LIFTING GALOIS REPRESENTATIONS VIA KUMMER FLAGS

ANDREA CONTI, CYRIL DEMARCHE AND MATHIEU FLORENCE

ABSTRACT. Let I' be either i) the absolute Galois group of a local field F,
or ii) the topological fundamental group of a closed connected orientable
surface of genus g. In case i), assume that pp2 C F'. We give an elementary
and unified proof that every representation p; : I' — GL4(Fp) lifts to a
representation p2 : I' — GLg(Z/p?). [In case i), it is understood these are
continuous.] The actual statement is much stronger: for all » > 1, assuming
Hpr+1 C Fin the local field case, strictly upper triangular representations
pr : T — Uy(Z/p") lift to pry1 : T — Ug(Z/p™t1), in the strongest
possible step-by-step sense. Here “suitable” is made precise by the concept
of Kummer flag. An essential aspect of this work is to identify the common
properties of groups i) and ii), that suffice to ensure the existence of such
lifts.
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1. INTRODUCTION

Let p be a prime. This paper presents a common framework to tackle lifting
problems (from Z/p" to Z/p"!) for representations of two kinds of groups I':
absolute Galois groups of local fields (which we refer to as the arithmetic case),
and topological fundamental groups of closed connected orientable surfaces (the
topological case). The challenge here is to achieve a reasonable degree of generality
(say, in the arithmetic case, compared to the results of [3] and [§]), with a light
toolkit and little effort.

Using local class field theory in the arithmetic case, and Poincaré duality in the
topological case — both being very standard results — we derive common properties
of groups of the above type. Namely, in both cases, the group I' is p-manageable
(Definition . This notion combines the concepts of a (possibly non-finitely
generated) Demuskin group (Deﬁnition7 and a weak version of Hilbert’s Theo-
rem 90, called the wH90 property (Deﬁnition. Our lifting theorems are valid
for all p-manageable profinite groups. These include two-dimensional Poincaré
groups, see Section Via basic operations for extensions of representations of
(pro-)finite groups, we are able to lift a reducible Z/p"-representation p, of I' to
a Z/p"tl-representation, whenever we can equip p, with a Kummer flag: loosely
speaking, this means that p, is unipotent, and every sub-extension of p, which is
trivial mod p is also trivial mod p”. This is a combinatorial property, for which
we refer to Definition

We give a more precise statement of our results. To fix ideas, let I' be one of the
following groups:

e the absolute Galois group of a local field F' (R, or a finite extension of Q,
or Fy((t)), with £ = p allowed);
e the topological fundamental group of a closed connected orientable surface.

Then our Theorem [7.2]] implies the following statement. Observe that the as-
sumption on roots of unity is necessary here — as demonstrated in Example [7.23]
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THEOREM. Let d,r > 1 be two integers, and let p,.: T — GL4(Z/p") be a contin-
uwous representation equipped with a Kummer flag. In the arithmetic case, assume
that F' contains a primitive p"t1-th root of unity.

Then p, admits a lift prr1: T — GLg(Z/p"t1), equipped with a Kummer flag
lifting the given one on p,.

For mod p unipotent representations, there is the following immediate corollary.
Here again, the assumption on roots of unity is necessary.

COROLLARY. Let p1: ' — Uy(Z/p) C GL4(Z/p) be a strictly upper triangu-
lar representation. In the arithmetic case, assume that F contains a primitive

p"t1-th root of unity. Then py lifts, to a strictly upper triangular representation
pra1: T — Ug(Z/pm™1) € GL4(Z/p™T1).

The proof of Theorem [7.21] goes by induction on the dimension of the representa-
tion, and actually gives a much finer result: given a (d — 1)-dimensional Kummer
flag V4—1,» mod p", an extension of V4_1, to a d-dimensional mod p” Kummer
flag Vg, and a lift Vg_1 y41 of Vg_1,, to a (d —1)-dimensional Kummer flag mod
p"t1, we can “glue” Var and Vg_1 41 along Vg1, to obtain a d-dimensional
Kummer flag mod p™+! that lifts V4, and extends Vy_1,41 (a process that we
refer to as “gluifting”). This stronger statement has the following cohomological
consequence.

COROLLARY. (See Corollary|[7.29)
Let r > 2 be an integer. Assume, in the arithmetic case, that F contains a
primitive p"-th root of unity. Let Vi be a unipotent representation of I' over F,,.
There exists a lift of V1, to a unipotent representation V,. over Z/p", such that the
natural map

HY(T,V;) — H'(T, Vi = V,/p)

18 surjective.

Via classical cohomological arguments, our main theorem recovers the liftability
of arbitrary (=not necessarily triangularizable) representations from F, to Z/p?.

COROLLARY. (See Corollary|[7.25)

Let d > 1 be an integer, and let p1 : I' — GL4(F,) be a mod p representation. In
the arithmetic case, assume that F contains a primitive p-th root of unity. Then
p1 lifts to a representation py : I — GL4(Z/p?).

Remark 1.1. This Corollary actually holds without assumption on roots of unity,
by [3] or [8]. In our approach, it is not clear to us how to get rid of it.

Remark. If F is a field, and k > 1, let F'(ug) denote the extension of F' generated
by k-th roots of unity. In the previous theorem and its corollaries, one can replace
the condition about roots of unity (in the arithmetic case) by the slightly more
general assumption that F(u,) = F(pu,r+1), where r = 1 in the last corollary (see

Remark [7.14]).

In addition, we prove strong results for p,, admitting a unique complete I'-invariant
flag, with no assumption on roots of unity in the arithmetic case. See Proposition
[7.10, where we call such a unique flag a wound Kummer flag.

In all of our results, Z/p" can be replaced with the ring of Witt vectors W,.(k) of
a field k of characteristic p (see Section . For simplicity, we stick to k = Z/p.
We remark in particular that we are able to control the coefficients of the lifts,
which is not the case in previous arithmetic results that we recall below.
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On the topological side, as far as we know, our results are entirely new. In the
course of an email exchange, Hélene Esnault observed that the case of an absolutely
irreducible pq, in Item (2), is simple to handle. Indeed, the corresponding F-
point of the character variety of I' is then smooth. As such, it lifts to a Z,-point,
producing a lift of p1 to peo : I' — GL4(Z,). This fact illustrates that, with
regards to liftability, the (opposite) case of unipotent representations is the most
delicate.

RELATING OUR RESULTS TO OTHER WORKS, ON THE ARITHMETIC SIDE.

In this number-theoretic context, liftability of a mod p representation, to coeffi-
cients in Z, or a DVR containing it, has been widely investigated. One typically
requires such a lift to possess certain p-adic Hodge theoretic properties (i.e.
crystalline, semistable, de Rham) so that one can (conjecturally) attach to it
an automorphic representation of a suitable reductive group. We refer to the
introduction of [10] for a brief summary of this line of work, prior to the very
recent works of Emerton-Gee [8] and Bockle-Iyengar-Paskiinas [3]. To conclude,
we briefly relate our work to theirs, as well as to earlier works of Bockle, Clozel-
Harris-Taylor, and Khare-Larsen.

Emerton and Gee [§] rely on advanced techniques in arithmetic geometry to
prove that every continuous representation p: I'r — GL4(F,), F' a p-adic field,
admits a crystalline lift p: 'y — GL4(O), O the valuation ring of a p-adic
field. Their proof goes via a study of the geometry of the stack of (¢, T")-modules
that they construct. Specializing p modulo p”, r > 1, gives a mod p" lift of p;.
When p; is triangular (i.e. admits a complete flag of sub-representations), the
Emerton-Gee lift p is also triangular, since it is constructed via recursive liftings
of the Jordan-Holder factors of p; and of their extensions [8, Theorem 6.4.4].
In particular, they produce triangular mod p" lifts of p;, as we do in the case
when F' contains the p"-th roots of unity. However, their lifting result does not
imply ours: in Theorem [7.21] for r > 2, one starts with a mod p” representation
pr, equipped with a Kummer flag, and one constructs a mod p"*! lift, also
equipped with a Kummer flag. Emerton and Gee’s method, on the other hand,
does not directly produce a lift of p,: one first needs to reduce p, mod p, and
then lift (mod p"*!) the resulting p; to a p,1 with O-coefficients. Its mod p”
reduction is in general not isomorphic to p,.. Also, it is not guaranteed that a given
sub-extension of p,1 is trivial, as soon as the corresponding sub-extension of p; is.

Bockle, Tyengar and Paskiinas [3] also prove the existence of lifts of an arbitrary
p1 to O-coefficients as above (hence to O/p"), via deformation theory. However,
they do not mention that if p; is triangular then one can always find a triangular
Z/p"-lift in its deformation space.

For an arbitrary local field F', and for global F' in some cases when the correspond-
ing deformation problem is unobstructed, Bockle [2] is able to lift continuous
Z/p-linear representations of I'r to Z/p?, using a description of the absolute
Galois group via generators and relations. Therefore, Corollary 2) follows
from his work. As far as explicitly shown, Bockle’s method produces lifts to Z,
(hence to Z/p", r > 2) only in special cases — see [2, Theorem 1.3, Proposition 1.4].

Suppose that F'is a local field of characteristic 0 and residual characteristic ¢ # p.
Then Clozel, Harris and Taylor [4, Section 2.4.4] prove that every p; admitting a
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complete flag lifts to a Z,-representation also admitting a complete flag, with no
assumption on roots of unity.

Finally, Khare and Larsen [I0, Theorem 5.4] prove the following special case of
our Corollary d = 3, r = 2, and the diagonal is trivial mod p. Then, by an
approximation process, they obtain the same lifting result for global fields. We
did not try to adapt our results to the global arithmetic case. Hopefully this will
be done in future works.

