Problem sheet n°4

In all the exercises and problems 2 C R¢ will be a bounded domain (open connected) that is
star-shaped with respect to a ball.

Problem 1 Consider g € L? (2) and a symmetric matrix field A (z) = (a;; (), jeta € L™ (Q; RIx4)
with the property that there exists some constant C' > 0 such that for all £ € R? and! a.e.
aij (v) &€ > CIE)*. (1)

Consider the functional J given by
Tl = | {;aij (2) Oy (2) Oy () — g () w (x)} da.
Q

1. Show that J is bounded on W2 (Q).
2. Show that J is coercive on Wy (Q). Is J coercive on W12 (Q)?
3. Show that for all u,v € W2 (Q)

Jltu+ (1 —t)v] = tJ [u] + (1 — ) J [v]
(-1

/ a;;0;i(u —v)9;(u — v).
2 Q
4. Show that J is weakly l.s.c. on W2 ().

5. Deduce the existence of an unique minimizer @, in W, '? () for J. What are the Euler-
Lagrange equations in this case (weak and strong forms)?

6. Show that J is coercive on Wol’favg (Q) the subspace of W2 (Q) with [, udz = 0.
7. Deduce the existence of an unique minimizer % in Wol’favg (Q).

8. Consider v € W12 (Q), what is the derivative of the application
t—J |:ﬂ2+t (v— ﬁfﬂvdx)}?

9. What are the Euler-Lagrange equations in this case (weak and strong forms)?

1Recall that we use the summation over repeated indices convention :

ai&&; = > Y ai&ié;.

i=1,d j=1,d



Problem 2 Consider g € L? (Q;RUZ)7 > 0and A > 0. Recall that for matrices 4, B € R**¢

we denote
d d

A:B = Z Z ai;b;; = trace (ATB) .

j=11i=1

Consider the functional : .J : W12 (Q Rd) — R given by

/ (2uDu:Du + = (d1V u)? — g-u)dz
Q

where 1
Du = 5 (Du + (Du)™h).

What is the boundary value problem that u solves in a weak sense?

1. Show that J takes finite values.

2. Show that there does not exist a constant C' > 0 such that
[Dullp2 < C'|[Dullfe , (2)
for all w € W2 (;R?). Hint : in d =3 and Q2 = B(0,1) consider

u(2) = w x  where w € R3.

3. Show that there exists C' > 0 such that for all u € Wy (Q;R?)
[ullys2 < C(Q) D]l 2 -

Hint : Start with the case C2° (€;R?) and develop the expression [, |IDu|2 dx using inte-
gration by parts [, |Du|? da.

4. Deduce by following the same steps as in the previous problem the existence of an unique

minimizer in WO1 -2 (Q; ]Rd) and find the Euler-Lagrange equations.



Problem 3 The purpose of this problem is to prove the existence of non-trivial solution for the
boundary value problem
—Au = |ufP?uin Q, 3)
u =0 on 0,

where  is a bounded open set of R® with Lipschitz boundary and p € (2,6), and u : Q — R.

1. What does the Sobolev embedding theorem say for W2 (Q) in d = 37 How does it change
in the case d = 27

2. Consider J : W2 () — R given by J [u] = [, ‘D;Fdx and G [u] = [, |u|” dz. Show the

existence of a minimizer @ of J [u] on Wy*? (Q) with G [u] = 1. What is the problem with
the case p = 67

3. What are the Euler-Lagrange equations verified by u?

Exercise 4 Consider f: R — R, a Ls.c. function.

1. Show that the sequence of functions fi : R — R, defined by
Jr (@) = inf {f(y) +k |z —yl}
yeR
are Lipschitz and that for all z € R,

lim fi () = f(2).

k——+4oc0

2. Show that the functional

{ J WP (Q) = RU{+o0},
J[u] = [ f (u(@)) [Du (2)”

is well-defined and that it is weakly L.s.c..



