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0 Introduction

The Kuga-Satake construction [3] associates to a polarized Hodge structure H of
weight 2 with h2? = 1 an abelian variety A which satisfies the property that H
is a sub-Hodge structure of Hom (H1(A), H1(A)). The construction is very tricky
and intriguing geometrically: one first associates to the lattice (H, <, >) its Clifford
algebra C'(H), which is again a lattice. Then one constructs a complex structure on
C(H) ® R, using the rank 1 subspace H*Y ¢ H ® C defining the Hodge structure
on H. Thus the quotient
CH)®R
C(H)

is endowed with the structure of a complex torus, and with some more work, on can
show that it is in fact an abelian variety. This abelian variety A has by definition
H,(A,Z) = C(H) and the morphism of weight 2 Hodge structures

H — End (H\(A,Z))

is given by Clifford multiplication on the left acting on C(H): H — End (C(H)).

In [2], Deligne proved that a general weight 2 polarized Hodge structure coming
from geometry, is not a quotient of a Hodge structure of the form K ® L, where K
and L are weight 1 polarized Hodge structures. His argument is that the Mumford-
Tate group [7] of a Hodge structure K ® L has a very restricted form, while the
Mumford-Tate group for general weight 2 Hodge structure coming from geometry is
very large, as it contains the monodromy group, and thus can be in some cases the
whole orthogonal group (cf [1]).

In the papers [6], [10], [8], some constructions are given, which realize geomet-
rically for K3-surfaces with large Picard number the Kuga-Satake construction, as
expected from the Hodge conjecture: the inclusion

H C Hom (Hy(A), Hi(A) = H'(A) @ H'(A)

of weight 2 rational Hodge structures can be understood as a degree 4 Hodge class
in H?(S) ® H?(A x A), and thus should correspond to a codimension 2 cycle

ZCSxAxA
with rational coefficients, such that the inclusion above is given by

[Z). : H*(S) — H?*(A x A).



Morrison [5] proves that if S is a Kummer surface, that is the minimal desingular-
ization of the quotient of an abelian surface by the —Id involution:

S=T/+1,

then its Kuga-Satake variety A is a sum of copies of T. Paranjape [6] solves the
problem for the members of a certain family of K 3-surfaces with Picard number 16,
by proving that such a K3 surface S is dominated by the self-product of curve C,
such that the Kuga-Satake variety of S is a sum of copies of an abelian subvariety
of J(C).

Our goal in this paper is rather to generalize the Kuga-Satake construction to
other weight 2 Hodge structures. It is based on the following observation : There
are in fact two steps in the Kuga-Satake construction: The first one is the Clifford
algebra construction, and it turns out that if a polarized weight 2 Hodge structure
H has h?? = 1, then its Clifford algebra C(H) also carries a polarized weight 2
Hodge structure (see section 2.2), which is compatible with the algebra structure.
The second step consists in associating to the polarized weight 2 Hodge structure,
which is compatible with the Clifford algebra structure, a weight 1 Hodge structure.
We generalize here this second step as follows:

Theorem 1 Let H be a non trivial polarized integral Hodge structure of weight 2.
Assume there is a (associative, unitary) ring structure on H, satisfying the following
conditions:

1. The product H ® H — H is a morphism of Hodge structures of bidegree
(—=1,-1).

2. There is an (involutive) endomorphism t : H — H such that for any a € H,
multiplication (on left and right) by t(a) is adjoint to multiplication (on left
and right) by a with respect to the intersection form <,> which gives the
polarization.

3. The t-invariant part of the center of H is Z.

Then there exists a unique weight 1 Hodge structure on H which is polarizable, (or
equivalently an abelian variety A with H = Hy(A,Z),) such that multiplication on
the left

H — Hom (H,H)

18 a morphism of Hodge structures, where on the right, we put the weight 2 Hodge
structure induced by the weight 1 Hodge structure on H.

We explain this construction in section 1. In section 2, we show that under the
assumptions above, any simple abelian variety B such that there is an inclusion of
weight 2 Hodge structures, which is also the inclusion of a subring stable under some
Rosatti involution,

H C Hom (H,(B),H(B))

must be a quotient of the abelian variety A associated to H by Theorem 1. We also
compare this construction with the Kuga-Satake construction.

In the final section, we turn to the problem of removing the assumption on the
center. Passing to rational coefficients, we analyse the structure of the center K of



an algebra satisfying properties 1, 2 above. We show that it is a product of number
fields K; which are either totally real fields or a quadratic extension of totally real
fields, and that unless some corresponding factor H; of H is a simple central algebra
over K; the same conclusion as in Theorem 1 holds. We finally study the last case.
We then show that we always have existence of an abelian variety A as in Theorem
1 but not uniqueness.
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1 The case of trivial center

We start with a polarized integral Hodge structure H of weight 2, with H?0 £ 0.
Thus H is a lattice, endowed with a decomposition