2. NOTATION AND CONVENTIONS

Let T" be a profinite group and p be a prime number. For an integer d > 1, denote
by By C GL, the subgroup formed by upper triangular matrices, and by Uy C By
the subgroup of By consisting of unipotent matrices.

Let r > 1 be an integer. A (T',r)-module is a finite (Z/p")-module M, equipped
with a continuous I'-action. Here “continuous” just means that I' acts on M
through a finite quotient I'/Ty, where I’y C T' is an open normal subgroup. Set

MY = Homyg, - (M, Z/p"),

viewed as (I',r)-module in the natural way. If M is moreover free of rank d as
a (Z/p")-module, we say that M is a (I',r)-bundle of rank d. Then, MV is a
(T, r)-bundle of rank d, as well.

Let M, be a (I',r)-bundle. For 1 < s < r, there is the natural reduction exact
sequence of (T, r)-modules

00— M,_y —5 M, %5 M, — 0.

. c e - °1d .
Here i denotes the injection arising from M, LGN M, upon modding out p"~°M,.,
and ¢ stands for the natural quotient (reduction).

2.1. FraGs. A complete (T',r)-flag V4 = (V;)1<i<q of rank d is the data of a (T, r)-
bundle V, of rank d, together with a complete filtration by sub-(T", r)-bundles

0=VycCcWViC---CVy1CVy
with rank(V;) =i for all 4. Thus, for all 4, L; := V;/V;_; is a (T, r)-bundle of rank
one. Up to isomorphism, it is given by a character x; : I' — (Z/p")*. For i < j,
set
Viji = V;/Vi.
In particular, a complete (T, r) flag defines, for all 1 <4 < d, a character

We denote by End(V,) the (T, r)-module of endomorphisms of V4. It is the sub-
ring of End(V;) that preserves the given complete filtration. Write Aut(Vy) for
End(V,)*, the group of invertible elements in the ring End(Vy).

For 0 < i < j < k <d, there are extensions of (I', 7)-modules

8k/j,j/i 00— Vj/i 4 Vk/i 5 Vk/j — 0,
naturally attached to V.
Denote by
Vi1:0=VoC Vi C--- CVy_q,
resp. by
Va1 :0=Vy C V) CV3, C--- C Vyyu,
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the truncation, resp. the quotient, of V4. These are complete (d — 1)-dimensional
(T, r)-flags.

A complete (I',r)-flag V4 can be seen as a triangular representation of I" over
(Z/p"): given a basis of V; compatible with V4, one gets a representation

p: T — Bu(Z/p") C GL4(Z/p").
Note that p factors through Uy(Z/p") C B4(Z/p"), if and only if the T'-action on
every L; is trivial, or equivalently if every y; = 1.
From now on, the notation V;, stands for a (I',r)-bundle of rank 4, and accord-
ingly, Vg4, denotes a complete d-dimensional flag of (I',r)-bundles. If V;, is
given, then for all 1 < s < r, we denote its reduction V;, ®z Z/p® by V; ;. It is a
(T, s)-bundle. The similar convention for complete flags V4, is adopted.

2.2. TEICHMULLER LIFT. Let L be an invertible (T, 1)-bundle, given by a charac-
ter
xp: T —F).
Consider the multiplicative (Teichmiiller) section
T F — (Z/p")",
identifying IF with the group of (p — 1)-th roots of unity in the ring Z/p".
Postcomposing by 7 yields a character
T(xz): I — (Z/p")%,
providing a natural (T',r)-bundle of rank one, denoted by W,.(L). It is the r-th
Teichmiller lift of L.

3. GALOIS COHOMOLOGY AND p-MANAGEABLE GROUPS

Let p be a prime. In this section, we recall the notion of a (non finitely-generated)
Demuskin pro-p-group. We then introduce the wH90 property, and p-manageable
profinite groups. We state in particular Lemma the key tool for proving our
lifting theorems in the next sections. These apply to all p-manageable profinite
groups. In Proposition we provide two important examples of such groups:
the absolute Galois group of a local field, and the profinite completion of the
fundamental group of a closed connected orientable surface.

DEFINITION 3.1. Let
(,):VxW—F,
be a bilinear pairing of Fp-vector spaces. Consider it as a linear map
L:V —WY,
v (w e (v,w)).
The left kernel of (.,.) is the subspace Ker(L) C V.
DEFINITION 3.2. Let I',, be a pro-p-group. Let us say that I',, is a Demuskin pro-
p-group, if the following conditions are satisfied.
(1) The F,-vector space H*(T',,F,) is one-dimensional.
(2) The cup-product pairing of possibly infinite-dimensional F,,-vector spaces
HY(Ty,Fp) x HY(T),Fp) — H?(T,Fy)
has trivial (left) kernel.

More generally, if T' is a profinite group, one says that ' is p-Demuskin, if it
admits a Demuskin pro-p-Sylow subgroup I', C T'.



LIFTING GALOIS REPRESENTATIONS VIA KUMMER FLAGS 7

Remark 3.3. In the classical literature, Demuskin pro-p-groups I';, are required to
be topologically finitely generated — a condition that is equivalent to the finiteness
of H 1(Fp,Fp). However, this assumption is superfluous to prove the main lifting
results of this paper. For a nice investigation of (not necessarily topologically
finitely generated) Demuskin pro-p-groups, we refer to the recent work [IJ.

Remark 3.4. If T is the absolute Galois group of a “reasonable” field F', condition
(2) is very mild — see Lemma/[3.6] By contrast, condition (1) is extremely strong. It
does not typically hold for an F' which is finitely generated over its prime subfield.
For instance, if p, C F, then H?(I',Z/p) is isomorphic to the p-torsion in the
Brauer group of F.

Remark 3.5. For p = 2, the group I' := Z/2Z is easily checked to be Demuskin.
This fails for p > 3: the group I' := Z/pZ satisfies condition (1), but not (2).
Indeed, the cup-product pairing then identically vanishes. These assertions are
straightforward, from the usual computation of the cohomology of cyclic groups.

LEMMA 3.6. Let F' be an infinite field of characteristic # p, finitely generated over
its prime subfield. Set T' = Gal(F*®?/F). Then, the cup-product pairing

HYT,F,) x HYT,F,) — H?*(T,F,)
has trivial (left) kernel.

PROOF.

By a limit argument, using restriction/corestriction for finite extensions of degree
prime-to-p, one can assume that F, ~ u, C F*, and reduce the question to
proving that the cup-product

H(F, 1) x H"(F, 1) — Br(F)

has trivial kernel. [This reduction applies to any field F.] Pick a non-zero element
in H'(F, p1,), corresponding via Kummer theory to (z) € F*/(F*)P, where x is
not a p-th power. We need to find some (y) € H*(F, u,) such that

(x) U (y) #0 € H*(F, up).
Assume that F' is a global field, and denote by V the set of all its places. One
knows that the group

Hll(Fa :up) = Ker(Hl(F, :up) — H Hl(Fv7/J’P))
veV
vanishes. Let v € V be such that z is unramified at v, and (), # 0 € H*(F,, up).
By local class field theory, there exists y, € H'(F,, f1,), such that

(#)y U (yo) # 0 € Br(F,).

Since the restriction map H'(F, p,) — H'(F,, j1,) is surjective, one may assume
that y, = y € F*. Then indeed, one has (z) U (y) # 0 € Br(F'). It remains to deal
with an F' which is not a global field. In that case, denote by F C F the prime
subfield. Denote by d the transcendence degree of F over F. If F = [F;, then d > 2.
If F = Q, then d > 1. Replacing & by xtP for some t € F*, one may assume
that x is transcendental over F. Pick a transcendence basis x = z1,xs,...,zq of
F over F. Set E := F(xs,...,24). Denote by F’ C F the separable closure of
E(z) in F. The extension F/F’ is finite and purely inseparable, hence of degree
prime-to-p. Moreover, z € F’. For our purpose, using restriction/corestriction, we
may replace F' by F”, thus reducing to the case F'/E(x) separable. Replacing E by
its algebraic closure in F', one may further assume that E is algebraically closed in
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F. Thus, F is the function field E(C) of a geometrically connected proper smooth
E-curve C. The extension F'/E(x) corresponds to a finite separable E-morphism
C — PL. Define K := E(x)[T]/(TP — z). The assumption = ¢ (F*)P translates
as: L= K ®p(y) F is a field. It is a finite separable extension of E(x). Since E is
an infinite field, finitely generated over its prime subfield, it is Hilbertian. Hence,
there exist infinitely many e € E, such that the specialisation of L/E(x) at  — e
is a field extension L./E. In particular, there is a unique closed point of C' lying
above such an e. This way, one produces infinitely many closed points ¢ € C', such
that v.(z) = 0, and z(c) € E(c)* is not a p-th power, where E(c)/E denotes the
residue field of ¢. Let m, € F'* be a uniformizer at ¢ (in other terms, v.(m.) = 1).
Then,

(l’) U (7Tc) 7é 0e HQ(Fa :U’P)a
e.g. because its residue at c¢ is non-vanishing, namely
Res.((z) U (1)) = z(c) # 0 € HY(E(c), 11p).
This finishes the proof. O

Remark 3.7. As pointed out by the referee, using similar arguments, Lemma 3.6
also holds for function fields of varieties of dimension at least 2 over arbitrary
fields.

The following lemma is an analogue of [I1]], I.4.5, Proposition 30:
LEMMA 3.8. Let T' be a Demuskin pro-p-group. Let V be a (T',1)-bundle. Then,
the cup-product pairing
HYT,V)x HYT,VY) — H*(I',F,) ~F,
has trivial (left) kernel.

