2 Measure theoretical tools

Let d > 1. We describe briefly the Lebesgue mesure on R<.
Definition 2.0.1 The Lebesgue outer measure of a set E is defined as
m*(E) = inf { vol (Dn)}
0

ec |J p.
neN
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where D, is a product of d intervals. We can see m™* : oR! [0,00] as a function defined on the
subsets of R%.

A subset of R? is a null set if, for every e > 0, it can be covered with countably many products
of d intervals whose total volume is at most €. More precisely, E is a null set if m* (E) = 0.

Definition 2.0.2 A set E C R? is called Lebesgue measurable if for every e > 0 there exists an
open set O and a closed set F' such that

FCECO and m* (O\F) <e.
We will denote by m the restriction of m* to the class of measurable sets.

Proposition 2.0.1 1. Borel sets are Lebesgue measurable sets. In particular, open and closed
sets are measurable.

2. Let Ey, Es two mesurable sets. Then E1\FEsy is measurable.

3. Let (Ey)

nen be a sequence of measurable sets. Then U FE,, is measurable.

neN

Next we gather some important properties of the Lebesgue measure.
Proposition 2.0.2 The Lebesgue measure has the following properties.

1. For any finite disjoint collection {Ej}}_; of measurable sets,
m <U Ek> =>_ m(E)
k=1 =1

2. If A and B are measurable sets and A C B, then
m(A) < m(B)
3. If, moreover, A C B and p(A) < oo, then
m(B\ A) =m(B) —m(A)

so that if m(A4) =0, then
m(B\ A) = m(B)

4. For any countable collection {E}}7° | of measurable sets that covers a measurable set E,

m(E) <> m(Ey)
k=1

—_



5. If {EL}72, is an increasing sequence of measurable sets, then
m (U Ek> = khf;o m(Ey).
k=1
6. If {E,}2, is a decreasing sequence of measurable sets for which p(E;) < oo, then

m (ﬂ Ek> = kli_{xgo m(Ey).

k=1

Definition 2.0.3 A function f : Q@ — R is called Lebesque measurable if for every X\ the set
{x € Q: f(x) <A} is Lebesgue measurable.

The next result is important to verify the measurability of functions

Theorem 2.0.1 Consider f, : 2 — R a sequence of measurable functions that converge a.e. to
a function f:Q — R. Then f is measurable.

A class of important functions is given in the following definition:

Definition 2.0.4 Let Q C R? be an open set and let f : Q x R™ — R. Then f is said to be a
Carathéodory function if:

(i) €— f(x,&) is continuous for almost every x € Q,
(ii) x> f(x,€) is measurable for every & € RN,

Proposition 2.0.3 Let Q C R™ be an open set, f: Q x RY — R be a Carathéodory function,
and u : @ — RY be a measurable function. Then the function g : Q — RU {+oco} defined by

g(z) = f(z,u(x))
18 measurable.

Theorem 2.0.2 (Egorov’s Theorem) Assume that Q is a bounded open set of R:. Let (u,)
be a sequence of Lebesque measurable functions on € such that

up(x) = u(z) a.e. onQ  with |u(z)] < oo a.e..

Then for every e > 0, there exists a measurable set Q. C Q such that m (Q\ Q) < € and u, — u
uniformly on Q..

Theorem 2.0.3 (Lusin’s theorem) Let Q C R? be an open bounded set and let f : Q —
R U {400} be a Lebesgue measurable function which is finite a.e.. Then for every € > 0, there
ezists a measurable set Q. C Q such that |Q\ Q.| < € and a continious function g : R? — R such
that

f(x)=g(x) for all x € Q..
In order to prove Lusin’s theorem we need the following result from general topology:

Theorem 2.0.4 (Tietze) Let (X,d) be a metric space and F C X a closed set of the space X.
Consider v : F' — [a,b] where a < b are real numbers. Then, there exists a function i : X — [a, b]
which continiously extends u to X : u(xz) = @ (x) for allx € F.



We will need the following theorem which can be seen as a generalization of Liusin’s theorem:

Theorem 2.0.5 (Scorza-Dragoni Theorem) Let ) C RY be bounded and measurable and let
f: QxRN — R be a Carathéodory function. Then for every e > 0, there exists a compact set
K. C Q such that

meas( — K.) <€

and f restricted to K. x RN is continuous.

3 Lebesgue spaces

3.1 Basic properties

The following notions and theorems are reminded here for the reader’s convenience. These
notions will not be adressed in the lectures.

