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Abstract. We prove a precise relation between simple modules in the Borel

category O and the shifted category O for a symmetrizable Kac-Moody Lie

algebra.
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1. Introduction

1.1. The Borel category O. Consider a symmetrizable Kac-Moody Lie algebra
g, with a set I of simple roots. We write (dij)i,j∈I for the symmetrized generalized
Cartan matrix associated to g, see (15). Fix q ∈ C∗ not a root of unity and an
enlargement h ⊇ CI of the root lattice as in Remark 2.1; the latter is a technical
requirement that ensures the non-degeneracy of the bilinear form on the Cartan
subalgebra. The representation theory of the quantum loop algebra
(1)

Uq(Lg) = C
〈
ei,d, fi,d, φ

+
i,d′ , φ

−
i,d′ , κa

〉
i∈I,d∈Z,d′≥0,a∈h

/(
relations in Def. 2.5, 2.7

)
has long been studied from various points of view, see for instance [5, 25] and the
many references in [24] for g of finite type, and [22, 33] for g of general symmetrizable
type. The Borel category O (defined by Jimbo and the first-named author) contains
simple modules

(2)
(
Borel subalgebra of Uq(Lg)

)
↷ L(ψ)

which are indexed by so-called highest ℓ-weights 1

(3) ψ =

(
ψi(z) =

∞∑
d=0

ψi,d

zd
∈ C[[z−1]]×

)
i∈I

which are rational, i.e. each ψi(z) is the power series expansion 2 of a rational
function in z regular at ∞.

Let us write r = ord ψ ∈ ZI for the I-tuple that keeps track of the orders of
the poles of the rational functions ψi(z) at z = 0, and call it the order of ψ. Then
there is ([33, 34]) an isomorphism of vector spaces

(4) L(ψ) ∼= Lr ⊗ L ̸=0(ψ)

which underlies the decomposition of the q-character (long-known in special cases
when g is of finite type [19, 15, 26, 12, 23, 16]) as

(5) χq(L(ψ)) = χr · χq(L̸
=0(ψ))

The factor χr is an ordinary character (as opposed from a q-character) that only
depends on r = ord ψ, and it has been computed in [34], in accordance with
conjectures of [30, 38]. In particular, we recover two limit cases that were already
known for finite type g:

• If L(ψ) is a finite-dimensional representation of the entire quantum loop
algebra, then there is only one factor χq(L(ψ)) = χq(L

̸=0(ψ)) by [19].

• If ψ is a polynomial in z−1, then χq(L̸
=0(ψ)) = [ψ] has only one term by

[15], and so χq(L(ψ)) = χr[ψ].

1If we enlarge the Cartan subalgebra as in Remark 2.1, then simple modules are indexed by
(ψ,ω) as in Remark 2.18 and not merely by ψ. However, we choose not to include ω in our
notation for brevity.

2We note that our convention is to expand ℓ-weights in z−1 as opposed from the more usual
z, in order to ensure uniformity between our z and the variables of shuffle algebras, see (40).
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Our main interest is to calculate the second factor in (5) by gaining an under-
standing of the vector space L ̸=0(ψ) itself, for any highest ℓ-weight ψ. We treat
general symmetrizable Kac-Moody Lie algebras g, but our results are also new for
g of finite type, as we handle all simple modules in the category O.

1.2. The shifted category Osh. By analogy with the Borel category O, the first-
named author introduced the shifted category Osh consisting of modules of the
shifted quantum loop algebra
(6)

Uq(Lg)
µ = C

〈
ei,d, fi,d, φ

+
i,d′ , φ

−
i,d′ , κa

〉
i∈I,d∈Z,d′≥0,a∈h

/(
relations in Definition 3.1

)
While the Borel category O is well designed to study quantum integrable models
thanks to the transfer-matrix construction [15, 16], the shifted categoryOsh fits very
well in the framework of cluster categorification [20]. In contrast, it is not known
how to assign transfer-matrices to any module in Osh, and there are difficulties to
obtain direct cluster categorification from the whole category O (as tensor products
of simple modules in O are not always of finite length). In this picture, it is thus
important to understand the precise relation between the two categories of modules.

The algebra (6) was defined in [14] for any integral coweight

(7) µ =
∑
i∈I

riω
∨
i

where r = (ri)i∈I ∈ ZI . Moreover, for g of finite type and for any rational ℓ-weight
ψ with r = ord ψ, a simple module

(8) Uq(Lg)
µ ↷ Lsh(ψ)

was constructed in [23] (by loc. cit., Uq(Lg)
µ has a non-trivial finite-dimensional

module if and only if µ is codominant). In the present paper, such simple modules
will be defined for an arbitrary symmetrizable Kac-Moody Lie algebra g.

When g is of finite type and Lsh(ψ) is finite-dimensional, it was quickly recog-
nized in [23] that χq(L

sh(ψ)) matches the second factor in the right-hand side of
(5). In the present paper, we establish this fact for a general L(ψ) by lifting it from
an equality of numbers to an isomorphism of vector spaces.

Theorem 1.1. For any symmetrizable Kac-Moody Lie algebra g and any rational
ℓ-weight ψ, we have a vector space isomorphism

(9) L ̸=0(ψ) ∼= Lsh(ψ)

which preserves the natural gradings by n ∈ NI and x ∈ (C∗)n on both sides (see
(96) and (134)). Therefore, (9) descends to an equality of q-characters

(10) χq(L̸
=0(ψ)) = χq(L

sh(ψ)).

The result above not only holds for any symmetrizable Kac-Moody Lie algebra
g, but it is also new for g of finite type, as it is established for any simple module
Lsh(ψ) (in particular µ is not necessarily codominant). Our methods are also
different from the ones in the literature, see for instance [25, 23].
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The isomorphism of vector spaces (9) lifts to one of modules for

U−
q (Lg) = C

〈
fi,d

〉
i∈I,d∈Z

/(
relations

)
which is a common subalgebras to both (1) and (6). However, since the the gluing
between the positive and negative halves differs between the algebras (1) and (6),
we cannot upgrade the isomorphism (9) any further.

1.3. QQ-systems. Another important application of our results is given by the
simple modules corresponding to Q̃-variables in QQ-systems [16].

Recall that the ODE/IM correspondence gives a surprising relation between func-
tions associated to Schrödinger differential operators and the spectrum of quantum
systems called “quantum KdV”. Feigin-Frenkel [11] have proposed a large general-
ization of this correspondence in terms of Langlands duality. This open conjecture
is a fruitful source of inspiration. In particular, a remarkable system of relations
(the QQ-system) was observed to be satisfied by spectral determinants of certain
solutions of affine opers [29]. Then, motivated by the general Feigin-Frenkel conjec-
ture, it was proved in [16] that this QQ-system has a solution in the Grothendieck
of the Borel category O (when the underlying Lie algebra is of finite type). The
solution is described in terms of simple classes up to multiplicative constants (the
renormalization factors, which are to be computed).

Our results give the precise renormalization factors to write the QQ-system in
the Grothendieck ring of the Borel category O. Indeed, a solution of the QQ-system
exists in the category Osh without any renormalization factor by [23]. The relation
between representations of shifted quantum loop algebras and Borel algebras that
we establish here is the missing piece to compute the renormalization factors.

Note that the QQ-systems are closely related to the Bethe Ansatz relations in
quantum integrable systems [29] and to exchange relations in certain monoidal
categorifications of cluster algebras [20]. Hence, the precise QQ-system in the
Grothendieck group of category O established in the present paper opens the way
to new developments in these directions as well.

More generally, we establish a ring isomorphism between the Grothendieck rings
of O and Osh. This allows to formulate the conjectures in [17] on generalized
QQ-systems in terms of the Borel category O.

With this in mind, one of the main applications of our results is Theorem 4.11:
there is an explicit solution of the QQ-system in the Borel category O. This result
generalizes that of [16] from finite type to an arbitrary symmetrizable Kac-Moody
Lie algebra g.

