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3URMHFW�WR VROYH &'3�	�&63�LQ�EUDLG JURXSV
,QSXW� Two braids  ; and  <.

,��'HWHUPLQH�WKHLU�JHRPHWULF�W\SH�
Open:Is there a polynomial algorithm that finds CRS(;)?

,,��SVHXGR�$QRVRY�EUDLGV�
Pass to powers:   Can restrict to the ULJLG�FDVH.
Open:How many times one must cycle to go from SSS(;) to USS(;)?

Open:Is there a polynomial upper bound for #(USS(;))?

,,,��3HULRGLF�EUDLGV�
There is a SRO\QRPLDO�DOJRULWKP�

,9��5HGXFLEOH�EUDLGV�
Decompose along CRS(;).

Open:Is there a polynomial algorithm to find the two generators
of the centralizer of a pseudo-Anosov braid?



3HULRGLF EUDLGV

They correspond to finite orderelements

in the mapping class groupof the punctured disc.

.pUpNMDUWy (1919), (LOHQEHUJ (1934): 

Every periodic automorphism of the disc is conjugate to a rotation.Every periodic automorphism of the disc is conjugate to a rotation.

If the automorphism preserves a finite set of points, this set must be:

(angle of rotation 2S/k)A union of orbits of k elements each.

Possibly one fixed point. (the center of the disc)



3HULRGLF EUDLGV
7UDQVODWLRQ�WR�EUDLGV�

Every periodic braid is conjugate to a power of either G or H.Every periodic braid is conjugate to a power of either G or H.



'HWHUPLQLQJ LI D�EUDLG LV SHULRGLF

&RUROODU\�

3URRI�
Same for H.

One just needs to compute  ; Q�� and  ; Q in order to know:

Whether  ; is periodic.

The power of  G or H which is conjugate to  ;.

This solves the CDP for periodic braids in polynomial time!



.QRZQ DOJRULWKPV IRU WKH &63

Is Gebhardt’s algorithm polynomial for periodic braids?

1R����,W�LV�H[SRQHQWLDO�LQ�Q�1R����,W�LV�H[SRQHQWLDO�LQ�Q�

%HVWYLQD (1999):

Hence USS(;)=SSS(;)Hence USS(;)=SSS(;)

Let us study the size of USS(G) and USS(H).



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�

G is simple.  Hence      DOO�HOHPHQWV�LQ�866�G��DUH�VLPSOH.
They are characterized by their permutation.

We will write permutations as products of disjoint cycles.

Elements in USS(G) are conjugates of G 7KH\�DUH�JLYHQ�E\�DQ�Q�F\FOH7KH\�DUH�JLYHQ�E\�DQ�Q�F\FOH



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�

%LUPDQ�*HEKDUGW�*0 (2006):

([DPSOH�



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�

3URRI� (Each pair of strands cross WZLFH)

They cross more than twice!

Simlar argument for the  GL’s.Simlar argument for the  GL’s.



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�

This solves the CSP for conjugates of G.This solves the CSP for conjugates of G.



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�G�

&RUROODU\�

3URRI�

# (possible sequences) # (subsets of {��������Q��}) =   � Q��.

Gebhardt’s algorithm is exponential inQ� for conjugates of  G�Gebhardt’s algorithm is exponential inQ� for conjugates of  G�



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�H�

Analogous for conjugates of  H.

%LUPDQ�*HEKDUGW�*0 (2006):



&KDUDFWHUL]DWLRQ RI HOHPHQWV LQ�866�H�

&RUROODU\�

3URRI�

Gebhardt’s algorithm is exponential inQ� for conjugates of  H�Gebhardt’s algorithm is exponential inQ� for conjugates of  H�

These argumenst are not easy to generalize to other periodic elements.



$�SRO\QRPLDO DOJRULWKP

%LUPDQ�*HEKDUGW�*0 (2006) Idea: change of Garside structure!

&DVH���

%LUPDQ�.R�/HH (1998): There is a Garside structure of  %Q
whose Garside element is precisely  G.

With this structure:



&RQMXJDWHV RI SRZHUV RI G

$OJRULWKP� Input: Two braids  ; and   <.

1)

3)

2)

4)



&RQMXJDWHV RI SRZHUV RI H

Braid group of the annulus, with  Q�� strands.

Artin-Tits group of type %Q����



&RQMXJDWHV RI SRZHUV RI H



&RQMXJDWHV RI SRZHUV RI H

%HVVLV�'LJQH�0LFKHO (2002):

= {Braids on �Q�� strands, invariant under rot(180º)}

Isomorphism induced by a two-sheeted covering of the annulus:



&RQMXJDWHV RI SRZHUV RI H



&RQMXJDWHV RI SRZHUV RI H

*DUVLGH�VWUXFWXUH *DUVLGH�HOHPHQW

Restricts to:

Maps to:

Maps to:



&RQMXJDWHV RI SRZHUV RI H



&RQMXJDWLQJ LQ�D�VXEJURXS
Start with  ;,  conjugate of  H N. 

Trivial case.

Otherwise, WKH�RQO\�SXQFWXUH�IL[HG�E\��;� �DQG�E\��H N����LV�WKH�VHFRQG�RQH�

Hence, HYHU\�FRQMXJDWLQJ�HOHPHQW�PXVW�IL[�WKH�VHFRQG�SXQFWXUH as well.



$OJRULWKP IRU FRQMXJDWHV RI H N

Input:

(Reidmeister-Schreier)

(They are conjugate to G�here�



&RPSDULVRQ ZLWK 866�DOJRULWKP


