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Abstract

We show that, unlike del Pezzo surfaces, higher dimensional Fano manifolds do not
satisfy in general boundedness properties for their CHgy group of 0-cycles. For example,
for quartic threefolds having a point of odd degree, there is no “Coray type” uperbound
on the minimal odd degrees of points. Also, the CHg-group of Fano hypersurfaces can
be “unbounded” (a notion which is related to infinite dimensionality in the sense of
Mumford), meaning that there is no integer N such that 0-cycles of degree at least N
are effective.

1 Introduction

In this paper, a variety defined over a field K is reduced and geometrically irreducible, that
is, irreducible over K. In particular, the Fano varieties, including del Pezzo surfaces, that
we will consider, are smooth projective, geometrically irreducible, with ample anticanonical
bundle. For a projective variety X over a field K, and for a finite extension K C L, the
degree of a L-point x of X is defined to be the degree of the field extension K C L. This is
also the degree of x seen as a 0-cycle of X over K. It is expected by a conjecture of Cassels
and Swinnerton-Dyer that any smooth cubic hypersurface with a point of degree coprime
to 3 has a K-point. In [5] and [22], the following results on points on del Pezzo surfaces of
degrees 2 and 3 are proved, improving a classical result of Coray [7].

Theorem 1.1. (i) (Colliot-Théléne [5]) Let S be a del Pezzo surface of degree 2 over a field
K of characteristic 0. Then if S has a 0-cycle of degree 1 (equivalently, if S has a point of
odd degree), S has a closed point of degree 1, 3 or 7.

(i) (Voisin [22]) Let S be a smooth cubic surface defined over a field K of characteristic
0. If S has a O-cycle of degree 1 (equivalently, if S has a point of degree coprime to 3), S
has a closed point of degree 1 or 4.

Coray had established a weaker version of statement (ii), allowing also points of degree
10. Concerning statement (i), Kolldr and Mella noticed in [14] that there are del Pezzo
surfaces of degree 2 with a point of degree 3 but no K-point (see [5, Remarque 4.3] for a
complete decription of their argument).

Coming back to the case of cubic hypersurfaces, the following weak version of Cassels-
Swinnerton-Dyer conjecture asking for the existence of higher dimensional Coray-type bounds
seems to be open.

Question 1.2. Does there exist a number N(n) such that any smooth cubic hypersurface X
of dimension n over a field K of characteristic 0 having a 0-cycle of degree 1 has a point of
degree at most N(n) coprime to 37

Colliot-Thélene proved more generally in [5] that Coray type bounds as in Theorem 1.1
exist for any class of del Pezzo surfaces. It is thus natural to ask Question 1.2 for higher
dimensional Fano varieties, as suggested in [5]. One natural extension of Question 1.2 is the
following
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Question 1.3. Does there exist a number N(n) such that any smooth Fano degree d hyper-
surface X C P" over a field K of characteristic 0 having a 0-cycle of degree 1 has closed
points of degree d; < N(n) that are globally coprime?

A weaker form of this question is whether such a bound NV exists depending on X defined
over K but working for any X, for all field extensions K C L. Our first main result in this
paper is a negative answer to (the weak form of) Question 1.3.

Theorem 1.4. (i) There exist a field K of characteristic 0 and a quartic hypersurface
X C P* defined over K, with the following property. For any odd integer N, there exists
an overfield L O K such that X1, has a closed point of degree N and no closed point of odd
degree strictly smaller than N.

(ii) The same statement holds for quartic hypersurfaces in P> and quartic or sextic double
solids instead of quartic hypersurfaces of dimension 3.

Remark 1.5. For the generic hypersurface Xgen C P+ of degree d, denoting by hy :=
c1(O0x,.,(1))" € CHo(Xgen), one has deghx = d and CHo(Xgen) = Zhx (see Lemma 3.4).
Our hypersurface will be the hypersurface Xgepn, which is defined over the function field K
of P(HO(P¢, Ops(4))). Here C could be replaced by any field of characteristic 0. The field L
(depending on N) will be obtained by adding universally a point of degree N. These fields
have big transcendence degrees over Q.

Theorem 1.4 says in particular that a Coray type bound does not exist for Fano 3-folds
in general. Statement (ii) is more striking in view of Theorem 1.1(i), since quartic double
solids are Fano threefolds of index 2 and their hyperplane sections are del Pezzo surfaces of
degree 2. Their geometry is very close to that of cubic threefolds, for which Question 1.2 is
still open.

We will also study in this paper a slightly different notion of (un)boundedness for zero-
cycles, that has been investigated first by Mumford in [16] in the geometric setting and later
by Colliot-Théléne in [5] over non-algebraically closed fields. Consider a smooth projective
variety X defined over a field K of characteristic 0. Let us consider the following

Definition 1.6. We will say that X has bounded CHg-group if there exists a number N
(possibly depending on X and K ), such that for any field L O K, any 0-cycle z € CHy (X))
of degree deg z > N is effective (that is, rationally equivalent to an effective 0-cycle).

We will say that X has unbounded CHg-group if an integer NV as above does not exist.
We note that smooth projective curves X have bounded CHy-group, as follows from the
Riemann-Roch theorem. It follows that a variety X has bounded CHg-group if CHg(X) is

strongly representable, in the sense that there exists a curve C <4 X such that for any field
L O K, the morphism
j* : CHo(CL) — CHo(XL)

is surjective.

One should note that for varieties defined over the complex numbers, the notion of
(un)boundedness introduced above is close to, but different from, the notion of (in)finite
dimensionality used by Mumford in [16]. Indeed, Mumford only considers CHy(X), not
CHgy(X ) for any field L containing C. For a smooth projective variety X over the complex
numbers, it is in fact proved by Mumford [16] and Roitman [17], [18], that Mumford’s finite
dimensionality is equivalent to the representability of CHp(X) in the weaker sense that there

exists a curve C' < X such that the morphism j, : CHy(C) — CHp(X) is surjective. This
is also equivalent to the fact that the Albanese map induces an isomorphism between the
group CHg(X)g of zero-cycles of degree 0 on X and the (group of complex points of the)
Albanese variety Alb(X).

For varieties over C, the two notions (boundedness as above and finite dimensionality in
the Mumford sense) coincide if one considers Chow groups with rational coefficients, thanks
to the Bloch-Srinivas argument [1].

Inspired by the work of Colliot-Théléne [5], we proved in [22] the following



Theorem 1.7. Let S be a smooth del Pezzo surface of degree ds < 3, where dg :=
degci(Kg)?, defined over a field of characteristic 0. Then any 0-cycle = € CHy(S) of
degree d = deg z > 21 is effective, hence CHy(S) is bounded.

Colliot-Théléne establishes Theorem 1.7 for rational surfaces over a field K of character-
istic 0 having a K-point. Applying the same method as in [22], we will extend in Section 4
Theorem 1.7 to del Pezzo surfaces of degree dg, with 4 < dg < 9.

Theorem 1.8. There exists an integer N with the following property: for any smooth del
Pezzo surface S defined over a field K of characteristic 0, any 0-cycle z € CHy(S) of degree
d=degz > N is effective. In particular, CHy(S) is bounded.

Theorem 1.8 proves boundedness of the CHy group of del Pezzo surfaces with a number
N which is even independent of S. The integer N can easily be made explicit as in Theorem
1.7 by examining the numerics case by case, since there are finitely many families of del Pezzo
surfaces. In the case of smooth projective geometrically integral curves X, the number N
can be taken to be the genus of X, hence depends only on the deformation class of X.

Remark 1.9. As Colliot-Thélene mentioned to me, for del Pezzo surfaces of degree > 5, it
is possible to give another proof of the fact that their CHy group is bounded, building on
many beautiful known results on the arithmetic of del Pezzo surfaces of degree > 5 (see [21],
[2], [12], [4]). It is likely that one can even prove that they are uniformly bounded as above
with a better bound than the one obtained here.