1.4. Shuffle algebras. There are many tasks that go into establishing Theorem
1.1: defining Borel subalgebras of Uq(Lg) for arbitrary symmetrizable Kac-Moody
Lie algebras g, explicitly constructing the vector spaces L(ψ), L ̸=0(ψ) and Lsh(ψ)
and establishing the coincidence of the latter two. All these tasks can be performed
using the techniques of shuffle algebras ([10, 13]). In a nutshell, there is a subspace

S− ⊆ V =
⊕
n∈NI

C[z±1
i1 , . . . , z

±1
ini

]symi∈I∏unordered
i̸=j,a,b (zia − zjb)
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such that S− ∼= U−
q (Lg), and a subalgebra

S−
<0 ⊂ S−

such that S−
<0

∼= U−
q (Lg) ∩ Uq(b̂

+)c=1 in finite types. This allowed the second-
named author to prove the following isomorphisms in [33, 34]

L(ψ) = S−
<0

/
J(ψ)(11)

L̸=0(ψ) = S−
<0

/
J ̸=0(ψ)(12)

where J(ψ) and J ̸=0(ψ) are certain subsets of rational functions that we recall in
Subsection 2.9. We also have

(13) L̸=0(ψ) ∼= S−
/
J̄ ̸=0(ψ)

where J̄ ̸=0(ψ) is defined in Lemma 2.19. Our main technical result is the following

Theorem 1.2. For any symmetrizable Kac-Moody Lie algebra g and any rational
ℓ-weight ψ, let µ and r = ord ψ be related by (7). Then

(14) Lsh(ψ) = S−
/
J sh(ψ)

(where J sh(ψ) is given in Definition 3.6) is the unique up to isomorphism simple
Uq(Lg)

µ-module generated by a single vector |∅⟩ satisfying relations (128)-(129).

The following fact is non-trivial

J̄ ̸=0(ψ) = J sh(ψ)

and will be proved in (131). Comparing (13) with (14) implies Theorem 1.1.

1.5. Acknowledgements. The first-named author gratefully acknowledges the
support of the Agence Nationale de la Recherche (grant ANR-24-CE40-3389). The
second-named author gratefully acknowledges the support of the Swiss National
Science Foundation grant 10005316.

2. The Borel category O

We recall Uq(Lg) and its Borel subalgebra for a complex semisimple Lie algebra
g, and then generalize these notions to arbitrary symmetrizable Kac-Moody Lie
algebras. We then review the Borel category O defined in [25, 33], as well as the
explicit construction of simple modules in this category from loc. cit.
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2.1. Basic notations. The set N will contain 0 throughout this paper. Fix q ∈ C∗,
not a root of unity. We fix h ∈ C satisfying q = eh so that the complex powers of
q are well-defined. To a finite set I and a Cartan matrix

(15) C =

(
cij =

2dij
dii

∈ Z
)

i,j∈I

one can associate a complex semisimple Lie algebra g. The numbers dij = dji for
i ̸= j must be non-positive integers, while the numbers dii must be even positive
integers. We will write

di =
dii
2

for all i ∈ I. The root lattice of the Lie algebra g will be identified with ZI in what
follows, and we will write

(16) CI ⊗ CI (·,·)−−→ C, (ςi, ςj) = dij

for the complexified symmetric invariant bilinear form, where

ςi = (0, . . . , 0, 1, 0, . . . , 0)︸ ︷︷ ︸
1 on i-th position

∈ NI

represents the i-th simple root. We will consider the standard partial order

m ≤ n ⇔ n−m ∈ NI

and write m < n if m ≤ n and m ̸= n. Let 0 = (0, . . . , 0), 1 = (1, . . . , 1) and

|m| =
∑
i∈I

mi

for all m = (mi)i∈I .

Remark 2.1. Later in our paper, we will generalize complex semisimple Lie al-
gebras to symmetrizable Kac-Moody Lie algebras. In this level of generality, there

exist situations (such as type Â2) when the Cartan matrix (15) is singular and
hence the bilinear form (16) is degenerate. In this case, we extend the bilinear form
following [28]: we choose a complex vector space h and a non-degenerate pairing

(17) h⊗ h
(·,·)−−→ C

which extends (16) with respect to a henceforth fixed inclusion CI ↪→ h (we abuse
notation and write ςi for the image of the i-th standard basis vector in h). It is
well-known that the smallest such enlargement h has dimension 2|I| − rank(C).

2.2. The quantum affine algebra. We will be interested in the quantum affine

algebra of g, with trivial central element. If we let Î = I ⊔ 0, this algebra is defined
as

(18) Uq(ĝ)c=1 = C
〈
ei, fi, κ

±1
i

〉
i∈Î

/(
[κi, κj ] = 0 and other relations

)
The “other relations” one imposes in the right-hand side will not be used in the
present paper, and the interested reader can find them in [25, Subsection 2.1]. The
algebra (18) has a Borel subalgebra

Uq(b̂
+)c=1 ⊂ Uq(ĝ)c=1
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generated by {ei, κ±1
i }i∈Î .

Definition 2.2. ([25]) Consider the category O of complex representations

(19) Uq(b̂
+)c=1 ↷ V

which admit a decomposition

(20) V =
⊕

ω∈∪t
s=1(ω

s−NI)

Vω

for finitely many ω1, . . . ,ωt ∈ CI , such that every weight space

(21) Vω =
{
v ∈ V

∣∣∣κi · v = q(ω,ςi)v, ∀i ∈ I
}

is finite-dimensional. If v ∈ Vω as above, then we call ω the weight of v.

2.3. The quantum loop algebra. In order to index simple modules in the cate-
gory O of Definition 2.2, we follow in the footsteps of [5] and consider the non-trivial
isomorphism (constructed by [9] and proved by [1, 7])

(22) Φ : Uq(ĝ)c=1
∼−→ Uq(Lg)

where the object in the right-hand side is the quantum loop algebra
(23)

Uq(Lg) =
〈
ei,d, fi,d, φ

+
i,d′ , φ

−
i,d′

〉
i∈I,d∈Z,d′≥0

/(
[φ±

i,s, φ
±′

j,t] = 0 and other relations
)
.

We will recall the full set of relations in Uq(Lg) in Definitions 2.5 and 2.7. The only
properties of the isomorphism (22) that will be important to us are

Φ(κi) = φ+
i,0

Φ
(
Uq(b̂

+)c=1

)
⊃ {φ+

i,0, φ
+
i,1, . . . }i∈I ∪ {ei,0, ei,1, . . . }i∈I .

As such, we can consider modules in category O and ask how their weight spaces
further decompose into generalized eigenspaces for the commutative family of en-
domorphisms {φ+

i,0, φ
+
i,1, . . . }i∈I . This is best systematized by the following notion.

Definition 2.3. An ℓ-weight is an I-tuple of invertible power series

(24) ψ =

(
ψi(z) =

∞∑
d=0

ψi,d

zd
∈ C[[z−1]]×

)
i∈I

If every ψi(z) is the expansion of a rational function, then ψ is called rational.

Thus, given an ℓ-weight ψ, we can do two things:

• for any module Uq(b̂
+)c=1 ↷ V , consider the generalized eigenspace

(25) Vψ =

{
v ∈ V

∣∣∣ (φ+
i,d − ψi,d · IdV

)N
(v) = 0 for any i, d and for N ≫ 0

}
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• consider the simple module

(26) Uq(b̂
+)c=1 ↷ L(ψ)

generated by a single vector |∅⟩ subject to the relations

(27) ei,d · |∅⟩ = 0 and φ+
i,d · |∅⟩ = ψi,d|∅⟩

for all i ∈ I, d ≥ 0. A simple module (26) was shown to exist and be unique up to
isomorphism in [25], building upon the work of [5] on finite-dimensional modules.

Moreover, we have the following.

Theorem 2.4. [25] The representation L(ψ) lies in category O if and only if ψ is
rational.

We henceforth work only with rational ℓ-weights ψ.

The characters (i.e. the generating series of dimensions of weight spaces (21))
of simple modules are not strong enough to distinguish between different L(ψ)’s.
However, the q-characters of Frenkel-Reshetikhin ([19, 25], i.e. the generating series
of dimensions of ℓ-weight spaces (25)) of simple modules do distinguish between
them. We will denote these q-characters as follows, for any V in category O

(28) χq(V ) =
∑

ℓ-weights ψ

dimC (Vψ) [ψ]

where [ψ] are formal symbols that multiply component-wise (as I-tuples).

2.4. Kac-Moody Lie algebras. We will henceforth assume that g is a symmetriz-
able Kac-Moody Lie algebra, or equivalently, drop the positive-definiteness require-
ment on the Cartan matrix (15). In this level of generality, we do not have a notion
of

Uq(ĝ)c=1 and its Borel subalgebra Uq(b̂
+)c=1.

