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The Jones polynomial

The Jones polynomial invariant of links VL is uniquely determined by the
above relation and the normalisation value 1 for the unknot.
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Kauffman state sum construction
▶ Kauffman Louis, State models and the Jones polynomial. Topology 26

(1987), no. 3, 395–407.
▶ Kauffman bracket, recursive definition

▶ Global formula

▶ Jones polynomial is recovered by V (L) =
[
(−A−3)w ⟨D⟩

−A2−A−2

]
A=t

− 1
4

,

where w is the writhe of an oriented diagram D representing the link L,

w(L+) = 1 , w(L−) = −1 , w(D) =
∑
c

w(c) .
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Computation for the right handed trefoil
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Witten’s Physical interpretation

▶ Witten Edward, Topological quantum field theory. Comm. Math. Phys.
117 (1988), no. 3, 353–386.

▶ Witten Edward, Quantum field theory and the Jones polynomial. Comm.
Math. Phys. 121 (1989), no. 3, 351–399.
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Atiyah’s contribution

▶ Atiyah Michael, Topological quantum field theory. Inst. Hautes Études
Sci. Publ. Math. No. 68 (1988), 175–186.

▶ Atiyah Michael, The Jones-Witten invariants of knots. Séminaire
Bourbaki, Vol. 1989/90. Astérisque No. 189-190 (1990), Exp. No. 715,
7–16.
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Homfly-pt polynomial
▶ Freyd, P.; Yetter, D.; Hoste, J.; Lickorish, W. B. R.; Millett, K.; Ocneanu,

A. A new polynomial invariant of knots and links. Bull. Amer. Math. Soc.
(N.S.) 12 (1985), no. 2, 239–246.

▶ Przytycki Józef H., Traczyk, Pawe l, Invariants of links of Conway type.
Kobe J. Math. 4 (1988), no. 2, 115–139.

▶ Jones, V. F. R. Hecke algebra representations of braid groups and link
polynomials. Ann. of Math. (2) 126 (1987), no. 2, 335–388.
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Colored Jones and Statistical models

▶ Jones Vaughan, On knot invariants related to some statistical mechanical
models. Pacific J. Math. 137 (1989), no. 2, 311–334.

▶ Turaev Vladimir, The Yang-Baxter equation and invariants of links.
Invent. Math. 92 (1988), no. 3, 527–553.
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Quantum Group constructions

▶ Reshetikhin Nikolai, Turaev Vladimir, Ribbon graphs and their invariants
derived from quantum groups. Comm. Math. Phys. 127 (1990), no. 1,
1–26.

▶ Reshetikhin Nikolai, Turaev Vladimir, Invariants of 3-manifolds via link
polynomials and quantum groups. Invent. Math. 103 (1991), no. 3,
547–597.

▶ Turaev Vladimir, Quantum invariants of knots and 3-manifolds. De
Gruyter Studies in Mathematics, 18. Walter de Gruyter & Co., Berlin,
1994.
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Construction from skein theory

▶ Lickorish, W. B. R. Three-manifolds and the Temperley-Lieb algebra.
Math. Ann. 290 (1991), no. 4, 657–670

▶ Lickorish, W. B. R. Invariants for 3-manifolds from the combinatorics of
the Jones polynomial. Pacific J. Math. 149 (1991), no. 2, 337–347.

▶ Blanchet, C.; Habegger, N.; Masbaum, G.; Vogel, P. Three-manifold
invariants derived from the Kauffman bracket. Topology 31 (1992), no. 4,
685–699

▶ Blanchet, C.; Habegger, N.; Masbaum, G.; Vogel, P. Topological quantum
field theories derived from the Kauffman bracket. Topology 34 (1995), no.
4, 883–927.
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Jones representation of genus 2 MCG

▶ Jones, V. F. R. Hecke algebra representations of braid groups and link
polynomials. Ann. of Math. (2) 126 (1987), no. 2, 335–388.

▶ The genus g surface Σg is a double covering of the sphere S2 branched
over 2g + 2 points.
Birman Hilden homorphism M(S2, 2g + 2)→M(Σg ) whose image is the
so called hyperelliptic MCG.

