3 Sobolev spaces

3.1 Definition and basic properties

We first introduce the notion of weak derivative. Recall that if Q C R? is an open set then
L. (Q) = {u : = R measurable : VK C 2 compact / lu(x)]dz < oo.}
K

Definition 3.1.1 Let Q C R? be an open set and 1 < p < oo and u € LP(Q). We say that
v € L} () is the weak-derivative of u in the direction i € 1,d if for all ¢ € C= () we have

loc

/Qu(x)aigo(x)dm:—/Qv(x)cp(x)dx.

If it exists, this function is unique (why?). We use the notation v = d;u or v = % to designate
the weak derivative. If the function u admits weak-derivatives with respect to all direction i € 1,d
we denote by Du = ( ou  Ju u ) (or sometimes Du = (O1u, Dau, ..., Oqu) ).
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Let us take the time to study some examples.

Example 3.1.1 The weak derivatives of v € R? — || € R are the L} (Rd) functions x — £ :

loc \x\

Ly

0
5 (o)

el

Example 3.1.2 If u € L} (Q) admits a weak-derivative w.r.t. the it" direction then for all

loc
ae(C® (Rd) the function au admits a weak-derivative w.r.t. to the it"-direction and

0; (au) = adju + ud;a.

Example 3.1.3 Consider uy,us € C° (RQ) . The function

N U (1‘1,1‘2) Zf To > O,
’U,({E7y) B { (15) (Il,fﬂg) fog S 07

admits a weak derivative with respect to xo if and only if
uy (21,0) = uz (z1,0)

for all x1 € R. This example shows that gluing together to regular functions is not sufficient in
order to obtain a Sobolev function : in some sense, Sobolev functions ”see (d — 1)—manifolds”.

Example 3.1.4 The previous example should also shed some light on the fact that extending to
a larger domain by 0 a function u having weak derivatives in some directions does not necessarily
lead to a function having weak derivatives. At a more technical level, if @ C ¥ C R?, we see that
a C™—function having compact support in U does not have in general a compact support in €.
However, if we consider a function o € C* (]Rd) with compact support in () then the extension
by 0 to a larger domain of the function cu will have weak derivatives in the directions where u
has weak derivatives. Indeed, assume that we extend au to R by 0 :

a1 au if v € Q,
1 0 otherwise



Any function p € C* (Rd), we have that
/ o (z) Oy (z) dr = / a(z)u(x)0ip (x)de
Q Q
- [ @i M)M—Auwaﬂﬂwﬂm
/au ()dx—/ﬂu(x)@ia(x)go(x)dx
‘(A@“<)(> u () B (1)) () i

where it was crucial that ap € C° () to pass from the second to the third line. Of course, we
deduce that

0; (o (x)) = 0;(au) (z) .

Example 3.1.5 Let g € L}, (Q) be the weak derivative of u € L}, () with respect to the i'"
direction and consider w C §) an open set. The restriction of uy, admits a weak-derivative with

respect to the i*"-direction and we have

P
pr () = o

This is a consequence of the fact that if K is compact included in w then K is also included in

Q.

Definition 3.1.2 Let Q C R? be an open set and 1 < p < co. We let WHP(Q) be the set of
functions u € LP(Q), whose weak partial derivatives O;u € LP(QY) for every i = 1,...,d. We
endow this space with the following norm:

[ (ul?, + 1 Dul2 )P if 1< p < oo,
max {||u| o, [|[Dul| =~} if p = oo.

For m > 2, we denote by WHP(Q; R™) the functions u € LP (Q;R™), u = (uy,...,Uy), such that
u; € WHP(Q) for everyi=1,...,m. We denote by

m 1/p _
(Sr lwlln) 1 <p<o,

[ullwir@irm) == _
max;c o uillwie @)} if p=oo.
Theorem 3.1.1 Let Q C R? be an open set and 1 < p < oco. Then |||y, s a norm and
(WLP(Q;R™), [l 1.0 (rm)) 15 @ Banach space.

A great deal of identities which are valid in the case of regular functions can be proven to
hold true for Sobolev functions by using density arguments. We begin with the whole space case

Theorem 3.1.2 Consider u € WHP(R?) with 1 < p < oo, there exists a sequence (u,) from
C(R?) such that
U, — u in LP(R?)

and
Du,, — Du in LP(R%)%,



In the case of a bounded domain €2 the regularity of the boundary of € plays an important
role (unlike the case of Lebesgue spaces).