He=H®C=H> @ HY @ H*?,
H%2 — H20, gL — HUL,

and an integral symmetric bilinear form <, > satisfying the following properties
(Hodge-Riemann bilinear relations):

i) The Hodge decomposition is orthogonal with respect to the Hermitian inter-
section pairing h(a, 3) =< o, > on H ® C.

ii) The Hermitian form h is positive definite on H*? and H%?2, negative definite
on HLL,

We assume furthermore that H has the structure of an unitary associative ring,
and that conditions 1, 2 of Theorem 1 are satisfied. For K, L two vector subspaces
of He, KL will be the subspace generated by products kl of elements of K and L.
Condition 1 means concretely that

H2OH20 — 0, H2O0FW « g20 gllg?0 c g20 gllgll ¢ ghl,
HO2HO2 — 0, HY HO2 ¢ gO2, gO2ght ¢ HO2.
Condition 2 means that the intersection form <, > can be written as
< a,b>=<at(h),1 >=<t(b)a,1 >, Va, b€ H.

We observe first of all that the map ¢ (which is a morphism of rings H — HP)
has to be also a morphism of Hodge structures, that is

t(HP9) c HPA,

Indeed, this follows immediately from the fact that the product map and the polar-
ization are compatible with the Hodge decomposition.
We consider the subspace

W = H*H¢ C He.

We have the following Proposition.



Proposition 1 i) We have W N W = 0.
ii) The sum W @& W is a two-sided ideal of Hc which is stable under the Hodge
decomposition and under t.

Proof. i) Note first that W C F'H := H* @ H'! and similarly W ¢ HY! @ HO2.
Thus o
WnwcH".

Let € W NW. By definition, this x can be written as
Tr = Z ai/B’ia
i
with o € H?? and 3; € H%2, and as
xTr = Z’yjéj,
J
with v; € H*? and 6; € H*". Applying ¢(*) to the second expression, we get
t@) =Y t6,)t(),
J
with t(6;) € H%2, t(¥;) € H*C. Thus, as H>°H%*" = 0, we conclude that
t(z)x = 0.
It follows that

<t@)x,1 >=0=<2,T >,

and as * € HU! this implies # = 0 by the condition ii) above satisfied by the
polarization.

ii) By definition, W and W are stable under right multiplication. Next, if a € H
and b = nw € W, with n € H*?, then we can write a = a1 + as, where

a1 € F'He, ay € H?.

We then have
ab = ainw + azb,

and as F1HcH?*? ¢ H?*?, we have ain € H?Y. Thus the first term belongs to W
and the second belongs to W = H%?Hg¢. This shows that W @ W is a two-sided
ideal.

Finally, note that, because H is unitary, W contains H?", and thus can be

written as
2,0 2,0 770,2
W=H>"@®H>"H"*,

because the second space is contained in H'!'. This shows that W and hence also
W @ W, are stable under Hodge decomposition. As the space H?? is stable under
t, we have

H(H>O[02) = gO02[20 = F20 02 C TV,

hence we get t(W) C W & W, and thus t(W @ W) C W & W.



Corollary 1 We have a decomposition of the C-algebra He as a direct sum
Hc=WaW)o M,
where M is defined as the orthogonal of W & W with respect to <, >.

Proof. Indeed, we know that W @ W is stable under the Hodge decomposition
and under complex conjugation. It follows that the intersection form <, > is non
degenerate on W @ W, because the Hermitian form 5 is non degenerate on each of
its (p, q)-piece and the Hodge decomposition is orthogonal for h. Thus we have a
orthogonal decomposition

He=WaW)® M. (1.1)

As W @ W is a two-sided ideal which is stable under ¢, it follows that the same is
true for its orthogonal M. Thus we must have wm = 0 for w € (W @ W), m € M,
which shows that (1.1) is a decomposition of the algebra as a direct sum. |

Corollary 2 If the t-invariant part of the center of H is equal to Z, then M = 0.
Thus

Hec=WaoW (1.2)
which defines a complex structure on Hg.

Proof. Indeed, under this assumption, we also get that the t-invariant part of the
center of the C-algebra Hc is C. But as the decomposition (1.1) is orthogonal and is
a decomposition into ¢-invariant subspaces, the associated idempotents ey .77 and
e)ys are t-invariant and of course they are central. Thus, under the assumption of
Corollary 2, we have either ey, 77 = 0 or epy = 0. As H?9 +£ 0, we have W # 0 and
thus ey .7 # 0, hence epy = 0 and M = 0.

|

Corollary 2 proves part of the existence statement of Theorem 1. In order to
have the complete proof of existence, we need to show that the Hodge structure of
weight 1 defined by the decomposition 1.2 is polarizable (or equivalently, that the
corresponding complex torus

A=Hc/(W®H)

is an abelian variety). This is done as follows: Let a € H be such that t(a) = —a.
Consider the skew pairing

wa(w,w’) =< w,w’'a >
on H and denote in the same way its C-linear extension to Hc.
Lemma 1 The subspace W C Hc is totally isotropic with respect to w.
Proof. let w = nm, w' = n'm’ € W, with n € H*?, Y € H*°. Then
wa(w,w') =< w,w'a >=< t(a)t(w)w,1 >=< t(a)t(m")t(n )nm,1 >,

and this is 0 because t(n")n = 0. |



Let us now show the following

Proposition 2 For an adequate choice of a, w, polarizes the weight 1 Hodge struc-
ture given by the decomposition (1.2).