Definition 3.1.1 Consider 2 C R? an open set and p € [1,00]. A measurable function u : Q —
R belongs to LP () if ||ul|;, < oo where

= ([lw@ra) ipen.oo,
inf {M : |u(z)] < M a.e. onQ} if p=cc.

If u:Q — R™ belongs to LP (4 R™) if u = (u1,uz, -+ ,Um) and u; € LP (Q) for all i € 1,m.

Theorem 3.1.1 (Monotone Convergence Theorem, Beppo Levi) Let (u,,) be a sequence
of functions in L' (Q) that satisfy:

(a) ug <ug <+ <y <Upyp < ... ae on
(b) sup,, ||un|lL1 < oo.

Then uy(x) converges a.e. on Q) to a finite limit, which we denote by u(x). The function u
belongs to L', and
||, — u|lgr — 0.

Theorem 3.1.2 (Dominated Convergence Theorem, Lebesgue) Let (uy,), be a sequence
of functions in L' that satisfy:

(a) up(x) = u(z) a.e. on Q,
(b) there is a function g € L' such that for all n, |u,(x)| < g(x) a.e. on Q.

Then u € L', and
||un — u|lgr — 0.

Lemma 3.1.1 (Fatou’s Lemma) Let (u,), be a sequence of functions in L' that satisfy:
(a) For alln, u, >0 a.e.,

(b) sup,, ||un|lL1 < oo.



For almost all z € Q, we set u(x) = liminf, o u,(z) < +o0o. Then u € L* (Q) and

/ U= / lim inf w, (z) < hrnlnf/ Up,.
Q n—oo n—oo Q
Notation. We denote by C.(R?) the space of all continuous functions on R¢ with compact
support, i.e.,
C.(R?) = {u € C(RY); u(x) = 0Vx € R?\ K, where K is compact}.
Theorem 3.1.3 The space C.(R?) is dense in LP(RY) for any p, 1 < p < co.

Notation. Let 1 < p < co; we denote by p’ the conjugate exponent, defined by

Theorem 3.1.4 (Holder’s Inequality) Assume thatu € LP (Q) and v € L (Q) with 1 < p <
oo. Then uv € L' () and

[t < i ol 1)
Theorem 3.1.5 The space LP () is a vector space, and || - ||, is a norm for any p, 1 < p < oco.
Theorem 3.1.6 (Fischer-Riesz) L? (Q) is a Banach space for any p, 1 < p < co.
Theorem 3.1.7 Let (uy)n be a sequence in LP and let uw € LP be such that
lwn, —ull, — 0.
Then, there erists a subsequence (uy(n)) and a function h € LP () such that:
(a) Uyeny(x) = u(x) a.e. on Q,
(0) |ty (x)| < h(z) for alln, a.e. on Q.
Theorem 3.1.8 LP is reflexive for any p, 1 < p < 0.

Theorem 3.1.9 (Riesz Representation Theorem) Let 1 < p < co and let ¢ € (LP (Q))'.
Then there exists a unique function u € LP (Q) such that

(cp,v)z/ﬂuv Yv e LP (Q).

Moreover,
lull o = @l (zr)-

Remark 3.1.1 The mapping ¢ — u, which is a linear surjective isometry, allows us to identify
the space (LP)" with the space LP .

In what follows, we shall systematically make the identification (L?)’ = L?'.

Theorem 3.1.10 The space LP(QY) is separable for any p, 1 < p < co.



3.2 Convolution and approximation by smooth functions

In this section we gather some results that will be assumed known by the reader. The particular
form of theese results is burrowed from H. Brezis ”Functional Analysis”.

Theorem 3.2.1 (Young’s inequality) Let u € LP(R?) and let v € LI(R?) with 1 < p < oo

and
1 1 1
1+-=~-+-.
r p q

Then for almost every x € RY, the function y — u(z — y)v(y) is integrable on R? and we define
(wso)w) = [ utw = y)oty)dy.
RN

In addition, u v € L"(RY) and

|l * v]

o < Ml ol e
Proposition 3.2.1 Let u € L'(R%) and v € LP(RY) with 1 < p < co. Then
supp(u * v) C supp u + supp .

Proposition 3.2.2 Let u € C¥(R?) (k> 1) and let v € L}, (RY). Then uxv € C*(R?) and

D*(u*v) = (D%)*xv Vo with |a| < k.
In particular, if u € C2(RY) and v € L}, (RY), then u*v € C°(R?).

loc

Definition 3.2.1 A sequence of mollifiers (p,)n>1 is any sequence of functions on R? such that

Pn € C?(Rd)»
supp pn, C B(0, 1),
Jga P () dz =1,  pp >0 on R

In what follows, we shall systematically use the notation (py)n to denote a sequence of mollifiers.