Definition 3.1.3 Let Q C R? be an open set. For an open set w in R? we write w CC Q, if
w C Q and @ is compact.

First, let us note the following result for approximating functions far from the boundary:

Theorem 3.1.3 Let u € WHP(Q) with 1 < p < co. Then there exists a sequence (un), from
C(R%), for all n, such that

1. up|o — win LP(Q),
2. Duy|, — Duly, in LP(w)? for all w CC Q.

Proof: We consider the following compact sets
< : > !
K,=<zeQn([z| <n]:d(z,00) > on [

The interior of K, is then

int(K,) = {m eQNlz| <n):d(z,00) > 21”}

Of course, for all n we have that
Kn C il’lt(Kn+1) C Kn+1.

We let x, € C* (R?), x», € [0,1] such that x, = 1 on K,, and Supp x,, C int(K,41). Then,
Xnt € WHP (Q) and the extension by 0 outside of Q is W1P(R?). Observe also that

Ju= Xty = [ 1= X @ @) da

such that

i = Xl o) =0

by dominated convergence. Let us observe that for any w CC 2 there exists some ng = ng (w)
such that

wC Ky, Cint(Kpot1)

and thus it belongs to all K,, with n > ng + 1 since the sets are increasing. The restriction of
D (xnu) to w coincides with Du for n > ng (w)

D (xnu) |lw = (uDxn + xnDu) | = Du.

Consider (p.,),, an approximation of the identity. Then p,, * (xnu) € C°(R?), the compact
support resulting from Proposition ??. In fact, we can be even more precise : we know that

Supp pm * (Xnu) C (0, %) + K,41. Since © € K41 C int(K,,42) then for any z € K,, 1 there
is an 7, > 0 such that B (z,r,) C int(K,4+2) CC Q. The reunion of B (x, %”) covers K, 1 and
since K, 11 is compact we can extract a finite subcover:

T )

KnJrl C UlB(il'“ 5 - iIlt(KnJrQ) cc Q.



Thus, for all € K, 41 it is possible to chose m large enough such that

1
r+ B <07 > C int(Kp42) CC Q.
m

1
ye:c—i—B(O,)
m

Since x € Ky 41 « € B(x;, %) for some ¢ and

Indeed, consider

Iy = ill <y = all + o — 2l < =+

— Tl & — T T — T S — -
Y Y m 9
thus for small m we have that y € B(z;,r;) C int(K,12) CC Q. It follows that for m large enough
(with respect to n), Supp pm * (xnu) is compact and included in int(K,,+2) and respectively in
Q.

Next, let us show that
D (pm * (Xnt)) = pm * D (Xnu)

in  (for m large enough). Indeed for all ¢ € C° () since py, * (xpu) has compact support in
Q by classical integration by parts and Fubini we deduce that

/“D<pm*<i;a»<x>w<x>dx

tépm (2) Dy (x) da
== [ 4@ @) (0 = D) () o

——AuwD[<>mn mmm+4wmwmﬂwmwwwa

Since Xn(pm * @) has support in K, 1 the first integral of the last equation we can ”weakly
integrate by parts” and obtain that

P (Pm * (Xnw)) (x) ¢ (2) da

/“Du xn<><mn*¢><>mr+/g (2) (Dxn) (@) (pm * 9) () da

/I)XML ) (o * ) () da

We infer that for fixed n

—~

lim_|[D (o * () = D (cu)| =0

m— o0 Lr (]Rd)

and in particular, for any n we can choose pp,(n) * (Xnu) such that

e~

__ __ __ 1
||pm(n) * (Xnu) - XnuHLp(]Rd) + HD (pm(n) * (Xnu)) -D (Xnu)’

< —.
Lr(R4) n




The sequence (pp,(n) * (m))n then has the desired properties.

Theorem 3.1.4 Consider Q1 and Qo be two open sets in R, and let T : Q1 — Qs be a bijective
map, xo = T(x1), such that T € CY(Q), T~ € CY(Qy), such that det DT,det DT are
bounded. Let u € WHP(Qg) with 1 <p < oco. ThenuoT € WHP(Qy) and

Oiu(T(21)) = Opu(T(21))0;Th(y), i€1,d.