However, there exists a notion of Uq(Lg), to which we will associate a replacement of
the Borel subalgebra using shuffle algebra tools. We start with a two-step definition
of the quantum loop algebra associated to g. In what follows, we will write

ei(z) =

∞∑
d=−∞

ei,d
zd

, fi(z) =

∞∑
d=−∞

fi,d
zd

, φ±
i (z) =

∞∑
d=0

φ±
i,d

z±d
.

and qi = qdi . We assume that an enlargement h ⊇ CI as in Remark 2.1 is given,
and define the following notion (which differs from that of [33] by the fact that it
has a bigger Cartan subalgebra; symbols {κa}a∈h will always be considered to be
C-additive, i.e. satisfy the formula

(29) καa+βb = καaκ
β
b

for all α, β ∈ C and a,b ∈ h; in all representations we will consider, all the κa’s
will act diagonally with non-zero complex eigenvalues). For all i, j ∈ I, let

(30) ζij(x) =
x− q−dij

x− 1
.
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Definition 2.5. The pre-quantum loop algebra associated to g is

Ũq(Lg) = C
〈
ei,d, fi,d, φ

+
i,d′ , φ

−
i,d′ , κa

〉
i∈I,d∈Z,d′≥0,a∈h

/
relations (31)-(35)

where we impose the following relations for all i, j ∈ I, a ∈ h, ±,±′ ∈ {+,−}:

(31) ei(x)ej(y)ζji

(y
x

)
= ej(y)ei(x)ζij

(
x

y

)

(32) φ±
j (y)ei(x)ζij

(
x

y

)
= ei(x)φ

±
j (y)ζji

(y
x

)
(33) κaei(x) = ei(x)κaq

(a,ςi)

(34) φ±
i (x)φ

±′

j (y) = φ±′

j (y)φ±
i (x), φ±

i,0 = κ±ςi

as well as the opposite relations 3 with e’s replaced by f ’s, and finally the relation

(35) [ei(x), fj(y)] =
δijδ

(
x
y

)
qi − q−1

i

(
φ+
i (x)− φ−

i (y)
)
.

In formula (31), we clear denominators and obtain relations by equating the coef-

ficients of all x−dy−d′
in the left and right-hand sides, while in (32) we expand in

non-positive powers of y±1 and then equate coefficients.

Note that we do not assume any Drinfeld-Serre type relations to hold in the pre-
quantum loop algebra, and instead include (generalized versions of) such relations
in Definition 2.7 below. More specifically, the quantum loop algebra Uq(Lg) will

be defined as a particular quotient of the pre-quantum loop algebra Ũq(Lg), which
we will introduce using the language of shuffle algebras.

We have the following shift automorphisms for all r = (ri)i∈I ∈ ZI

(36) σr : Ũq(Lg) → Ũq(Lg), ei,d 7→ ei,d+ri , fi,d 7→ fi,d−ri , φ
±
i,d 7→ φ±

i,d, κa 7→ κa

Remark 2.6. We note that different authors use different normalizations for the
Cartan elements, and we compare them here. In the present paper, we write

(37) φ±
j (y) = κ±1

ςj exp

( ∞∑
u=1

pj,±u

uy±u

)
in terms of which (32) implies

(38) [pj,u, ei(x)] = ei(x)x
u
(
qudij − q−udij

)
Therefore, the comparison between the generators pj,u and the h̃i,u of [23, Section
9.2] is given by the following formula for all j ∈ I and u ∈ Z\0

pj,u = u(q − q−1)
∑
i∈I

h̃i,uCij(q
u)

where

(39) Cij(x) =
xdij − x−dij

xdi − x−di

3In other words, we replace any product . . . eφe′φ′ . . . by . . . φ′f ′φf . . . .
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is the modified quantum Cartan matrix (it coincides with the usual quantum Cartan
matrix, which has entries xdi +x−di on the diagonal and [cij ]x off the diagonal, for
finite type g).

2.5. The big shuffle algebra. We now review the trigonometric version ([10]) of
the Feigin-Odesskii shuffle algebra ([13]) associated to the Kac-Moody Lie algebra
g. Consider the vector space of rational functions in arbitrarily many variables

(40) V =
⊕
n∈NI

Vn, where V(ni≥0)i∈I
=

C[z±1
i1 , . . . , z

±1
ini

]symi∈I∏unordered
i̸=j

∏ni

a=1

∏nj

b=1(zia − zjb)

Above, “sym” refers to color-symmetric rational functions, meaning that they are
symmetric in the variables zi1, . . . , zini for each i ∈ I separately (the terminology
is inspired by the fact that i ∈ I is called the color of the variable zia). We make
the vector space V into a C-algebra via the following shuffle product:

(41) E(zi1, . . . , zini
)i∈I ∗ E′(zi1, . . . , zin′

i
)i∈I =

1

n!n′!
·

Sym

E(zi1, . . . , zini
)E′(zi,ni+1, . . . , zi,ni+n′

i
)
∏
i,j∈I

∏
1≤a≤ni

nj<b≤nj+n′
j

ζij

(
zia
zjb

)
The word “Sym” in (41) denotes symmetrization with respect to the

(n+ n′)! :=
∏
i∈I

(ni + n′
i)!

permutations of the variables {zi1, . . . , zi,ni+n′
i
} for each i independently. The rea-

son for formula (41) is to ensure that there exist algebra homomorphisms

Υ̃+ : Ũ+
q (Lg) → V, ei,d 7→ zdi1 ∈ Vςi(42)

Υ̃− : Ũ−
q (Lg) → Vop, fi,d 7→ zdi1 ∈ Vop

ςi(43)

where

Ũ+
q (Lg) = C

〈
ei,d

〉
i∈I,d∈Z

/
(relation (31))

Ũ−
q (Lg) = C

〈
fi,d

〉
i∈I,d∈Z

/
(opposite of relation (31))

By standard results on triangular decompositions, we have

Ũq(Lg) = Ũ+
q (Lg)⊗ C

[
φ±
i,1, φ

±
i,2, . . . , κa

]
i∈I,a∈h

⊗ Ũ−
q (Lg)

with the natural identification of generators. Note that Υ̃± intertwine the shift
automorphisms (36) with

σr : V → V, R(zi1, . . . , zini) 7→ R(zi1, . . . , zini)
∏
i∈I

ni∏
a=1

zriia,(44)

σr : Vop → Vop, R(zi1, . . . , zini
) 7→ R(zi1, . . . , zini

)
∏
i∈I

ni∏
a=1

z−ri
ia .(45)
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Definition 2.7. If we let

(46) U±
q (Lg) = Ũ±

q (Lg)
/
Ker Υ̃±

then the quantum loop algebra is defined as

(47) Uq(Lg) = U+
q (Lg)⊗ C

[
φ±
i,1, φ

±
i,2, . . . , κa

]
i∈I,a∈h

⊗ U−
q (Lg)

with the relations induced by (31)-(35). Note that Uq(Lg) inherits the shifts (36).

Example 2.8. For g of finite type, it was proved in [36] that (46) coincides with
the original quantum loop algebra defined by Drinfeld in [9] and studied by Beck in

[1] and Damiani in [7]. In other words, a system of generators for the ideal Ker Υ̃+

is given by the Drinfeld-Serre relations

(48)

1−cij∑
k=0

(−1)k
(
1− cij
k

)
q

Sym
[
ei(z1) . . . ei(zk)ej(w)ei(zk+1) . . . ei(z1−cij )

]
= 0

for all i ̸= j, and analogously for Ker Υ̃− using the f currents. Above, Sym denotes
symmetrization with respect to the variables z1, . . . , z1−cij .

Example 2.9. More generally, if

dij ∈ {0,−max(di, dj)}
for all i ̸= j, then we will say g is a strongly symmetrizable Kac-Moody Lie algebra.

In this case, it follows from [32, 35] that Ker Υ̃+ is still generated by relations (48),
and so

Uq(Lg) = Ũq(Lg)
/
(Drinfeld-Serre relations (48))

Example 2.10. For any simply-laced Kac-Moody Lie algebra g (i.e. dii = 2, ∀i ∈
I), it was shown in [31] that Ker Υ̃+ is generated by relations (49) below. To set up
these relations, consider for any i ̸= j ∈ I and any arithmetic progressions s, . . . , t
and s′, . . . , t′ with ratio 2, such that s+ t = s′ + t′, the following oriented graph

Figure 1. A distinguished zig-zag Z

with the diagonal edges pointing −dij steps to the left. Then we impose the relation

(49)
∑(

a certain polynomial
) ∏

vertices c in
descending order

(
ei(zc) or ej(zc)

)
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with the sum going over all subgraphs of Figure 1 with no oriented cycles (any
such subgraph gives rise to a well-defined order on the set of vertices, with respect
to which we can take the product in (49)) and we use either the current ei(zc) or
ej(zc) depending on whether the vertex c lies on the top or bottom row of Figure 1.
We refer the interested reader to [31] for the precise polynomials in (49).