When X is a Fano variety over a field K of characteristic 0, X is geometrically rationally
connected, so we have CHy(X3) = Z, because any two points z, y € X(K) belong to a
rational curve in X defined over K (see [11]). The Chow group CHy(X)o of O-cycles of
degree 0 is thus of torsion, and more precisely, there exists an integer M (depending on X)
such that for any field L O K, CHo(X,)q is of M-torsion. This follows from a decomposition
of the diagonal argument as in [1], or directly using the rational connectedness, that provides

over a finite extension K’ D K of degree d, a dominant rational map
G:Y xP -5 X

mapping ¥ x {0} to a given point x € X (K’), and such that the restriction of ¢ to ¥ x {oo}
is dominant of degree N. Then by a trace argument, for any field extension L DO K, any
0-cycle of degree 0 on X, is annihilated by M := Nd.

At the opposite, when S is a surface over C with py(S) # 0, or more generally any
smooth projective variety X over C with H%%(X) # 0 for some [ > 2, Mumford’s celebrated
theorem [16], later generalized by Rojtman [17], is the following

Theorem 1.10. ([16], [17]) Let X be a smooth projective variety over C such that
HO(X,QlX/C) # 0 for some [ > 2.
Then, choosing a point x € X(C), for any N > 0, the natural map
XMN)(C) — CHy(X)o/Torsion,
z+—z— Nx
15 not surjective.

In the theorem above, X (V) denotes the N-th symmetric product of X. The conclusion
says that for any integer N > 0, there exists a cycle zp € CHo(X¢)o such that the 0-cycle
z0 + Nz € CHo(Xc), which is of degree N, is not effective modulo torsion. This shows
that X has unbounded CHy-group in the sense of Definition 1.6, but also that it has infinite
dimensional CHgy-group in the Mumford sense.

In the case where X is a smooth Fano variety defined over a field K of characteristic
0, we know that HY(X, QlX / ) = 0 for any [ > 0, and furthermore we know as explained
above that CHy(X)g is universally of torsion, so a priori we cannot directly use Mumford’s
strategy. Our second main result is



Theorem 1.11. Assume d is even, n > 3 and d > 2[%} Then the very general degree d
hypersurface X C P*+1 defined over C has unbounded CHy-group in the sense of Definition
1.6.

There exist smooth Fano degree d hypersurfaces X C P"*1 defined over Q, with un-
bounded CHgy-group.

The same results hold for double covers of P, n > 3, ramified along a smooth hypersur-
face of degree 2d > n + 1.

The proof of Theorem 1.11 will be obtained by combining the arguments of Mumford
[16] and Totaro [20]. We will start by reviewing Mumford’s argument in Section 2 and we
will present it in the following form, inspired by Bloch-Srinivas’ paper [1], which works as
well in nonzero characteristic. For any smooth projective variety X of dimension n over a
field K, we denote by XéN) the Zariski open set of X(()N) parameterizing unordered sets of

N distinct points in X and by I'y C XéN) X X the universal subscheme.

Theorem 1.12. Assume there exists an effective cycle Z € CH”(X(SN) x X)) with the property
that the degree of Z over XéN) is N' < N, and a 0-cycle zo € CHy(X) of degree N — N,
such that, over the generic point n of X(gN), one has

I'ny = Zy+ 20, in CHo(X,), (1)

where X, := X x Spec K(XSN)) and so on. Then one has H°(X, QZX/K) =0, assuming we
are in one of the following situations.

1. One hasl > 2 and char K = 0.
2. One has | = 2 and char K is arbitrary.

3. One has | = 3, char K = 2 and the dimension of X is <5.

4. One hasl > 2, char K s arbitrary and N > w
Remark 1.13. The case 1 of characteristic 0 is due to Mumford [16] and Roitman [17].

Case 3 may seem special but it will be needed for the proof of Theorem 1.4. The reason
to limit ourselves to the dimensions 3, 4 and 5 in case 3 is the fact that, for these dimensions,
the tensor rank of a -form on X is lower-semicontinuous (see [13]), so the tensor rank at any
point is not greater than the tensor rank at a generic point, a property that is not satisfied
when 3 <1 < n — 3, see Remark 2.7 for more detail.

Case 4 is the one used for the proof of theorem 1.11.

As a corollary of Theorem 1.12, 4 we get the following analogue of Mumford’s theorem
1.10.

Corollary 1.14. Let X be a smooth projective variety over any field K. If CHo(X) is
bounded, then h°(X, QlX/K) =0 forl>2.

Indeed, if CHy(X) is bounded, there exists a number N’ such that for any surfield L O K,
any 0-cycle z € CHy(Xp) of degree at least N’ is effective. Choose zg € CHo(X) of degree
d >0, and let N := N"+1d. Let L := K(XéN)). The O-cycle I'y,,, — 20, € CHo(Xy) is of
degree N’, hence effective, thus producing an effective cycle Z’ € CH”(X(()N) x X) as above,

of degree N’ over XéN), and satisfying (1). As N is arbitrarily large and N’ is fixed, we can
apply Theorem 1.12, 4.

The paper is organized as follows. In Section 2, we will recall Mumford’s argument and
prove Theorem 1.12. In Section 3, we will give the proof of Theorems 1.11 and 1.4. In
Section 4, we explain the method of proof of Theorem 1.8, following [22].

Thanks.] thank Laurent Manivel and Joseph Landsberg for answering my questions on
the rank of alternate forms and Jean-Louis Colliot-Thélene for very useful explanations
concerning de Pezzo surfaces and careful reading. I also thank Burt Totaro for his remarks
and suggestions.



2 A review and extension of Mumford’s results on in-
finite dimensionality of CH,

Our goal in this section is to prove Theorem 1.12. Our plan is to adapt Mumford’s argument
in [16] (proving over the complex numbers infinite dimensionality of CHy in presence of
differential forms of degree > 1) to prove over any field unboundedness of CHy under the
same assumptions, but we will meet difficulties due to inseparability that prevent to directly
apply Proposition 2.2 below. We first review Mumford’s theorem, adapted following [20] to
work over any field. Let X be a smooth projective variety of dimension n over a field K,
and let X) be the N-th symmetric product of X. It is singular but we will work with the
open set XSN) parameterizing N distinct unordered points, which is smooth. Consider the

universal subscheme
Iy c XM x X,

which is flat and proper over X(()N). We denote by
proon : X§V x X = XM, pry s XV x X = X
0

the two projections.
As X is smooth projective of dimension n, there is for any [ a push-forward map

. gn( v () n+l (N) !
eréN)* : H (XO X X, QX-EN)XX/K) — HO(XO ,QX(SN)/K)

n(y (V) n :
and thus, for any class v € H"(X, ' x X, QXéN)xX/K)’ an action

* N
v HOX, Q) — HO(X >,QIX5N) ) (2)

7" (a) = pryw, (v Aprya).
0

In particular, for v = [['y], where [['y] € H”(XSN) x X, Q7 ) is the Gros cycle
xS xX/K

class used in [20], and which depends only on the class of I'y in CH”(XéN) x X)), we get for
any o € H(X, QlX/K) a l-form

* N
[Cn] o€ HO(X{ %leém ol

Remark 2.1. The construction above gives more generally, for any [, for any smooth variety
Y over K and any cycle I' € CH"(Y x X), a morphism

O] : HO(X, Qi) = H(Y, QY )
In practice, we will compute [I']*w as a trace, at least at the generic point of Y.