Definition 3.1.4 (Partition of Unity). Let K be a compact subset of R? and let Uy, Us, ..., Uy, be
an open covering of K, i.e., K C Ule U;. Then there exist functions 6y, 61,0z, ...,0;, € C°(RY)
such that:

1. 0<60; <1 foralli=0,1,2,... k,

2. Zf:() 0; =1 on R4,

3. Supp(b;) is compact and Supp(0;) C U; for alli=1,2,... k,

4. Supp(fp) C R4\ K.

Moreover, if Q is an open bounded set and K = 9Q, then bylq € C°(Q).

One can wonder if the result from Theorem 3.1.3 can hold up to the boundary. It turns out
that this is the case for reasonable domains. Let us give some definitions first

Definition 3.1.5 Consider Q C R<.

1. We say that Q) is stared-shaped with respect to a point xg € Q if for all x € Q the whole
segment [z, xo] = {zx =Xz + (1 = N)zg : A € [0,1]} C Q is contained in Q.

2. We say that Q) is stared-shaped with respect to a ball B (xg,1) if it is star-shaped with respect
to all the points of B (xg,r).

3. We call a cone of radius r and base R C 5(0,1) = {# € R?: |§] = 1} the set
C = {z = s8 with s € (0,7) and 0 € R}.

We say that Q has the cone property if there exists a cone C of radius r and base R C S (0, 1)
such for every x € § there exists a orthogonal transformation Ay € Mgxq (Rd) L AGAL =1,
such that © + A,C € Q.

4. We say that Q is a Lipschitz domain (or that OS) is Lipschitz or simply a domain with
Lipschitz boundary) if OQ is a Lipschitz manifold. Namely, for each point there exists local
coordinates with respect to which O can be written as the graph of some Lipschitz function.

A bounded domain  with Lipschtz boundary has the cone property. A domain that is
star-shaped with respect to a ball also has the cone property.

Theorem 3.1.5 Assume that €2 is a bounded domain that is star-shaped with respect to a point
xo € Q and let u € WHP(Q) with 1 < p < oo. Then there exists a sequence (uy,) from C°(R?)
such that u,|q — u in WHP(Q).



Proof : We can suppose that €2 is star-shaped with respect to the origin. Then, for all n > 0

we consider Q, = {(1+n)z:2€Q}and T, : Q, = Q, T (z) = ﬁ Of course, this mapping

verifies the conditions of Theorem 3.1.4. Then, u, : Q) = R, uy (z) = u(F;) € Whr(Q,).

Moreover, using that € is star-shaped with respect to 0 we have that Q C Q C ,,. Moreover,

: o
}’gr%)un—ulnL Q),

lim Du,, = lirr%) (14 n) Du(
n—

T
1_|_7])1Jf1L Q)

thus
. _ . 1,1)
%m})un—umw Q).

Since  C Q C ,, using Theorem 3.1.3 there exists a C™ (Rd) function with compact support
in €2, such that

l[ten — un”wl,p(g) <e.

Combing the last two observations concludes the proof of Theorem 3.1.5 in the case of domains
which are star-shaped w.r.t. a point.

Theorem 3.1.5 holds true for Lipschitz domains or for domains having the cone property see
”Sobolev spaces” by Adams.

3.2 Sobolev and Rellich-Kondrachov embedding theorems
We begin with the following result.

Theorem 3.2.1 (Sobolev embedding theorem) Let @ C RY be a bounded open set which is star-
shaped w.r.t. a ball B C €.

1. If 1 <p<d, then
Whr(Q) c LYQ)
for every q € [1,p*], where p* is the Sobolev exponent defined by

1 . 11 . dp
—+==—-, e, p =—-—
p* d p d—p

More precisely, for every q € [1,p*], there exists a constant ¢ = ¢(Q, p,q) such that

lullze < elluflwrr. 1)
2. If p=d, then
Whd(Q) c LYQ) for every q € [1,00).

More precisely, for every q € [1,00), there exists a constant ¢ = ¢(§2, p,q) such that

[ulla < clfullpr.e.