2.6. Hopf algebras. Let us now recall the reason why (47) is a well-defined algebra
with respect to relations (31)-(35). The reason is the well-known fact that

Ũ≥
q (Lg) = Ũ+

q (Lg)⊗ C
[
φ+
i,1, φ

+
i,2, . . . , κa

]
i∈I,a∈h

(50)

Ũ≤
q (Lg) = C

[
φ−
i,1, φ

−
i,2, . . . , κa

]
i∈I,a∈h

⊗ Ũ−
q (Lg)(51)

(made into algebras using relations (31)-(34) and their opposites, respectively) are
actually topological Hopf algebras with respect to the Drinfeld coproduct with
values in a topological completion of the tensor square:

(52) ∆(φ±
i (z)) = φ±

i (z)⊗ φ±
i (z), ∆(κa) = κa ⊗ κa

(53) ∆(ei(z)) = φ+
i (z)⊗ ei(z) + ei(z)⊗ 1

(54) ∆(fi(z)) = 1⊗ fi(z) + fi(z)⊗ φ−
i (z)

for all i ∈ I,a ∈ h, and antipode S given by

(55) S
(
φ±
i (z)

)
=
(
φ±
i (z)

)−1
, S(κa) = κ−1

a

(56) S (ei(z)) = −
(
φ+
i (z)

)−1
ei(z)

(57) S (fi(z)) = −fi(z)
(
φ−
i (z)

)−1
.

for all i ∈ I,a ∈ h. Similarly, we can upgrade V and Vop to topological Hopf
algebras by appropriately enlarging them with elements φ+

i,d and φ−
i,d respectively.

Explicitly, we have the following coproduct formulas, see [33, Subsection 3.7]:

∆(E) =
∑

0≤m≤n

∏j∈I
mj<b≤nj

φ+
j (zjb)E(zi1, . . . , zimi

⊗ zi,mi+1, . . . , zini
)∏i∈I

1≤a≤mi

∏j∈I
mj<b≤nj

ζji

(
zjb
zia

)(58)

∆(F ) =
∑

0≤m≤n

F (zi1, . . . , zimi
⊗ zi,mi+1, . . . , zini

)
∏j∈I

1≤b≤mj
φ−
j (zjb)∏i∈I

1≤a≤mi

∏j∈I
mj<b≤nj

ζij

(
zia
zjb

)(59)

for all E ∈ Sn, F ∈ S−n. To make sense of the right-hand side of formulas (58) and
(59), we expand the denominator as a power series in the range |zia| ≪ |zjb|, and
place all the powers of zia to the left of the ⊗ sign and all the powers of zjb to the
right of the ⊗ sign (for all i, j ∈ I, 1 ≤ a ≤ mi, mj < b ≤ nj). The homomorphisms

Υ̃± respect the Hopf algebra structures above, so

U≥
q (Lg) = U+

q (Lg)⊗ C
[
φ+
i,1, φ

+
i,2, . . . , κa

]
i∈I,a∈h

U≤
q (Lg) = C

[
φ−
i,1, φ

−
i,2, . . . , κa

]
i∈I,a∈h

⊗ U−
q (Lg)

inherit Hopf algebra structures. Moreover, there exists a Hopf pairing

(60) U≥
q (Lg)⊗ U≤

q (Lg)
⟨·,·⟩−−→ C
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generated by the assignments

(61)
〈
ei(x), fj(y)

〉
=
δijδ

(
x
y

)
q−1
i − qi

(62)
〈
φ+
i (x), φ

−
j (y)

〉
=
xqdij − y

x− yqdij
, ⟨κa, κb⟩ = q−(a,b)

4 under the following conditions for all a, a1, a2 ∈ U≥
q (Lg) and b, b1, b2 ∈ U≤

q (Lg)〈
a, b1b2

〉
=
〈
∆(a), b1 ⊗ b2

〉
(63) 〈

a1a2, b
〉
=
〈
a1 ⊗ a2,∆

op(b)
〉

(64)

(∆op is the coproduct opposite to ∆) and

(65)
〈
S(a), S(b)

〉
=
〈
a, b
〉
.

As shown in [32], we have that

(66) Uq(Lg) is the Drinfeld double
U≥
q (Lg)⊗ U≤

q (Lg)

(κa ⊗ 1− 1⊗ κa)a∈h

.

Above, recall that the multiplication in the Drinfeld double is controlled by

ba =
〈
a1, S(b1)

〉
a2b2

〈
a3, b3

〉
⇔ ab =

〈
a1, b1

〉
b2a2

〈
a3, S(b3)

〉(67)

for all a ∈ U≥
q (Lg) and b ∈ U≤

q (Lg), where we use Sweedler notation

∆(2)(x) = (∆⊗ Id) ◦∆(x) = x1 ⊗ x2 ⊗ x3,

to avoid writing down the implied summation signs.

Remark 2.11. The above point of view on Uq(Lg) affords significant technical
advantages. For example, showing that the Drinfled new coproduct (52), (53), (54)
respects the Drinfeld-Serre relations (48) is a challenging computation directly (see
for instance [8]). However, the fact that the composition of homomorphisms

Υ̃+ : Ũ+
q (Lg)↠ U+

q (Lg) ↪→ V

respects the coproduct allows us to conclude that ∆ descends from Ũq(Lg) to Uq(Lg).

4Note that our q and κi are the usual q−1 and K−1
i from the theory of quantum groups.
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2.7. The (small) shuffle algebra. We will refer to either of

(68) S± = Im Υ̃±

as “the” shuffle algebra, i.e. the subalgebra of either V or Vop generated by {zdi1 ∈
Vςi}i∈I,d∈Z. By construction, we have

(69) U±
q (Lg) ∼= S±

Explicitly, S− is the C-linear span of rational functions of the form

(70) Sym

zd1
1 . . . zdn

n

∏
1≤a<b≤n

ζibia

(
zb
za

)
as i1, . . . , in run over I and d1, . . . , dn run over Z (in the expression above, we iden-
tify each variable za with some variable of the form zia•a in the notation of (40);
the values of •a ∈ {1, 2, . . . } do not matter due to the presence of the symmetriza-
tion, as long as we have •a ̸= •b whenever a ̸= b, ia = ib). S+ has an analogous
description to (70), but with the product going over a > b. The shuffle algebras S±

are graded by ±NI , with

Sn = S+ ∩ Vn and S−n = S− ∩ Vop
n

and they inherit the shift automorphisms σr : S± → S± from (44)-(45). Moreover,

S≥ = S+ ⊗ C
[
φ+
i,1, φ

+
i,2, . . . , κa

]
i∈I,a∈h

S≤ = C
[
φ−
i,1, φ

−
i,2, . . . , κa

]
i∈I,a∈h

⊗ S−

inherit topological Hopf algebra structures from extended V and Vop (see (58)-(59)).
Meanwhile, the pairing (60) takes the following form under the isomorphisms (69):

(71) S≥ ⊗ S≤ ⟨·,·⟩−−→ C
by formula (62) together with 5

(72)
〈
ei1,d1 ∗ · · · ∗ ein,dn , F

〉
=

∫
|z1|≫···≫|zn|

zd1
1 . . . zdn

n F (z1, . . . , zn)∏
1≤a<b≤n ζibia

(
zb
za

)
for all F ∈ S−n, any d1, . . . , dn ∈ Z and any i1, . . . , in ∈ I such that ςi1+ · · ·+ςin =
n (the notation in the right-hand side of (72) is defined in accordance with (70)).
The subscript under the integral sign means that the variables run over concentric
circles centered at the origin, which are very far away from each other and ordered
as prescribed by the ≫ signs. The volume form

∏n
a=1

dza
2πiza

will be implied in all
our integrals, although we will not write it out explicitly.

Example 2.12. For g of finite type, we have the following explicit description

(73) S+ =

{
ρ satisfying (74)∏unordered

i̸=j

∏
a,b(zia − zjb)

}
where ρ goes over color-symmetric Laurent polynomials which satisfy the so-called
Feigin-Odesskii wheel conditions for all i ̸= j in I

(74) ρ(. . . , zia, . . . , zjb, . . . )
∣∣∣
(zi1,zi2,...,zi,1−cij

)7→(zj1q
dij ,zj1q

dij+dii ,...,zj1q
−dij )

= 0

5We will abuse notation in our formulas for the pairing by writing ei,d instead of zdi1, see (42).
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The inclusion ⊆ of (73) was established in [10] based on the seminal work [13],
while the inclusion ⊇ of (73) was proved in [36]. Compare with Example 2.8.

Example 2.13. For g strongly symmetrizable (see Example 2.9), formulas (73)
and (74) also hold as stated, as proved in [35, Lemma 3.23].