▶ In genus 2 the hyperelliptic MCG is equal to M(Σ2).
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Jones representation of genus 2 MCG

▶ Vaughan Jones obtained representations of the genus g hyperelliptic MCG
from certain representations of the Hecke algebra H2g+2.

▶ The Hecke algebra is the quotient of the braid group algebra by a
quadratic relation.

▶ Irreducible representations of the Hecke algebra are indexed by Young
diagrams.

Theorem (V. Jones criterion)

The representation of H2g+2 indexed by the Young diagram Y can be
renormalised into a representation which extends to the hyperelliptic MCG if
and only if Y is rectangular.
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Jones representation of genus 2 MCG
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Representations of Mapping Class Groups

▶ 3-dimensional TQFTs contain representations of central extensions of
MCG.

▶ MCG act on skein algebras of surfaces which have interesting connections
with character varieties and geometry.

▶ Using classical topology we construct action of MCG on homologies of
surface configurations with local coefficents built from representations of
the Heisenberg group.
CB, Martin Palmer, Awais Shaukat, Heisenberg homology on surface
configurations. arXiv:2109.00515 .
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Lawrence representations

▶ Lawrence (1990): Family of representations, n ≥ 2,

Ln : Bm → GL(Hn(C̃n(D2
m))

▶ C̃n is a Z2-cover of the unordered configuration space Cn(D2
m) of n points

in the m-punctured disc.

▶ Theorem ( Bigelow, Krammer, 2001-2002): L2 is faithful.

▶ Kohno: Lawrence (LKB) representations are equivalent to sl(2) quantum
representations on heighest weight spaces.
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Homological representations of MCG

▶ Bm = M(D2
m) is a mapping class group.

▶ Goal: LKB type representations for M(Σg,1), g ≥ 2.

▶ A local system on Cn(Σg,1) is obtained from a representation V of the
Heisenberg group Hg , which will appear as a quotient of
Bn(Σg,1) = π1(Cn(Σg,1)).

▶ We obtain a twisted action of the MCG on Hn(Cn(Σg,1),V ).

▶ For the Shrödinger representation (L2(Rg ) or L2(Zg
N)) we obtain

representations

M(Σg,1)→ PU(Hn(Cn(Σg,1),V )) .

In the case L2(Zg
N), the dimension is

(
2g+n−1

n

)
Ng .

▶ For the 2g + 2 dimensional representation defined from the left regular
action we obtain linear representations of the native MCG.
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Surface braid groups

▶ Bn(Σg,1) = π1(Cn(Σg,1)).

▶ Bellingeri presentation, revisited by Bellingeri-Godelle: generators
σ1, . . . , σn−1, α1, . . . , αg , β1, . . . , βg and relations:

(BR1) [σi , σj ] = 1 for |i − j | ≥ 2,

(BR2) σiσjσi = σjσiσj for |i − j | = 1,

(CR1) [αr , σi ] = [βr , σi ] = 1 for i > 1 and all r ,

(CR2) [αr , σ1αrσ1] = [βr , σ1βrσ1] = 1 for all r ,

(CR3) [αr , σ
−1
1 αsσ1] = [αr , σ

−1
1 βsσ1]

= [βr , σ
−1
1 αsσ1] = [βr , σ

−1
1 βsσ1] = 1 for all r < s,

(SCR) σ1βrσ1αrσ1 = αrσ1βr for all r .

Composition is written from right to left.

▶ First presentation in closed case:
Scott, G. P. Braid groups and the group of homeomorphisms of a surface.
Proc. Cambridge Philos. Soc. 68 (1970), 605–617.
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SCR relation α1σ1β1 = σ1β1σ1α1σ1



Vaughan Jones and foundation of Quantum Topology
Representations of Mapping Class Groups

Heisenberg group

▶ The Heisenberg group Hg is the central extension of H = H1(Σg,1)
defined with the intersection cocycle.

▶ Hg = Z× H with (k, x)(l , y) = (k + l + x .y , x + y).

▶ Theorem: Bn(Σg,1)/(σ1 central) is isomorphic to the Heisenberg group
Hg .

▶ We consider the associated regular covering C̃n(Σg,1) and its homology
which support a right action of Hg .
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Model surface for Σ = Σg ,1

...