We recall the classical construction which starts from a function p € C°(R?) such that
suppp C B(0,1), p >0 on R?, and p does not vanish identically for example, the function

o) = el /== i || < 1,
0 if |z > 1.

We obtain a sequence of mollifiers by letting pn(z) = Cnp(na) with C' x [p, p(x)dz = 1.
Proposition 3.2.3 Assume u € C(R?). Then

pn *u — u  uniformly on compact sets of R as n — co.

Theorem 3.2.2 Assume u € LP(R?) with 1 < p < co. Then
pn¥u—u in LP(RY) as n — oco.

Let Q C R? be an open set. Then C°(R2) is dense in LP(Q) for any 1 < p < oo.

Theorem 3.2.3 Let 2 C R? be an open set and let u € L}, (Q) be such that

loc
/Qu(x)go(m)dx =0 Vye ).

Then u = 0 almost everywhere on €.



3.3 Weak-LP? spaces

First, let us recall the following elementary result which links the LP—norm of a function (this
also holds true for the integral on more abstract space) to the integral of a function of a real
variable.

Proposition 3.3.1 Let p € [1,00[ and u € LP (Q). Then

lullz —p/O N s fu(2)] > ApdA = [Am A s u(@)] > Ml o ((0,00),22)

The above identity comes from observing that

|u(z)]
lull?, = /\u |pdx—// AP 1d)\d:c—// PN cpuoypy () dAda

:/ AP~ /1{A<‘u(x‘}()\)dxd)\ / N ()] > Abdedh. ()

0

Proposition 3.3.2 (Chebyshev’s inequality) Consider p € [1,00) and uw € L? (Q).For all
A > 0 we have that

AN ({x 2 |u(z)] > A}) < / [u (2)|P da.
Q
Definition 3.3.1 For a measurable function u : Q — R we define its distribution function by

{ dy : (0,00) = R,
dy V) =m({xeQ:|u(z)>A}).

Motivated by the previous inequality, we introduce the following class of functions
Definition 3.3.2 Consider p € [1,00). For any measurable function u : Q@ — R, we consider

[u]? _ :=sup APd, (N).

,O0
P A>0

We denote by

P> (Q) = {u : 2 — R mesurable : [u], < oo} .
Proposition 3.3.3 Fiz, p € [1,00), u,v € LP*° (Q). Then
1 [ul, o =0=u=0ae onQ.

)

2. a € R then [au], = |a|[u], -

5. Jut vl oo <2 ([ul, o+ [0],00)
In order to proove the last inequality, we observe that we can use

{reQ:|u(@)+v () >N}
C{MQ:M“EQ}U{JJEQ:IU(@IE;}

in order to infer that



Thus, we obtain that
[u+ vl o < 27 [ul o +27 [v];

from which we deduce the desired inequahty since for p>1and x,y > 0 we have

,00

P P < (z+y)".

Proposition 3.3.4 Consider py,ps € [1,00) and u € LP1>° () N LP2> (Q). For any 6 € (0,1)
let

1 0 1-6

= 4

p n P2
Then LP (2) C LP+*° (Q) N LP2*>° (Q) and there exists a constant C = C (6, p1,p2) such that for

all w € LP () we have that

—0
lull 0 < C [uly, o [l o

Proof : The identity established in (2) says that
1 oo
Sl = [ i, o dn
p 0
Consider A > 0. Let us observe that

A A
/ NPld, (N d) = / NP=PI=LINPLG (N)] dA

0 0
) [ o= A
<sup [A\'dy / U aAA = U o :
A>0 0 PLoep —py
Also, it holds true that
oo (oo}
/ NPld, (N d) = / NP=P2=L[\P2 g (N)] dA
A A
AP—P2
< sup [V d, / NPy = [ A
A>0 " p2—p
Thus, for any A > 0 it holds true that
AP—P1 AP—P2
ul|?, < [u]P? ulP? . 3
Clully < R o S 2 S ®)
The optimal A is such that
ApP—P1 AP—P2
[u]pl - — [u]pZ -
P p—py P2 py—p
which leads to
P2
Apz—p1 — P P1 [u]ps 00
p2 —p[ul) o
which pluged-in back into (3) leads to
1 1 0 -0
||u||€17 S 2p P2—p P—P1 [U]ZI;OO [u}ii?oo )

(p—p1)?2721 (p2 —p) 72

from which the conclusion follows.
In the following we will try to obtain a generalisation of the above interpolation inequality
for operators. For this we will need a special decomposition of a function



Proposition 3.3.5 Let u: Q2 — R be a measurable function and for any A > 0 consider

respectively

Then

us A (2) = u(2) Lujeay () + Aﬁgglﬂum (2)

up,a(z) = (u (z) — AM) Lijuj>ay ().

u(x

{ dugs 4 (A) = 119,41 (A) du (N),
duB,A ()‘> =d, (A +A).

