0 = o(X™)=

R(X~ %) >0

(t <|A])

X" is rigid

F(X)

(m < |A[)

But which elements have a rigid power?




pseudo-Anosov braids

Birman-Gebhardt-GM (2006)
X € USS(X) has a rigid power <« Op---Cp = AFX?
for some M, k,t.

McCarthy (1982),GM-Wiest (2004)

If X is pseudo-Anosov, every element in itsentralizer has a common power
with X, up to powers oA.

If N isthe orbitlengthofY, C---Cy € Z(X).

Hence (Cp---Cn)? =(Cy- Cng = AFX')

Every pseudo-Anosov braid in its USS hasmall power which isrigid