▶ Cn(Σ, ∂−(Σ)) is the properly embedded subspace of Cn(Σ) consisting of all
configurations intersecting a given arc ∂−Σ ⊂ ∂Σ.

▶ HBM
∗ denotes the Borel-Moore homology,

HBM
n (C̃n(Σ), C̃n(Σ, ∂−(Σ));Z) = lim←−

T

Hn(C̃n(Σ), C̃n(Σ, ∂−(Σ))∪(C̃n(Σ)\T̃ );Z),

the inverse limit is taken over all compact subsets T ⊂ Cn(Σ).

Theorem
For g ≥ 1, n ≥ 2, the module HBM

n (C̃n(Σ), C̃n(Σ, ∂−(Σ)),Z) is a free

Z[H]-module of rank

(
2g + n − 1

n

)
. Furthermore, it is the only

non-vanishing module in HBM
∗ (C̃n(Σ), C̃n(Σ, ∂−(Σ)),Z).
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Representations

Let ai , bi ∈ H1(Σ,Z) be the classes of αi , βi , 1 ≤ i ≤ g .

▶ Hg can be realised as a group of matrices, which gives a faithful
(g + 2)-dimensional representation:(

k, x =

g∑
i=1

piai + qibi

)
7−→

 1 p k+p·q
2

0 Ig q
0 0 1

 ,

where p = (pi ) is a row vector and q = (qi ) is a column vector.

▶ The left regular action of the Heisenberg group Hg is affine on
Hg
∼= Z2g+1. Its linearisation gives a 2g + 2 dimensional representation L.
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Unitary representations

▶ Schrödinger representation on the Hilbert space W ∼= L2(Rg ):[
ρW

(
k, x =

g∑
i=1

piai + qibi

)
ψ

]
(s) = e iℏ

k−p·q
2 e iℏp·sψ(s − q).

▶ Schrödinger representation on the f.d. Hilbert space WN
∼= L2(Zg

N).
For N even, ℏ = 2π

N
.
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MCG action on Heisenberg group

▶ For [f ] ∈M(Σ), the diffeomorphism Cn(f ) induces an automorphism
fH ∈ Aut+(H) (identity on center).

▶ For a representation ρ : Hg → GL(V ) and τ ∈ Aut(H), the τ -twisted
representation ρ ◦ τ is denoted by τV .
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Local system from an Heisenberg group representation

▶ The (singular or cellular) chain complex of the Heisenberg group cover,

denoted by S∗(C̃n(Σ)), is a right Z[Hg ]-module.

▶ Given a representation ρ : Hg → GL(V ), the corresponding local homology

is that of the complex S∗(Cn(Σ),V ) := S∗(C̃n(Σ))⊗Z[Hg ] V .

▶ For [f ] ∈M(Σ), the map Cn(f ) lifts to the Heisenberg cover and the lift

C̃n(f ) induces a chain map S∗(C̃n(f )) which is twisted linear over Z[Hg ],

S∗(C̃n(f ))(z .h) = S∗(C̃n(f ))(z).fH(h) .

▶ We get chain maps

S∗(Cn(f ),V ) : S∗(Cn(Σ), fHV )→ S∗(Cn(Σ),V ) ,

S∗(Cn(f ), τV ) : S∗(Cn(Σ), τ◦fHV )→ S∗(Cn(Σ), τV ) , τ ∈ Aut(Hg ) .
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Notation

▶ HBM
∗ denotes the Borel-Moore homology,

HBM
n (Cn(Σ);V ) = lim←−

T

Hn(Cn(Σ), Cn(Σ) \ T ;V ),

the inverse limit is taken over all compact subsets T ⊂ Cn(Σ)

▶ Cn(Σ, ∂−(Σ)) is the properly embedded subspace of Cn(Σ) consisting of all
configurations intersecting a given arc ∂−Σ ⊂ ∂Σ.
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Twisted representation

