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Abstract. We study points and 0-cycles on del Pezzo surfaces defined over a field K
of characteristic 0, with emphasis on cubic surfaces. We prove that a cubic surface that admits
a point defined over a field extension of K of degree coprime to 3 either has a K-point or
has a point defined over a field extension of degree 4. This improves a result of Coray (who
allowed also field extensions of degree 10). We also prove that 0-cycles of degree at least 18
on a cubic surface are effective and get similar results for degree 2 and degree 1 del Pezzo
surfaces, improving results of Colliot-Thélène. In a different direction, we prove that the third
symmetric product of a cubic hypersurface of dimension at least 2 is unirational over any field,
and that, in dimension 2 and 3, it is not stably rational in general.

1. Introduction

Let X � Pn be a hypersurface of degree d over a field K. When K is not algebraically
closed, it can happen that not only does X have no K-point, but all L-points of X are defined
over fields extensions L � K of degree divisible by d . The typical example is given by the
generic hypersurface, where the field K is the function field k.B/ for some field k, the base B
being the space P .H 0.Pn;OPn.d///. We take for X the generic fiber X� ! Spec.K/ of the
universal family B � Pn � X

�
! B , where � is given by the first projection. The L-points of

X� correspond, by taking their Zariski closure in X, to rational multisections of � . Using the
fact that X is a projective bundle over Pn via the second projection, one sees that the restriction
map CH.X/! CH.X/ has the same image as the restriction map CH.Pn/! CH.X/, which
implies in particular that all 0-cycles of X are of degree divisible by d .

The first part of this paper is devoted to hypersurfaces of degree 3. The above argument
shows that a cubic hypersurface over a field K is not in general unirational (in particular, it
is not rational) since it has no K-point. This argument fails however for the third punctual
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Hilbert scheme X Œ3� of X , that always contains many K-points, namely all those obtained
by intersecting X with a line in Pn. As a consequence of Fogarty’s theorem [6], the third
punctual Hilbert scheme X Œ3� of a smooth variety X is smooth and birational to the symmetric
product X .3/ (see also [2], which proves that this statement is true only for the second and
third punctual Hilbert schemes). We will be interested in K-points of X Œ3� corresponding to
L-points of X for some field extension K � L of degree 3, that is, after restriction to an affine
open setU ofX , to morphisms �.OU /! L ofK-algebras. Thus the Hilbert scheme viewpoint
is more natural than the viewpoint of the symmetric product, but in fact, theseK-points ofX Œ3�

give rise to three distinct K-points of X permuted by the Galois group, so the Hilbert scheme
is isomorphic to the symmetric product at these points and we could work as well with the
symmetric product X .3/.

We will start by proving the following easy but useful result.

Theorem 1.1. Let X � PnK be a smooth cubic hypersurface defined over a field K of
characteristic 0. If n � 3, the variety X Œ3� is unirational.

Remark 1.2. Our proof provides an explicit unirational parameterization. Moritz Hart-
lieb and Matteo Verni observed that one can also prove Theorem 1.1 using [9, Proposition 37],
as any smooth cubic hypersurface of dimension at least 2 defined over a field K and having
a K-point is unirational.

Theorem 1.1 immediately implies the following Corollary 1.3, which answers in particu-
lar (in the negative) the question, asked in [11, Question 6.2] and discussed in [3], whether for
some cubic hypersurfaces of dimension at least 2 over a field K, all K-points of X Œ3� could be
obtained by intersecting a line withX . Given a cubic hypersurfaceX � Pn, there is a canonical
0-cycle

(1.1) h3 2 CH0.X/

defined as the intersection of a line in Pn with X . The effective 0-cycles � \X are all ratio-
nally equivalent to h3, but they are clearly not Zariski-dense in X Œ3�, by a dimension count. In
fact, they are characterizing by collinearity.

Corollary 1.3. Let X � PnK be a smooth cubic hypersurface defined over a field K of
characteristic 0. Then the K-points of X Œ3� are Zariski-dense in X Œ3�. In particular, there exist
non-collinearK-points ofX Œ3�. Moreover, theK-points ofX Œ3� which are rationally equivalent
to h3 are Zariski-dense in X Œ3�.

In contrast, as we will prove in Section 2 (see Theorem 2.5), there exist smooth cubic
surfaces S over a field of characteristic 0 such that S Œ3� is not stably rational. There also exist
smooth cubic threefolds X over C such that X Œ3� is not stably rational. This follows from the
recent results proved in [5].

Coming back to the case ofK-points of the cubic X itself, Cassels and Swinnerton-Dyer
conjectured that if a cubic hypersurfaceX hasL-points over a field extensionL � K of degree
coprime to 3, then X has a K-point. Formulated in more geometric terms, if X has a 0-cycle
of degree 1, then it has a K-point. In [4], Coray studied the possible degrees coprime to 3 of
a field extension K � L such that X.L/ is not empty. He proved the following.
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Theorem 1.4 (see [4, Theorem 7.1]). Let S be a smooth cubic surface over a field of
characteristic 0 having a 0-cycle of degree 1. Then the minimal degree coprime to 3 of a closed
point of S is 1, 4 or 10.

One of our main results in this paper is that we eliminate the possibility that this minimal
degree (that we will call the Coray number of S ) is 10.

Theorem 1.5. Let S � P3K be a smooth cubic surface defined over a field K of charac-
teristic 0. If S has a 0-cycle of degree 1, then S either has a K-point or has an L-point, where
L is a field extension of K of degree 4.

Remark 1.6. That the Coray number of a cubic hypersurface cannot be 2 follows from
the fact that if there exists an effective 0-cycle z of degree 2 on a cubic hypersurface X over
a field K, then X has a K-point. When z comes from a length 2 subscheme Z2 � X which
generates a line hZ2i not contained in X , this follows from the construction of the residual
intersection point y of the line hZ2i with X . When z is supported on a line contained in X ,
this is still easier.

Remark 1.7. In Theorem 1.5, an equivalent conclusion is that S either has a K-point
or has an effective 0-cycle of degree 4. This follows from Remark 1.6 and from the fact that an
effective 0-cycle is an integral combination of classes of points defined over field extensions
of K.

Remark 1.8. In [3], Colliot-Thélène established an analog of Theorem 1.4 for del Pezzo
surfaces S of degree 2. Namely, he proves that if S has a 0-cycle of degree 1, then it has a closed
point of degree 1, 3 or 7. It was proved by Kollár and Mella (see [3, 9]) that the minimal odd
degree of a point (the Coray number of S ) can be 3. It is natural to ask if one can (as in
Theorem 1.5) eliminate the possibility that the Coray number of S is 7, but we were not able
to do this.

The method applied to prove Theorem 1.5 will allow us to prove more general results
concerning the effectivity of 0-cycles modulo rational equivalence. Such statements were first
introduced in [3], which proved the following result.

Theorem 1.9 (see [3, Théorème 3.3]). If a smooth cubic surface S over a field K of
characteristic 0 has a K-point x, any effective 0-cycle z of S can be written as

z D z0 C ˛x in CH0.S/;

where ˛ is an integer and z0 D 0 or z0 is the class of an effective cycle of S of degree 1 or 3. In
particular, CH0.S/ is generated by classes ofK-points and points defined over field extensions
of K of degree 3.

Another result proved in [3] concerns the effectivity of 0-cycles of geometrically rational
surfaces.
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Theorem 1.10 ([3, Théorèmes 3.3, 4.4, 5.1]). Let S be a smooth del Pezzo surface of
degree dS over a field K of characteristic 0. If S has a K-point and

(a) if dS D 3 (cubic surfaces), then any 0-cycle of degree d � 3 on S is effective;

(b) if dS D 2, then any 0-cycle of degree d � 6 on S is effective;

(c) if dS D 1, then any 0-cycle of degree d � 21 on S is effective.

Remark 1.11. In [3], the bounds given are different, but these are actually the bounds
that can be deduced from the results of [3] modulo a small extra argument (see the proof of
Corollary 1.16 below, and also the addendum on Colliot-Thélène’s website).

We will generalize these statements, mainly removing the assumption that S has a K-
point, and also by improving the numerical bounds given above, for example in (c) where the
assumption of having a K-point is automatic. Note that any del Pezzo surface S of degree dS
has a canonical effective 0-cycle hdS D c1.KS /

2 2 CH0.S/, which generalizes the 0-cycle h3
of (1.1). We will first prove the following two results for smooth cubic surfaces defined over
a field of characteristic 0.

