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ABSTRACT. Let X be a general cubic fourfold. It was observed by Donagi and Markman that the relative
intermediate Jacobian fibration J /U (with U = (P5)V\ XV) associated to the smooth hyperplane sections of
X carries a natural holomorphic symplectic form making the fibration Lagrangian. In this paper, we obtain
a smooth projective compactification J of J with the property that the holomorphic symplectic form on J
extends to a holomorphic symplectic form on 7. In particular, J is a 10-dimensional compact hyper-Kéhler
manifold, which we show to be deformation equivalent to the exceptional example of O’Grady. This proves
a conjecture by Markushevich.

INTRODUCTION

It is a problem of significant interest to construct and classify compact hyper-Kéhler (HK) manifolds. In
dimension 2, the HK manifolds are K3 surfaces. All known higher dimensional examples are obtained from
K3s or abelian varieties, by a moduli construction and a deformation. Specifically, Beauville [Bea83] has
given two series of examples: the Hilbert scheme of points on K3s, and respectively generalized Kummer
varieties. Mukai [Muk84] has given a more general construction, namely he has shown that the moduli
space of semi-stable sheaves on K3s carries a symplectic form, and thus is a HK manifold if it is smooth.
Unfortunately, these examples are deformation equivalent to those of Beauville [Yos06]. Starting from a
singular moduli space of sheaves on K 3s, O’Grady [0’G99, O’G03] has produced two genuinely new examples:
a 10-dimensional and a 6-dimensional one, that we call OG10 and OG6 respectively. It was subsequently
verified ([KLSO06]) that these are the only two new examples that can be obtained by this method.

It is natural to expect that hyper-Kéhler manifolds can be constructed from lower dimensional objects of
similar nature. Specifically, we recall that the moduli space of polarized HK manifolds in a fixed deformation
class is birational via the period map to a locally symmetric variety Z/I", where Z is a Type IV domain,
and T' an arithmetic group. Such a locally symmetric variety contains divisors 2’/T” (known as Noether—
Lefschetz or Heegner divisors) which are of the same type. It is natural to expect that some of these NL
divisors are associated (at least motivically) to moduli spaces of lower dimensional HK manifolds. For
instance, the Beauville-Mukai construction will give such an example (i.e. Hilb"(K3) form a NL divisor
in the corresponding moduli space of 2n-dimensional HK manifolds). Another NL divisor in the moduli
space, that we will call a Lagrangian NL divisor, is obtained by considering the HK manifolds that admit a
Lagrangian fibration. Again, one can hope that they can be constructed from lower dimensional geometric
objects. Note also that moduli spaces of HK manifolds are one of the rare instances when the period map
has trivial Griffiths transversality relations, and thus the building blocks should be very special (essentially
again HK).

The 10-dimensional examples by O’Grady have by = 24, which means that polarized deformations of
them have 21 moduli, and complete families of such varieties with Picard number 2 have 20 moduli. The
construction by O’Grady in [0’G99] provides (infinitely many) 19-parameters families of such examples with
Picard number 3, parameterized by any moduli space of polarized K3 surfaces. Cubic fourfolds have 20
moduli and they are well-known to have associated 20-parameters families of hyper-Kéhler manifolds (see
[BD85], [LLSvS13]), that are all deformation equivalent to Hilbert schemes of K3 surfaces (see [AL14]). This
paper provides an algebrogeometric realization of the moduli space of cubic fourfolds as a 20-dimensional
moduli space of deformations of O’Grady’s 10-dimensional examples, and more precisely, as a Lagrangian
NL divisor in the larger 21-dimensional deformation space (our varieties are canonically polarized). Note
first that this embedding is a priori given by lattice considerations. Indeed, it is well known that the moduli
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space of cubic fourfolds is birational to a 20-dimensional locally symmetric variety D’/T", which is associated
to the lattice (up to a sign, which can be safely ignored here) A, & E2 @ U2. On the other hand, by
work of Rapagnetta [Rap08], it is known that the second cohomology of OG10 together with the Beauville—
Bogomolov form is isometric to the lattice Ay & EZ & U3. This shows that from an arithmetic point of
view, the situation is similar to that of elliptic K3s with a section (lattice E2 & U?), aka unigonal K3s,
versus general K3s (lattice E2 @ U3). Furthermore, it is not hard to abstractly embed the moduli of cubic
fourfolds as a NL divisor into a 21-dimensional period domain of polarized OG10 manifolds (again completely
analogous to the situation for unigonal K3s).

Our contribution in this paper is to realize geometrically this abstract embedding by actually constructing
a family of OG10 polarized manifolds parametrized by the moduli space of cubic 4-folds. This is done by
realizing the following program that has been started by Donagi—-Markman and developed by Markushevich,
with further evidence provided by work of Kuznetsov and O’Grady-Rapagnetta: Starting from a general
cubic fourfold X, one has the universal family )/ B of cubic threefolds (B := (P®)V) obtained as hyperplane
sections, and then the associated relative Intermediate Jacobian fibration J /U, where U = B\ XV C B
is the locus of smooth hyperplane sections. In 1993, Donagi and Markman [DM96a, DM96b] had the
insight that this fibration, which they showed to be algebraic, carries a holomorphic symplectic form. The
question naturally was raised, as to whether or not it admitted a holomorphic symplectic compactification.
If such a holomorphic symplectic compactification J/B existed, then it would have Picard number at least
2 and transcendental second cohomology containing the transcendental cohomology of the cubic X. Thus,
bo(J) > 24, showing in particular that 7 can not be deformation equivalent to K3[°! type, but potentially
equivalent to OG10. Markushevich and Kuznetsov [KM09] (with further supporting evidence by O’Grady
and others) conjectured that indeed a good compactification [J exists, and that it is of OG10 type. In this
paper, we verify this conjecture. Specifically, we prove

Main Theorem. (Cf. Theorem 5.6 and Corollary 6.2.) Let X C P5 be a general cubic fourfold. Let
B = (P°)V, U = (B\XV), and J/U the associated Intermediate Jacobian fibration. Then there exists a
smooth projective compactification J /B, which carries a holomorphic symplectic form, with respect to which
the fibration is Lagrangian. Furthermore, J is deformation equivalent to OG10.

The key issue for the theorem, and the main new content of the paper, is the construction of a smooth
projective compactification of the Intermediate Jacobian fibration that has a nondegenerate holomorphic
2-form. In order to do so, it is important to understand degenerations of intermediate Jacobians as the
hyperplane section of X becomes singular. The study of intermediate Jacobians from a different perspective
was done in [CML09, CMGHL15], and the main tool used there is Mumford’s construction of the intermediate
Jacobian as a Prym variety. This is our approach also here.

A key point that allows us to construct the compactification /B is the observation that much of the
Prym construction carries through for mildly singular cubic threefolds. Namely, we recall for a smooth cubic
threefold Y, the projection from a generic line I, realizes Y as a conic bundle over P? with discriminant
locus a smooth quintic C. Then, Mumford showed that J(Y) = Prym(C/C), where C is an étale cover
of C. In [CML09], we have noted that for mildly singular cubics Y there still exists good lines (see Def.
2.2) [ such that the associated quintic C' has a 1-to-1 correspondence with the singularities of Y (including
the type), and that the covering C /C' is still étale. This reduces questions about degenerations of cubic
threefolds to degenerations of curves. In [CMGHL15], we have studied the degeneration of the Prym variety
Prym(C/C) from the perspective of stable abelian varieties (in the sense of Alexeev). Here we study this
from the perspective of compactified relative Jacobians (or rather compactified Pryms) instead.

Finally, we should remark that this construction also provides the first example of hyperkahler manifolds
admitting a Lagrangian fibration in principally polarized abelian varieties that are not Jacobians of curves.
Indeed, the known constructions of compact holomorphic symplectic varieties that are fibered in principally
polarized abelian varieties are either the relative compactified Jacobian of a linear system on a K3 surface
(Beauville-Mukai system), or the relative compactified Prym associated to a linear system on a K3 with
an anti-symplectic involution ([MTO07], [ASF15]). In these last examples, either the Prym varieties are
isomorphic to Jacobian of curves, or the total space of the family has singularities that admit no symplectic
resolution.

Let us briefly describe the main steps of the paper.
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The hyper-Kahler structure. In Section 1, we review the construction of the relative Intermediate Ja-
cobian fibration J/U and the existence of holomorphic symplectic 2-form. We then show, without much
difficulty, that this symplectic form extends over the locus of cubics with a single ordinary node J;/Uq,
providing a nondegenerate holomorphic 2-form on J; /U;. These results are well known, and are essentially
completely contained in [DM96a], [DM96b, §8.5.2], but the cycle theoretic method used here has the advan-
tage of providing an extension to a holomorphic closed 2-form on any smooth compactification J of J;. If
furthermore, J; C J has codimension larger than 2, then the extended form is everywhere non-degenerate.
This allows us to concentrate on the problem of constructing a smooth compactification of J; /U; which is
flat over B. The fact that the variety we construct is irreducible holomorphic symplectic (or hyper-Kéhler)
makes use of [LLSvS13]. Indeed, the intermediate Jacobian fibration contains a divisor which is birationally
a Pl-bundle on the hyper-Kéhler 8-fold recently constructed in [LLSvS13].

Local compactification. In Section 2, we briefly recall the Prym construction, and discuss the existence
of a good line for all hyperplane sections of a general cubic fourfolds. Roughly speaking the existence of a
good line guarantees that the moduli space of cubics can be identified locally, up to a smooth factor, with the
moduli of quintic curves (see [CMGHL15, Sect. 3]). And thus, studying the degenerations of intermediate
Jacobians reduces to studying degenerations of abelian varieties associated to curves (more precisely Prym
varieties). Some of the results and ideas in this section occur previously in [CML09, CMGHL15]. Here,
we obtain a slight strengthening applicable to our context: for Y any hyperplane section of a general cubic
fourfold, there exists a very good line [, that is, a line such that the associated cover C /C' is étale, and both
curves are irreducible (with singularities in 1-to-1 correspondence with those of the cubic threefold V).

For curves, one has a very good understanding of the degeneration of Jacobians. Namely, from the
perspective of moduli spaces the correct statement is the theorem of Mumford—Namikawa that there exists

an extended period map from ﬂg to XZOT (and thus to a family of DM stable curves one can associate
a family of Alexeev stable abelian varieties). If one insists instead to associating to an arbitrary family a
curves C/B a family of degenerate abelian varieties, without modifying the base, one gets into the theory
of compactified relative Jacobians (to pass from the relative compactified Jacobian to the family of stable
abelian varieties, one needs to perform a simultaneous semistable reduction, see [CML13] and the references
within). The situation for Prym varieties is more complicated, but still well understood (see [FS86], [ABH02],
[CMGHL14]) when the point of view is that of Beauville’s admissible covers compactification; the relative
compactified Prym is less studied but a few cases, namely when the families of curves come from linear
systems on surfaces, were studied in [MT07], [ASF15], and [Sac13a]. In our situation, due to the existence of
very good lines, we can make an important simplifying assumption: namely, we consider only étale double
covers of singular curves, and furthermore we can assume that both the cover and the base are irreducible.
With these assumptions, it is easy to see that there exists a (canonical) relative compactified Prym. Our
main result here is Theorem 4.31 which says that this compactification has the property that the total
space is smooth, provided that the family of (base) curves gives a simultaneous versal deformation of the
singularities (an analogue of the well known result for Jacobians). Moreover, this relative compactified Prym
is equidimensional, in particular flat over the base. These results are discussed in Section 4. Finally, the fact
for a general cubic fourfold X the versality statements needed to establish the smoothness of the compactified
Prym hold is discussed in Section 3.

Descent. Let .# /B be the relative Fano surface, and .#°/B the open subset of good lines. The results of
the previous three sections give that .#° — B is a surjective smooth map (with 2 dimensional fibers), and
than over .ZY there is a relative compactified Prym P — .#° which is proper, and has the property that P
is smooth. Our compactification 7 is a descent of P/.Z#%/B to B. More precisely, in Section 5, using the
relative theta divisor and a relative Proj construction, we conclude that P descends to B giving a smooth
compactification 7/ B to J/U and J1/U;, equidimensional over B. The arguments of Section 1 now allow
us to conclude that J is a 10-dimensional compact HK manifold, and that J/B is a Lagrangian fibration
(whose general fiber is an Intermediate Jacobian). This concludes (see Theorem 5.6) the proof of the first
half of the Main Theorem.

Relationship with O’Grady’s varieties. In the final section, we establish that the constructed object is
in fact deformation equivalent to the OG10 example [O’G99] (see Corollary 6.2).
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Assuming the existence of a smooth compactification to J/U, partial results in this direction had been
established by O’Grady-Rapagnetta. Their idea was to use the degeneration of the cubic fourfold to the
chordal cubic (the secant variety of the Veronese surface), for which one can show that the limiting family
of intermediate Jacobians is birational to the O’Grady moduli space for an adequate K3 surface. A similar
construction had been done by Hwang and Nagai [HNOS8] in the case of a singular cubic fourfold, for which
the K3 surface is the surface of lines through the singular point. Unfortunately, in both cases, we could
not deduce from the existence of these birational maps the fact that our compactified Jacobian fibration
is deformation equivalent to the O’Grady moduli space, because we have no control of the singularities of
the compactified Jacobian fibration at these points. We study instead, as suggested also by Markushevich
and Kuznetsov [KMO09], the Intermediate Jacobian fibration in the case of a Pfaffian cubic fourfold. By
Beauville-Donagi [BD85], such a cubic X is Hodge theoretic equivalent to a degree 14 K3 surface S. Using
[IM00], [MT01], and [Kuz04] we show that the fibration J/U (or the compact version) is birational to the
O’Grady moduli space of sheaves on S. On the other hand, using versality statements established in Section
3, we are able to prove that the compactified Jacobian fibration is smooth also for a general Pfaffian cubic
fourfold, so that Huybrechts’ fundamental theorem [Huy99] applies, allowing us to conclude the equivalence
to the OG10 example.
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Notation and Conventions. Unless otherwise specified, X C P® denotes a (Hodge) general cubic fourfold.
We let B = (P5)Y, U = B\ XV, and U; = B\ (XV)*"9 parameterizing hyperplane sections with at most
one single ordinary node. Thus, U C U; C B and U; has boundary of codimension 2 in B. Let })/B be the
universal family of cubic threefolds obtained as hyperplane sections of X, and Vi and Yy, the restrictions
to U and U; respectively. Typically, Y or Y; will denote hyperplane sections of X or fibers of Y. J/U or
Ju will denote the intermediate Jacobian fibration associated to YVy. Similarly for J, /Uy or Jy,. J and
J1 are smooth quasi-projective varieties together with a holomorphic symplectic form, and the restriction of
Ji to U is J (cf. [DM96a, DM96b] and Section 1). J/B will denote a proper algebraic extension of J /U
(and J1/Uy) over B. Of course, such J always exists; the goal of the paper is to establish the existence of
a smooth J which is flat over B.

Let Y be a cubic threefolds, and [ C Y a line (both Y and [ need to satisfy some mild assumptions, to
be specified in the text). The projection from [ realizes Y as a quadric bundle over P? with discriminant a
plane quintic C. The lines incident with [ on Y are parameterize by a curve 6, which is a double cover (for
general [, étale) of C. F/B will denote the relative Fano surface, and (5 ,C) the relative family of double
covers over (a suitable open of) F.

We will say that two hypersurface singularities (V(f),0) C C" and (V(g),0) C C"** have the same type if
they differ by a suspension, i.e. in suitable analytic coordinates g(z1, ..., Zp+k) = u- (f(z1,...,25) + 22 4 +
St xi +#)- The deformation spaces for singularities of the same type (and also the local monodromies if
k=0 (2)) are naturally identified.
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1. HOLOMORPHIC 2-FORMS ON JACOBIAN FIBRATIONS

In [DM96b, DM96a], Donagi and Markman have performed the infinitesimal study of algebraically in-
tegrable systems, also called Lagrangian fibrations, which consist of a holomorphic family of complex tori,
equipped with a nondegenerate (2,0)-form for which the fibers are Lagrangian. In this section, we provide
an alternative way to construct a structure of Lagrangian or rather isotropic fibration on certain families
of intermediate Jacobians. That is, we give a cycle and Hodge theoretic argument to construct a closed
holomorphic 2-form vanishing on fibers for such families. The non-degeneracy of the holomorphic 2-form
needs to be checked at hand. However, a strong point of our construction is that it easily implies that the
(2,0)-form extends to any algebraic smooth compactification of the family of Jacobians.

1.1. The general case. Let X be a smooth projective variety of dimension 2k, and let L be a line bundle
on X. Assume that the smooth members Y of the linear system |L| have the following property:
(1.1) HP9(Y) = 0, p+q =2k — 1, (p,q) & {(k k= 1), (k — 1, K)}.
Note that by [Gri69] (see also [Voi07, 1,12.1,12.2]) (1.1) is implied by the following property:
(x) The Abel-Jacobi map @y : CHY(Y)pom — J*H(Y) is surjective.

Conversely, (1.1) should imply (x), according to the Hodge conjecture (see [Voild, 2.2.5]). Under the
assumption (1.1), the intermediate Jacobians J(Y') are abelian varieties, and letting U C B := |L| be the
Zariski open set parameterizing smooth members, one even has a quasiprojective variety Jy with a smooth
projective morphism

U © jU —U
with fiber J(Y;) over the point ¢t € U. Here ) C B x X is the universal family.

Let now n € H*1*~1(X) and assume 5y = 0 in H*"*~1(Y) for any smooth member Y of |L|. (In
our main application, where X is the cubic fourfold and k = 2, this assumption will be automatic, since
H*+1E=1(y,) will be 0.)

Theorem 1.2. There exists a holomorphic 2-form
ou € H'(Ju, Q%)
satisfying the following properties:
(i) The fibers of the fibration 7y : Jy — U are isotropic for oy .
(i) At any point t € U, the map soy : Ty, — H(J;,Qg,) = H* (Y1, Q,) induced by oy using (i) is
constructed as follows: As ny, =0 in Hk_l(Q’f,jl) and Hk_Q(Y},Q’f,jl) =0 by (1.1), n determines
a class 7y € H* (Y, Q¥ (—L)) using the ezact sequence

0—Qf (L) — Q’;;lgl,f — Q’;:rl — 0.

Then i}, gives by multiplication a map Ty, = H°(Yy, Ly,) — Hk’l(Qlf/t) which is nothing but .oy.
(iii) For any smooth algebraic variety J containing Jy as a Zariski open set, the 2-form oy estends to

a holomorphic 2-form on J.
(iv) The 2-form oy is closed.

We will first prove the theorem assuming that the fibers satisfy property (x) and will explain at the end
how to adapt the proof when they only satisfy property (1.1).

Construction of the 2-form oy. We denote by w : Yy — U the first projection, where Yy C U x X is the
universal hypersurface. We have:

Lemma 1.3. Assuming (%), there exists a codimension k cycle

Z e CHk(jU XU yU)Q

such that the cohomology class o == [Z] € H**( Ty xuy Vu, Q), or rather its image og in HO(U, R** (7, u).Q),
satisfies the condition that

af R?*~14,Q = R'71,.Q
is the natural isomorphism.



Proof. By assumption (%), for each fiber Y;, t € U, there exist a smooth and projective variety W; and a
family of codimension k cycles T; € CHF (W: x Yy), with the property that the Abel-Jacobi map

Q7 Wy = J(Y2), we Wy = Oy, (Trw)

is surjective. It follows that there exists a codimension k cycle Z/ € CHF (J(Y;)xY;) such that the Abel-Jacobi
map
(bZt’ : J(ift) — J()/t)v w e J(}/t) = CI)Yt (72,111)
is N times the identity of J(Y};) for some integer N > 0. Indeed, we may assume that the surjective morphism
&7, Wy — J(Y}) is generically finite of degree N, by replacing W, by a linear section if necessary. Then we
set
Z, = (P7,, Idy,)T:.
The cycles Z{ have been defined fiberwise, but standard argument show that for an adequate choice of N
they can be constructed in family over a smooth generically finite cover V' of U by spreading the original
cycles Wy ;. This provides a codimension k cycle Z” € CHk(jV Xy Yy) such that the class o’ := [Z2”]
satisfies
o) R* 1/ Q - R'7.Q
is N times the natural isomorphism, where v’ : Yy — V, 7’ : Jyv — V are the natural maps. We can
choose a partial smooth completion V of V such that the morphlbm V' — U extends to a proper morphism
r:V — U. We next extend the cycle Z” to a cycle 2”7 € CHk(jV Xy Vi) If M = degr, the cycle
ﬁr*z/’ IS CHk(jv xy Yy ) satisfies the desired property, where 7 : Jv7 Xy Yy — Jv Xv Yy is the natural
degree M induced map. O

Having the lemma, we now observe that there is a natural proper morphism ¢’ : Jy Xy Yu — Ju x X
given by the inclusion Y; — X over any point of J;, for any ¢ of U, and we thus get a codimension k + 1
cycle 2, := ¢, Z € CH* " (Jy x X)q with Betti cohomology class [Z,] € H***2(Jy x X, Q) and Dolbeault
cohomology class [Z,] € H*(Jy x X, Q’fjﬂxx) For any n € HF'(X,Q%") the corresponding class
oy € H'(Jy,93,) is defined by the formula

(1.4) ou = ([Zg]FHH) ().
This completes the construction of the form oy . O
Proof of properties (i), (iii) and (iv) of Theorem 1.2. With the notation py : Jy Xy Yy — Ju for the first

projection, ps : Jy Xy Yu — Yy for the second projection, and g : Yy — X for the natural map, formula
(1.4) gives as well

(1.5) ou = (21" (g™ ),

where ([Z]FH1AH1): HE=1 (Y, Q5 — HO(Jp,93%) is defined by
([Z]k+1,k+1)*(w) _ pl*([z]k+1,k+1 Up;LU).