Example 2.14. For any simply-laced symmetrizable Kac-Moody Lie algebra g (i.e.
dii = 2,∀i ∈ I), it was shown in [31] that

(75) S+ =

{
ρ satisfying (76)∏unordered

i̸=j

∏
a,b(zia − zjb)

}
where ρ goes over color-symmetric Laurent polynomials that satisfy the following
condition: for any i ̸= j in I and any t−s, t′−s′ ∈ 2N such that s−t′ = s′−t ≡ dij
mod 2,

(76) (x− y)
t−s′+dij

2 +1

divides the specialization of ρ at

zi1 = xqs, zi2 = xqs+2, . . . zi, t−s
2

= xqt−2, zi, t−s
2 +1 = xqt(77)

zj1 = yqs
′
, zj2 = yqs

′+2, . . . z
j, t

′−s′
2

= yqt
′−2, z

j, t
′−s′
2 +1

= yqt
′

(78)

Compare with Example 2.10.

2.8. Slope subalgebras and category O. The following are particular cases of
slope subalgebras, which were studied in [33]. Let

S≥0|n =

{
E ∈ Sn

∣∣∣ lim
ξ→0

E(ξzi1, . . . , ξzimi
, zi,mi+1

, . . . , zini
) <∞,∀0 <m ≤ n

}
S<0|−n =

{
F ∈ S−n

∣∣∣ lim
ξ→0

F (ξzi1, . . . , ξzimi
, zi,mi+1

, . . . , zini
) = 0,∀0 <m ≤ n

}
It is straightforward to show that

S+
≥0 =

⊕
n∈NI

S≥0|n

S−
<0 =

⊕
n∈NI

S<0|−n

are subalgebras of S+ and S− (respectively) with respect to the shuffle product.

Proposition 2.15. The subspace

A≥ = S+
≥0 ⊗ C

[
φ±
i,1, φ

±
i,2, . . . , κa

]
i∈I,a∈h

⊗ S−
<0

of Uq(Lg) is a subalgebra. If g is of finite type, the isomorphism

Uq(ĝ)c=1
∼−→ Uq(Lg)

sends the Borel subalgebra Uq(ĝ)c=1 isomorphically onto A≥.
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Remark 2.16. As explained in [34], there exists a factorization

A≥ =

→∏
µ∈(−∞,∞]

Bµ

where Bµ ⊂ A≥ is a subalgebra whose elements all satisfy the identity

µ(vdeg X) = |hdeg X|

(thus, µ = ∞ contains the generators ei,0 ∈ S+, while µ = 0 corresponds to the
positive half of the loop-Cartan subalgebra). The graded dimension of each Bµ is
determined by the exponents in the conjectural [34, formula (90)], which are known
for finite type g. Meanwhile, the commutation relations between general elements in
different algebras Bµ is not known even in finite types, see [2] for a classic situation

that is closely related to the g = ĝl1 analogue of the present paper.

The construction above justifies the following generalization of Definition 2.2,
which applies to all symmetrizable Kac-Moody Lie algebras g.

Definition 2.17. ([33]) Consider the category O of complex representations

(79) A≥ ↷ V

which admit a decomposition

(80) V =
⊕

ω∈∪t
s=1(ω

s−NI)

Vω

for finitely many ω1, . . . ,ωt ∈ h, such that every weight space

(81) Vω =
{
v ∈ V

∣∣∣κa · v = q(ω,a)v, ∀a ∈ h
}

is finite-dimensional. If v ∈ Vω as above, then we call ω the weight of v.

2.9. Simple modules. For any rational ℓ-weight ψ, we will write r = ord ψ ∈ ZI

for the tuple of order of poles of ψ = (ψi(z))i∈I at z = 0. Consider the following
−NI graded vector spaces, which were introduced in [33, 34]

L(ψ) = S−
<0

/
J(ψ)

L ̸=0(ψ) = S−
<0

/
J ̸=0(ψ)

Lr = S−
<0

/
Jr

In the formulas above, we define

J(ψ) =
⊕
n∈NI

J(ψ)n

J ̸=0(ψ) =
⊕
n∈NI

J ̸=0(ψ)n

Jr =
⊕
n∈NI

Jr
n

⊆
⊕
n∈NI

S<0|−n = S−
<0
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that consist of those elements F = F (zi1, . . . , zini
)i∈I ∈ S<0|−n such that〈

E(zi1, . . . , zini)
∏
i∈I

ni∏
a=1

ψi(zia), S(F )

〉
= 0, ∀E ∈ S≥0|n(82) 〈

E(zi1, . . . , zini
)
∏
i∈I

ni∏
a=1

ψi(zia), S(F )

〉
= 0, ∀E ∈ σN1(S≥0|n), N ≫ 0(83) 〈

E(zi1, . . . , zini
)
∏
i∈I

ni∏
a=1

z−ri
ia , S(F )

〉
= 0, ∀E ∈ S≥0|n(84)

respectively (in the right-hand side, S denotes the antipode map that we will not
need to review). One of the main results of [33] is that there is an action

(85) A≥ ↷ L(ψ)

with respect to which the RHS is the unique (up to isomorphism) simpleA≥-module
generated by a single vector |∅⟩ that satisfies the relations

(86) φ+
i,d · |∅⟩ = ψi,d|∅⟩

(87) ei,d · |∅⟩ = 0

for all i ∈ I and d ≥ 0.

Remark 2.18. If we work with the enlarged Cartan subalgebra as in Remark 2.1,
then we actually obtain a simple module for all

(ψ,ω)

where ω ∈ h has the property that ψi,0 = q(ω,ςi) for all i ∈ I, as in [21]. Such a
simple module also satisfies the relation

(88) κa · |∅⟩ = q(ω,a)|∅⟩
for all a ∈ h, on top of (86) and (87). To keep things readable, we will not include
ω in our notation, and still refer to the simple modules merely as L(ψ).

2.10. Decomposing simple modules. It was argued in [33] that (85) is an ana-
logue of the classical construction of irreducible g-representations as quotients of
U(n) by the kernel of the Shapovalov form: S−

<0 takes the role of U(n) and J(ψ)
takes the role of kernel of a contravariant form. Moreover, the following decompo-
sition of vector spaces was proved in [34, Proposition 4.8]

(89) L(ψ) ∼= Lr ⊗ L ̸=0(ψ)

The isomorphism above was shown to respect the action of the positive loop Cartan
subalgebra (generated by the φ+

i,d), and so it implies the following product formula

for q-characters (which experts have long known in finite types)

(90) χq(L(ψ)) = χr · χq(L
̸=0(ψ))

The factor χr in the right-hand side of (90) is an ordinary character (that is, a
combination of rational ℓ-weights that are constant), which was calculated in [34]
in accordance to a conjecture of [30, 38]. In the present paper, we will mostly focus
on the second factor, or equivalently, on the second tensor factor of (89). To start
with, the following simple statement was proved in [34, Remark 4.5].
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Lemma 2.19. The inclusion S−
<0 ⊂ S− induces an isomorphism

(91) L̸=0(ψ) ∼= S−
/
J̄ ̸=0(ψ)

where we write J̄ ̸=0(ψ) = {F ∈ S− satisfying (83)}.

2.11. Residues. We wish to describe L ̸=0(ψ) as a vector space. By Lemma 2.19,
this vector space is as explicit as are S− (see (70) and Examples 2.12, 2.13 and
2.14) and J̄ ̸=0(ψ). To describe the latter vector space, we will call

i1, . . . , in ∈ I an ordering of n ∈ NI

if ςi1 + · · ·+ ςin = n, see (70). In this case, for any F ∈ S−n we will use

F (z1, . . . , zn)

to mean the fact that each variable za is plugged into one of the variables zia•a of
F (the choice of •1, . . . , •n ∈ {1, 2, . . . } does not matter due to the color-symmetry
of F , as long as •a ̸= •b whenever a ̸= b, ia = ib). As proved in [33, 34], we have

(92) F ∈ J̄ ̸=0(ψ)n ⇔
∫
z1

· · ·
∫
zn

zd1
1 . . . zdn

n F (z1, . . . , zn)∏
1≤a<b≤n ζibia

(
zb
za

) n∏
a=1

ψia(za) = 0

for all orderings i1, . . . , in of n and all d1, . . . , dn ∈ Z. In the formula above, the
contours of integration run along the difference of two circles, one centered around
∞ and one centered around 0 (with zn much closer to these two singularities than
z1). By the residue theorem, we therefore conclude that

(93) J̄ ̸=0(ψ)n =
⋂

x∈(C∗)n

J̄ ̸=0(ψ)x

where for any

(94) x = (xi1, . . . , xini
)i∈I ∈ (C∗)n =

∏
i∈I

(C∗)ni/Sni

we define

(95) J̄ ̸=0(ψ)x =F ∈ S−n

∣∣∣ Res
zn=xn

. . . Res
z1=x1

zd1
1 . . . zdn

n F (z1, . . . , zn)∏
1≤a<b≤n ζibia

(
zb
za

) n∏
a=1

ψia(za) = 0, ∀d1, . . . , dn ∈ Z


Above, we let x1, . . . , xn denote any ordering of the entries of x, in accordance with
any ordering i1, . . . , in of n. From the formula above, we see that F ∈ J̄ ̸=0(ψ)x
if and only if finitely many linear combinations of the derivatives of F vanish at
the point (94). Thus, S−/J̄ ̸=0(ψ)x is a finite-dimensional ring which is annihilated
by a sufficiently high power of the maximal ideal of the point x ∈ (C∗)n. Since
only finitely many points x will produce a non-trivial residue in formula (95) (this
is because the rational functions ψi and ζij can only produce finitely many poles),
then we conclude from (93) that