Theorem 1.12. The following statements hold.

(a) (Compare Theorem 4.1) Let S be a smooth cubic surface over a field K of characteris-
tic 0. Then any effective 0-cycle z of S can be written as

(1.2) z D ˙z0 C 
h3 in CH0.S/;

where z0 is effective of degree at most 18.

(b) If S has a 0-cycle of degree 1, then S has an effective 0-cycle x4 of degree 4 (given by
Theorem 1.5) and any effective 0-cycle z on S can be written as

(1.3) z D ˙z0 C ˛x4 C ˇh3 in CH0.S/;

where z0 is effective of degree at most 4.

Remark 1.13. As we will see in the course of the proof of Corollary 1.14, we can in
fact impose the sign in front of z0 in formulas (1.2) and (1.3), that is, the four formulas are true,
with a positive sign or negative sign.

Theorem 1.12 implies the following corollary that will be proved in Section 3.1.

Corollary 1.14. The following statements hold.

(a) Let S be a smooth cubic surface over a field K of characteristic 0. Then any 0-cycle
z 2 CH0.S/ of degree d � 18 is effective.

(b) Let S be a smooth cubic surface over a field K of characteristic 0. If S has a 0-cycle of
degree 1, any 0-cycle z 2 CH0.S/ of degree d � 8 is effective.

In the case of del Pezzo surfaces of degree 2, our results are as follows.
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Theorem 1.15. The following statements hold.

(a) (Compare Theorem 5.3.) Let S be a smooth degree 2 del Pezzo surface over a field K of
characteristic 0. Then any effective 0-cycle z 2 CH0.S/ can be written as z D z0 C 
h2,
where z0 is effective of degree at most 13.

(b) More precisely, any effective 0-cycle z 2 CH0.S/ can be written as z D z0 C 
h2 in
CH0.S/, where z0 is effective of degree 13, 12, or at most 7.

Corollary 1.16. The following statements hold.

(a) On a smooth degree 2 del Pezzo surface over a field K of characteristic 0, any 0-cycle
z 2 CH0.S/ of degree d � 13 is effective.

(b) If S has no 0-cycle of odd degree, any 0-cycle z 2 CH0.S/ of degree d � 12 is effective.

Proof. (a) Let S be a del Pezzo surface of degree 2 over a field K of characteristic 0,
and let z 2 CH0.S/. As z is supported on a smooth curve C � S in a linear system jOS .m/j
for m large, we can write, by applying Riemann–Roch on C , z D z0 � 
h2 in CH0.S/, for
some large integer 
 , with z0 effective. We now apply (5.1) to z0, which gives z D z00 C 
 0h2
in CH0.S/, where z00 is effective of degree at most 13. If deg z � 13, then 
 0 � 0, so z is
effective and the corollary is proved in this case.

(b) If S has no 0-cycle of odd degree, we know that deg z00 � 12 in the above argument.
It follows that if deg z � 12, then 
 0 � 0 and z is effective.

Our last results concern the case of a del Pezzo surfaces of degree dS D 1, which will be
treated by the same method in Section 6.

Theorem 1.17. The following statements hold.

(a) Let S be a smooth degree 1 del Pezzo surface over a field K of characteristic 0. Then
any effective 0-cycle z 2 CH0.S/ can be written as z D z0 C 
h1, where z0 is effective
of degree at most 15.

(b) Under the same assumptions, any effective 0-cycle z 2 CH0.S/ can be written as

z D ˙z0 C 
h1;

where z0 is effective of degree 15, 10, 7, 6 or at most 4.

The following corollary is then proved in the same way as Corollary 1.16.

Corollary 1.18. On a smooth del Pezzo surface of degree 1 defined over a field K of
characteristic 0, any 0-cycle z 2 CH0.S/ of degree d � 15 is effective.

Our main tool for the proof of Theorems 1.5, 1.12 and 1.15 is the classical Schwarzen-
berger construction of vector bundles of rank 2 on a smooth del Pezzo surface S of degree 3,
2, 1, respectively, starting from smooth (or lci) length-2 subschemes Z of S . Sections of these
vector bundles then allow us to move the cycle and a section vanishing along a cycle h3, h2,
h1, respectively, allows us to prove effectivity results forZ � h3,Z � h2,Z � h1, respectively.
This strategy is described in Section 3 where the key Proposition 3.2 is proved.
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2. Rational self-maps and the proof of Theorem 1.1

We will use the following rather standard construction (see for example [1]) that allows
to construct rational self-maps of a cubic hypersurface and its higher symmetric powers. Let E
be an elliptic curve over a field K and let H 2 Pic.E/ be a line bundle of degree d . Then, for
any integer m D sd C 1, there is a morphism

�sWE ! E; x 7! mx � sH 2 Pic1.E/ D E:

Let X � Pn be a smooth cubic hypersurface over a field K of characteristic 0. For a general
element ŒW � 2 G ´ Grass.n � 1;H 0.Pn;OPn.1///, there is a rational map

(2.1) �W WX Ü Pn�2

given by the linear projection from the line �W � Pn defined by W . The generic fiber of �W
is an elliptic curve over the function field of Pn�2 and it carries a line bundle H of degree
d D 3. The construction above thus gives for each s a rational self-map �s;W WX Ü X of
multiplication by 3s C 1 over Pn�2. This map induces in turn for each k a rational self-map

�ks;W WX
.k/ Ü X .k/:

Using the maps �ks;W , we now construct for each s a rational map defined over K,

‰sWG �G Ü X Œ3�:

The construction goes as follows. For a generic ŒW 0� 2 G D Grass.n � 1;H 0.Pn;OPn.1///,
the line�W 0 produces by intersection with X a subscheme of length 3 of X , hence a point ıW 0
of X Œ3�. The rational map ‰s is defined by

‰s.ŒW �; ŒW
0�/ D �3s;W .ıW 0/:

As the variety G �G is rational over K, Theorem 1.1 will now be obtained as a conse-
quence of the following result.

Proposition 2.1. Assume n � 3 and charK D 0. Then, for s D �1, the rational map

‰sWG �G Ü X Œ3�

is dominant.

Remark 2.2. It is plausible that the statement is true for any s ¤ 0. For s D 0, the
statement does not hold because each �s;W is the identity; hence �3s;W is also the identity, and
in particular, it preserves collinearity of triples on points. The image of ‰s.ŒW �; ŒW 0�/ is then
the subvariety (birational to G) of X Œ3� parameterizing collinear triples of points in X .

Remark 2.3. For n D 2, the statement obviously does not hold since Theorem 1.1 is
wrong in this case. The conclusion of Proposition 2.1 does not hold in this case because the
rational map �W of (2.1) is the constant map (and in particular does not depend on W ). For
any s, the map �s;W is multiplication by 3s C 1 on the elliptic curve X , and it has in this case
the property that �3s;W WX

Œ3� Ü X Œ3� preserves collinearity, as one can see by considering the
Abel map of the elliptic curve X .
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Proof of Proposition 2.1. For s D �1, the morphism

ˆsWG �X Ü X; ˆs.ŒW �; x/ D �s;W .x/

has a special form, namely, on each hyperplane section E � X , the map �E;�1 is the multipli-
cation by �2 on the elliptic curve E and maps x 2 E to hE � 2x, where hE ´ c1.OE .1//,
hence is geometrically realized by sending x to the residual intersection point of the projective
line P .TE;x/ tangent to E at x with X . It follows that �s;W .x/ depends only on the tangent
space at x of the curve EW;x passing through x. In other words, the rational map ˆ�1 factors
through the rational morphism

G �X Ü P .TX /

which to .ŒW �; x/ associates the tangent line to the fiber EW;x passing through x of the linear
projection �W .