Let ¢ : XV — XV be the natural quotient map, and let X}V := q_l(XéN)) c XN, We
observe next that
(¢,1dx)" Ty =Y T in CH"(X{ x X),

where T'; C XV x X is the graph of the i-th projection pr; : X{¥ — X. It follows that

(¢.1dx)*[Cn] = Y _[Iy] in H"(X}' x X, Ven s x/x)- (3)
The contravariant functoriality of the constructions above gives

Cna =Y [Ofa =Y prioin HO(XY . Qi) (4)

%



for any a € HY(X, QlX / ). We now make the following assumption

(*) there exist an effective cycle
Z e CH"(XW) x X)

of relative degree N’ over XN) and a Zariski open set U C X(()N) such that
(a) the corresponding morphism
bz U — XN
is well-defined and takes value in XéN/) and,
(b) for some zg € CHo(X) of degree N — N’,

Cnjwxx =U x 20+ Tnv 0 ¢z in CH" (U x X). (5)

The cycle class
n N n
Ty € HM(xY) x X, Vo), x/10)

then satisfies
Cnluxx = [U % 20] + (¢2,1dx )" [[ne] in H*(U x X, Q5 x)- (6)
From (6), we deduce that, under the assumption (5)
(Pl a)jo = ¢%([Cn]"a) in H(U,Qy k) (7)

for any [ > 0 and o € H°(X, QIX/K), because [U x z]* acts as zero on [-forms with I > 0.

Let U C X be the inverse image of U via the natural quotient map ¢ : X — X(()N) and
let ¢y ::¢Zoq:l7—>X(()N).
Equation (7) gives after pull-back to U, using (4)

N
S pria = 3 (I a) in HOO.9 ) 3)

i=1

for any I > 0 and a € H°(X, QY ).
We now prove

Proposition 2.2. (4 version of Mumford-Roitman theorem [16], [17].) If X has dimension
n and satisfies assumption (*), then H°(X, QIX/K) =0 forl>2.

Proof of Proposition 2.2. We will use the naive notion of rank rk(w) of a I-form w € /\l V=,
for any finite dimensional vector space V. Namely rk(w) is defined as the rank of the linear
map

-1
w: V= AV (9)
V= Uaw.

We have the following rather obvious



Lemma 2.3. (i) Let ¢ : V — W be a linear map, and let w € N\'W*. Then the rank of
¢*w is non greater than the rank of w.

(ii) Let V be a vector space of the form V. =Vi @ ...@ Vx and let w; € N\' V;*. Then,
if l > 2, the rank of

w= Zprfwi (10)
i
s given by

rk(w) = > rk(w;). (11)

%

(iii) The rank of a l-form w € N'V* is lower-semicontinuous on \' V* equiped with the
Zariski topology.
(iv) The rank of a form is subadditive, that is : tk(D, w;) < >, rk(w;).

Proof. (i) follows immediately from the definition of the rank, and from the fact that

-1
10*w = ¢Fowod:V — /\ V.

For (ii), a form w as in (10) has rank rk(w) < >, rk(w;) because the map 1w can be written
as

w = Zpr’{oni o pr;. (12)

(2

To see that rk(w) is actually >, rk(w;) when [ > 2, let V, be the kernel of _w. We
observe from (12) that a vector

V=01 +...+UN eV:‘/l@...@VN
belongs to V,, if and only if
v;_w; = 0 for all i. (13)

Note that this is at this point that we use the condition [ > 2, which implies that each v;_w;
has degree [ — 1 > 0, so that the spaces pr;?‘(/\l_1 V;*) are in direct sum in /\l_1 V*. Equality
(11) immediately follows.
(iii) The lower semi-continuity of rk(w) immediately follows from the lower semi-continuity
of the rank of a linear map or matrix, since it is defined as the rank of linear map _w of (9).
(iv) follows from (i) and (ii) when [ > 2, and is trivial when [ = 1. O

Remark 2.4. Lemma 2.3(ii) is completely wrong if [ = 1, as any 1-form has rank 1. This
observation is at the core of Mumford’s theorem.

We now conclude the proof of Proposition 2.2. We argue by contradiction and assume
that there exists a nonzero o € HY(X, QZX/K), with [ > 2. We observe that thanks to Lemma

2.3(iii), a nonzero I-form o on X has a generic rank rkgen (), and that at any point z € X,
the rank of « is < rkgen(cr). Formula (4) for N’ and Lemma 2.3,(i) and (ii), imply that the

rank of ¢% ([I'n/]*a) at the generic point of X(gN) is < N'rkgen(av), while, as [ > 2, formula
(4) and Lemma 2.3(ii) give that

thgen (D" @) = Nikgen (@), (14)

which contradicts (7). O



For the proof of Theorem 1.12 in the cases (ii) and (iii) of nonzero characteristic, we will
not use however the naive rank of a form as above, but its tensor rank. Let V be a vector
space and let w € \'V*. Following [13], we define the tensor rank trk(w) of any nonzero
w € /\l V' as the minimal integer r such that

w=wi+ ...+ w,

where each w; is decomposable.
We have the following variant of Lemma 2.3.

Lemma 2.5. (i) Let ¢ : V — W be a linear map, and let w € \' W*. Then the tensor rank
of ¢*w is non greater than the tensor rank of w.

(ii) Let V be a vector space of the formV =Vi @ ... @ Vy and let w; € \' V. Assume
that dimV; =1 or dimV; =1+ 1. Then if | > 2, the tensor rank of

w= Zprfwi (15)

s equal to N, assuming w; # 0 for all i.

(iti) In the situation of (ii), assume that either | = 2 or dimV; =1+ 2, so that w; has
an even rank 2r; (hence tensor rank r;). Then if | > 2, the tensor rank of w =), priw; is
equal to Y, ;.

(iv) The tensor rank of a l-form a € /\l V* on a vector space V of dimension n is lower-

semicontinuous on /\l V* equiped with the Zariski topology, assuming l < 2 orl >n — 2.
(v) The tensor rank of a l-form is subadditive : trk(>, w;) < Y. trk(w;).

Proof. (i) follows immediately from the definition of the tensor rank since the pull-back of
a decomposable form is decomposable.

For (ii), as any /-form on a vector space of dimension [ or [ + 1 is decomposable, we get
by definition of the tensor rank that a form w as in (15) has tensor rank < N. Suppose it
has tensor rank < N. Then it can be written as

/ /
Ww=wj;+...+twyNs

with N/ < N and w} decomposable. It follows that there is a vector subspace V,, C V of
dimension > dim V' — N'[ consisting of vectors v € V such that vaw = 0, namely the space
annihilated by all &, € V*, where w!, = &5 A...A&y. However, for w given by (15), a vector

V=01 +...+UN eVzvl@...@VN
belongs to V,, if and only if
v;w; = 0 for all 4. (16)

(Note that, as before, this is at this point that we use the condition [ > 2, which implies
that each v;_w; has degree { —1 > 0.) As all w; are nonzero, condition (16) defines a space
of codimension NI, which provides a contradiction.

(iii) is proved similarly as (ii), except that the computation of the tensor rank is different.
We use here the fact that when dimV; = [ + 2, /\l V= /\2 Vi so the tensor rank of w; is
computed as half the rank as w; seen as a 2-form on V;*.

(iv) When n = [ or n = [ + 1, the tensor rank of any w € A' V* is 1 if w # 0 and 0
otherwise. When n = [+ 2, it was already explained that the tensor rank is half the rank of
the corresponding element of /\2 V', and similarly when [ < 2, hence in all these cases, the
rank is lower-semicontinuous.

(v) trivially follows from the definition of the tensor rank. O

Remark 2.6. As before, Lemma 2.5(ii) is wrong if [ = 1, as any nonzero 1-form has tensor
rank 1.



Remark 2.7. Lemma 2.5(iv) is wrong if 3 < ! < n — 3. For example, being of tensor
rank 2 means belonging to the proper secant variety of the Grassmannian Grass(l,n). But
the Zariski closure of the proper secant variety of the Grassmannian contains its tangential
variety, where we get elements of the form

A Ao+ Y e AL NG AL A A B,
7

which are of tensor rank [ if n is large enough and (; are chosen in a general way.