Proor.
Since I' =T, is pro-p, there exists an extension of (I, 1)-bundles

(E):0— W5V SF, —0.
We may then prove the result by induction on the dimension. The case dim(V') =
1 follows from Definition Suppose the Lemma holds for W. Denote the
cohomology class of (E) by
e€ HY(T,W).

If e =0, then V = W @ F,, and the statement readily follows from the induction
hypothesis. Henceforth, assume e # 0. Dualising (F), one gets the extension of
(T, 1)-bundles

(EV):0 —TF, — VYL WY —o.
By induction, one knows that the pairing

HY(T,W) x HY(T,W") — H*(T,F,) ~F,
has trivial left kernel. We shall thus tacitly identify H!(T', W) to an F,-subspace of
HYT,WV)V. With respect to this pairing, the orthogonal of the one-dimensional
space
F,-ecC HY(T,W)

is the hyperplane

Ker(H (T, W) % H*(T,F,) ~F,),
where 4 is the connecting map in cohomology arising from the extension (EY).
Indeed, the kernel of the linear form ¢ is the image of the map i) : H*(T', V) —
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HYT,WV), and for all f € HY(T', V), we have (up to sign) eUiY (f) = i(e)Uf =0
since i(e) = 0. Hence ker(J) = e™.

Consider a class v € HY(T', V). Assume that vUx =0, for all z € HY(T, V). By
naturality of the cup-product, and a little diagram chase left to the reader, this
implies that 7. (v) € H'(T,F,) is orthogonal to the whole of H!(T',F,). By condi-
tion (2) of Deﬁnition one gets . (v) = 0, so that there exists w € H (T, W),
with i.(w) = v. Then, one checks as above that the class w is orthogonal to the
image of

¢ : HY(T,VY) — HYT,WY),

which is the hyperplane Ker(d). Thus the kernel of the Fp-linear form (w,.) is
contained in that of (e,.). It follows that (w,.) is a multiple of (e, .), implying (by
induction assumption) that w is zero or collinear to e, hence v = i, (w) =0. O

LEMMA 3.9. Let T be a p-Demuskin profinite group. Consider a non-split extension
of (T, 1)-bundles
(E):0—L5SW SV —0,
where L is invertible. Denote its cohomology class by
e#0¢€Extip,(V,L)= H'(I', VY @ L).

Then, the map

H*(T, L) L H2(T, W)
is zero. Equivalently, the connecting arrow arising from (E),

HYT,V) — H*(I, L),

vt eUw!

s onto.

PRrOOF.

Let us prove the first assertion, which is easily seen to be equivalent to the second
one. By restriction/corestriction, and a limit argument (with respect to a pro-p-
Sylow subgroup I', C T'), one sees that Res(E) is a non-split extension of (I'p, 1)-
bundles. Likewise, the question is then reduced to the case where I' is a pro-p-
group. Then L ~ F,, and H?(T',F,) is one-dimensional. It thus suffices to prove
that the connecting arrow H*(I',V) — H?(T', L) is non-vanishing. This follows
from Lemma [3.8] (applied to VV). O

DEFINITION 3.10. (The wH90 property).

Let T' be a profinite group. Let T, C I' be a pro-p-Sylow. Let Zy(1) be a Z,-
module of rank one, equipped with a I'-action, occurring via a continuous character
r Z) . Say that the pair (I',Zy(1)) satisfies wH9IO (for “weak formal Hilbert
907), if the reduction map

H' Ty, (Z/p")(1)) — H'(Ty, Fy(1))
is onto, for every r > 2.
Remark 3.11. For p = 2, take the cyclic group of order 2, I := Z/2Z. Tt acts on
Zs non-trivially, by the sign character. Define this Imodule to be Zy(1). It is
then standard that (T, Zy(1)) satisfies wH9O0.
Remark 3.12. In [5], the pair (T, Z,(1)) is said to be (1, 00)-cyclotomic, if surjec-
tivity above holds not only for I',, but also for every open subgroup I" C T.

However, to prove the lifting theorems we have in mind, it suffices here to
require surjectivity for I',. Observe that this is equivalent to surjectivity of
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HYI,(Z/p")(1)) — H*(I",F,(1)), for every open subgroup I C T, of prime-
to-p index.

DEFINITION 3.13. (p-manageable profinite group).

Let T' be a profinite group. Let Z,(1) be a Zy-module of rank one, equipped with a
I-action. Say that T' is p-manageable with respect to Zy(1), if I' is p-Demuskin,
and the pair (T',Z,(1)) satisfies wHI0.

We end this section with a lemma:

LEMMA 3.14. Let (I, Z,(1)) be a pair satisfying (wH90) and L be a T'-module of
order p. Then the natural morphism H*(D, W, 1(L)(1)) — H (T, W,(L)(1)) is
surjective.

Proof. There exists an isomorphism L ~ Z/pZ as I'p-modules. The morphism
HY(Tp,, W, 1(L)(1)) — H*(Tp, W,.(L)(1)) identifies to H'(T',,Z/p" (1)) —
HY(T',,Z/p"(1)). This last map is surjective by induction on r and reduction to
the (wH90) property. Therefore, by restriction-corestriction, the cokernel of the
morphism HY(T', W,..1(L)(1)) — HY(T, W,(L)(1)) is both p-torsion and prime-
to-p-torsion, hence it is trivial. ([l

4. COMMON PROPERTIES SHARED BY (SEEMINGLY) UNRELATED GROUPS

We begin with gathering classical material about topological fundamental groups
of surfaces. For convenience, short proofs are included.

PROPOSITION 4.1. Let T be the topological fundamental group of a closed connected
orientable surface Sy, of genus g > 1. Let M be a finite abelian group, equipped
with an action of I'. The following holds.

(1) The abelianisation Ty is isomorphic to Z29.

(2) If the T'-action on M is trivial, there are natural isomorphisms

HY(T,M) = H! S, M)

singular(

and

H*T, M) = M.
(8) The cup-product
HY(T', M) x H'(I', Hom(M,Q/Z)) — H*(I,Q/Z) = Q/Z

s a perfectApairmg of finite abelian groups.
(4) Denote by I' the profinite completion of I'. For i < 2, consider the natural

arrow, given by inflation,

HY(T, M) % BT, M),
where cohomology used at the source is that of a profinite group, with
discrete coefficients (it is ligHi(F/I‘o,M), where I'y C T' runs through

normal subgroups of finite index, acting trivially on M) and cohomology
at the target is usual group cohomology. Then, 0" is an isomorphism.

PrOOF. To prove (1), it is convenient to use the classical presentation of I' by
generators and relations:

F=(X1,Yh,..., X, Y, | [ X1, Y] ... [X,, Y, =1).

From there, the result is obvious. Let us prove (2). The fact that H*(I', M) —
Hg;,, (S, M) is an isomorphism, is a general fact that holds because the universal
cover of S is contractible. The second assertion is classical, from the assumptions
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made on S. With the help of (1), item (3) is a direct consequence of Poincaré
duality.

It remains to deal with (4). It is clear that 69 is an isomorphism. Let Iy C T' be
a normal subgroup of finite index, acting trivially on M. There is the inflation-
restriction sequence

0 — HYT/To, M) 25 HYT, M) 2 HY (T, M) = Hom(T', M).
It follows from the same exact sequence for any finite index normal subgroup I'y
of T that #' is injective. Given a class ¢ € HY(I', M), let I'y C T’ be a normal
subgroup of finite index, contained in Ker(Res(c)) C T'y. Using the inflation-
restriction sequence for 'y, one sees that c is inflated from H!(T'/T'y, M). This
proves surjectivity of #'. For i = 2, and for any Iy as above, there is an exact
sequence

HO(T /Ty, H(To, M)) & H2(T/To, M) 25 H2(T, M).

Pick x € H?(I'/Ty, M), with Inf(z) = 0. Pick an invariant class ¢ € H'(T'g, M) =
Hom(T'g, M), such that e(c) = x. As above, let I'y C T' be any normal subgroup
of finite index, contained in Ker(Res(c)). By a little diagram chase, using the
exact sequence above and its analogue for I';, one concludes that the inflation of
x in H?(I'/Ty, M) vanishes. This proves injectivity of §2. It remains to prove
surjectivity. Pick some ¢ € H?(T', M).
Let us first prove that its restriction to some subgroup of finite index vanishes. For
'y as above, considering Res(c) € H?(T'g, M), one first reduces to the case where
the action of I on M is trivial. By dévissage on the finite abelian group M, one
reduces further, to M = F,. By Poincaré duality, H*(T,F,) ~ [, has a generator
of the shape x1 U z2, for 1,22 € H'(T,F,), so that Ker(z1) C I’ does the job.
Thus, there exists a normal subgroup of finite index I'y C TI', acting trivially on
M, and such that Resr,(c) = 0 € H?(T';, M). Introduce the extension of finite
(T'/T'1)-modules

(E):0 — M % M[T)T] — N — 0,
where ¢ is the natural map. By Shapiro’s Lemma,
tx(c) =0¢€ H*(T,M[T/T]) ~ H*(Ty, M).

Hence, c is of the form (E)Uz, for some z € H'(T', N). Let I'y C 'y be a subgroup
of finite index, normal in T, and such that z € H'(T'/T'a, N). As the cup-product
of two extensions of finite (I'/T'y)-modules, ¢ is then inflated from H?(T'/Ty, M),
proving surjectivity of 62. O

Remark 4.2. A representation I' — GLg(Z/p") is the same as a continuous
representation r — GLy(Z/p"). Thus, the lifting problems considered in this
text are the same for I' and T'. Point (4) of the preceding Lemma states they also
share the same cohomology groups. [Note that H(T', M) = H(T',M) = 0, for
i > 3.] All this is a particular case of “cohomological goodness” (in the sense of
[11], 1.2.6, exercise 2) for surface groups, see for instance [9], Proposition 3.7.