We observe that it suffices to prove the result when dimX D 2 since any set of three
points on X (or rather subscheme of length 3) is supported on a smooth cubic surface. Further-
more, we can assume that the field is algebraically closed (for example K D C). We choose
three general points x; y; z on X and have to prove that the preimage ‰�1

�1.¹x; y; zº/ is not
empty. Looking at the construction of ‰�1, this preimage consists of a pencil W of elliptic
plane curves on S , and a set of three collinear points x0; y0; z0 on X (generating a line �W 0),
such that, denoting respectively Ex; Ey ; Ez the fibers of the pencil passing through x; y; z, we
have

x0 2 Ex; y0 2 Ey ; z0 2 Ez;(2.2)

�Ex ;�1.x
0/ D x; �Ey ;�1.y

0/ D y; �Ez ;�1.z
0/ D z:(2.3)

Using the above description of the maps �E;�1, we can describe differently this fiber, namely,
let Cx � X , Cy � X , Cz � X be the curve of points x0 2 X , y0 2 X , z0 2 X such that the line
hx0; xi, hy0; yi, hz0; zi is tangent to X at x0, y0, z0, respectively (more rigorously, we should
take the respective Zariski closures of these curves in X n ¹xº, X n ¹yº and X n ¹zº). These
curves, which are ramification curves of the projection of X to P2 from x, y, z, respectively,
are well understood. They are members of the linear system jOX .2/j, irreducible for general
points x; y; z, and they contain respectively the points x; y; z. Furthermore, they are mobile in
the sense that any point w of X can be chosen not to belong to Cx , Cy , Cz , respectively. This
last point is clear since there exists a line � passing through w and not tangent to X at w. This
line intersects X at another point x 2 X , and w does not belong to Cx .

For .x0; y0; z0/ 2 Cx � Cy � Cz , we then choose any elliptic plane curve Ex0;x passing
through x0 and x, and similarlyEy0;y passing through y0 and y,Ez0;z passing through z0 and z.
Equations (2.2) and (2.3) are then automatically satisfied since the line hx0; xi is tangent to any
such Ex at x0 and similarly for y and z. We need now to impose the following conditions.

(1) The three points x0; y0; z0 are collinear (producing the line �W 0).

(2) The three elliptic curves Ex0;x , Ey0;y , Ez0;z generate a pencil (producing the pencil W ).

Condition (1) has to be satisfied on Cx � Cy � Cz . Given x0; y0; z0, condition (2) has to be
satisfied on the product P1x0;x � P1y0;y � P1z0;z , where the line P1x0;x parameterizes planes in P3

containing the line hx0; xi and so on.
That the set of triples .x0; y0; z0/ 2 Cx � Cy � Cz of distinct points satisfying condi-

tions (1) and (2) is not empty follows now from the following.
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Lemma 2.4. The following statements hold.

(1) For a general choice of points x; y; z, condition (1) is satisfied along a non-empty curve
D � Cx � Cy � Cz with the property that, for a general triple .x0; y0; z0/ 2 D, we have
x ¤ x0, y ¤ y0, z ¤ z0 and the three lines hx0; xi, hy0; yi, hz0; zi are mutually non-
intersecting.

(2) For a general point .x0; y0; z0/ 2 D, condition (2) is satisfied along a curve

D0x0;y0;z0 � P1x0;x � P1y0;y � P1z0;z

which is isomorphic to P1.

Proof. (1) The setD cannot contain a surface. Indeed, it would dominate otherwise one
of the 3 products Cx � Cy , Cx � Cz , Cy � Cz under the corresponding projections. Assume
it dominates Cx � Cy . Then, for any .x0; y0/ 2 Cx � Cy , the third intersection point z00 of the
line hx0; y0i with X must belong to the curve Cz . Using the mobility of the curve Cz with z
as explained above, this is not possible if z is chosen generically. Next, the set D has expected
codimension at most 2 in Cx � Cy � Cz . Indeed, on each curve C�, where � D x; y; z, we have
the inclusion

OC�.�1/ ,! W4 ˝OC� ;

whereW4 D H 0.X;OX .1//
�. We combine these three inclusion maps to construct a morphism

of vector bundles

�W pr�x OCx .�1/˚ pr�y OCy .�1/˚ pr�z OCz .�1/! W4 ˝OCx�Cy�Cz ;

of vector bundles of respective ranks 3 and 4. It is clear that the locus D of collinear triples
.x0; y0; z0/ is contained in the locus D2 where � has rank at most 2, but we have to remove
from it the sublocus D02 where x0 D y0 or x0 D z0, or y0 D z0. It is a standard fact that the
rank locus D2 has expected codimension at most 2; hence its codimension is exactly 2 by the
previous assertion. The class of D2 in CH2.Cx � Cy � Cz/ is in fact computed following [7].
This class is nothing but the Segre class s2.F / in CH2.Cx � Cy � Cz/, where

F ´ pr�x OCx .�1/˚ pr�y OCy .�1/˚ pr�z OCz .�1/:

This follows indeed from the fact that the rank at most 2 locus of � is also the image in
Cx � Cy � Cz , under the projection map � WP .F /! Cx � Cy � Cz , of the locus zD2 � P .F /
defined by the 4 sections of F � or sections of OP.F /.1/ given by �. Using the fact thatD2 has
the right dimension, this is saying that

ŒD2� D ��.c1.OP.F /.1//
4/ D s2.F / in CH2.Cx � Cy � Cz/:

The degree ofD2 is computed using the Whitney formula for the total Segre class, which gives

s.F / D pr�x.1C c1.OCx .1/// pr�y.1C c1.OCy .1/// pr�z.1C c1.OCz .1///

in CH.Cx � Cy � Cz/;

so that

s2.F / D pr�x.c1.OCx .1/// pr�y.c1.OCy .1///C pr�x.c1.OCx .1/// pr�z.c1.OCz .1///

C pr�y.c1.OCy .1/// pr�z.c1.OCz .1/// in CH.Cx � Cy � Cz/:
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In order to prove the non-emptiness of D2 nD02, it suffices to show that

degHx D2 > degHx D
0
2;

where the degree is computed via the line bundle Hx ´ pr�x OCx .1// on Cx � Cy � Cz . The
curves Cx; Cy ; Cz being defined by quadratic equations in X , we have

degHx D
0
2 D deg.Cy � Cz/ degHx .Cx/ D 12 � 6; degHx D2 D 6 � 6 � 6;

from which we conclude that degHx D2 > degHx D
0
2 and D2 nD02 is non-empty.

By a similar counting argument, for a general element .x0; y0; z0/ of D2 nD02, we prove
that the three lines

(2.4) hx0; xi; hy0; yi; hz0; zi

are mutually non-intersecting.
(2) This will follow from the last statement. Indeed, this statement says that the three

points ıx0x; ıy0y ; ız0z which parameterize respectively the three lines (2.4) are three points in
general position in the Grassmannian of lines in P3. The Grassmannian G.2; 4/ is a quadric
Q in P5, and two lines in P3 are non-intersecting if and only if the corresponding points
in G.2; 4/ D Q have the property that the line they generate is not contained in Q. There is
thus a single orbit under the action of PGL.4/ onG.2; 4/Œ3� of triples parameterizing three lines
mutually non-intersecting, as follows from the similar statement for the action of the orthogonal
group O.6/ onQ. It thus suffices to prove the result when the three lines (2.4) in P3 are defined
by equations

X0 D X1 D 0; X2 D X3 D 0; X0 �X2 D 0; X1 �X3 D 0:

An easy computation shows that the set of triples of planes px0;x; py0;y ; pz0;z 2 .P3/� such that
the corresponding plane Px0;x contains hx0; xi and so on, and such that the three linear forms
px0;x; py0;y ; pz0;z generate a pencil of planes (i.e. are collinear), is a copy of P1 diagonally
embedded in P1x0;x � P1y0;y � P1z0;z . Indeed, one writes

px0;x D u0X0 C u1X1; py;y0 D v2X2 C v3X3; pz;z0 D w.X0 �X2/C w
0.X1 �X3/

for adequate choice of homogeneous coordinates on P3. The fact that the three planes gener-
ate a pencil then provides equations w D au0 D �bv2, w0 D au1 D �bv3 for some nonzero
coefficients a; b. Hence the equations provide u1=v3 D u0=v2 D �b=a, w D au0, w0 D au1,
which proves the result.

This concludes the proof of Proposition 2.1.

We finish this section with the proof of the following result, which immediately follows
from [5], and is in contrast with Theorem 1.1.

Theorem 2.5. The following statements hold.

(a) Let X � P4 be a very general cubic threefold over C. Then X Œ3� is not stably rational.

