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BIRATIONAL GEOMETRY OF THE INTERMEDIATE JACOBIAN

FIBRATION OF A CUBIC FOURFOLD

GIULIA SACCÀ, WITH AN APPENDIX BY CLAIRE VOISIN

Abstract. We show that the intermediate Jacobian fibration associated to any smooth cubic four-
fold X admits a hyper–Kähler compactification J(X) with a regular Largangian fibration J → P5.
This builds upon [LSV17], where the result is proved for general X, as well as on the degeneration
techniques on [KLSV17] and techniques from the minimal model program. We then study some as-
pects of the birational geometry of J(X): for very general X we compute the movable and nef cones
of J(X), showing that J(X) is not birational to the twisted version of the intermediate Jacobian
fibration [Voi18a], nor to an OG10-type moduli space of objects in the Kuznetsov component of X;
for any smooth X we show, using normal functions, that the Mordell-Weil group MW (π) of the
abelian fibration π : J → P5 is isomorphic to the integral degree 4 primitive algebraic cohomology
of X, i.e., MW (π) ∼= H2,2(X,Z)0.
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Introduction

The geometry of smooth cubic fourfolds has ties to that of K3 surfaces and, more generally, to that
of higher dimensional hyper–Kähler manifolds. For example, with certain special cubic fourfolds
one can associate a K3 surface via Hodge theoretic [Has00] or derived categorical [Kuz10] methods.
From a more geometric perspective, given a smooth cubic fourfold X, hyper–Kähler manifolds
of K3[n]-type are constructed geometrically, via parameter spaces of rational curves of certain
degrees on X [BD85, LLSvS17], or as moduli spaces of objects in the Kuznetsov component of
X [LLMS18,BLM+19]. These constructions give rise to 20-dimensional families of polarized hyper–
Kähler manifolds, the maximal possible dimension of families of polarized hyper–Kähler manifolds
of K3[n]-type. As the cubic fourfold becomes special, for example when it acquires more algebraic
classes (which happens over a countable union of hypersurface in the moduli space of smooth cubic
fourfolds) or when it becomes special in the sense of [Has00,Kuz10,AT14,Huy17] (which happens
over a countable subset of these hypersurfaces), the geometry of these hyper–Kähler manifolds
also becomes more intereseting. For example, when X has an associated K3 surface in the sense
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of [Has00,Kuz10], these hyper–Kähler manifolds become isomorphic, or birational, to moduli spaces
of objects in the derived category of the corresponding K3 surface [Add16,BLM+19].
In [LSV17] a Lagrangian fibered hyper–Kähler manifold is constructed starting from a general cubic
fourfold. This hyper–Kähler manifold is a deformation of O’Grady’s 10-dimensional exceptional
example. More precisely, let X ⊂ P5 be a smooth cubic fourfold and let πU : JU → U ⊂ (P5)∨

be the family of intermediate Jacobians of the smooth hyperplane sections of X. This fibration
was considered by Donagi-Markman in [DM96], where they showed that the total space has a
holomorphic symplectic form. The main result of [LSV17] is to construct, for general X, a smooth
projective hyper–Kähler compactification J of JU , with a flat morphism J → (P5)∨ extending πU ,
and to show that this hyper–Kähler 10-fold is deformation equivalent to O’Grady’s 10-dimensional
example (for an alternative and simpler proof of the last statement, see [KLSV17]). In [Voi18a],
Voisin constructs a hyper–Kähler compactification JT of a natural JU -torsor J

T
U , which is non-

trivial for very general. The two hyper–Kähler manifolds J and JT are birational over countably
many hyperpurfaces in the moduli space of cubic fourfolds. These two constructions give rise
to two 20-dimensional families of hyper–Kähler manifolds of OG10-type, each of which form an
open subset of a codimension two locus inside the moduli space of hyper–Kähler manifolds in this
deformation class.
If one wishes to study the geometry of these hyper–Kähler manifolds as the cubic fourfold becomes
special, a first step is to check if a hyper–Kähler compactification of the fibration JU → U can be
constructed for an arbitrary smooth cubic fourfold. The starting result of this paper is that this
can indeed be done.

Theorem 1. ( Theorem 1.6) Let X ⊂ P5 be a smooth cubic fourfold, and let πU : JU → U ⊂ (P5)∨

be the Donagi–Markman fibration. There exists a smooth projective hyper–Kähler compactification
J of JU with a morphism π : J → (P5)∨ extending πU .

The theorem is true even for mildly singular cubic fourfolds such as, for example, cubic fourfolds
with a simple node (Theorem 1.13). The same techniques give, for any smooth or mildly singularX,
the existence of a Lagrangian fibered hyper–Kähler compactification for the non trivial JU -torsor
JTU → U of [Voi18a] (Remark 1.10). For X corresponding to a general point in the divisor C6,
the existence of such a Lagrangian fibered hyper–Kähler manifold provides a positive answer to a
question asked by Beauville in [Bea19](see Remark 1.14).
We should point out that as a consequence of the “finite monodromy implies smooth filling” results
of [KLSV17], it follows easily that JU admits projective birational model that is hyper–Kähler (see
Proposition 1.5). The content of Theorem 1 is to show that there exists a hyper–Kähler model
which admits a Lagrangian fibration extending πU .
There are several ingredients in the construction of the hyper–Kähler compactification of [LSV17]:
a cycle-theoretic construction of the holomorphic symplectic form, the problem of the existence
of so–called very good lines for any hyperplane section of X, a smoothness criterion for relative
compactified Prym varieties, the independence of the compactification from the choice of a very
good line. Since these ingredients rely on a generality assumption for X, we have decided not to
embark in the quest to adapt the techniques of [LSV17] to an arbitrary smooth cubic fourfold,
but rather we have pursued a different direction: we rely on the existence of a hyper–Kähler
compactification for general X, use the degenerations techinques introduced in [KLSV17], and
implement some results from birational geometry and the minimal model program, following some
ideas of [Lai11] and [Kol15].
The second result of this paper is concerned with the hyper–Kähler birational geometry of J . We
show that the relative Θ divisor of the fibration is a prime exceptional divisor and we show that
for general X it can be contracted after a Mukai flop.
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Theorem 2. (Theorem 4.1) The relative theta divisor Θ ⊂ J is a prime exceptional divisor with
q(Θ) = −2. For very general X, there is a unique other hyper–Kähler birational model of J , denoted
by N , which is the Mukai flop p : J 99K N of J along the image of the zero section. N admits a
divisorial contraction h : N → N̄ , which contracts the proper transform of Θ onto an 8-dimensional
variety which is birational to the LLSvS 8-fold Z(X).

Thus, for very general X, the movable cone of J satisfies Mov(J) = Nef(J) ∪ p∗Nef(N), J is
the unique birational model with a Lagrangian fibration, and J is not birational to JT (Corollary
3.9). This answers a question by Voisin [Voi18a]. As a consequence of this Theorem we show,
using the recent [BLM+19] as well as on the forthcoming paper [LPZ20], that for very general
X, J is not birational to a moduli spaces of objects in the Kuznetsov component Ku(X) of X
(see Corollary 4.2). In a different direction, it is expected (see the upcoming paper [LPZ20]) that
the twisted hyper–Kähler manifold JT is in fact birational to a moduli space of objects of OG10-
type in Ku(X). By objects of OG10-type, we mean objects whose Mukai vector is of the form
2w, with w2 = 2. Thus, the family of intermediate Jacobian fibrations would be the only known
family of hyper–Kähler manifolds associated with cubic fourfolds whose very general point cannot
be described as a moduli space of objects in the Kuznetsov component of X.
Given J = J(X), a hyper–Kähler compactification of the intermediate Jacobian fibration for any
smooth cubic fourfold X, a natural question to ask is how the geometry of J changes as X becomes
less general. One why to answer this question is the following theorem, describing the Mordell-Weil
group of π in terms of the primitive algebraic cohomology of X. In Section 5 we prove:

Theorem 3. (Theorem 5.1) Let MW (π) be the Mordell-Weil group of π : J → P5, i.e., the group
of rational sections of π and let H2,2(X,Z)0 be the primitive degree 4 integral cohomology of X.
The natural group homomorphism

φX : H2,2(X,Z)0 →MW (π)

induced by the Abel-Jacobi map is an isomorphism.

The proof of this result uses the theory of normal functions, as developed by Griffiths and Zucker,
as well as the techniques used by Voisin to prove the integral Hodge conjecture for cubic fourfolds.
A consequence of this is a geometric description of the Lagrangian fibered hyper–Kähler manifolds
with maximal Mordell-Weil rank whose existence was proved by Oguiso in [Ogu09a]: indeed, Ogu-
iso’s examples are (birationally) given by J = J(X) → P5, where X a smooth cubic fourfold with
H2,2(X,Z) of maximal rank.
In Section 1 we prove the existence of a hyper–Kähler compactification for JU and for JTU , in
the case of any smooth, or mildly singular, X. This uses some results from the minimal model
program, which are briefly recalled. In Section 2 we review some basic results about moduli spaces
of OG10-type and we compute, using the Bayer-Macr̀ı techniques adapted to these singular moduli
spaces by Meachan-Zhang [MZ16], the nef and movable cones of certain moduli spaces of OG10-type
that appear as limits of the intermediate Jacobian fibration. The main result of Section 3 is the
computation q(Θ) = −2. Section 4 is devoted to the proof of Theorem 2 and its preparation: Given
a family of cubic fourfold degenerating to the chordal cubic, we construct a certain degeneration
of the intermediate Jacobian fibration and identify the limit of the corresponding degeneration of
the relative Theta divisor. By the results of Section 2, the limiting theta divisor can be contracted
after a Mukai flop of the zero section and we deduce the analogue result for Θ. The computation
of the Mordell-Weil group occupies Section 5.
Finally, in the Appendix by C. Voisin, some applications to the Beauville conjecture on the poly-
nomial relations in the Chow group of a projective hyper–Kähler manifold are given for J = J(X),
in the case of very general J of Picard number 2 or 3. This is obtained as an application of the
computation of q(Θ) = −2 from Theorem 2.
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1. A hyper–Kähler compactification of the intermediate Jacobian fibration for

any smooth cubic fourfold

We denote by X ⊂ P5 a smooth cubic fourfold, by (P5)∨ the dual projective space parametrizing
hyperplane sections Y = X ∩ H ⊂ X, and by U ⊂ (P5)∨ the open subset parametrizing smooth
hyperplane sections. The dual hypersurface of X, parametrizing singular hyperplane sections, is
denoted by X∨ ⊂ (P5)∨. Its smooth locus

U1 := (P5)∨ \ Sing(X∨) ⊂ (P5)∨

parametrizes hyperplane sections of X that are smooth or have one simple node and no other
singularities. In what follows, we freely drop the ∨ from (P5)∨ and write simply P5. From the
context it will be clear we are referring to the projective space parametrizing hyperplane sections of
X or the projective space containing X. For a smooth cubic threefold Y , the Griffiths’ intermediate
Jacobian of Y will be denoted by

Jac(Y ) ∼= H1(Y,Ω2
Y )

∨/H3(Y,Z).

It is a principally polarized abelian fivefold which parametrizes rational equivalence classes of
homologically trivial 1-cycles on Y [Voi14, Thm 6.24].
Over U consider the Donagi-Markman fibration

(1.1) πU : JU = JU (X) → U

whose fiber over a smooth hyperplane section Y = X ∩ H is the intermediate Jacobian Jac(Y ).
By [DM96], JU is quasi-projective and admits a holomorphic symplectic form σJU with respect to
which πU is Lagrangian. The main results of [LSV17] is the following theorem

Theorem 1.1. ( [LSV17]) Let X be a general cubic fourfold. Then there exists a smooth projective
compactification J = J(X) of JU , with a flat morphism π : J → (P5)∨ extending πU which has
irreducible fibers and which admits a zero section s : (P5)∨ → J . Moreover, J is an irreducible
holomorphic symplectic manifold, deformation equivalent to O’Grady’s 10-dimensional exceptional
example.

We will say that X is general in the sense of LSV if the construction of [LSV17] works for JU (X),
and we refer to J = J(X) as in Theorem 1.1 as the LSV fibration. A necessary condition for this
to happen is that the hyperplane sections of X are palindromic (see [Bro18]). For example, a cubic
fourfold containing a plane is not general in the sense of LSV.
To extend the theorem above for any X, we use the existence of a hyper–Kähler compactific-
tion for general X, the cycle theoretic description of the holomorphic symplectic form that was
given in [LSV17], the degeneration results from [KLSV17], and techniques from the minimal model
program (following [Kol15, Lai11]). We start by recalling the construction of a natural partial
compactification of JU , which already appeared in [DM96,LSV17].

4



Lemma 1.2. [ [DM96, LSV17]] For any smooth X, there is a canonical partial compactification
JU1 = JU1(X) of JU , with a projective morphism πU1 : JU1 → U1 with irreducible fibers extending
πU . JU1 is smooth and has a holomorphic symplectic form σJU1

extending σJU .

Proof. This is already proved in [DM96, §8.5.2 and Thm. 8.18]. Alternatively, one can use [CM78,
Cor. 2.38], and Def. 2.2 and 2.9, Prop. 1.4, and Lem. 5.2 of [LSV17]. �

Before giving an application of the cycle-theoretic construction of the holomorphic symplectic
form [LSV17, §1], we recall the definition of symplectic variety.

Definition 1.3. A normal projective variety M is called symplectic if its smooth locus carries a
holomorphic symplectic form which extends to a regular (i.e. holomorphic) form on any resolution
of singularities of M .

Lemma 1.4. Let J̄ be a normal projective compactification of JU . Then

(1) The smooth locus of J̄ admits a homolorphic two form extending σJU . In particular, the
canonical class KJ̄ of J̄ is effective and is trivial if and only if J̄ is a symplectic variety.

(2) J̄ is not uniruled.

Proof. (1) The first statement is [LSV17, Thm 1.2 iii)], while the second follows from the fact that
the canonical class of J̄ is the (closure of the) codimension one locus where the generically non-

degenerate holomorphic two form is degenerate. (2) Let J̃ → J̄ be a resolution of singularities. By

(1), J̃ has effective canonical class and thus by [MM86] it is not uniruled. �

The following is an immediate application of the degeneration techniques of [KLSV17].

Proposition 1.5. Let X be a smooth cubic fourfold and let JU = JU (X) be as above. Then there
exists a smooth projective hyper–Kähler manifold M birational to JU and of OG10-type.

Proof. Let X → ∆ be a family of smooth cubic fourfolds with X0 = X. Here ∆ is an open affine
subset of a smooth projective curve, or a small disk. We will use the notation t = 0 to denote a
chosen special point in ∆ and t 6= 0 to denote any other point. Up to restricting ∆ if necessary,
assume that for t 6= 0, Xt is general in the sense of LSV. By [LSV17, Prop. 2.10], we can assume
that for any t 6= 0 all the hyperplane sections of Xt admit a very good line (see Def. 2.9 [LSV17]).
Consider the open set V = (P5)∨×∆\Sing(X∨

0 )×{0}, so that Vt = (P5)∨ for t 6= 0 and V0 = U1×{0}
parametrizes the hyperplane sections of X0 = X that have at most one nodal point and no other
singularities. The construction of [LSV17, §5] can be carried out in families, yielding a projective
morphism

JV → V

which is fibered in compactified Prym varieties and is such that, denoting by Jt the fiber of the
induced smooth quasi-projective morphism JV → ∆, for t 6= 0, Jt is the LSV fibration J(Xt), and

J0 = JU1(X). Let J̃ → ∆ be a projective morphism extending JV → ∆. The central fiber J0

has a multiplicity one component which contains JU1 as dense open subset. By Lemma 1.4, this
component is not uniruled. By [KLSV17, Cor. 4.2] there is a birational model M of JU1(X) that
is a hyper–Kähler manifold, deformation equivalent to the smooth fibers Jt = J(Xt), t 6= 0. �

By [Mat16], given a hyper–Kähler manifold M with a Lagrangian fibration π :M → Pn, the locus
inside Def(M) where the Lagrangian fibration deforms is an open subset of the hypersurface where
the class π∗O(1) stays of type (1, 1). However, this fact alone is not enough to imply the existence
of a hyper–Kähler compactification of JU1 for any smooth X.
This is what we prove in the following Theorem 1, whose proof uses the mmp following Kollár
[Kol15, §8] and Lai [Lai11]. At the end of this section (§1.1 ) we recall a few basic facts about the
mmp that we need in the proof of Theorems 1.6 and 1.15. We refer to [KM98] and to [HK10] for
the basic definitions and fundamental results.
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Theorem 1.6. For any smooth cubic fourfold X, there exists a smooth projective hyper–Kähler
compactification J = J(X) of JU (X), with a projective flat morphism π : J → P5 extending πU .