(i) follows immediately from (1.5) which gives for t € U

k+1,k+1\x%
O-U\jt = ([Zhjtth ) (77|Yt),

and from the fact that 7y, = 0 in H**1571(Y}) by assumption. (Here we identify the fiber Y; of the universal
family and its image in X.)

(iii) We observe that if 7 2 Jy is a smooth algebraic partial compactification of Ji7, the cycle Z, extends
to a cycle Z, € CH*"(J x X, so that its cohomology class [Z,]*t1#+! extends to a class

[Z ]k+1 Jk+1 c Hk+1(j % X le‘;»lx)

It thus follows that the form oy extends to a 2-form o € H°(7, 927) given by the formula

(1.6) = ([Z)H5 ) ().

(iv) This is an immediate consequence of (iii). Indeed, choosing a smooth projective compactification
J 2 Ju of Ju, the 2-form oy extends by (iii) to a holomorphic 2-form ¢ on J. The 2-form o is closed,
hence the original form oy is closed. O
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Proof of Theorem 1.2(ii). Consider the class ¢*n € H*"*(Vy, Q’;f;l) As it vanishes on fibers Y3, t € U, of
u, it provides for any ¢ € U a morphism
(L.7) int(-)g*n : Ty, — H" (Y, 9F,)
constructed as follows: the cotangent bundle sequence of u
0— Qth X Oyt — QyU‘Yt — Qyt — 0
induces an exact sequence
(1.8) 0= Qu,Qy, - Q% /12 - Qff -0,

YU vy
where L% C Q’)‘}Z‘lyt is the subbundle w*QF , A Q’;,;‘lyt. From (2.18), usingrt\}le fact that H*2(Y;, Qyt!) =
0, we deduce that the class ¢*ny, € Hk_l(Y},Q’;,J;l‘Y) lifts to a class ¢*n, in Qu, ® H1(Y;, QF) =
Hom (Ty s, H**(Y;,Q%.)), giving the desired morphism int(-)q*n of (1.7). We use now formula (1.5) which
makes obvious that for any t € U, v € Ty,

(19) vaou = (1215 y,)" (nt(w)g*n) in HO(J,, Q).
In the right hand side, we recall that, by construction, the morphism

(215 )™ s HY (Y 04 = HY(F,.94,)

is the natural isomorphism. It thus only remains to analyze the morphism int(-)g*n. We observe now that
the cotangent bundle sequence (2.18) is compatible with the conormal bundle sequence of Y; in X, since via
the differential ¢* of the morphism ¢ : Y — X, we get the following commutative diagram :

(1.10) 0—— Oy, (—L) Qxy, > Qy, 0
0 Que Qyy 1y, Qy, 0

The first vertical map is the natural inclusion dual to the evaluation map Ty, = H°(Y;, Ly,) = Lyy,.
Taking k + 1-th exterior powers, we get the following commutative diagram:

(1.11) 0—— Qf (-L) Q’;j‘; oyt 0
| | |
0— Q@ 0F, —— Q3 /1 ot 0

It clearly follows from the commutativity of diagram (1.11) that
(1.12) F) = g*ng 0 Qug @ HYH(Y:, Qy,).

The proof of (ii) is now a consequence of (1.9) and (1.12). Indeed, for any v € Ty, we have
k.k * (s * k,k * (X :
v = (215 ) (nt(0)an) = (2155, ) @) in BT Q).

where the first equality is (1.9) and the second equality is by definition of ﬁt. The equality (1.12) then
tells that -

qn.(v) = vij,
where on the right, v is seen as an element of H°(Oy,(—L)) and vf}; is the product of v and 7,. The proof

is thus finished since ([Z]fjlfxyt)* is the natural identification between H*~!(Y;, Qf ) and HO(J;,Qyz,). O

The proof of Theorem 1.2 assuming property (%) is now finished. We conclude this section explaining
how to modify the arguments only assuming (1.1). If we examine the proofs given above, we see that the
key tool is the algebraic cycle Z € CH*(Jyy xu Yu)g and its image Z, € CH*™(Jy x X)g. These cycles
appear only through their Dolbeault classes [Z]k’k7 [Zq]kH’kH, which are better seen, after extensions to
smooth projective varieties, as Hodge classes. In the absence of the cycle Z that we constructed using
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the assumption (x) we still have the desired Hodge classes, as follows from the following lemma. Below,
a Hodge class on a smooth quasi-projective variety Y is by definition the restriction of a Hodge class on
a smooth projective compactification Y of Y. The set of Hodge classes on Y does not depend on the
compactification Y. In fact, according to Deligne [Del71], Hodge classes in H?*(Y,Q) are identified with
Hdg%(ngJizk(Y7 Q)), where Wo, H?*(Y,Q) is the smallest weight part of H?*(Y,Q), which is also the
image of the restriction map H2?*(Y,Q) — H?**(Y,Q) for any smooth projective compactification Y of Y.
Hodge classes o € Hdg?*(H?*(Y,Q)) have a Dolbeault counterpart o* € H*(Y, Q%) (which usually does
not determine « in the non projective situation).

Lemma 1.13. Let X, k, L be as above, satisfying condition (1.1). Then there exists a Hodge class a €
Hdg?* (T xv Yu, Q) with the property that the class ag € HO(U, R?* (my, u).Q) induces the natural isomor-
phism H?*=1(Y;, Q) = H'(J;,Q) at any point t € U.

Proof. The only observation to make is that the canonical isomorphism H2?*~1(Y;,Q) = H'(J;,Q) is an
isomorphism of Hodge structures of bidegree (—k + 1, —k + 1), by the vanishing condition (1.1). Such an
isomorphism of Hodge structures provides a degree 2k Hodge class «; on the product J; x Y;. We thus have
a section of the local system R?**(7y,u).Q which is a Hodge class at any point of ¢ of U. Deligne’s global
invariant cycle theorem [Del71] then says that for any smooth projective compactification M of Jy Xu Vv,
there exists a cohomogy class f € H**(M, Q) such that Bi7.xy; = aq for any t € U. Using the facts that oy is
a Hodge class and the restriction morphism H?*(M, Q) — H?*(J; x Y;,Q) is a morphism of polarized Hodge
structures, the semisimplicity of the category of polarized rational Hodge structures allows us to conclude
that the class 8 can be chosen to be Hodge on M (see [Voil4, 2.2.1]). The restriction of 8 to Jy xy Vy is
then the desired Hodge class a on Jy Xy Vu. O

This concludes the proof of Theorem 1.2 assuming only (1.1). We conclude this section observing that,
except for (ii), we did not use the condition that ) is the universal family of smooth divisors in X. Any
smooth projective family mapping to X, or even only having a correspondence with X, with fibers satisfying
condition (1.1) will do. In practice, (ii) gives a way of deciding whether the constructed 2-form is degenerate
or not. So our arguments prove more generally the following variant of Theorem 1.2:

Theorem 1.14. Let X be a smooth projective variety of dimension n and let f : Y — U be a smooth projec-
tive morphism between smooth quasi-projective varieties. Let 1, k be integers and let Z € CH"in*l(J}x X)o
be a codimension n — 1+ k — 1 cycle. Assume that the fibers Y; of f satisfy condition (1.1) for the given
integer k. Let ny : Jy — U be the family of intermediate Jacobians J**~1(Y;), t € U. Then

i) For any class n € H'T2Y(X) such that Z*nyy, = 0 in H*TY*=Y(Y,) for any t in U, there is a closed
[Y:
(2,0)-form oy € H*(Jy,Q%,) for which the fibers of Ty are isotropic.
(ii) For any smooth algebraic partial compactification Ju C J, the (2,0)-form oy extends to a (2,0)-form
oconJ.

Example 1.15. In [IMO08], Iliev and Manivel construct a Lagrangian fibration structure on the family of
intermediate Jacobians of a smooth cubic fivefolds containing a given cubic fourfold X. We recover the
(2,0)-form as an application of Theorem 1.14: The family Yy in this case is the universal family of these
cubic fivefolds and the integer k is 3. The cycle Z C X x Yy & Yy x X is isomorphic to X x U and will be
given by the embedding of X in Y; for any ¢ € U, hence we have [ =1, n =4, n—[1+k — 1 = 5 in this case.
Of course, some more work as in Theorem 1.2(ii) is needed to show that the (2,0)-form is nondegenerate,
but our approach shows that this forms extends to any smooth projective compactification.

1.2. The case of the cubic fourfold. The paper will be devoted to the case where X C P° is a cubic
fourfold, L = Ox (1) and k = 2. One has dim H**(X) = 1 by Griffiths’ theory, and a generator n of H>!(X)
provides thus by Theorem 1.2 a (2, 0)-form oy on the family of intermediate jacobians of smooth hyperplane
sections of X. We have the following:

Proposition 1.16. If X is a smooth cubic fourfold, the holomorphic 2-form oy is nondegenerate on Jy .

Proposition 1.16 already appears in [DM96b], [IM08], [MT03], [Mar12]. The proof given here is slightly
different, being an easy application of Theorem 1.2.
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Proof of Proposition 1.16. We apply Theorem 1.2. In the case of the family of hyperplane sections of a
cubic fourfold, the base U and the fiber J(Y;) of the family Jy — U are of dimension 5. The 2-form oy
vanishes along the fibers of 7y and in order to prove it is nondegenerate, it suffices to show that at any point
t € U, the map J(-)oy : Ty — H(J:, Qg,) is an isomorphism. Theorem 1.2(ii) tells us that u(-)oy is the
following map: the generator 7 induces for each point t € U a class 7; € H' (Y3, Q%/t (=1)). Then, using the
identification H°(J;, Q7,) = H(Y;, Q%/t), 3o Ty = HY (Y, Oy, (1)) — H (Y, Q%Q) is the multiplication
map by 7;. So the statement of Proposition 1.16 is the following:

Claim. For anyt € U, the class iy € H'(Y;, Q3. (—1)) induces an isomorphism
(1.17) HO(Y;, Oy, (1) —» H'(V;, O2,).
The proof of the claim follows from the following lemma:

Lemma 1.18. (i) The class i € H'(Y;, Q3. (—1)) is a nonzero multiple of the extension class e of the
normal bundle sequence

(1.19) 0 — Ty, = Tps)y, — Oy, (3) = 0,

using the natural identification Q3. (—1) = Ty, (=3).
(ii) The extension class e has the property that the multiplication map by e : H°(Yy, Oy, (1)) — H' (Y;, Q%)
s an isomorphism.

Proof. (ii) is Griffiths’ residue isomorphism (see [Voi07, II, 6.1.3]) and in this case, the statement immediately
follows from the exact sequence (1.19) and the fact that HO(Y;, Tpa)y, (—2)) = 0, and H*(Y;, Ty, )(—2)) = 0.
As for (i), this simply follows from the fact that the class 7, € H'(Y;,Q3, (—1)) is nonzero because 7 # 0,
and H'(X,Q% (1)) = 0, so that 5y, # 0. On the other hand, H'(Y;, Q3. (-1)) = H'(Y;,Ty,(-3)) is
1-dimensional, as follows from the normal bundle sequence (1.19). O

The proof of Proposition 1.16 is finished. |

1.3. Another example: Quadric sections of cubic fourfolds. Note that the cubic fourfold X has
another family of smooth divisors Y C X satisfying condition (1.1), namely the smooth complete intersections
Q N X, where Q is a quadric in P°. The corresponding family Jg — Ug of intermediate Jacobians has a
basis Ug of dimension 20 = h°(P5, Ops (2)) — 1 and fibers of dimension 20. Theorem 1.2 shows that Jg has a
closed holomorphic 2-form o¢ which extends to any smooth algebraic compactification TQ of Jgp. However
the 2-form in this case is only generically nondegenerate:

Lemma 1.20. The 2-form og is nondegenerate along a fiber Jo = J(Y;), where Y, = QN X, if and only
if the quadric Q; is nondegenerate.

Proof. The generator n of H'(X, Q3% ) = H' (X, Tx(—3)) is the extension class of the normal bundle sequence
0—Tx — Tps|x — Ox(3) = 0.
Restricting to Y; = Q¢ N X, we get the exact sequence
0 — Txjy, = Tps)y, = Oy, (3) = 0,
whose extension class must come from the extension class e; of the normal bundle sequence
(1.21) 0 — Ty, = Ty, = Oy,(3) = 0

of ¥; in @Q;. In other words, the class 7, € H'(QF,(—2)) = H'(Y;, Ty,(—3)) is nothing but the extension
class e;. It follows that the multiplication map

i : HO(Y;, Oy, (2)) — H' (Y4, 93,)

identifies with the map H(Y;, Oy, (2)) — H'(Y;,Q3,) = H'(Y;,Ty,(—1)) induced by the exact sequence
(1.21) twisted by Oy, (—1). Looking at the long exact sequence associated to (1.21), we find that this map
is an isomorphism if and only if HO(Yt,Tth(—l)) =0. But HO(Y},Tth(—l)) = 0 if and only if @Q; is not
singular. 0



1.4. Extensions to nodal fibers. Let X be a smooth cubic fourfold, and n € H'(X,Q3%) be a generator of
H'(X,03%). We use as before the notation Y — B, Yy — U for the universal family of hyperplane sections
of X. Let Uy C |Ox(1)| be the Zariski open set parameterizing hyperplane sections of X with at most one
ordinary double point. The Jacobian fibration 7y : Jy — U has an extension my, : Jy, — Ui which is
smooth (see Lemma 5.3). As the vanishing cycle of the degeneration is not trivial at a point ¢ € Uy \ U, the
fiber of 7y, over t is a singular compactification of a C*-bundle over .J (K) where Y} is the desingularization
of Y; obtained by blowing-up the node. By Theorem 1.2(iii), the 2-form oy extends to a 2-form oy, on
Ju,, for which the fibers of 7y, are isotropic by Theorem 1.2(i) (and the fact that the fibers of 7y, are
equidimensional). Next, the smooth locus J(Y;)req = Ju,,t,req 18 @ quasiabelian variety with cotangent space
isomorphic to H 1(}/;5, Q2 (log Ey)), where Ey is the exceptional divisor of the resolution Yt — Y.

Our goal in this sectlon is to reprove the following result which can be found in [DM96b, §8.5.2]:
Proposition 1.22. The extended 2-form oy, is everywhere nondegenerate on Jy, .
As an immediate corollary, we get the following result:

Coiollary 133. Assume Ju, has a smooth compactification J with boundary 7\ Ju, of codimension > 2
i J. Then J is holomorphically symplectic.

Proof. Indeed, the extended 2-form, being nondegenerate away from a codimension 2 closed analytic subset,
is everywhere nondegenerate. O

The proof of Proposition 1.22 is based on the following Lemma 1.25. We have the inclusions
Y, c X C PS5,
where X resp. ]P’5 is the blow-up of X, resp. P® at the singular pomt of Y;. We denote by E the exceptional
divisor of ]P’5 and FEx the exceptional divisor of X so By = Ex N Yt As X is transverse to the exceptional

divisor E of P5 and belongs to the linear system |Og(3)(—FE)|, we have a logarithmic tangent bundles
sequence

(1.24) 0— T)‘E(logEx) — Tijg(lOgE)l)‘z — (9}?(3)(—Ex) — 0.

Here we recall that the logarithmic tangent bundle of a variety equipped with a smooth divisor D is the
dual of the logarithmic cotangent bundle determined by D and can be defined as the sheaf of vector fields
tangent to D along D.

Lemma 1.25. The induced map soy, + : Ty, + — HY\(Y,, Q%(log Ey)) is constructed as follows.

(i) The extension class e € H*(Tx(log Ex)(—3)(Ex)) of (1.24), maps naturally to an element ¢’ €
HY (T (log Ex)(—3)(2Ex)), which restricted to Y; comes from a uniquely defined element

(1.26) ey € H'(Y,, T v.(log Ey)(2Ey)(=3)).

(ii) One has Ty (log By )(2Ey)(—3) = ngvt(log Ey)(-1), thus

ey € H'(V;, 0% (log By )(—1)).
(iii) The interior product soy, ¢ : Ty, + — HY\(Y,, Q%(log Ey)) is given by multiplication HO(Y, Oy (1)) .
HA(;, 02 (log By ).
Proof. (i) We write the logarithmic normal bundle sequence for 17t CX:
0= T (log Ey) — T_;(«(logEX)‘g,: — Oy (1)(=2Ey) = 0

which we twist by O (2Ey )(—3). The conclusion then follows from the following easy vanishing statements:

H'(Y;, 0 (=2)) = 0, H(Y;, Og-(~2)) = 0.
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Remark 1.27. Tt is easy to check that ey is in fact the class of the logarithmic tangent bundles exact sequence
0 — Ty (log By ) — T (log EP4)|?: — O3 (3)(—2Ey) = 0
associated to the embedding of Y, in the blow-up P4 of the hyperplane P* containing Y; at the singular point
of Y;.
(ii) This follows from the fact that Ty (log Ey ) is dual to Q3 (log Ey) and that the later has determinant
K’};;(Ey) = Og(—Z)(ZEy). Thus
Q%(log Ey) = Ty (log By ) (K4 (BEy)) = Ty (log Ey ) (—2)(2Ey).

(iii) The morphism u : Yy, — U; is smooth along the smooth locus Y} .., of the fiber Y;. It follows that
the arguments used in the proof of Theorem 1.2(ii) apply along Y; ¢4, so that we can conclude that the
conclusion of (iii) holds true in H' (Y} eq, Q3. +e,)- The proof is then finished using the following lemma:

Lemma 1.28. The restriction map Hl(ﬁ,Q%;(log Ey)) = H"(Yireq, 3, ve,) 18 an isomorphism.

Proof. Note that Y; yeq = )7t \ Ey. Denoting by j : Y} yeq — ?t the inclusion map, j is an affine map and we
have Q%,MEQ = j*(ngvt(log Ey)), so that
(1.29) H' (Yireq, %, ) = H' (Y, R.(Q% (log By )y, ,..,))

= lim HY(Y;, Q%(log Ey)(kEy)).

k

The lemma then follows from the following exact sequence:
(1.30) 0—QF, — ngvt(log Ey)igy — Qg, — 0.
Indeed, we recall that By = P! x P! and that O, (Ey) = Og, (-1, —1). It follows that for any k > 0,
HY(Ey,Qgp, (kEy)) =0, H'(BEy,Q%, (kBy)) =0,
and for any k > 0,
H(By,Qp, (kBy)) = 0, H'(By,Q%, (kBy)) = 0,
Using the exact sequence (1.30), this shows that
H'(Ey, Q% (log Ey) gy (kEy)) = 0
for k > 0 and H°(Ey, ngv(log Ey) gy, (kEy)) =0 for k > 0. It follows that the map
H'(Y;, 2% (log By)(kEy)) — H'(V;, 2, (log By ) ((k + 1) Ey))
is an isomorphism for k£ > 0, proving the lemma by (1.29). |
The proof of Lemma 1.25 is now complete. O

Proof of Proposition 1.22. We just have to prove that oy, is nondegerate at any point of Jy, over t € U; \U
which is a smooth point of the fiber Jy;, +. This is equivalent to proving that the map

aou,  Tue = HO(Ju, 6 Qg ireg) = Hl(ﬁﬂ%(bg Ey)(—Ey))

is an isomorphism. Using Lemma 1.25, the last statement is equivalent to the fact that the multiplication
map

(1.31) ey : H(Y,, 03 (3)) — Hl(ﬁ,Q%(logEy)(—Ey))

is an isomorphism, where ey € H(Y,, Q2 (log By )(—Ey)(-1)). We have

Q%(log Ey)(=Ey)(-1) = Ty (log Ey)(=3)(EY)
and the class ey maps to the extension class e},

(1.32) 0— Tﬁ(log Ey) — T]l;g(log E)\Z — Oz(?) - 2Ey) -0
11



of the logarithmic normal bundle sequence of 54 in DfPl, via the natural map
H'(Y;, Ty (log By )(=3)(Ey)) — H' (Y, Ty (log By ) (—3)(2Ey)).