Proof. In order that w, defines a polarization, it needs to satisfy the property that
the Hermitian form h, defined by

ha(w, w') = iw, (w, w')

is positive definite on W. As rational elements a € Hg are dense in Hp, it suffices
to show that for some a € Hg, this property is satisfied. Let us take a to be a sum
of terms of the following form:

where 1 € H?Y satisfies t(n) = —n and

a’ = i(m — 1),
where n € H?Y satisfies t(n) = . Then a is real and t(a) = —a.

We have to compute the sign of the Hermitian form h, on W = H?0 @ H20H%2,
Note that for p € H*? and v € H*9H%2, we have
ha+(:u’7 V) =1< M?ﬁaJr >=—-< Mav(nﬁ_ﬁn) >
=< p,vnm >

because on = 0, Vi € H?Y. The last term is equal to

< pt(n),vn >

which is also 0 because ut(n) = 0, ¥n € H?Y.

The same computation works with h,- and it thus follows that H*" and H*?H?2
are perpendicular with respect to h,. Hence it suffices to compute the signs of A,
on each term H*? and H*9H%2.

If now p € H*?, we have

hat (B, p) =i < p,fia™ >= —+ < p, fi(ny — 7n) >

= —=£ < p, i >,
because i1 = 0, for all n € H*Y, and this is equal to

—+ < put(n),mn > . (1.3)
In the case of a™ where t(n) = 7, and in the case of a~ where t(n) = —n, we get
— < g, pn >

But p7 € HY' and the Hermitian form < o, 3 > is negative on H'!. Thus (1.3) is
> 0.
Let us now consider the case of v € H29H%2, In this case we have

hot (v,v) =i < v,Da™ >= —% < v, (7 — 1) >



=<, Unn >,

because 7n = 0, Vn € H>Y. This is also equal to

+ <vt(n),vn > . (1.4)
In the case of a™ where t(n) = 7, and in the case of a~ where t(n) = —n, we get
<vn,vn>.

But vn € H*? and the Hermitian form < o, 3 > is positive on H??. Thus (1.4) is
also > 0.

To conclude, it remains to show that for a a generic sum of terms a™, a~ as
above, h, is non degenerate, or equivalently does not vanish on W \ {0}. But the
computation above shows that a null-vector u of a generic sum > h,+ in H*? has
to satisfy

uij =0, Vn e H?

and that a null-vector v of a generic sum of h,+ in H>YH%2? has to satisfy
vn=0,Vne H*O,
In the first case, we get pt(@) = 0, which implies that
< pt(m),1 >=< p,p >=0.

As € H?Y this implies by the second Hodge-Riemann bilinear relations that
w=0.
In the second case, as t(v) € H**H®?2 we conclude that vt(7) = 0, which implies
that
<vt(v),1 >=<v,7>=0.

Asv € HY', this implies by the second Hodge-Riemann bilinear relations that v = 0.
|

In order to conclude the proof of Theorem 1, it suffices to prove the uniqueness
statement. But this is clear, because if a weight 1 Hodge structure on H given by a
decomposition

He=W oW (1.5)
satisfies the property that left multiplication
H — Hom (H,H)
is a morphism of weight 2 Hodge structures, then we must have
H?*YHe c W',

Indeed, the (2,0)-piece of Hom (H, H) for the weight 2 Hodge structure induced by
the weight 1 Hodge structure on H given by (1.5) is equal to Hom (W’/,W’) and
thus is contained in Homg (Hc, W').
Thus by definition of W, we must have W C W', and then equality for dimension
reasons.
|



2 General properties, examples

2.1 General properties

We first start with the proof of the following:

Proposition 3 Let B be a simple abelian variety, and let
H C End(H(B,Z))

be a subring which is also a sub-Hodge structure, satisfying the conditions of Theorem
1. Then B is a quotient of the abelian variety A constructed in Theorem 1.

(Actually, only conditions 2 and 3 are to be verified. 2 means that H has to be
stable under one Rosatti involution.)

Proof. We want to show equivalently that there exists a non trivial morphism
of Hodge structure
a:H— H{(B,Z)

where on the left, H is endowed with the weight 1 Hodge structure given in Theorem
1 and on the right, the Hodge decomposition is dual to the Hodge decomposition on
H'(B) (or equivalently is the Hodge decomposition on H?"~1(B), n = dim B) :

Hy(B,C) = H1o(B) ® Ho1(B),

with
B = H,(B,C)/(H1,0(B) ® Hi(B,Z)).

Indeed, as B is simple, the induced non trivial morphism of abelian varieties
a:A— B

has to be surjective.
Let 8 € Hy(B,Z) and consider the map

eg: H— Hi(B,Z),
h +— h(p).