Proof. Let J̄ → P5 be any normal projective compactification of JU1 with a regular morphism
π̄ : J̄ → P5. By Lemma 1.4, there is a holomorphic two form σ̄ on the smooth locus of J̄ extending
σJU1

, the canonical class KJ̄ =: D̄ ≥ 0 is effective, and D̄ = 0 if and only if J̄ is a symplectic variety.

Since D̄ is supported on the complement of JU1 , codim π̄(D̄) ≥ 2. By definition [Kol15, Def. 7],
this means that D̄ is π̄-exceptional, if it is non trivial. If this is the case, then by [Nak04, III 5.1]
(cf. also [Lai11, Lem 2.10]), D̄ is not π̄-nef. More precisely, there is a component of D̄ that is
covered by curves that are contracted by π̄ and that intersect KJ̄ = D̄ negatively.

Let J̃ → P5 be a smooth projective compactification of JU1 admitting a regular morphism π̃ :

J̃ → P5 and let D̃ = KJ̃ be its canonical divisor. If D̃ is not trivial, we use the mmp to contract

D̃ relatively to P5. Let H be a π̃-ample Q-divisor such that the pair (J̃ ,H) is klt and KJ̃ + H

is relatively big and nef. The mmp with scaling over P5 (see §1.1 below) produces a sequence of
birational maps

(1.2) J̃ = J0
ψ0
99K J1

ψ1
99K · · · 99K Ji

ψi
99K · · ·

over P5 (i.e., there are projective morphisms πi : J → P5 such that π0 = π̃ and πi := πi−1 ◦ψi) and
a non increasing sequence of non negative rational numbers t0 = 1 ≥ t1 ≥ . . . ti ≥ · · · ≥ 0, with the
following properties

(1) For every i ≥ 0, KJi + tiHi is πi-big and πi-nef.
(2) For every i ≥ 0, Ji is a Q-factorial terminal compactification of JU1 . The fact that the

birational morphisms ψi are isomorphisms away from JU1 follows from the fact that the
KJi-negative rays of the mmp correspond to rational curves that are contained in the
support of Di = KJi . Thus, by Lemma 1.4 the smooth locus of Ji carries a holomorphic
two form σi extending σJU1

;

(3) Di := KJi is effective and, if not trivial, it has a component covered by KJi-negative curves
which are contracted by πi;

(4) The process stops if and only if there exists an i such that KJi is πi-nef. This holds if and
only if Di = 0.

We claim that this process eventually stops. Suppose that this is not the case. Then by Lemma
1.20, lim ti = 0. The number of irreducible components of the support of Di is non increasing, since
the birational maps of the mmp extract no divisors. In fact, we claim that this number is eventually
strictly decreasing. To prove the claim recall, as already observed, that if Dk 6= 0, then one of its
components is covered by KJk -negative curves that are contracted by πk. Any such component is
contained in the relative stable base locus B((KJk + tiHk)/P

5), for some 0 < ti ≪ 1. By Lemma
1.19, any such component is contracted by Jk 99K Ji, for i ≫ 0. Thus, the number of irreducible
components of the effective divisor Di = KJi is strictly decreasing. In particular, for i≫ 0, Di = 0.
and thus, by Lemma 1.4, J̄ := Ji is a Q-factorial terminal symplectic compactification of JU1 .
Finally, by Proposition 1.7 below J̄ is smooth and the theorem is proved.

�

Proposition 1.7. (Greb-Lehn-Rollenske) Let M̄ be a Q-factorial terminal symplectic variety. Sup-
pose that M̄ is birational to a smooth hyper–Kähler manifold M . Then M̄ is smooth.

Proof. This is [GLR13, 6.4]. �

Remark 1.8. The techniques used to prove the theorem above can be applied to similar contexts
to give Q-factorial terminal symplectic compactifications of other quasi-projective Lagrangian fi-
brations. We plan to come back to this in upcoming work to study the problem of specialization
of Lagrangian fibrations.
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As a consequence of Theorem 1.15 below, we will give prove a slightly stronger version of the
theorem just proved (see Remark 1.16) showing that, given a family of smooth cubic fourfolds
whose general fiber is general in the sense of [LSV17], then up to a base change and birational
transformations, the corresponding family of LSV intermediate Jacobian fibrations can be filled with
a Lagrangian fibered smooth projective hyper–Kähler compactification of the Donagi-Markman
fibration of the limiting cubic fourfold.
Another approach to Theorem 1 would be to show that the rational map M 99K P5 induced by
the birational map φ : M 99K JU1 of Proposition 1.5 is almost holomorphic (see [Mat14, Def.1]).
By [Mat14] this would imply the existence of a birational hyper–Kähler model of M with a regular
morphism to P5. It seems, however, that controlling the mmp of Proposition 1.5 to ensure that
M 99K P5 is almost holomorphic is not too fare from running the relative mmp as in the proof of
Theorem 1.
Given a smooth cubic fourfold X, we will refer to both the Donagi-Markman fibration JU and
to any hyper–Kähler compactification J of JU as in Theorem 1.6, as the intermediate Jacobian
fibration. It will be clear from the context which one we will be referring to.

Remark 1.9. Unlike the compactification of [LSV17], the proof of Theorem 1.6 is not constructive
and, for a given X, the hyper–Kähler compactification we proved exists is may not be unique. We
will return to this question in Section 4.

Remark 1.10 (The twisted case). In [Voi18a], Voisin constructs a non trivial JU -torsor J
T
U → U

defined from a class in H1(U,JU [3]), where JU is the sheaf of holomorphic sections of JU → U
and where JU [3] ⊂ JU is the sheaf of 3-torsion points. The non triviality (for very general X)
of this class corresponds to the non existence, for the universal family of hyerplanes sections of
X, of a relative 1-cycle of degree 1. The main result of the paper is to produce, for general X, a
hyper–Kähler compactification JT = JT (X) with Lagrangian fibration to P5 extending JTU → U .
This builds on the compactification of [LSV17]. We will refer to this hyper–Kähler manifold as the
twisted intermediate Jacobian fibration. This hyper–Kähler manifold is deformation equivalent to
the non twisted version J(X), as they agree as soon as X has a 2-cycle which restricts to a 1-cycle
of degree 1 or 2 on its hyperplane sections. Lemma 1.4, Proposition 1.5 and Theorem 1.6 work the
same for the non-trivial torsor JTU → U , giving a Lagrangian fibered hyper–Kähler JT = JT (X)
for every smooth X. In Section 4.1 we will return to the twisted intermediate Jacobian fibration
and in Corollary 3.9 we prove that for very general X these two fibrations are not birational and
that on J there is a unique isotropic class in the movable cone of J . This fact will be used in the
Appendix A.

Finally, we show that the Lagrangian fibered hyper–Kähler compactification exists generically also
over C6, the divisor in the moduli space of cubic fourfolds whose general point parametrizes cubics
with one A1 singularity. The following Proposition is an adaptation of [LSV17, §2], to the case of
a cubic fourfold with mild singularities.

Proposition 1.11. Let X0 ⊂ P5 be a cubic fourfold with one simple node o ∈ X0 and no other
singularity, let U ⊂ P5 the open locus parametrizing smooth hyperplane sections, and let πU : JU =
JU (X0) → U be the Donagi-Markman fibration. Then, there exits a holomorphic symplectic form
σU on JU , which extends to a holomorphic two form on any smooth projective compactification. As
a consequence, Lemma 1.4 holds for JU , namely any projective compactification of JU has smooth
locus admitting a generically non-degenerate holomorphic 2-form extending σU and is not uniruled.
Similarly, for the twisted intermediate Jacobian JTU = JTU (X0).

Proof. Let X̃0 (resp. P̃5) be the blow-up of X0 (resp. P5) at the point o. Let E ⊂ P̃5 be the

exceptional divisor. Projection from o determines an isomorphism X̃0
∼= BLSP

4, where S is the
(2, 3) complete intersection in P3 parametrizing lines in X0 by o. The surface S is a smooth K3

7



surface and thus H1(X̃0,Ω
3
X̃0

) is one dimensional; let η be a generator. The same argument as in

Theorem 1.2 of [LSV17] shows that η induces a holomorphic two form σ on JU , with respect to
which the fibers of JU → U are isotropic. To show that σ is non-degenerate, it suffices to show that
for any smooth hyperplane section Y (which in particular does not pass by the point o), the map

(1.3) T[Y ]U = H0(Y,OY (1)) → H1(Y,Ω2
Y ) = H0(JU ,Ω

1
JU

),

induced by σ, via the fact that the fibers of JU → U are isotropic, is an isomorphism. By Theorem
1.2 (ii), this map is given by the cup product with a class ηY ∈ H1(Y,Ω2

Y (−1)) defined in the
following way: let η|Y ∈ H1(Y, (Ω3

X̃0
)|Y ) be the restriction of η to Y . SinceH1(Y,Ω3

Y ) = 0, the exact

sequence 0 → Ω2
Y (−1) → (Ω3

X̃0
)|Y → Ω3

Y → 0 implies that η|Y lifts to a class ηY ∈ H1(Ω2
Y (−1)).

By Griffiths residue theory (see Lemma 1.7 of [LSV17]), H1(Ω2
Y (−1)) is one dimensional and cup

product with any non-zero element induces an isomorphism H0(Y,OY (1)) → H1(Y,Ω2
Y ); more

precisely, using the canonical isomorphism Ω2
Y (−1) = TY (3), this space is spanned by the class of

the non-trivial extension 0 → TY → (TP4)|Y → OY (−3) → 0. It follows that to show that (1.3) is
an isomorphism, we only need to show that ηY 6= 0, which amounts to showing that η|Y 6= 0. Under

the isomorphism Ω3
X̃0

= T
X̃0

(−3)(2E), the class of a generator of H1(X̃0,Ω
3
X̃0

) corresponds to the

class of the extension 0 → T
X̃

→ (T
P̃5)|X̃ → O

X̃
(3)(−2E) → 0. Restricting to Y and considering

the tangent bundle sequence for Y in P4 we get the following diagram of short exact sequences

0 // (T
X̃
)|Y // (T

P̃5)|Y // OY (3) // 0

0 // TY //

OO

(TP4)|Y

α

OO

// OY (3) // 0

where the first two vertical arrows are injective. The extension class of the first row is η|Y
and the second row is non split, as we already observed. Since coker(α) = OY (1), then
Hom(OY (3), coker(α)) = 0. Thus any splitting of the first row would induce a splitting of the
second row, giving a contraction. �

Remark 1.12. The Proposition 1.11 holds, more generally, for any cubic fourfold with isolated
singularities, as long as a general one parameter smoothing of it has finite monodromy. This corre-
sponds to the K3 surface S of lines through one of the singular points having canonical singularities.
The case of the degeneration to the chordal cubic [Has00], which has finite monodromy but central
fiber with 2–dimensional singular locus, will be discussed at length in Section 4.2.

Proposition 1.13. Let X0 ⊂ P5 be as in Proposition 1.11 (or as in Remark 1.12) and let πU :
JU → U be the corresponding intermediate Jacobian fibration. Then there exists a hyper–Kähler
compactification J = J(X0) of JU , with a regular flat morphism to (P5)∨ extending πU . Moreover,
if X → ∆ is a general family of smooth cubic fourfolds degenerating to X0, then up to a base
change, there exists a family of Lagrangian fibered hyper–Kähler manifolds

J → P5
∆ → ∆

such that for t 6= 0, Jt = J(Xt) is the LSV compactification and, for t = 0, J0 is a hyper–
Kähler compactification of JU = JU (X0). Similarly, the analogue statement holds for the twisted
intermediate Jacobian.

Proof. By Proposition 1.11 above, JU has a holomorphic symplectic form that extends to a regular
form on any smooth projective compactification. As in Lemma 1.4, it follows that JU is not
uniruled. Let X → ∆ be a family of smooth cubic fourfolds degenerating to X0 = X0 with the
property that for t 6= 0 Xt is general in the sense that of LSV. As in the beginning of Proposition
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1.6, let JV → V be such that the fiber over t 6= 0 of JV → ∆ is the LSV compactification J(Xt)
and, over t = 0, is JU → U . We are thus in the position of applying Theorem 1.15 below, which
proves the proposition. �

A consequence of this proposition is a positive answer to a question of Beauville [Bea19], as
explained in the following remark.

Remark 1.14. Given a smooth cubic threefold Y , let ℓ ⊂ Y be a line. In [Bea02,Dru00], it is shown
that the moduli space of Ulrich bundles on Y with rank 2, c1 = 0 and c2 = 2ℓ is birational to the
intermediate Jacobian of Y (more precisely, it can be identified with the blowup of the intermediate
Jacobian fibration along the Fano surface). Now let X0 be cubic fourfold with one simple node
and let S ⊂ P4 be the (2, 3) complete intersection K3 surface parametrizing lines through one the

singular point of X0. Consider the Mukai vector v = 2v0 = 2(1, 0,−1) ∈ H∗(S,Z) and let M̃2v0(S)
be the symplectic resolution of the singular moduli space of OG10-type (cf. §2).
By considering the relative moduli spaces of Ulrich bundles supported on the 5-dimensional family
of cubic threefolds containing S and by restricting the bundles to S, Beauville [Bea19] (§5, Example
d = 3) shows that there is a birational map JU 99K Mv(S). This induces a rational mapM2v0(S) 99K
P5 and Beauville asks whether there exists a hyper–Kähler manifold birational to Mv(S) which
admits a regular morphism to P5. Proposition 1.13 thus gives a positive answer to this question.

The proof of the proposition above relies on the following Theorem, which is the Lagrangian
fibration analogue of results from [KLSV17] (Thm 1.1 and Cor. 4.2). Theorem 1.15 will be used
also in Section 4 for the proof of Proposition 4.4 (and thus also of Theorem 4.1). As usual, ∆ is an
open affine subset of a smooth curve, or a small analytic disk. In both cases, we keep the notation
t = 0 to denote a chosen special point in ∆ and t 6= 0 to denote any other point.

Theorem 1.15. Let f̃ : J̃ → ∆ be a projective degeneration of hyper–Kähler manifolds of dimen-
sion 2n. Suppose that there is a commutative diagram

J̃

f̃ ��❅
❅❅

❅❅
❅
❅❅

π̃ // Pn∆

p

��
∆

where J̃ → Pn∆ is a projective fibration such that for t 6= 0, Jt → Pnt is a Lagrangian fibration.

Assume that the central fiber J̃0 = Y0+
∑

i∈I miYi has a reduced component Y0 which is not uniruled.
Suppose, furthermore, that there is an open subset of Y0 \ ∪i≥1(Yi ∩ Y0) such that the morphism to
Pn0 is a fibration JU0 → U0 ⊂ Pn0 in abelian varieties. Then

(1) There exists a projective degeneration f̄ : J̄ → ∆ of hyper–Kähler manifolds such that:

(a) J̄ is Q-factorial, terminal, and isomorphic to J̃ over ∆∗;
(b) The central fiber J̄0 is a reduced irreducible normal symplectic variety with canonical

singularities, admitting a symplectic resolution;
(c) There is a relative Lagrangian fibration π̄ : J̄ → Pn∆ compatible, via the birational map

J̄ 99K J̃ , with π̃ and such that, up to restricting the open set U0 ⊂ Pn0 , the morphism
J̄0 → Pn0 extends the abelian fibration JU0 → U0.

(2) Up to a base change ∆′ → ∆, there exists a (non necessarily projective) family J → ∆′ of
hyper–Kähler manifolds, with a birational morphism J → J̄ ′ := J̄ ×∆′ ∆ over ∆′, which is
an isomorphism away from the central fiber and in the central fiber is a symplectic resolution
of J̄0. Moreover, J has a family of Lagrangian fibrations π′ : J → Pn∆′ compatible with the
base change of π̄.