(96) L ̸=0(ψ)n =
⊕

x∈(C∗)n

L̸=0(ψ)x
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where

(97) L ̸=0(ψ)x = S−n

/
J̄ ̸=0(ψ)x

The decomposition (96) is precisely the one by eigenvalues of the loop Cartan
subalgebra {φ+

i,0, φ
+
i,1, . . . }i∈I , and indeed as shown in [33] we have

(98) χq(L̸
=0(ψ)) = [ψ]

∑
n∈NI

∑
x∈(C∗)n

dimC
(
L ̸=0(ψ)x

)∏
i∈I

ni∏
a=1

A−1
i,xia

where Ai,x denotes the well-known ℓ-weight of [19, 18]. In our conventions, it is
given by the I-tuple of rational functions

(99) A−1
i,x =

[(
z − xqdij

zqdij − x

)
j∈I

]
Thus, the dimensions of the vector spaces (97) provide the coefficients of the q-
character of simple modules when expanded in the basis of monomials in the A−1

i,x ’s.

3. The shifted category Osh

In what follows, the symmetrizable Kac-Moody Lie algebra g and r ∈ ZI will be
arbitrary. We fix r = (ri)i∈I as above, and associate to it the integral coweight

(100) µ =
∑
i∈I

riω
∨
i

We will consider the shifted quantum loop algebra Uq(Lg)
µ of [14]. By analogy

with the previous Section, we construct a simple module

Uq(Lg)
µ ↷ Lsh(ψ)

for any ℓ-weight ψ with r = ord ψ. We will show that Lsh(ψ) is isomorphic to the
same-named simple module in the shifted category O defined in [23], and then we
will prove Theorems 1.1 and 1.2.

3.1. The shifted quantum loop algebra. It is well-known that the shifted quan-
tum loop algebra Uq(Lg)

µ has the same positive, negative and Cartan subalgebras
as Uq(Lg), but differs in the way they are glued. In fact, we can define the shifted
quantum loop algebra as a shifted Drinfeld double, in the following sense. We recall
that r and µ are always related by formula (100).

Definition 3.1. For any symmetrizable Kac-Moody Lie algebra g and any r ∈ ZI ,
we consider the µ shifted Drinfeld double

(101) Uq(Lg)
µ = U≥

q (Lg)⊗ U≤
q (Lg)

where the multiplication on the vector space in the RHS is controlled by the following
shifted version of relations (67)

ba =
〈
σ−r(a1), S(b1)

〉
a2b2

〈
a3, b3

〉
⇔

⇔ ab =
〈
σ−r(a1), b1

〉
b2a2

〈
a3, S(b3)

〉(102)

with σr being the automorphism ei,d 7→ ei,d+ri , fi,d 7→ fi,d−ri , φ
±
i,d 7→ φ±

i,d, κ
±
a 7→ κ±a .
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We denote the Cartan elements in U≥
q (Lg) and U≤

q (Lg) by κ+a and κ−a , respec-
tively, and do not require them to be set equal to each other as in (50)-(51). The
consequence of this convention is that the usual quantum loop algebras are related
to shifted quantum loop algebras by

Uq(Lg) = Uq(Lg)
0
/
(κ+a = κ−a )a∈h

As a consequence of relation (102), the shifted analogue of relation (35) is

(103) [ei(x), fj(y)] =
δijδ

(
x
y

)
qi − q−1

i

(
φ+
i (x)− y−riφ−

i (y)
)

but relations (31)-(34) (as well as their analogues when e’s are replaced by f ’s) hold
as stated. Thus, we leave it as an exercise to the reader to check that there is an
isomorphism

(104) Uq(Lg)
µ ∼= U0,µ (ĝ)

where the right-hand side is the algebra defined in [23, Subsection 3.1]. Note that
our Cartan currents φ±

i (z) differ from those of loc. cit. by the coordinate change
z → z−1 and an overall renormalization, which ensures that our φ±

i (z) start at z
0.

Remark 3.2. In loc. cit., the algebra in the RHS of (104) was only considered
for finite type g, which is why the Drinfeld-Serre relation (48) was imposed (see
[23, formula (3.6)]). For a general symmetrizable Kac-Moody Lie algebra g, this

relation must be replaced by a system of generators of Ker Υ̃±, see for example
relations (49) for simply-laced g.

Since the positive and negative halves of Uq(Lg)
µ are the same as those of Uq(Lg),

we will still use the shuffle algebra realization of Subsection 2.7, and denote the
subalgebras generated by {ei,d} and {fi,d} respectively by

(105) U±
q (Lg)µ ∼= S±.

It is convenient to replace the Cartan elements {φ±
i,d}

i∈I
d≥0 by {κ±a , pi,u}

a∈h
i∈I,u∈Z\0 via

(106) φ±
i (x) = κ±±ςi exp

( ∞∑
u=1

pi,±u

ux±u

)
.

This is because the commutation relations between these new Cartan elements and
S± ∼= U±

q (Lg) can be more succintly written as

(107) κ+aX = Xκ+a q
(±n,a), κ−aX = Xκ−a q

(±n,a)

(108) [pi,u, X] = ±X
∑
j∈I

(
zuj1 + · · ·+ zujnj

)
(qudij − q−udij )

for any X(zj1, . . . , zjnj
)j∈I ∈ S±n. As before, these relations take the same form

in the shifted and non-shifted cases, and µ =
∑

i∈I riω
∨
i only plays a role in (103).
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3.2. Shifted category O and simple modules. For a general symmetrizable
Kac-Moody Lie algebra g, the following analogue of Definition 2.17 was constructed
by the first-named author.

Definition 3.3. ([23]) Consider the category Osh of complex representations

(109) Uq(Lg)
µ ↷ V

which admit a decomposition (80) with finite-dimensional weight spaces (81).

In [23], the first-named author constructed for any rational ℓ-weight ψ of order
r (recall the notation µ =

∑
i∈I riω

∨
i ) a unique simple module

(110) Uq(Lg)
µ ↷ Lsh(ψ)

generated by a single vector |∅⟩ that satisfies

φ+
i (z) · |∅⟩ = ψi(z)|∅⟩ expanded near z ∼ ∞

φ−
i (z) · |∅⟩ = zriψi(z)|∅⟩ expanded near z ∼ 0

(111)

for all i ∈ I, and

(112) ei,d · |∅⟩ = 0

for all i ∈ I, d ∈ Z.

Theorem 3.4. The representation Lsh(ψ) is in Osh if and only if ψ is rational.

The proof of this statement in [23, Theorem 4.12] relies on the arguments of [21,
Theorem 4.9] and [4, Section 5] for ordinary quantum affinizations, that work both
for Cartan matrices of finite type or general type (as explained in [22]). Thus the
proof in [23] holds for general type (it does not involve the relations imposed in
(46), which are not explicitly known in general symmetrizable types).

Using Drinfeld’s topological coproduct, a fusion product was constructed for
simple representations in category Osh ([23]). The corresponding proofs also extend
from finite to general symmetrizable types.

Note that representations in Osh are not necessarily of finite length and do not
necessarily have the Jordan-Hölder property. However, the multiplicity of a simple
module in an object of category Osh is well-defined, and thus the (topological)
Grothendieck ring is well-defined. In finite types, the category of finite length
modules is stable by fusion product (see [27] and Theorem 4.3 below), but the
analogous statement is not clear for general symmetrizable types.

3.3. Technical results. We will now proceed to give a Verma-module like de-
scription of the simple module (110), in order to compare it to the object L ̸=0(ψ)
considered in the previous Section. We begin with the following analogues of the
technical results [33, Definition 4.3 and Proposition 4.5], compare with (82).

Definition 3.5. For any rational ℓ-weight ψ of order r, consider the representation

(113) Uq(Lg)
µ ↷W sh(ψ)
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generated by a single vector |∅⟩ modulo the relations

φ+
i (z) · |∅⟩ = ψi(z)|∅⟩ expanded near z ∼ ∞

φ−
i (z) · |∅⟩ = zriψi(z)|∅⟩ expanded near z ∼ 0

κ±a · |∅⟩ = q(ω,a)|∅⟩
(114)

for all i ∈ I, a ∈ h (in the third equation, ω ∈ h is a weight as in Remark 2.18,
even though we do not include it in our notation), and

(115) ei,d · |∅⟩ = 0

for all i ∈ I, d ∈ Z.

