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Project to solve CDP & CSP in braid groups

Input: Two braids.X and Y.

I. Determine their geometric type.

Open:ls there a polynomial algorithm that finds CRY

I1. pseudo-Anosov braids.

Pass to powers: Can restrict to tid case.
Open:How many times one must cycle to go from S§3¢ USS)?

Open:ls there a polynomial upper bound for #(USS?

I11. Periodic braids.
There is golynomial algorithm.

IV. Reducible braids.
Decompose along CR¥)

Open:ls there a polynomial algorithm to find the two generators
of the centralizer of a pseudo-Anosov braid?



Periodic braids

{a €B,: o =A™}

They correspond tbnite orderelements
in themapping class grougaf the punctured disc.

Kérékjarto (1919),Eilenberg (1934):

Every periodic automorphism of the disc is conjugate to a rotatiar,

If the automorphism preserves a finite set of points, thisast be:

® A union of orbits of k elements each.(angle of rotation 2/k)

@® Possibly one fixed point. (the center of the disc)



Periodic braids

Translation to braids:

Every periodic braid is conjugate to a power of eithere.
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Determining if a braid is periodic

Corollary: | X is conjugate to 6* & X" = A?F,

X is conjugate to ¥ & X"l = A%k,

Proof: X =c1Fc = X" =, 1§k, = 1AZFe = AZF,

Same fok.

(One just needs to compufe”’ and X" in order to know:\

® Whether.X is periodic.

\. The power ofd or € which is conjugate toX. y

This solves the CDP for periodic braids in polynomial time!



Known algorithms for the CSP

Is Gebhardt’s algorithm polynomial for periodic braids?

No! Itis exponential in n.

Bestvina (1999): If Y € §5S5(X) is periodic, then ¢(Y) < 1.

Hence USSY)=SSSY)

Let us study the size of USH(@nd US).



Characterization of elements in USS(0)

0 Is simple. Hence | all elements in USS(0) are simple.

They are characterized by their permutation.

We will write permutations as products of disjoint cycles.
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Elements in USS) are conjugates & ——
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Characterization of elements in USS(0)

Birman-Gebhardt-GM (2006):

s is simple

and

s e USS(6) if and only if
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Characterization of elements in USS(0)

Proof: If s € USS(4), then s = A%.  (Each pair of strands crossice)

?dl Uo d d3 d4 n

If u; > Ujy1-

They cross more than twice!

Hence v < ug < -+ < u,.

Simlar argument for thel.’s.




Characterization of elements in USS(0)

Conversely, suppose that w5 = (1 ug ug-++ ur n dy dg—1---dy),

where u1 < wuo < -+ <wu, and dy > dy_1 > --- > dj.

Let Kk =d;, and Ok—1] = Ok—10k—2"* " O01.
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Characterization of elements in USS(0)

Conjugating by o074, 1] reduces the number of d;’s

& = 0[d;—1]9[dy—1] " " Old;—1]"

Conjugating by a removes all d;’s

fetia=(12 o m=ms > (a7 sa=0)

This solves the CSP for conjugatesof




Characterization of elements in USS(0)

Corollary: #USS(§) = 2n2.

Proof: Elements in USS(§) are characterized by 1 < uy < -+ < u, < n.

# (possible sequences}y # (subsets of33,...,n-1}) = 2" ]

Gebhardt’s algorithm is exponential m for conjugates of.




Characterization of elements in USS(¢)

Analogous for conjugates af.
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Birman-Gebhardt-GM (2006): s € USS(e) if and only if

sis simple and |75 = (a)(luy ug--- ur ndy di—q---dq)

wherer+t+3=n, 1 <ug <---<u,andd; >di_1 > --->d;.



Characterization of elements in USS(¢)

Corollary: #USS(e) = (n —2)2" 3.
Proof: n — 2 choices for a.
2"=3 choices for 1 < uy < -+ < Uy, < n.

Gebhardt’s algorithm is exponential i for conjugates of.

These argumenst are not easy to generalize to other periedierds.



A polynomial algorithm

Birman-Gebhardt-GM (2006) |Idea:change of Garside structure!

Case 1: Conjugates of §".

Birman-Ko-Lee (1998): There is a Garside structure 8f
whose Garside element is precisely

With this structure:
USS(6%) = {5*}

Conjugating X to 6% is very fast!