9



Proof. The proof follows ideas from [Tak08,Kol15,KLSV17]. Up to passing to a log resolution of

the pair (J̃ , J̃0), we can assume that J̃0 = Y0 +
∑k

i=1miYi is a normal crossing divisor. By Thm
1.1 and Cor 4.2 of [KLSV17], running the mmp over ∆ contracts the components Yi, for i ≥ 1, and

yields a birational model of J̃ with an irreducible central fiber which is a symplectic variety. In

particular, Y0 is the unique component of J̃0 that is not uniruled (cf. Remark 1.2 of [KLSV17]).
To prove the theorem we only need to show that the birational maps required to contract the other
components can be preformed relatively to Pn∆ and, furthermore, that they induce isomorphism
away from ∪i≥1Yi. This is to ensure that the central fiber has a Lagrangian fibration extending
JU0 → U0 (maybe up to restricting the open subset U0 ⊂ Pn0 ).

The canonical class K
J̃

is trivial over ∆∗, so it is f -equivalent to divisor of the form
∑k

i=0 a
′
iYi.

Following [Tak08, 2.3 (1)] we set r = min a′i/mi, so
1

KJ̃ =Q,∆

k∑

i=0

aiYi,

where ai = fi − rmi ≥ 0 are non negative rational numbers and for at least one i, ai = 0. Let
J ( {0, 1, . . . , k} be the set of indices such that ai > 0 and let Jc be its complement. By [Tak08,
Prop. 5.1]

(1) For every j ∈ J , the irreducible component Yj is uniruled.
(2) If |Jc| ≥ 2, then for every j ∈ Jc, the irreducible component Yj is uniruled.

Since Y0 is not uniruled, it follows that J = {1, · · · , k} and thus

KJ̃ =Q,π̃

k∑

i=1

aiYi, ai > 0.

By assumption, for every i ≥ 1, the closed subset Y0 ∩ Yi is in the complement of JU0 and, since

the fibers of J̃0 → Pn∆ are connected, it follows that the induced map Yi → Pn0 is not dominant.
Thus, the codimension of π̃(Yi) in Pn∆ is greater or equal to 2. In other words, Yi is π̃-exceptional.
We are in the same setting of Theorem 1.6, namely a projective morphism from a smooth quasi-
projective variety with a canonical class that is relatively Q-linearly equivalent to an effective divisor
all of whose components are relatively exceptional. We can thus argue as in the proof of Theorem
1.6, running the mmp over Pn∆ with scaling of an ample divisor in order to contract each of the Yi,

i ≥ 1. This gives a birational map J̃ 99K J̄ over Pn∆, where the fibration J̄ → Pn∆ has Q-factorial
terminal total space and is such that KJ̄ = π̃∗B, for some Q-divisor B on Pn∆. Since at each step
the K-negative rays of the mmp are contained in non uniruled components of the central fiber,

it follows that the birational map J̃ 99K J̄ is an isomorphism away from ∪i≥1Yi. In particular,
the central fiber J̄0, which is irreducible, has an open subset which is isomorphic to JU0 . Since
for t 6= 0, (KJ̄ )|Jt

= 0, B|Pn
t
= 0 for t 6= 0. In particular, B is p-trivial, where p : Pn∆ → ∆ is

the projection, and thus KJ̄ is f̃ -trivial. We can now argue as in the last part of the proof of
Theorem 1.1 of [LSV17] to show that J̄0 is a normal with canonical singularities. As in Corollary
4.2 of [LSV17] it follows that J̄0 is a symplectic variety and that, up to a base change ∆′ → ∆
there exits a smooth family J → ∆′ with a birational morphism J → J̄ ′ := J̄ ×∆′ ∆ with the
desired properties. �

Remark 1.16. Theorem 1.15 gives another proof of Theorem 1.6, as well as the stronger statement
of the existence of a relative intermediate Jacobian fibration J → P5

∆, associated to any family
X → ∆ of smooth cubic fourfolds for which the general fiber is general in the sense of LSV.

1For a projective morphism f : A → B and two Q-Cartier divisors D and D′ on A, we write D =Q,B D′ or D ∼Q,f D′

iff D and D′ are Q-linearly equivalent up to the pullback of a Q-Cartier divisor from B.
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1.1. The mmp with scaling. In this subsection we recall some basic tools and known results
from the minimal model program (mmp) that are used to prove Theorems 1.6 and 1.15. For the
basic notions and the fundamental results we refer to [KM98] and [HK10]. In this section, by divisor
we will mean a Q-divisor.
Let M be a normal Q-factorial variety with a projective morphism π :M → B to a normal quasi-
projective variety B. Let ∆ be an effective divisor on M and let H be a general divisor on M that
is ample (or big) over B. We assume that the pair (M,∆+H) is klt and that KM +∆+H is nef
over B.
The mmp with scaling of H [HK10, §5.E] produces a sequence of birational maps ψi :Mi 99KMi+1

over B, such that: M0 = M , ∆i+1 = (ψi)∗∆i, Hi+1 = (ψi)∗Hi and ψi is the flip or the divisorial
contraction for a (KMi

+ ∆i)-negative relative extremal ray Ri over B. We let πi be the induced
regular morphism Mi → B. The sequence is defined inductively in the following way. Let

ti = inf{t ≥ 0 |KMi
+∆i + tHi is nef over B}.

If ti = 0, then KMi
+ ∆i is nef over B and the process stops. Otherwise, there is a 0 < t′ ≤

ti such that KMi
+ ∆i + t′Hi is not nef over B. By the Cone Theorem ( [KM98, Ch. 3] or

[HK10, 5.4]), KMi
+∆i + tiHi is nef over B and there exists an extremal ray Ri over B such that

(KMi
+∆i + tiHi) · Ri = 0.

Let ci : Mi → Zi be the extremal contraction over B associated to Ri, which exists by the
Contraction part of the Cone Theorem (5.4.3-4) [HK10]). If dimZi < dimM , ci is a Mori fiber
space and we stop. Otherwise, let ψi : Mi 99K Mi+1 be the corresponding (KMi

+ ∆i + t′Hi)-flip
or divisorial contraction. More precisely, if ci is not a Mori fiber space then it is either a divisorial
or a flipping contraction. In the first case, we let Mi+1 = Zi and ψi = ci. In second case, we let
ψi :Mi 99KMi+1 the (KMi

+∆i + t′Hi)-flip (which exists by [HK10, Cor. 5.73]). By construction,

ψi extracts no divisors, meaning that ψ−1
i contracts no divisors.

By the contraction part of the Cone Theorem, the divisor KMi+1 + ∆i+1 + tiHi+1 is nef over B.
The pair (Mi,∆i+1 + tiHi+1) is klt ( [KM98, 3.42–3.44] )and Mi is Q-factorial ( [KM98, 3.18]).
If ∆ = 0 and M is terminal, then so is Mi. As long as KMi

+ ∆i is not πi-nef, ti+1 is non zero
and ∆i+1 + tiHi+1 is big over B. Thus we can keep going, producing a non increasing sequence
ti ≥ ti+1 ≥ · · · of non negative rational numbers and a sequence of birational maps ψi :Mi 99KMi+1

over B. The process stops if there exists an N such that cN :MN → ZN is a Mori fiber space over
B or such that KMN

+∆N is nef over B. Otherwise, the sequence is infinite.
The pair (Mi,∆i + tiHi) is a log terminal model (ltm) for (M,∆ + tiH) over B (see Definition
5.29 and Lemma 5.31 of [HK10]). We will need the following Lemmas:

Lemma 1.17. For any i > j, let ψij : Mj 99K Mi be the induced birational morphism over B.
Then ψij is not an isomorphism.

Proof. This is Lemma 5.62 of [HK10]. �

Lemma 1.18 (Ex. 5.10 of [HK10]). Let (M,∆) be a klt pair as above and suppose that ∆ is big
over B and that KM + ∆ is nef over B. Then KM + ∆ is semiample over B, i.e., there exists a
projective morphism f :M → Z over B and an ample divisor L on B such that KM +∆ ∼Q,B f

∗L.

Proof. Since ∆ is big over B, we can write ∆ ∼Q,B A + C, where A is ample over B and C ≥ 0.
Choose an 0 < ǫ≪ 1, such that (M,∆′) is klt, where ∆′ = (1− ǫ)∆ + ǫC. Then

(KM +∆)− (KM +∆′) = ǫA,

is ample over B. By the Basepoint free Theorem (5.1 [HK10]), KM +∆ is semiample over B. �

Lemma 1.19. Let the notation be as above and for any i > 0, let φi : M 99K Mi as the induced
birational map over B. Then the divisors contracted by φi are the divisorial components of B((KMi

+
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∆i+tiHi)/B), the stable base locus over B (cf. [HK10, §2.E]). Similarly, ψij :Mj 99KMi contracts
the divisorial components of B((KMj

+∆j + tiHj)/B).

Proof. Since (Mi,∆i + tiHi) is klt, ∆i + tiHi is big over B, and KMi
+∆i + tiHi is nef over B, by

the lemma above, KMi
+∆i + tiHi is semiample over B.

Let W be a smooth birational model resolving φi, and let p and q be the induced birational
morphisms to M and Mi. By Lemma 5.31 of [HK10] pair (Mi,∆i + tiHi) is a log terminal model
for (M,∆+ tiH) over B (see Definition 5.29 of [HK10]). Thus,

(1.4) p∗(KM +∆+ tiH) = q∗(KMi
+∆i + tiHi) + E

where E =
∑

F (a(F ;M,∆+ tiH)−a(F ;Mi,∆i+ tiH))F is an effective q-exceptional divisor whose
support contains the divisors contracted by φi. Since p

−1B((KM +∆+ tiH)/B) = B(p∗(KM +∆+
tiH)/B) = B(q∗(KMi

+ ∆i + tiHi) + E/B) = Supp(E), the first statement follows. The second
statement is proved in the same way, since by Lemma 5.31 of [HK10], the pair (Mi,∆i + tiHi) is a
log terminal model for (Mj ,∆j + tiHj) over B and hence the equivalent of (1.4) holds. �

Lemma 1.20. Let the notation be as above. If the mmp with scaling does not terminate then

lim
i→∞

ti = 0.

Proof. This is [Dru00, Prop. 3.2]. The only difference is the relative setting, but the proof is the
same: Suppose the mmp does not terminate and that lim ti = t∞ > 0. By [BCHM10, Thm E] there
are finitely many log terminal models of (M,∆+(t∞ + t)H), with t ∈ [0, 1− t∞]. We have already
observed that (Mi,∆i + tiHi) is a ltm for (M,∆ + tiH) = (M,∆ + t∞H + (ti − t∞)H)) over B.
Thus, if the sequence is infinite there are integers i > j such that the birational map Mj 99K Mi is
an isomorphism. This gives a contradiction with Lemma 1.17 above. �

2. Moduli spaces of OG10-type

By [LSV17, Cor 6.3] (see also [KLSV17, §5.3]) any hyper–Kähler compactification J of JU is de-
formation equivalent to O’Grady’s 10-dimensional example. We start this section by recalling the
basic definitions and first properties of those singular moduli spaces of sheaves on a K3 surface
whose symplectic resolutions are hyper–Kähler manifolds in this deformation class. Then we use
the methods of Bayer-Macr̀ı, as adapted by Meachan-Zhang to this class of singular moduli spaces,
to study the movable cone of certain moduli spaces that appear naturally as limits of the interme-
diate Jacobian fibration, when the underlying cubic fourfold degenerates to the chordal cubic (cf.
Section 4.2).
We start by recalling the following fundamental theorem.

Theorem 2.1 ( [Muk84,Yos01,O’G99,KLS06,PR13]). Let (S,H) be a general polarized K3 surface
and let v0 ∈ H∗

alg(S,Z) be a primitive Mukai vector which we suppose to be positive in the sense

of [BM14b, Def. 5.1] (cf. also [dRS19, Rem. 3.1.1]). Let m ≥ 2 be an integer. The moduli
space Mmv0,H(S) of H–semistable sheaves on S with Mukai vector mv0 is an irreducible normal
projective symplectic variety of dimension m2v20 + 2, which admits a symplectic resolution if and

only if m = 2 and v20 = 2. When this is the case, the symplectic resolution M̃2v0,H(S) →M2v0,H(S)

is the blow up of the singular locus Sym2Mv0,H(S) ⊂M2v0,H(S), with its reduced induced structure.

Moreover, M̃2v0,H(S) is an irreducible holomorphic symplectic manifold and its deformation class

is independent of (S,H) and of v0; in particular, M̃2v0,H(S) is deformation equivalent to O’Grady’s
original 10-dimensional exceptional example.

We will refer to a Mukai vector of the form 2v0 with v20 = 2 as a Mukai vector of OG10–type and
to a hyper–Kähler manifold in this deformation class as a hyper–Kähler of OG10-type.
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2.1. Contracting the relative theta divisor on relative Jacobian of curves. It is known
[AB13, BM14a, BM14b, Bay18] that the birational geometry of moduli spaces of pure dimension
one sheaves on a K3 surface is related to Brill-Noether loci. For example, on the degree g − 1
Beauville-Mukai system of a genus g linear system on a K3 surface, the relative theta divisor can
be contracted, possibly after preforming a finite sequence of birational transformations. This is the
content of the following example.

Example 2.2. ( [AB13], [Bay18]) Let (S,C) be a general polarized K3 surface of genus g, with
NS(S) = ZC. Set v = (0, C, 0) ∈ H∗(S,Z) and let Mv be the moduli space of C-stable sheaves on S
with Mukai vector2 v. Since we are assuming (S,C) to be general in moduli, we are suppressing the
polarization from the notation (thus Mv will denote the moduli space of C-semistable sheaves on S
with Mukai vector v; when we consider instead a Bridgeland stability condition σ, the corresponding
moduli space will be denotedMv,σ). This moduli space is smooth andMv → Pg = |C| is the degree
g − 1 relative compactified Jacobian of the genus g linear system |C| on S. There is a naturally
defined effective, irreducible, relatively ample theta divisor θ ⊂ Mv which parametrizes sheaves
with a non trivial global section and which can be realized as the zero locus of a canonical section
of the determinant line bundle (see [LP93, §2.3] or Thm 5.3 of [Ale04]). Recall that there is a
Hodge isometry NS(Mv) ∼= v⊥ = 〈(0, 0, 1), (1, 0, 0)〉 (see for example Theorem 3.6 [BM14a]).
The class ℓ := (0, 0, 1) is the class of the isotropic line bundle inducing the Lagrangian fibration
Mv → Pg while the theta divisor θ corresponds to the class −(1, 0, 1) = −v(OS) (see [LP93, pg.
643] or also Prop. 7.1 and Thm 12.3 of [BM14a]3). Since θ2 = −2, the irreducible effective divisor
θ is prime exceptional. By [Dru11], it can be contracted on a hyper–Kähler birational model of
Mv. Since the rays corresponding to divisorial contractions and to Lagrangian fibrations must be
in the boundary of the movable cone [Huy03], it follows that

Mov(Mv) = R≥0ℓ+ R≥0h

where h = (−1, 0, 1) ∈ θ⊥ ∩ v⊥ is a big line which is nef on some birational model of Mv (this
also follows from Thm 12.3 of [BM14a]). Using [BM14a], the walls of the nef cones of the various
birational models can be computed. Since we don’t need this, we omit the computation.

2.2. Movable cones of certain moduli spaces of OG10-type. If we consider a non primitive
genus g linear system |mC|, m ≥ 2, then the relative compactified Jacobian of degree g − 1 is
singular. For singular moduli spaces of OG10-type, i.e. when v = 2w with w2 = 2, [MZ16] have
adapted the techniques of Bayer-Macr̀ı [BM14b, BM14a] to compute the nef and movable cones
of these moduli spaces. We refer to [Bri08,AB13,BM14b,BM14a] for the relevant definitions and
main results on Bridgeland stability conditions on K3 surfaces and to [MZ16] for the results on
moduli spaces of OG10 type.
By [MZ16, Thm. 7.6 (3)]), all birational models of M2w =M2w,C which are isomorphic to M2w in
codimension one are isomorphic to a Bridgeland moduli space M2w,σ, for some Bridgeland stability
condition σ on S. Moreover, by [MZ16, Cor. 2.8]

(2.1) NS(M2w,σ) ∼= w⊥.