(b) Let S ! .P4/�´ B be the universal hyperplane section of X , and let S� ! B� be its
generic fiber over B , which is a smooth cubic surface over the field C.B/. Then S Œ3�� is
not stably rational.
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Proof. Using the natural inclusion S � B �X , the relative Hilbert scheme S Œ3=B� maps
naturally to X Œ3� and is generically a projective bundle over X Œ3�, with fiber, over a general
point z 2 X Œ3� parameterizing the length-3 subscheme Z � X , the projective line

P .H 0.X; IZ.1///:

The stable rationality of S Œ3�� over C.B/ would imply the stable rationality over C of S Œ3=B�

which is birational to a projective bundle over X Œ3� by the construction above, and thus the
stable rationality of X Œ3� over C. We now claim that the results of [5] imply that X Œ3� is not
stably rational over C, which proves both (a) and (b) by the argument above. To prove this,
we recall that the stable rationality of X Œ3� implies that X Œ3� has trivial universal CH0 group,
so we just have to show that this is not the case. To see this, we use the natural incidence
correspondence I � X Œ3� �X defined as follows: recalling that X Œ3� is the Hilbert scheme
parameterizing length-3 subschemes Z � X , it carries a universal object which is described
by a flat morphism pW I ! X Œ3� of degree 3. The morphism I ! X is the inclusion as a sub-
scheme of X of length 3 on each fiber of p. Moreover, there is an inclusion i WP .�X / ,! X Œ3�,
which to x 2 X , 0 ¤ � 2 �X;x associates the subscheme of length 3 of X that is supported
on x and has as Zariski tangent space at x the hyperplane defined by �. We have the obvious
relation

(2.5) I� ı i�.x/ D 3x in CH0.X/:

Assume by contradiction that X Œ3� has trivial universal CH0 group, that is, any 0-cycle of
X Œ3� of degree 0 defined over a field containing C is trivial (the interesting case being the
function field of X Œ3� itself). By the construction described above of the fat points, there is,
after choosing a rational section � WX Ü P .�X / of the structural morphism P .�X /! X ,
a rational map i ı � WX Ü X Œ3�, and thus a point 
X Œ3� of X Œ3� over the function field M
of X . We apply the CH0-universal triviality to the difference 
X Œ3� � z0, where z0 D i.z00/ for
some point of X defined over C. We thus get that

(2.6) 
X Œ3� � z0 D 0 in CH0.X
Œ3�
M /:

Applying (2.5), we get I�.
X Œ3�/ D 3ıX in CH0.XM /, where ıX 2 X.M/ is the generic point
of X . It thus follows from (2.6) that the cycle z D ıX � z00 2 CH0.XM / satisfies 3z D 0 in
CH0.XM /. On the other hand, as X admits a unirational parameterization of degree 2, we also
know that z satisfies 2z D 0 in CH0.XM /. Thus z D 0 and X has trivial universal CH0 group.
This contradicts [5], which proves that X does not have trivial universal CH0 group (more
precisely, it is proved in [5] that the minimal class of the intermediate Jacobian of X is not
algebraic and this prevents X having trivial universal CH0 group using [13]).

3. Zero-cycles and rank 2 vector bundles on del Pezzo surfaces

Let S be a smooth del Pezzo surface over a field K of characteristic 0. We will denote
the ample line bundle K�1S by OS .1/. We denote by dS the canonical degree of S , namely
dS ´ deg c1.KS /2. For all l � 0, we have, by Riemann–Roch,

(3.1) h0.S;OS .l// D 1C
dS

2
.l2 C l/:
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Let d be a positive integer and let x 2 S Œd�.K/ be a K-point, parameterizing a reduced
(or lci) subscheme Zx � S of length d , which is defined over K. Suppose l is a nonnegative
integer such that

(3.2) h0.S;OS .l// < d;

that is, by (3.1),

1C
dS

2
.l2 C l/ < d:

The strict inequality in (3.2) implies that the restriction map

H 0.S;OS .l//! H 0.Zx;OZx .l//

is not surjective, hence that H 1.S; IZx .l// ¤ 0. As is standard (see [10, 12]), we use Serre’s
duality H 1.S; IZx .l//

� Š Ext1.IZx .l/;KS /, and as KS D OS .�1/, it follows that the K-
vector space Ext1.IZx .l C 1/;OS / is nontrivial. Any element e 2 Ext1.IZx .l C 1/;OS / pro-
vides us with a rank 2 coherent sheaf E constructed as an extension

(3.3) 0! OS ! E ! IZx .l C 1/! 0:

We now have the following lemma.

Lemma 3.1. Assume x corresponds to a L-point of S defined over a field extension
K � L of degree d . Then

(a) for any nonzero extension class e 2 Ext1.IZx .l C 1/;OS /, the coherent sheaf E con-
structed from e is locally free;

(b) E has a section � whose zero-set is exactly Zx;

(c) we have h0.S;E/ D 1C h0.S; IZx .l C 1//.

Proof. As is well known (see [8, p. 726] or [12]), the coherent sheaf E is locally free
away from Zx and it is locally free on S if and only if the extension class e is nonzero at each
point z of Zx (over the algebraic closure of K). Passing to the algebraic closure of K, we see
that the set Snlf of points of SK where E is not locally free is contained in Zx;K and, as E is
defined over K, Snlf is invariant under Gal.K=K/. As Zx is an L-point of S , Gal.K=K/ acts
transitively on the set of points in Zx;K . Thus Snlf is either empty or the whole of Zx;K . In the
second case, the extension class e 2 Ext1.IZx .l C 1/;OS / vanishes in

H 0.S;Ext1.IZx .l C 1/;OS //:

However, as follows from the vanishing of H 1.S;OS .�l � 1//, the natural map

Ext1.IZx .l C 1/;OS /! H 0.S;Ext1.IZx .l C 1/;OS //

is injective, so in the second case, the extension class e is identically 0, which contradicts our
assumption. This proves (a).

(b) The section � being given by the morphism OS ! E on the left in (3.3), (b) follows
from (a) and the exact sequence (3.3).

(c) This follows from the exact sequence (3.3) and the vanishing H 1.S;OS / D 0.



314 Voisin, Rank 2 vector bundles and degrees of points of del Pezzo surfaces

Using rank 2 vector bundles as in Lemma 3.1 will be our main tool in this paper, as
they will be used to show that some 0-cycles are effective. As a sample result, let us prove the
following statement, which will be systematically used for the proof of Theorems 1.5 and 1.12.

Proposition 3.2. Let S be a smooth cubic surface over a field K of characteristic 0,
and let l � 0, d � 0 be integers satisfying inequality (3.2), namely

(3.4) h0.S;OS .l// < d:

Assume there is an effective cycle zd 2 CH0.S/ of degree d and let s � 1 be an integer. Then,
if S has an effective 0-cycle zs of degree s, and

(3.5) h0.S;OS .l C 1// � d D 1C
3

2
..l C 1/2 C l C 1/ � d � 2s;

the cycle zd � zs 2 CH0.S/ is effective. In particular, S has an effective 0-cycle z 2 CH0.S/
of degree d � s.

Proof. First of all, we note that the existence of an effective 0-cycle zd of degree d
defined over K implies the existence of a length-d subscheme Z � S which is curvilinear,
hence lci, of Chow class zd . Indeed, the fibers of the Hilbert–Chow morphism S Œd� ! S .d/

overK-points are rational overK, and the subset of the fiber parameterizing curvilinear (hence
lci) subschemes is open and Zariski-dense in this fiber. The same remark applies to zs .

Our assumption thus gives us a subscheme Zd � S of length d which is lci. Using
inequality (3.4), we can perform the construction of the rank 2 coherent sheaf E as above.
By Lemma 3.1, it has a section � which vanishes exactly along Zd . Furthermore, thanks to
(3.5), we get h0.S; IZd .l C 1// � 2s; hence h0.S;E/ � 2s C 1 by Lemma 3.1 (c). For a sub-
scheme Zs � S of length s, there is by (3.5) a nonzero section � 0 of E vanishing along Zs .
Assuming the coherent sheaf E is locally free and the zero-set V.� 0/ is of dimension 0, then
the residual cycleZ0 ofZs in V.� 0/ is effective, defined overK and of degree d � s; more pre-
cisely, it is of class c2.E/ � zs D zd � zs , so the proof is finished in this case. Unfortunately,
as we want to prove the result for a specific subschemeZ � S , it might be that E is not locally
free and that any section of E vanishing along any subscheme Zs of length s defined over K
vanishes along a curve in S (see Example 3.5).