Proof of theorem 1.12, 1 to 3. Proposition 2.2 proves almost directly Theorem 1.12 in char-
acteristic 0, that is 1. Indeed, under the assumptions of Theorem 1.12, we have an effective
cycle Z of relative degree N’ satisfying (1) over the generic point of X(()N), hence over a
dense Zariski open set. In characteristic 0, such a cycle Z automatically provides a rational
map ¢ to the symmetric product XV ). To avoid generically the singularities of XV /),
one should in fact decompose the effective cycle Z as a sum ), Z!, where each Z] is irre-
ducible and has degree N/ over X(™) and 3", N/ = N’. Then generically the rational map

¢i : XN s XNV induced by Z/ takes value in X(gN"/) and (1) can be rewritten as

Ziyxx = » Ty 0¢; in CH"(U x X) (17)

7

for a dense Zariski open set U of X(()N). The relation (17) then implies the following variant
of (7)

(CnI ) = Z¢f([rzv;}*a) in H(U, Q) (18)

for any [ > 0 and a € HO(X,QZX/K).
We then get a contradiction if N > N’ and [ > 2 by the same rank argument as in the
proof of Proposition 2.2, using the subaddivity and lower continuity of the rank (Lemma 2.3
(iii), (iv)). Indeed, if r is the generic rank of «, then the generic rank of the left hand side
in (18) is Nr, while the generic rank of the right hand side is < N'r.
In nonzero characteristic, nonseparability phenomena prevent, even at the generic point,
to construct ¢ from Z and to write the factorization (17), but still we can deduce from (1)
the equality of traces
[CxT*a = 2" in (XD, 0

éN>/K)7 (19)

for any o € H(X, QIX/K), with { > 0. We now restrict equality (19) to the generic point
n = Spec K(X(()N)) of X(SN), which allows to compute the pull-backs of forms in (19) as
traces, and argue by comparing the generic tensor ranks of both sides in (19).

The effective cycle Z € CHy(X,)) is a sum of points Z; € X (L;) where each L; is a finite
extension of K (X)), Such an extension decomposes as

K(XW) C Ligep C Ly
where the first extension is separable and the second one is purely inseparable.
We now use the following

Lemma 2.8. Let L1 — Lo be a degree d purely inseparable extension of fields containing
a given field K of characteristic p. For any l, denote by f* : QlLl/K — QZL2/K the natural

Li-linear map. Let w € /\l Qp, /K be al-form.
(i) If 1 = 2, and 0 # char K is arbitrary, Trr, 1, (w) has tensor rank < 1.
(i) If | = 3 and char K = 2,

trk(Trp, /1, (w)) < dtrk(w). (20)



Proof. We can assume that d = p and Ly = L1[z]/(2P — a), for some a € L;. It suffices to

prove that for any decomposable [-form w € QlL JK hence of tensor rank 1, the tensor rank
2

of Try, /1, (w) is < 1if [ =2 (case (i)), and is < 2if [ = 3 and char K = 2.
The trace map on forms of degree I > 1 on /\l Qr,/ K is explicitly described in [19, 0ADY,
Lemma 2.2] as follows:

Te(f*m A A ffyi Aalde) =0if 0<i<p—2 (21)
Te(f*m A...Affp_y AaP ) =m AL A1 Ada
Tr(w) = 0if w € Im(Q,,  ® Ly = QY /i)

From (21), we conclude that any trace Trz,/r, (a1 A ... A a;) can be written as da A 3
for some 8 € Qp, /. Hence if [ = 2, it has tensor rank < 1, proving (i).

We next assume p = 2 and [ = 3. Let «, 3, v € Qp,/x. We can assume after changing
the basis of the 3-dimensional L;-vector space («, 3, v) that

a= fra; +xfagy +adr, B = f'by +xf by +dr, vy = fer +xfca,
where a;, bj, ¢ € Qp, /. We then get
aNBAy=(xde A by +adx A fToa + ffag Ade+xf as Adx) A (ffer +xf ea) + ¢, (22)

where dx does not appear in (. Applying the rules (21), we get

Trr, e, (@ ABAY) (23)
= Tr((xdx A f*by +adx A f*by + ffay Ndx +xf*as Adx) A (f*er +xf*cs))
=daNbyNci +adaNbyANcs+daNay Aco+daas Acy
=daN by Ncx+abaAea+ a1 Aca+as Aey).

The 2-form 7 := b1 Acy + aba Aca + a1 A ca 4+ as A ¢ can be written as
77:01/\(b1 +a2)+02/\(ab2+a1), (24)
hence it has tensor rank < 2, which proves (ii). O

Remark 2.9. Statement (ii) in Lemma 2.8 is wrong if we use the rank instead of the tensor
rank (see Example 2.12 below). This is the reason why we use the tensor rank in the proof
of Theorem 1.12, while the rank has better properties (see Remark 2.7).

Remark 2.10. Statement (ii) in Lemma 2.8 is wrong if | > 4 (see Example 2.13 below).
This is the reason for the condition [ < 3 in Theorem 1.12, 3.

We now conclude the proof of Theorem 1.12 in cases 2 and 3 as follows. We write over

Z =Y 7,
where Z; € X(L;), L; :== K(Z;) is a field extension of K(XéN)) of degree N/, and

N =>"N. (25)

the generic point of XéN)

The field L; is a purely inseparable extension L; D L; sp of a separable extension

KXY € Ly gep.
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Let f; : Z; — X be the natural morphism over K. For a I-form a on X, the I-form [Z]*«,

taken at the generic point of Xék), can be written as

[Z]*Oz - Z TrLi/K(X(()NUfi* (Oz) = Z TrLi,sep/K(XéN))(TrLi/Li,sepfi* (a)) (26)

Using our assumptions that either | =2 or [ > dim X — 2, we get the inequality

trkgen (/7 () < trk g (a0, (27)

thanks to the semi-continuity statement (iv) in Lemma 2.5. In (27), the generic tensor rank
trkgen(w) of a form w on a variety is the tensor rank of w at its generic point.

We now use our assumptions 2 and 3 in Theorem 1.12. In both cases, by Lemma 2.8, we
get the inequalities

trkgen (Tl"Li/Li:SCp (ffa)) < deg(Li/Li,SEP)trkgen (fia). (28)

Finally, the separable trace Tr works as in Corollary 2.2. More precisely,

i,sep/K(XéN>)
the following statement is almost obvious.

Lemma 2.11. Let Ly be a field over K and L1 C Lo be a finite separable field extension of
degree k'. Then the trace

’I‘rLQ/Ll : QZLQ/K — QlLl/K
has the property that for any w € QILQ/K,
trk(Trp, /r, (w)) < k'trk(w).
We now get from(28) and Lemma 2.11
k(T (7)) = k(T o (T ey () (20)
< deg(Li,sep/K(X(()N)))deg(Li/LLsep)trkgen(fi*a)
— deg(Li /K (X)) trkgen (ff ) = Nltrkgen (ff ) < N} trkgen(a).

By (25) and subadditivity of the tensor rank (see Lemma 2.5(v)), we finally get under our
assumptions

trkgen ([Z]* @) < N'trkgen (). (30)
However, as already used previously, Lemma 2.5(ii) and (iii) implies
trkgen ([['n]" @) = Ntrkgen (),
because [ > 2. Inequality (30) and formula (19) thus imply that & = 0 since N' < N. [

Let us give two examples concerning the rank or tensor rank of an inseparable trace.
We first give an example with | = 3, where inequality (20) is not satisfied if we replace the
tensor rank by the rank.