We now apply the results of [MZ16] to describe the nef and movable cones of certain singular models
of OG10 appearing as limits of the intermediate Jacobian fibration. By [PR14], the factoriality
properties of a singular moduli space M2w of OG10 type depend on the divisibility of the primitive
Mukai vector w ∈ H∗

alg(S,Z). More precisely, by [PR14, Thm 1.1], M2w is factorial if and only if

2This Mukai vector is not positive in the sense defined above, since both the first and last entry are zero. However,
since for general (S,C), tensoring by C induces an isomorphism with Mv′ , where v′ = (0, C, g − 1), the results
of [BM14a] still hold. See also [PR13] for other considerations about the last entry of the Mukai vector.
3Compared to [BM14a], there is a difference in a choice of sign in the isomorphism NS(Mv) ∼= v⊥.
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w · u ∈ 2Z for every u ∈ H∗
alg(S,Z). Otherwise, M2w is 2-factorial. Since there can be different

birational models with different factoriality properties (cf. Remark 2.3), it is important to choose
the correct model to work with.
Now let (S,C) be a general K3 surface of degree 2 and set

(2.2) vk := (0, C, k − 2),

The Le Potier morphism π :M2vk → P5 realizes the singular moduli space M2vk as a compactifica-
tion of the degree 2k relative Jacobian of the genus 5 hyperelliptic linear system |2C|. Composing

π with the sympectic resolution m : M̃2vk →M2vk , we get a natural Lagrangian fibration:

(2.3) π̃ : M̃2vk → P5

By the result of Perego-Rapagnetta mentioned above, M2vk is factorial if and only if k is even. It
turns out that the birational class of these moduli spaces is independent of k, but the isomorphism
class depends on the parity of k (see Lemma 3.7.2 of [dRS19]): Indeed, tensoring a pure dimension
one sheaf by OS(C) determines an isomorphism

(2.4) M2vk
∼
→M2vk+2

.

Remark 2.3. Tensoring a line bundle supported on a smooth hyperelliptic curve of genus 5 by the
unique g12 on the curve defines a birational morphism M2vk 99KM2vk+1

(I thank A. Rapagnetta for
pointing out this to me). As a side remark, notice that the map thus defined is not an isomorphism
in codimension one. Indeed, it can be checked that when passing to the birational morphism

M̃2vk 99K M̃2vk+1
between the two resolutions, which is an isomorphism in codimension 2, the

exceptional divisor of one model is exchanged with the proper transform of the locus parametrizing
sheaves on reducible curves on the other model.

In view of Lemma 4.3 below and the isomorphism (2.4), we will focus on the case k = 0.

Remark 2.4. For general (S,C) it is not hard to check that the structure sheaf of every curve in
|2C| satisfies the numerical criterion for C-stability and hence that the fibration M2v0 → P5 admits
a regular zero section. Notice also that the image of this section is not contained in the singular
locus of M2v0 .

By [MZ16, Cor. 2.8], NS(M2v0)
∼= v⊥0 = U = 〈(0, 0, 1), (−1, C, 0)〉, where, as above,

(2.5) ℓ = (0, 0, 1)

is the line bundle inducing the Lagrangian fibration M2v0 → P5 = |2C|. Under the isomorphism
M2v0

∼=M2v2 , induced by tensoring with OS(C), the relative theta divisor corresponds to the prime
exceptional divisor

(2.6) θ := −(1, C, 2),

parametrizing sheaves which receive a non trivial morphism from the spherical object OS(C) (see
also Lemma 2.6. Notice that

(2.7) θ2 = −2.

For later use we highlight the following remark:

Remark 2.5. The effective divisor θ ⊂ M2v0 with cohomology class (2.6) does not contain the
singular locus of M2v0 : Using the description of θ as the zero locus of a section of the determinant
line bundle [Ale04, Thm 5.3], which compatible with S-equivalence classes, it is enough to show
that the section defining θ is not identically zero on the singular locus of M2v0 . It is therefore
sufficient to show that there are S-equivalence classes of polystable sheaves all of whose members
have a zero space of global sections. This is clear, since the generic semistable sheaf with Mukai
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vector 2v0 is an extension of two degree 1 line bundles each supported on two distinct curves of
genus 2.

The following Lemma is an application of [MZ16, Thms 5.1-5.2-5.3] to M2v0 (N.B. Example 8.6
of loc. cit. is for odd k, so in view of Remark 2.3 it is concerned with a birational model of M2v0

which is not isomorphic in codimension one and hence we cannot immediately apply it here).

Lemma 2.6. Let the notation be as above. Then

Nef(M2v0) = R≥0ℓ+ R≥0h0, Mov(M2v0,C) = R≥0ℓ+ R≥0h.

where
ℓ = (0, 0, 1), h0 = (−1, C, 1), h = (−1, C, 0).

Moreover, the wall spanned by h0 = (−1, C, 1) contracts the zero section of M2v0 → P5 and the class
corresponding to h = (−1, C, 0) is big and nef on the Mukai flop of M2v0 along the zero section and
contracts the proper transform of θ.

Proof. Since ℓ is nef and isotropic, it is one of the two rays of both the Nef and the Movable cone
of M2v0 . By [MZ16, Thm 5.3] there is a divisorial contraction of BNU-type (notation as in loc.
cit), determined by the spherical class s = (1,−C, 2), which is orthogonal to v0. The second ray of
the movable cone is thus determined by s⊥ ∩ v⊥0 . We pick h = (−1, C, 0) as a generator of this ray,
since h · ℓ > 0. By the same theorem in [MZ16], the flopping walls are determined by w⊥ ∩ v⊥0 for
w spherical and such that w · v0 = 2. There is a unique ray in Mov(M2v0), that is of this form. It
is determined by w = (1, 0, 1) = v(OS) or, equivalently, by w

′ = (−1, 2C,−5) = 2v0 − w. We can
choose h0 = (−1, C, 1) as generator of this ray. As in Remark 8.5 of [MZ16], we can see that this
wall corresponds to the flop of the P5 corresponding to the sheaves with a morphism from OS , i.e.,
of the image of the zero section.

�

Remark 2.7. It can be shown that the birational model on the other side of the wall can be
identified with the Gieseker moduli space M2w0 , where w0 = (2, C, 0). Since we don’t need this in
the rest of the paper, we omit the proof.

3. The relative theta divisor on the intermediate Jacobian fibration.

For any smooth cubic threefold Y , there is a canonically defined theta divisor in Jac(Y ), which is
(−1)-invariant and whose unique singular point lies at the origin. For the hyper–Kähler compact-
ification J = J(X) → (P5)∨ of the intermediate Jacobian fibration associated to a smooth cubic
4-fold X, there is an effective relative theta divisor Θ ⊂ J , which is defined as the closure of the
union of the canonical theta divisor in the smooth fibers. More precisely, by [CG72, Cle86] (see
also [LSV17, Lem. 5.4]), Θ can be defined as the closure of the image of the Abel-Jacobi difference
mapping

(3.1)
F ×(P5)∨ F 99K J

(ℓ, ℓ′, Y ) 7−→ φY (ℓ− ℓ′)

The relative theta divisor Θ played an important role in [LSV17], where it was shown that for
general X, Θ is π-ample and J is the relative proj of this divisor. Another useful way of realizing
the Theta divisor is using twisted cubics [Cle86]. Let Z = Z(X) be the Lehn-Lehn-Sorger-van
Straten 8fold [LLSvS17]. Then Z is the blowdown g : Z ′ → Z of a smooth 10 fold Z ′ whose points
parametrize nets of (generalized) twisted cubics. The exceptional locus of g parametrizes non ACM
cubics and its image in Z is isomorphic to the cubic itself. Let

r : PZ′ → Z ′
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be the P1 bundle over Z ′ whose fiber over a twisted cubic [C] ∈ Z ′ is the pencil P1
C of hyperplane

sections of X containing ΣC := X ∩〈C〉. Here 〈C〉 = P3 is the linear span of the curve. By [LSV17,
Sublemma 5.5] (see also [Cle86, §4] or [KLSV17, Lemma 5.10]), the Abel-Jacobi map

(3.2)
ϕ : PZ′ 99K J

(C, Y ) 7−→ φY (C − h2)

is birational onto its image, which is precisely Θ. Here h2 is the class of the intersection of two
hyperplanes in Y .

Remark 3.1. For later use, we remark the following two facts. First of all that the restriction
of PZ′ to the locus of non-CM cubics is mapped to the zero section of J → P5 (which lies in Θ).
Second, using the Gauss map (see [CG72, §12] or also [HRS05, §3]), one can see that if C is a
twisted cubic in a smooth cubic threefold Y with the property that φY (C−h2) = 0 in Jac(Y ), then
the cubic surface ΣC = Y ∩ 〈C〉 is singular.

For every X, the Néron-Severi group of J = J(X) has at least rank 2, since

NS(J(X)) ⊃ 〈L,Θ〉.

Here L = π∗OP5(1) and Θ is, as above, the relative theta divisor obtained as the closure of the
image of (3.1).

Lemma 3.2. For any smooth X, there is an isomorphism of rational Hodge structures H2(J,Q)tr ∼=
H4(X,Q)tr. In particular, ρ(J) = rkH2,2(X,Q) + 1.

Proof. The first statement was already noted in [LSV17], while the second follows from the first
and the fact that b2(J) = 24 and b4(X) = 23. �

Remark 3.3. The locus, inside Def(J), parametrizing intermediate Jacobian fibrations is of codi-
mension 2 and corresponds to the locus where the classes L and Θ stay of type (1, 1). By [Saw09,
Thm 6], a Lagrangian fibration with a section deforms, as Lagrangian fibration with a section, over
a smooth codimension 2 locus of the deformation space of the underlying hyper–Kähler manifold.
Since by Theorem 1.1 for general X the LSV compactification J(X) has a section, it follows that the
codimension 2 locus where L and Θ stay algebraic is exactly the locus where the section deforms.

We highlight the following corollary for future reference.

Corollary 3.4. For very general X, ρ(J) = 2. Thus,

(1) J is the only projectice hyper–Kähler birational model of JU where L is nef. In particular,
any hyper–Kähler compatification of JU with a Lagrangian fibration extending JU → U is
isomorphic to the [LSV17] compactification.

(2) There is at most one prime exceptional divisor on J .

Proof. (1) Since ρ(J) = 2, the boundary of movable cone of J has two rays, of which L is one. (2)
If there is a prime exceptional divisor, its class has to be orthogonal to the second extremal ray of
the movable cone [Mar11, Thm 1.5]. Since two prime exceptional divisors with proportional classes
have to be isomorphic [Mar13, Cor. 3.6 (3)], there is at most one prime exceptional divisor. �

The following Lemma was communicated to me by K. Hulek and R. Laza. I thank them for sharing
this observation with me and for raising the question of computing q(Θ).

Lemma 3.5. q(L,Θ) = 1. In particular, 〈L,Θ〉 is a primitive sublattice of NS(J), isomorphic to
the standard hyperbolic lattice U of rank 2. For very general X, NS(J) = U .

Proof. The computation of q(L,Θ) goes as in Lemma 1 in [Saw08]: one expands in t the Fujiki
equality q(L+ tΘ)5 = c(L+ tΘ)10, where c = 945 is the Fujiki constant [Rap08] and uses the fact
that Θ5L5 = (Θ|J[H]

)5 = 5!. The final statement follows from Lemma 3.2. �
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I thank C. Onorati for many discussions around Θ and for his interest in the following computation.

Proposition 3.6. q(Θ) = −2. In particular, Θ ⊂ J is a prime exceptional divisor and thus it can
be contracted on some projective birational hyper–Kähler model of J .

Proof. Let ϕ : PZ′ 99K Θ be the Abel-Jacobi map as in (3.2) and let V ⊂ Z ′ be a non empty open
subset such that the restriction of ϕ to r−1(V ) =: PV is regular. By restricting V if necessary, we
can assume that all twisted cubic parametrized by V are such that ΣC is smooth and, in particular,
that C is ACM.
Recall that for any twisted cubic [C] ∈ V , we have set P1

C = r−1(C). The rational curve ϕ(P1
C) ⊂ J

is smooth because it maps to π(ϕ(P1
C)) ⊂ P5, which is the pencil of hyperplane sections of X that

contain the curve C. Moreover, (π ◦ ϕ)(PV ) intersects the dual variety X∨ in a dense open subset
and, similarly, ϕ(PV ) intersects ΘX∨, the restriction of Θ to X∨, in a dense open subset (this
statement follows from [Cle86] and the fact, proven there, that for a cubic threefold with one A1

singularity the Abel-Jacobi mapping is birational onto its image).
We start by showing that for a general [C] ∈ V , the smooth rational curve ϕ(P1

C) is contained in
the smooth locus of Θ. The singular locus Θsing of Θ has an irreducible component that is equal
to the closure of the zero section of JU → U , while any other irreducible component of the singular
locus is properly contained in ΘX∨, the restriction of Θ to X∨. Since V parametrizes ACM curves,
by Remark 3.1 it follows that the intersection of ϕ(PV ) with the image of the zero section of J → P5

is contained in J∨
X , the restriction of J to X∨ ⊂ P5. Let B := ϕ−1(Θsing∩ϕ(PV )) be the locus in PV

parametrizing points mapped to the singular locus of Θ and let WV := (π ◦ϕ)−1(X∨ ∩ (π ◦ϕ)(PV ))
be the locus in PV of pairs (C, Y ) such that Y is singular. By what we have observed, it follows
that B ⊆WV . Notice that WV is irreducible of dimension 8, because it maps to an open subset of
X∨, with fibers parametrizing equivalence classes of twisted cubics contained in a cubic threefold
with one A1 singularity; these form an irreducible subset of Z(X), as follows from [Cle86, §3]. We
have already observed that the general point of ΘX∨ is contained in the image ϕ(PV ). Thus, if Y0
corresponds to a general point in X∨, there is a twisted cubic C ⊂ Y0, with [C] ∈ V and such that
ϕ(C, Y0) = φY0(C) lies in the smooth locus of Θ. It follows that B is strictly contained in WV .
Since WV is irreducible, dimB = 7. Thus B does not dominate V and hence the image of the open
subset PV ′ := r−1(V ′), where V ′ := V \ r(B) is contained in the smooth locus of Θ.
For the general point in (C, Y ) ∈ PV , let R := ϕ(P1

C) ⊂ Θ be the corresponding element of the
ruling. By generic smoothness, the differential of ϕ is of maximal rank at a general point x ∈ R,
so by [Kol96, II. 3.4], the vector bundle (TΘ)|R is globally generated at x ∈ R. It follows that
(TΘ)|R = ⊕OR(ai), with ai ≥ 0. The restriction of the tangent bundle of J to the smooth rational

curve R is of the form4 O⊕8
R ⊕ OR(2) ⊕ OR(−2). Using this and the fact that R is contained in

the smooth locus of Θ, we find that (TΘ)|R = OR(2) ⊕ O⊕7
R and hence that NR|Θ = ⊕O⊕7

R . In
particular, Θ ·R = −2.
Consider the lattice embedding H2(J,Z) ⊂ H2(J,Z)∨ = H2(J,Z) induced by the Beauville-
Bogomolov form. We claim that under this embedding, the classes of R and of Θ are equal,
i.e. that R · x = q(Θ, x) for every x ∈ H2(J,Z). This immediately proves the proposition, as it
implies that q(Θ) = Θ · R = −2. By [Mar13, Cor. 3.6 (1)] and [Dru11, Prop. 4.5], the class of
the ruling of a prime exceptional divisor is proportional, via a positive constant, to the class of the
exceptional divisor. Thus, to prove the claim it suffices to show that Θ is prime exceptional, since
the constant would have to be equal to 1, as both R · L and q(Θ, L) are equal to 1.