However, we can circumvent this problem by making both subschemesZd � S ,Zs � S
generic. LetB ´ S Œd� � S Œs� and let S� be the generic fiber (defined overK.B/) of the projec-
tion � WS � B ! B . Then, denoting by ŒZ� 2 S Œk�.K/ the point parameterizing the subscheme
Z � S of length k defined over K, the subscheme Zd � S is the specialization at any point
.ŒZd �; ŒZs�/ 2 .S

Œd� � S Œs�/.K/ of the pull-back pr�1 Zd � S
Œd� � S Œs� � S of the universal

subscheme Zd � S
Œd� � S . We will denote the generic fiber of pr�1 Zd over SpecK.B/ by

Zd;� � S�. Using the subscheme Zd;� � S�, we now perform the construction of the rank 2
coherent sheaf E� over S�. Lemma 3.1 applies in this situation, so E� is locally free, and
thanks to (3.5), we get

h0.S�; IZd;�.l C 1// � 2sI

hence h0.S�; E�/ � 2s C 1 by Lemma 3.1 (c).
Finally, the pull-back pr�2 Zs to S Œd� � S Œs� of the universal subscheme Zs � S

Œs� � S

parameterized by S Œs� has a generic fiber Zs;� which is a subscheme of length s of S�. Using
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inequality (3.5), there exists a nonzero section � 0 ofE� vanishing along the corresponding sub-
schemeZs;� � S�. Lemma 3.3 proved below tells that, under our numerical assumptions, there
exists a section � 0 as above vanishing alongZs;� and with zero-locusZ0d;� of codimension 2. It
then follows that the cycleZ0d;� �Zs;� 2 CH0.S�/ is effective. Note that we have the equality
of cycles V.� 0/ D Z0d;� D c2.E�/ D Zd;� in CH0.S�/; hence the Fulton specialization (see
[7, Section 10.3]) of Z0d;� to the fiber S of � over the point .ŒZd �; ŒZs�/ 2 S Œd� � S Œs�.K/
equals zd 2 CH0.S/. The Fulton specialization of the class of Zs;� is zs . The Fulton special-
ization of an effective cycle in CH0.S/ is effective (see [3, Lemme 2.10]); hence we conclude
that zd � zs is effective, proving Proposition 3.2.

We reduced above the proof of Proposition 3.2 to the case of the generic subscheme
Z� � S� of length d , and we can even assume without loss of generality that the field K is C.

Lemma 3.3. Let S be a smooth cubic surface over C, and let d; l; s be three integers
satisfying the two inequalities

h0.S;OS .l// < d;

1C
3

2
..l C 1/2 C l C 1/ � d D h0.S;OS .l C 1// � d � 2s:

Then, for a general subscheme Zd � S Œd� of length d , a general vector bundle E constructed
from an extension class e 2 Ext1.IZd .l C 1/;OS /, and general set of s points x1; : : : ; xs 2 S ,
there exists a section � 0 of E vanishing at the points xi and whose zero-set is of dimension 0.

Proof. The only part of the statement that is not proved either in Lemma 3.1 or in the
beginning of the proof of Proposition 3.2 is the fact that the vanishing locus of � 0 has codimen-
sion 2. We argue by contradiction. We note first that we can assume that Zd is very general,
since the considered property is Zariski open. We observe then that, by very generality of Zd
and countability of Pic.S/, for any line bundle M on S , we have

(3.6) H 0.S; IZd .M// D 0 if h0.S;M/ � d:

We now choose x1; : : : ; xs generically and assume by contradiction that any section
� 0 2 H 0.S;E ˝ IZs / � H

0.S;E/ vanishes along a (possibly reducible) curve C � S . We
can choose C to be maximal with this property. We first prove the result assuming that the
generic such curve C is not disjoint from the set ¹x1; : : : ; xsº. As the set of points ¹x1; : : : ; xsº
is unordered, and more precisely the Galois group of the function field of the base parameter-
izing the data of ¹x1; : : : ; xsº, C as above acts as the full symmetric group Ss on ¹x1; : : : ; xsº,
we conclude that the curve C passes in fact through all the points xi , i D 1; : : : ; s. We can
assume by countability of Pic.S/ that the class of the curve C does not depend on the points xi ,
so we have C 2 jH j for some H 2 Pic.S/ independent of the points xi and H satisfies

(3.7) H 0.S;E ˝H�1/ ¤ 0:

We now use the exact sequence (3.3) and conclude from (3.7) that

H 0.S; IZd .l C 1/˝H
�1/ ¤ 0:

By (3.6), this implies

(3.8) h0.S;OS .l C 1/˝H
�1/ � d C 1:
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However, we also have

(3.9) h0.S;H/ � s C 1;

since there exists a member C of jH j passing through a general set of s points in S . This
provides us with a contradiction for s � 2. Indeed, if s � 2, we conclude from (3.9) that the
degree of the curves C in jH j is at least 3 and this contradicts the following

Claim 3.4. For any curve D � S such that h0.S;E.�D// ¤ 0, we have degD � 2.

Proof. Indeed, if degD � 3, the rank of the restriction map

H 0.S;OS .l C 1//! H 0.D;OD.l C 1//

is at least 3.l C 1/. Hence

h0.S;OS .l C 1// � h
0.S;OS .l C 1/.�D//C 3.l C 1/:

As h0.S;E.�D// ¤ 0, h0.S; IZd .l C 1/.�D// ¤ 0 by the exact sequence (3.3). By (3.6),
we thus conclude that

h0.S;OS .l C 1/.�D// > d � h
0.S;OS .l//C 1:

This provides a contradiction since h0.S;OS .l C 1// � h0.S;OS .l// D 3.l C 1/.

We next deal with the case s D 1. By the case s � 2 which is already treated, we can
assume that

h0.S;OS .l C 1// D d C 2 or h0.S;OS .l C 1// D d C 3:

In this case, the inequality h0.S;OS .l C 1/˝H�1/ � d C 1 of (3.8) gives us

h0.S;OS .l C 1/˝H
�1/ � h0.S;OS .l C 1// � 2;

which is impossible since l � 0; hence the curve C which is mobile imposes at least 3 condi-
tions on the linear system jOS .1/j.

In order to conclude the proof, we need to study the case where the curve C is disjoint
from ¹x1; : : : ; xsº. By assumption, there exist for a generic set Zs of points xi , i D 1; : : : ; s,
a curve C and a section � 0 of E.�C/ which vanishes at all the points xi , while the curve C
does not pass through any of them. It follows that � 0 2 H 0.S;E.�C/˝ IZs /. However, we
have

(3.10) h0.S;E.�C// � h0.S; IZd .l C 1/.�C//:

We can obviously assume that

(3.11) h0.S; IZd .l C 1// D 2s or h0.S; IZd .l C 1// D 2s C 1:

It follows from (3.10), (3.11) and (3.6) that

(3.12) h0.S;E.�C// � 2s C 1 � .l C 2/ < 2s;
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because the curve C imposes at least l C 2 conditions on H 0.S;OS .l C 1//, hence also on
H 0.S; IZd .l C 1//. We know that there exists a nonzero section of E.�C/ vanishing along
a generic set of s points in S . We claim that this implies that, for a generic set of s points in S ,
there exists a curve C 0 passing through at least one of these points and such that any section
of E.�C/ vanishing at these s points vanishes along C 0. Indeed, this is done by a dimension
count: we consider the universal vanishing locus � � P .H 0.S;E.�C/// � S Œs� and its Zariski
open set �f � � consisting of pairs .�; ¹x1; : : : ; xsº/, where the xi are all distinct and the 0-
locus of � is 0-dimensional near all xi . Using (3.12), we have dim�f � 2s � 1; hence �f
cannot dominate S Œs� by the second projection, which proves the claim.

By the claim, we are now reduced to the previous situation where the curve of vanishing
of the section � 0 contains at least one of the points xi . The lemma is thus fully proved.

Let us give an example illustrating the difficulty for a nongeneric choice of Z � S .

Example 3.5. Assume that S contains a line � with residual conic C 2 jOS .1/.��/j.
Consider the vector bundle E D OS .�/˚OS .C / on S . If we take a general section � , its
zero-locus Z is the intersection � \ C of the line � � S with one conic in the pencil, hence
consists of 2 points, and we have an extension 0!OS !E! IZ.1/! 0. The vector bundle
thus has 3 sections, and a general section has a length-2 vanishing locus, but a section vanishing
at a general point vanishes along a conic.