PROPOSITION 4.3. Let (I',Z,(1)) be one of the following.

(1) The absolute Galois group I' = Gal(F*°?/F), of a local field F (R, C,
a finite extension of Qq, or a finite extension of F¢((t)), for a prime £
possibly equal to p). Define the module Z,(1) to be Z,, if char(F) = p, or
the Tate module of Toots of unity of p-primary order in F, if char(F) # p.
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(2) The profinite completion I' of the topological fundamental group Ty 10p of
a closed connected orientable surface Sy, of genus g > 1. Take Zy(1) to be
the trivial module Z,,.

Then the group T' is p-manageable, with respect to Z,(1).

PROOF. Let us deal with item (1). The case F' = C is trivial, and F' = R is
an exercise. If char(F') = p, then F is of p-cohomological dimension 1 by Artin-
Schreier theory (see [I1], II, Proposition 3). This is a much stronger property
than p-manageability. In the remaining cases, char(F) # p. The fact that T
is p-manageable is then a straighforward consequence of local class field theory,
stating in particular that H?(E,F,(1)) ~ F,, for every finite extension E/F.
Observe that the property wH90 simply follows from Hilbert’s Theorem 90 for
G, namely H(F, F*?*) = 0. Let us deal with item (2). The wH90 property
follows from item (1) of Proposition which also holds for every subgroup of
finite index of I'y 1,,. By item (2) of this Proposition, one has H? (F’g,’top, F,) =F,,
for every subgroup of finite index I‘;,,mp C I'y top (since such a subgroup is of the
same geometric origin). If this index is prime-to-p, using restriction/corestriction,
one sees that the restriction H%(Ty top, Fp) — H? (T tops Fp) is injective — hence
an isomorphism of one-dimensional F,-vector spaces. By a straightforward limit
argument, condition (1) of definition is thus satisfied. Condition (2) holds by
item (3) of Proposition O

Remark 4.4. In the Proposition above, H(T,F,) is finite-dimensional. However,
this is not required for our method to work.

Remark 4.5. Let E/F be an infinite algebraic extension of a local field F', of degree
divisible by p®°, as a supernatural number. This means here that £ = hﬂieN E;
where ' C E; C E;4; are finite extensions, whose degrees [E;;1 : E;] are all
divisible by p. Local class field theory identifies the restriction

BI‘(E,L') — BI‘(EH_l)

to
[Ei+1 EI]Id
%

Q/Z Q/Z.

Since

Br(FE) = lim Br(E;),
One infers that Br(E)[p] = 0, so that the p-cohomological dimension of F is < 1.
[In particular, this applies to E = hglF (#pi), the cyclotomic p-extension of F'.]
Therefore, all lifting problems considered in this text (for I'g) can easily be solved.

5. WHEN H'(T',F,) IS FINITE

In this paper, lifting theorems hold for all p-manageable profinite groups. One can
then raise the following natural question.

Let T be a p-Demuskin profinite group. Does there exist a continuous character
X : I — Z;, with respect to which I" is p-manageable?

As the question is stated, the answer is most likely negative. However, it is positive
if I' is a topologically finitely generated pro-p-group (i.e. if I is Demuskin in the
classical sense). This result is found in [I2], 9.3. The next Proposition is slightly
more general: there, I' is not required to be a pro-p-group. The proof we provide
is constructive.
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PROPOSITION 5.1. Let I’ be a profinite group. Let F,,(1) be a I'-module of order p,
such that dimg, (H?(I',Fy(1))) = 1, and such that the cup-product pairing
H'(T,F,) x HY(I',F,(1)) — H*(I,F,(1)) ~F,

is a perfect pairing of finite abelian groups.

Then, there exists a lift of F,(1) to a Zy-module of rank one, equipped with a

continuous I'-action, and denoted by Z,(1), such that the natural arrow
HY(T,Z/p" (1)) — H'(T,Fp(1))

is surjective for every r > 1. This Z,(1) is unique up to iso.

PRrROOF. By induction on r, assume built a lift of F,,(1) to a (', )-bundle Z/p" (1),
satisfying the required property. Let us explain how to build Z/p"*1(1). To do
S0, it is very convenient to use the ring scheme of truncated Witt vectors of length
two, Wy. Consider the natural surjection of rings
7 Wo(Z/p") — Z/p",
(.230, 1‘1) — Zg.

Recall that the Teichmiiller lift for line bundles exists in full generality, as defined
in [7], 4.1. Denote by W2(Z/p"(1)) the Teichmiiller lift of Z/p"(1): it is a free
Wy (Z/p")-module of rank one, equipped with a -action. It lifts Z/p"(1) via 7.
Consider the reduction sequence of the Wy-line bundle W2 (Z/p™(1)) (see [7], 4.1)

(W)) 1 0 —> Frob, (Z/p" (p)) — Wa(Z/p" (1)) 22 2/p7 (1) — 0.

It is an exact sequence of (Wo(Z/p"),T")-modules. Recall that Frob.(Z/p"(p))
denotes the abelian group Z/p"(p), seen as a Wo(Z/p")-module via the Witt
vector Frobenius (a ring homomorphism)

ry Frob r
Wo(Z/p") — Z/p",

(w0, 21) = 2§ + pz1.
[Likewise, on the right of (W), Z/p" (1) should be denoted by 7.(Z/p"(1)).]
The induced connecting map in cohomology, is a Wo(Z/p")-linear map
B:H' (T, Z/p" (1)) — Frob.(H*(L, Z/p" (p)))-
Observe that the ideal
V i=Ver(Z/p") = Ker(n) = {0} x Z/p" C Wo(Z/p")

annihilates H'(T',Z/p"(1)) (considered as a Wy(Z/p")-module via 7). Hence,
takes values in the V-torsion sub-module of Frob,(H?(T',Z/p"(p))). From the
equality Frob(0,z) = pz, it is straightforward to see that “V-torsion=p-torsion”,
for the Wo(Z/p")-module Frob, (H*(T,Z/p"(p))). Applying H*(T,.) to the exact
sequence

0 — Fy(p) — Z/p" (p) — Z/p" " (p) — 0,

one gets a surjection of F,-vector spaces

H2(T,Fy(p) > HA(T, 2/p" (p)[p).

Thus, there exists a linear map of [F-vector spaces B, giving the following factori-
sation of (:

H\T.2/p (1) "5 H'(T,F,(1) 2 B (D F,(p) ™% Frob. (H(T, 2/p' (p)))-
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[The surjection nat on the left arises from Z/p"(1) — F,(1).]

Since Fy(p — 1) =F,, by Poincaré duality mod p, 3 is of the shape
B: HYT,F,(1)) — H*(T,F,(p)) ~TF,,

r—=xzUe,,

for some (unique) e, € H'(I',F,(p — 1)). Observe that, as a byproduct of the
discussion on the V-torsion above, one gets

F, = Fp(p_l) = Home-Mod(Fp(l),Fp(p» = Homwz(Z/zﬂ‘)—Mod (Z/p"(1), Frob, (Fp(p)))
= Homw, z/pr)-Mod (Z/p" (1), Frob.(Z/p" (p)))-

This provides an action of (the group) F,, on the trivial extension of
(W4(Z/p"),T)-modules
0 — Frob.(Z/p"(p)) — x — Z/p" (1) — 0,

by automorphisms of extension. Twisting it by the F,-torsor e, yields an extension
of (W3(Z/p"),T)-modules

(£:) : 0 — Frob,(Z/p"(p)) — * — Z/p" (1) — 0,
which is geometrically trivial (=trivial as an extension of W2 (Z/p")-modules). Its
connecting homomorphism is 8 as well. Form the Baer difference
D, = (W, — &) : 0 —> Frob,(Z/p" (p)) — Lr 2> Z/p" (1) — 0.

It is an extension of (W3(Z/p"),T')-modules. Since &, is geometrically trivial,
D, is geometrically isomorphic to W,.. Consequently, its middle term L,, as a
Wy (Z/p")-module, is free of rank one. By compatibility of connecting maps to
Baer sum, one sees that the connecting map of D, vanishes. Equivalently, the
induced arrow

1 H'(N) 7 r
H(T, L) —— H (I, Z/p"(1))
is surjective. Introduce the homomorphism ® of Lemma [5.3] and set
Z/p" (1) =L, @ Z/p" T
AsaZ/p"t'-module, Z/p (1) is free of rank one. Observe that Z/p" ™ (1)®z/,r+1
F, is isomorphic to F,(1) (given at the very start). However, a priori,
Z/p"(1) ==L/ (1) @zypris Z/p"

need not be isomorphic to Z/p"(1) (constructed in the previous step). Consider
the natural reduction sequence of (I, + 1)-modules

Kig1:0—Z/p"(1) — Z/p" (1) — Fp(1) — 0.

Using the commutative diagram of Lemma [5.3] one gets a commutative diagram
of (T',r + 1)-modules

r—r®1

L, ——=1Z/p""'(1)
l)\ inatr+1
nat,
Zfp"(1) ——=Fp(1).
Since H*(\) and H'(nat,) are surjective, so is

H'(nat,41) : H'(T,Z/p" (1)) — H'(T,F,(1)).
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By uniqueness of Z/p"(1), this shows that Z/p"(1)" is actually isomorphic to
Z/p"(1). Observe that, as in Lemma the arrow

HYT,Z/p" (1)) — H'(T,Z/p"(1))

is then surjective as well.