Certainly this map is non zero for at least one .
We claim that this is a morphism of Hodge structures. Indeed, we only have to
show that eg(W) C Hio(B). But, as H is a sub-Hodge structure of End H(B),

H*Y ¢ H*®(Endc (H,(B,C)) C Home (Hy(B,C), Hy o(B)).
Thus W = H*He € Home (Hi (B, C), Hy 0(B)), which proves the claim.
n

Remark 1 Without the assumption that B is simple, we still get the following
statement : if the map H ® Hy(B,Q) — H1(B,Q), h® 3 — h(), is surjective, then
B is a quotient of a sum of copies of A.

Indeed, choosing a basis 3;, i = 1,...,n of Hy(B,Z), the morphism
Z eg,: A" — B

is then surjective. n



Finally, observe that the argument above can be reversed to show the following:

Proposition 4 Let B be an abelian variety, and let
H C End(H1(B,7))

be a subring which is also a sub-Hodge structure, satisfying the conditions of Theorem
1. Then the associated abelian variety A is isogenous to an abelian subvariety of a
sum of copies of B.

Indeed, we use the morphisms of Hodge structures eg, which give morphism of
abelian varieties A — B. As H C End (H'(B,Z)), for 3;, i = 1,...,n, running over
a basis of Hy(B,Z), this gives a morphism of abelian varieties

(eﬁi) :A— B"

which has a finite kernel. [
2.2 The Kuga-Satake construction.

We start from a polarized Hodge structure (H, <,>) of weight 2. Consider the
Clifford algebra C'(H) which is the quotient of the tensor algebra &) H by the ideal
generated by the relations

h®@h=—<h,h>1.

For sign reasons, it is better to work with the even part C(H) generated by products
of an even number of elements of H, but we won’t do this, as it makes computations
more complicated. As a lattice, C'(H) is canonically isomorphic to the exterior
algebra A\ H. Furthermore, C'(H) has a natural intersection form induced by <, >,
also denoted by <, >, and possesses the involution

t:C(H) — C(H),

hi...hg— hg...hy, h; € H.

For v € C(H), t(v) is the adjoint of the multiplication on the left or on the right by
v. Consider now Hc, with its Hodge decomposition

H(C — H2’O D Hl,l D HU,l.

By assumption, the rank of H%? is 1, and equivalently the dimension over R of the

real vector space
(H*" @ H*?) N Hg

is 2. By the second Hodge-Riemann bilinear relations, the intersection form <, >
is positive definite on this 2-plane. Furthermore this 2-plane is canonically oriented
because it is canonically isomorphic to the complex line H*? via the map Re. Choose
an oriented orthonormal basis e, eo of this 2-plane. Then

e := ege; € C(Hp)



does not depend on the choice of the basis. Furthermore we have

62 = €2€1€2€1,
with
erez +eze; =0, e% = -1, e% = -1
Thus e? = —1 and left multiplication by e defines a complex structure on C(Hpg).
This provides a complex torus

K(H) = C(Hg)/C(H),

which is the Kuga-Satake variety of H.

We want now to present this construction from our point of view of weight 2
Hodge structures endowed with a compatible ring structure.

We noticed already that as vector spaces, we have a canonical identification

C(Hg) = \ He.

The right hand side is a direct sum
k
DN He
k

On /\k Hc, there is a weight 2k Hodge decomposition induced by the weight 2 Hodge
decomposition on H¢, with HP? term given by

t
@ /T\HQ,O ® /S\Hl,l ® /\H[)’Q.

(7,8,t),2r+s=p,2t+s=q

As rk H?9 = 1, this decomposition has in fact only three terms, according to the
value 0 or 1 given to  and s, noticing that for (r,s) = (1,1) and (r,s) = (0,0), we
are in H**. In other words, the induced Hodge structure on /\k H has Hodge level
2, that is can be shifted to a weight 2 Hodge structure, by shifting the bigrading by
(1 —k,1 —k). Thus H2° A A*"' HU! is assigned type (2,0), H*2 A AP HLL is
assigned type (0,2), while /\k HY' and H?9 A HO2 A /\k_2 Hb! are assigned type
(1,1).

Taking the direct sum over integers k, we get a weight 2 Hodge structure on
CH)=NA\H.

Lemma 2 This Hodge structure is compatible with the product on C(H), that is
satisfies condition 1 of Theorem 1.

Proof. We have the Clifford multiplication
H®C(H)— C(H).

If we show that this map is a morphism of Hodge structures of bidegree (—1,—1),
then the same will be true by iteration (because H generates C'(H)) for the multi-
plication map

CH)®C(H) — C(H).

10



But it is well-known (see [4], p. 25) that the Clifford multiplication by h € H acting
on C(H) = A H identifies to
h A —ha,

where h acts on A H via the element of H* given by < h, - >.

Now, let h € H%Y = nC C He. Then hA annihilates the (2,0)-part of A* He
which is equal to n A A¥™' H! and h. also annihilates the (2,0)-part of A* He
because < H?Y, F1He >= 0.

Next, the (1, 1)-part of /\k H¢ is equal to

k—2 k
nATA /\ HY @/\Hlvl.