3.1. Another useful effectivity result. We will use in the next sections the following
result for 0-cycles on a surface. A similar statement already appears in [3] where it is used to
simplify Coray’s proof of Theorem 1.4.

Lemma 3.6. Let S be a smooth projective surface over a fieldK of characteristic 0 and
let H be a very ample line bundle on S . Then if Z � S is a subscheme of length d , of class
z 2 CH0.S/, and

(3.13) d � h0.S;H/ � 2;

the 0-cycle c1.H/2� z 2CH0.S/ defined overK is rationally equivalent to an effective 0-cycle
on S .

Proof. Consider the smooth projective variety B D S Œd�, which is defined overK, with
function field K.B/. Let � D SpecK.B/ be its generic point. The universal subscheme

Zd � B � S

has for generic fiber a subscheme Z� � S� of length d , which specializes to Z � S at the
point ŒZ� 2 S Œd�.K/ parameterizing Z.

Claim 3.7. The effectivity statement of Lemma 3.6 is true for the generic subschemeZ�.

Proof. Indeed, we have h0.S�; IZ�.H// � 2 by (3.13). It thus suffices to show that
there are two curves C1; C2 in jIZ�.H/j which intersect properly, since then C1 \ C2 is a 0-
dimensional subscheme containing Z, so the class of C1 \ C2 �Z is effective. The existence
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of C1; C2 as above follows once the linear system jIZ�.H/j has no fixed component. Assume
by contradiction there is a fixed component C . We discuss as before the two cases where C
intersects Z� or is disjoint from Z�. In the first case, C contains Z� by a symmetric group
argument, and so we conclude by (3.6) that h0.S;OS .C // � d C 1. As we can obviously
assume that d D h0.S;H/ � 2, and we have h0.S;H.�C// � 2, we get a contradiction in
this case, since H is very ample.

In the second case, the curve C does not intersect Z�, so we get

h0.S;H.�C/˝ IZ�/ ¤ 0:

This implies by (3.6) that h0.S;H.�C// � d C 1, and as h0.S;H/ D d C 2 and H is very
ample, this also provides a contradiction, which proves the claim.

The result then follows from Claim 3.7, using Fulton’s specialization from CH0.S�/ to
CH0.S/ at the point ŒZ� 2 B.K/, which, as noted in [3], preserves effectivity.

For the applications, we will need the following variant, which is proved exactly in the
same way.

Lemma 3.8. Let S be a smooth projective surface and L D OS .1/ a line bundle on
S , which is assumed to be ample. Let d; l be integers such that OS .l C 1/ is generated by its
sections and

h0.S;OS .l// � d C 1;(3.14)

h0.S;OS .l C 1// � d � 2:(3.15)

Then if zd 2 CH0.S/ is effective of degree d , the cycle

z0´ l.l C 1/c1.L/
2
� zd 2 CH0.S/

is effective.

Proof. The proof works as before. Inequality (3.14) guarantees that the generic sub-
scheme Zd;� of S of length d is supported on a curve C1 which is a member of jOS�.l/j.
Inequality (3.15) guarantees by the proof of Lemma 3.6 that the linear system jIZd;�.l C 1/j
has no fixed component, hence has a member C2 which intersects C1 properly. Hence the
generic subscheme Zd;� is supported on the complete intersection of the curves C1 and C2, so
the cycle l.l C 1/c1.L/2 �Zd;� 2 CH0.S�/ is effective. Lemma 3.8 then follows by Fulton’s
specialization.

Lemmas 3.6 and 3.8 will be used in next section to deduce Corollary 1.14 from Theo-
rem 1.12.

4. Zero-cycles on smooth cubic surfaces

We prove in this section Theorems 1.5 and 1.12, and Corollary 1.14. We start with the
proof of Theorem 1.12 (a), which is the following statement.
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Theorem 4.1. Let S be a smooth cubic surface over a field K of characteristic 0. Then
any effective 0-cycle z of S can be written as

(4.1) z D ˙z0 C 
h3 in CH0.S/;

where z0 is effective of degree at most 18.

Let us first prove the following proposition.

Proposition 4.2. Let S be a smooth cubic surface over a fieldK of characteristic 0. Let
z 2 CH0.S/ be effective of degree d . Then, if d � 20, the cycle z can be written as

z D ˙z0 C 
h3 in CH0.S/;

where 
 is an integer and z0 is effective of degree less than 20.

Proof. We argue by induction on d � 20. Given an effective 0-cycle z 2 CH0.S/ of
degree d , we introduce the nonnegative integer l such that

(4.2) h0.S;OS .l// < d � h
0.S;OS .l C 1//

We first assume that d � h0.S;OS .l C 1// � 2. By Lemma 3.6, the cycle .l C 1/2h3 � z is
effective; hence if deg..l C 1/2h3 � z/ < deg z, we can replace z by the effective cycle

z0 D .l C 1/2h3 � z;

to which we can apply the inductive argument. In conclusion, if d � h0.S;OS .l C 1// � 2,
we can assume that

(4.3) deg z �
1

2
deg..l C 1/2h3/ D

3

2
.l C 1/2:

By the strict left inequality in (4.2), we can apply the vector bundle construction of Section 3.
Using (4.3), we get

h0.S;OS .l C 1// � deg z � 1C
3.l C 1/

2
:

Thus Proposition 3.2 (b) (with s D 3) and Corollary 1.3 tell that z � h3 is effective if

1C
3.l C 1/

2
� 6;

that is, l � 3. In conclusion, we proved the induction step when l � 3, hence when

d � 20 D h0.S;OS .3//C 1;

assuming that we do not have

(4.4) d D h0.S;OS .l C 1// or d D h0.S;OS .l C 1// � 1:

The missing cases (4.4) are now treated as follows. We consider, instead of the effective
cycle z, the effective cycle z0 D z C h3. Then, in both cases, we have

deg z0 > h0.S;OS .l C 1//:
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We also have

(4.5) h0.S;OS .l C 2// � deg z0 D h0.S;OS .l C 2// � deg z � 3:

As deg z � h0.S;OS .l C 1//, (4.5) gives h0.S;OS .l C 2// � deg z0 � 3.l C 2/ � 3; hence
if l � 3, we get h0.S;OS .l C 2// � deg z0 � 12. Proposition 3.2 thus applies with s D 6 once
l � 3 and this says that the cycle z0 � 2h3 D z C h3 � 2h3 D z � h3 2 CH0.S/ is effective.
This concludes the proof of the induction step in the case (4.4), since for l � 2, (4.4) implies
d � 19.

We now complete the proof of Theorem 4.1.

Proof of Theorem 4.1. Using Proposition 4.2, we get that any effective 0-cycle of degree
greater than 19 on S can be written as z D z0 ˙ �h3 in CH0.S/, where z0 is effective of degree
at most 19. To complete the proof of Theorem 4.1, it thus suffices to study the case of an
effective cycle z of degree d D 19. Let z0´ z C 3h3 2 CH0.S/. This is an effective 0-cycle
of degree 28 D h0.S;OS .4// � 3. It follows from Lemma 3.6 that the cycle

z00´ 16h3 � z
0
D 13h3 � z

is effective of degree 20 D h0.S;OS .3//C 1. We now apply Proposition 4.2 to z00, and we
conclude that the cycle z00 � h3 D 12h3 � z is effective of degree 17 on S . Theorem 4.1 is
proved.

We will next prove the following result.

Proposition 4.3. The following statements hold.

(a) Let S be a smooth cubic surface over a field K of characteristic 0 which has an effective
0-cycle of degree at most 17 coprime to 3. Then S has a point of degree 1 or 4.

(b) Under the same assumptions, denoting by x4 the class of an effective cycle of degree 4,
any effective 0-cycle z of degree at most 17 on S can be written as z D ˙z0 C ˛x4 C ˇh3
in CH0.S/, where z0 is effective of degree at most 4.

Before proving Proposition 4.3, let us explain how it implies both Theorem 1.5 and
Theorem 1.12 (b).

Proof of Theorems 1.5 and 1.12 (b). Let S be a smooth cubic surface over a field K of
characteristic 0, which has an effective 0-cycle of degree coprime to 3. By Theorem 4.1, any
effective 0-cycle z can be written as in (4.1), that is,

(4.6) z D ˙z0 C 
h3 in CH0.S/;

where z0 is effective of degree at most 18. By assumption, S has an effective 0-cycle z of degree
coprime to 3, for which the cycle z0 in (4.6) has degree at most 17. By Proposition 4.3 (a), we
then conclude that S has a K-point or a point x4 of degree 4, which proves Theorem 1.5.