Theorem
Let n ≥ 2, g ≥ 1, V a representation of the discrete Heisenberg group Hg over
a ring R.
a)The module HBM

n (Cn(Σ), Cn(Σ, ∂−(Σ));V ) is isomorphic to the direct sum of(
2g + n − 1

n

)
copies of V . Furthermore, it is the only non-vanishing

module in HBM
∗ (Cn(Σ), Cn(Σ, ∂−(Σ));V ).

b) There is a natural twisted representation of the mapping class group M(Σ)
on the modules

HBM
n

(
Cn(Σ), Cn(Σ, ∂−(Σ)); τV

)
, τ ∈ Aut(H) ,

where the action of f ∈M(Σ) is Cn(f )∗ :

HBM
n

(
Cn(Σ), Cn(Σ, ∂−(Σ)); τ◦fHV

)
→ HBM

n

(
Cn(Σ), Cn(Σ, ∂−(Σ)); τV

)
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Schrödinger representation

▶ The left action of HR
g ⊃ Hg on the Hilbert space W ∼= L2(Rg ),

parametrised by the non zero real number ℏ.[
ρW

(
k, x =

g∑
i=1

piai + qibi

)
ψ

]
(s) = e iℏ

k−p·q
2 e iℏp·sψ(s − q) .

Theorem (Stone-von Neumann)

W is an irreducible representation of HR
g and up to isomorphism is the unique

irreducible representation whose character on the center is (k, 0) 7→ e iℏ
k
2 .
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Finite dimensional Schrödinger representation

▶ For N ≥ 2 even, H acts on the f.d. Hilbert space WN
∼= L2(Zg

N):[
ρW ,N

(
k, x =

g∑
i=1

piai + qibi

)
ψ

]
(s) = e iπ

k−p·q
N e i

2π
N

p·sψ(s − q) .

Theorem (Stone-von Neumann)

WN is an irreducible representation of H and up to unitary isomorphism is the
unique irreducible unitary representation whose character on the center is

(k, 0) 7→ e iπ
k
N .
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Untwisted representation of MCG

▶ For τ ∈ Aut(H), The Stone-von Neumann theorem provides a unitary
isomorphism τW ∼= W (resp. τWN

∼= WN) defined up to S1.

▶ We deduce projective actions

M(Σ)→ PU(Vn) , Vn = HBM
n

(
Cn(Σ), Cn(Σ, ∂−(Σ));W

)
M(Σ)→ PU(VN,n) , VN,n = HBM

n

(
Cn(Σ), Cn(Σ, ∂−(Σ));WN

)
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▶ The left regular action of (k0, x0) ∈ Hg is an automorphism of
Hg ≡ Z2g+1. We decompose x0 = p0 + q0, p0 ∈ Λa = Span(ai , 1 ≤ i ≤ g),
q0 ∈ Λb = Span(bi , 1 ≤ i ≤ g), then the action is written

k ′ = k + k0 + p0.q − q0.p

p′ = p + p0

q′ = q + q0

▶ We consider the linearisation ρL of this affine action on L = Hg ⊕ Z. The
linear action of ρL(k0, x0) is as follows.

k ′ = k + tk0 + p0.q − q0.p

p′ = p + tp0

q′ = q + tq0

t′ = t

▶ For τ ∈ Aut+(Hg ), the linear map τ × id : L 7→ τL gives an isomorphism
of Z[Hg ]-module.
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Theorem
There is a representation

M(Σ = Σg,1)→ Aut(Hn

(
Cn(Σ), Cn(Σ, ∂−(Σ)); L

)
,

which associates to f ∈M(Σg,1) the composition of the coefficient
isomorphism induced by fH,

Hn

(
Cn(Σ), Cn(Σ, ∂−(Σ)); L

)
→ Hn

(
Cn(Σ), Cn(Σ, ∂−(Σ)); fHL

)
,

with the functorial homology isomorphism

Hn

(
Cn(Σ), Cn(Σ, ∂−(Σ)); fHL

)
→ Hn

(
Cn(Σ), Cn(Σ, ∂−(Σ)); L

)
,
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Going further

▶ Is this classical or quantum ?

▶ Action of cobordisms ?

▶ Faithfulness ?

▶ In unitary case, can we find almost invariant vectors ?

▶ What about closed surfaces ? Is there a Jones type criterion for extending
subrepresentations to closed surfaces ?
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