Let us prove uniqueness of Z/p"*1(1). Denote by x,. : I' — (Z/p")* the character
corresponding to Z/p"(1). Assume that Z/p"T1(1)" is some other choice for a
suitable lift of Z/p"(1). Its character is then of the shape

X/TH = Xr+1 T €
where
e:T— (1+p"Z/p" 1 2)* ~Z/p
is simply a mod p character, corresponding to an extension of (T, r)-modules
(€:0—F, — % —Z/p" — 0.
Consider the reduction sequences of (T, + 1)-modules
0—F,(1) — Z/p"t' (1) — Z/p"(1) — 0
and
0— F,(1) — Z/p"' (1) — Z/p" (1) — 0.

Since Z/p"t1(1) and Z/p"t1(1) satisfy item (1), the connecting maps
HY(T',Z/p" (1)) — H?(I',F,(1)) of both extensions vanish. Also, the Baer differ-
ence of these extensions is (€)(1), i.e. (€)®z/,rZ/p"(1). Using compatibility of Baer
sum to connecting maps, and surjectivity of HY(T',Z/p"(1)) — HY(T,F,(1)),
a small chase reveals that e € H'(I',F,) lies in the (left) kernel of the perfect
cup-product pairing

HYT,F,) x HY(I,F,(1)) — H*(T,Fy(1)).
Hence e vanishes, proving the uniqueness of Z/p"(1). |

Remark 5.2. Assume that the premises of Proposition [5.1]also hold for every open
subgroup I'' C T, in place of I" (for the same coefficients F, (1), restricted to I').
Observe that this is true in the Demuskin case, i.e. when I is a pro-p-group. Then,
for every such IV, HY(IV, Z/p"(1)) — H*(I",F,(1)) is also surjective. This means
that the pair (I, Z,(1)) is (1, co)-cyclotomic, in the sense of [6].

To conclude, we deal with the Lemma that was used in the previous proof.
LEMMA 5.3. For each r > 1, there exists a ring homomorphism
@ : W (Z/p") — Z/p",

such that the diagram of ring homomorphisms
W (Z/p") ——> L/p"+!

7 /pr nat Fp

commutes, where 7(xg,x1) = xo is the natural surjection.
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ProoF. Consider the Witt vector Frobenius of the ring Z/p™*1, given by the first
Witt polynomial:
Wa(Z/p) =2 2/,
(o, 1) — xh + pry.
As in [7], Lemma 5.5 (to which we refer for details), one proves that Frob factors
through the natural arrow Wo(Z/p" 1) — Wy (Z/p"), giving rise to the promised
ring homomorphism. The commutativity of the diagram is readily checked. O

Exercise 5.4. Show that the ring Wy(Z/p") is a (Z/p"')-algebra.

6. GLUING, LIFTING AND GLUIFTING EXTENSIONS OF (I',r)-BUNDLES

In this section, I' is any group, or profinite group. In the latter case, all represen-
tations are assumed to be continuous.

DEFINITION 6.1. (Gluing)
Assume given two extensions of (T',r)-bundles,

gdﬂn 0 — Vi’r — Vd,r — Vd/1,7' — 0

and

fdﬂ« 0 — Vd/l,r — Wd,r — Ld+177~ — 0,
where Vi, and Lqy1, are invertible, and Vg, Wy, are d-dimensional.
A gluing of Eq.r and Fy . is a pair (Egy1,r, r), consisting of an extension of (T',r)-
bundles

Ear1r:0 — Var — Vigp10 — Lay1, — 0,
and an isomorphism of extensions of (T',r)-bundles

¢r . 7T*(£d+1,r) L> ]:d+1,r7

where m 1 Vg, — Vg1, is the natural surjection introduced earlier, and .(.)
denotes the induced push-forward operation, at the level of extensions.
Isomorphisms of gluings are defined in the obvious way.

The obstruction to gluing &g, and Fg,, is the cup-product
ObS(gd_;,_l,r) = Edﬂn U f"dﬂ« 0 — Vl,r — Vdﬂ« — Wdﬂa — Ld+1,7" — 0.
It is a 2-extension of (I', r)-bundles, whose Yoneda class in
EXt%F,r)—Mod(Ld-H,Tv Vl,?”) = Hz(Fv L\d/+1,r ® Vlﬂ“)
vanishes if, and only if, a pair (€441, ¢r) as above exists.

DEFINITION 6.2. (Lifting).
Assume given an extension of (T';r)-bundles

&0 —=Vip — Vi — Viyjr — 0.
A lifting of €. (mod p™1) is a pair (E,.41,%,), where
Ert1:0—= Vi1 — Virp1r — Vigjrpr — 0
is an extension of (I'yr + 1)-bundles, and where
Ui q(Erg1) — &r

is an isomorphism of extensions of (T, r)-bundles.
[Recall the notation q(.) = (.) ®z/pr+1 (Z/p").]
Isomorphisms of liftings are defined in the obvious way.
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DEFINITION 6.3. Define

GL(V;, C Vi) C GL(Vg,r),
Tesp.

End(Vj,l C Vk,l) C End(kal),

as the subgroup, resp. Fp,-subspace, of automorphisms, resp. endomorphisms,
preserving V; ., resp. Vj1. In block form, it is given by

x ok * ok
6 2)=C )
where blocks are of sizes j and k — j. There is a natural reduction sequence
0 — End(Vj1 C Vi1) = GL(Vjry1 C Virs1) % GL(Vj C Vi) — 1,
where q is the natural reduction, and
i(e) =Id +p'e,
fore e End(V;1 C Vi 1).

Let &, be an extension of (T, r)-bundles. Via a classical construction in non-abelian
cohomology (see [I1] chapter 1, 5.6), the obstruction to lifting & mod p"*! is a
natural class

obs(EH_l) S HZ(F,EIld(VjJ - Vk71)).

DEFINITION 6.4. (Gluifting)
Assume given two extensions of (I',r + 1)-bundles,

Earr1:0—=Vi,11 — Vary1 — Vyj1p41 — 0
and
Far1:0— Va1 01 — Warr1 — Lat1,r41 — 0,
and a gluing
(Eav1,rs Or)

of the extensions of (I',r)-bundles E4r = q(Egry1) and Fyr := ¢(Fars1)-
A lifting of the gluing (Eqs1.1> &), is the data of a gluing (Ea1,r+1, Gri1) of Ears1

and Fq 41, together with an isomorphism

0r : q(Eav1,041 Or1) — (Ear1rs Or),

as gluings of €4, and Fq .

Altogether, the data of (Eat1r+1,Pre+1,0r) is called a gluifting of
(gd,r+17 ]:d,rJrh gd+1,7‘7 ¢r) .

Gluifting is related to Grothendieck’s “extensions panachées”, and makes sense in
a much more general stacky setting, worth investigation. However, we stick here
to an elementary concrete approach. Let us now explain how the obstruction to
gluifting is a natural reduction of obs(€44+1.r+1) to a mod p cohomology class.

LEMMA 6.5. The obstruction to gluifting, as above, is a natural class
¢1 € Bxt{p 1) (Las1,1, L) = H*(D, Ly, ®r, L),

such that
iv(c1) = obs(Eay1,r41) € HA(T, Lijyy oy ©2 L1 rp1)-
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PROOF.
To simplify, assume first that Lgi1,41 = Z/p" ! is trivial.
Consider the natural surjection of (I',r + 1)-modules

Vd,r 2 (Vd,r-i-l/Ll,r-i-l) L) Vd/l,r — 07

given by
f(,1) :==m(v) —q(l).

It fits into an extension of (I',r + 1)-modules

Q:0—> N — Vi & Vigjrp1 — Vijro — 0,
whose kernel N naturally fits into the exact sequence
N:0— Ly — Vi1 — N —0,

where
S(U) = <Q(U)’7T(U)) ENCVayr® Vd/l,r+1-
The injection in N is given by the composite inclusion

L 7
Ly = Vg1 = Varyr.

Since Lgy1,r4+1 = Z/pT“, we can consider £gy1 ,, resp. Fg 41, as a torsor under
the (I', r + 1)-module Vg, resp. (Vgr41/Lar+1). Taking their direct product, one
gets a torsor X, under the (T, 7+1)-module Vy,® (Vg r41/L1r+1). The data of the
gluing (Eq11,r, ¢r) then yields a natural trivialization of ¢.(X), which is a I'-torsor
under V 1,0+ Using the extension Q, we get a natural torsor Y, under N, together
with a natural isomorphism X — +,(Y). Lifting the gluing (€441, ¢1) is then
equivalent to lifting Y, to a I'-torsor under Vj,11, via s. Using the connecting
map associated to N, one sees this is obstructed by a class

c1 € H* (I, Ly14).

It is left to the reader, to check that i.(c1) = obs(Egs1,r41)-

The general case, where Lgi1,41 is not assumed to be trivial, reduces to the
previous one by applying (.® Ly, ), the tensor product of (I, + 1)-modules.
In other words, replacing all (T', 7 + 1)-modules M by M ® L2l/+1,r+1’ we are sent
back to the case Lgt1,+1 = Z/p" . The proof is complete. O

7. LIFTING (WOUND) KUMMER FLAGS

In this section, I" is a p-manageable profinite group, with respect to a given Z,(1).
For instance, one may take one of the two pairs of Proposition[{.3] More generally,
by Proposition lifting theorems of this section apply to all profinite groups
satisfying mod p Poincaré duality in dimension 2.

Let V, = (V4,) be a d-dimensional complete (I',r)-flag. Under suitable assump-
tions, we prove that V., lifts to a complete (I',r 4+ 1)-flag V41 — in a very strong
“step-by-step” sense.