An element in the kernel of the multiplication map by ey is thus also in Kerel : Ho(ﬁ,(’)g;t(l)) —
HY(Y,, T3 (log By )(—2)(2Ey)) induced by (1.32), hence comes from an element of

HO(Y,, T (log E) 5, (~2)(2By ),

and it is easily shown that this space reduces zero. The map oy, : T, + — H°(Ju, .+, le,t,reg) is thus
injective, and hence an isomorphism. O

2. GOOD AND VERY GOOD LINES

Our main tool for studying degenerations of Intermediate Jacobians of cubic threefolds is Mumford’s
description of the Intermediate Jacobian J(Y) as a Prym variety Prym(C/C). The curve C (and its étale
double cover 5) are obtained by projecting from a generic line on the smooth cubic Y. In [CML09] (and
subsequently used in [CMGHL15]), we have noted that much of the Prym construction carries on to the
mildly singular case provided a careful choice of a line [ on (the possibly singular) Y. This provides a
powerful tool for studying the degenerations of Intermediate Jacobians. We caution the reader that context
in the current paper is slightly different from that of [CML09, CMGHL15] (e.g. see Remark 2.4) forcing
us to reprove (under slightly different hypotheses) and strengthen certain results. For convenience, we have
tried to make the exposition below mostly self-contained.

Notation 2.1. If X is a cubic fourfold and ¥ C X is a hyperplane section, we denote by F(Y), resp.
F(X), F(Y) C F(X), the varieties of lines in Y, resp. X. We denote by [I] € F(Y), resp. F(X) the point
parameterizing [ C Y, resp. [ C X.

2.1. Good Lines.

Definition 2.2 (also [CML09, Def. 3.4]). Let Y C P* be a cubic threefold not containing any plane. A line
[ C Y is good if for any plane P C P* containing [, P N'Y consists in three distinct lines.

The notion of a good line is obviously important from the point of view of the Prym construction of the
intermediate Jacobian of a cubic threefold. Projecting Y from [, we get a conic bundle Y, — P2, where Y, is
the blow-up of Y along [, and the discriminant curve C; C P? parameterizing reducible conics has degree 5.
The curve C; of lines in Y/ intersecting [ is the double cover of C; with fiber over the point ¢ parameterizing
a reducible conic C' the set of components of C. Thus if [ is good the natural involution acting on él has no
fixed point.

Proposition 2.3. Let X be a general cubic fourfold. Then any hyperplane section Y of X has a good line.

Remark 2.4. The existence of a good line is proved in [CML09] when Y has singularities of type Ay for
k < 5 or Dy (i.e. the singularities relevant in the GIT context). Unfortunately, we need to allow some
additional ADE singularities (e.g. Ds) as these can appear as singularities of hyperplane sections of general
cubic fourfolds. It is very likely that the arguments of [CML09] could be extended to cover the cases needed
in this paper, but we prefer to give an alternative proof here.

Proof of Proposition 2.3. Let us say that a line [ in X is special in X, resp. in Y, if the restriction map
Jx — HY(1,0,(2)), resp. Jy — H°(l,0;(2)), has rank < 2, where Jx, resp. Jy denotes the degree 2 part
of the Jacobian ideal of X, resp. Y. As X is general, lines which are special in X are parameterized by
a smooth surface X5, C F(X) (see [Ame09]). Recall from [Voi04] that the variety F(X) has a rational
selfmap ¢ : F(X) --» F(X). The map ¢ associates to [[] € F(X) the point [I'] parameterizing the line
' C X constructed as follows: if [ is not special in X, that is [I] € X, there is a unique plane P, C P5 such
that P, N X = 2] + 1’ as a divisor of P;, where I’ is also a line in X. This defines I’. When X contains no
plane, the indeterminacy locus of ¢ is exactly the surface X, along which the plane P, above is not unique.
Furthermore, the indeterminacies of the map ¢ are solved after blowing-up the surface 3,, and the induced

morphism ¢ : }/7—(\)_(/) — F(X) is finite if F(X) is general (see [Ame09]). Note that the condition for a line
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I CY of being good will be implied by the slightly stronger fact that I’ is non-special in X and for no point
[[] € F(Y), one has ¢([l]) = [I].
We first have:

Lemma 2.5. (i) If X is smooth, F(Y) is a surface for any hyperplane section Y of X.
(ii) If X is general, F(Y) is irreducible and reduced for any hyperplane section of X.

Proof. (i) We know by [BD85] that F(X) is a smooth hyper-Kéhler manifold. The (2,0)-form o on F(X) is
deduced from the class a generating H31(X) by the formula

o= P*ain H*°(F(X)),

where P C F(X) x X is the incidence correspondence, so that p : P — F(X) is a P-bundle over F(X).
We claim that F(Y) C F(X) is Lagrangian for . Indeed, denoting by Py C F(Y) x Y the incidence
correspondence of Y, we observe that, since Y has only isolated singularities, Py lifts to a correspondence
Py C F(Y) x 17, where Y is a desingularization of Y. If U is any open set contained in the regular locus of
F(Y)yed, we then have

o = P*(a)jy = P(j*a) in H*°(U),

where j : Y — X is the desingularization map. Thus the vanishing of o}y follows from the vanishing of j*o
in H31(Y'). To get the last vanishing, observe that Y is smooth of dimension 3 and rationally connected, so

that we have H29(Y) = 0 hence also H>(Y) = 0. Thus the claim is proved. As F(Y) is Lagrangian in the
holomorphically symplectic manifold F(X), it satisfies dim F(Y) < 2.

(ii) If X is general, the space Hdg*(F (X)) of rational Hodge classes of degree 4 on F(X) is of dimension
2. As observed in [Voil0], the class ¢o of F(Y) C F(X) is not in the interior of the pseudoeffective cone
of classes of codimension 2 cycles in F'(X), hence it must be in its boundary. It follows that the class
[F(Y)] € Hdg*(F(X)) cannot be written as the sum of two nonproportional effective classes. In fact it can
neither be written as the sum of two proportional nonzero effective classes. Indeed, coming back to integer
coefficients, the class [F(Y)] € Hdg*(F(X),Z) is primitive, that is not divisible by any nonzero integer # +1,
because when X contains a plane P, F(X) contains the dual plane P* and [F(Y)]-[P*] = 1. It follows that
the class [F(Y)] € Hdg*(F(X),Z) cannot be written as the sum of two nonzero classes of effective cycles in
F(X). Thus F(Y) is irreducible and reduced. O

Coming back to the proof of Proposition 2.3, it is clear that for any hyperplane section Y of X, there
is a line contained in Y which is nonspecial in X. Indeed, the surface X, of lines which are special in
X is irreducible and not contained in the surface of lines in Y thus it can intersect F(Y') only along a
proper subset. Next, assume to the contrary that there is no good line in Y. This then means that for any
[[] € F(Y), there is a [I'] € F(Y) such that for some plane P C Hy, PNY = 2l +’. (Here we denote by
Hy the hyperplane cutting Y in X.) Note that the line I’ is then special for Y.

There are two possibilities:

(a) The point [I'] € F(Y) moves in a surface contained in F(Y'), hence by Lemma 2.5, any line in Y is
special for Y.

(b) The point [I'] moves in a curve D C F(Y') and this curve is contained ¥;,. Furthermore, for any
[I'] € D, the 3-dimensional projective space Q; = NzerHx » is contained in Hy, where Hy , denotes
the hyperplane tangent to X at x.

In case (a), we get a contradiction as follows: the general line I’ C Y does not pass through a singular
point of Y and the fact that I’ is special for Y says exactly, by taking global sections in the normal bundle
sequence

0— Nl//y(—l) — Nl//]p4(—1) — Ol/(2) — 0,
that H(Ny,y(—1)) # 0, hence that Ny,y = Op(1) & Op(—1). But the fact that Ny y has this form
says equivalently that the map ¢ : Py — Y is not submersive at any point of the fiber Py ;) C Py of
p: Py — F(Y) over the point [I']. As q(Py) =Y, this contradicts the fact that [I'] is general in F(Y).
The case (b) is excluded by the following lemma which we will use again later.

Lemma 2.6. Let X be a general cubic fourfold. Then any hyperplane section Y C X contains only finitely
many cubic surfaces which are singular along a line.
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Proof. Assume to the contrary that there is a curve D of such surfaces and such lines I’ of singularities.
We note that any line I’ parameterized by a point [I'] € D has to pass through a singular point of Y.
Indeed, if Y is smooth along I, then its defining equation fy in Hy has at least two independent partial
derivatives along I/, and thus for any P? contained in Hy and containing I’, the restriction Jyps has at least
one partial derivative which does not vanish in H°(Op(2)), hence Y NP? cannot be singular at all points
of I'’. Next, a hyperplane section Y of X has finitely many singular points, hence we can assume that in
case (b), the curve D consists of lines passing through a given singular point y of Y. By Lemma 2.5, the
family C), of lines in X passing through y is a curve, and thus D must be an irreducible component of C,,.
In adequate homogeneous coordinates Xo, ..., X4 on Hy, the point y has equations X; =0,7=0,...,3 and
Y has equation X4Q(Xo,...,Xs3) + T(Xo,...,Xs), where @ and T are homogeneous of respective degrees
2, 3. The curve Cy of lines through y (in Y or X) is defined by the equations Q@ = T = 0. Let [I'] € C,
parameterize a line I’ in Y such that some hyperplane H{/ in Hy containing !’ is tangent to Y everywhere
along I’. This is saying that the equation f := X4Q(Xo,...,X3)+T(Xo,...,X3), restricted to a hyperplane
H' of P3 passing through the point [I'], has zero derivatives along I’. Thus the equations @ and T restricted
to H', must have 0 derivative at [I']. It follows that the two polynomials @ and T have nonindependent
derivatives at [I'], so that [I'] is a singular point of the curve Cy. In conclusion, we found that under our
assumption, the curve Cy has a nonreduced component. Hence the proof of Lemma 2.6 is concluded by the
proof of Lemma 2.7 below. ]

Lemma 2.7. If X is general, the curve Cy of lines through any point y € X is reduced.

Remark 2.8. It is not true that Cy is irreducible for any y. Indeed, a general X contains a cubic surface
which is a cone over an elliptic curve, with vertex y € X. Hence the elliptic curve is an irreducible component
of Cy in this case.

Proof of Lemma 2.7. For any y € X, the curve Cy has degree 6, and the cone over the curve Cy, with vertex
vy, is a degree 6 surface contained in X. We use now the fact that if X is general, Hdg4(X ,7) = 7h*, where
h = ¢1(Ox(1)). Hence any surface in X has degree divisible by 3. Applying this to the components of
this cone, the only way the curve C, can be nonreduced is if Cy is everywhere nonreduced with multiplicity
2. The curve Cy rcq is then a curve of degree 3 which can be either a plane cubic or a normal rational
curve of degree 3. If S is the cone over a normal cubic curve in P3, the set of cubic hypersurfaces in P?
containing S has codimension 22 while the dimension of the Hilbert scheme parameterizing such an S in P°
is 5+ 44 15 — 3 = 21, so that a general cubic does not contain such a surface. In the case of the cone over
an irreducible plane cubic, the curve Cy is the complete intersection of a quadric and a cubic in P3 which
contains an irreducible plane cubic with multiplicity 2. The only possibility is then that the quadric itself is
a double plane. However, one can easily check that for general X, there is no point y € X where the Hessian
of the defining equation of X defines a nonreduced quadric in P3. O

The proof of Proposition 2.3 is now complete. ]

2.2. Existence of very good lines. For constructing compactified Jacobians (and similarly compactified
Pryms) irreducibility assumptions are crucial. This leads us to the following strengthening of the requirement
of good line.

Definition 2.9. Let Y be a cubic threefold. We will say that a line I C Y is very good if [ is good (cf. Def.
2.2) and the curve C; = C;y = {lines in Y meeting [} is irreducible.

Proposition 2.10. Let X be a general cubic 4-fold. Then for any hyperplane section Y C X, there exists
a line l CY such that the curve Cyy is irreducible.

Corollary 2.11. If X and Y are as above, a general line in'Y is very good.

Proof. Proposition 2.3 shows the existence of a good line, and this is an open property on F(Y'). Proposition
2.10 shows the existence a line [ C Y such that the curve C y is irreducible and this is also an open property
on F(Y). As we know by Lemma 2.5 that F'(Y) is irreducible, it follows that a general line is very good. [

Proof of Proposition 2.10. The incidence variety Py C F(Y) x Y is a Pl-bundle p : Py — F(Y) over Y. We
proved in Lemma 2.5 that X and Y being as above, F(Y) is irreducible and reduced, thus Py satisfies the
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same properties. In particular, the degree of the map ¢ : Py — Y is 6 as for a smooth Y, and the degree of
the map ¢ = pra : Py Xy Py \ Ap, — Py is 5. We have the following lemma:

Lemma 2.12. Let X be a general cubic fourfold and let Y be any hyperplane section of X. Then if for
any line | C Y, the curve Cy is reducible, the generically finite cover q : Py — Y has the property that
Py xy Py \ Ap, has at least two irreducible components dominating Y .

Proof. We observe first that for any line [ C Y, the curve C; C F(Y) (minus the point [[] when [ is special
for V) identifies naturally with ¢~'(I) away from its intersection with the vertical curve Py, = p~!([l]).
Indeed, ¢~ (1) is, away from the vertical fiber Py, the set of pairs ([I'],z) such that [I] # [I'] and z € [N

The curve C (away from [I] when [ is special) thus maps to it via the map

[ ([I'],x), {=} =1NT.
We will in fact see C) (minus the point [I]) as contained in Py xy Py \ Ap, by the map
(2.13) [ ('], 1], ), {z} =1nT.

Now suppose that 6’; is reducible for any . For general [, @ is reduced and the morphism ¢; = q" & 5; — 1
1

has degree 5. So, for general I, we must be in one of the following situations:

(1) C, has no component of degree 1 over [ and has a unique component CN’l,g of degree 2 over [. We then
denote Cj 3 the Zariski closure of C; \ C 2.

(2) CN'l has 1 < k < 4 components 51’1,1' of degree 1 over [ and the rest CN'l’Tem = 5; \Uiél, 1,4 has all its
components of degree > 1 over 51.
(3) Cj has five components of degree 1 over L.
If case 1 or case 2 happens, then Py xy Py \ Ap, has at least two irreducible components dominating Py,
namely the two varieties U[l]ep(y)ém and U[l]ep(y)él73 in case 1, and the two varieties U[l]ep(y)’1§i§k5[71,i
and Upje F(y)élyrem in case 2. It thus suffices to show that 3 cannot happen. This however follows from
Proposition 2.3. Indeed we may assume that [ is good, so that the involution on C, has no fixed point. But

if O} has five irreducible components all isomorphic to P!, one of them is fixed under the involution which
then has fixed points. |

Proposition 2.10 now follows from Lemma 2.12 and from the following:
Lemma 2.14. If X is general, for any hyperplane section'Y of X, the variety Py Xy Py \ Ap, is irreducible.
Let us prove a few intermediate statements:

Lemma 2.15. If X is general, and Y is any hyperplane section of X, any irreducible component of Py Xy
Py \ Ap, dominates Py by the second projection.

Proof. The only possibility for an irreducible component Z of Py Xy Py not to dominate Py by the second
projection is if there is a curve W C Y such that for any y € W, there is a curve Dy of lines in Y passing
through y. However, this is impossible by the following claim.

Claim 2.16. For general X, and for any hyperplane section Y of X, there are only finitely many points
y € Y such that the set of lines in Y through y contains a curve D,.

Proof. Assume by contradiction that this set is a curve W. Then the union over y € W of the D,’s would
then be a surface contained in F(Y), and since we know by Lemma 2.5 that F(Y) is irreducible, this
surface would be the whole of F(Y'). Thus Y has the property that any line in Y meets the curve W C Y.
But the general point [I] € F(Y) is a smooth point of F(Y') parameterizing a line [ with normal bundle
Niyyx = Op @ O, which means that the morphism ¢ : Py — Y is étale in a neighborhood of the fiber Py
of Py over [I] € F(Y), so that the general deformation of / in Y does not intersect Z. O

Lemma 2.15 is thus proved. |
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The variety Py Xy Py \Ap, has several rational involutions. We will denote by 7 the involution exchanging
factors and by ¢ the involution of Py Xy Py \ Ap, which maps (I1,12), l1 Ny # 0 to (I3,12) where I3 is the
residual line of the intersection P}, ;, NY, P, ;, being the plane generated by {1 and I3. Recall from (2.13)
that the fiber of the composite map

Py XyPy%PygF(Y)

over [I] € F(Y) identifies with the curve C; of lines in Y meeting [ and that i acts on C; as the Prym
involution. The quotient C;/i is the discriminant curve C; of the conic bundle m; : Y; — P2.

Lemma 2.17. If X is general, and Y is any hyperplane section of X, the quotient
(Py Xy Py \ APY)/i

18 irreducible.

Proof. Using Lemma 2.15, it suffices to show that, X and Y being as above, for general [/] € F(Y), the curve
C) is irreducible. The curve C is a quintic curve, so if it is not irreductible, it must decompose either as

(a) the union of a line and a quartic, or

(b) the union of a smooth conic and a cubic.

Case (a) is excluded as follows. A line component in the discriminant curve provides a cubic surface
S; = IP’? NY which contains a one parameter family of lines meeting [. The surface S; is irreducible because
X is general so does not contain a plane or a quadric surface. Furthermore S; cannot be a cone over an
elliptic curve, because [ is general, hence by Claim 2.16, through any point y of [ there are only finitely
many lines in Y through y. For any plane P C P¥ containing [, the intersection P, NS, contains [ and a
residual reducible conic. The singular point of the conic moves in S;, hence by Bertini, the singular locus of
S consists of a curve Z and thus must be a line which is a special line of X whose associated P? is contained
in Hy. We know by Lemma 2.6 that there are finitely many such surfaces contained in Y, so the general
line [ in Y cannot be contained in such a surface.

Case (b) is excluded as follows : Suppose the discriminant curve C; has a component which is a smooth
conic C'. As is a good line, the double cover r : él — () is étale, hence split over C: r=1(C) = C; UCy. Let
m 571 — IP? be the linear projection from I, and let T := Wfl(C). Then T is a reducible surface, T = T7 UT5,
where T3 is swept-out by lines in C; and 75 is swept-out by lines in C5. On the other hand, as X is general,
any surface in X has degree divisible 3, thus 77 and 75 must have degree 3. The surfaces 77 and 15 are
ruled surfaces using their 1-parameter family of lines intersecting [, and none of them can be contained in a
projective subspace Ps; C Hy, since otherwise P; would contain [ and thus would project via 7; to a line in
P2 while the image m;(7}) is our smooth conic.

Finally, a ruled nondegenerate degree 3 surface in P4 is a cone over a rational normal curve or a projection
of a Veronese surface from one of its points. The first case corresponds to the vector bundle O & O(3) on P!
and the second case corresponds to the vector bundle O(1) @ O(2) on P!. We already explained by counting
parameters that the general cubic hypersurface X in P° does not contain a cone over a rational cubic curve in
P3. It is also true that the general cubic hypersurface X in P° does not contain the projection of a Veronese
surface from one of its point, but this does not follow from an immediate dimension count. One has to argue
as follows: this surface V is smooth with ¢;(V)? = 8, ¢2(V) = 4. If V C X, the normal bundle Ny, x fits
into the exact sequence

(2.18) 0— Ty — Txjy — Ny x — 0.
As
e2(Tx) = 6h°, ¢1(Tx) = 3h,
one gets from (2.18) the following equalities in H*(V, Q):
(2.19) ci(Nyx) = —c1(Tv) 4+ 3hy, ca(Nyyx) = —c2(Tv) — ci(Nyx) - e1(Tv) + 6h
= —c2(Tv) — (—c1(Ty) + 3hy) - e1(Tv) + 6h3,,
where hy = ¢1(Oy (1)) and h? = 3. In the ruled surface T' = P(Op: (1) @ Op1(2)) = P, one has

KV = _Cl(TV) = —th + W*Opl (3),
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which combined with (2.19) gives
CQ(Nv/X) =—4-— (72hv + 7'('*61(0]17:1 (3)) + 3hv) . (2hv - 7'('*61(0@1 (3))) + 18 = 5.