We next prove Theorem 1.12 (b). Starting from any effective 0-cycle z 2 CH0.S/, we
write the decomposition (4.6). If deg z0 � 17, then we apply Proposition 4.3 (b) to z0 and thus
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we get a decomposition for z0 which takes the form

(4.7) z0 D ˙z00 C ˛x4 C ˇh3 in CH0.S/;

where z00 is effective of degree at most 4. Combining (4.7) with (4.6), we get (1.3) for z, so the
conclusion of Theorem 1.12 (b) is proved in this case.

In order to conclude the proof, it only remains to study the case where deg z0 D 18. In
this case, we denote by x4 the class of an effective 0-cycle of degree 4 that exists on S by
Theorem 1.5 which is now proved. We observe that the cycle z00 D z0 C 2x4 C h3 is effective
of degree 29 D h0.S;OS .4// � 2. Thus, by Lemma 3.6, the cycle

z000 D 16h3 � z
00
D 15h3 � 2x4 � z

0

is effective of degree 48 � 29 D 19. If we now look at the proof of Theorem 4.1, we see that it
proves more precisely that effective cycles w of degree 19 on S can be written as

w D �w0 C 12h3 in CH0.S/;

where w0 is effective of degree 17. We can then apply Proposition 4.3 (b) to w D z000, and get
formula (1.3) for z also in this case, so Theorem 1.12 (b) is fully proved.

We now prove Proposition 4.3.

Proof of Proposition 4.3 (a). Given a smooth cubic surface S having a 0-cycle of de-
gree 1 over a fieldK of characteristic 0, we know by Coray’s Theorem 1.4 that S has a point of
degree 1, 4 or 10, so we only have to study effective 0-cycles of degree 10 on S . Let z 2CH0.S/
be such a cycle. Then, if z0 D z C 2h3, we have deg z0 D 16 D h0.S;OS .3// � 3; hence, by
Lemma 3.6, the cycle

z00´ 9h3 � z
0
D 7h3 � z

is effective of degree 11 D h0.S;OS .2//C 1. We can thus apply the vector bundle method
of Section 3 with l D 2. As furthermore we have h0.S;OS .3// � deg z0 D 8, we can apply
Proposition 3.2 with s D 3 and conclude that the cycle z00 � h3 is effective. As

deg z00 D 8 D h0.S;OS .2// � 2;

we get an effective 0-cycle of degree 4 by applying Lemma 3.6.

Proof of Proposition 4.3 (b). Let z 2CH0.S/ be effective of degree d � 17. We observe
that h0.S;OS .3// � deg z C 2, so by Lemma 3.6, z0 D 9h3 � z is effective. As

deg z0 D 27 � deg z;

we conclude that it suffices to prove the statement for effective 0-cycles of degree at most 13.
If z has degree d with 11 � d � 13, we have d > h0.S;OS .2//, so the vector bundle strategy
of Section 3 works with l D 2, and as we have h0.S;OS .3// D 19 � d C 6, Proposition 3.2
applies with s D 3 and shows that z � h3 is effective. We are thus reduced to the case of
a 0-cycle z of degree at most 10. The case of degree d D 10 has been treated in the course of
the proof of Theorem 4.3 (a), so we only have to treat d � 9. When z is effective of degree
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d D 9, we consider the cycle z0 D z C 2x4 which has degree 17 D h0.S;OS .3// � 2. By
Lemma 3.6, the cycle z00 D 9h3 � z0 is effective and has degree 10, and we proved in the
proof of Theorem 4.3 (a) that any effective 0-cycle z00 of degree 10 can be written as a sum

(4.8) z00 D w C 2h3 in CH0.S/;

where w is effective of degree 4.
It thus remains to study effective 0-cycles z of degree d � 8. When 6 � d � 8, the cycle

4h3 � z is effective of degree at most 6 by Lemma 3.6, so we are reduced to the case of
an effective cycle z of degree at most 6. In the case where d D 5, then z C h3 has degree
8 D h0.S;OS .2// � 2, so 4h3 � .z C h3/ is effective of degree 4, proving the result. Finally,
when d D 6, z C x4 has degree 10, and we can use again (4.8). The proof is thus finished.

Proof of Corollary 1.14. (a) Let S be a smooth cubic surface over a field K of charac-
teristic 0. First of all, we prove that, as mentioned in Remark 1.13, we can in fact impose in
formula (1.3) the sign ˙ to be positive (or negative). Indeed, we claim that if a 0-cycle z is
effective of degree at most 18, then we can write z D �h3 � z0, where z0 is effective of degree
at most 18. To see this, suppose first deg z D 18. As h0.S;OS .3// D 19, we get by Lemma 3.8
that the cycle z0´ 12h3 � z, which is also of degree 18, is effective, so the claim is proved in
this case. Next, if z0 is an effective 0-cycle of degree 17, Lemma 3.6 implies that z0´ 9h3 � z

is effective. Furthermore, if deg z � 9, then deg z0 � 18. Finally, if deg z � 8, then 4h3 � z is
effective of degree at most 12, again by application of Lemma 3.6. So the claim is proved. We
then deduce from Theorem 4.1 that any effective cycle z 2 CH0.S/ can be written as

(4.9) z D z0 C ˛h3 in CH0.S/;

for some integer ˛, where z0 is effective of degree at most 18. Finally, (4.9) holds as well
for any 0-cycle on S , effective or not, since an easy argument involving Riemann–Roch on
curves in S shows that, for z 2 CH0.S/, there exists a 
 2 Z such that z C 
h3 is effective.
Let now z 2 CH0.S/ be a 0-cycle with deg z � 18. We write z as in (4.9) where z0 is effective
of degree at most 18. As deg z � 18 and deg z0 � 18, we have 
 � 0; hence 
h3 is effective
and z is effective.

(b) Let S be as above and admitting a 0-cycle of degree 1. Let z 2 CH0.S/ be a 0-cycle
of degree at least 8. We first prove that, in Theorem 1.12, the sign in front of z0 can be chosen
positive, that is, we can write

(4.10) z D z00 C 
h3 C ıx4 in CH0.S/;

where z00 is effective of degree at most 4. To see this, we start from formula (1.3) and notice
that the cycles z00 and x4 can be (at least generically as in the proof of Lemma 3.6) chosen sup-
ported on a smooth curve C 2 jOS .2/j, since h0.S;OS .2// D 10. As g.C / D 4, the 0-cycle
z00´ 4h3 � x4 � z

0 of degree 4 supported on C is effective by Riemann–Roch, so we can
replace z0 by �z00 in formula (1.3), getting (4.10) if the original sign was negative.

Assume now that deg z � 8. Then, as deg z00 � 4, we have deg.
h3 C ıx4/ � 4. Any
0-cycle of the form 
h3 C ıx4 which is of degree at least 4 is effective, for the same reason
as before, since we can arrange (at least for a generic choice of x4) the class h3 and x4 to
be supported on a smooth curve C � S of genus 4. This implies by Riemann–Roch that z is
effective for a generic choice of x4. Using as before the specialization from the generic case,
we get that any cycle z as above is effective.
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5. Zero-cycles on degree 2 del Pezzo surfaces

We prove in this section Theorem 1.15 concerning degree 2 del Pezzo surfaces. As in the
cubic surface case, the key tool is the rank 2 vector bundle construction from Section 3. In that
section however, Proposition 3.2 had been fully established only in the cubic surface case. Let
us first prove the analogous result for degree 2 del Pezzo surface.

Proposition 5.1. Let S be a del Pezzo surface of degree 2 over a field of characteristic 0.
Let d; l; s be three nonnegative integers with l � 1, and let zd 2 CH0.S/, zs 2 CH0.S/ be two
effective 0-cycles on S of respective degrees d and s. Assume the following inequalities are
satisfied:

h0.S;OS .l// D 1C l
2
C l < d;

h0.S;OS .l C 1// � d D 1C .l C 1/
2
C l C 1 � d � 2s:

Then the cycle zd � zs is effective.

Proof. The assumptions are exactly the same as in Proposition 3.2 (only the Riemann–
Roch formula has changed). The strategy of the proof is of course the same and the only point
that needs to be checked more precisely is the analog of Lemma 3.3, the proof of which was
specific to the cubic surface case. In other words, we reduced the proof to showing the following
lemma.