7.1. WOUND KUMMER FLAGS.

DEFINITION 7.1. (wound flag)
A complete (T',7)-flag V = (V; ) is said to be wound (ployé in French), if for all
1<i<d-—1, the extension of (T',1)-modules

0— Liy — Py :=Vig11/Vicig — Lizi1 — 0

does not split.
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Remark 7.2. The flag V is wound if and only if its mod p reduction is wound, as
a complete (T, 1)-flag.

LEMMA 7.3. A complete (I',1)-flag V = (V;1) is wound, if and only if it is the
only complete flag with which the (T, 1)-bundle Vg1 can be equipped.

PRrROOF. If V is not wound, there exists an i such that the extension of Definition
splits. Exchanging factors of the grading Vij1,1/Vic11 =~ L;1 @ Liy1,1 then
gives another complete flag on V; ;. Conversely, assume that V is wound. Let
us prove, by induction on d, that L;; is the only fixed point of the natural I'-
action on the finite projective space (of Fp-lines in Vy1) P(Vy1). Let L C Vg,
be a I'-invariant line. The quotient flag V/V;1 1 (on Vg 1/Vi 1) is wound, so that
by induction one gets L C V5 1. If L # Vi 1, then L would provide a splitting of
the surjection Va1 — Lg 1, contradicting the fact that V is wound. Therefore,
L = V1 and the induction step is complete. Uniqueness of V then follows, again
by induction on d. Indeed, let V' = (V/;) be another complete flag on V1. Then
V1/,1 = V1,1, by what precedes. By induction, one then gets V/Vi 1 = V'/V1 1, so
that V = V’, as desired. O

DEFINITION 7.4. (wound Kummer flag)
Let Vg, be a wound complete (I',1)-flag. We say that Vg, is a wound Kummer
flag if there exists N € Z, such that, for alli=1,...,d,

(1) Li,r ~ W,(Ll71(2))(N — ’L)

Remark 7.5. Assume that » = 1. Taking N = 0 in definition above, one sees that
Wi (Li(0)(=i) = Lia(i)(=1) = Lia.
Hence, every wound (T, 1)-flag is wound Kummer.

Remark 7.6. The integer N in the definition above is secondary. Its purpose
is to make the notion of a Kummer flag invariant by “global” (in the sense of
independent of i) cyclotomic twists, and by dualizing (Exercise below).

Ezercise 7.7. Let Vg4, = (Vi,) be a wound Kummer (T',r)-flag. Show that its
dual flag Vy . = (V\,_; ) is a wound Kummer (T, 7)-flag, as well.

Remark 7.8. The last line of Definition above essentially says that L; , = L; 41 (1),
after restriction to a subgroup of I' of prime-to-p index and up to a global ”cyclo-
tomic” twist. Here are details. Denote by xr, : I' — (Z/p")* the character associ-
ated to a one-dimensional (I, r)-bundle L. Recall that (Z/p")* = F* x U,, where
U, = (1 +pZ/p"Z). [Note that U, = Z/2 x (Z/2"7?) if p=2, and U, = (Z/p" 1)
if p > 2.] Denote by

XL : T — U,
the second component of x,, with respect to this decomposition.
Then x; = 1, if and only if L = W, (L/p) (i.e. L is the Teichmiiller lift of
its mod p reduction). We thus see that L;, ~ W,(L;1(i))(—%), if and only if
X/Lm =Xy o (i) Equivalently, there exists a finite extension E/F, of degree
prime to p, such that L; , ~ Z/p"(—i), as (I'g, r)-bundles.

FEzample 7.9. Denote by
x(1): T — Z;
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the character associated to Z,(1). As a triangular representation, a 3-dimensional
wound Kummer (T, r)-flag reads as

x(=2) - Wr(X(2)e2) ay as
% 0 x(=1)-Wo(x(Der) a2 ) € Bs(Z/p")
0 0 W’I‘(EO)

for characters e;: I' — F,’, and suitable functions a; : I' — Z/p", such that

both induced mod p representations

g9 @
r — ((f 611> € By(F,)

and
g1 Qo
I — (0 E()> GBQ(]FP)
correspond to non-split line bundle extensions. In case ¢; = 1 for ¢ = 0, 1,2, this
means that @, and @, are non-zero characters I' — (Fp,, +).

The next Proposition states that wound Kummer flags can be lifted, in a very
strong sense. This means they can be lifted step-by-step, regarding both torsion
(i.e. lifting from mod p” to mod p"*!) and dimension (i.e. extending a lifting of a
truncation of the flag, to a lifting of the whole flag).

PROPOSITION 7.10. (step-by-step liftability of wound Kummer flags)
Let Vg, be a wound Kummer (I',r)-flag.

Assume given a wound Kummer flag V(bif““ = (erﬂ)lgigd—l, together with

¢
an isomorphism Vq_1, = V% _| . Then, there exists a lift of Va., to a wound
Kummer flag V4,41, and an isomorphism Vg_1 y41 = VZ_LTH, whose reduction
mod p" equals ¢.

Before giving the proof, here is a corollary, straightforward by induction on d.

COROLLARY 7.11. Assume that Vg, is a wound Kummer (I',r)-flag. Then it
admits a lift to a wound Kummer (I',r + 1)-flag.

Proof. We prove the Proposition, by induction on d = dim(Vy,.). If d = 1, there
is nothing to prove, since W,41(L1 1) is a lift of W,.(Lq 7).

If d = 2, then V;,4+1 consists of the single piece Ly 41 = W, 41(L11(1))(-1).
Our job is to lift [V5,] € Ethl—\(Lgvr,LLr) to a class in Ethl—\(Lgﬂq_l, Li.41). Note
that, for all s > 0,

Extr(La,s, L1,s) = H'(T, (Ly,, © L s) = H' (T, W(Ly; ® L11)(1)).
The map Ext%(Lg,T+1, Li,41) — Extj (L2, L1,) can thus be identified to
HY(T, Wy 1(Ly @ L11)(1)) — H' (T, W, (L3, @ L11)(1)),

which is surjective by Lemma (consequence of the (wH90) property), con-
cluding the proof.

It remains to treat the case d > 2, assuming that the Proposition holds for all flags
of dimension < d. We introduce the (d — 1)-dimensional wound Kummer flag

Vi =Var/Li1y:0C Va1, CVay1, Covo C Ve

Similarly, we introduce the (d — 2)-dimensional wound Kummer flag

b b . b b b
Vaciir+1 = Vit /L1 10 C Vo) 10 V310 C o TV i
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By the induction hypothesis, there exists a wound Kummer lift vg{q,r 419t Vi,

compatible with V'Zlfl/l_rﬂ. The obstruction to gluift V'Zl/l 41 and Vg_l il
along Vg, to a flag V4,41, is a class

c1 € H*(T, Ly, ® Ly1)

(see Definition and the discussion thereafter). If ¢; = 0, then gluifting can
be done, and Vg ,41 is automatically a wound Kummer flag, compatible with
Vi 1y (e with ¢).

Assume that ¢; # 0. We are going to modify (=adjust) Vg_MH, so that gluifting
becomes possible. Since Vg, is wound, the extension

0— L1 — Vo1 — Ly —0
does not split, nor its twist by LZ{J. Denote its class by
p1 € Bxtp (Lo, L) ~ H (D, Ly} ® Ly 1).
Since p; # 0, Lemma [3.9 implies that there exists a class
e € Extf(Lay, L21) = H'(T', Ly, ® La1),

such that p; U el = ¢.
There are natural I'-equivariant injections

1Ly, ® Loy <> End(Vh_, ) = Aut(V5_| ),

where the second one is given by the formula

feId+p"f
It is a disguise of the embedding of triangular subgroups of GLg_1(Z/p"*1),
1 0 0 p'x X ok kX
01 0 O - 0 x *x =
001 0 0 0 x =
000 1 0 0 0 x

Since t(Ly; ® Ly 1) is central in Aut(Vh_, r+1)> We can define the flag
ftad —
vdil,rﬂ = v?ifl,r+1 - L*(eﬁ)~

It is a new lift of Vg_l ,» arising as a very small (actually as small as possible)

deformation of V¥ Denote by

d—1,r41"
e H* (T, Ly, ® L1,1)

the obstruction to glue VZ?LTH and Vzafil}rﬂ, to a lift Vg,41 of Vg,. Using
naturality of cup-product, one computes:

Al=c¢ —pUé =0.
Therefore, Vga_duﬂ and V'ZI/MH glue, to the desired Vg 1. ([l

7.2. GENERALISATION TO A LARGER CLASS OF COEFFICIENTS. Let k be a (not
necessarily perfect) field of characteristic p. Then, Proposition as well as
all results so far, hold for representations over the ring of Witt vectors W,.(k), in
place of Z/p"(= W ,.(F,)). Indeed, F,-linearity can everywhere be upgraded to k-
linearity. For instance, Lemma|3.9|generalizes to finite-dimensional representations
of I' over k (in place of ;). The proof is the same.
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7.3. KUMMER FLAGS, IN THE PRESENCE OF ENOUGH ROOTS OF UNITY. In this
section, we assume that Z/p™t1(1) ~ Z/p"*t!. This assumption is satisfied in the
topological case. In the arithmetic case where I' = I'p for a local field F, it is
equivalent to assuming that F contains a primitive p"T'-th root of unity.

DEFINITION 7.12. Let Vg, be a complete (T, r)-flag.
For all 1 < k < d, define i,.(k) to be the smallest integer 0 < i < k — 1 such that
the extension of (I',r)-modules

0— kal,r/v;‘,r — Vk,r/vti,r — Lk,r — 0
splits.