This shows that the self-intersection of V in X is equal to 5 so that the class of V is not equal to k2. Hence
such a surface does not exist for general X. |

We get the following corollary (where again X is general and Y is any hyperplane section of X):

Corollary 2.20. (i) The fibered product Py Xy Py \Ap, has at most two irreducible components, and if

it is reducible, they are exchanged by the rational involution i acting on each curve C) % [[] € Py xyPy.

(ii) Let 7 be the involution of Py Xy Py \ Ap, exchanging factors. Then if it is reducible, its two
components C1, Co are exchanged by T.

Proof. (i) is an immediate consequence of Lemmas 2.17 and 2.15. The proof of (ii) goes as follows: We
observe that the two rational involutions ¢ and 7 are part of an action of the symmetric group G5 on
Py Xy Py \ Ap, by birational maps. Indeed, Py Xy Py \ Ap, can also be seen as the set of labelled
triangles, that is, triples (I, l2, l3) of lines in Y, such that for some plane P C Hy, PNY =11 + s + 5.
The action of &3 is simply the permutation of the labels. Note that these birational maps are well defined
at each generic point of Py Xy Py \ Ap, by Lemma 2.15. The involution 4 is the involution (I1,12) — (I3,12)
while the involution 7 is the involution (I1,l3) — (l2,11). In any case, these two involutions are conjugate
in &3. We know by (i) that if there are two irreducible components, they are exchanged by i. Hence they
must be also exchanged by 7. O

Proof of Lemma 2.1}. let X be a general cubic fourfold and let Y be any hyperplane section of X. Assume by
contradiction that Py Xy Py \ Ap, is not irreducible. By Corollary 2.20, it has then exactly two components
(1, C2. Both components dominate Y by Lemma 2.15. Let 1 < ky < ko, k1 + k2 = 5 be the respective degrees
of pro : C4 = Py, Co = Py. One has (k1, k2) = (2,3) or (k1,k2) = (1,4). For a general point y € Y, denote
by {l1,...,l6} = ¢ '(y) =t B, C Py. For l; # l;, we have (l;,1;) € Py xy Py \ Ap, and thus we can write
E, x B, \ Ag, as a disjoint union

(221) Ey X Ey \ AEy = El,y L EQ’y7

where
El,y = (Ey X Ey \AEy) ﬂCl, E27y = (Ey X Ey \ AEy) ﬂCQ.

The partition (2.21) satisfies:

(a) For any ¢ € {1,...,6}, the set of j # ¢ such that (l;,1;) € E1, has cardinality k; and the set of j # ¢
such that (I;,1;) € Ey, has cardinality k».

(b) For any ¢, j € {17 . ,6} with ¢ 7é 7, (l“lj) € El,y = (lj,li) S E27y.

Indeed, (b) is exactly Corollary 2.20(ii).

The contradiction is now obvious: Indeed, (a) shows that the cardinality of E , is 6k; and the cardinality
of Ey, is 6ko, with 6k1 # 6k2, while (b) implies that both sets have the same cardinality. O

Proposition 2.10 is thus proved. O

3. TRANSVERSALITY ARGUMENTS

This section is devoted to applying transversality arguments in order to deduce that some statements
which hold for general cubic threefolds in large codimension hold for any hyperplane sections of a general
cubic fourfold. In particular, we will first prove Lemma 3.8 which guarantees that the versality statement of
[CMLO09] is actually satisfied by the family of quintic curves associated to the family of hyperplane sections
of a general cubic fourfold and a local choice of good lines in them. This will be needed in Section 4. In
Section 3.2, we will extend this result to the case of a general Pfaffian cubic fourfold. We will also prove by
applying a similar transversality argument the existence of a very good line in any hyperplane section of a
general Pfaffian cubic fourfold. This will be needed in order to make the arguments of Section 4 apply as
well when the cubic fourfold is a general Pfaffian cubic (see Section 6).
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3.1. Transversality results for general cubic fourfolds. Below, we denote by M% the open subset of
P(H°(P°, Ops(3))) parameterizing smooth cubic fourfolds, and by My the projective space P(H° (P4, Opa(3))).
By restriction from P? to a given P* C P® we get a morphism

r: MY — My

which is obviously smooth, since the fibers are Zariski open subsets of H°(P°, Ops(2)). With these notations,
the following transversality lemma holds:

Lemma 3.1. (i) Let Z C My be a closed algebraic subset of codimension > 6, which is invariant under
the action of PGL(5). Then for a general [X] € Mx, no hyperplane section of X is isomorphic to
a cubic threefold Y parameterized by a point of Z.

(ii) Let M’y C M% be a hypersurface which is invariant under PGL(5), and let Z C My be a closed
algebraic subset of codimension > T, which is invariant under the action of PGL(5). Then for a
general [X] € My, no hyperplane section of X is isomorphic to a cubic threefold Y parameterized
by a point of Z.

Proof. (i) Indeed, as r is smooth (actually, flat would suffice), r=1(Z) C M$ has codimension 6 in M.
The group PGL(6,5) C PGL(6) of automorphisms of P5 preserving P* acts on M$, preserving r~1(Z) since
Z is invariant under PGL(5). It thus follows that

dim PGL(6) -7~ *(Z) <5+ dimr~(Z),

or equivalently that codim PGL(6) - r=1(Z) > 1. Thus PGL(6) - r~1(Z) is not open in M$, which proves
(1).

(ii) The same argument as in (1) shows that PGL(6) - 7~!(Z) has codimension at least 2 in MY%, hence
cannot contain the hypersurface M. |

Remark 3.2. We will see in Section 3.2 an improved version of Lemma 3.1 (ii), where under a certain
assumption on the hypersurface M’y the estimate on codimension of Z will be also 6, not 7. The hypersurface
of interest for us will be the locus of Pfaffian cubics.

The above lemma allows us to exclude from considerations highly singular cubic threefolds. Specifically,
for our purposes a mildly singular cubic threefold means the following:

Definition 3.3. Let Y be a cubic threefold. We say Y is allowable (or mildly singular) if Y has at worst
isolated singularities and 7,:(Y) < 6. Here 7 denotes the Tjurina number of an isolated hypersurface
singularity, and 74,¢(Y) is the sum of the associated Tjurina numbers, i.e. T (Y) = Zpesmg(y) 7(Yp)
(where Y,, denotes the germ of Y at p).

Remark 3.4. We recall that for an isolated hypersurface singularity (V' (f),0) C C", the Tjurina number
is defined to be 7(f) = dim¢ Clzy, ..., 2,]/{f, ngﬂ e %}, and it represents the expected codimension in
moduli to encounter that singularity. In other words, by dimension count, we expect that all hyperplane
sections Y of a general cubic fourfold X are allowable in the sense of Definition 3.3. The results below say

that this is indeed the case.

Remark 3.5. The arguments involving good lines are closely related and inspired by those is [CMLO09].
However, as already noted in Remark 2.4, the results of [CML09] do not suffice here. Namely, in [CML09]
the focus was on GIT stable/semistable cubic threefolds, while here we focus on hyperplane sections of
general cubic fourfolds (or general Pflafian cubics). Thus, our notion of allowable is slightly different from
that of [CMLO09, Def. 2.2].

Proposition 3.6. Let Y be an allowable cubic threefold (c.f. Def. 3.3). Then, the following hold:

(0) Y has worst ADE (in particular planar) singularities.

(1) The deformations of Y in P* induce a simultaneous versal deformation of the singularities of Y.
This means equivalently that the natural map from the first order deformation space of Y, that is
HO(Y,Oy(3)), to the product Hpesmgy T}l,p, where T}p classifies the first order deformations of the
germ of singularities of Y at p, is surjective.
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(2) Assume additionally that there exists a good line l C'Y. Let 5'; be the curve of lines in 'Y meeting
l. Then the singular points of Y are in bijection with the singular points of the curve C; = 51/L
(which is a plane quintic curve), the analytic types of the singularities of Y and C; coincide and
the deformation theory of the singular points of Y and Cj coincide. Furthermore, the deformations
of C; give simultaneous versal deformations of the singularities of C) (which is compatible with the
deformations of the singularities of Y).

(3) The locus of cubic hypersurfaces Y C P* with non-allowable singularities has codimension > 7 in the
space P(HY(P*, Op4(3))) of all cubic threefolds.

(4) Y does not admit a non-trivial vector field.

Proof. A non-ADE hypersurface singularity has Tjurina number 7 > 7, giving (0).

The simultaneous versality statement (1) is a specialization of a result of Shustin-Tyomkin [ST99, Main
Theorem)] to the case of cubic threefolds (in fact, 74,:(Y) < 7 suffices; see also [dPW98, Lemma 3.3(i)] which
gives the stronger results that 7,:(Y) < 15 suffices for cubic threefolds; [CML09, (5) on p. 35| gives the
simultaneous versality for GIT stable cubics).

The correspondence of singularities under the projection from a good line is [CML09, Proposition 3.6].
Clearly we get 74,+(C;) < 6, which then implies that the deformations of C; give simultaneous versal deforma-
tions of its singularities (e.g. [Shu87] says that 71,t(C;) < 4(d — 1) = 16 suffices). Finally, the compatibility
between the global-to-local deformations of Y and Cj is discussed in [CMGHL15, §3.3].

The expected codimension for the equisingular deformations of a singular cubic Y is 74,(Y). Thus, the
locus of cubics with 73, (Y) > 7 is expected to have codimension 7 in P(H?(P*, Op4(3))). The simultaneous
versality statements cited above (esp. [{PW98, Lemma 3.3(i)]) guarantee that the expected codimension is
the actual codimension for cubics with 74,:(Y) < 15. It remains to check that the more degenerate cases
(cubics with 74,:(Y) > 15 or non-isolated singularities) have still codimension > 7. This is an easy case by
case analysis that we omit (N.B. the main tool here is to study a singular cubic via the associated (2, 3)
complete intersection in P3, see [CMLO09, §3.1]).

The cases when Y is GIT semistable (in particular, if Y has at worst A4, ..., A5 or Dy singularities) and
has positive dimensional stabilizer are classified by Allcock (e.g. [All03]). It follows that either 74, (Y) > 10
or Y has non-isolated singularities (in fact Y is the chordal cubic). Assuming that Y is not GIT semistable
and that 74,:(Y) < 6 leads to a small number of cases that can be excluded by a case by case analysis. Namely,
Y is stabilized either by G,, or G,. The unipotent case can be seen not to occur using the classification
of [dPW10]. Finally, if Y is stabilized by G,, it has at least two singularities. Under our assumptions
(in particular, GIT unstable), the only possibility is Y has a Dj singularity and an A; singularity, which
can be then excluded by studying the associated (2,3) curve (obtained by projecting from the A; singular
point). O

An immediate consequence of Propositions 2.3 and 3.6(3) and Lemma 3.1 is:

Corollary 3.7. If X is a general cubic fourfold, any hyperplane section Y of X is allowable, hence satisfies
properties (0)-(4) of Proposition 3.6. Moreover, it has a very good line.

Note however that since we are restricting to the universal family /B of hyperplane sections of a fixed
cubic fourfold X, the simultaneous versal statement of Proposition 3.6(1) does not suffices for our purposes.
What is needed instead is the following lemma which follows from Proposition 3.6 and a transversality
argument.

Lemma 3.8. Let X C P be a general cubic fourfold, and let Y be any hyperplane section of X. Then the
natural morphism H°(Y, Oy (1)) — Hpesmgy T},p is surjective. (In other words, the family of deformations
of Y in X induces a versal deformation of the singularities of Y.)

Corollary 3.9. In the situation of Lemma 3.8, denote by Fgooq the universal family of good lines in hyper-
plane sections of X :
F={({l],t) € G(2,6) x (P°)*, L C Y3},
Then if X is general, Yo C X is any hyperplane section and |l C Yy is a general good line, the natural map
TF,0u,(111,0) — DpeSing Cz,YOTé*L,p is surjective. Furthermore, for a local analytic or étale section B C Fyood
of the second projection defined near 0, the natural map T (11,0) = @pesing €1y, Téz,p 18 surjective.
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The corollary is indeed an immediate consequence of the lemma and of Proposition 3.6(2) above.

Proof of Lemma 3.8. We first note that for a general cubic fourfold X, and for any hyperplane section
Y C X, Y has no nonzero vector field, or equivalently, the isotropy group {g € GL(5), ¢* fy = fv } is finite,
where fy € H°(Op(3)) is the defining equation of Y. This follows from Lemma 3.1 and Proposition 3.6(4).
From now on, we will work with the Zariski open subset M% C M% of cubic fourfolds with no nontrivial
automorphisms and whose hyperplane sections have no nonzero infinitesimal automorphisms. Next, using
Proposition 3.6(3) and Lemma 3.1(i), we get that for a general cubic fourfold X C P5, any hyperplane section
Y of X satisfies property (1) of Proposition 3.6. Let now k be a number and z = (z1,..., zx) be the data of
k analytic isomorphism classes of germs of allowable hypersurfaces singularities. Let N := ), dim TZ1 Let
My, C My be the set of cubic threefolds admitting exactly k singular points with local germs z;. Using
property (1), we conclude that My, is smooth locally closed of codimension N in My . It follows that its
inverse image 7~ (My ) is smooth of codimension N in M%. The group PGL(6,5) of automorphisms of
P5 preserving P* acts now on MY preserving r~1(My..) and using the definition of MY, we find that the
fiber Lx over a general point [X] € M$/PGL(6) of the quotient map

M%) PGL(6,5) — MY/ PGL(6)

is smooth, isomorphic to P(H?(Ox (1)). (This statement is in fact not completely correct due to the presence
of hyperplane sections of X which have finite automorphisms, but it is true at the infinitesimal level.) Sard’s
theorem then tells us that for general X, the locus Lx N7~ (My,,) is smooth of codimension N in Lx,
which exactly means that for the given type z, and for any Y C X having z as singularities, the map
HO(Y,0y (1)) — [Tesingy T;l,p is surjective. The conclusion then follows from the fact that there are finitely
many analytic isomorphism classes of allowable singularities (i.e. all are ADE with 7 < 6). (]

3.2. Transversality results in the Pfaffian case. Recall that a Pfaffian cubic hypersurface is a linear
section of the Pfaffian cubic in P* = P(A* W) defined by the equation w?® = 0 in A® Ws. Pfaffian cubic
fourfolds are parameterized by a hypersurface P in the moduli space of all cubic fourfolds (see [BD85]).
This hypersurface is smooth away from the locus where the cubic has two different Pfaffian structures. In
general, it is a divisor with normal crossings, with one branch for each Pfaffian structure. This follows from
the fact that the period map for cubic fourfolds is étale. As we want to apply the results of Section 4 also to
the case of a general Pfaffian cubic fourfold, we have to prove that a general Pfaffian cubic fourfold satisfies
the needed assumptions, namely Lemmas 3.13 and 3.14, that will be obtained as easy consequences of the
following lemma.

Lemma 3.10. Let X be a general Pfaffian cubic fourfold. Then for any hyperplane section Y C X with
equation fy € HY(X,0x (1)), the subspace fy H°(X,Ox(2)) C H*(X,Ox(3)) is not contained in the tangent
space to the Pfaffian hypersurface at the point [X].

Proof. The Pfaffian cubic fourfolds are characterized by the fact that they contain quintic del Pezzo surfaces:
if X contains a quintic del Pezzo surface ¥, the Pfaffian rank 2 vector bundle £ with ¢ = 2 and ¢; = 0
on X is deduced from ¥ by the Serre construction. Conversely, if X is Pfaffian with Pfaffian rank 2 vector
bundle &, there is a five dimensional family of quintic del Pezzo surfaces ¥ in X, obtained as zero-sets of
sections of & (see [Bea00, Proposition 9.2]). Let ¥ C X be such a pair, and let o := [¥] € H?(X, Q%) be the
cohomology class of X. The cup-product with ¢ induces a composite morphism

(3.11) oU: H(X,0x(3)) & HY(X, Tx) — HY*(X),

where the first map p is the Kodaira-Spencer map, and the general theory of variations of Hodge structures
tells us that the tangent space to the Pfaffian hypersurface P at [X] identifies to KerocU. Note that p
identifies to the quotient map

H°(X,0x(3)) = R} :== H(X,0x(3))/J},
where f is the defining equation for X and J ? is the degree 3 piece of the Jacobian ideal of f. Griffiths’
residue theory (see [Voi07, IL,6.2]) provides isomorphisms

H??(X )i 2 R}, H'(X) 2 R}
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such that the second map in (3.11) identifies to multiplication by & : R}O’c — R?7 where 0 € R?: is the
representative of o, or rather of its projection in H*?(X)prim = H>%(X)/(h?) (here, h = ¢1(Ox(1))).
Lemma 3.10 can thus be rephrased as follows: For a general Pfaffian cubic fourfold with equation f, the
Pfaffian class ¢ € R? is not annihilated by yR?%, for any 0 # y € H°(X,Ox(1)). Note that by Macaulay’s
theorem [Voi07, 11,6.2.2], to say that y&R?c =0in Rfc is equivalent to saying that yo = 0 in R;%. So what we
have to prove is the following:

Claim. For a general Pfaffian cubic fourfold with equation f and Pfaffian class ¢ € Rfc, and for any
0+#ye HYX,0x(1)), y5 #0 in R‘}.

This statement can be proved as follows: we observe that a smooth linearly normal quintic del Pezzo
surface is a hypersurface of bidegree (1,2) in P! x P? Segre embedded in P>. We now choose a reducible ¥ €
|Op1 wp2 (1, 2)], consisting of the union of x x P? (a plane P; in P?) and two hypersurfaces in |[prjOp: 2 (0, 1)],
which will provide quadrics Q2, @3 in P°. Of course, the configuration P;, Q2, Q3 is not arbitrary: Q; and
Q2 have to meet along a line A in P> and P; meets Q-, resp. Qs3, along a line Ay resp. Ag in P?. Let X
be a general smooth cubic fourfold containing P;, Q2 and @3, and let P», resp. Ps, be the planes residual
to @2, resp. Q3 in X. Then P, and P3; do not meet and they each intersect P; in one point. Note that we
have an equality of primitive cohomology classes

0 =P1—P2—DP3,

where p; is the class of P; in H*2(X)ppim for i = 1,2, 3. We claim that conversely, if a smooth cubic
fourfold contains three planes Py, P, P3; such that P, and P3 do not intersect but each of them intersect P;
in respective points o, x3, then X is Pfaffian with primitive Pfaffian class 0 = p; — po — p3. To see this,
we choose the residual quadrics @2 and Q)3 in such a way that they each intersect P; along a line. We need
also that ()2 and @3 intersect along a line, and for this it suffices to choose a line A in X passing through
a point x of P, and intersecting both P, and Ps;. Such a line exists and in general the point x is not on the
line (z2,73). Let P3 be generated by P, and A and P§ be generated by P; and A. Let Q, resp. Q3 be
the residual quadric of Py, resp. P, in X NP3, resp. X NP3. Then Q2 N P, is the line (zq, ), Q3 N Py is
the line (z3,2) and Q2 N Q3 is the line A. We thus constructed the (degenerate) quintic del Pezzo surface
Y=PUQ2UQs.

Remark 3.12. The claim could also be proved by observing that if P;, P», P3 C X are three planes as above,
then the integral cohomology class o = [Py] —[P] — [Ps]+2h? € H*(X,Z) has the same numerical properties
as the class of a quintic del Pezzo surface, namely 0 = 13 and o - h2 = 5.

Coming back to the proof of the statement, it suffices now to prove that for a general cubic fourfold
containing three planes Py, P», P3 such that P, and P3; do not intersect but each of them intersects P;
in one point, then for any 0 # y € H°(X,Ox(1)), the class p1 — p2 — p3 € H**(X)prim = R}O’c satisfies
y(p1 —p2 —p3) # 0 in R‘]%. This computation can be made explicitly on the Fermat cubic, where such
configurations of planes are easy to exhibit and where the computations in the Jacobian ring are easy to
perform. O

We have the following applications.

Lemma 3.13. Let X be a general Pfaffian cubic fourfold. Then for any hyperplane section Y of X, the
natural map H°(Y, Oy (1)) — @FEsingyTQP is surjective.