3. If p > d, then B
WhP(Q) c C*(Q)

for every a € 10,1 — %]. In particular, there exists a constant ¢ = ¢({2,p) such that

lul|pee < cf|ullwie.



Proof: We will prove only the first two implications. The proof of 3. in the particular case of
Q= (0, 1)d is proposed as an exercise in the seminar session.

Using the density of smooth functions in W1 (£2) it is sufficient to prove the inequality (1)
for such a function. Observe that

u<x>=u<y>+/0 Du(z+t(y— ) (y— o) dt

and we integrate w.r.t. y on C, the cone associated to x that is included in 2. Using polar
coordinates and Fubini we obtain that

rd|R|u(x)=/ ()dy—l—/ /Dux+t( — ) (y— ) dt

x

/Clu dy+/ //Du:chtSG ) - Osdsdo (0) dt
/cru(y)d“/ // Du(:c—i—s@).gmdsdtdaw)
/cz" dy+/ //Du:c+sa eth[ | (0 dedsdo ()
:/cxu()d“/ /Dux+s€) 05" <(s)d>dtd$d0(9)

—x) rd

We obtain after this long computation that

1 2
ulo) < 7 [ @ldy+3 [

Using the weak-Young inequality proved in Theorem 7?7 ends the proof.

1
ly — x4

Du (y)|

Definition 3.2.1 Consider (E, ||| z), (F,||-||) two Banach spaces such that E C F.
We say that E is continuously embedded in F if there exists some constant C > 0 such that

Vue B flullp < C flullp.-

We say that E is compactly embedded in F' if it is continuously embedded in F' and if bounded
sets in E are relatively compact in F. We will use the sequentially compactness characterization
of this property: if (uy), C E is such that

sup ||uy || < 00,
neN

then there exists u € F' and a subsequence such that ug(,)y — u € F.
We are now in the position to state the following fundamental result.

Theorem 3.2.2 (Rellich-Kondrachov theorem) Let @ C R? be a bounded open set that is star-
shaped with repsect to a ball.



1. If 1 < p < d, then the embedding of W1P () in L9 () is compact for every q € [1,p*).
This means that any bounded set of W1P (Q) is precompact (i.e., its closure is compact) in
L9 for every 1 < q < p* (the result is false if ¢ = p*).

2. If p=d, then the embedding of W1 (Q) in L4 () is compact for every q € [1,00).

3. If p > d, then the embedding of WP (Q) in C%*(Q) is compact for every 0 < a < 1 — %.
In particular, in all cases (i.e., 1 <p < 00), the embedding of WHP(Q) in LP(S2) is compact.

This will be a direct application of the Riesz-Kolmogorov theorem which we state in the
following :

Theorem 3.2.3 Assume that Q is a bounded open set in R and that (u,), is a sequence in
LP (Q) verifying

1. sup,ey H“n”Lp(Q) < 09,
2. limp 0 Sup, ey Jpa [tn (@ + h) — Gy (x)[" dz = 0.

Then, (uy),, admits a subsequence that is convergent in LP (2). We recall that by @ we denote
the extension by 0 to the whole RY.

For the Sobolev embedding the following form is particularly useful :

Corollary 3.2.1 Assume that Q is a bounded open set in R and that (un), is a sequence in
L? () verifying

1. suppen [[tnllpo (o) < 00,

2. limy, o sup, ey [ |un (2 + h) — uy, ()P dz = 0, for all open sets w CC Q,
3. liImp 00 SUP,en f‘uan |un|P dz = 0.

Then, (uy), admits a subsequence that is convergent in LP (§2).

Proof. First of all, we have to explain a bit the sense of 2. Since w CC €2 we observe that for
h € B(0,1) with || small enough w + h C Q. Indeed, by compactness, it is possible to find N,
balls with centers (z;);.7 x> C w and (r;);c7 v C (0, 00) such that

ri

i) C UzemB (.Ti77’i) c Q.

w C U?GLTWB (il?i, B

min,

Then, any h € R? with |h| < %’an has the property that w+h C Q. Thus, for all w CC Q2
the function

h — sup/ |tup, (4 h) — uyp, (2)|° do
neNJw

is defined in a small ball centered at the origin and thus the limit is well defined.
Fix € > 0. For R, large enough

/ ()| dz < E.
{Jun|>R.} 3



For any measurable set A C Q)

/ |uy, (z)|” de < RPm (A).
Aﬂ{l“?LISRE}

Thus, we obtain that

sup/ [ty (2)|P do < < + RPm (A). (2)
neNJ A 3
Take w. CC 2 such that )
€
m@w) < S ®

Then for h small enough we have that

|ty (x4 h) — Gy, (2)|F do = / [up, (x4 h) — uyp, (2)|F da.