Also, we will be needing the Minkowski inequality in the following form

Proposition 3.3.6 Assume that (X;, u;),1 € {1,2} are two measurable spaces and let 1 < p <

q < oo. Then

{/ ( £P (m,xz)dxz)pdfm} < {/ ( f(x1,x2) daj1>q dx1}
X X1 X2 X1

with the obvious modification if ¢ = oo.

The next result concerns the interpolation of bounded sublinear operator and it is very usefull

in practice.

Theorem 3.3.1 Consider Q C R%, ¥ C R% two measurable sets. We consider T : LP¢ (Q) —
L4:%° (W) i € {1,2} with

Pi < ¢

such that for all u € LP ()

[Tul s < Killull i -

Moreover, we assume that T is sublinear in the sense that!

{T(au)§a|T(u),
T(u+v)<T(u)+T(v) a.e. on V.

For any 0 € (0,1), consider

1 6 1-4 1 6 1-0
+ and — = — + .

p P po ¢ @ @

Then T extends to an operator mapping LP () into LY (V) and there exists a constant

such that

C = (K1,K2,P1»P2»Q17QZ>9)

1T ()]l Lo < Cllull s -

(4)

(5)

1Slightly more general conditions can be asked : we can take into account operator for which there exists
positive constants C1, C2 such that

{ T (au) < C1 || T (u),
T(u+v) <CoT (u)+ T (v)) ae. on P.



Proof. Consider u € LP (§2) such that
ull o =1.

We consider A (\) = A¢ with ¢ to be chosen later. Using (6) we deduce that
A1) (2N < (g a) V) + Ar(up a) V-

We will use (2) to express the ¢g-norm of T (u) with respect to its distribution function and the
above inequality to treat separetaly the set where T (u) is large respectively where it is small.
Thus, we obtain that

1 o) o
i T @I < [N e T T a2 ahe [ T )] iy
0 0

q2,00 q1,00
<K [ fusa[f A+ K [N [ f a (0)

Next we estimate the first term. Using again (2) to express the L2 norm, using Minkowski’s
q
inequality for the pair L?, Lvs along with Proposition 3.3.5we obtain that

OO q—q2—1 q2 _ % > q—q2—1 >~ po—1 P2
/ A HuS’A()\)HLr’z d\ = p; / A (pQ/ n duS,A(/\) (n) dn) dA
0 0 0

a2
g2 oo oo P2 _ _ B E
= pJ? /0 </O P\ 2 (a—q2 1)77172 1duS,A(>\) (n)} dn> d\

a2

a oo [ AW "
Propzfs.:a.:a]32,,2/0 (/0 [)\%(q_q"’_l)np%ldu(ﬂ)} dﬂ) dA

Minkowski 42 o0 +oo o a2 a2 b2
R PR ] )
0 A=1(n)

az
P2 Pa

a2 o0 —+o0 q2
=i ([t ([ xrea]
0 A=1(n)

([ ey 1B VP
=ps° / NP dy (n) ————zdn
0 (g2 —q) =

q2

o "
<t (/ nf“?*?iqqfl‘ldu(n)dﬂ)m'
0

T 2—q




A similar computations gives that

[ee] oo oo q1
A Nt ||quA(>\)Hilm dA = /0 Aamat (pl/o npl_lduB‘Au) (77) dﬂ) dX

41
a1

:p;T/ (/ [Auq—qu)npl—lduB,Am(n)]dn) dA
0 0

a1 [e ] +oo » P1
Prop.:3.345 plpl A (A [)\ﬁ(']*%*l)nznfldu (77+A(/\))] dﬁ) d)\

a1
Change of var. a1 0 +oo P P1
< Pfl/ (/ [/\ﬁ("f‘“*l)nm‘ldu (77)} dn) dX
0

(n—AN)P1 1 <pra—t A(N)

Minkowski 9L oo A7 () PL(g—gi—1) 1% a1 P1
< / / [ yetg, )] an )y
0 0
a1 @

P1 0o _ 1
- (/0 gt (n)d77> .