The map hA annihilates the first term, and sends the second one in

k—2
nA /\ HY

that is, in the (2,0)-part of C'(H). Furthermore, the map h_ annihilates the second
term, and sends the first one in

k—2
nA /\ HU

that is, in the (2,0)-part of C(H).
Finally, the (0, 2)-part of /\’C Hc is equal to 77 A /\k_1 H'1', and hA sends it to

k—1
nangn N\ HY

which is contained in the (1,1)-part of C'(H), while h_ sends it to A" HV! which
is contained in the (1, 1)-part of C(H).

In other words, we proved that Clifford multiplication by h € H?? shifts the
Hodge decomposition on C'(H¢) by (1, —1). One shows similarly that Clifford mul-
tiplication by h € H%! preserves the Hodge decomposition on C(H), which proves
the claim. [

It turns out that the assumption on the center used in the previous section is
not always satisfied by the Clifford algebra. However, it is quite easy to see directly
in this case that our definition of an associated weight 1 Hodge structure on C'(H)
still works in this case, that is, the factor M in the decomposition (1.1) is 0. Thus
we have the weight 1 Hodge decomposition

C(Hc)=WaW

as in the previous section.
To conclude, we show the following;:

Proposition 5 The Kuga-Satake construction of a complex structure on C(Hg)
coincide with our construction of a weight 1 decomposition on C(Hc) (or equivalently
a complex structure on C(Hg)) above.

11



Proof. Recall that our weight 1 decomposition of C'(H¢) is given by given by
C(Hc)=WaW,

with W = C(H)?*°C(Hc). Observe now that, still denoting by 7 a generator of
H?Y we have
C(H)*°C(He) = nC(Hc).

Indeed, as € C(H)?*?, the inclusion D is clear. The reverse inclusion comes from

C(H)?® = A /\Hl’l —7- /\Hl’l,

where on the right, the - stands for Clifford multiplication rather than exterior
multiplication.

Next, consider the Kuga-Satake construction: the complex structure I on C'(Hg)
is given here by multiplication by e = —ejes, where e, e is an oriented orthonormal
basis of the real part of H*? @ H%2. Choosing 7 in such a way that < 1,7 >= 2, we
may assume (because < n,n >=0=<ej,e; > — < eg,e3 > +2i < e1, ey >) that

e1 = Ren, e = Imn.

Furthermore, the weight 1 decomposition on C(Hc) associated to the Kuga-Satake
complex structure is determined by the complex subspace W/ C C'(Hc)

C(Hc) =W & W,
where W’ is by definition the i-eigenspace of the complex structure operator I in
C(Hc), that is the subspace generated by the
w —il(w), w e C(He).

As I is Clifford multiplication on the left by e, W’ is also the subspace generated by
the
(1 —ie)w, w € C(Hg).
On the other hand, we have
1N =e; + ez
and thus
nn = (e1 +iez)(e1 —ieg) = —2 — 2iejeq = —2(1 — ie).
Hence we conclude that
W =1ImncC Imng=1Im(l—ie)=W"
By the equality of dimensions, we now conclude that we have equality. [

In conclusion, we have split the Kuga-Satake construction into two parts:

i) The observation (studied from the point of view of its cycle-theoretic implica-
tions in [10]) that for a K3-type Hodge structure, the induced Hodge structures on
the exterior powers of H have level 2.

ii) The construction of Theorem 1, which works for much more general compat-
ible ring structures on polarized weight 2 Hodge structures.

Remark 2 Lemma 2 is also true for the exterior algebra structure on A\ H. From
our point of view, the key reason for which we need the Clifford algebra, is the
existence of the adjunction map ¢, which is not satisfied by the exterior algebra.

12



3 The general case

We pass now to rational coefficients. We consider as in the previous section a
polarized rational Hodge structure H of weight 2, which is also a Q-algebra, such
that the product

HQ H— H

is a morphism of Hodge structures of bidegree (—1, —1), and such that there exists
an adjunction map
t:H—H

such that (left or right) multiplication by ¢(h) is adjoint to (left or right) multipli-
cation by h, with respect to the polarization form <, >. Our first goal is to study
the possible centers of such an algebra.

Lemma 3 The center K is a trivial sub-Hodge structure of H.

Proof. It is obvious that K is a sub-Hodge structure of H, because it is defined as
the kernel of the map
H — Hom (H,H),

h+ (a — ha — ah),

and this map is a morphism of Hodge structures of bidegree (—1, —1).
To see that it is a trivial Hodge structure, let 0 # o € K?° ¢ K ® C. Then we
have
u = at(@) e HY,

and u # 0 because < u,1 >=< «a, @ >> 0 by the Hodge-Riemann bilinear relations.
Thus we have, again by the Hodge-Riemann bilinear relations:

<wu,u >=<ut(u),1 >#0.
Hence
ut(u) = at(@)at(a) # 0.

But as « is central, this is 0 because o = 0, which is a contradiction. [

Lemma 4 The center K of H is a product of number fields. The t-invariant part
K™ of K is a product of totally real number fields K;. If K;r # K;, then K; is a
field which becomes isomorphic to C under any embedding of K:‘ into R.