By the very nature of the Drinfeld double construction, we have a triangular
decomposition (linear isomorphism)

(116) Uq(Lg)
µ = S+ ⊗ C

[
φ±
i,1, φ

±
i,2, . . . , κ

±
a

]
i∈I,a∈h

⊗ S−.

We have a vector space isomorphism

(117) W sh(ψ) ∼= S−

and so W sh(ψ) inherits the (−NI)-grading from S−.

Definition 3.6. For any ℓ-weight ψ of order r, consider the linear subspace

(118) J sh(ψ) =
⊕
n∈NI

J(ψ)n ⊆
⊕
n∈NI

S−n = S−

consisting of those shuffle elements F (zi1, . . . , zini)i∈I ∈ S−n such that

(119)

〈
E(zi1, . . . , zini

)i∈I

∏
i∈I

ni∏
a=1

ψi(zia), F1 ∗ S(F2)

〉
= 0, ∀E ∈ Sn

where in the right-hand side we write ∆(F ) = F1 ⊗ F2 for the coproduct (59) in
Sweedler notation 6. Compare (119) with (82).

Let us explain why the pairing in (119) is well-defined for any given E and F ,
even if F1⊗F2 is an infinite sum. Due to the expansion in (59), all but finitely many
of the summands F1 ⊗ F2 will have the property that the homogeneous degree of
F1 is bounded below and that of F2 is bounded above by any given number. Since
⟨E,F ⟩ ̸= 0 only if the homogeneous degrees of E and F add up to 0, the choice
of expansion in (120) implies that E

∏
i∈I

∏ni

a=1 ψi(zia) pairs trivially with all but
finitely many of the F1 ∗ S(F2).

Proposition 3.7. J sh(ψ)|∅⟩ is the unique maximal graded Uq(Lg)
µ submodule of

W sh(ψ).

6If we write F1(zi1, . . . , zimi )i∈I and F2(zi,mi+1, . . . , zini )i∈I for the variables that appear in
the two tensor factors of ∆(F ) = F1 ⊗ F2, it is very important to keep in mind that the rational
functions ψi in (119) must be expanded in the range

(120) |zi1|, . . . , |zimi | ≪ |zi,mi+1|, . . . , |zini |

This is the reason why (119) does not vanish identically, despite the fact that F1 ∗ S(F2) = 0 in
any topological Hopf algebra due to the properties of the antipode.



BOREL AND SHIFTED CATEGORY O 23

Proof. We need to show that the subspace J sh(ψ)|∅⟩ ⊆W sh(ψ) is preserved by

(1) left multiplication with S−,

(2) left multiplication with {κ±a , pi,u}a∈h,i∈I,u̸=0,

(3) left multiplication with S+.

To prove (1), let us consider any F ′ ∈ S−, F ′′ ∈ J sh(ψ) and E ∈ S+. The fact
that the coproduct is a homomorphism, the antipode is an anti-homomorphism and
property (63) imply that〈

E
∏

ψ, (F ′ ∗ F ′′)1 ∗ S ((F ′ ∗ F ′′)2)
〉

=
〈
E
∏

ψ, F ′
1 ∗ F ′′

1 ∗ S(F ′′
2 ) ∗ S(F ′

2)
〉

=
〈
∆(3)(E

∏
ψ), F ′

1 ⊗ F ′′
1 ⊗ S(F ′′

2 )⊗ S(F ′
2)
〉(121)

where E
∏
ψ is shorthand for E(zi1, . . . , zini

)i∈I

∏
i∈I

∏ni

a=1 ψi(zia). The following
Claim is an easy consequence of (64) and (65), which we leave as an exercise to the
reader (see the analogous statement in [33]).

Claim 3.8. If (119) holds for all E ∈ S+, then it also holds for all E ∈ S≥.

The claim above and the fact that F ′′ ∈ J sh(ψ) imply that the second-and-third
of the four tensor factors in the RHS of (121) have pairing 0. Thus, the whole
pairing in (121) is 0, hence F ′ ∗ F ′′ ∈ J sh(ψ), as required.

To prove (2), recall from (107) and (108) that commuting F with κ±a and pi,u
amounts to multiplying F by either a scalar or a color-symmetric Laurent poly-
nomial ρ(zia). Since the pairing in (119) is a certain contour integral applied to
the product of E, F and ψ, see the general formula (72), multiplying F by ρ has
the same effect on the pairing as multiplying E by ρ. Since S+ is preserved under
multiplication by color-symmetric Laurent polynomials, (2) follows.

For statement (3), we invoke (102) for any E ∈ Sn and F ∈ S−n:

(122) E ∗ F =
〈
σ−r(E1), F1

〉
F2 ∗ E2

〈
E3, S(F3)

〉
where ∆(2)(E) = E1 ⊗ E2 ⊗ E3 ∈ Sn′ ⊗ Sn′′ ⊗ Sn′′′ . When we apply (122) to
|∅⟩ ∈W sh(ψ), only the n′′ = 0 terms survive, and indeed we obtain

(123) E (F |∅⟩) = F2|∅⟩ ·
〈
σ−r(E1), F1

〉〈
E2

∏
ψ, S(F3)

〉
The product of ψ’s in the second pairing is produced by the action of Cartan
elements in the middle tensor factor of ∆(2)(E) on the vacuum. We must prove
that F ∈ J sh(ψ) implies that the RHS of (123) lies in J sh(ψ)|∅⟩. Let us unpack
the right-hand side of (123). By (59), we have

(124) ∆(2)(F ) = F ′(zia)⊗ F ′′(zjb)
∏
i,a

φ−
i (zia)⊗ F ′′′(zkc)

∏
i,a

φ−
i (zia)

∏
j,b

φ−
j (zjb),

for various F ′, F ′′, F ′′′ ∈ S− whose variables we will denote by zia, zjb, zkc, respec-
tively. With this in mind, formula (123) reads

(125) E (F |∅⟩) =
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= F ′′
∏
i,a

φ−
i (zia)|∅⟩ ·

〈
σ−r(E1), F

′
〉〈
E2

∏
ψ, S(F ′′′

∏
i,a

φ−
i (zia)

∏
j,b

φ−
j (zjb))

〉
=

= F ′′|∅⟩ ·
〈
E1

∏
ψ, F ′

〉〈
E2

∏
ψ, S(F ′′′

∏
i,a

φ−
i (zia)

∏
j,b

φ−
j (zjb))

〉
with the equality between the latter two rows following from the middle equation
of (114). To show that the expression on the bottom row lies in J sh(ψ)|∅⟩, we
must prove that for all E′ ∈ S+ we have 7

(126) 0 =
〈
E1

∏
ψ,F1

〉〈
E′
∏

ψ,F2 ∗ S(F3)
〉〈
E2

∏
ψ, S(F4)

〉
By (63), equality (126) becomes

0 =
〈
E1

∏
ψ,F1

〉〈
E′

1

∏
ψ,F2

〉〈
E′

2, S(F3)
〉〈
E2

∏
ψ, S(F4)

〉
(64)
=
〈
E′

1 ∗ E1

∏
ψ,F1

〉〈
E′

2 ∗ E2

∏
ψ, S(F2)

〉
(63)
=
〈
E′ ∗ E

∏
ψ, F1 ∗ S(F2)

〉
.

The latter is a true equality due to the assumption that F ∈ J sh(ψ).

Having showed that J sh(ψ)|∅⟩ is a graded Uq(Lg)
µ submodule of W sh(ψ), it

remains to show that it is the unique such maximal graded submodule. To this
end, choose any F ∈ S−n\J sh(ψ)n, which means that there exists E ∈ Sn such
that 〈

E(zi1, . . . , zini
)i∈I

∏
i∈I

ni∏
a=1

ψi(zia), F1 ∗ S(F2)

〉
=: α ̸= 0

Because of (124), formula (123) implies precisely EF |∅⟩ = α|∅⟩. Therefore, any
graded submodule of W sh(ψ) which strictly contains J sh(ψ)|∅⟩ must contain the
highest weight vector |∅⟩, and thus must be the whole of W sh(ψ).