Example 2.12. We consider as above a field extension L; C Lg, of the form z?

characteristic 2. Let K C L; be a subfield and let

= a, in

V C QLQ/K

be a 6-dimensional vector space. An element in /\3 V C Qiz /1, thus has rank < 6. We
write now elements of V' as

o= aq + Tby + codr + doxdz, (31)
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where aq, bo € Qr, /K, Ca, do € L1. (Here we omit the notation f* and identify Qr, /. and
its image in Qy, /k.) We assume that da, an, b, generate a vector subspace of dimension 13

of Qp, k. We claim that for adequately chosen w € /\3 V', one has
Trr,/r, (w) =daAn,

where n € /\Q(QLI/K/da) has rank 12. Then the rank of Try,,z, (w) is 13, while the rank
of w is 6. So we do not have the inequality

tk(Trp, /p, (w)) < 2rk(w).

We now prove the claim. Let Wi2 C Qp,,x be the 12-dimensional vector space generated
by the a,, b, introduced above. The L;-vector space Wi, contains a 10-dimensional vector
subspace W7o, namely the space of those forms « for which the scalars ¢, do € L1 of (31)
vanish. From the computation (23), (24), we get that for «, 8, v € Vg with v € Wiy C
Wis = Vg, one has

Trr, o, (@ ANBAY)=dann. (32)
where the 2-form 7 is given by
N =cqA(ag+ba) +da A(abg + ay). (33)

It is clear that by taking L;-linear combinations of forms 7 as in (33), one gets arbitrary
elements in Wig A Wiy C /\2 2, /K, hence forms of rank 12, even modulo da, which proves
the claim.

Next we give an example of computation of traces of I-forms, with [ > 4, where inequality
(20) is not satisfied.

Example 2.13. With the same notation as in Example 2.12, let
w=a1 N...N\aoy.

This is an element of tensor rank 1 in /\4 Qr,/k- Then we claim that, in general, the
tensor rank of Try,,r,(w) is at least 3, so that we do not have the desired inequality
trk(Trz,/r, (w)) < 2trk(w). To prove the claim, we can assume up to changing the L
basis of {«;)r, that

a1 = a1 + xby +dx, as = ag + xby + xdx, a3 = a3z + xb3, g = ag + by,
where a; := aq,, bj := ba, € Qp, /. We thus get
Trr,/n, (W) = Trr,/r, (dv A (az + xba) A (a3 + 2b3) A (ag + 2bs))
+Trp, /1, (xdz A (a1 + xb1) A (a3 + xb3) A (a4 + xby))
=da A (ba ANaz Aag~+ aby Abs ANby 4+ as Aaz Aby + as Abs A ayg)

+da/\(a1 /\ag/\a4+a(b1/\bg/\a4+b1 /\b4/\a3+a1/\bg/\b4)).
It remains to see that the tensor rank of the 3-form
n:=>byNazANag+abs Abg Nbs+ as ANag ANby+ as ANbs A ay

3
—|—a1/\a3/\a4+a(b1 AbsANag+bi AbyNas+ aq /\b3/\b4) S /\(QLI/K/da)

is at least 3, when the forms a;, b; are globally independent modulo da. Indeed, this implies

that the tensor rank of
daNn="Trr, ()

12



is at least 3. We have
77:ag/\a4/\(b2+a1)+ab3/\b4/\(b2+a1)—|—a3/\b4/\(a2+ab1)+b3/\a4/\(a2+aa1),

= (a3 A ag + abs ANby) A (ba + a1) + az A by A (ag + aby) + bs A aq A (ag + aay).

We conclude that the rank of 7 modulo da is at least 7. It follows that its tensor rank
modulo da is at least 3 when the forms a;, b; are globally independent modulo da.

We finally complete the proof of Theorem 1.12 by treating the case 4.

Proof of Theorem 1.12,4. We will use the following result concerning the rank of inseparable
traces.

Lemma 2.14. Let Ly be a field containing a given field K of characteristic p, and let
Ly = Ly[z]/ (2P — a), for some a € Ly. Letw € \' Qr,/k be al-form. We have

tk(Try, /7, (@) < prk(w) + 1. (34)

Proof. As before, for any [, we denote by f* : QlLl/K — QL/K the natural L;-linear map.

We assume that rk(w) < 7. This means that there exists a Lo-vector subspace W C Qp, /k

of dimension < r such that
l !

(UE/\WC/\QIQ/K.

Let aj, 2 =1,..., r be a basis of W over Ly. We write

p—1 p—1
Q; = E xjf*aij + E bijxjdx,
Jj=0 Jj=0

where a;; € Qp /K, bij € L1. Let V. C Qp,/k be the vector subspace generated by the
a;j, and let V' C Qp, /i be the vector subspace generated by the a;; and da. Formula (21)

shows that for any w € \' W,
!

TI‘LZ/L1 (w) S /\ V/,
which proves (34) since dim V' < pr 4 1. O
By writing any purely inseparable extension as a sequence of extensions as above, we get

Corollary 2.15. Let L1 be a field containing a given field K of characteristic p, and let
L, C Ls be a finite purely inseparable extension of degree p®. Then for any w € /\l Qr, /K,
we have

P -

tk(Trz,,, (w)) < prk(w) +

L < k() +1). (35)

Next we have the following obvious fact on separable traces.
Lemma 2.16. Let Ly be a field over K and Ly C Lo be a finite separable field extension of
degree k'. Then for any w € Qle/Kf
rk(Trp, /1, (w)) < K'rk(w). (36)

Writing any field extension L; C Lo as a separable extension followed by a purely
inseparable extension, we get by combining inequality (35) and (36).

Corollary 2.17. Let Ly be a field containing a given field K, and let L1 C Lo be a finite
extension of degree d. Then for any w € /\l Qr, /K, we have

tk(Trr,,r, (w)) < d(rk(w) +1). (37)
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Corollary 2.18. For any smooth variety Y defined over a field K, any smooth projective
variety X over K and any effective cycle Z C'Y x X of relative degree N' over Y, for any
algebraic form w € HO(X, QZX/K), we have

rkgen([Z]"(w)) < N'(rkgen(w) + 1). (38)

Proof. We decompose Z as a sum of irreducible closed algebraic subsets Z; of Y x X, and
restrict over the generic point of Y. Then Z; provides a field extension K(Y) C L; of degree
N/, with >~, N/ = N’. We apply inequality (37) to each of these extensions and get that

thgen(( )" (@)) < 3 rhgon (Z3]" (@) < 32 N (tgen(®) + 1). (39)

The first inequality in (39) is by subadditivity in Lemma 2.3(iv), and for the second inequal-
ity, we use Lemma 2.3(i), lower-semicontinuity (Lemma 2.3(i)(iii)) and (37). As ). N/ = N’,
we get (38). O

We now fix the dimension n of X and observe that by definition, for any I-form w on X,
tKgen (w) < n.
We thus get from (39) the inequality
rkgen([Z2]"(w)) < N'(n+ 1), (40)

)

which is valid for any cycle Z as above. However, letting ¥ := X(gN , we know (see (14))

that for any w € H°(X, QIX/K), with [ > 2 we have
tkgen (T (w)) = Nrkgen (w). (41)

We conclude arguing as in the previous proofs. As rkgen(w) > 1 if w # 0, equality (19) and
(41), (40) imply that w = 0 for I > 2, once N > w O

3 Unboundedness of zero-cycles on Fano hypersurfaces
of dimension > 3

We prove in this section Theorem 1.11. The method is by specialization and uses the
Totaro arguments in [20], combined with theorem 1.12. Totaro’s paper built on the Colliot-
Thélene-Pirutka specialization arguments [6], generalizing the degeneration method in [23],
used in all three cases to disprove the CHy-universal triviality (hence the stable rationality)
of the very general (or geometric generic) fiber. However Totaro used a completely different
criterion to prove that the special fiber in his specialization does not have a universally trivial
CHg-group. While Colliot-Thélene and Pirutka constructed a specialization with nontrivial
Brauer class on the special fiber, Totaro uses the same specialization as Kollar in [10]. Mori
first observed in [15] that hypersurfaces of even degree 2d specialize to double covers of
hypersurfaces of degree d ramified along a general member of |O(2d)|. Kolldr specializes
these cyclic double covers to characteristic 2, where they become inseparable and mildly
singular. He then proves that starting from dimension 3, they have desingularizations with a
nonzero algebraic forms on the special fiber. This differential form is the desired obstruction
to stable rationality used in [20]. We summarize here the results of [10], [9] and [20], that
will quickly lead us to the proof of Theorem 1.11.