Lemma 5.2. Let S be a smooth degree 2 del Pezzo surface over C, and let d , l � 1, s
be three nonnegative integers satisfying the two inequalities

h0.S;OS .l// < d;

1C .l C 1/2 C l C 1 � d D h0.S;OS .l C 1// � d � 2s:

Then, for a general subscheme Zd � S of length d , a general vector bundle E constructed
from an extension class e 2 Ext1.IZd .d C 1/;OS /, and general set of s points x1; : : : ; xs 2 S ,
there exists a section � 0 of E vanishing at all points xi , and whose zero-set is of dimension 0.

Proof. Mutatis mutandis, the proof is the same as that of Lemma 3.3.

Proposition 5.1 is now proved.

Let us now prove Theorem 1.15 (a), which is the following statement.

Theorem 5.3. Let S be a smooth del Pezzo surface of degree 2 over a field K of char-
acteristic 0. Then any effective 0-cycle z 2 CH0.S/ can be written as

(5.1) z D z0 C 
h2 in CH0.S/;

where z0 is effective of degree at most 13.

Proof. Let z 2 CH0.S/ be an effective 0-cycle of degree d and let l be such that

h0.S;OS .l// D 1C l
2
C l < d:
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Assume first that d � h0.S;OS .l C 1// � 2. Then .l C 1/2h2 � z is effective thanks to Lem-
ma 3.6, which applies since l � 1 and OS .2/ is very ample. Replacing z by .l C 1/2h2 � z if
necessary, we can thus assume d � 2.l C 1/2 � d . Thus, from now on, we can assume that

(5.2) d � .l C 1/2:

Using (5.2), we get
h0.S;OS .l C 1// � d � l C 2;

so once l � 2, we get h0.S;OS .l C 1// � d � 4. We can thus apply Proposition 5.1 and thus
we proved that z � h2 is effective when deg z � 1C h0.S;OS .2// D 8, unless we are in one
of the following cases:

(5.3) deg z D h0.S;OS .l C 1// or deg z D h0.S;OS .l C 1// � 1:

We now treat the missing cases (5.3). Let z0´ z C h2 and d 0´ deg z0 D d C 2. Then

d 0 D h0.S;OS .l C 1//C 2; resp. d 0 D h0.S;OS .l C 1//C 1:

Furthermore,

h0.S;OS .l C 2// � d
0
D 2.l C 2/ � 2; resp. h0.S;OS .l C 2// � d 0 D 2.l C 2/ � 1:

We can thus apply Proposition 5.1 to z0 with s D 4 once 2.l C 2/ � 2 � 8, that is, l � 3. So
we proved that, in the cases (5.3),

z0 � 2h2 D z � h2

is effective if l � 3. When l D 2 and (5.3) holds, we have d D 13 or d D 12. Putting every-
thing together, we have proved by induction that any effective cycle z 2 CH0.S/ can be written
as

(5.4) z D ˙z0 C 
h2 in CH0.S/;

where z0 is effective of degree at most 13. However, there is an involution of S which follows
from the existence of the degree 2 morphism S ! P2 given by the anticanonical system. This
involution � has the property that, for any z 2 CH0.S/,

(5.5) z C �.z/ D .deg z/h2 in CH0.S/:

Using (5.5), we can arrange to make the sign in (5.4) positive, so Theorem 5.3 is proved.

We finally prove Theorem 1.15 (b).

Proof of Theorem 1.15 (b). By Theorem 5.3, it suffices to study the case of an effective
0-cycle z of degree d � 11. When 10 � d � 11, we argue as follows. In this case,

d � h0.S;OS .3// � 2

so that, by Lemma 3.6, z0´ 9h2 � zd is effective, with deg z0 < deg z. We are thus reduced
to the case where d D 8, 9. As h0.S;OS .2// D 7, we can apply in these cases the vector
bundle method of Section 3 with l D 2. As we have h0.S;OS .3// D 13, we get in both cases
h0.S;OS .3// � d � 4; hence Proposition 5.1 tells that, in both cases, z � h2 is effective of
degree at most 7.
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6. Zero-cycles on del Pezzo surfaces of degree 1

In the case of a del Pezzo surface S of degree dS D 1, using again the notation

�KS µ OS .1/;

we have
h0.S;OS .l// D 1C

1

2
.l2 C l/

for l � 0. Note that S has a point, defined as the base-locus of the linear system j�KS j. As
usual, we will denote its class by h1 2 CH0.S/. We note that, in this case, the line bundle
OS .3/ is very ample, as one sees by looking at its restrictions to the elliptic curves in the pen-
cil jOS .1/j. The line bundle OS .2/ is generated by sections and induces a degree 2 morphism
onto a surface of degree 2 in P3, which has to be a singular quadric.

The analog of Proposition 3.2 is now as follows.

Proposition 6.1. Let S be a del Pezzo surface of degree 1 defined over a field K of
characteristic 0. Let d , l � 1, s be three integers such that

h0.S;OS .l// D 1C
1

2
.l2 C l/ < d;

h0.S;OS .l C 1// � d C 2s:

Then, for any effective 0-cycle zd 2 CH0.S/, the cycle zd � sh1 is effective.

The proof is similar to the proof of Proposition 3.2 and we will not repeat the details here.
We will now prove Theorem 1.17 (b), which is the following statement.

Theorem 6.2. Let S be a smooth degree 1 del Pezzo surface over a field K of charac-
teristic 0. Then any effective 0-cycle z 2 CH0.S/ can be written as

z D ˙z0 C 
h1;

where z0 is effective of degree 15, 10, 7, 6 or at most 4.

Proof. Let zd 2 CH0.S/ be an effective 0-cycle of degree d � 5. We choose l such that

h0.S;OS .l// < d � h
0.S;OS .l C 1//:

Note that, in particular l � 2; hence OS .l C 1/ is very ample.
If d � h0.S;OS .l C 1// � 2, we get by Lemma 3.6 that .l C 1/2h1 � zd is effective, so

we can assume up to replacing zd by .l C 1/2h1 � zd that

(6.1) d �
1

2
.l C 1/2:

It follows from (6.1) that

h0.S;OS .l C 1// � d � 1C
1

2
.l C 1/:

As l � 2, we have 1C 1
2
.l C 1/ � 2; hence Proposition 6.1 applies with s D 1 and tells that

zd � h1 is effective.
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We next have to consider the cases where

(1) d D h0.S;OS .l C 1//,

(2) d D h0.S;OS .l C 1// � 1 D
.lC1/.lC2/

2
.

In case (1), we replace zd by z0 D zd C h1, and in case (2), we replace zd by z0 D zd C 2h1.
In both cases, we have deg z0 D h0.S;OS .l C 1//C 1. Furthermore, we have

h0.S;OS .l C 2// � deg z0 D l C 1:

� In case (1), if l � 3, we get by Proposition 6.1 that z0 � 2h1 is effective; hence zd � h1
is effective.

� In case (2), if l � 5, we get by Proposition 6.1 that z0 � 3h1 is effective; hence zd � h1
is effective.

In conclusion, when d � 5, the only cases where we cannot conclude that˙zd � h1 is effective
of degree strictly smaller than d is when we are in case (2) with 2 � l � 4 or in case (1) with
l D 2. Case (2) with l D 4, 3, 2 provides respectively d D 15, 10, 6. Case (1) with l D 2
provides d D 7. So Theorem 1.17 (b) is proved.

Proof of Theorem 1.17 (a). In view of Theorem 6.2, it suffices to prove the following.

Lemma 6.3. Let S be a del Pezzo surface of degree 1 defined over a field K of char-
acteristic 0. Then, for any effective cycle z of degree d � 15, we can write z D �h1 � z0 in
CH0.S/, where � 2 Z and z0 is effective of degree at most 15.

Proof. If deg z D 15, using the fact that

h0.S;OS .5// D 16

and Lemma 3.8, then we find that z0´ 30h1 � z is effective. As deg z0 D 15, the lemma
is proved in this case. If 10 � deg z � 14, Lemma 3.6 tells that z0´ 25h1 � z is effective.
As deg z0 � 15, the lemma is proved in this case. If 1 � deg z � 9, Lemma 3.6 tells that
z0´ 16h1 � z is effective; hence the lemma is fully proved.

Theorem 1.17 (a) is now proved.
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