To state a general lifting theorem, we need the following notion of Kummer flag,
defined by induction. Recall that to any flag Vg4, of rank d, we can attach two
flags: its truncation V41 ,, and its quotient Vg, , := Var/Vir

DEFINITION 7.13. A complete (T',r)-flag Va4, is a Kummer flag if the following
conditions hold.
(1) For all1 <k <d, i.(k) =i1(k).
(2) For allk = 1,...,d, Ly, = Z/p". In other words, all one-dimensional
graded pieces are trivial.
(3) Va1, and Vg1, are Kummer.
(4) For all2 <k <d, if i, (k) =0, then for any splitting s : Ly, — Vi, the
flag vzfu :=Var/s(Li,) is Kummer.

Several remarks are in order, to illustrate this definition.

Remark 7.14. Consider the condition:
(ii) Forall k=1,...,d, Ly, = W,(Lg1).
It is less restrictive than Condition (2) above. The main results, Theorem

and its corollary, remain valid if (2) is replaced by (ii), in Definition Since
this makes no significant difference, we have chosen to work with (2).

Remark 7.15. If d = 1, a flag V1 ,.(= L1 ,-) is Kummer if and only if it is attached
to the trivial character I' — (Z/p")*.

If d =2, a flag V5, is Kummer if and only if it is attached to an extension of the
trivial character by itself that is either split, or already non-split modulo p.

Remark 7.16. If r =1, then V4 is a Kummer flag if and only if all of its graded
pieces are trivial.

Remark 7.17. Condition (1) in Definition is equivalent to:
(i) Consider an extension of (I',r)-modules of the shape
(Er):0—Vjsir — Visip — Visjr — 0,
for some integers 0 < i < j < k <d. If (Ey) splits, then (F,) splits.
Actually, in combination with conditions (3) and (4), it would suffice to demand
(i) for j =i+ 1 =k — 1. [Thus, as stated, the formulation of the Definition is

slightly redundant. It is nonetheless convenient in practice.]
Checking these facts is left to the interested reader.

Remark 7.18. A wound Kummer (I',r)-flag (in the sense of Definition is a
Kummer (T, )-flag (in the sense of Deﬁnition, if and only if L; ; is trivial for
every i = 1,...,d. Indeed, the wound condition implies that i, (k) =i1(k) =k —1
for every k = 1,...,d, and the fact that L, is trivial and Z/p" = Z/p"(1) as
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(T, r)-modules implies that L; , is trivial for every i =1,...,d.
On the other hand, a Kummer (T",r)-flag is wound if and only if i, (k) = i1 (k) =
k —1 for every k = 1,...,d. One can easily construct an example of a Kummer

flag not satisfying this condition, so that not all Kummer flags are wound.
The following two lemmas will be useful in the proof of the main Theorem.

LEMMA 7.19. Let Vg,11 be a complete (I',r + 1)-flag. Let 2 < k < d—1 and
§:Lyyir1 — Virg1 be a section of Vi py1 — L ri1.
IfVair, Vajie41 and Vary1/s(Lgry1) are Kummer, then Vg1 is Kummer.

Proof. The only non-obvious case to check condition (1) in the definition of Kum-
mer flag for V4,41 is when k = d and i;(d) = i,(d) (since Vg4, is Kummer) is
0 or 1. Then i,11(d) = 0 or 1 since Vg1 ;41 is Kummer. If iy(d) = i.(d) is 1,
then i,41(d) = 1. If 41(d) = i,(d) = 0, then i,41(d) = 0 since Vg ri1/5(Lk,r11) is
Kummer.

Condition (2) in the definition is obvious.

Condition (3) is obvious for V4, 11 and follows by induction on the dimension
for Vd_LTH.

Condition (4) holds by induction on d. O

LEMMA 7.20. Let V.41 be a complete (T',r + 1)-flag such that i1(k) > 1 for all
2<k<d-1 andi(d) > 2.

If Va1 and Vg_1 41 are Kummer, then Vg 41 is Kummer.

Proof. Condition (1) is obvious for all k¥ < d — 1 since V4_1 ;41 is Kummer, and
for k = n since i1(d) > 2 and V41,41 is Kummer.

Conditions (2) and (3) are obvious.

Condition (4) is clear because of the assumption on the i;(k)’s. O

We can now state and prove the main result of this section.

THEOREM 7.21. Assume that Z/p" (1) ~ Z/p"+1.
Let Vq, be a complete Kummer (T, r)-flag.

RE

o Consider a Kummer flag V?iq 41, together with an isomorphism Vg1 .

S

Vg_lr. Then, there exists a Kummer lift Vg ,41 of Vg, together with a

Prt1
isomorphism Vg1 .41 = Vgil’rﬂ, which lifts ¢,

RS

o Consider a Kummer flag VZ_MH, together with an isomorphism Vg_1,,
VZ_LT. Then, there exists a Kummer lift Vg ,41 of Vg, together with an

Prt1
isomorphism Vq_1 ;41 = V_; .1, which lifts ¢,.

In particular, Vg, lifts to a complete Kummer (U, + 1)-flag Vg r41.
Before the proof, we give a straightforward corollary. Let
Var=Vip C Vo, C...C Vg,

be a Kummer flag of (I',r)-bundles, for some r > 2. Then, every ¢ € H'(I', V1)
can be seen as the class of an extension of (I", 1)-bundles

0— Vg1 — Va1 — Z/p — 0,
which determines a (d + 1)-dimensional Kummer flag of (T', 1)-bundles
Virii:=Vigi CVo1 C...C Vg1 CVggi-
Thus, Theorem [7.21] implies the following.
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COROLLARY 7.22. Let r > 2 be an integer. Assume that Z/p"(1) ~ Z/p". Let V
be a (', r)-bundle, which fits into a Kummer (T, r)-flag

vd,r:VLr C Vgﬂa cC...C Vd,r:V-
Then, the natural map
Hl(F7V) — Hl(F,V/p)
18 surjective.

We go back to the proof of Theorem [7.21]

Proof. Tt is enough to prove the first statement of the Theorem: the second one
follows by duality, given that the dual of a Kummer flag is again a Kummer flag,
and taking duals swaps subobjects and quotients.

We proceed by induction on d. If d = 1 or d = 2, the proof is identical to that of

Proposition [7.10]

Assume that d > 2 and that the result holds for all Kummer flags of dimension
< d. Let Vg, = (Vir)i<i<a be a d-dimensional Kummer flag, and let Vg_l il
be as in the statement of the first part of the Theorem. 7
Consider the natural (d — 1)-dimensional Kummer flags V41, C Vg4, and
Vajir = Var/Vi, associated to Vg4,. By induction, there exists a Kummer

lift VZ—l,r+1 of V4_1, compatible with VZ—Q,T-H'

e Assume first that there exists 2 < k < d — 1 such that i, (k) = 0, i.e. that the
modulo p extension

00— Vk*l,l — Vk’l — Lk,l — 0
splits. Since V'zl_l 41 18 Kummer, the modulo p"t1 extension
0—Vicip41 — Vir41 — Lgypg1 — 0

splits. The choice of a section s : Ly 41 — Vi r41 determines a 1-dimensional
direct factor s(Ly y4+1) of VZJ_H, hence 1-dimensional (I',r + 1)-submodules of

VLLT and of Vg ,. In particular, we have a cartesian commutative diagram
modulo p”:

#
vd,r vd—l,r

|

V(:lfl,r = vd,T/S(LkJ‘) vgl’ilr s szl,r/S(LkJ‘) .

#.s

By induction, there exists a lift Vij_; ., of V§_; | compatible with Vi7", | :=

V3—1,7-+1/3(Lk,r+1)~
Then one defines a lift Vg 41 of Vg4, as the following cartesian diagram

> ot

vd,r+1 vd—l,r+1

\V& S vﬂ,S
d—1,r+1 d—2,r4+1"

By Lemma V41 is a Kummer lift of Vg4,, extending VLLHI (and
Vilfl,r%»l)'
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e Assume now that i1(d) = 0, i.e. that the extension
0— Vdfl,l — Vd,l — Ld,l —0

splits. Since Vg4, is Kummer, then the analogous extension splits modulo p".
Then we define V4,11 as the direct sum VZ—l,r+1 @ Lgr+1. Then Vg ,4q is the
required Kummer lift of Vg ,..

e Assume now that i1(d) = 1, i.e. that the extension

0— Vd_1/171 — Vd/l,l — Ld71 —0

splits. Since vﬁdq,r 41 s Kummer, the analogous extension splits modulo prtl,

The choice of a splitting defines a 2-dimensional subflag Vlgm of Vg, and Vg,
appears in the following pushout diagram of inclusions

vl,r > vd—l,r

L

|
v?,r vd,r .

By the 2-dimensional case, the flag Vlz,r lifts to a flag V!Q,r+1 compatible with
both Vli,r-u = L1 y41 and Lg,41, and one can define the required lift Vg ,41
by the following pushout diagram of inclusions

b b
Vi = vd—l,r-{-l

.

!
Vori1 = Vdrs1-

Finally, one checks that the flag V4,11 we just defined is Kummer and satisfies
the statement of the Theorem.

e Assume finally that i ;= i;(d) > 2 (and that we are not in the previous cases).
Then the modulo p extension

0—Vi_1si110 —> Vapimin —> Lag — 0
does not split, while the extension
0—Va_1/i1 — Vasin —> La1 — 0

does split. In particular, the choice of a splitting of the second one defines a
non-split extension

0— Lis — Pjgq1 — Lq1 — 0.
By assumption i1 (¢) # 0, so that the following extension does not split:

0—Vicig— Vi1 — Lijx — 0.