Let us recall the following definition from [6].

Definition 3.1. A projective morphism

6 Y - X
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between varieties defined over a field K is universally CHg-trivial if for any field L O K,
the induced morphism

QZS* : CHo(YL) — CHo(XL)
18 an isomorphism.

The hypersurfaces X C P"*! we are going to consider are the same as in [20]. They were
first introduced by Kollar [10], but Totaro works in a slightly broader range of degrees.

Theorem 3.2. (Cf. [10], [9, Section V.5], [20].) Assume d is even, n >3 and d > 2[%£2].
Then there exists a smooth hypersurface X C P"t! defined over a number field Ko, with a
specialization X defined over a field F of characteristic 2 (a finite extension of Fy) satisfying
the following properties

1) The special fiber X admits a desingularization T : X — X and the morphism T is
universally CHg-trivial.

2) The smooth projective variety % admits a nonzero algebraic form
0/ v on—1
0#£AweH (X’Qﬁ/m)' (42)

By specialization, we mean as usual that there is a smooth projective morphism X —
Spec R, where R is a local ring (in our case, a localization of a ring of integers), whose special
fiber is isomorphic to X, and generic fiber is isomorphic to X.

Remark 3.3. The same result holds for cyclic double covers of P", n > 3, ramified along a
hypersurface of degree 2d with 2d > n+ 1. Condition (2) above is proved in [9, Proposition
5.10).

Proof of Theorem 1.11. Note that the conditions on n and d are the same in Theorem 1.11
and Theorem 3.2. Let X° — B° be the universal smooth hypersurface. By standard
arguments playing on the countability of the relative Chow varieties of (X°)(N/B) x go X°
(see [23]), the set of smooth complex hypersurfaces of degree d and dimension n with bounded
CHj group is a countable union of closed algebraic subsets in the parameter space B, so in
order to prove that the very general one has unbounded CHy group, it suffices to prove that
there exists one smooth hypersurface of degree d and dimension n with unbounded CHj
group.

Let X be as in Theorem 3.2. We prove that CHp(X) is not bounded. Assume by
contradiction that for some integer N’, and for any overfield L O Ky, any O-cycle 2z €
CHy(X 1) of degree > N is effective. For any integer [ > 0, we take for L the field Ko(XN)),
N := N’ +dl. Then X, has a natural point z;, of degree N given by the generic fiber of the
universal subscheme

Iy c x{™ x X.

Recall the notation hx := ¢1(Ox(1))” € CHo(X). We have deghx = d, so deg (¢ —lhx) =
N’, and our hypothesis implies that z; — lhy is effective of degree N’. This implies that
there exists an effective codimension n cycle

N)

Tcxi™xx

of degree N/ over X(()N), such that for some dense Zariski open set U C XéN)

T‘|U><X:]-—‘N|U><X71UXhX in CHn(UXX) (43)
We now specialize these cycles to X and get a specialized cycle

TcxMY«x
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and a dense Zariski open set U C YéNﬂl) satisfying

Tioxx = Unpapxx — U X hg in CH"(U x X). (44)
Thanks to the CHy universal triviality of the desingularization map 7, stated in Theorem
3.2(1), a lift Tc §2N+d) « X of the cycle T exists (at least over a Zariski open set U’ C
%E)NM)) and satisfies (maybe after shrinking U")

T ~=T = U’ x h= in CH"(U' x X). (45)
U'xX N+d|U'xX X

As N = N’ + dl is arbitrarily large while N’ is fixed, and % has a nonzero n — 1-form
by Theorem 3.2(2), we get a contradiction with Theorem 1.12, 4, since n > 3. O
3.1 Proof of Theorem 1.4

We focus in this section on the case of quartic threefolds and prove Theorem 1.4. The case
of quartic or sextic double solids works exactly in the same way, using Remarks 3.3 and 3.5,
3.8 below. The case of quartic fourfolds also works well with a small extra work.
In order to prove Theorem 1.4, we will need the following two extra ingredients. Over
any field &, let B = P(HO(PpH, Opr+1(d))) and let
X C BxPpt! (46)

be the universal hypersurface, with morphism 7 = pr; : X — B and generic fiber X, over
K :=k(B).

Lemma 3.4. One has CHo(X,) = Zhx, and the image of CH" (X, x X)) in
lim CH™(U x X))
U cC X,

is generated by Ax, and prihx.

Proof. This statement appears in several places (see for example [24]). We give a proof for
completeness. The variety & admits the morphism

fi=pry: X — P

The fiber of f over x € P"*! is the projective space B, = P(H°(P"*! Z,(d))). Hence
X is a projective bundle over P"™! and it follows that CH*(X) is generated as a ring by
hy :=prijci1(Op(1)) and he := f*c1(Opn+1(1)). The restriction map

CH(X) — CH(X,)

is surjective and annihilates hf, i > 0. It follows that CH(X,,) is generated as a ring by the
restriction of f*hy, which proves the result since hx, = (h3)x, -
For the second statement, we use a similar argument except that we consider now

V=X xpX. (47)
We have a surjection given by restriction over the generic point of B
CH(Y) — CH(X,, x X,)).
As above, we consider now the morphism

g:=(f1,f2): Y = P x Pl
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Above a couple (z,y) € P x Pt with o # vy, the fiber of g is a projective subspace
B, C B of codimension 2. (Above a point (z,z) € P**! x P"*!  the fiber of g is the
projective subspace B, C B of codimension 1, so ¢ is a projective bundle only over P! x
P\ Apntiypnit.) Let Ay C Y be the diagonal. We have

Ay = g_l(A]pn-H ).

Denoting 72 : Y — B the natural map, we see from the above analysis that CH(Y \ Ay) is
generated as a ring by a = 13¢1(Op(1)) and 8 = f{c1(Opn+1(1)), v = f3c1(Opn+1(1)). Tt
follows from the localization exact sequence that CH™()) is generated as an abelian group
by the class of Ay and the monomials of degree n in «, 8, v. When we restrict to X,, x X,
the powers o vanish for ¢ > 0. Similarly, when we restrict to U x Xy, where U C X, is a
sufficiently small Zariski open subset, all powers 3% vanish for i > 0. Hence we conclude that
for such an open set U, CH"(U x X)) is generated as an abelian group by 7" and Ax,. O

Remark 3.5. The same statement holds for the generic quartic, resp. sextic double solid,
and is proved similarly, as it can be defined as a hypersurface in the total space of O(2),
resp. O(3), on P3.

Let Y = X be the desingularization of a Kolldr-Mori specialization of a quartic threefold
over a field IF of characteristic 2 considered in Theorem 3.2. Recall that we denote by YO(N)
the open set of the symmetric product Y V) that parameterizes sets of N distinct points in

Y.

Lemma 3.6. For any N > 1, one has an isomorphism

N ~
HO(Y™, Qv ) 2 HO(Y. 0 )

given by the trace.

Proof. The pull-back to Y of 2-forms on YO(N) is injective and maps HO(YO(N), Qi(m/F)
0
to the space of invariant 2-forms under the symmetric group action. We now prove the

following

Claim 3.7. The threefold Y being as above, we have H°(Y, Qyr) = 0.