Proof. Let P be the Zariski open subset of the Pfaffian hypersurface which is defined as the intersection of
P with the Zariski open set M%. Note that P is non-empty by Lemma 3.1(ii), using the fact that the set
of [Y] € P(H°(Op4(3))) admitting a nontrivial vector field has codimension > 7 (see Proposition 3.6(4)). We
now consider the natural map r,; : P%° — My defined as the restriction to P%° ¢ MY of r : MY — My-.
The fiber of 7,7 over [Y] € My consists in those Pfaffian cubic fourfolds which intersect P4 along Y. Let
X be a general Pfaffian cubic fourfold. Then 7, is smooth at any [X'] parameterizing a cubic isomorphic
to X. Indeed, the map r is smooth, and 7, is the restriction of r to PO, Thus, if rp Was not smooth at
a point [X'] with [Y] = r,([X"]), then the fiber of r would be tangent to P° at [X’] which exactly means
that fy HO(X’,Ox/(2)) € H°(X',Ox:(3)) is contained in the tangent space to the Pfaffian hypersurface at
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the point [X’]. As X is general, Lemma 3.13 tells us that this does not happen at any X’ isomorphic to
X. The end of the proof is now identical to the proof of Lemma 3.8. Indeed, by Lemma 3.14 below and
Proposition 3.6, property (1) of Proposition 3.6 is satisfied by any hyperplane section of a general Pfaffian
cubic, replacing r~!(My.) by its Pfaffian analogue r;fl (My,;) which we know to be smooth. O

Recall from Definition 2.9 that a very good line in a cubic threefold containing no plane is a line which is
good and such that the curve Cj of lines in Y meeting [ is irreducible.

Lemma 3.14. Let X be a general Pfaffian cubic fourfold. Then any hyperplane section'Y of X is allowable
and admits a very good line.

Proof. We know by Propositions 2.3 and 2.10 and Corollary 3.7 that if X is a general cubic fourfold, then
any hyperplane section of X allowable and contains a very good line. Let us say that Y is bad if it does
not admit a very good line or has non-allowable singularities and X is bad if it has a hyperplane section
Y which is bad. The locus of bad cubic fourfolds is a proper closed algebraic subset Mg?’bad of MY and
its irreducible components are constructed as follows: for each irreducible component Z C My of the locus
of bad cubic threefolds, let Zx = r‘l(Z) C Mx. Then Zx is the locus of bad cubic fourfolds such that
the cubic threefold X N P* is parameterized by a point of Z, and thus PGL(6) - Zx is the set of cubic
fourfolds X such that some hyperplane section of X is isomorphic to a cubic threefold parameterized by a
point of Z. It is thus clear that we get any irreducible component of ./\/lg?’bad as PGL(6) - Zx, with Z as
above. We conclude from this that any irreducible component Z’ of Mgg’bad has the property that, for any
[X] € Z', there exists a hyperplane section Y C X such that all cubic fourfolds containing Y™ as a hyperplane
section are parameterized by points of Z’. In particular, if f, € HY(X,Ox(1)) is the equation of Y in X,
fyH°(X,0x(2)) must be contained in the Zariski tangent space of Z’. If any Pfaffian cubic fourfold was
bad, then the Pfaffian hypersurface P% would be an irreducible component Z’ of Mg?’bad and we would get
a contradiction with Lemma 3.10. ]

4. RELATIVE COMPACTIFIED PRYM VARIETIES

As previously mentioned, our main tool for compactifying the intermediate Jacobian fibration J/U is
the Prym construction that identifies the Intermediate Jacobian J(Y) with a Prym variety Prym(C/C)
(where (C,C) are obtained from Y via the projection from a general line). The Prym construction works
well in a relative setting over the smooth locus U (and for the open set of good lines F9°°¢/U), reducing
(at least locally) the problem of understanding degenerations of Intermediate Jacobians to that of under-
standing degenerations of Prym varieties. This is of course a well studied problem: Beauville [Bea77] gave a
compactification for the moduli of pairs (CN' ,C), and many people studied degenerations of Pryms as abelian
varieties (e.g. [FS86], [ABHO02], [CMGHL14]). Here we need to understand a compactification, and its local
structure over given base B. A few instances of this have already been studied in [MTO07], [ASF15], and
[Sacl3al]). Below, we define and prove a number of results for the relative compactified Prym for families of
étale double covers of irreducible curves. Specifically, the results of Sections 2 and 3 say that for a general
cubic fourfold X, we can replace (locally on B) the family }/B of hyperplane sections by a family of double
covers (5, C) such that each fiber (&,Ct) is an étale double cover with both curves irreducible (cf. Cor.
2.11). Furthermore, the singularities of C, and C; are planar, and we can assume (cf. Cor. 3.9) that the
family C gives a simultaneous versal deformation of the singularities of any fiber C;.

Notation 4.1. In this section below, B will stand for an arbitrary base, not necessarily (P°)V as elsewhere
in the paper.

We proceed as follows: as in [ASF15] we can define, for any family C~B — Cp of étale double cov-
ers of irreducible locally planar curves, parametrized by a base B, a relative compactified Prym variety
Prym (53 /Cp) — B whose fibers over the locus parametrizing smooth curves are usual Prym varieties.
The relative Prym variety is defined as (one component) of the fixed locus of an involution on the relative
compactified Jacobian Jac(C) of the family Cz — B. From this definition, it follows immediately that if
Jac(Cg) is smooth then so is Prym (C5/Cp). Unfortunately, in general Jac(Cp) is not smooth. However, one
can sometimes think of Cp — B as the restriction of a larger family 5§ — E, B C g, with the property
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that a) there exists two compatible involutions on 5 and on B, such that the first is an extension of the
given involution on Cp and second has the property that the fixed locus on B is equal to B; b) the relative
compactified Jacobian J ac(C 5) is smooth. Under these assumptions the relative Prym variety Prym (C B/CB)
is smooth. An instance of this already appeared in [ASF15]. As discussed below, the versality statements
valid in our setup allows us to conclude the the relative compactified Prym is indeed smooth in our situation.

The results in this section build on a well known result for compactified relative Jacobians, namely the
Fantechi-Go6ttsche—van Straten [FGvS99] criterion.

4.1. Relative Compactlﬁed Pryms (the étale case). Let f : C — C be an étale double cover of smooth
projective curves, and let ¢ : C — C be the corresponding involution on C. We denote by g be the genus of
C, and by h the genus of C, so that h = 2g — 1. Recall that the Prym variety of C over C, which we will
denote by Prym(é’ /C), is the identity component of the fixed locus of the involution

7:= =" : Pic’(C) = Pic®(C).

The Prym variety Prym(CN' /C) is a principally polarized abelian variety [Mum?74] of dimension g — 1. Equiv-
alently [Mum?74], the Prym can be defined as the identity component of the Norm map

Nm : Pic’(C) — Pic®(C), Oz _pi) = Oc (D f(pi))
or as the image of
(1 — %) : Pic’(C) — Pic’(0).
Now suppose that f : C — C is an étale double cover of singular, but irreducible, curves, and let 7 : D—C
and n : D — C be the normalizations of the two curves. The involution ¢ on C' lifts to a compatible involution

(4.2) e:D—D
so that the natural morphism D — D is an étale double cover with associated involution . Let {z1,..., 2}
be the singular points of C' and let

{p17 ey Pksqly - 7%}

be the singular points of C, with f~Y(x;) = {pi,¢;}. The identity component of the Picard group, or
generalized Jacobian, of C fits into the natural short exact sequence of groups

(4.3) 1 Ax A— Pic”(C) 5 Pic®(D) — 1,

where A := H(C,®F_, (n,.O D/(’) )p,) = HO(C, &k (n.O 5/05)q;) is a commutative affine group. The in-
volution —¢* still acts on Pic’ (C’) and we can define, in analogy with the generalized Jacobian, the generalized
Prym variety of C over C to be the identity component of the fixed locus of —¢*

Prym(C/C) := Fix(—")iq.

The involution —* is compatible, via n*, with —e* on Pic’(D) and it acts on A x A via (a,b) — (b=, a™ %)
(N.B. We use multiplicative notation for these groups, even though A can be a product of both additive and
multiplicative groups.). We therefore get a short exact sequence

1— A —s Prym(C/C) AN Prym(D/D) — 1,
where the inclusion A < A x A = kern* is given by a — (a,a™!). Set § := dim 4, so that g(D) = g — 4,
and g(D) = h — 2. Since dim Prym(D/D) = g — J — 1, we see that

dimPrym(é/C) =g-—1

For example, if C' is a nodal irreducible curve, then Prym(CNv /C) is a semi—abelian variety.

The strategy to compactify the generalized Prym variety is to extend the involution to the compactified
Jacobian of C.

By definition, the degree d compactified Jacobian of an integral projective curve I' is the moduli space of
rank 1 torsion free sheaves on I' of degree d. If " has planar singularities, i.e. if locally around every singular
point I is isomorphic to a plane curve, then every component is irreducible [Reg80] of dimension equal to
the arithmetic genus of I'. The degree zero component Jac(I') contains Pic’(I') as an open dense subset.
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For the proof of Propositions 4.14 and 4.31 we will need further properties of the compactified Jacobian,
in particular, we will need a description of the complement Jac(I') \ Pic’(I') (cf. [Reg80] and [Coo98];
see Proposition 4.15 below), and a smoothness criterion due to Fantechi-Gottsche—van Straten [FGvS99]
(recalled below in Proposition 4.28). If T" has locally planar singularities, then any coherent torsion free
sheaf F' on I is reflexive, in the sense that

(FY)Y =F, where FY:=Home,.(F, Or).
Lemma 4.4. Assume that C, and therefore 5, has planar singularities. Then assignment
7 : Jac(C) — Jac(C)

4.5
(4:5) F+—— *FV

defines a regular involution which extends —i* over the complement of Pico(é),

Proof. By [AKT9, Thm 3.4], there is a universal sheaf F on JaC(C) x C. Hence the family H om(:*F, Oz)

of rank one torsion free sheaves determines a morphism Jac(C) — Jac(C) which sends any sheaf F to t*FY
and is an involution since the sheaves are reflexive. |

Definition 4.6. The compactified Prym variety Prym(é /C) of an étale double cover C — C of inte-
gral curves with planar singularities is the irreducible component containing the identity of the fixed locus
Fix(7) C Jac(O).

Remark 4.7. Notice that Prym(C/C) C Prym(C/C) is a dense open subset, so that, in particular, dim Prym(C/
C) = g — 1. For example, if C is irreducible with one node, then Prym(C/C) is a rank one degeneration of
an abelian variety. For a other explicit description of Prym varieties of singular curves see [Sac13a].

Remark 4.8. One could also drop the assumption of integrality, and define the relative compactified Prym
variety for étale double covers of arbitrary curves with locally planar singularities. In this situation, however,
a choice has to be made, namely that of a polarization on the family of double covers and the relative
compactified Prym depends on this choice (for the case of family of curves lying on smooth projective
surfaces see [ASF15] and [Sacl3a]). Since the curves we will deal with in our situation turn out to be
integral by Proposition 2.10, we will restrict ourselves to the case of integral curves.

Now let B be an irreducible base scheme and let

(4.9) Cp —> Cp

NS

be a family, parametrized by B, of étale double covers of reduced and irreducible curves with planar singu-
larities. Let us denote by g the genus of the curves in the family Cp — B, and by h = 2g — 1 the genus of
their double covers Cg — B. We let
L CB — CB,
be the involution associated to the covering, and define a 2-torsion line bundle np on Cp by setting
f* = OCB S2) nB-
For any b € B, we denote by
fb:Cb—>Cb, Lb:Cb—>Cb
and 7, € PicO(Cb) the restrictions of f, ¢ and of n to the fiber over b. Consider the degree 0 relative
compactified Jacobians
¢ : Jac(Cp) — B, 7 : Jac(Cp) — B.
The fiber of ¢ (respectively 7) over a point b € B is the compactified Jacobian of the curve Cy (respectively
Cp) and is a reduced and irreducible l.c.i. of dimension h (respectively g). The smooth locus of £ (respectively
m) is the relative generalized Jacobian PiC%B (resp. Pich) which parametrizes line bundles. Since they are
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a group schemes, both admit a zero section, and the morphisms —:* and 1 — (* are well defined group
homomorphisms of Pic%B. Also, Pich has a section determined by 7p.

Lemma 4.10. The “—1” morphism on the group scheme PiC%B extends to a reqular morphism on the whole
Jac(Cp). In particular, there is a regular involution
7 : Jac(Cp) —» Jac(Cp)
Fr— *FY
Ijroof. Again, this follows from [AK79, Thm 3.4]. Locally on ? we can find a section of the smooth locus of
Cp — B, hence by loc. cit. there is a universal sheaf on Jac(Cg) x Cp, which in turn induces an involution

like in Lemma 4.4. Since the assignmet is independent of the choice of a section, these local morphisms glue
together to a global involution on Jac(Cp). O

We can now define the relative compactified Prym.

Definition 4.11. Let f: Cp — Cp be as in (4.9) an étale double cover between two families of reduced and
irreducible curves with planar singularities. The relative compactified Prym variety of C, B over Cp, denoted
Prym((Cp/Cg)) is defined to be the irreducible component of the fixed locus Fix(7) C Jac(Cp) that contains
the zero section:

M(gB/CB) = FiX(T)id C R(ﬁB)

Lemma 4.12. The fized locus Fix(—*) C PiC%B has four isomorphic connected components.

Proof. In [MumT4], it is proved that for any b € B such that C, is smooth, Nmfl(OCb) C Pic%b has two
connected components. Hence, so has Nm ™! (5,). Moreover,

Fr(Nm(0g, (X)) = 05,3 ci + wei),
and ker(f*) = (Og,,m), so that Fix(—.;) = Nm™*(n) UNm ™' (Oc,) and hence the fixed locus of —¢ in
Pic? (51,) has four connected components. Over B, since f is étale and f*053 = Oc¢, @ np is locally free,
we can consider the relative norm map [Gro61, §6.5] Nmp : Pic%B — Pich and hence we may consider the

inverse images of the zero section of PicgB — B and of the section determined by ng. By [Gro61, Prop.

6.5.8] on each fiber the norm map is compatible with the norm map associated to the double cover 51, — Dy
between the normalizations of the two curves (cf. (4.2)). Hence, it restricts to a norm map m: Ax A — A
(notation as in (4.3)), which is nothing but the multiplication map (a,b) — ab. Hence, on every fiber the
kernel of the norm map is an extension of the kernel of the norm map of an étale double cover of smooth
curves (namely, the normalizations) by kerm = A. It follows that the inverse image under Nmp of the zero
section has two connected components: the one containing the zero section of Pic%B and the remaining one.
Hence, also the inverse image of the section determined by 15 has two connected components and the lemma
is proved. O

Let
(4.13) Pi,..., Py

be the four connected components of Fix(—c*) C Pic%B, with P; the component
Prym (Cp/Cp) = Fix(—t%)ig = Im(1 — ") C Pic%B
containing the zero section. We will call this component, which is a group scheme of dimension g —1 over T,
the relative generalized Prym variety of Cp over Cp. It is dense in the relative compactified Prym, so that
its closure P; satisfies
P = Prym(CB/CB) = Im(l — L*).
By restricting 7 to the relative Prym we get a morphism
vp : Prym(Cp/Cg) — B,
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whose fiber over a point b € B corresponding to a double cover between smooth curves 51, — Cyp is isomorphic
to the usual Prym variety Prym(C,/Cp). Notice that

dim Prym(Cp/Cp) = dim B + g — 1.

We now need to show that this definition is well posed, in the sense that it is compatible with base change.
For example, we would like to verify that the fiber over an arbitrary point b € B of the relative compactified
Prym variety is the compactified Prym variety of C, over Cp.

Proposition 4.14. (1) For every b € B we have Prym((,:B/CB)‘b = Prym((?b/Cb).
(2) The base change property holds for arbitrary base change, i.e., for any morphism B’ — B, setting
Cp =Cp xp B’ and Cg: = Cp xp B’, we have
Prym(Cp/Cp) xp B' = Prym(Cp /Cp).
(3) The morphism vg : Prym(gB/CB) — B is equidimensional.

We claim that it is sufficient to prove (1), since it implies the other two points. Let us see why. To
show that (1) = (2) we may assume without loss of generality that B’ is irreducible. Hence Prym(Cp//Cp/)
is irreducible. Since it is contained in m(@B /Cp) xp B’, we only need to show that this is also ir-
reducible of the same dimension. By (1) and Remark 4.7, the fiber M(gg/(fg)lb over any b € B is
irreducible of dimension g — 1. Hence, the morphism Prym(Cg/Cp) x5 B’ — B’ is equidimensional and
dim Prym(Cp/Cp) xp B’ = dim B’ + g — 1.

To prove (1) we first need a few lemmas, as well as the first statement of Proposition 4.31 below. Before
stating and proving these lemmas, we need to recall a few properties of compactified Jacobians (cf. [Reg80],
[C0098]). _

Let T be an integral projective curve, with normalization n : I' — I'. Given a rank 1 torsion free sheaf F'
on I, there exists [Co098] a partial normalization

n T =T,
with the property that £ nd(F) = n/,Ors and that the rank 1 torsion free sheaf F’ := n'"F/tors on T, satisfies
F=nlF'.
For later use, we highlight that, given F', we can define the curve I by setting
I := Spece,, €nd(F)

We define a local type [Coo98] of rank one torsion free sheaf to be a collection { M} ,csing(r) of isomorphism
classes of rank one torsion free Or p,—modules, where p runs in the set of singular point of I'.

Two rank one torsion free sheaves F' and GG on I are said to be of the same local type if for any p € I the
localizations F, and G\, are isomorphism Or ,~modules.

Proposition 4.15 ([Co098], [Reg80]). The relative compactified Jacobian Jac(T') is stratified based on the
local type: for every local type { My} esing(r) there exist a rank one torsion free sheaf F' of degree zero with
F, =2 M, for every p. Furthermore, Pic(T') acts transitively on the set of rank one torsion free sheaves of
a fived type {M,}, with stabilizer ker[Pic®(T") — Pic®(T")], with T" := Specp,. End(F) as above. If T' has
planar singularities, then Jac(T') contains the generalized Jacobian as a dense open subset.

Let us now return to our situation. Our aim is to understand the fixed locus of 7 in E(ég). We start
by viewing the group homomorphism (1 — ¢*) : Pic%B — Pic%B, L+ L ®*LY as a rational map
(4.16) (1 =) : Jac(Cg) --» Jac(Cp).

Let us focus on a neighborhood of the fiber E(@,O) over a point by € B. Let {z1,..., 21} be the singular
points of Cy, and let {p1,...,Pk,q1,---,qx} be the singular points of Cy,, with f~1(x;) = {ps,¢;}. For every
subset I C {1,...,k} , we can consider the open subset

Vi C ﬁ(gg)
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of sheaves that are locally free in a neighborhood of {p;}icr and of {g;};¢s, so that

V =urVy,
is the open set of sheaves that for every ¢ are locally free at least on one of the two points p; or g;.
Lemma 4.17. The rational map (4.16) is defined in an open neighborhood of Jac(Cp) containing V.

Proof. Tt is enough to show that if F' € V; then F®.*F" is torsion free. We only need to check this condition
at the singular points {p1,...,pk,q1,...,qr} and, by symmetry, it is enough to check in p;, for every i. We
have (F @ *FY),, = F, ® F. Since by construction at least one between Fj,, and F,/ is locally free, while
the other is torsion free, their tensor product is torsion free. O

Lemma 4.18. Given F € Fix(r) C Jac(Cp), supported on Cy, there exist a G' € V C Jac(Cp) such that the
rank 1, T—invariant, torsion free sheaf

G:=(1—-1")G € Prym(Cp/Cp)
is of the same local type as F'.

Proof. Since 7(F) = F, we have
Fp, = (L*Fv)pi = F«X
so that the local type of F' is determined by the localizations F, , ..., F},, at only half of the singular points.
Consider the local type {Fp,, ..., Fp,,Oq ;- .., Oq }, where Oy, := OCNbO,qﬂ and let G’ be a sheaf in Jac(Cy,)
with this local type, which exists by Proposition 4.15. With this notation it is clear that
G:=G a6
is of the same local type as F. Since G € Im(1 — +*) = Prym(Cg/Cp), the Lemma is proved. O

Set
IV := Specy,. End(F),
and let n’ : IV — T be the natural partial normalization morphism. Since G and F are of the same
local type, by Proposition 4.15 we know that there exists an L € Pic% , well defined up to an element of
to
ker[n'” : Pic’(T") — Pic(T")], such that
G=FQ®L.