Proof. K is a commutative Q-algebra, which is by the previous Lemma contained
in Hﬂlgl. Thus the pairing <, > restricts to a negative definite pairing on K. Note
also that K is clearly invariant under ¢, as ¢ is a morphism of Q-algebras H — HP.
On the other hand we know that this pairing is of the form

<a,f>=<at(f),1>.

We want to show that K does not contain nilpotent elements. If o™ = 0, then

(at(a))™ =0, and if at(a) = 0, then also o = 0, because < a, @ >=< at(a), 1 >.
Thus it suffices to show that o™ = 0 implies @ = 0, when t(o) = a. But if

a™ = 0, with @ = t(a) and n = 2m, then also < o, o™ >= 0 which implies that

13



a™ = 0. Thus the order n of @ cannot be even, and if it is odd, n = 2m + 1, we
have n < m + 1, that is m = 0.

Thus K is a product of number fields. Note that the intersection form on K
must be of the form

< a,f >=trgglyat(3))
for some y € K. (Here y € K is defined by the condition that

<a,1>=Trggya), Va € K.)

Thus, as < a,1 >=< t(a),1 >, we must have y € K.

We show now that KT is a product of totally real number fields. But we know
that the intersection form < 3,1 > on K is negative definite, and that it is of the
form

< a,f >=2trg+ g(yaB)

for some y € K.

The algebra K™ ® R splits as a product of quadratic extensions of R, and we
want to show that none of these extensions can be C. But for any non-zero y € C,
the quadratic form

<a,B >=Trer(yas)

has signature (1, 1), which contradicts the fact that <, > should be negative definite
on any factor of K™ ® R.

To conclude, consider a component Kf of K, given by an idempotent e; € K.
Let K; := e;K. Choose an imbedding o of K:r into R. As K; is a quadratic
extension of K :r , K By K R is a quadratic extension E of R, which is contained

in K®gR C Hﬂlg’l. Let this extension be given by X2 = X. The involution ¢ of this
quadratic extension generates its Galois group, and we have the condition that the
quadratic form
<, >=Trgmryat(B))
for some y € R, is definite negative. But as (X ) = —X, the matrix of this quadratic
form in the base (1, X) is
y O
<0 —yA>

From now on, we assume that K is a number field. This is possible because
the idempotents e; which give the decomposition of K into a product of number
fields K; are t-invariant Hodge classes in H by Lemmas 3 and 4. Thus replacing
H by e; H, we still have a polarized Hodge structure, an adjunction map ¢, and the
compatibility of the product with the Hodge decomposition.

We define as in the previous section

and thus we must have A < 0.
]

W .= H*'H.

Then we have the decomposition (1.1)

Hec=WeaeW)e M,
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which is a orthogonal decomposition and an algebra decomposition. M is defined
over R, M = Mgz ® C. Note also that M C H"!, because H>? c W, H%? c W and
(H?Y @ HY2)L = HY'. Furthermore, M is stable under ¢ and the decomposition
above is given by a central idempotent e € K™ ® R. Thus, as KT is totally real,
Mg must be a sum

MR - ®U€EA4HO'7 HO’ = H ®O’(K+) R?

where X,/ is a certain set of imbeddings of KT into R. (Here we see H Qq(k+) R as
the sub-algebra of Hg defined as the image of the idempotent e, of Kt ®g R given
by o.)

Proposition 6 If M # 0, then the algebra H is a simple central K-algebra.

Proof. We want to show that if ¥,; is not empty, then H has no non trivial two-
sided ideal. As X,; # 0, it clearly suffices to show that the algebra H, has no non
trivial two-sided ideal for o € ¥j,;. But the o € ¥, are characterized by the fact
that H, C M, which implies

H, c H"..

Note that each H, is invariant under ¢{. Furthermore the t¢-invariant part of the
center of H, is equal to R.

Let thus I C H, be a two-sided ideal. I Nt([) is also a two-sided ideal which is ¢-
invariant. Furthermore, if IN¢(I) = 0, then I = 0. Indeed, if z € I, xt(x) € INt(I).
Thus, if I Nt(I) = 0, zt(x) = 0. On the other hand, we have < z,x >=< xt(z),1 >
which is then also 0. But as z is real of type (1,1), this implies that x = 0 by the
second Hodge-Riemann bilinear relations.

Thus we may assume that I is t-invariant. The orthogonal complement J := I+
of I in H, with respect to <, > is then also a t-invariant two-sided ideal of H,.

On the other hand, the intersection form <, > restricted to I is non degenerate,
because for I C H, C H"!, and <, > is negative definite on H'!'. Hence we get an
orthogonal decomposition of H, into the sum of two two-sided ideals, or equivalently
a decomposition

H,=1&J,

as the direct sum of two sub-algebras. But then, as I and J are t-invariant, the
idempotents associated to I and J are central and t-invariant. As the center of H,
is R, it follows that either I or J is 0. [

Corollary 3 The conclusion of Theorem 1 holds without the hypothesis 3 on the
center, unless possibly when H has a direct summand which is a simple central
algebra H; over a number field K;, where the decomposition is also a Hodge structure
decomposition, and an orthogonal decomposition.