We still have a degree of freedom which is the parameter ¢ > 0. This is chosen, if possible, such
that

PN bk R CY -k S
qg C G2 C

This is possible since

— 1 _ 1 1 1
_ a4 9)(q1 qz)_ga_a_zgm—q
- Topl_ 1L —p
p(l_g)(p%_p%) Py—7 @pi—Dp

Going back to (7) and taking into account the two estimates of the terms, we get that

KPplt 1

1 KQ2pq2 1 piz paL
— T ()%, < =222 |||, 22 + Yl
21 1T (w)]|7q < PR [[ul[7 =0 % l[ullL5

a2 g1
K3 p3® | K{ pl

= 92 a -
42 =4 pra 94— 41 per

Thus

22 a1
th ppz qupql ppl
1T (@l <2025 +a—— "5
42 —d pre 4—4q1 pw

Finnaly, for all uw € LP (), u # 0 we see that

u u
T ()] = \T (nu ) )‘ < lull,, T ()
Tl oI\l

10



Thus, T (u) € L9 (¥) and for all u € LP ()

q e q1 .9 % %
K& pr2 K& ph p?
IT ()l <2 | ¢—2= |l
Q2_qPP2 q9—q1 pr

This concludes the proof of Theorem 3.3.1. m

We will us this result in order to derive the Young inequality for convolutions when one of
the functions belongs only to a weak-Lebesgue space.

First, let us prove the following

Theorem 3.3.2 We consider p,q,r € (1,00) such that
1 1 1

l+-==+-.

r p q

Consider u € LP (]Rd) and v € LT (Rd) . Then, uxv € L™ (Rd) and there exists a constant
depending on p,q,r such that

[u * 'U]Lr,oo(Rd) < Cte HU”LP(Rd) [U]Lq*‘x’(Rd) :

Proof. Fix u € L? (Rd) and v € L9 (Rd) and consider A = A () to be chosen later. We start
from the estimate
du*v (2)‘) S du*US,A(,\) ()‘) + du*'UB,A()\) ()‘) .

We will choose A (A) such that the first term vanishes. For this it is convenient to estimate the
L —norm of the first term. Using Young’s inequality and Proposition 3.3.5 we get that

a1
pl

|U *Ug A(N) (f)f < ||U\|Lp ||US,A(>\)||LP' < (P//O np/ildUS,A(A) (77)) ||uHLp

1

< ( 4 )”' A (ol il (©)

P —q

Observe by direct computation that

We choose A such that the term appearing in the RHS of (9) is smaller than X :

e

p/ P’ 1_i i/
( ) AN [old llull o = A

P —q

Wthh gi\/es
r ) L

It remains to estimate the second term of the RHS of (9). Using Chebychev’s and Young’s
inequalities we obtain that

Ny 4y A < |luxvp aoy ||z, < Il lvs.am]l7: - (11)

11



We observe that

o0 400 A (/\)1*q
lvs, a0l .1 :/O dog 4 () dn = /A(A) dy () dn < [v]] o1

Plugging this into (11) we obtain that

_ 1
(¢—1)"

After a lengthy yet straightforward computations that results from replacing A (A) found in (10)
into the last inequality we obtain the desired result. This ends the proof of Theorem 3.3.2.

]

Next, by combining Theorem 3.3.2 and Theorem 3.3.1 we get the following stronger version
of Young’s inequality :

P2, APl

)‘pdu*vB,A(A) (>‘) S q,00

Theorem 3.3.3 For all (p,q,r) € (1,00)3, d > 1 such that

1 11
1+===+4-
TP oq

there exists a constant C = C (p,q,r) such that for any u € LP (Rd), v € LD (Rd) the following
inequality holds true

[[u * U”Lr(Rd) <C ||U||Lp(Rd) [U]Lq,oo(Rd) .

The result follows by fixing v € L9*°(R%) of norm 1, considering 1 < r; < r < 3 < 0o and,
owing to Theorem 3.3.2, considering the operator

{ T:LPi () — L™ (Q),
T(u)=ux*xv

where

We verify easily that p; < r; such that the conclusion followis from Theorem 3.3.1. In the next
chapter we need a particular form of the above variant of Young’s inequality in order to recover
the Sobolev injection theorem.

1 1

Theorem 3.3.4 Consider d > 2, p € [1,d), and p* € (1,00) given by
1

p pd

There exists a constant C = C (p,d) such that for any u € LP (]Rd) the following inequality holds
true
1

U * 7|.|d—1

<C ”U‘HLP(Rd) [U]Lq,oo(Rd) :
L (R4)

12