Lemma 4.19. Up to changing L by an element of ker[Pic’(I') — Pic®(I")], we can assume that 7(L) = L.
Proof. Since 7(F) = F and 7(G) = G, we have that M := L ® 7(L)" lies in ker[Pic’(T") — Pic®(I")]
and satisfies MV = 7(M). This last equality implies that M = *(M), and it is not hard to see (cf. for
example [Sac13b, Lem. 2.8]) that this implies the existence of an M’ € ker[Pic’(I') — Pic®(I"”)] such that
M =M ®*M’'. From

L=LYQM=L"VeoM /M,
we deduce that

L':=LeoM"’
satisifes 1*L'Y = L/ and since M’ € ker[Pic’(T") — Pic®(I")] we still have
G=FolL.

Let us now go back to the components P, ..., Py, defined in (4.13). The morphism
PP, — P
(L,M) — L® M
extends to a morphism
P1@P; — P;

(G, M) — GoM
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where for every i, P; denotes the closure of P; and hence is an irreducible component of Fix(7). Recall that
we defined P; so that P; = Prym(Cp/Cp).
The last element we need is the following Lemma

Lemma 4.21. Fori # j the closures P; and ﬁj do not intersect.

Proof. This is Corollary 4.32 below, which is based only on the smoothness of the relative compactified
Jacobian over the versal family of an integral, locally planar curve. O

Corollary 4.22. Every irreducible component of Fix(1) C R(CNB) is of the form P; for somei=1,...,4.
In particular, in Definition 4.11 we can replace “irreducible” component with “connected” component.

Proof. Consider an F' € Fix(7) and let G and L be as in Lemmas 4.18 and 4.19 respectively. Since 7(L) = L
and the fixed locus of 7 on Pic%B is equal to [[P;, L € P; for some i. Since G € Py, it follows by (4.20)
that F € P;. O

We finally get to the proof of (1) of Proposition 4.14:

Corollary 4.23. Prym(gg/CB)lbo = Prym(Cy, /Cs, )

Proof. We only need to prove that Prym(Cp /CB)p, C Prym(Cp, /Cs,) since the reverse inclusion is clear.
Consider an F' € M((?B/CB)“)U. As in Lemmas 4.18 and 4.19, we can find a 7—invariant L and a G € P,
such that G = F ® L. By Lemma 4.21, and the fact that F' € P, we necessarily have L € P;. Since
Pr=(1-1%) Pic%B, we can find L € Pic%t0 such that L = (1 —¢*)L”. By construction, G = (1 —¢*)F" and
hence

F=(1-g)(FaL"),

from which we see that

F e Tm(1 — ) = Prym(Cy, /Cyo)-
O

4.2. Smoothness results for the relative compactified Prym. The next step is to study the local
structure of the relative compactified Prym variety. This will allows us to formulate a criterion that has
to be satisfied by a family Cp — Cp of étale double covers of irreducible, locally planar curves in order for
the relative compactified Prym to be smooth. Since this criterion will be deduced by an analogue criterion
for the smoothness of the relative compactified Jacobian, we start by reviewing rapidly, following closely
[FGvS99], the results we need on this topic.

Let D be a reduced projective curve, with planar singularities. We denote by Def (D) be the deformation
functor of the curve D and, for any p € D, we let Def(D),) be the deformation functor of the local ring Op ,,.
For more precise definitions see [Ser06, §2.4.1]. Let Sing(D) C D denote the singular locus of D, set

Def’(D):= ][] Def(D,)
p€ESing(D)

and consider the natural transformation of functors
® : Def(D) — Def'*°(D)

which to a deformation of the global curve assigns the induced deformation of local rings at the singular
points. Since D is reduced, Def(D) and Def(D,) are unobstructed [Ser06, Example 2.4.9] and hence they
admit smooth semi—universal deformations spaces, i.e., there exists a smooth affine scheme S, a point s € S,
and a transformation of functors

U (S,s) — Def(D),

(here, we denote by (S, s) the deformation functor induced by the germ of the complex space) that is smooth

and an isomorphism at the level of tangent spaces, and analogously for the Def(D,). We say that the semi-

universal space is centered at s € S. The tangent spaces to these deformation functors fit into the local to
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global exact sequence

0— H'(Tp) — Ext'(Qp, 0p) — @  H(Exty, (b, Op,p)) — 0,
N————— ;

€Sing(D
T Def(D) peSing(D) T Def(D,)

where Tp = Hom(Q},Op), and where H'(Tp) is the tangent space to the subfunctor Def(D)" of the
deformations of D that are locally trivial. Let D — S be the semi—universal family for D, centered at s,
and let Jac(D) — S be the relative compactified Jacobian. For any sheaf F' € Jac(D) we can consider
the deformation functor of the pair Def(F, D) and, for any p € Sing(D), also of the pair Def(F),, D,). By
[FGvS99, Prop. A3], the Def(F),, D,) are smooth functors. As above, there are natural transformations
U’ : (Jac(D),F) — Def(F,D) and ® : Def(F, D) — [[Def(F,, D,). There is a commutative diagram of
functors

(4.24) (Jac(D), F) LELLIN pesing(p) Def(Fp, Dp)

| |

(5:8) —— [, esing(p) Pef(Dp)

This diagram is not necessarily cartesian, but the horizontal maps are smooth maps of functors by what was
said above and by [FGvS99, Prop. Al]. In particular, Jac(D) is smooth along Jac(D) = Jac(Ds). Now let
Dp — B be a family of integral locally planar curves, with Dy = D for some 0 € B and with B smooth.
There is a morphism B — S, with 0 — s, inducing a diagram

Jac(Dp) — Jac(D)

|

B—S

Since the diagram is cartesian and we are assuming that B is smooth, Jac(Dp) is smooth at a point F €
Jac(Dy) if and only if the image of the tangent space Ty B in TS is transversal to the image of TrJac(D) in
T,S. Hence, in order to be able to check whether Jac(Dg) is smooth at a point F', we need to understand
the image of TrJac(D) in T,S. This is done by analyzing what happens in diagram (4.24) at the level of
tangent spaces.

Set P := C[[z,y]]. Since D has locally planar singularities, for any p; € Sing(D) there exist an f; € P
such that the completion of the local ring Op ,, is isomorphic to R; = P/ f;. With this notation, we have

TLI>,,1. (=T Def(D,p;)) = P/(fi, 0z fi; Oy fi)-
For any i,iet R; D R; be the normalization of R;. We denote by I; C R; the conductor ideal, i.e.,
I; := Hom(R;, R;), and we let
(4.25) V(D) CTh
be the image in the Jacobian ring P/(f;, 0, fi, 0y fi) of the conductor ideal. It is a codimension §; subspace,
(4.26) V(D) C TsS

be the inverse image of [[V(D,,) under the tangent map TsS — HTlljp_. It is known that V(D) is the
support of the tangent cone to the deformations of D that keep the geémetric genus constant, and has
codimension in TsS equal to the cogenus 6 = > J;, i.e. the difference between the arithmetic and the
geometric genera of D.

Let M be rank one torsion free R;—module. Recall that M admits a length one free resolution

0—P" %P5 M0
and that the j-th Fitting ideal F;(M) C R; of M is the ideal of R; generated by the (n — ¢)-minors of the

matrix ¢. It is independent of the choice of the resolution.
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For example, the 0—th Fitting ideal is the ideal generated by the local equation f; of the curve at p;,
i.e., (dety) = (f;) C R;. As for the first Fitting ideal, by [FGvS99, Prop. C2] it is the image in R; of the
valuation map

M x HOH](M, Rl) — R1

For later use, we highlight the following remark
Remark 4.27. F1(M) = Fy(MY) C R;.
We can now formulate the following key Proposition of [FGvS99].

Proposition 4.28. [FGvS99]

a) For any F € Jac(D), the image of the tangent space TrJac(D) in T,S contains the space V(D)
defined in (4.26).

b) There exists an F in Jac(D) such that the image is exactly V(D).

c) Jac(Dg) is smooth along Jac(D) if and only if the image of ToB in TsS is transversal to V(D).
Proof. By [FGvS99, Prop. C1] the image of the tangent space T Def(F),,, D,.) in T Def(p;) equals to the

image
(4.29) W(Fy,) C Ri/(0xfi,0yfi) = T Def(pi)

of the first Fitting ideal F1(F;) C R;. By [FGvS99, Cor. C3], F1(F;) D I; and hence the first statement
follows from the definition of V(D) and the fact that the tangent map TrJac(D) — [[T Def(F},, D,,) is
surjective. The third statement follows from the fact that Remark C4 of [FGvS99] observes that F1(R;) = I,
and from the fact that by Proposition 4.15 above there exist an F € Jac(D) with local type {R;}. Statement
c) is clear, once we notice that we are assuming that B is smooth and that Jac(Dp) = Jac(D) xg B. O

Let us now get back to our situation and consider
(4.30) f:é’—)C, and L:é—)é,

an étale double cover of reduced and irreducible curves with planar singularities and the corresponding
involution on C. _ _

We denote by Def(C, C) the deformation functor of the map C — C' [Ser06, Def. 3.4.1] whose tangent
space can be identified by [Ran89] with T} = Ext'(QL, Oc)(= T Def(C)), viewed as the 1~invariant part of
T: = Extl(Qla, Og). A semi-universal family for this functor can be described as follows. Let C — S be a
semi—universal family for C, centered at a point s € S. As in [CMGHL15], we can consider the finite group
scheme Pic?(C)[2] C Pic’(C) over S which parametrizes 2-torsion line bundles on the curves in C — S. Since
we are in characteristic zero, the morphism Pic”(C)[2] — S is étale and therefore the natural transformation

(Pic®(C)[2],n) — Def(C, C),

which one can easily check to be smooth, is an isomorphism at the level of tangent spaces. Hence, Pic?(C)[2]
is the base of a semi—universal family for Def(C,C). Since Pic’(C)[2] — S is étale, and an isomorphism on
tangent spaces, we can replace S by Pic’(C)[2] so that (S, s) is a semi-universal space for both Def(C') and
Def(C, C). In particular, we have a family

f:éig—)C_gZ:C, L:55—>55'

of étale double covers of integral curves with planar singularities.
We can finally state and prove the smoothness criterion for the relative Prym variety.

Theorem 4.31. Let the notation be as above.

(1) The relative compactified Prym variety Prym(as/Cs) over the semi—universal deformation space is
smooth.
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(2) For any smooth base B and any family of double covers as in (4.9), the relative compactified Prym
variety %(53/63) is smooth along Prym ((Z,/Cb) = v (b) if and only if the image of the tangent
map TyB — T Def(Cy) of the classifying morphism is transversal to the space V(Cy) C T Def(Cyp)
defined in (4.26);

(3) Prym (Cp/Cg) is smooth along Prym (C,/Cy) = v=1(b) if and only if Jac(Cp) is smooth along
Tac(Cy) = 7 (b);

Proof. Consider the curve C and the involution ¢ : C — C. A result of Rim (Corollary in [Rim80]) ensures
that we may consider a (—equivariant semi—universal family Cs — S for C. By definition, this is a semi—
universal family for Def (C’) that has the additional property of admitting compatible actions of ¢ on C and
on S. Let us then consider such a family. We set T =: Fix(:) C S and we denote by C; — T' the restriction
of the semi—universal family to 7. Then

Cr = 5T/L — T

is a family of integral curves with locally planar singularities. If S is centered at s € S , then Cs; = C, and
the tangent space of T at s is the (—invariant subspace (T},S)" = TL = T Def(C,C). This shows that T is a
semi-universal space for Def(C, C'). Hence, to prove (1) it is enough to prove that Prym (Cz/Cr) is smooth.
But this is clear, since Prym (5T /Cr) is the just the component of the fixed locus of 7 that contains the zero
section of JaC(C ). Since J ac(C ) is smooth, so is every component of fixed locus of any involution acting on
it.

For item (2), we can reason as in the proof of Proposition 4.28, provided we understand for, any F €
Prym (C~b /Cp), the image in T Def(Cy, Cp) of the tangent space of the relative compactified Prym variety over
a semi-universal deformation space T for Def(Cy,Cy). Indeed, since by Proposition 4.14 Prym (Cs /CB) =
Prym (CT/CT) x 1 B, it is sufficient to prove that for any F € Prym (Cy/Cp), the image of T Prym (Cr/Cr)
in T Def (Cb,Cb) ch contains the support V' (Cp) of the tangent cone to the equigeneric locus. To see this,
we argue as follows. Set C' = C, and C= Cp and let {p1,...,pk,q1,-..,qr} be the singular points of 5, with
Y x;) = {pi» ¢;}. Consider an F € Prym (C/C) and let S and T be as above. The tangent map

: TrJac(C, —>1_[T1 ><T1 g

is equivariant with respect to the two involutions 7, which acts on TrJ ac(C ) with fixed locus Tr Prym (CT /Cr),
and ¢, which acts on Hl 1 T1 X T1 by interchanging T1 with T1 (which are isomorphic since ¢(p;) = ¢;)-

i

By item (a) in Proposition 4 28 we know that the image of =Zis
[TwW(E) x w(E,).
i

Here as in (4.29) W(F,,) denotes the image of the first Fitting ideal of F),, in Té . Since 7(F) = F,
Py

F,, = F} and hence, by Remark 4.27, W (F,,) = W(Fy,). It follows that the image of T Prym (Cr/Cr) in
[I; T Def(C,p;) x T Def(C, ¢;), which is nothing but the ~invariant subspace of Im Z, is equal to the product
of diagonals [[ Aw(r,.). Under the identification TL = (T, S)t, the subspace V(C) C T} corresponds to the
preimage in TS of the product [TAy @, C HT1 ~x T% . Since we know that W(F,,) D V(C,py), i

i

follows that [] Aw(r, ) D 1 Ay (& p,y and hence that the image of T Prym (Cr/Cr) in T} contains V(C).

The only thing we are left to prove is that there exist an F € Prym (C/C) such that this image
is exactly V(C). This is done, like in Lemma 4.18, by considering a sheaf F’' € Jac(C) of local type

{OC - ,O& ,(95 P O& - }, where 55 i is the normalization of O - and setting
F=F@uxF",

As for statement (3), it follows from (2) and statement (c¢) of Proposition 4.28. O
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Corollary 4.32 (of the proof of (1) of Proposition 4.31). For any base T, the closure P; of the connected
components of Fix(—t*) C PiC%B do not intersect.

Proof. Since Fix(r ) - Jac(C ) is smooth, its irreducible components are smooth and disjoint. In particular,
the closure in Jac(Cg) of the components of Fix(—:*) C P1cc~7 which are irreducible components of Fix(7)
are smooth and disjoint. If this is true over the semi—universal family, it is a fortiori true that the closures
of the P; are disjoint over an arbitrary base. |

Corollary 4.33. If Prym(Cp/Cp) and B are smooth, then vg : Prym(Cg/C) — B is flat.

5. DESCENT — FROM THE RELATIVE PRYM TO THE RELATIVE INTERMEDIATE JACOBIAN

In the previous section, we developed a method for associating to any family of double covers of irreducible
locally planar curves a relative compactified Prym variety. We now apply these results to the double cover of
curves that come up in our situation and get a relative compactified Prym P. The transversality arguments
of Section 3 guarantee the smoothness of P. Unfortunately, this flat family P (of relative dimension 5) lives
over the relative Fano variety F (or more precisely an open subset of it) and not over the base B = (P°)V
would be needed in order to compactify the intermediate Jacobian fibration Jy. It is therefore necessary to
descend P to a family J over B that will give the desired compactification of J/U. This descent argument
is the content of this section.

Let X be a general cubic fourfold (or a general Pfaffian cubic). Let p : F — B be the relative Fano
surface, let F°/B the non empty open subset of very good lines. Recall that, by Proposition 2.10, F° — B
is surjective and let

Cro——————Cxo

NS

be the associated family of plane quintic curves with their étale double covers. By Proposition 2.10, the
curves in the two families are reduced and irreducible. We may therefore apply the results of Section 4 and
construct the relative compactified Prym variety

v: Pro := Prym(Cro/Cro) — F°.
Proposition 5.1. The relative compactified Prym Pro is smooth and the morphism v : Pro — FO is flat

of relative dimension 5.

Proof. This follows immediately from (2) of Proposition 4.31 and from Corollary 3.9. O

As usual, we let U (respectively Uy) be the open subset of B parametrizing hyperplane sections that are
smooth (respectively the hyperplane sections that have a single ordinary node). We set .7-'8 = FOxy B and let

C 79 be the restriction of the family of curves. Analogously for U;. For any t € B, and any £ € FP = F()),
the curve C~(z,t) is the curve of lines in ); that meet the line ¢ C ),. We let Ly C 578 Xy Yy be the
corresponding universal family of lines of the smooth hyperplane sections. For any = € 5(“) we let £, be
the corresponding line in );. There is a relative Abel-Jacobi map

Dy, :5]:8 — Ju, E(g,t) 3:El—>(pyt(£1*€)€g7t
inducing a morphism
Jac(Cry) = Try = Ju xu Fp-
Since for every x € C?M), the rational equivalence class of the cycle £, + 1L, in )} is constant, the morphism
¥ factors via (1 —¢) Jac(Crg) = Prym (Cxy /Crp ) inducing a morphism from the generalized relative Prym
variety

(5.2) Prym (Cry /Crg) — Ty,
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which is an isomorphism by a result of Mumford [Tju72]. In particular, over the smooth locus the relative
Prym variety descends to the intermediate Jacobian fibration. The following lemma shows that it is the case
also over the locus U; parametrizing one-—nodal hyperplane sections.

Lemma 5.3. The isomorphism (5.2) extends to an isomorphism Prym (5]:2 [Cry ) = Try =T xu, Fo, -
1 1 1

Proof. The extensions of the families Prym (5 79 /C 79 ) and J. 7o as families of semi-abelian varieties over

0,1

the boundary .7-'[(}1 \ 73, are determined by the monodromy of the local systems over F3}: indeed, if Hprym

and ’H(}’l are the Hodge bundles of the families v : Prym (578 /Cfg) — FY and p: Try — FY, respectively,

then the two families of semi—abelian varieties Prym (C~ 7o, /C;g 1) and J. Fy, are given, respectively, by
0t 70,1 /.
HPrym/]*Rly*Z» and HJ /]*Rlp*Z

70,1 770.1 . . . .
Here Hp,,,,, and H; are the canonical extensions of the Hodge bundle across F7; \ F{;, which is smooth,
and j : Ff; — JFp), is the inclusion. Since the two families are isomorphic over Fp by (5.2), so are the
corresponding local systems and Hodge bundles, and hence so are the canonical extensions. O

Notice that Lemma 5.3 also shows that Jy, is smooth. This lemma says that the relative Prym fibration
P 7o, restricted to ]-'81 is the pull-back of the intermediate Jacobian fibration over U;. The aim of this
section is to show a similar result over the whole of B, that is, to construct a projective compactification J
of J; that is flat over B, whose pull-back to F° will be isomorphic to Pro. Then J will be clearly smooth.

The morphism m; : J1 — Uj is projective. In fact, there is a canonical Theta divisor ©; C J; defined as
the Zariski closure in J; of the divisor © C J defined as follows: For any ¢ € U, consider the family C; — H;
of rational cubic curves in Y;. We have the Abel-Jacobi map

Bc, : Hy — J (Y1), 5+ Py, (Crs — h?),

where h; = ¢;(Oy, (1)) € CH*(Y;), so that C; , — h? is homologous to 0 in Y;. The image of this map is a
(—1)-invariant divisor in J(Y;) by the following observation ([HRSO05]):

Lemma 5.4. Let C CY be a general cubic rational normal curve in a smooth cubic threefold. Then C' is
rationally equivalent in'Y to the difference of two lines. Conversely, the difference of two general lines in Yy
is rationally equivalent in Y; to a smooth rational cubic curve.