4It is true for any smooth rational curve R in a hyper–Kähler manifold M of dimension 2n that the restriction of
the tangent bundle of M to R is of the form O

⊕2n−2
R ⊕ OR(2) ⊕ OR(−2), Indeed, since TM is self dual, (TM )|R =

O
⊕2n−2
R ⊕OR(a)⊕OR(−a), for some a ≥ 2. Then one argues that since the normal bundle of R in M is torsion free,

so is the quotient OR(a)/OR(2) and thus a = 2.
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To prove that Θ is prime exceptional we use standard techniques on deformations of maps from
rational curves to hyper–Kähler manifolds, following [Mar13, §5.1] or also [CMP19, §3]. We include
a proof because of setting of Markman is different and because the proof in [CMP19, §3] is for
projective families of hyper–Kähler manifolds. Choose R ⊂ Θ a general element in the ruling and
let Def(J)R ⊂ Def(J) be the smooth hypersurface in the deformation space of J where the class
of R stays of Hodge type. Let Hilb → Def(J)R be the component of the relative Duady space
containing the point [R]. Since NR|J = OR(−2) ⊕ O⊕8

R , by [Ran93, Thm 1] ρ : Hilb → Def(J)R
is smooth at R and of relative dimension 8. Let T ⊂ Def(J)R be a general curve containing 0
(in particular we can assume that for very general t ∈ T , the Néron-Severi of the corresponding
deformation Jt of J is one dimensional and spanned by a line bundle whose class is proportional to
Rt, the parallel transport of the class of R to Jt) and let ρT : HilbT → T be the component of the
base change to T of Hilb→ Def(J)R that contains [R]. Since ρ is smooth at [R], ρT is dominant of
relative dimension 8. Up to a base change and to restricting T , we can assume that HilbT → T has
irreducible fibers for t 6= 0. Let JT → T be the base change of the universal family to T → Def(J)
and let D ⊂ JT be the image of the universal family over HilbT under the evaluation map. Then D
is irreducible of relative codimension 1. Moreover, Dt irreducible for t 6= 0, and D := D0 is a union
of effective uniruled divisors containing Θ as an irreducible component (with a given multiplicity
m ≥ 1). By the choice of T , for very general t, ρ(Jt) = 1. It follows that the class of Dt is
proportional to the class of Rt and hence that the class of D = D0 is proportional to that of R.
Moreover, the proportionality constant is positive, as both D and R intersect positively with a
Kähler class. Hence, since Θ · R is negative, so is q(Θ,D). Moreover, since the product of two
distinct irreducible uniruled divisor is non negative, it follows that q(Θ,D) ≥ mq(Θ,Θ). Thus
q(Θ,Θ) < 0, i.e., Θ is prime exceptional. Thus, as already observed, the classes of Θ and of R have
to be the same and hence q(Θ,Θ) = −2. �

Remark 3.7. A posteriori, once we know that Θ is prime exceptional, we can use Lemma 5.1
of [Mar13] to show that D0 = Θ.

Notice that the same argument as the last part of the proof above shows the following.

Proposition 3.8. Let M be a hyper–Kähler manifold of dimension 2n and let E ⊂ M be an
irreducible uniruled divisor. Suppose that a general curve R in the ruling is smooth and that E·R < 0
(e.g. if R is contained in the smooth locus of E), then E is prime exceptional and hence, under the
lattice embedding H2(M,Z) ⊂ H2(M,Z)∨ = H2(M,Z) induced by the Beauville-Bogomolov form,
the classes of E and R are proportional by a positive constant.

Corollary 3.9. For very general X, the movable cone of J(X) is spanned by L and H, where H
is a generator of Θ⊥ ⊂ NS(J) with q(H,L) > 0 and q(H) > 0, i.e.

Mov(J) = R≥0L+ R≥0H.

In particular, there is a unique hyper–Kähler model of J with a Lagrangian fibration and J is not
birational to the twisted intermediate Jacobian fibration JT .

Proof. We already know that one of the rays of the movable cone of J is spanned by L. By Theorem
1.5 [Mar13] the closure of the movable cone is spanned by classes that intersect non-negatively with
all prime exceptional divisors. Since by Proposition 3.6 Θ is prime exceptional, the second ray of
the movable cone is determined by Θ⊥, which is spanned by a class H which is big and nef on some
birational hyper–Kähler model of J . Thus, q(H) > 0 and q(H,L) > 0. In particular, the movable
cone is strictly contained in the positive cone implying that the only isotropic class that is movable
is L. �
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In terms of the other projective hyper–Kähler birational models of J , we can actually prove
something more precise. The main result of §4 describes, for general X, on which birational model
of J the proper transform of Θ can be contracted.

3.1. Induced automorphisms. For hyper–Kähler manifolds of K3[n]-type, considerable of litera-
ture has been devoted to the study and classification of their automorphism groups. This is achieved
also via the study of the automorphisms induced from a K3 surface to the moduli spaces of sheaves
on it. Since thanks to Theorem 1.6 we now have a hyper–Kähler compactification J = J(X) of
the Donagi-Markman fibration associated with any X, a natural question is to study the induced
action on J of the automorphism group of X. I thank G. Pearlstein for asking me questions that
led me to make the following simple observations.
Let X be a smooth cubic fourfold and let τ be an automorphism of X. Then τ acts on the universal
family of hyperplane sections of X and thus also on the Donagi-Markman fibration JU → U (which
is identified with the relative Pic0 of the family of Fano surfaces of the hyperplane sections of X).
By abuse of notation we denote by

τ : J 99K J

the induced birational morphism. Notice that τ preserves Θ and L so the induced action of τ∗ acts
as the identity of U = 〈L,Θ〉 ⊂ NS(J).

Proposition 3.10. Let X be a smooth cubic fourfold and suppose that the fibers of π : J → P5 are
irreducible (by [LSV17] this happens for general X).

(1) Then any Θ is π-ample and so is any B ∈ NS(J) with q(L,B) > 0.
(2) Any birational automorphism τ : J 99K J which fixes L = π∗O(1) extends to a regular

automorphism.

Proof. (1) Let H be an ample line bundle on J and let Jt be a smooth fiber of J → P5. Then
[H|Jt] = m[Θ|Jt] for a positive integer m so the restrictions of H andmΘ are topologically equivalent
for any smooth fiber. Since the fibers of π are irreducible, it follows that the restrictions of H and
mΘ to any fiber are numerically equivalent (see Lemma 3.4 of [Voi18a]). By Nakai-Moishezon, mΘ
is π-ample. Similary, if q(B,L) > 0, then there exists positive integers a and b such that aB and
bΘ are numerically equivalent on every fiber.
(2) By assumption, τ∗L = L so q(τ∗Θ, L) = q(Θ, L) = 1. As a consequence, τ∗Θ and Θ are
topologically equivalent on the smooth fibers and hence, as above, numerically equivalent on every
fiber. Thus, τ∗Θ is π-ample. It follows that τ is a regular morphism. �

In addition to birational automorphisms induced by the automorphisms of X, some examples of
birational automorphisms which preserve L are

(1) ι : J → J induced by the action of (−1) on the smooth fibers of J → P5.
(2) tα : J → J induced by the translation of a rational section of α : P5

99K J (cf.§5).
(3) More generally, any birational automorphism induced by an element of the automorphism

group of JK , the generic fiber of J → P5.

Remark 3.11. As already mentioned just below Theorem 1.1, a necessary condition for the irre-
ducibility of the fibers of J → P5 is given in [Bro18]. This condition is satisfied if and only if the
hyperplane sections Y of X satisfy d(Y ) := b2(Y )− b4(Y ) = 0, where bi(Y ) denotes the i-th Betti
number of Y and where d(Y ) is called the defect of Y . It is easy to see that if Y contains a plane
then d(Y ) > 0.
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4. Birational geometry of J(X), for general X

To describe the birational geometry of the intermediate Jacobian fibration we degenerate the un-
derlying cubic to the chordal cubic, following an idea already contained in [KLSV17]. There, it is
observed that the central fiber of the corresponding family of intermediate Jacobian fibrations can
be chosen to be birational to a moduli space of sheaves of OG10-type on a K3 surface of genus 2.
As in Section 2, by moduli space of OG10-type we mean a moduli space of sheaves on a K3 surface
with Mukai vector 2w, with w2 = 2. We first refine the construction of this degeneration in order
to have a central fiber that is actually isomorphic to a certain singular moduli space of sheaves
on the associated K3 surface. In this way, we can keep track of the limits of the relative theta
divisor and of the line bundle inducing the Lagrangian fibration. This is done in Section 4.2. The
results of Meachan–Zhang [MZ16], which were recalled in Lemma 2.6 imply that the central fiber
the relative theta divisor can be contracted after a Mukai flop of the zero section. For X general,
we then deduce the same result for J(X) and, for very general X, we compute the nef and movable
cone of J(X). This is the content of Theorem 4.1.

Theorem 4.1. Let X be a smooth cubic fourfold and let J = J(X) → P5 be a hyper–Kähler
compactification of the intermediate Jacobian fibration as in §1.
For very general X,

(1) There is a unique other hyper–Kähler birational model of J , denoted by N , which is the
Mukai flop p : J 99K N of J along the image of the zero section;

(2) There is a divisorial contraction h : N → N̄ which contracts the proper transform of Θ onto
an 8-dimensional variety which is birational to the LLSvS 8-fold Z(X).

In other words, we have Mov(J) = 〈L,H〉 = Nef(J) ∪ p∗Nef(N), Nef(J) = 〈L,H0〉, and where
p∗Nef(N) = 〈H0,H〉, were H0 is a big and nef line bundle on J which contracts the zero section
of J → P5 and H is as in Corollary 3.9.
For general X, the relative theta divisor Θ can be contracted after the Mukai flop of the zero section
of J → P5.

Before the proof of the Theorem, which will be given in the following Section §4.2, we mention,
as a consequence of the Theorem above, the relation between the intermediate Jacobian fibration
and moduli spaces of objects in the Kuznetsov component of X.

4.1. Comparison with moduli spaces of objects in the Kuznetsov component of X. The
recent paper [BLM+19] establishes the existence and the fundamental properties of moduli spaces
of objects in the Kuznetsov component Ku(X) of a smooth cubic fourfold X. We refer the reader
to §29 of loc. cit for the relevant definitions and the precise statements of the results.

Given a smooth cubic fourfold X, the extended Mukai lattice H̃(Ku(X),Z) is a lattice, whose
underlying group is the topological K-theory of Ku(X) and whose Mukai pairing and weight two

Hodge structure are induced from those on X. The only classes in H̃(Ku(X),Z) that are of type
(1, 1) for very general X are contained in a rank 2 lattice A2, which is spanned by two classes
λ1 and λ2, that satisfy λ21 = λ22 = 2 and λ1 · λ2 = −1 (see [BLM+19] (29.1)). A description
of a full connected component of the space of Bridgeland stability conditions on Ku(X) is also
produced (Thm 29.1). It is shown that, for a primitive Mukai vector with v2 ≥ −2 and for a
v-generic stability condition σ in this component, the moduli space Mσ(Ku(X), v) of Bridgeland
stable objects in Ku(X) with Mukai vector v is a non empty smooth projective hyper–Kähler
manifold of dimension v2+2, deformation equivalent to a Hilbert scheme of points on a K3 surface;
moreover, the formation of these moduli spaces works in families (see Thm 29.4 for the precise
statement).
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For a Mukai vector of OG10-type in the A2 lattice, i.e., of the form v = 2λ with λ2 = 2, the upcom-
ing paper [LPZ20] shows that for a λ-generic stability condition σ the moduli space Mσ(Ku(X), v)
is an irreducible normal projective symplectic variety of dimension 10 admitting a symplectic res-
olution which is deformation equivalent to OG10. The genericity condition here means that the
polystable objects with Mukai vector v are the direct sum of two stable objects with Mukai vector
λ. More precisely, the singular locus of Mσ(Ku(X), v) is isomorphic Sym2Mσ(Ku(X), λ).
According to a private communication with L. Pertusi, in [LPZ20] it will be shown that for general
X the twisted intermediate Jacobian fibration JT (X) is birational to Mσ(Ku(X), 2λ), for λ2 = 2.
For the non-twisted case we have the following corollary of Theorem 4.1 that goes in the opposite
direction.

Corollary 4.2. For very general X, J(X) is not birational to a moduli space of the form
Mσ(Ku(X), v).

Proof. First of all, by Remark 29.3 of [BLM+19], if non empty, the dimension of a moduli space
Mσ(Ku(X), v) is v2 + 2. This dimension is equal to 10 if and only if either v is primitive (hence
Mσ(Ku(X), v) is of K3[5]-type and thus cannot be birational to J(X)) or else v = 2λ with λ2 = 2.
By the results of [LPZ20] cited in the remark above, for v = 2λ with λ ∈ A2 and λ2 = 2 and σ a λ-
generic stability condition, the singular locus of Mσ(Ku(X), v) is isomorphic the second symmetric

product of a hyper–Kähler manifold of K3[2]–type. By dimension reasons, the symplectic resolution

M̃σ(Ku(X), v) →Mσ(Ku(X), v) is not a small contraction. Suppose by contradiction that J(X) is

birational to M̃σ(Ku(X), v). Then by Theorem 4.1, the symplectic resolution has to coincide with
N → N and Mσ(Ku(X), v) ∼= N̄ . This implies that the singular locus of Mσ(Ku(X), v) has to be
birational to the Lehn-Lehn-Sorger-van Straten 8-fold Z(X), which gives a contradiction. Indeed,
Z(X) cannot be birational to Sym2Mσ(Ku(X), λ) since, by Proposition 1.7, this would imply that
the latter has a symplectic resolution. This, however, is not true because Sym2Mσ(Ku(X), λ) is a
Q-factorial sympectic variety with singular locus of codimension strictly greater than 2 and hence
does not admit a symplectic resolution (since it does not admit a semi-small resolution). �

In the next subsection we construct the degeneration of the intermediate Jacobian fibration that
will allow us to prove Theorem 4.1. The proof of the Theorem will be given at the end of the
Section.

4.2. Degeneration to the Chordal Cubic. The secant variety to the Veronese embedding of
P2 in P5 is a cubic hypersurface isomorphic to Sym2 P2, called the chordal cubic. Such a singular
cubic fourfold is unique up to the action of the projective linear group. Given a one parameter
family of cubic fourfolds degenerating to the chordal cubic, it was proved in [KLSV17] that, up
to a base change, one can fill the corresponding degeneration of intermediate Jacobian fibrations

with a smooth central fiber that is birational to M̃2v0 = M̃2v0(S), where (S,C) is the degree 2
K3 surface associated to the degeneration of cubic fourfolds as in [Col82,Has00,Laz10] and where
v0 = (0, C,−2) is as in (2.2). We will use this degeneration to study the birational properties of
the intermediate Jacobian fibration, at least for general X. For this purpose, we need to control
what happens to the line bundles L and Θ under the corresponding degeneration of intermediate
Jacobian fibrations. We achieve this by constructing a particular degeneration whose central fiber is
precisely the singular moduli spaceM2v0 and is such that the Lagrangian fibrations of the members
of this degeneration fit in a relative Lagrangian fibration. This is done in Proposition 4.4. With
this degeneration, we are not only able to identify precisely the limits of L and Θ (see Lemma 4.6),
but we are also able to deform the results about the birational geometry of M2v0 away from the
central fiber (see Proposition 4.7), eventually proving Theorem 4.1.
Let X → ∆ be a one parameter family of cubic fourfolds degenerating to the chordal cubic. By this
we will mean ∆ is a small disk or an open affine subset in the base of a pencil of cubic fourfolds with

21



the property that the general fiber is smooth and the central fiber is isomorphic to the chordal cubic.
Recall the following facts (proved in [Has00], cf. also [Laz10] and [KLSV17]): (a) the monodromy
of this family has order 2; (b) to such a degeneration one can associate a degree 2 polarized K3
surface (S,C); (c) for a general pencil, the polarized K3 surface (S,C) is general in moduli.
Suppose that for t 6= 0 the cubic fourfold Xt is general in the sense of LSV (i.e. in the sense
that the construction of the hyper–Kähler compactification of [LSV17] works for JU (Xt)) and let
J ∗ → ∆∗ be the family of intermediate Jacobians associated to the smooth locus X ∗ → ∆∗ of the
pencil, with corresponding family of Lagrangian fibrations π∆∗ : J ∗ → P5

∆∗.

Lemma 4.3 ( [Col82,KLSV17]). Up to a degree 2 base change, we can extend π∆∗ : J ∗ → P5
∆∗

to a projective morphism πV : JV → V, where V ⊂ P5 × ∆ is an open subset such that Vt = P5

for t 6= 0 and V0 ⊂ P5 is non empty for t = 0, and where J0 → V0 ⊂ P5 is identified with the
restriction of M2v0(S) → |2C| = P5 (cf. 2.3) to an open subset V ⊂ |2C|. Moreover, JV → V has
a zero section and is polarized by a relative principal polarization.