Conjugates of powers of 0
Algorithm: Input: Two braidsX and Y.
1) Check that X™ = Y™ = A%k,

2) Translate X.,Y € B o X'V’ € BPEH,

3) Conjugate X’ and Y’ to 6" by iterated cycling and decycling.

This finds a conjugating element ¢’ € BIBKE]

4) Translate ¢’ to ¢ € B%Artm], and return c.

O(I°n?logn)




Conjugates of powers of ¢

Bq[lArtin] Bgii(;]
U U
Pn,2 = A(Bn—l) = Smen—Q

P, o = {Braids fixing the second puncture}.

d

Braid group of the annulus, with-1 strands.

d

Artin-Tits group of typeB,_,.



Conjugates of powers of ¢

Artin BKL
B7[1 | Bgn—2 |
U U
Pn 2 = A(Bn—l) = Smen—Q
S1 S9 S; (i>2)
AB,_1)
p p lp




Conjugates of powers of ¢

Artin BKL
BL | Bgn—Q |
U U

P,o <& AB,_1) = Syma,_o

Bessis-Digne-Michel (2002):

A(B,,_1) = Symo,_o ={Braids on2n-2 strands, invariant under rot(180°)}

Isomorphism induced by a two-sheeted covering of the annulus:



Conjugates of powers of ¢

B[Artin] B[BKL]

n

2n—2
U

Sym2n—2
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Conjugates of powers of ¢

Artin BKL
B7["‘ | Bgn—Z |
U U

Pn 2 L A(Bn—l) E— SymZn—Z

Garside structure Garside element
[BK L]
B2n—2 5271—2
Restricts to: Symon_o 0oy —2
Maps to: AB,_1) Q

Maps to: Py 2 En



Conjugates of powers of ¢

Artin BKL
B7[L | Bgn—Z ]
U U




Conjugating in a subgroup

Start with X, conjugate ofs*.

If 7.r =1, then ef = A?™ = X, Trivial case.

Otherwise the only puncture fixed by X (and by &£%) is the second one.

Hence every conjugating element must fix the second puncture as well.

cl'Xc=¢e"¥ = ceP,..




Algorithm for conjugates of £#

Artin BKL
g ey
U U

Input: Two braids X,Y € BT[LATtm].

1) Check whether X! = Yyn—1 = A2k,

2) Translate X and Y to generators of P, o. (Reidmeister-Schreier)

4) By iterated cycling and decycling in BKL generators, find c.

)
)
3) Send them to Symay,_o. (They are conjugate ®here
)
)

5) Translate ¢ to Artin generators. e
O(l°n*logn)




Comparison with USS algorithm

k 1 2
n 5 7 ] 10 | 15 | 20 | 50 5 7 [ 10 | 15 | 20 | 50
U[] [ 0.16 | 0.40 | 2.05 | 8520 | — | — | 0.15 | 0.65 | 2042 | — | — | —
B | 016032067 | 1.21 | 1.83 | 824 || 0.16 | 0.33 | 0.66 | 1.22 | 1.76 | 6.79
Ule] || 016 | 049 | 432 | — | — | — 014|042 |5976 | — | — | —
C | 019|040 | 083 | 1.51 | 2.37 | 10.75 || 0.14 | 0.38 | 0.86 | 1.57 | 2.42 | 10.69
k 3 6
n 7 | 10 | 15 | 20 | 50 | 10 | 15 | 20 | 50 || 15 | 20 | 50
Up] 033 [56.14 | — | — | — [[436] — | — | — [ — | — | —
B | 031] 069 |1.14 | 1.81 | 6.86 | 0.65 | 1.22 | 1.66 | 6.26 | 1.11 | 1.76 | 6.36
Ug] [[031] 964 | — | — | — Jo99| — | — | — || — | — | —
C || 029 | 0.83 | 1.59 | 2.47 | 11.06 || 0.85 | 1.60 | 2.55 | 10.85 | 1.57 | 2.52 | 11.19
k 7 9 10 11 12
n || 15 | 20 | 50 | 20 | 50 20 50 20 | 50 50 50
upl (772 — | — | — | — — [14d | = — —
B | 115|189 | 6.79 || 1.62 | 6.37 || 170 | 6.80 | 1.41 | 5.23 || 7.00 || 6.53
Ue] ||104] — | — | — | — | 16283 | — || 9088 | — — —
C | 099|250 | 11.57 || 2.49 | 11.47 || 243 | 11.55 || 2.21 | 11.70 || 12.51 || 11.93