The argument is now very similar to the proof of Proposition [7.10]
The obstruction to glue Vz—l,r-i-l and vg—l,r—&-l to a lift V4,41 of Vg, is a
class

¢ € H¥(T, Ly, ® L11)
(see the discussion after Definition . If ¢; = 0, then gluifting can be done,
and V41 is automatically a Kummer flag, compatible with ngl’r 1
Assume that ¢; # 0. We are going to modify VZ?MH, so that gluifting becomes
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possible.
By assumption, the extension
0— Va_1/i-11 — Vijic1q —> Lag — 0
does not split, nor the twist of its dual by Ly ;:
0—Lj; ®Li — Vd\;i_m @ L1 — Vdv—l/i—l,l ®Li; — 0.
Denote its class by
P € EXt%‘(Vd\/—l/i—l,lv L(\i/,l) ~ H'(T, Ly @ (Vaziyi—11)) -
Since p; # 0, Lemma [3.9] implies that there exists a class

e € Hl(ra Vd\i1/¢71,1 ®Li1) = Ethl“(Vd—l/i—l,la Li,),

such that p; U € =c.
Consider the extension i€’ € Ethl“(Vd—l/i—l,r+17Ll,r+1) and its pull-back

Z'*Eb S EXt%w(Vd_l/17r+1,L1’r+1) by the surjection Vd—l/l,r+1 — Vd—l/i—l,r—l-l'

Define V;fﬁrﬂ € Extllﬂ(Vd,l/LTH, Lq,41) as the Baer sum of the extensions

de—l,r-‘,-l and the opposite of i,€” in this Ext group. Then V;fﬁrH is a new lift

of VZ_LT, arising as a small deformation of VZ_LH_l. Note that VZ’fiH_l is
Kummer since none of the i1 (k) are zero, for 2 < k < d — 1. Denote by

e H*T, Ly, ® Ly,1)

the obstruction to gluing V?FUH and VZ’fiTH to a lift Vg 41 of Vg,.. Using
the explicit constructions of the obstruction classes ¢; and ¢§¢ in Lemma
one computes:

c’i‘d:cl—plLJeb:O.

Therefore, VZ’T} el and Vg_l il glue, to the desired V4,41, that is Kummer

by Lemma [7.20] O

One could hope for a statement generalizing both Proposition [7.10] and Theorem
7.21] with no assumptions on roots of unity in the arithmetic case and with a
suitable notion of Kummer flag. This cannot be achieved using only cyclotomic
twists for the Ly’s, as shown in the following example.

Ezample 7.23. Let K = Qg (resp. Qp, with £ =3 (mod 4)) and p = 2. The map
o: HYK,7/47) — HY(K,7/27),

induced by reduction modulo 2, is not surjective: its image is a subgroup of index
2. More precisely, identifying H'(K,Z/27Z) with K*/(K*)?, it is classical that
for all z € K*, (z) € HY(K,Z/27Z) lifts to H'(K,Z/AZ) if and only if

(x)U (x) = () U(—1) =0 € H*(K,Z/27Z).

Hence HY(K,Z/2Z) \ im(a) = {(-1),(-2),(=5),(=10)} (resp. HY(K,Z/2Z) \
im(a) = {(~0), (0)}).

Let € := (—2) and &' := (=5) in HY(K,Z/2Z) (resp. € := (—{) and &’ = ({)).
Then ¢,¢’ ¢ im(«a) and e Ue’ = 0.
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The relation € U &’ = 0 implies that the representations of 'y defined by
1 ¢ ¢ 1 0 ¢
p1 = 01 0 and pg = 0 1 0 glue to a four-dimensional rep-
0 0 1 0 0 1
1 ¢ ¢ =«
. 01 0 ¢ . .
resentation ps := 001 0 | Similarly, the representations ps and py :=
0 0 0 1
/
1o e 010 o
0 1 ¢ glue to a four-dimensional representation ps := 00 1 =
001 00 0 1

Finally, the obstruction to glue p3 and p5 (along p2) to a five-dimensional represen-
tation lies in H?(K,Z/2Z). Up to modifying the top right hand side coefficient of
p3 by an element in H'(K,Z/27), one can assume that this obstruction is trivial,
hence p3 and ps glue to a representation p: I'x — GL5(IF3) defined by

1 ¢ & *
0 1 0 & =«
p= 0 01 0 ¢
0 0 0 1 €
0 0 0 0 1

and we denote by Vs ; the associated flag.
Then p does not lift to a representation p : I'x — GL5(Z/4Z) of the shape:

X1 k% *
0 x2 0 = =

p = 0 0 X3 0 *
0 0 0 xg4 =
0 0 0 0 xs

such that x; are powers of the cyclotomic character. Equivalently, V5 ; does not
lift to a (', 2)-flag V5 9, such that Ly o are powers of the cyclotomic character
and the extensions V35 5 and Vj,3 5 split.

Indeed, assume the contrary and denote x; by x% where y is the cyclotomic
character modulo 4 and &; € Z/27Z. One sees that €,¢’ € H'(K,Z/27) then lift to

HY(K,x] ®x;) = H'(K,L}, ® Li») = H'(K, Z/AZ(& + &;)),

for all (4,7) € {(1,2),(1,3),(2,4),(3,5),(4,5)}, hence for all such (7,7), one has

&+ & =1, 1e & # & Therefore §; # &, &2 # &4, &4 # &5, hence §; # &5, and
&1 # &3, &3 # &5, hence & = &5. So we get the contradiction &5 # &s.

Remark 7.24. Tt follows from [8, Theorem 6.4.4] that, in the case { = p =2, p as
in Example admits a lift to a completely reducible representation p: I'p —
GL;5(Z/4Z). However, it is important to the Emerton-Gee method to allow the
characters on the diagonal to be arbitrary crystalline characters. For instance if
F = Q,, crystalline characters are unramified twists of powers of the cyclotomic
character, and the images of Frobenius under the unramified twists appearing on
the diagonal give distinct variables on the Emerton-Gee stack, that provide the
necessary freedom to construct lifts for all possible p.

In the case when ¢ # p, one can deduce from [4], Section 2.4.4] that p admits a lift
p: T'r — GL5(Z/47Z) equipped with a complete flag, and such that the inertia
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subgroup of I'r acts unipotently. Then a simple argument shows that the flag for
p cannot satisfy condition (1) of Definition [7.13] in view of the example above.

From Proposition [7.10] and Theorem [7.21] one derives the following much weaker

COROLLARY 7.25. Let I’ be one of the following groups:

e the absolute Galois group of a local field F (a finite extension of Qg or
Fo((t)), with £ = p allowed.)
e the topological fundamental group of a closed connected orientable surface.

Let d > 1 be an integer, and let
p1: T — GL4(F,)
be a mod p representation. The following holds.

(1) Assume that the representation p1 has a unique complete T'-invariant flag.
Together with this complete flag, it then lifts for all r > 2 to a representa-
tion

pr: T — GL4(Z/p"Z),
and these lifts can be chosen in such a way that p,.41 reduces to p, mod p”
for every r.

(2) In the arithmetic case, assume that F contains all p*-th roots of unity.

Then py lifts to a representation

po : T — GL4(Z/p?).

PROOF. In the topological case, we first extend p; to a continuous representation
P r — GL,(F,). Lifting p7 to continuous representations of r implies lifting
p1 to representations of T' (see Remark. From now on, I" denotes the profinite
completion L.

In Item (1), observe that the unique flag for p; is necessarily wound (see Lemma
. The result then follows from the step-by-step liftability statement of Corol-
lary Let us prove Item (2), using a standard technique from group cohomol-
ogy. Denote by T’y C T' the open subgroup Ker(p;). Set I'V := T'/T. Let S C TV
be a p-Sylow subgroup and I's C T" be the pullback of S in T' (it is a prime-to-p
finite index subgroup). By passing to the quotient and restriction, p; gives rise
to a representation I's — GLg(F,). Since S is a p-group, this representation
is conjugate to a strictly upper triangular representation I's — Ugy(F,). Define
Vy := F, viewed as a (I's,1)-module via pyp, : I's — GLg4(F,). By Remark
it follows that V; can be equipped with a Kummer flag V4 ;. Applying The-
orem (to I's and r = 1) one gets that V41 lifts mod p?. One then concludes
using [5], Lemmas 3.2 and 3.4. O

Remark 7.26. No assumption on roots of unity is required in Corollary [7.25[1),
thanks to the (strong) assumption that p; admits a unique complete T-invariant
flag. Also, in Corollary 2), one can replace the assumption on roots of unity,
by the weaker condition F(u,) = F(up2), see Remark

Remark 7.27. In the topological case, it would be interesting to provide an al-
ternative elementary proof of item (2) of the Corollary, using the presentation of
m1(S) by 2g generators X;,Y;, with the single relation [Xi,Y1]...[X,, Y] = 1.
To our knowledge, such a proof is not available in the literature. Note that, in
genus g = 1, item (2) boils down to a nice exercise: prove that two commuting
elements of GL4(F,) admit lifts, to commuting elements of GL4(Z,). Note also
that item (2), in the arithmetic case, is proved in [2] using the presentation of T
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by generators and relations. This approach is much more involved than ours, but
works without assumptions on roots of unity.

Remark 7.28. As already mentioned in Section[7.2] the preceding Corollary is still
true upon replacing F, by a field k of characteristic p, and Z/p? (resp. Z,) by
Wy (k) (resp. W(k)). The proof adapts, with minor modifications.

Remark 7.29. For Galois groups of local fields, the proof of Corollary [7:25] is
altogether extremely short. By [§] or [3], item (1) actually holds unconditionally
(dismissing flags). We hope this can be done by an elementary treatment, as well.
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