Proof. Let H ⊂ P5 be a general hyperplane. For the degeneration Y := X ∩ (H × P5) of a single
smooth cubic 3fold the statement is due to Collino [Col82]. In Prop. 1.16 of loc. cit, it is also
shown that the class of the limit polarization is the theta divisor of the Jacobian of the genus 5
hyperelliptic curve, which is the limiting abelian variety. For the statement about the limit of the
intermediate Jacobian fibration, this is §5.3 of [KLSV17]. �

We now compactify the projective family JV of the Lemma above to construct a family of La-
grangian fibered holomorphic symplectic varieties in such a way that the central fiber is exactly

M2v0 =M2v0(S) (or M̃2v0 = M̃2v0(S)) (cf. (2.3)).

Proposition 4.4. Let X → ∆ be as above a general family of smooth cubic fourfolds degenerating
to the chordal cubic. Suppose that for very general t ∈ ∆, Xt is very general. Let (S,C) be
the corresponding K3 surface of degree 2 as above. Then, possibly up to a base change, there
are two degenerations of the corresponding intermediate Jacobian fibration, fitting in the following
commutative diagram

(4.1) M̃
m //

f̃   ❇
❇
❇❇

❇
❇❇

❇ M

f

��
∆

where:

(1) f̃ : M̃ → ∆ is a family of smooth hyper–Kähler manifolds, with M̃t = J(Xt) for t 6= 0 and

J̃0 = M̃v0(S). The family is equipped with a relative Lagrangian fibration M̃ → P5
∆, where

for each t the corresponding Lagrangian fibration is the obvious one;
(2) f : M → ∆ is a degeneration of hyper–Kähler manifolds, with Mt = J(Xt) for t 6= 0

and J0 = Mv0(S). The morphism m : M̃ → M is proper, birational, for t 6= 0 it is an

isomorphism and for t = 0 it is the natural symplectic resolution m0 : M̃2v0(S) →M2v0(S)
of Theorem 2.1. Moreover, there is a relative Lagrangian fibration M → P5

∆ where for each
t the corresponding Lagrangian fibration is the obvious one;

Proof. Start from the projective morphism πV : JV → V of Lemma 4.3. There is an isomorphism

JV0
∼= (M̃2v0)V , where (M̃2v0)V is the restriction of the Lagrangian fibration π̃ : M̃2v0 → P5 (cf.

(2.3) to an open subset V ⊂ P5. Let JV → P5
∆ be any projective morphism extending πV . Applying

Theorem 1.15 (2) to JV → P5
∆ yields, possibly up to the base change, a family g̃ : J̃ → ∆ of smooth

hyper–Kähler manifolds (projective over (∆)∗), with a relative Lagrangian fibration J̃ → P5
∆. Let
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L be the line bundle on J̃ inducing it on every fiber. Let

(4.2) φ0 : J̃0 99K M̃2v0

be the birational morphism induced by the isomorphism of open subsets JV0
∼= (M̃2v0)V . Then

(φ0)∗L0 = ℓ̃ := π̃∗OP5(1).
We now use an argument very similar to that in the proof of Theorems 0.3 and 0.7 of [KLSV17], to
construct a family which is isomorphic to J over ∆ and whose central fiber is actually isomorphic

to M̃2v0(S). Let Λ be the OG10 lattice. Fixing a marking of the central fiber and trivializing the

local system R2g̃∗Z induces a marking ηt : H
2(J̃t,Z) → Λ of every fiber. Let D ⊂ P(Λ ⊗Z C) be

the period domain and let P : ∆ → D be the period mapping induced by these markings. Let

ρ0 = η0(φ0)
∗ : H2(M̃2v0 ,Z) → Λ be the induced marking on M̃2v0 . Let ρt : H

2(M̃t,Z) → Λ be

markings induced by ρ0 = η0(φ0)
∗ on fibers of the universal family over Def(M̃ ) and let P

M̃
:

Def(M̃) → D be the induced period mapping. Since P
M̃

is a local isomorphism, we can lift P to a

map ξ : ∆ → Def(M̃2v0). Pulling back the universal family gives a family f̃ : M̃ → ∆ with central

fiber M̃0 = M̃2v0 . As in [KLSV17] the two families g̃ : J̃ → ∆ and f̃ : M̃ → ∆ are relatively

birational over ∆, since for every t ∈ ∆, the marked pairs (J̃t, ηt) and (M̃t, ρt) are non separated

points. To show that the two families J̃ and M̃ are isomorphic away from the central fiber, first
recall that by [Huy99, Thm 4.3] (cf. also [Mar11, Thm 3.2]), for every t there exists an effective
cycle

Γt = Zt +
∑

Wi,t

of pure dimension 10 in M̃t × J̃t such that: Zt is the graph of a birational map; the codimension

of the images of the Wi,t in M̃t and in J̃t are equal and positive; [Γt]∗ is a Hodge isometry

and is equal to ρ−1
t ◦ ηt : H2(J̃t,Z) → H2(M̃t,Z). Let L̃ be the line bundle on M such that

L̃t = ρ−1
t ηt(L) = [Γt]∗(Lt). Since L̃0 = π̃∗OP5(1) induces a Lagrangian fibration on M̃0 = M̃2v0 ,

by [Mat16] L̃ induces a Lagrangian fibration on Mt for every t (maybe up to restricting ∆). For

very general t, L̃t = [Zt]∗(Lt), since the isotropic class [Zt]∗(Lt) lies in the movable cone of M̃t and

hence by Corollary 3.9 it has to be equal to L̃t. Corollary 3.4 implies that for very general t, Zt is

the graph of an isomorphism between J̃t and M̃t. The same countability argument as in the proof
of Theorems 0.3 and 0.7 of [KLSV17] shows that there exists a component of the Hilbert scheme
parametrizing graphs of such cycles Zt ⊂ Jt × Mt that dominates ∆. It follows that there is a

cycle Z in the fiber product J̃ ×∆ M̃ which, maybe up to restricting ∆, induces an isomorphism

for t 6= 0. The conclusion is that the family M̃ → ∆ is such that central fiber is M̃0
∼= M̃2v0 while

for t 6= 0, we have M̃t
∼= J(Xt).

Now we construct the second family. By [Nam01, Thm 2.2] there is a finite morphism

Ξ : Def(M̃2v0) → Def(M2v0)

induced by the symplectic resolution m0 : M̃2v0 →M2v0 and compatible with the universal families
on the two deformation spaces (for more details see §2 of loc. cit.). Set ν = Ξ ◦ ξ : ∆ → Def(M2v0)
and let

M → ∆

be the pullback via ν of the universal family via ν on Def(M2v0). Then the birational map m :

M̃ → M over ∆ induced by [Nam01, Thm 2.2] has the desired properties.
Finally, the statement about the Lagrangian fibrations follows from the fact that, since the La-

grangian fibration M̃2v0 → P5 in the central fiber factors via M̃2v0 →M2v0 , the morphism M̃ → P5
∆

factors via a morphism M → P5
∆. �
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As a consequence of the last part of the proof, notice that there is a line bundle LM on M with

m∗LM = L̃

and such that its restriction to the central fiber satisified LM0 = ℓ, where ℓ is as in (2.5).
For any t 6= 0, let Θt be the relative Theta divisor in Mt = J(Xt).

Lemma 4.5. For ⋆ = M̃ or M, let Θ⋆ the divisor defined as the closure of ∪t6=0Θt in ⋆. Then, ΘM

is a Cartier divisor and hence the following compatibility conditions hold (notation as in diagram
(4.1)):

(4.3) Θ
M̃0

∼= (m∗ΘM)
|M̃0

= m∗
0ΘM0

where Θ⋆0 := (Θ⋆)|0 is the fiber of Θ⋆ over t = 0.

Proof. Let IΘM
⊂ OΘM

be the ideal sheaf of ΘM in M. Since the morphism ΘM → ∆ is flat,
it follows that the restriction (IΘM

)|M0
is the ideal sheaf of ΘM0 in M0. By [PR13] (cf. §2.2),

M0 = M2v0 is factorial so (IΘM
)|M0

is locally free. Hence, so is IΘM
. It follows that the divisors

Θ
M̃

and m∗ΘM agree and so do their central fibers. �

The next Lemma identifies the limit of Θt in M2v0 = M0 and shows that all line bundles on M2v0

deform over M → ∆. Recall first that by (2.1), NS(M2v0) = U = 〈ℓ, θ〉 and that for every t

NS(Mt) ⊇ Ut = 〈Lt,Θt〉

equality holding for very general t. Here Θ0 = Θ
M̃0

. In particular, inside NS(M̃2v0) we have the

following rank 2 sublattices both of which are isomorphic to the hyeperbolic lattice U : The limit

lattice U0 spanned by the limits L0 = ℓ̃ and Θ0 and the pullback lattice m∗
0 NS(M2v0) = 〈m∗

0ℓ,m
∗
0θ〉.

Lemma 4.6. Let the notation be as above. Then

(1) The two sublattices U0 = 〈ℓ̃,Θ
M̃0

〉 and 〈m∗
0ℓ,m

∗
0θ〉 of NS(M̃2v0) are the same.

(2) The limit of the relative Theta divisor in M0 is precisely θ, the relative theta divisor on
M2v0(S) of (2.6).

Proof. By Lemma 4.3 and Lemma 4.5, the limit theta divisor (ΘM)0 is an effective line bundle on
M0 = M2v0 which restricts to a theta divisor on the smooth fibers of M2v0 → P5. Thus ΘM0 is
linearly equivalent to an effective line bundle of the form θ + aℓ for some integer a. We show that

a = 0. By (4.3), Θ
M̃0

= m∗
0ΘM0 = m∗

0(θ+ aℓ) and L̃0 = m∗
0ℓ. This is enough to conclude that the

two sublattices
U = 〈Θ

M̃0
, L̃0〉 and U = m∗

0〈θ, ℓ〉 = m∗
0NS(M2v0)

of NS(M̃2v0) are the same. This proves the first part of the Lemma. By Remark 2.5 above, θ
does not contain the singular locus of M , thus m∗

0θ coincides with its proper transform and is
irreducible. Since it has negative Beauville-Bogomolov square (cf. (2.7), it is a prime exceptional
divisor. By [Mar13, §5.1], a prime exceptional divisor deforms where its first Chern class remains

algebraic. Thusm∗
0θ deforms to relative effective prime exceptional divisor θ

M̃
on M̃. By Corollary

3.4 and Proposition 3.6, for very general t 6= 0, the fiber over t of the two irreducible effective divisors
θ
M̃

and Θ
M̃

have to agree since there is only one prime exceptional divisors on Mt. Thus θM̃ and
Θ

M̃
have to be equal for every t. In particular, so are their restrictions to the central fiber. �

Consider the family M → ∆ of Proposition 4.4, with its relative theta divisor ΘM. By Druel
[Dru00] we know that for every t, the prime exceptional divisor Θt can be contracted on a hyper–
Kähler projective birational model of Mt. In the central fiber Mt =M2v0 we have, by Lemma 4.6,
that ΘM0 = θ. By Lemma 2.6 this divisor can be contracted after a Mukai flop. We now show
that the same is true for any t 6= 0, namely, that after a Mukai flop the relative theta divisor can
be contracted, possibly up to restricting ∆.
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Proposition 4.7. For general X, the relative theta divisor Θ on J = J(X) can be contracted after
the Mukai flop of the zero section.

Let M → P5
∆ be as in Proposition 4.4. By Theorem 1.1, Lemma 4.3, and Remark 2.4, there is a

relative zero section s : P5
∆ → M. Let T be its image. Then T is contained in the smooth locus of

the fibers of M̃ → ∆. Let

P : M 99K N

be the relative Mukai flop of T in M. By Proposition 2.6, the Mukai flop of the zero section in
the central fiber M2v0 can be preformed in the projective category. Thus, the central fiber of N
is projective and so are all the fibers of g : N → ∆ (since by Lemma 4.6 there is an ample class
on the central fiber that deforms over ∆). For t 6= 0, Nt is smooth while the central fiber N0 has
the same singularities as M0 =M2v0 , since they are isomorphic away from the flopped locus which
does not meet the singular locus. Via the birational morphism P , which is a relative isomorphism
in codimension 1, we can identify the second integral cohomology group of the fibers of the two
families. In particular, for every t ∈ ∆ we have P∗Ut ⊂ NS(Nt) with equality holding for very
general t and for t = 0. In what follows we freely restrict ∆, if necessary, without any mention.
As in Propostion 2.6, let H be the big and nef line bundle on N0 that contracts θ (i.e. H is a
generator of the ray θ⊥). Since H ∈ P∗U0, by Lemma 4.6, H deforms to a line bundle H on N . For
very general t, its restriction Ht is a generator of the one dimensional space (Pt)∗Θ

⊥
t ⊂ NS(Nt).

By [Dru11], (Pt)∗Θt can be contracted on a birational model of Nt. We now show that it can be
contracted on Nt itself. For very general t, the line bundle inducing the divisorial contraction has
to be Ht, or rather its proper transform on an appropriate birational model of Nt. It follows that
for very general t (and thus for all t) Ht is big. Moreover, since H0 is big and nef and N0 has
rational singularities, H i(N0,H

k
0) = 0 for i > 0 and any k ≥ 0. It follows that the locally free sheaf

g∗H
k satisfies base change. Since H0 is semi-ample, so is Ht for all t in ∆. For k ≫ 0, the regular

morphism Ψ : N → P(g∗g∗H
k), relative over ∆, is birational onto its image and contracts Θt for

very general t and for t = 0. Up to further restricting t, we can assume that the locus contracted
on Nt is irreducible, and hence that Ψt contracts precisely (Pt)∗Θt for every t.
The proof of Theorem 4.1 is now complete:

Proof of Theorem 4.1. Let X be general. By Proposition 4.7, the Mukai flop p : J 99K N of J along
the zero section is projective and on J there exists a big and nef line bundle that contracts the zero
section. For very general X, H0 is unique, up to a positive rational multiple and Nef(J) = 〈L,H0〉.
Moreover, we have showed that for general X there is a divisorial contraction N → N̄ , contracting
p∗Θ. Since the divisorial contraction N → N contracts the ruling of Θ (cf. Prop. 3.6), by (3.2)
it follows that the image of Θ in N̄ is birational to the LLSvS 8-fold Z(X). For very general X,
Nef(N) = 〈p∗H0, p∗H〉, where p∗H is the unique (up to a positive multiple) big and nef line bundle
inducing the contraction. By [Huy03, Prop. 4.2], H is the second ray of the movable cone of J , i.e.
Mov(J) = 〈L,H〉. �

5. The Mordell-Weil group of J(X)

Let a : A → B be a projective family of abelian varieties over an irreducible basis B and suppose
that a admits a zero section. The Mordell-Weil group MW (a) of a : A → B is the group of
rational sections of a : A → B. Equivalently, if K denotes the function field of B, MW (a) is the
group of K-rational points of the generic fiber AK . For Lagrangian hyper–Kähler manifolds, the
study of the Mordell-Weil group of abelian fibered hyper–Kähler manifolds was started by Oguiso
in [Ogu09b,Ogu09a]. The aim of this section is to prove the following theorem
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Theorem 5.1. Let X be a smooth cubic fourfold and let π : J = J(X) → P5 be as in Theorem 1.6,
a smooth projective hyper–Kähler compactification of JU . Let MW (π) be the Mordell-Weil group
of π, i.e., the group of rational sections of π and let H2,2(X,Z)0 be the primitive degree 4 integral
cohomology of X. The natural group homomorphism

φX : H2,2(X,Z)0 →MW (π)

induced by the Abel-Jacobi map (cf. 5.1) is an isomorphism.

Corollary 5.2. The group MW (π) is torsion free.