Proof. We admit that, when correctly defined, the family H; of such curves is irreducible. The curve C
generates a P2 which intersects Y in a cubic surface S C Y which is smooth because C is generic. The
linear system |Og(C)]| is a P? which provides a birational map ¢ : S — P2, contracting 6 lines L; in S to
points p;. The curve C belongs to the linear system |¢p*Opz2(1)|. Choose a line L contracted to a point p,
and consider the proper transform I' in S of a conic passing through all points p; except p. Then I is a line
in S which belongs to the linear system [¢*Op2(2)(— >_,. 4, Li)| and thus I' — L is rationally equivalent in S
to ¢*Op2(2)(—>_; Li). But Kg = —h|g = ¢*Op2(—3)(>_, L;), hence we get

—hys + 6" Op(1) = L— M

in CH'(S), and thus C = h? + L — T in CH?*(Y). Conversely, if L, I' are two lines in Y;, the P3 = Pj
generated by L and T intersects Y; along a smooth cubic surface, and for a given point z € L, the plane
(T',z) C P intersects Y; along the union of I" and a conic IV meeting L at 2. The curve LUT" is a reducible
rational cubic curve in S (which deforms to a smooth rational cubic curve). O

It follows that the divisor Im ®¢, (or rather 6 times this divisor) is also equal to the image in J(Y") of the
difference map F(Y) x F(Y) — J(Y), (l1,l2) — 13 —ls. Thus it is invariant under the involution (—1) of
J(Yz). In fact, by [CGT72, Section 13|, this is a Theta divisor in J(Y;) (see also [HRS05]). We now have

Lemma 5.5. For any dominant morphism f : M — Uy with M irreducible, the (—1)-invariant part of
Pic Ty /M, where Ty := J Xy, M, is generated modulo torsion by f*©.
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Proof. The relative Picard group Pic Jy /M := Pic Jp/m3/Pic M (where mpr : Jyr — M is the natural
map,) injects in the Picard group of the fiber J(Y;), where ¢t € M is very general, because the fibers of the
map 7y (which are also the fibers of the map 7 : 73 — Uj) are all reduced and irreducible. In particular,
it injects into Pic Jar, /My, where My = f~Y(U) C M. We are thus reduced to proving that the (—1)-
invariant part of Pic J(Y;) is modulo torsion generated by Oy, for ¢ very general in U;. However, modulo
torsion, the (—1)-invariant part of Pic J(Y:) is isomorphic to the Néron-Severi group of J(Y;). Finally,
recall that we have a canonical isomorphism H3(Y;, Q) & H'(J(Y;),Q) which provides more generally an
isomorphism of local systems over U:
R3u,Q = R'7.Q.

For the local system on the left, the corresponding monodromy group

Im (p : 71 (U, t) — Aut H3(Y;, Z)))

is the full symplectic group of the intersection pairing by Picard-Lefschetz theory [Bea86]. Hence the same
is true for the local system on the right. As M is irreducible and the morphism f : M — B is dominating,
the image of the morphism

fU* : ﬂ-l(MU7 mt) — 7T1(U; t)?

where fy : My — U is the restriction of f and fyy(m;:) = t, is a subgroup of finite index in 71 (U, t). Thus the
monodromy group of the family 7y, — My acts via a subgroup of finite index of Sp(H'(J,,,,Z)) on the
cohomology of J,,,. On the other hand, it is a general fact that the monodromy acts on H2(J(Y,,,),Q) =
N> HY(J(Y,,),Q) by preserving (for very general t) the Néron-Severi group of J(Y;) and with finite orbits
on NS (J(Y;))g. The only elements of A* H'(J(Y;,,), Z) which have finite orbit under Sp(H'(Jym,,Z)) are
the multiples of the class ©; and we conclude that NS (J(Y;))g = QOy,. O

Using the above results and the local compactification of Section 4, we now conclude:

Theorem 5.6. Let j; : Uy — B be the inclusion. Then
(i) For any sufficiently large integer d > 0, the sheaf of algebras

E* = Rojl*(@kZORoﬂ-l*Ojl (kd@))

is a sheaf of algebras of finite type, and each summand R°j1,(R°m1.O 7, (kd©)) is a locally free coherent sheaf
on B.

(ii) The variety J = Proj (£*) — B is a smooth projective compactification of Ji.

(iii) The variety J is irreducible hyper-Kdhler.

Proof. (i) and (ii) It suffices to prove the existence of d locally in the Zariski topology. For any b € B,
there exists by Corollary 2.11 a very good line I, € Y;. As the family F — B of lines in the fibers of w is
smooth at a point parameterizing a very good line, we may assume up to an étale base change ¢ : M — B,
m — b, that there is a section M — Fp;, m + l,,. Furthermore, the conclusion of Corollary 3.9 holds, so
that the corresponding family of plane quintic curves Cj, induces a versal deformations of Sing(Cj, ). We
can then apply the results of Section 4 and especially Theorem 4.31 which provides a smooth projective flat
compactification 7y @ Jar — M of Jar, := Ji Xv, My, where My = ¢~ Y(Uy) C M. If L is a mps-relatively
ample line bundle on Jas, for some Iy large enough, Rimp. L™ = 0 for n > Iy, 1 > 0, and thus we conclude
by flatness of mys that ROmy, LZ is locally free for n > dy. Next we observe that the involution (—1) acting
on Jy, extends to an involution that we will denote by (—1),s acting on Jys over M: this involution can be
defined either as ¢* where ¢ is the relative involution of the family of curves D;  associated with the section
m v Ly, € F(Yy,), or as the involution F +— F* acting on reflexive sheaves on D, . It follows that starting
from any 7ys-relatively ample line bundle £ on s, we can construct a mys-relatively ample line bundle £’
which is relatively ample and (—1)s-invariant, namely

L'=Le(-1)yL.

We now apply Lemma 5.5 to the dominant morphism ¢y, : M; — U; and the (—1)-invariant line bundle
q Tar - It says that up to replacing £’ by a multiple, we have
1

(5.7) £/|.7Ml = E*Ul (dO) ® 7T3/11'/\/'1
34



for some integer d, where N is a line bundle on My, 7pr, : Ty, — My is the restriction of mp; over M; and
¢u, * Ium, — Ju, is the natural morphism above cy, : M; — U;. We observe now that Pic My = Pic M
because M is smooth and codim (M \ My C M) > 2. Thus the line bundle N extends to a line bundle N
on M. Let jp, : My — M be the inclusion map. We have by (5.7)

(5.8) R jas o (RO7an, (L7, ) = Rt o (ROTr, 1 (6, O 7, (kdO) @ 3y NEF))
= N ® ROle*(ROWMﬁ(E*Ul Og, (kd@)))

As the morphism M — B is étale, proving that R?j.(R°71.0 7, (kd©)) is locally free on B and that the sheaf

of algebras @ R j1.(R°my, . O 7, (kd©)) is of finite type is equivalent to proving that Rjas, « (ROm s, « 7, (O 7, (kdO))
is locally free on M and that the sheaf of algebras @5 R jas, « (R°mas, « (&7, Oz, (kd©)) is of finite type. Observe

that we have

(5.9) ROle*(ROWMl*(E’f@}“Ml ) = ROWM*(E'%I)

because Jys and M are smooth and, by flatness of Jy over M, Jy, C Jum is the complement of a
closed algebraic subset of codimension > 2 in Jy, as is My C M. Finally, by (5.8) and (5.9), the sheaf
R%jnt,« (ROm s, 6y, (kd©)) is isomorphic to

N®F g RO7TM*(£/®I€)7

which is locally free by vanishing and base change for the flat family ma; : Jar — M, for k > ly. The relative
ampleness of £’ implies that

®k
EBkROWM*(ﬁl\le)

is a sheaf of algebras of finite type over M, and so is @R’ jas, « (ROmar, « (&7, Oz, (kd©)) by the isomorphism
above. Finally, we have over M

Im = PrOj(@kRoﬂM*ﬁl®k).

and thus by (5.8), the variety J := Proj&* — B satisfies Jy := J xp M = Jy. It follows that J is
smooth because Jjs is smooth and M — B is étale.

(iii) We know by Proposition 1.22 that J; has a nondegenerate holomorphic 2-form which by Theorem
1.2 (iii) extends to a nondegenerate holomorphic 2-form on 7, since codim(J \ J; C J) > 2. What remains
to be done is to prove that J is irreducible hyperkihler. We have the following lemma:

Lemma 5.10. The holomorphic 2-forms on any finite étale cover J of J are multiples of the form o coming
from X.

Proof. The variety J contains the Zariski closure of the Theta divisor © C J which is birational to a P'-
bundle over the Lehn-Lehn-Sorger-van Straten variety F3(X). Indeed, recall from [LLSvS13] that F3(X)
parameterizes birationally pencils |D| of rational cubic curves on cubic surfaces S C X. Consider the P!-
bundle P — F3(X) with fiber over (S, D) the P! of hyperplanes in P5 containing S. Then P admits a
morphism to (P%)* whose fiber over Hy parameterizes the pencils of cubic rational curves in Y. We already
mentioned that via the map
|D| — ®&x (D —h?) e J(Y),

the set of such pencils dominates (in fact, is birational to) the Theta divisor of J(Y). This construction in
family over U provides the rational map P --+» © C J C Z.

The proof of Lemma 5.10 is now immediate: The variety F3(X) is simply connected (it is a deformation of
St for some K3 surface S, see [AL14]), hence P is simply connected, so the rational map P --» J constructed

above lifts to a rational map P --» J for any finite étale cover J of J. As F3(X) is an irreducible hyper-
Kihler manifold and P — F3(X) is a P'-bundle, the holomorphic 2-forms on P are all multiples of the
restriction of 0. It thus only suffices to show that if  is a holomorphic 2-form on J which vanishes on
the image © of P, a = 0. That follows however immediately from the fact that, fiberwise, as ©; C J; is an
ample divisor, the restriction map
H(7,,9%,) — H°(©Y, g?)
is injective for ¢t € U, and 0 < i < 2, where ©? is the smooth locus of ©;. O
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By the Beauville-Bogomolov decomposition theorem [Bea83], Lemma 5.10 implies that J is irreducible
hyper-Kéhler. O

6. CONSTRUCTION OF A BIRATIONAL MAP IN THE PFAFFIAN CASE

Let X be a Pfaffian cubic fourfold. This means that there is a 6-dimensional vector space Vg and a
6-dimensional vector space Wg C /\2 Vg such that X C P(Ws) is the Pfaffian cubic hypersurface defined by
the Pfaffian equation w® = 0. Following [BD85], let ¥ C G(2, Vi) be the surface defined as follows:

2 = {[l] € G(2, V&), wpy; = 0Vw € We},

where we denote by V; C Vg the rank 2 vector subspace corresponding to [I] (I will denote the corresponding
projective line in P(Vg)). Being defined (for general X as above) as the complete intersection of 6 linear
Pliicker forms on G(2,6), X is a smooth degree 14 K3 surface.

Our goal in this section is to prove the following result:

Theorem 6.1. The intermediate Jacobian fibration J of X is birational to the O’Grady moduli space
Mo 0.4(2) parameterizing rank 2 semistable sheaves on ¥ with ¢; =0, co = 4.

Corollary 6.2. The compactified Jacobian fibration J of Theorem 5.6 is a deformation of O’Grady’s 10-
dimensional variety.

Proof. Indeed, Theorem 5.6 is true when X is a general Pfaffian cubic fourfold, thanks to the results of
Section 3.2 which guarantee that the assumptions needed to make the local construction of Section 4 work
are satisfied in the general Pfaffian case. Hence we can rephrase Theorem 6.1 saying that our family of hyper-
Kihler compactified Jacobians J x parameterized by an open set of the moduli space of cubic fourfolds has
a smooth member which is birational to O’Grady’s 10-dimensional variety OG10, which is also a smooth
hyper-Kéhler manifold. We then apply [Huy99] to conclude that the varieties J x are deformation equivalent
to OG10. |

We will heavily use the results of [IM00] (based on [MT01]) and their generalization in [Kuz04]. The proof
of Theorem 6.1 will be completed in subsection 6.3. As the intermediate Jacobian fibration is a fibration
over P(W{) into intermediate Jacobians of cubic 3-folds Y3 = H N X which come equiped with a Pfaffian
representation induced from the one of X, we will devote sections 6.1 and 6.2 to the Pfaffian 3-fold geometry,
which is the subject of the papers [IM00], [Kuz04]. The cubic threefold Y3 is represented as the Pfaffian
cubic in P(W5) for some 5-dimensional vector space Wy C /\2 Vg, Associated to this data, we get the index
1, degree 14 Fano 3-fold V14 C G(2,Vs) defined as

(63) Vig = {[l] S G(Z,V@), Wy, = OVw € W5}

The variety V14 comes equipped with the tautological rank 2 dual vector bundle, that we will denote by &14.
The Pfaffian cubic Y3 comes equipped with the natural rank 2 vector bundle €3 with fiber (Kerw)* over a
2-form w € JP’(/\2 Vg) of rank 4. As V& = HO(Y3,E3) = H(Vi4, £14), we have natural maps

¢ : ]P)(514) — P(‘/@), w : P(gg) — ]P)(V(;)

which are easily seen to have the same image Q C P(V;). According to [Kuz04], Q is a quartic hypersurface
which is singular along a curve and ¢, ¥ are two small resolutions of Q. In particular, P(£14) and P(€3) are
birational, and even related by a flop § = ¥~! o ¢.

We will need the following lemma: Denote by Ajy, resp. As, the general fiber of the projective bundle
P(&14) — Vi, resp. P(E3) — Y3. Via the birational map 6, these curves (which do not meet the indeterminacy
locus of 6 or §~1) can be seen as curves either in P(€14) or in P(€3), and we will denote by degy,, (+), resp.
degy, (-) the degree of their projection in Vi4, resp. Y3 with respect to the canonical polarizations. We will
also denote by degQ(-) the degree of their projections in Q C P° via ¢, resp. 1.

Lemma 6.4. One has degpAz = deggA14 =1 and
(6.5) degy,, A1g = 0, degy, A1y =4,
degy, Az = 0, degy,, Az = 4.
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Proof. Let w € Y3 be a general point. The fiber A3 over w is thus by definition the projective line L, =
P(Kerw). Its image C, in Vi4 is the set of points [I] in Vi4 such that the corresponding projective line [
meets L. As L, = P(Kerw), one has wyy, = 0 for any line I meeting L. Thus C, is the vanishing locus
of the 4-dimensional space W5/(w) of Pliicker equations on the set of lines in Vg meeting L,. It is easily
proved that this locus has degree 4 and this proves the last statement. Next let [I] € V14 be a general point.
Let C; be the image in Y3 of the fiber A4 over [{]. Then Cj is the set of @ € W5 whose kernel intersects V]
nontrivially, and the map ! — C; associates to « € [ the unique form w € P(W5) such that z € P(Kerw). As
all forms in W5 vanish on [, the natural morphism

Vo ® Oy(—1) = Wi @ O,

of vector bundles over | = P! factors through (Vs/V;) ® O;(—1), and its cokernel has thus degree 4, which
proves the second statement in (6.4). The other statements are immediate. g

6.1. The cubic 3-fold side. We know by [MT01], [IM00] that the moduli space of stable vector bundles of
rank 2 on Y3 with ¢; = 0 and degy, co = 2 is birationally isomorphic to J(Y3) via the Abel-Jacobi map. Let
E be such a vector bundle.

Lemma 6.6. If E is general, then:

(i) dim HO(Y3, E* @ &3) = 4.

(ii) Furthermore, if (Ya, E) is general, for a general section o € H°(Y3, E* @ £3), we have an exact
sequence

(6.7) 0= FE3% & — 05(C) =0,
where S € |Oy,(2)| is a smooth K3 surface and C C S is a degree 9, genus 5 curve.

Proof. (i) Note that E = E*, so (i) is equivalent to dim H°(Y3, E ® &) = 4. We now specialize to the
case where E is not locally free, namely E = 7;, & Z;,, where [y, lo are two general lines in Y3. Then
RO(Y3,E3®T;,) =2 fori=1,2and HP(Y3,E®Z;,) =0 for i = 1, 2 and p > 0, which implies the result for
general FE by standard deformation arguments.

(ii) As F is stable, for any 0 # 0 € H(Y3, E* ® &3), the generic rank of o : E — &£ must be 2, so that we
have the exact sequence (6.7). We claim that the surface S defined by the vanishing of the determinant of o
is smooth so that, in particular, the rank of ¢ is 1 along .S and Coker ¢ is a line bundle on S. We clearly have
S € |0y, (2)| so that assuming the claim, S is a smooth K3 surface. Finally the exact sequence (6.7) and
the fact that degy,co(E) = 2, degy,c2(E3) = 5 immediately imply that the degree of C'is 9. To conclude,
we observe that H%(Y3, E) = 0, H'(Y3, E) = 0 and the exact sequence (6.7) give H°(S, O5(C)) = 6, that is,
g(C) =5.

We now prove the claim. As the smoothness of the degeneracy surface S is an open property (on the
moduli space of 4-uples (Y3, E3, F, 0) with dim Hom (F, E5) = 4, which is known to be irreducible by (i) and
[MTO01], [IMO00]), it suffices to show that the conclusion holds for at least one 4-uple satisfying the property
that dim Hom (F, E3) = 4. It turns out that the result is true generically even in the degenerate case where
E =1;, ®1,,. This is proved by working more generally on the universal Pfaffian cubic Ypy in P4, of which
Y3 is a generic linear section. One easily checks that given two general lines Iy, [ contained in Ypy, and
two sections o, resp. 7 of Epy ® Iy, resp. Epy ® Iy,, the quadratic equation o A 7 € HO(Ypf,det Epy) =
H°(Ypys, Oy, (2)) is of the form w — w|2W4 for some 4-dimensional subspace Wy C Vg, hence defines a rank 6
quadric Q on P™. Its intersection with Yp ¢ is thus smooth away from the set of w whose kernel is contained
in the codimension 2 linear subspace W4 C Ws, which has codimension 4 in Ypy. The generic linear section
Y3 C Ypy thus intersects Q N Ypy along a smooth surface. O

Note that if we restrict (6.7) to S, and then to C, we conclude, using Os(C)jc = K¢, that there is a
surjective morphism

(6.8) &30 — Kc,

hence a section
¢U :C— P(EB\C)
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such that ¢}Op(g,)(1) = K. This morphism induces a surjection H?(P(&3), Op(e,)(1)) — H(C, K¢) since
both maps H%(Y3,E3) — H(S,0s(C)) and H°(S, 0s(C)) — H°(C, K¢) are surjective. As H*(Q, 0g(1)) =
HO(P(&3), Op(e,)(1)), we get as well a surjective map H(Q, Og(1)) = H°(C, K¢). Thus the image of C' in
Q C P(Vg) via ¢ o ¢ is a linearly normal canonical genus 5 curve.

The following lemma shows conversely how to recover the bundle from the curve C C P(&3):

Lemma 6.9. Let C C P(&;) be a general genus 5 curve such that the image C' of C in Y3 has degree 9,
the morphism C — C’ is an isomorphism, and the image of C' in Q C P® wia v o ¢4 is a linearly normal
canonical curve. Then there exists a unique stable vector bundle E on Y3 with ¢y = 0, degy,c2 = 2 and a
unique o € H°(Y3, E* ® £3) determining the line bundle Og(C) as in Lemma 6.6.

Here “general” means that there is a component of the Hilbert scheme of such curves on which the
conclusion holds generically. In fact, this component is the one containing the curves ¢, (C) appearing in
Lemma 6.6 and its proof.

Proof. The curve C' C Y3 has degree 9 and genus 5. Assuming the Abel-Jacobi class of C’ is general in
J(Y3), then (1) C” is not contained in a hyperplane section of Y3 and (2) C” is contained in a unique surface
S C Vs, with S € |Oy,(2)|. Indeed, curves contained in a hyperplane section of Y3 cannot have a general
Abel-Jacobi class, by Lemma 6.10 below. This proves the first statement. We have h°(Y3, Oy, (2)) = 15
and h°(C’, Oy, (2)|c/) = 14, thus C’ is contained in at least one quadric section of X. If C’ is contained
in two surfaces S, S’ as above, then as S and S’ have no common component by the first statement, C’ is
a component of the complete intersection S N S’ which has degree 12. Thus C’ is residual to a degree 3
curve, and its Abel-Jacobi point is, up to a sign and a constant, the Abel-Jacobi point of a degree 3 curve
which again by Lemma 6.10 cannot be general in J(Y3). This proves the second statement. Note that,
according to Lemma 6.6 (ii), the surface S is smooth for general C' in the considered component of the
Hilbert scheme of P(€3). We now observe that the restriction map H°(S, 55“5(0’)) — HO(C', Eer (Ker)) is
surjective. This indeed follows from the fact that H(S, &) = 0 (see [Kuz04]). Let o’ € HO(S, &35(C")
be a lift of the natural section o € HO(C’,ES“C, (K¢1)) giving the embedding of C' in P(€3) with image C.

We have dim H(Y3,&3) = 6 = dim H%(S, O5(C)) and thus the property that the map
o' HO(Y3, &) — HO(S,05(C))
is an isomorphism is an open property. Furthermore, the line bundle Og(C) is generically globally generated,
and we thus conclude that for generic C, we get a surjective morphism
o' 53|S — 05(0/),
hence as well a surjective morphism
& — Og5(C)
of sheaves on Y3. Its kernel provides the desired bundle E. That E is stable follows from HY(Y3, E) = 0,

which is a consequence of the surjectivity, hence injectivity, of the map H%(Y3,&3) — H°(S, Os(C)) which
implies that H°(Y3, E) = 0. O

We used above the following lemma:

Lemma 6.10. Let M be a smooth variety and Z C M X Y3 be a codimension 2 subvariety. Assume that for
general m € M, the curve Z,, C Y3 is contained in a hyperplane section of Y3. Then the Abel-Jacobi map
bz : M — J(Y3) is not dominating.