Example 1 We give here an example of a rational polarized weight 2 Hodge struc-
ture, which admits a Q-algebra structure, satisfying conditions 1 and 2 of Theorem
1, with center a number field K, and for which we have both

M #0, W #0,

where W and M are defined as in section 1.
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We start from a rank 2 vector space V over the number field K := Q(+/2,1), that
is, K = Q[z,y]/(z> = 2,9> = —1). Let Kt := Q(z) = Q(v2) € K. On K, there is
a unique K *-bilinear skew-symmetric form €2, which satisfies the property that

Q(l,y) = 1.
On V = K & K, consider the rational skew-symmetric bilinear form :
w = tTK+/QQI + t’f‘KJr/QxQQ,

where €); is ) on the i-th factor.

We want now to put a weight 1 Hodge structure on V, polarized by w and
admitting K as an endomorphism algebra. This is done as follows:

The space V ®qg R splits as the direct sum

Vﬂ@Vfﬂ

corresponding to the two embeddings of Kt in R sending x to /2 or to —v/2
respectively. Each term of this decomposition admits the action of y, with y? = —1.

We want to put a complex structure on Vg, given by an operator of complex
structure I, which leaves invariant w, and is such that w(x, Iz) > 0 for 0 # x € V.
We define for this I =y on V| 5, while on the factor V__ 5, the operator I is defined
as follows:

The space

Krp=K®R

is equal to the quadratic extension of ng .= KT ®R given by y?> = —1. The algebra
Kﬂ'{ splits as a sum of two copies of R, K j}i and K f N where z acts by multiplication

by v/2 and —/2 respectively. The first copy is canonically isomorphic to R generated

by the idempotent 17 := I;‘—\/‘? and the second copy is similarly generated by the
: - . z=V2
idempotent 17 := Vo

This makes (via the choice y = i) the algebra Kr canonically isomorphic to the
sum of two copies K 5, K_ NG of C, and thus Vg = Kﬁ is a direct sum of four
copies of C. It is not hard to compute that the extended form w in the canonical
coordinates 21, ..., z4 on C?* is equal to

%(dzl A dZT + dza A dZs + V2dzs A dZs — /2dzs A dZ). (3.6)

Thus it is of type (1,1) for the complex structure given by y, but not positive.

We will define our I to be equal to i on the first three factors and to —i on the
last factor. This has the effect of exchanging the coordinates z4 and Z4, and then by
formula (3.6), w becomes positive of type (1,1) with respect to I. By construction,
I commutes with x and y, as it preserves their eigenspace decomposition.

Having this, we will now consider as polarized Hodge structure

H := Endg (V).

This is a sub-Hodge structure of End (V'), because K acts as endomorphisms of the
weight 1 Hodge structure on V.
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This is stable under adjunction with respect to w, because the action of K on V
is such that multiplication by x is self-adjoint with respect to w, while multiplication
by y is anti-self-adjoint.

On the other hand, consider the decomposition

Hr=H o H 4.

Then H 5 = Endc(V 5) and H_ 5 = Endc(V_, ), where the C-structures are
given by the action of iy on both terms. As I = y on V3, the term H 5 is
made of endomorphisms commuting with I, thus of type (1,1), while as I # y on
V_ﬁihe term H_ 5 is not of type (1,1). Thus in this case both M = H 5 and

WeaeW = Hf\/i are non zero.

We now come back to the general case of a rational Hodge structure H, polarized
by an intersection form <, >, and endowed with a Q-algebra structure, satisfying
conditions 1 and 2 of Theorem 1. We also assume that the ¢-invariant part of the
center is a number field K.

Our goal is to show the following:

Theorem 2 There exists a polarized weight 1 Hodge on H, such that the multipli-
cation on the left
H — Hom (H,H)

18 a morphism of weight 2 Hodge structures, where the weight 2 Hoge structure on
the left is the initial one, and the weight 2 Hodge structure on the right is induced
by the weight 1 Hodge structure on H.

Remark 3 The main defect of this construction is the fact that it is not unique,
and does not satisfy the universal property of Proposition 3.

Proof. Recall that we have the decomposition
H]R = (W @W)R D MR,

which is a orthogonal decomposition, an algebra decomposition, and is compatible
with Hodge decomposition. M is a sum of factors

M - @UEEA4H0'7

where Hy := H®,(r+)R is a subalgebra of Hg. There is already a complex structure
on the first term, given by the isomorphism of real vector spaces

Re: W = (WEBW)R,

and we simply have to put a complex structure I, on each component H, for o € Xj,.
Note that we want the left multiplication map

H — Hom (H,H)
to be a morphism of Hodge structures. This implies that

H, — Hom (H,, Hy,)
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has to be a morphism of real Hodge structures. But, for ¢ € ¥j;, we know that H, is
of type (1,1). Thus multiplication on the left on H, by any h € H, has to be of type
(1,1), which means that it commutes with the complex structure operator I,. But
as our algebra has an unit, this implies in turn that I, has to be the multiplication
on the right by some element m, € H,, satisfying the condition that m2 = —1.