Proof. The variety Y = % is a desingularization of the variety X, which is a cyclic double
cover r : X — @ of a quadric Q C P* ramified along a smooth surface S C Q which is - a
member of the linear system |Og(4)| defined by a section s € H°(Q, Og(4)). The variety X

has isolated singular points over the vanishing locus V' (s) of the section ds € H(Q, Qq/r(4))
constructed in [9, Definition-Lemma V.5.4]. It clearly suffices to show that

HO(YO,QYO/F) =0,

where X is the smooth locus of X. We now restrict the exact sequence established in [9,
Lemma V.5.5] to X and get

0—=r"F = Og r— r"Og,(—2) = 0, (48)
Where Qo := @ \ V(s) and F is the rank 2 vector bundle on Qg defined as
F = Coker(ds : Og,(—4) — Qq,/r)- (49)

We have H%(Xo,7*Og,(—2)) = 0, so by (48) we only have to prove that H°(X,r*F) =0,
which is clearly equivalent to H°(Qg, F) = 0. By Definition (49) of F, we have an exact
sequence on Qg

0 — Og,(—4) = Qg,/r — F — 0. (50)
As Q\ Qo has codimension 3 in @, we have H'(Qo, Og,(—4)) = H'(Q,Og(—4)) = 0. Thus
H(Qo, F) = 0 follows from H°(Qo, ¢, /&) = 0. -
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Remark 3.8. The same statement holds for the quartic or sextic double solid, replacing in
the proof above the quadric Q by P3.

Claim 3.7 implies that

OV, 9 ) = D o HOY. 92,1,

from which Lemma 3.6 follows by taking invariants under the symmetric group Gy . O

Proof of Theorem 1.4. The field K and the quartic hypersurface X are defined as fol-
lows. Working over any field of characteristic 0, for example Q (or C), let as before
B = P(H°(P* Ops(4))) and X — B be the universal quartic hypersurface. The quartic
hypersurface we consider is the generic fiber X, of the fibration X — B. Let X(N/B) be the
relative N-th symmetric product. The field L is defined as

L:=Q(xW/B)y, (51)
The quartic Xy, is the generic fiber of the morphism
pry XWN/B) g x — xWN/B),
The universal cycle
ZcxW/B) wpx

provides a closed point of X, which is of degree N. Theorem 1.4 follows now from Propo-
sition 3.9 proved below. O

Proposition 3.9. Assume that N > 5. Then the quartic threefold Xy has no closed point
of odd degree M < N.

Remark 3.10. The assumption N > 5 is not a serious one. It will be used only to simplify
a detail of proof.

Proof of Proposition 3.9. We argue by contradiction and assume that there is an effective
O-cycle zpy € CHo(Xy) of odd degree M < N. Let Zy € CH3(X(N/B) xp X) be any
effective cycle whose restriction over the generic point of XV/B) is zy,. Our first goal is to
compare, at least modulo 2, the two 0-cycles

FN, ZM (S CH()(XL),

and get a relation as in (1). We are not, in fact, able to do this because we do not know
how to compute CHy(X7,), but we argue as follows.
Consider the generic quartic threefold X, over the field K := Q(B). The symmetric

product X,(,N) is singular along the complement X,SN) \ (Xy(,N))O and a fortiori very singular
along the small diagonal
5(X,) ¢ X$,

where ¢ is the diagonal inclusion. Let us establish the following

Claim 3.11. There exists a rational map
o Xy - XV
with the following properties:

1. The image of o is not contained in the singular locus X,(,N/B)\(X,SN/B))O (so generically

the image is contained in (XéN/B))o).
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2. We have

Iyoo=NAx, in lim CH(U x X,). (52)
Uc X,

open

Proof. Let G, — X,, be the fibration in Grassmannians of lines in P?, whose fiber over
r € X, is the family of planes P C P* passing through z. We can easily construct a
rational section 7 : X, --» G,,. Over G,,, we have a fibration C;, — G, into quartic plane
curves, with fiber C' = P N X, over the point [P] € G,. This last fibration admits a section
7 : Gy — C,, given by the point x. Composing with 71, we get a section 7 : X, --» C),.
Furthermore the variety C, admits a natural morphism p : C;,, — X,,, which on each fibre
C = PN X, is the inclusion of C in X,. By construction, the composition p o 75 is the
identity of X,. The section 7 provides a divisor D in the variety 7 (C,) — X,,, which is
fibered over X, in genus 3 curves. As N > 5, linear systems of divisors of degree /N on genus
3 curves have no base-points, hence we conclude that, over a Zariski open set of X,,, ND is
linearly equivalent to a divisor D’ which is reduced. The divisor D’ gives a rational section
of (ry (C’,,))(N/X”) — X, which, composed with the rational map pN) | gives us the desired
rational map o. O

With the notations of Claim 3.11, we now have

Corollary 3.12. For some integers «, 3, v with a and B odd, the two correspondences I N
and zn between X,SN) and X, satisfy the following comparison.

al'y oo = Bzy 00 +7vX, x hy, +I" in CH*(X,, x X)), (53)

where I is a codimension 3 cycle of X, x X,) which is supported on W x X,, for some proper
closed algebraic subset W C X,,.

Proof. Indeed, we apply Lemma 3.4 that tells us that both cycles I'y o 0 and z,; 0 0 can be
written, after restriction to lim CH?*(U x X,), as combinations with integral coefficients
U C X,

open
of the cycles Ax, and X, x hx, . Moreover, the cycle I'y oo has degree N over X,, (via the
first projection), the cycle I'ys 0 ¢ o o has degree M over X, the diagonal Ax, has degree
1 over X, and the cycle X, x hx, has degree 4 over X,. Writing

Iyoo=alx, +bX, x hy, in lim CH(U x X,), (54)
U C X,

open

zv o0 =cAx, +dX, x hx, in lim CH(U x X,),
U C X,
open
we conclude, using the fact that both M and N are odd and by comparing the degrees in
(54), that a is odd and ¢ is odd, from which (53) follows by the localization exact sequence,
since by (54) we can take a = b, 8 = a. O

We now conclude the proof of Proposition 3.9. The constructions above specialize from
the generic fiber X, to the special fiber X of Theorem 3.2. The cycle Zy; specializes to a
cycle

Zu e XY < X),
which is effective by [5, Lemme 2.10], and has degree M over Y(()N). Looking at the proof

of Claim 3.11, the rational map o specializes well. Using the desingularization 7 : X - X,

we lift the cycle Zy; to an effective cycle Z s, and we lift similarly the specialized rational
map o. Using the fact that 7 is CHp-universally trivial (see Theorem 3.2), we conclude that
formula (53) still holds for the specialized cycles, giving
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al'y o7 =fZy 07 +9X x hg in lim CH(U x X). (55)

UcX
As in Totaro’s argument and as was already used in the proof of Theorem 1.12, we
deduce from (55) the similar equality for the actions of the considered cycles on 2-forms

we H(X, Q%/F). Here the field F has characteristic 2, and using the fact that the numbers

a and (3 are odd, we finally conclude that, for any w € H 0(%, Q%/F),

7 ([Ow)* (@) = " (Zn)'w)) in HOX, 02 ). (56)

We use now Lemma 3.6 that tells us, using the fact that IV is odd and we are in characteristic

~(N) ~
2, that @* induces an isomorphism between H°(X, ,0Q%, )and H°(X, Q%/[F). It follows
X, /F

then from (56) that, for any w € HY (%, Q%/F),

~ =~(N) 9
[On]* (W) = [Zum]*(w) in H°(X, AL (57)

= =(N) =
as Zy is effective of degree M < N over X, , and X has a nonzero 2-form, we finally get
a contradiction by the rank argument used to prove Theorem 1.12, 2.