Remark 5.3. In [Ogu09a] Oguiso proved the existence of Lagrangian fibered hyper–Kähler mani-
folds whose Mordell-Weil group has rank 20. This is the maximal possible rank among all the known
examples of hyper–Kähler manifolds, as follows from the Shioda-Tate formula of [Ogu09b] (see also

Proposition 5.4 below). Oguiso considers deformations of the abelian fibration M̃2v0 → P5 (cf. 2.3)
preserving both the Lagrangian fibration structure and the zero section; among these deformations,
Oguiso shows the existence of Lagrangian fibration with rank 20 Mordell-Weil group [Ogu09b, Thm

1.4 (2)]. The general deformation of M̃2v0 → P5 for which both the Lagrangian fibration structure
and the zero section are preserved (this is a codimension two condition) is, up to birational isomor-
phism, J(X) (see Remark 3.3). By the Theorem above Lagrangian fibrations of the form J(X),
for X with rkH2,2(X,Z) = 22, satisfy rkMW (π) = 20. Thus, they provide an explicit description
of Oguiso’s examples.

The following Proposition is essentially a reformulation of results from [Ogu09b,Ogu09a].

Proposition 5.4. Let π : M → Pn be a projective hyper–Kähler manifold with a fixed (rational)
section. Let K = C(Pn) be the function field of the base and let MK the base change of M to the
generic point of P5. There is a commutative diagram,

0

��

0

��
0 // ZL⊕ ZDi

// L⊥

��

// Pic0(MK) //

��

0

0 // ZL⊕ ZDi
// NS(M)

rb
����

rK // Pic(MK) //

����

0

Z NS(MK)

where L = π∗OPn(1) and where the D1, . . . ,Dk are the irreducible components of the complement
of the regular locus of π that do not meet the section. In particular, rk(MW (π)) = rk(NS(M)) −
rkZL⊕ ZDi − 1 = rk(NS(M))− k.

Proof. The column on the left is exact by definition. By [Voi92], for b in the locus U ⊂ Pn

parametrizing smooth fibers of π, Im[rb : NS(M) → Pic(Mb)] = Z. The same argument as in
Lemma 3.5 shows that a line bundle D on M lies in L⊥ if and only if Dn · Ln = (D|Mb

)n = 0.
Since rk rb = 1, this holds if and only if D · Ln = D|Mb

= 0, which is equivalent to D ∈ ker rb.
This shows that the central column is exact. The same argument of [Ogu09a, Thm 1.1], which
was used to show that rkNS(MK) = 1, shows that any element in ker(rb) = L⊥ goes to zero in
NS(MK). Thus there are induced horizontal morphisms L⊥ → Pic0(MK) and Z → NS(MK). Since
NS(M) → Pic(MK) is surjective, the bottom horizontal morphism is an isomorphism. The natural
morphism ZL⊕ZDi → NS(M) is injective, since by [Ogu09b, Lem 2.4] it has maximal rank over Q
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and NS(M) is torsion free. Clearly, ZL⊕ ZDi ⊂ ker(rK). To show the reverse inclusion, let D be
any line bundle onM that goes to zero in Pic(MK). Then, by what we have already proved, for any
smooth fiber we have rb(D) = D|Mb

= 0. It follows that D is a linear combination of L = π∗OPn(1)

and boundary divisors, i.e., D ∈ ZL⊕ ZDi. Since rk(MW (π)) = rkPic0(MK), the last statement
also follows.

�

Remark 5.5. The study of the Mordell-Weil group for the Beauville-Mukai system is being carried
out in a joint work in progress with Chiara Camere.

Corollary 5.6. Let J = J(X) → P5 be a hyper–Kähler compactification of the intermediate
Jacobian fibration. Then

rkMW (π) = rkNS(J)− 2 = rkH2,2(X,Z)0.

Proof. The discriminant locus of π is irreducible and the fibers of π over the general point of the
discriminant are also irreducible (cf. Lemma 1.2). Thus, in the notation of Proposition above,
ker rK = ZL and the equality rkMW (π) = rkNS(J) − 2 follows. The remaining equality follows
from Lemma 3.2.

�

Remark 5.7. The corollary just proven, which relies on Oguiso’s Shioda-Tate formula above, is
the only part of this section where we use that JU admits a hyper–Kähler compactification with
a regular Lagrangian fibration extending JU → U . Indeed, to define the Abel-Jacobi map φX
and to prove that it is injective (§5.3), we don’t need to assume the existence of a hyper–Kähler
compactification. However, we will use this Corollary in the proof of the surjectivity (§5.4).

Remark 5.8. An interesting problem is to study the action on J of the birational automorphisms
induced by translation by a non-trivial element of MW (π) as well as to study the automorphism
group of the generic fiber JK . Notice that, as a consequence of the observations of §3.1, if J → P5 has
irreducible fibers then the birational automorphisms induced by translation are regular morphisms.

5.1. The Abel-Jacobi mapping. This sections uses some ingredients from the theory of normal
functions (certain holomorphic sections of intermediate Jacobian fibrations), as developed and used
by Griffiths [Gri69,Gri70], Zucker [Zuc76,Zuc77], and Voisin [Voi07]. We refer to these papers, as
well as to [Voi03, §7.2.1, 8.2.2] for the relevant theory.
The first task is to define the morphism φX : H2,2(X,Z)0 →MW (π). One way to do this is to use
relative Deligne cohomology, which allows to define an algebraic section of the fibration JU → U .
See, for example, [Voi07,EZZ84].
A more geometric way to define the morphism φX is in terms of algebraic cycles and Abel-Jacobi
maps, which is what we use here. This is possible because the integral Hodge conjecture holds for
degree 4 Hodge class on X [Voi07,Zuc77]. It allows us to avoid, in the current presentation, defining
the normal function associated with a cohomology class. The reader should keep in mind, however,
that constructing an algebraic section of the intermediate Jacobian fibrations with a Hodge class
on X is a key ingredient in the proof of the Hodge conjecture of [Voi07,Zuc77], so the short cut is
only at the level of our presentation.
As already mentioned, the integral Hodge conjecture holds for degree 4 Hodge class on X. In
particular for every class α ∈ H2,2(X,Z) there is an algebraic cycle Z such that [Z] = α. Let
V ⊂ P5 be the open subset parametrizing smooth hyperplane sections of X that do not contain
any of the components of Z. If α is a primitive cohomology class, then for b = [Yb] ∈ V the 1-cycle
Zb satisfies

[ZYb ] = 0 in H4(Yb,Z) = Z
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and hence determines a point φYb(Zb) ∈ Jac(Yb) in the intermediate Jacobian of Yb. By Griffiths
[Gri70] (see also §7.2.1 of [Voi03]) the assignment

σZ : V −→ JV ,

b 7−→ φYb(Zb)

defines a holomorphic section of the restriction of J to V ⊂ P5. By [Zuc76], this section is, in
fact, algebraic: Indeed, consider a Lefschetz pencil Y ′ → P1 of hyperplanes of X with P1 ⊂ V and
with the property that none of the singular points of the members of the pencil are contained in
Z. By [Zuc76, (4.58)] the restriction of σZ to the non empty open subset V ∩ P1 of the pencil
extends to a holomorphic function on all of P1 and is thus algebraic (see also [EZZ84]). Since a
holomorphic function that is algebraic in each variable is algebraic (see for example Thm. 5 Chap.
IX of [BM48]), it follows that σZ actually defines a rational function on P5, i.e.

σZ ∈MW (π).

Notice that the holomorphic section σZ does not depend on the algebraic cycle representing α. In-
deed, since CH0(X) = Z, by [Voi14, Thm 6.24] it follows that the cycle map CH2(X) → H2,2(X,Z)
is injective. It follows that if Z and Z ′ are homologous, then they are rationally equivalent in X
and hence so are their restrictions to a general smooth hyperplane section. The conclusion of this
discussion is that the Abel-Jacobi map induces a well defined group homomorphism

(5.1)
φX : H2,2(X,Z)0 −→MW (π).

α = [Z] 7−→ σα := σZ

We prove injectivity of φX in §5.3 and surjectivity in §5.4. Since we will restrict to general pencils
in P5, we start by recalling a few standard facts about Lefschetz pencils of cubic threefolds.

5.2. Preliminaries on Lefschetz pencils. We start by setting up the notation. Let P1 ⊂ (P5)∨

be a Lefschetz pencil with base locus a smooth cubic surface Σ ⊂ X. We have the following diagram

Σ× P1

p1

||①①
①①
①①
①①
①

�

� i // Y ′

p

{{①①
①①
①①
①①
①

q

  ❅
❅❅

❅❅
❅❅

❅

Σ �

� // X P1

where Y ′ = BlΣX, where q : Y ′ → P1 is the fibration of threefolds, and where i : Σ × P1 → Y ′ is
the inclusion of the exceptional divisor in Y ′. Let j : U ′ ⊂ P1 be the open subset parametrizing
smooth fibers.
The following Lemma is standard. We include a proof for lack of reference.

Lemma 5.9. The homology and cohomology groups of a cubic threefold which is smooth or has one
A1 singularity have no torsion. Moreover, using the notation as above,

R1q∗Z = 0, R2q∗Z = Z, R3q∗Z = j∗j
∗R3q∗Z, R4q∗Z = Z.

Proof. The statement about the homology groups of a cubic threefold with at most an A1 singularity
follow from [Dim86, Example 5.3 and Thm. 2.1]; using the universal coefficient theorem, the
statement on the cohomology groups then follow. From loc. cit it also follows that H4(Y,Z) =
H4(Y,Z)

∨ = Z, and hence R4q∗Z = Z follows by proper base change. The first two statements
on the higher direct images follow from Lefschetz hyperplane section theorem. The third equality,
which is also known as the “local invariant cycle” property, can be seen as follows (it is well known
to hold with Q-coefficents, we now show it with Z-coefficients). By adjunction, there is a natural
morphism

ǫ : R3q∗Z → j∗j
∗R3q∗Z
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which is an isomorphism over U . To show ǫ is an isomorphism over any point of B := P1 \ U ′ we
restrict, for every b0 ∈ B, to a small disk ∆ centered at b0. Then ǫ is an isomorphism around b0 if
and only if the specialization morphism

H3(Yb0 ,Z)
∼= H3(Y ′,Z) → H3(Yb,Z)

inv = (j∗j
∗R3q∗Z)b0

is an isomorphism (cf. [PS08, pg 439-440]), where b ∈ ∆ ∩ U ′ and H3(Yb,Z)
inv ⊂ H3(Yb,Z) are

the local monodromy invariants. Let δ ∈ H3(Yb,Z) be the vanishing cycle of Y ′
∆. By the Picard–

Lefschetz formula H3(Yb,Z)
inv = Zδ⊥, where ⊥ is taken with respect to the intersection product

(which is non–degenerate since H3(Yb,Z) is torsion free). By Cor. 2.17 of [Voi03], there is a short
exact sequence

0 → Zδ → H3(Yb,Z) → H3(Y
′
∆,Z) ∼= H3(Yb0 ,Z) → 0.

where 0 6= δ ∈ H3(Yb,Z) is the class of the vanishing cycle. Dualizing, we get a short exact sequence

0 → H3(Yb0 ,Z) → H3(Yb,Z) → (Zδ)∨ → 0.

(recall the absence of torsion in the homology groups of Yb and Yb0). Using the isomor-
phism H3(Yb,Z) ∼= H3(Yb,Z) induced by Poincaré duality we make the identification Zδ⊥ =
ker[H3(Yb,Z) → Zδ∨] = Im[H3(Yb0 ,Z) → H3(Yb,Z)]. �

It is well known that for a Lefschetz pencil the Leray spectral sequence with coefficients in Q

degenerates at E2. For a Lefschetz pencil of cubic threefolds, this is true also for Z coefficients.
Again, we include a proof for lack of reference. For the whole family of smooth hyperplane sections
of X the Leray spectral sequence with integers coefficients does not degenerate at E2; this is the
starting point of the construction of the non trivial JU -torsor of [Voi18a] (cf. Remark 1.10).

Lemma 5.10. Let q : Y ′ → P1 be as above. The Leray spectral sequence with Z coefficients
degenerates at E2. In particular, the Leray filtration on H4(Y ′,Z) is given by:

(5.2)
Z = H2(P1, R2f∗Z) ⊂ L1 ⊂ H4(Y ′,Z) ։ H0(P1, R4f∗Z) = Z

0 → H2(P1, R2f∗Z) → L1
γ
→ H1(P1, R3f∗Z) → 0.

Proof. Because of the many vanishings in the E2-page of the spectral sequence, the only map we
need to show is trivial is H0(P1, R4q∗Z) → H2(P1, R3q∗Z). For this, it is enough to show that
H4(Yb,Z) → H0(P1, R4q∗Z) is surjective, which is clearly true since both groups are generated by
the class of a line. �

Consider the decomposition

(5.3) H4(Y ′,Z) = H4(X,Z)⊕H2(Σ,Z)⊕H0(Σ,Z),

given by the blowup formula. The inclusion of the first summand is given by the pullback p∗; we
freely omit the symbol p∗ when viewing H4(X,Z) as a subspace of H4(Y ′,Z). The inclusion of the
second factor is given by H2(Σ,Z) ∋ C 7→ i∗(C×P1) ∈ H4(Y ′,Z). Finally, the inclusion of the last
summand is given by H0(Σ,Z) = H0(Σ,Z)⊗H2(P1,Z) ∋ [Σ] = [Σ× p] 7→ i∗([Σ× p]) ∈ H4(Y ′,Z),
where p ∈ P1 is a point. We highlight the following results for later use.

Lemma 5.11. There is a natural isomorphism H0(Σ,Z) ∼= H2(P1, R2q∗Z) which allows the identi-

fication of the inclusion H0(Σ,Z) ∼= H0(Σ,Z)⊗H2(P1,Z)
i∗→ H4(Y ′,Z) of (5.3) with the inclusion

H2(P1, R2q∗Z) → H4(Y ′,Z) induced by the Leray filtration (5.10).

Proof. The closed embedding i : Σ × P1 →֒ Y ′ determines an isomorphism p2∗Z
∼= R2q∗Z of

constant local systems. Here ps : Σ × P1 → P1 is the projection on the section factor. Since
H2(P1, p2∗Z) = H0(Σ,Z)⊗H2(P1,Z) the lemma follows. �

Via p∗, we make the identification H4(X,Z)0 ∼= L1∩H
4(X,Z) and we set L2,2

1 = L1 ∩H
2,2(Y ′,Z).
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Corollary 5.12. The surjective morphism γ : L1 → H1(P1, R3q∗Z) of (5.2) restricts to an injection

γ̄ : L1 ∩ (H2,2(X,Z)⊕H2(Σ,Z)) ∼= L2,2
1 / ker(γ) → H1(P1, R3q∗Z).

Proof. From Lemma the two lemmas above, it follows that ker(γ) = H2(P1, R2q∗Z) = H0(Σ,Z).
Thus, by (5.3), it follows that H4(X,Z)⊕H2(Σ,Z)) ∩ ker(γ) = {0}. Since H0(Σ,Z) ⊂ L1 and

(5.4) L1 ∩
(
H2,2(X,Z)⊕H2(Σ,Z)⊕H0(Σ,Z)

)
= L1 ∩

(
H2,2(X,Z)⊕H2(Σ,Z)

)
⊕H0(Σ,Z)

the Corollary follows. �

Lemma 5.13. The restriction morphism H1(P1, R3q∗Z) → H1(U ′, R3qU ′∗Z) is injective.

Proof. The Leray spectral sequence for the open immersion j : U ′ → P1, applied to the sheaf
j∗R3q∗Z = R3qU ′∗Z, gives a 5-term exact sequence starting with

0 → H1(P1, j∗j
∗R3q∗Z) → H1(U ′, R3qU ′∗Z) → . . .

This concludes the proof, since by Lemma 5.9, R3q∗Z = j∗j
∗R3q∗Z. �

5.3. Injectivity of φX . The proof of injectivity uses the Hodge class of a normal function (cf.
[Zuc76] and [Voi03, §8.2.2]).
For a pencil Y ′ → P1 as above, set

H2,2(Y ′,Z)0 := L2,2
1 = ker[H2,2(Y ′,Z) → H0(P1, R4q∗Z)] = L1 ∩H

2,2(Y ′,Z).

and let
π′ = J ′ → P1, and JU ′ → U ′,

be the restriction of the intermediate Jacobian fibration to P1 and to U ′. Choosing a set of gener-
ators for H2,2(X,Z)0, let Y

′ → P1 be a general enough pencil so that the restriction morphism

(5.5) φ′X : H2,2(X,Z)0 →MW (π′)

is well defined. Here, MW (π′) is the group of rational sections of π′. Similarly, we get a group
homomorphism φ′Y ′ : H2,2(Y ′,Z)0 →MW (π′). Moreover, if α ∈ H2,2(X,Z)0 then

φ′Y ′(p∗α) = φ′X(α) ∈MW (π′).