Furthermore, we want that our weight 1 Hodge structure is polarized, with a
polarization of the form

we(z,y) =< z,ya >,

for some a € H satisfying t(a) = —a. (This was the form chosen for the polarization
on the W-term, and since the polarization must be rational, we do not have another
choice here.)

The first condition for w, to polarize the real Hodge structure on H, is the
fact that w, is of type (1,1) for the complex structure I,. Equivalently, for any
x,y € Hy,

< zyya >=< I;(z), I,(y)a >=< xmg,ymsa >=< z,ymgat(my) > .
This implies that
meat(mey) = a. (3.7)

Let us now distinguish the cases where K = K+, K # K.
a) Case K # K. In this case, we proved in Lemma 4 that K, = C. Choosing

such an isomorphism gives i, € K,, with i2 = —1. Thus we have the operator of
complex structure acting on H, by multiplication by i,-.
As i, is in the center of H,, and satisfies t(iy) = —i,, the relation (3.7) for

me = i, is certainly satisfied for all a.

It remains to see that with this operator of complex structure I,,, the correspond-
ing real weight 1 Hodge structure on H, is polarized by w, for an adequate a € H
satisfying t(a) = —a. As we know already that w, is of type (1,1) for I,, we have
only to verify that

walz, I,x) > 0,

for 0 # x € H,. By definition, this is equal to
< T, Tiya > .

For a = i, € H, C Hp, this is equal to — < z,x > which is positive by the
second Hodge-Riemann bilinear relations, because H, C Hﬂé’l.

Thus it follows that it remains positive for any a in a neighbourhood of i, in Hg
satisfying t(a) = —a, and in particular for a rational such a € H C Hg.

b)Case K = K™'. Here the a will be a fixed rational element of H such that
w, satisfies the positivity conditions on the W-components (the existence of which
was shown in the previous section), and on the components H, of the previous
type a). Note that the multiplication (on the right or on the left) by a on H is an
isomorphism, because it is K-linear and for any imbedding 7 : K — R such that
T & Yy, it induces an automorphism of H,, because w, is non-degenerate on H.

(The existence of imbeddings 7 ¢ Xj; follows from the fact that W # 0 by
assumption.)
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We consider the commutative K-subalgebra of H generated by a:
K, := Kla] C H.

This subalgebra is invariant under ¢, because t(a) = —a. Next, the subalgebra
Koo = Ko (i) R of Hy is contained in HU! and thus satisfies the property that
the intersection form

<z,y>=<uzt(y),1 >

is negative definite on K, ;.

This implies as in the proof of Proposition 4 that the t-invariant part Kj » of
K, is a sum of copies R, of R, and that the corresponding decomposition of K, ,
(given by the action of the idempotents of Kj{ ») is a decomposition as a sum of

copies C, of C, where t acts as complex conjugation on each C,. Furthermore, as

t(a) = —a and multiplication by a is an isomorphism on K,, each a, can be written
uniquely as A,i,, where A, is a positive real number, and i, € C, satisfies ig = —1,.

Let us define m, by
My = Z ip.
p

We have m2 = — >, 1p = —1. Furthermore t(my) = —my, as t(i,) = —ip, for all p.

Finally, as m, € K, ,, one has msa = am,, and combining these three facts, we
conclude that (3.7) is satisfied.

Thus the multiplication on the right by m, defines a complex structure I, on
H,, which satisfies the property that w, is of type (1, 1) for I,. In order to conclude
that we have a real weight one polarized Hodge structure on H,, we have to check
the positivity property

wa(z, Io(x)) >0, V0 # z € H,.
But as the numbers A\, are positive, one has

2
ap =N

pMp>

for some n, € R. Thus, letting

n = E np,
p

we have

Ay = anU,

with n € K, 4, t(n) = n. But then we have

wo(x, Ip(2)) =< z,I,(z)a >=< z,xmsa >

2

=<z, rn mg >= — < nr,nxr >,

where the last inequality holds because m2 = —1 and t(n) = n. As n is non-
degenerate, the second Hodge bilinear relations show that < nz,nzx > is negative
for all 0 # x € H,, which is what we wanted.

|
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Remark 4 Assume that either ;s is empty, or that the center K of H satisfies
K # K. In the first case, we constructed the weight 1 Hodge structure by defining
its H'9-part to be H*°H¢, which is a right ideal. Thus multiplication on the right
by elements of H are morphisms of weight 1 Hodge structure.

In the second case, the same is true if we choose for complex structure operator
on the H,, o € H,, the multiplication by i; € K @4 x+)R. Indeed, as i, is central,
this multiplication commutes with right multiplication with elements of H.

Thus, in both cases, as in the Kuga-Satake case, we can construct an abelian
variety, which admits H as a sub-Hodge structure of weight 2, and also H°? as a
ring of endomorphisms.
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