Proof. This immediately follows from the fact that the transpose of the differential of the Abel-Jacobi map

d®% : Qyvy),0 = Qnm
factors through the restriction map
H°(Y3, 0y, (1)) = H*(Zy, 0, (1)),
where one uses the natural identification (see section 1.2)
Qyvay0 = H(Ys, Oy, (1)).

Our assumptions thus say that d®7, is not injective so ®z is nowhere a submersion on M. O
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The two lemmas 6.6 and 6.9 together show that a component of the family of genus 5 curves in P(&3), of
Y3-degree 9 and Q-degree 8 is birationally a P5-bundle over a P3-bundle over a Zariski open set of J(Y3),
which is itself birational to a moduli space of rank 2 vector bundles on Y3.

Remark 6.11. We believe that the P3-bundle is not Zariski locally trivial, that is, is not the projectivization
of a vector bundle, over any Zariski open set of J(Y3).

6.2. The Vi, side. Let Vi4 be a general 3-dimensional linear section of G(2,6) and let C' C Vi4 be a genus
5, degree 13 general curve such that h0(514‘c) = 6. Then by Riemann—Roch, there is a morphism (which is
generically a surjection)

(6.12) oc 514|C — Ko — 0,
or equivalently a section ¢, : C' = P(€14) such that ¢} (Ope,,)(1)) = Kc. We now have:

Lemma 6.13. (i) Let L be the Plicker line bundle. Then dim H(C,Lc) = 9 and the restriction map
HO(Viy, L) — H°(C, Lic) is surjective. Hence C' is contained in ezactly one K3 surface S € |L]|.
(i) The surface S is smooth.

Proof. For this we observe that the moduli space of genus 5 curves equipped with a degree 13 line bundle
L and a rank 2 vector bundle £ with determinant £ and h°(C,&) = 6 is irreducible: In fact, such vector
bundles are obtained as a generic extension 0 — £ ® Kal — & - K¢ — 0, with deg £ = 13. Next, one has
to prove that given such a generic pair (C, &), the wedge-product map /\2 H°(C, &) — HY(C, L) is surjective,
and gives an embedding of C' in the Grassmannian G(2,6) C P*. For the last two points, we can consider
the case where £ = L @ Lo, where L, is a generic line bundle of degree 7 on C' and Lo is a generic line
bundle of degree 6 with 3 sections on C. Finally one checks that C' is generically defined by linear equations
in the Grassmannian. Hence by Bertini, a general K3 linear section of the Grassmannian containing C' is
smooth. ]

Coming back to our general curve C' C Vi4, we now compute that x(5, €}, 5(C)) = 1 and thus either
HO(S, &1ys(C)) # 0 or HO(S,&145(—C)) # 0. As we have H°(S,L(—C)) = 0, and £ = det €14, the second
case is excluded so that we have a nonzero morphism o : &4 — Og(C), extending the morphism o¢ of
(6.12). We now compute

c2(E1y5(C)) = ca(Elys) — degy, ,C + C* =5 -13+8 = 0.

It thus follows that either o vanishes nowhere on S, or o vanishes along a curve in S which does not meet
C'. The second case can only occur if p(S) > 3 while a dimension count shows that the family of surfaces
S appearing in this construction has dimension 8, so that the generically S satisfies p(S) = 2. Hence o is
everywhere surjective and we thus get a rank 2 vector bundle F on V4 with trivial determinant fitting in
the exact sequence

(6.14) 0= F—&4— 0g(C)—0.
One easily computes that degy,, (c2(£)) = 4. The following will be useful:

Lemma 6.15. The restriction of E to a smooth hyperplane section ¥ C Vi4 is a rank 2 vector bundle on X
with trivial determinant and co = 4. If p(¥) =1, E}5, is stable.

Proof. The first statement is obvious. The stability follows from the vanishing H O(E,E@) = 0 which is
implied by H°(Vi4, E) = 0 and H*(Vi4, E ® £L71) = 0, which are both implied by the exact sequence (6.14)
and the fact that (C' — ¢i1(£))? = —4 on ¥, and HO(X,L71(C)) = H?(X,L71(C)) = 0, implying that
H2(%, L7Y(C)) = 0. O

Remark 6.16. Note that the vector bundle F constructed above from the data of the K3 surface S and the line
bundle Og(C) satisfies dim Hom(E, £14) = 4 as easily follows from (6.14). It follows that the 13-dimensional
family of genus 5, degree 13 curves on Vy4 corresponds in fact to a 5-dimensional family of vector bundles
on V14.
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6.3. Construction of the rational map. We now make the following construction: Let (Y3,E&5) be a
general cubic threefold with Pfaffian structure, and let E be a general rank 2 stable vector bundle on Y3
with ¢1(F) = 0 and degy, co(E) = 2. By Lemma 6.6, there is an associated 8-dimensional family of genus 5
curves C' C P(&3) satistying degy, (C) = 9, deg(C') = 8 such that the image ¢/(C) C @ is a linearly normal
canonical curve of genus 5. We claim that the curve ¥ (C) is the complete intersection of 3 quadrics in P*:
For this, we have to show that C' is not trigonal. However, from our construction, we see that C' is contained
in a general K3 surface S with Picard lattice generated by h and the class ¢ of C, with intersection lattice

h?=6,h-c=09,c?=8.

the fact that C is not trigonal then follows from [GL87]. As ¢(C) C @ is the complete intersection of three
quadrics in a hyperplane section H N Q of @, we can write

(6.17) qH = S1q1 + S2q2 + 5343,

where ¢ is the defining equation for @, and the g;’s are the defining equations for ¢¥/(C). Here the s;’s are also
quadratic polynomials on H. It follows that ) contains another set of canonical curves of genus 5, namely,
viewing the expression in the right hand side of (6.17) as a quadric in the 6 variables ¢;, s;, © = 1, 2, 3, the
plane defined by the ¢;’s determines one ruling of this quadric (these planes are parameterized by a P3) and
the planes in the other rulings will correspond to a second P2 of linearly normal degree 8 genus 5 canonical
curves in @ N H. Concretely the curve C7; C Q N H defined in H by ¢; = g2 = s3 = 0 is such a curve. The
important point for us is that the original curve C' is a general member of a linear system |Og(C)| on a K3
surface S C P(&3), hence it does not meet the surface X3 C P(€3) which is contracted by 1, which means
that ¢(C') does not meet the singular curve of Q). The residual curve Cy constructed above thus moves freely
in @ and also avoid the singular locus of ) which is the indeterminacy locus of the rational map ¢~'. Thus
it lifts to a curve C’ = ¢~ 1(C) C P(E14).

Lemma 6.18. The genus 5 curve C' satisfies degy, , C" = 13.

Proof. The rank 2 vector space A3(P(E14)) = Hdg®(P(£14)) = A3(P(E3)) of curve classes in either of these
two spaces is generated by the classes [Az] and [A14]. We can thus write in this space

[C] = a[As] + B[A14].
Next, as the curve C7 = ¢(C’) C Q is residual to ¢(C) in the complete intersection in @ of a hyperplane

H and two quadrics, we get that [C'] = 4h) — [C] in A*(P(£14)), where hq is the pull-back to P(€14) of
c1(Og(1)). Note that we also have hg = ¢1(Ope,,)(1)). It thus follows that

(6.19) degy,,C’ = 4degy, h¢y — degy,, C.

As hg = c1(Op(e,,)(1)), the standard theory of Chern classes (see [Ful98]) says that v« (hy)) = s2(€14) =
i (€14) — c2(&14) and thus degy,, (k) = 14 — 5 = 9. Next we have degy, (C) = 9, degq(C) = 8, which by
Lemma 6.4 gives
a+p=28, 45 =09.
We thus deduce that 4oc = 23. This finally gives using (6.19):
degy,,C" =36 — 4a = 36 — 23 = 13.
O

By a dimension count (or by the reversibility of the construction), we observe that for generic C, the genus
5, Vig-degree 13, Q-degree 8 curve C’ is generic in P(€14)) and we can thus apply the construction of Section
6.2 to get from C” a stable rank 2 vector bundle £’ on Vy4 with trivial determinant and degy,,co(E’) = 4.

Proof of Theorem 6.1. Let X be a general Pfaffian cubic fourfold and w : Yy — U be the universal family

of smooth hyperplane sections of X. the general fiber of w is thus a general cubic threefold with pfaffian

structure. For each point ¢ € U, there is a canonical morphism from the moduli space Ms 2+ of rank 2

vector bundles on Y; with trivial determinant and degy,co = 2 to the intermediate Jacobian J (Y;) which

maps E to Py, (c2(E) — ca(&s,,(—1))). Here £ 4 denotes the restriction to Y; of the Pfaffian vector bundle £

on X. This morphism is birational by [IM00]. This way we conclude that the moduli space M of sheaves
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on X supported on a hyperplane section and with the same numerical data as F (seen as a sheaf on X) is
birational to Jy, where Jy — U is the family of intermediate Jacobians.

Remark 6.20. For general X, this birational isomorphism does not exist, or rather takes values in a torsor
under J.

On the other hand, we also have the universal family
v V147U —U

of corresponding linear sections of the Grassmannian. For each t € U corresponding toa W5 ; C Wg C /\2 Vi,
the fiber V14, is the complete intersection of G(2, V) with 5 Pliicker hypersurfaces defined by W5 ;. We thus
have a natural inclusion ¥ C Vi as a Pliicker hypersurface since by definition ¥ C G(2, V) is the vanishing
locus in G(2,Vs) of the 6 Pliicker equations defined by Ws.

The construction described above done in family over U now gives us the following: There exists a smooth
projective variety W which admits a morphism g : W — M 2;,..¢+ Jy with rationally connected fibers and
a rational map

f W o--» M2,074(Z).

The general point of W parameterizes a general rank 2 vector bundle £ with ¢; = 0 and degy,co = 2 on
a fiber Y; of Yy, the choice of a general nonzero morphism o : £ — &3, defined up to a coefficient, a
general member C' of the linear system |Og(C)|, where Og(C) is defined by the exact sequence (6.7), and a
general (2,2,2,1) complete intersection curve C’ contained in @, residual in @Q; to the (2,2,2,1) complete
intersection curve ¥, (C) C @ (we will see in fact C" as living in P(€14,)). Thus the general fiber of the
map g has dimension 10 and W has dimension 20 = 10 + 10. The rational map f associates then to these
data the vector bundle EI/E’ which is stable by Lemma 6.15, where the vector bundle £’ = Eg/ ¢v on V14 is
associated as in Section 6.2 to the curve C’. Here S’ is the generically unique Pliicker hyperplane section of
V14¢ containing C”.

Remark 6.21. One easily checks that E’ does not depend on the choice of C' or the residual curve C’. The
only reason to introduce these curves was the fact that they do not meet the singular locus of Q;, which is
not true for the associated K3 surfaces where they lie. It will also appear below that E’ neither depends on
the choice of o.

The proof of Theorem 6.1 will be completed using the following:

Proposition 6.22. The rational map f factors through Jy and induces a birational isomorphism
g:Ju -——+ Mapa(X).

Proof. We know by Theorem 5.6 that Jy is not uniruled (this is indeed implied by the fact that a smooth
projective completion of Jy admits a generically nondegenerate holomorphic 2-form). It follows that Jy
is birational to the basis of the maximal rationally connected fibration of W. We now have the following
lemma:

Lemma 6.23. (i) The rational map f is dominating.
(ii) The general fiber of f is rationally connected.

Proof. (1) The variety W has two holomorphic (in fact algebraic) 2-forms, namely the pull-back 67 to W of
the holomorphic 2-form o7 on Jy constructed in Theorem 5.6, and the form f*oaq,,,. We claim that for
some A #£ 0

(6.24) 5-1/7 = )‘f*UMz,o,4'

This equation immediately implies the surjectivity of f, since the generic rank of o7 is equal to dim J = 10

and the rank of f*o, , , is not greater than the rank of f, so the equality (6.24) implies that the generic

rank of fis 10 = dim’./\/l270)4(2), implying that f is dominant. We prove now the claim: Note that W

is a fibration over Jy (or rather a smooth projective compactification J of Ju) with rationally connected

general fiber, hence H*%(W) = H?°(7) is of dimension 1 by Theorem 5.6(iii). As o7 # 0, it thus suffices
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to prove that f*oa,,, # 0. This can be proved by a Chow-theoretic argument using Mumford’s theorem
[Mum68]. Indeed, there is a natural inclusion

YxUC V14’U
which is the restriction over U of the natural inclusion
j: Y xP®C Vi,

where Vi, is the universal family of Vj4-threefolds containing 3. It is immediate to check that pri, o j* :
CH1(V14)hom — CHo(X)hom (which is just the restriction map j; on each CHi(Vi4.t)nom, Where j; is the
inclusion of ¥ in V144), is an isomorphism. On the other hand, V14 is birationally equivalent to the universal
family Y of hyperplane sections of X, which satisfies CH1())pom = CH1(X)hom since CHo(X)pom = 0 and
Y is a projective bundle over X. This fibered birational isomorphism induces an isomorphism between the
intermediate Jacobian fibrations over U (see [IM00]) hence a fiberwise isomorphism

(6.25) CH1(V14,6)hom = CH1(Y?) hom,

since for rationally connected threefolds Y, the Abel-Jacobi map CH; (Y )pom — J(Y) is an isomorphism
(see [BS83]). This easily implies that

CHl(V14)Q,hom = CHl(y)Q,hom

since CHo(V14,t) hom = 0, CHo(Y3)hom = 0. We now observe that each point w of fiber W; of the variety W
over U parameterizes vector bundles E, resp. E,,, on fibers Vi4, resp. Y;, and that for each t € U, the
two maps

Cy Wt — CHl(V147t), Cy : W — CHl(Y;;)7

cv(w) = c2(E,,), ey (w) = ca(Ew)
coincide up to sign and a constant via (6.25). With the notation above, this follows from the construction
for a given t of the curve C as residual to the curve C in a (2,2,1) complete intersection in ;. Combining
these observations, we conclude that the map

CHO(W)hom — CHO(Z)hOm7

w = ca(Eyys)

is surjective, hence by Mumford’s theorem [Mum68] that the corresponding pull-back of the holomorphic
2-form on ¥ is nonzero. However, by construction of the holomorphic 2-form on M o 4(¥), this pull-back is
nothing but f*oaq, -

(ii) Let E be a general stable rank 2 vector bundle on 3 with trivial determinant and co = 4. The fiber
of f over E essentially consists of vector bundles Egs ¢ ; on threefolds Vi4+ containing ¥ such that

ES/,C/,tlZ g E.

More precisely, for each such vector bundle, one can apply the results of section 6.2: choosing a general
section & of Hom(Eg ¢+, E14+) one gets a degeneracy K3 surface S; C V14 and a line bundle Og, (D) on
S5 which is a quotient of &4 4|5, , providing a section ¢5 : S5 — P(£14,¢). For a general curve Dy € |Og, (D)],
the lifted curve ¢5(Dp) is of genus 5, Q-degree 8 and Vi4-degree 13 and using the map ¢ : P(E144) — Q4
it provides a complete intersection curves of type (1,2,2,2) contained in @; and the residual curve D} in
a (2,2,1) complete intersection of @; provides a genus 5 curves in P(€; ;) of Q-degree 8 and Ys-degree 9.
Applying Lemma 6.9, we then reconstructed an element of W with image E under f. Given the vector
bundle Eg: ¢/ on a threefold Vi4 4, the extra data described above, namely the choice of o and of the curves
Dy, Dy, are parameterized by a rationally connected variety so the proof will be finished once we know that
Egi ¢4 is determined by E.

Lemma 6.26. Let Es/ ¢+ be a general rank 2 vector bundle on Vs constructed as in Section 6.2 and let
E be its restriction to 3. Then the restriction map

HOIH(ES/7C/¢, 8147,5) — I‘IOHI(EC7 514|Z)
is an isomorphism, where €145, denotes the Plicker rank 2 vector bundle restricted to ¥.
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Proof. Indeed, the injectivity is obvious and on the other hand, both sides have dimension 4. This was
already proved in Remark 6.16 for the left hand side. For the right hand side, we can specialize the general
vector bundle E to the case where E* =1, ® 7Z,, where z;, zo are two length two subschemes of 3; then
HO(E,E* (39 514‘2) = HO(E,514|Z ®IZ1) &) HO(Z,514|Z ®IZ2) has dimension 4 while HZ(Z,E* X 514|Z) =
HY(3, &4y @ L,) & H(Z,E 14z ® Lz,) = 0 for ¢ > 0. The conclusion then follows from a deformation
argument. |

Let now o € Hom(F, & 4)5) be a general section. Then we get a degeneracy curve D, € |L|x|, where L is
the Pliicker line bundle, and an exact sequence

0—)E—>€14‘2 —)ODU(Z) —0

where Z is a divisor of degree 13 on D,. This gives a section ¢, : D, — P(E14) with image bvg For each
vector bundle Eg/ ¢/, on some Vi4; D X restricting to £ on Y, the section o extends to a section ¢ by
Lemma 6.26, and thus there is a K3 surface

So 1= 65(S5) C P(E1a),
which is a lift of the degeneracy surface Sz C Vis:. The surface S5 intersects P(&14)2) along the curve

bvg = ¢o(Dy). The surface S; carries a line bundle Og, (C,;) which restricts to Op,(Z) on D,. Note that
the curve D, C S5 is a member of |£| s, |- The uniqueness of Eg/ ¢+ then follows from the results of Section
6.2 and from the following:

Lemma 6.27. For a general curve bvg C P(&14) as above, there exists a unique surface :S’; C P(&14) satisfying
the conditions above, that is, lifting a K3 surface in some Vig; containing ¥ and intersecting P(£14)5;) along

the curve 5;
Proof. Let N5 /P(Era) be the normal bundle of lA):, in P(&14). There is an exact sequence

7
(6.28) 0— TP(814)/G(2,6)‘D~0 — Nf)vc,/P(£14) — NDU/G(2,6) = £|Da — 0,

and each surface Sz extending D, as above provides an inclusion

Np,/ss = LD, € Np_ e,

or equivalently a nonzero section of Ny P(E1a
surface §;, so we only have to prove that, for general ]70 as above:

(6.29) hY(Dy, N5 b © L£hH=1.

) ® L£~1. It is not hard to see that this section determines the

In order to prove (6.29), we write the normal bundle sequence twisted by £~ for D, C S5 C P(&14). This
gives
-1 —1
0= 0p, = N5 e,y ©L7 = N penn)ip, ©£7 =0

and (6.29) will follow from h°(D,, (NS‘T/P(SM))\E)V ® L£71) = 0 which itself will be a consequence of

0/q. -1
(6.30) h2(Ss, Ng; jpe,) @ L71) =0,

1/q. -2

h (S&,Ngv&/]p(gm) QL ) =0.

The second vanishing statement is obtained by writing the normal bundle sequence (6.28) for :S';:
(6.31) 0 = (Te(en)/62.0)5; — Nazpieny = Nsssc20 = Lis, = 0,

where the line bundle (TP(514)/G(276))|5§ is isomorphic to C‘;i (2C,). One then concludes using

HI(S&,E‘_SE) =0, Hl(sﬁaﬁﬂgi (2CU)> =0,

which both follow from standard vanishing theorems on the K3 surface Ss. It remains to prove the first

vanishing statement. However, according to Section 6.2, the deformation space of Sz in P(€14) is smooth

and isomorphic to a P3-bundle over the 10-dimensional moduli space of sheaves on V4 supported on fibers

V14t and are locally free on Vi of rank 2, with trivial determinant and degy,,c2 = 4. By (i) and Lemma
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6.26, the restriction map (E;,5) — (Et‘275"2) has generically surjective differential, hence also injective

(Efferential. It is clear however that sections of N 52 /p(era) © L1, seen as sections of N 52 /P(Era) vanishing on
D, belong to the kernel of this differential. Hence they must be trivial. |
This concludes the proof of Lemma 6.23. O

Lemma 6.23 implies Proposition 6.22 as follows: since f is dominating by (i) and M ¢ 4(X) is not uniruled,
f must factor through the MRC fibration of W, that is, through J;. The general fiber of the induced rational
map g : Jy --+ Ma4(2) are then rationally connected by (ii). But as Jy is not uniruled, the general fiber

of g is a point, so g is birational. O
The proof of Theorem 6.1 is now finished. (]
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