Using Theorem 1.12, 3, we can prove the same result for quartic fourfolds by a Totaro-

Kollar specialization to a X such that a desingularization X has a nonzero 3-form. The

only extra proof needed is the analogue of Lemma 3.6, now with [ = 3. This is left to the
reader. O

4 The case of del Pezzo surfaces

We give here for completeness the proof of Theorem 1.8 (which is established in [5], [22],
only when dg < 3). We will only describe the strategy of the proof, which follows closely
[22], to which we refer for more details. In practice, one should be a little careful in checking
case by case a certain technical statement (see Remark 4.2 below). Let Og(1) := K3' be
the anticanonical line bundle of S and let hg := ¢;(Kg)? € CHy(S). This is a 0-cycle on S
of degree dg. One has by Hirzebruch-Riemann-Roch and Kodaira vanishing

(12 + l)ds
—

In order to prove Theorem 1.8, it suffices to prove the following

h?(8,0s(1)) =1+ (58)

Proposition 4.1. There exists an integer N1 with the following property. For any smooth
del Pezzo surface S over a field K of characteristic 0, and any effective 0-cycle z € CHg(S)
of degree d > Ny, there is an effective 0-cycle 2’ := 4z + vhg which is of degree strictly
smaller than d.

Let us first show how Proposition 4.1 implies Theorem 1.8. This argument already
appears in [22]. From proposition 4.1, we deduce by induction on d = degz that any
effective 0-cycle on S can be written modulo rational equivalence as

2z = 42" +vhg in CHp(S), (59)

where v € Z and 2’ is an effective 0-cycle of degree < Nj. Next by boundedness of del
Pezzo surfaces, there exists an integer N > Nj such that for any effective zero-cycle 2z’ on
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S of degree < Njp, the 0-cycle 2" = v'hg — 2’ is both of degree < N and effective, for some
number v’ € Z. We then conclude from (59) that any effective 0-cycle on S can be written
modulo rational equivalence as

z=2"4++"hg in CHy(S), (60)

where 2" is effective of degree < N. Finally (60) implies Theorem 1.8 with the same integer
N. Indeed, any O-cycle z can be written as

z = 21 — 2z in CHq(S) (61)

for some effective O-cycles z; and zo. Given zo, for some large enough positive integer «,
ahg — 29 is effective. Indeed, we choose a smooth projective curve C' C X in some linear
system | — [Kg| supporting z3. The curve C also supports a multiple Shg of hg, and by
Riemann-Roch on C, we get that for 8’ large enough, the O-cycle f'w — 25 is effective on C,
where w is any 0-cycle on C of class Shg. It follows that (61) becomes

2 = Zeft + 0hg in CHy(.S) (62)

for some effective 0-cycle zog on S. We can then apply (60) to zeg and conclude that any
0-cycle z can be written as
z=2"4+"hg in CHy(9),

where 2" is effective of degree < N. If degz > N, then 4" > 0 and z is effective, proving
Theorem 1.8.

Proof of Proposition 4.1. As we are over a field K of characteristic 0, an effective 0-cycle
of degree d on S is also a K-point z € S (K). As proved in [5, Lemme 2.10] and used
repeatedly in [22], the Fulton specialization of cycles preserves effectivity. It thus suffices to
prove Proposition 4.1 when z € S(4 is generic (defined over the function field L := K (S®)),
as the result for any z then follows by specialization. The proof is by induction on the degree
d = deg z. Let [ be the unique integer such that

hO(S, 0s(1)) < degz < h°(S, Os(l +1)). (63)

Assume first that (*) degz < h%(S, Os(l + 1)) — 2.

Then (I + 1)%2hg — z is effective by [22, Lemma 3.6]. As deg (I + 1)%hs = (I + 1)3dg, it
follows that we can assume, arguing by induction on degree d = deg z and replacing z by
(I +1)%hg — z if necessary, that

l+1)2
degzgdg( +1) .

(64)

The generic effective 0-cycle z defines as well a reduced subscheme Z C Sy, of length d. Using
the left strict inequality in (63), we get that H'(Sy,Zz(l)) # 0, hence by Serre duality on
S, using Kg, = Og, (—1),

Ext'(Zz(1+1),0g,) # 0.
A nonzero extension class e € Ext'(Zs, (I +1),0s, ) provides a rank 2 coherent sheaf E on
S1, which fits in an extension

005, > F—TIz(14+1)—0. (65)

Using the genericity of z, the coherent sheaf F is in fact a vector bundle for a general choice
of extension e. Furthermore it has a section s vanishing exactly along Z, which is given by
the map Og, — E in (65). It follows that

z = CQ(E) in CH()(SL)
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Furthermore F satisfies by (65)
R(Sp,E) =1+ h°(Sp,Zz(1 + 1)). (66)

Using (64) and (58), we get from (66) that

[+1
hO(S,E)Z2+ds( J; ). (67)
We then conclude using the genericity of Z that, if &21) > 2, that is, if [ > 3, there exists

a section s’ of F vanishing along a subscheme Zy C S of class hg. If the vanishing locus
of s’ has dimension 0, then the zero-cycle V(s') — hg is effective and rationally equivalent
to co(E) — hg = z — hg. As the subschemes Zj are not generic, it is however not clear
that there exists a section s’ vanishing along Z; and with O-dimensional vanishing locus.
We overcome this by seeing Z, as the specialization of a generic 0-dimensional subscheme
Zo,gen C St of length dg. We prove then the existence of a section s’ vanishing along Z0,gen
and with 0-dimensional vanishing locus. Thus 2z — Z gen is effective, and by specialization
z — hg is effective.

In conclusion, assuming (*), the induction step for Proposition 4.1 is proved if I > 3,
hence if d > h°(S,05(3)). As h°(S,05(3)) < 55, the induction step works for d > 56,
assuming (*).

In the remaining cases where

d=degz=h"(S,05(1+1)) — 1 or degz = h°(S,Og(l + 1)), (68)

we do the following trick. Choosing a reduced subscheme Zy C S, of class zg = hg and not
intersecting Z, we consider the O-dimensional subscheme Z' = ZUZy C S, which is reduced
and effective of degree

d+ds > h°(Sy, 05, (14 1)) (69)

(we can assume here dg > 4 by Theorem 1.7). Using inequality (69), we now apply the same
strategy of constructing a vector bundle F which fits in an extension

0—-0s, > FE—Zz(1+2)—0,

and has as above a section s vanishing exactly along Z’ = Z U Z;, where Z, represents the
class hg. One has

RO(Sp,E) =1+ h°%(Sy, Tz (1+2)) > 14 h°(S,Os, (14 2)) — h°(SL, O, (14 1)) — ds

= (l + 1)ds + 1.
It follows that, once dg(l 4+ 1) > 4dg, that is,

I+1>4, (70)

the vector bundle F has a section s’ vanishing along Z)UZ{, where Zj, Z{ are subschemes in

general position representing the class hg. In this construction, the subscheme Z' = Z U Z,

or rather the corresponding element z’ € S(LderS ), is not generic in S(L‘Hds ), and similarly
the subschemes Z}" = Z| U Z[/, or rather the corresponding elements z{’ = z{, + z{ €

/ c Sgd'i‘ds)

S1(2ds), are not generic, but we can replace them by the generic points zg,,

2d . s . .
Z§gen € S(L s) which specialize to 2/, resp. z{'. One checks that, when the zero-dimensional
subschemes above are generic, the generic section s’ of F vanishing along Z{,.,, has a zero-
dimensional vanishing locus, hence zg,, — 2('4e, is effective. It follows by specialization,

gen
applying again [5, Lemme 2.10], that

, Tesp.

2 =2y — 2 =2+20— 25— 2, =2—hs € CHy(SL)
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is effective.
The inequality (70), together with (68) shows that in the situation (68), the induction
step of Proposition 4.1 works once I > 3. When [ < 2 and (68) holds, we have

d < h°(S,05(3)) < h°(P?, 0p2(9)) = 55.
Proposition 4.1 is thus proved with Ny = 56. O

Remark 4.2. In the sketch of proof above, what needs an extra-checking is the proof that,
when the 0-cycles z (or 2) and zg (or z{’) are generic, one can choose the section s’ as above
to have a zero-dimensional vanishing locus. This proof is done carefully in the case of cubic

surfaces in [22].
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