We e

Next, using (2) with (3) we have that for all n € N.

[up, (z)|° do + 2”/ [up, (2)|P do <

/ |ﬁn(x+h)—ﬁn(x)|pdx§2p/ £
Q\w \w 3

T_n(Q\w)

Putting togeather the above estimates, we arrive at the conclusion that
lim [ |i, (x+ h) — 1, ()|’ dz = 0.
|h[=0 Jq

]
Let us now, resume the proof of Rellich-Kondrachov’s theorem in the case p € (1,d) : assume

that (u,), C WP (Q) is bounded. We will show that we can extract a convergent subsequence
in L? (). The convergence in L? (£2) is then automatic if ¢ € [1,p) and follows by interpolation if
q € (p,p*). First of all, owing to the Sobolev embedding and since (uy,),, is bounded in W (€2),
it follows that (uy),, is bounded in LP" (Q). Since p* > p, using Chebyshev’s inequality we obtain
that (3) from Corollary (3.2.1) is verified.

The integral equicontinuity property is a consequence of the following estimate verified by
Sobolev functions u € WHP (Q) : let w CC Q and h sufficiently small such that for all ¢ € [0, 1]

w+th C Q,

see the discussion in the beginning of the proof of Corollary 3.2.1. Then

t
HThuquLp(w) < |h|/ / |Du (2)|P do < |h|/ |Du (z)|” d.
0 w-+th Q

for all uw € WP () (this follows by first working with C2° (R?)-functions and argue by density).
Since (1) from Corollary 3.2.1 is trivially verified by the Sobolev bound, the conclusion follows.
The following subspace VVO1 () is very important:

Definition 3.2.2 If 1 < p < oo, we denote by Wy™* () the closure of C3°(2) in WhP(Q).
We write u € ug + Wy P (Q), meaning that u,ug € WP(Q) and u — ug € Wy P(Q). We also
say that u = ug on Of).

We end this section with the Poincaré inequality.



Theorem 3.2.4 (Poincaré) Suppose that p € (1,00) and that Q is a bounded open set. Then
there exists a constant C = C (p,Q) > 0 such that for all u € Wy (Q) it holds true that

lull » < ClIDullp, -

The following variant also holds true : there exists a constant C' > 0 such that for allu € WP (£2)

it holds true that
1 / q
u—— [ udx
12 Jo

Proof. Let us focus on the first inequality : take u € C° (Q) and let Q C [—a,a]* (which is
possible for large enough a > 0). The extension, which abusing notation we still denote by wu,
with 0 of u to [—a,a]” is also C2°([—a,a]®). Then, for all

< Ol Dul| s -

Lp

(@', 2q) = (21,72, ...,14) € [fa,a]d

it follows that

, *d _o Ou
o (0) = ol )~ ol =) = [ () 0

—a

e _1 Ou
SP/ (|U|p ! 8xd> (', ya) dyq.

Integration with respect to the first (d — 1)-variables and Holder’s inequality leads to the con-
clusion.

In order to prove the second assertion, we will use the Rellich-Kondrachov theorem : assume
that for all n € N there exists u,, € W1 (Q) such that

!
Up — 7= | up dz > || Dun|| 10 -
9] Jo g

Lp

Consider

which has the property that

/ vn da =0, [[onlly = 1 and | Donll,, < ()
Q

S |-

It follows that ([|vy/yy1.5),, is bounded and up to a subsequence we have v, — v in LP. It follows
that

o]l = 1 and /Qv dz =0, (5)

Moreover we have that Dv € LP (Q; R?) (why?) and the last estimate of (4) forces Dv = 0. This
implies that v is a constant and we obtain a contradiction when analyzing (5). ®
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