Recall the Hodge class of a normal function (cf. [Voi03, 8.2.2], [Zuc76, (3.9)])). Let H3 =
R3qU ′∗Z ⊗Z OU ′ be the Hodge bundle associated to the weight 3 variation of Hodge structure
of the pencil and let F ∗H3 be the Hodge filtration. The sheaf JU ′ of holomorphic sections of the
intermediate Jacobian fibration fits in the following exact sequence

0 → R3f ′U ′∗Z → H3/F 2H3 → JU ′ → 0.

and the coboundary morphism

H0(U ′,JU ′)
cl

−→ H1(U ′, R3f∗Z)

ν 7−→ cl(ν)

associates to every holomorphic section ν of JU ′ → U ′ a class cl(ν) in H1(U ′, R3q∗Z), called the
Hodge class of ν (in the present context, this class is of Hodge type with respect to the Hodge
structure onH1(U ′, R3q∗Z) induced from that onH4(Y ′,Z) via the degeneracy of the Leray spectral
sequence, see [Zuc76, §3]).

Lemma 5.14. Let Y ′ → P1 be a general pencil. The homomorphism of (5.5)

φ′X : H2,2(X,Z)0
β

−→MW (π′)

is injective.
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Proof. By Prop. (3.9) of [Zuc76] (see also Lemma 8.20 of [Voi03]), the following diagram is com-
mutative

(5.6) H2,2(X,Z)0
p∗ //

φ′
X ''PP

PP
PP

PP
PP

P
H2,2(Y ′,Z)0

φ′
Y′

��

γ // H1(P1, R3p∗Z)

ε

��
H0(U ′,JU ′)

cl
// H1(U ′, R3f ′∗Z)

The map ε is injective by Lemma 5.13, and p∗ ◦ γ is injective by Lemma 5.12. Hence, cl ◦ φ′X is
injective and thus so is φ′X .

�

5.4. Surjectivity of φX . There are three ingredients in the proof of surjectivity: the fact that
rkMW (π) = rkH2,2(X,Z)0 as proved in Corollary 5.6; the restriction, once again, to Lefschetz
pencils; the techniques used in [Voi07,Zuc77] for the proof of the integral Hodge conjecture for cubic
fourfolds. We remark that we use their argument in a slightly different way. To prove the Hodge
conjecture one starts with a cohomology class, uses it to define a normal function, and then uses
the normal function to construct an algebraic cycle representing the cohomology class (possibly up
to a multiple of a complete intersection surface). See [Voi07] for more details. Here we start with
a rational section of the intermediate Jacobian fibration, we restrict to a general pencil, and use
the same method of Voisin to construct an algebraic cycle inducing the section via the Abel-Jacobi
map. Then we have to check that the cohomology class representing this cycle is primitive, that it
is independent of the pencil, and that it induces, via φX , the section we started from.
Since by Corollary 5.6 the cokernel of the injection φX : H2,2(X,Z)0 → MW (π) is finite, for any
σ ∈MW (π) there is an integer N and a cohomology class α ∈ H2,2(X,Z)0 such that

(5.7) σα := φX(α) = Nσ.

To achieve surjectivity on the nose and not just after multiplying by a suitable integer, we again
use Lefschetz pencils. For a general pencil Y ′ → P1, let

(JT )′ → P1

be the restriction of the intermediate Jacobian fibration JT → P5 of [Voi18a] (cf. Remark 1.10)
to the pencil. For a conic C ⊂ Σ, consider the relative 1-cycle of degree 2 in Y ′ → P1 (any other
degree 2 relative 1–cycle that comes from Σ will do). This defines a section of (JT )′ → P1, which
trivializes the torsor (JT )U ′ inducing an isomorphism J ′

U ′
∼= (JT )U ′ . It is easily seen that this

extends to an isomorphism tC : J ′ ∼= (JT )′ over P1. For any σ′ ∈ H0(U ′,JU ′), we may consider the
induced section

(σT )′ := tC ◦ σ′ ∈ H0(U ′,J T
U ′)

The following result is proved in Voisin [Voi07] (see also [Zuc77, (3.2)], where the result is proved
over Q).

Proposition 5.15. ( [Voi07, §2.3]) For any section σ′ ∈MW (π′)
there is a relative 1-cycle Z on Y ′ of degree 2, such that the cohomology class

β′ = [Z]− [C × P1] ∈ H2,2(Y ′,Z)0

satisfies φ′Y ′(β′) = σ′ in MW (π′).

Proof. For the reader’s convenience, we give a brief sketch of the argument. By a result of
Markushevich-Tikhomirov [MT01] and Druel [Dru00] there is a a relative birational morphism
c2 : M′

U ′ → JTU ′ , where M′
U ′ → U ′ is the relative moduli space of sheaves on Y ′

U ′ → U ′ with
c1 = 0 and c2 = 2ℓ. The morphism associates to every sheaf corresponding to a point in M′

U ′
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the Abel-Jacobi invariant of its second Chern class. Given a section (σT )′ ∈ H0(U ′,J T
U ′) as above,

Voisin uses M′
U ′ → U ′ to construct a family CU ′ of degree 2 curves in the fibers of Y ′

U ′ → U ′

with the property that for every b ∈ U ′, the curve Cb represents the c2 of a sheaf over (σT )′(b). By
construction, letting Z be the closure of CU ′ in Y ′ and setting β′ := [Z]− [C × P1] ∈ H2,2(Y ′,Z)0,
we have φ′Y ′(β′) = σ′ in H0(U ′,JU ′). �

Let σ ∈ MW (π). For a general pencil P1 ⊂ P5, let σ′ = σ|P1 be the restriction of σ to P1, and let

β′ be as in the Proposition above so that φ′Y ′(β′) = σ′. It is tempting to say that, via φX , the class
β′ induces σ globally and not just on that pencil. This is indeed the case, though we first need to
check that β′ lies in the primitive cohomology of X and that β′ is independent of the pencil as well
as of the chosen isomorphism tC : J ′ ∼= (JT )′. More precisely, we need to check that β′ induces
σ over an open subset of P5 and not just on the chosen pencil. Before checking this, we have the
following Proposition.
Recall that we have set H2,2(Y ′,Z)0 = L1 ∩H

2,2(Y ′,Z).

Proposition 5.16. (cf. [Zuc76, ]) The Abel-Jacobi morphism φY ′ : H2,2(Y ′,Z)0 → MW (π′) ⊂
H0(U ′,JU ′) is surjective and defines an isomorphism

φ̄Y ′ : L1 ∩ (H2,2(X,Z)⊕H2(Σ,Z)) →MW (π′)

Proof. By diagram (5.6) and the fact that ǫ is injective, ker(φY ′) = ker γ, which by Lemma 5.10 is
equal to H0(Σ,Z). Since φY ′ is surjective by the proposition above, the induced morphism φ̄Y ′ :
H2,2(Y ′,Z)0/H

0(Σ,Z) → MW (π′) is an isomorphism. Finally, by (5.4), H2,2(Y ′,Z)0/H
0(Σ,Z) ∼=

L1 ∩ (H2,2(X,Z)⊕H2(Σ,Z)). �

We can now end the proof of surjectivity: For σ ∈ MW (π), let α ∈ H2,2(X,Z)0 be as in (5.7).
Restricting to a pencil Y ′ → P1, set σ′ = σ|P1 and let β′ be as in Proposition 5.15 such that

φY ′(β′) = σ′. Finally, let β̄′ and ᾱ be the projections of β′ and α onto L1∩(H2,2(X,Z)⊕H2(Σ,Z)).
Then,

φY ′(α) = (φX(α))|P1 = Nσ′ = NφY ′(β′) = φY ′(Nβ′).

By Proposition 5.16, ᾱ = Nβ̄′ ∈ L1 ∩ (H2,2(X,Z) ⊕ H2(Σ,Z)). Since ᾱ ∈ H2,2(X,Z)0 ⊂ L1 ∩(
H2,2(X,Z)⊕H2(Σ,Z)

)
, it follows that β̄′, too, has to lie in H2,2(X,Z)0 ⊂ H2,2(Y ′,Z). Moreover,

the class β̄′, which a priori depends on the chosen Lefschetz pencil is independent of the pencil.
Set σβ̄′ = φX(β̄

′). Then, for any sufficiently general Lefschetz pencil P1 ⊂ P5 we have an equality
of sections

(σβ̄′)|P1 = σ|P1 ,

and hence the two rational sections σβ̄′ and σ coincide. This ends the proof of surjectivity.

Appendix A. On the Beauville conjecture for LSV varieties, by Claire Voisin

We explain in this appendix a consequence of Corollary 3.9, on the following conjecture made by
Beauville in [Bea07].

Conjecture A.1. Let M be a projective hyper-Kähler manifold. Any polynomial cohomological
relation P (d1, . . . , dr) = 0 in H∗(M,Q), where di are divisor classes onM , already holds in CH(M).

Here CH(M) denotes the Chow groups of M with rational coefficients. Let now M → B be a
projective hyper-Kähler manifold of dimension 2n equipped with a Lagrangian fibration, and let
L ∈ Pic(M) = NS(M) be the Lagrangian class pulled back from B (see [Mat99]). We have q(L) = 0
by the Beauville-Fujiki relations, since L2n = 0. Let also h ∈ Pic(M) = NS(M) be the class of an
ample divisor on M , so that the intersection pairing q restricted to 〈L, h〉 is nondegenerate by the
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Hodge index theorem. The same argument as in [Bog96] shows that the polynomial cohomological
relations between L and h are generated by the relations

αn+1 = 0 in H2n+2(M,Q) when q(α) = 0, for α ∈ 〈L, h〉.(A.1)

Here we can restrict to rational cohomology classes because we know that there is an isotropic
class in 〈L, h〉. We consider now more specifically an LSV variety J (which is of dimension 10, so
n = 5) which is constructed in [LSV17] as a Lagrangian fibration over P5. The Picard group of a
very general such variety is a rank 2 lattice which contains as above the Lagrangian class L and
an ample class, but we take as a basis the classes L, Θ, where Θ was introduced in [LSV17] and
is studied in the present paper. Riess proved in [Rie16] that a hyper-Kähler manifold M which
has a Lagrangian fibration and satisfies the “RLF conjecture” characterizing classes associated
to Lagrangian fibrations, satisfies Beauville’s conjecture. However we do not know that the LSV
vareties satisfy the RLF conjecture. We prove here the following result.

Theorem A.2. The relations (A.1) hold in CH(J) for the lattice 〈L, Θ〉 of an LSV variety J .
Conjecture A.1 is thus satisfied by a LSV variety with Picard number 2.

Proof. There are (up to multiples) exactly two classes L and L′ in 〈L, Θ〉 satisfying q(L) =
0, q(L′) = 0. Obviously L6 = 0 in CH(J) since L comes from the base which is of dimension

5, so we only have to prove that L′6 = 0 in CH(J). We use the Riess argument in [Rie16], however
in a different way. As a consequence of fundamental results of Huybrechts in [Huy03], Riess proved
the following:

Theorem A.3. [Rie16, Theorem 3.3] Let K be an isotropic class on a projective hyper-Kähler
manifold M of dimension 2n. Then there exists a cycle Γ ∈ CH2n(M ×M) such that Γ∗ acts as an
automorphism of CH(M) preserving the intersection product, the action of Γ∗ on H2(M) preserves
the Beauville-Bogomolov form qM , and Γ∗K belongs to the boundary of the birational Kähler cone
of M .

Here the birational Kähler cone of M is defined as the union of the Kähler cones of hyper-Kähler
manifolds M ′ bimeromorphic to M (the bimeromorphic map M ′

99K M inducing an isomorphism
on H2). We apply this theorem to our class L′ on J and thus get a correspondence Γ as above.
The class Γ∗L′ is an isotropic class, hence it must be proportional to either L′ or L. Furthermore,
it belongs to the boundary of the birational Kähler cone. We now have

Lemma A.4. The class L′ does not belong to the boundary of the birational Kähler cone.

Proof. This is proved in Corollary 3.9 of the present paper. �

By Lemma A.4, we conclude that Γ∗L′ is proportional to L. As L6 = 0 in CH6(J) and Γ∗

is an automorphism of CH(J) preserving the intersection product, we conclude that L′6 = 0 in
CH6(J). �

If we consider the case of Picard rank 3, where the Picard lattice N of J is generated by three
classes L, Θ, D, with q(L,D) = 0, q(Θ,D) = 0 there are now, according to [Bog96], 13 degree 6
cohomological relations between L, Θ and D, generated by the classes α6 ∈ S6N ⊂ S6H2(J,Q),
where α belongs to the conic q(α) = 0. Among these relations, two of them, namely those involving
only L and Θ, are established in CH(J) by Theorem A.2. We also have the relations

L5D = 0 and L′5D = 0 in H12(J,Q),(A.2)

which are obtained by differentiating the relation (A.1) at α = L or α = L′ in the direction given
by D, (which is tangent to the conic at these points since q(D,L) = 0, q(D,L′) = 0). We prove
the following:
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Theorem A.5. The relations (A.2) are satisfied in CH6(J).

Proof. The first relation is proved by applying the following result from [Voi18b], which works in a
more general context and needs a mild assumption on the infinitesimal variation of Hodge structure
of a family of abelian varieties at the generic point of the base. Let more generally M → B be a
fibration into abelian varieties and let A ∈ PicM be a line bundle whose restriction to the general
fiber Mb is topologically trivial.

Proposition A.6. Assume that at the generic point t ∈ B, there exists a class α ∈ H1,0(Mb) such
that ∇(α) : TB,b → H0,1(Mb) is surjective. Then there exists a point b ∈ B such that Mb is smooth
and A|Mb

is a torsion line bundle.
If all fibers Mb have the same class F in CH(M), it thus follows that F.A = 0 in CH(M).

Coming back to our situation, we have to check that the assumption on the infinitesimal variation
of Hodge structures is satisfied in our situation. Let J be the LSV variety of a cubic fourfold X.
The infinitesimal variation of Hodge structure for the fibers of the lagrangian fibration J → (P5)∨

is thus canonically isomorphic to the variation of Hodge structure on the H3 of the hyperplane
section XH ⊂ X. If Y is a smooth cubic threefold in P4 defined by an equation f = 0, Griffiths
theory of IVHS of hypersurfaces says that there isomorphisms

H2,1(Y ) ∼= R1
f , H

1,2(Y ) ∼= R4
f ,

such that the infinitesimal variation of Hodge structure onH3(Y,C) is given (using the identification
R3
f
∼= H1(Y, TY )) by the multiplication map

R3
f → Hom (R1

f , R
4
f ).

We now consider the case where Y is a hyperplane section XH , defined by a linear equation H,
of the cubic fourfold X. It is immediate to see that the inclusions XH ⊂ X ⊂ P5 determine a
quadratic polynomial QX,H ∈ R2

f such that the natural map ρ : H0(XH ,OXH
(1)) → R3

f , defined
as the first order classifying map for the deformations of XH in X, is given by multiplication by
QX,H . Combining these facts, we conclude that the desired infinitesimal criterion for the fibration
J → (P5)∨ holds if there exist a smooth hyperplane section XH ⊂ X and a linear form x ∈
H0(XH ,OXH

(1)) = R1
f such that, with the above notation, the product map

xQX,H : R1
f → R4

f

by xQX,H is an isomorphism. It is quite easy to show that the existence of such a hyperplane
section is satisfied by X in codimension 1 in the moduli space of cubic fourfolds, hence at the
generic point of any Hodge locus in this moduli space, or equivalently any Noether-Lefschetz locus
for the corresponding LSV variety J . The relation L5D = 0 in CH6(J) is thus satisfied at the
generic point of the deformation locus of J preserving the Hodge class D, hence everywhere by
specialization.
To conclude the proof of Theorem A.5, we have to prove the relation L′5D = 0 in CH6(J). This
follows however from the relation L5D = 0 in CH6(J) by the same argument as in the proof
of Theorem A.2, using the specialization of the cycle Γ and observing that Γ∗ acts by ±1 on
H2(J,Q)⊥〈L,Θ〉, hence on D. �
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