□

Corollary 3.9. (Theorem 1.2) For any ℓ-weight ψ of order r, the quotient

(127) Lsh(ψ) =W sh(ψ)
/
J sh(ψ)|∅⟩

is the unique (up to isomorphism) simple graded Uq(Lg)
µ module generated by a

single vector |∅⟩ that satisfies the properties

φ+
i (z) · |∅⟩ = ψi(z)|∅⟩ expanded near z ∼ ∞

φ−
i (z) · |∅⟩ = zriψi(z)|∅⟩ expanded near z ∼ 0

κ±a · |∅⟩ = q(ω,a)|∅⟩
(128)

for all i ∈ I, a ∈ h and

(129) ei,d · |∅⟩ = 0

7In the middle pairing in the right-hand side of equation (126), we are using the fact that

F2 ∗ S(F3) = F ′′
1

∏
i,a

φ−
i (zia) ∗ S

(
F ′′
2

∏
i,a

φ−
i (zia)

)
=

= F ′′
1

∏
i,a

φ−
i (zia) ∗

∏
i,a

φ−
i (zia)

−1S(F ′′
2 ) = F ′′

1 ∗ S(F ′′
2 )

where F2 ⊗ F3 denotes the coproduct ∆
(
F ′′ ∏

i,a φ
−
i (zia)

)
of the middle tensor factor in (124).
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for all i ∈ I, d ∈ Z.

3.4. Residues revisited. The following technical claim is an analogue of [33,
Lemma 3.10], and it will be proved at the end of the present Subsection.

Lemma 3.10. For any i1, . . . , in ∈ I and d1, . . . , dn ∈ Z, we have

(130)

〈
ei1,d1

∗ · · · ∗ ein,dn

∏
i∈I

ni∏
a=1

ψi(zia), F1 ∗ S(F2)

〉
=

n∑
m=0

(−1)n−m

∑
{1,...,n}={a1<···<am}⊔{b1<···<bn−m}

∫
|zam |≪···≪|za1 |≪1≪|zb1 |≪···≪|zbn−m

|

zd1
1 . . . zdn

n F (z1, . . . , zn)∏
1≤a<b≤n ζibia

(
zb
za

) n∏
a=1

ψia(za)

for all F ∈ S−ςi1−···−ςin . On the bottom row, the notation F (z1, . . . , zn) refers to
plugging each symbol za into a variable of the form zia•a

of F , see (72).

Before we prove Lemma 3.10, let us use it to conclude the proof of Theorem 1.1.

Proof. of Theorem 1.1: Since S+ is spanned by shuffle products of ei,d = zdi1 ∈ Vςi ,
we conclude that F ∈ S−n lies in J sh(ψ) if and only if the left-hand side of (130) is
0 for all i1, . . . , in ∈ I and d1, . . . , dn ∈ Z. However, this condition is equivalent to
the right-hand side of (130) being 0, which is tautologically the same as condition
(92). This establishes the equality of vector spaces

(131) J̄ ̸=0(ψ) = J sh(ψ)

which together with (91) implies (9). The same analysis as in (93) implies that

(132) J sh(ψ)n =
⋂

x∈(C∗)n

J sh(ψ)x

where

J sh(ψ)x =

F ∈ S−n

∣∣∣ Res
zn=xn

. . . Res
z1=x1

F (z1, . . . , zn)(any polynomial)∏
1≤a<b≤n ζibia

(
zb
za

) n∏
a=1

ψia(za) = 0


Comparing the formula above with (95), we see that

(133) J sh(ψ)x = J̄ ̸=0(ψ)x

for all x ∈ (C∗)n. We conclude the following analogue of (96)

(134) Lsh(ψ)n =
⊕

x∈(C∗)n

Lsh(ψ)x

where

(135) Lsh(ψ)x = S−n

/
J sh(ψ)x
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As a consequence of (131), all the vector spaces with superscripts “sh” are isomor-
phic to the corresponding vector spaces with superscript “̸= 0” from Subsection
2.11. Therefore, we conclude that the q-characters satisfy

(136) χq(L
sh(ψ)) = [ψ]

∑
n∈NI

∑
x∈(C∗)n

dimC
(
Lsh(ψ)x

)∏
i∈I

ni∏
a=1

A−1
i,xia

= χq(L
̸=0(ψ))

This establishes (10), precisely as predicted by [23].
□

Proof. of Lemma 3.10: Let us recall from (59) the formula for ∆(F ) = F1 ⊗ F2,
and let us abbreviate it as

∆(F ) = F ′ ⊗ F ′′φ

where F ′, F ′′ ∈ S− and φ is a polynomial in the φ−
j,k’s. We may use (63) to write

(137) LHS of (130) =

〈
∆(ei1,d1

) . . .∆(ein,dn
)
∏
i∈I

ni∏
a=1

ψi(zia), F
′ ⊗ S(F ′′φ)

〉
Formula (53) reads ∆(ei,d) = ei,d ⊗ 1 +

∑∞
k=0 φ

+
i,k ⊗ ei,d−k, so (137) becomes

(138) LHS of (130) =
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}

∞∑
k1,...,kn−m=0〈

(ei1,d1
or φ+

i1,k1
) . . . (ein,dn

or φ+
in,kn

)
∏

ψ,F ′
〉〈 n−m∏

y=1

eiby ,dby−kby

∏
ψ, S(F ′′φ)

〉
where in each parenthesis (eix,dx

or φ+
ix,kx

) we declare that we choose eix,dx
if x ∈

{a1, . . . , am} and φ+
ix,kx

if x ∈ {b1, . . . , bn−m}. Using formula (32), we have

(139) φ+
j (y)ei(x) = ei(x)φ

+
j (y)

ζji
(
y
x

)
ζij

(
x
y

) ⇒ φ+
j,kei,d =

k∑
ℓ=0

γ
(ℓ)
ij ei,d+ℓφ

+
j,k−ℓ

where the complex numbers γ
(ℓ)
ij are defined by

(140)
ζji
(
y
x

)
ζij

(
x
y

) =

∞∑
ℓ=0

γ
(ℓ)
ij

xℓ

yℓ

We can use (139) to move all the φ’s to the right of all the e’s in the second line of
relation (138), and we thus obtain

(141) LHS of (130) =
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}

∞∑
k1,...,kn−m=0

∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m,1≤y≤n−m

γ
(ℓx,y)
iax iby

〈
m∏

x=1

e
iax ,dax+

∑ax>by
1≤y≤n−m

ℓx,y

n−m∏
y=1

φ+

iby ,kby−
∑ax>by

1≤x≤m
ℓx,y

∏
ψ, F ′

〉
〈

n−m∏
y=1

eiby ,dby−kby

∏
ψ, S(F ′′φ)

〉
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For any E ∈ S+, F ∈ S− and for any φ+, φ− polynomials in φ+
j,k, φ

−
j,k (respec-

tively), we have the following identity〈
Eφ+, Fφ−〉 (63)

=
〈
∆(E)∆(φ+), F ⊗ φ−〉 (58)

=
〈
(E ⊗ 1)(φ+

1 ⊗ φ+
2 ), F ⊗ φ−〉

=
〈
Eφ+

1 , F
〉 〈
φ+
2 , φ

−〉 (64)
=
〈
E ⊗ φ+

1 ,∆
op(F )

〉 〈
φ+
2 , φ

−〉 (59)
=
〈
E ⊗ φ+

1 , F ⊗ 1
〉 〈
φ+
2 , φ

−〉
(142) = ⟨E,F ⟩ ε(φ+

1 )
〈
φ+
2 , φ

−〉 = ⟨E,F ⟩
〈
φ+, φ−〉

where we write ∆(φ+) = φ+
1 ⊗φ+

2 in Sweedler notation, and let ε denote the counit.
In particular, if φ− = 1, then the pairing above is zero unless φ+ is a polynomial

in the φ+
j,0’s. Therefore, the second line of (141) is 1 if kby =

∑ax>by
1≤x≤m ℓx,y for all

y ∈ {1, . . . , n−m} and 0 otherwise. We conclude that (141) can be rewritten as

(143) LHS of (130) =
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m,1≤y≤n−m

γ
(ℓx,y)
iax iby

〈
m∏

x=1

e
iax ,dax+

∑ax>by
1≤y≤n−m

ℓx,y

∏
ψ, F ′

〉
〈

n−m∏
y=1

e
iby ,dby−

∑ax>by
1≤x≤m

ℓx,y

∏
ψ, S(F ′′φ)

〉
Using property (65) and the fact that the antipode is an anti-homomorphism, we
may rewrite the expression above as

(144) LHS of (130) =
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m,1≤y≤n−m

γ
(ℓx,y)
iax iby

〈
m∏

x=1

e
iax ,dax+

∑ax>by
1≤y≤n−m

ℓx,y

∏
ψ, F ′

〉
〈

1∏
y=n−m

S−1

(
e
iby ,dby−

∑ax>by
1≤x≤m

ℓx,y

)∏
ψ, F ′′φ

〉
where

∏1
y=n−m indicates that the leftmost factor in the product corresponds to

y = n−m and the rightmost factor corresponds to y = 1. If we apply S−1 to (56),
we observe that for all i ∈ I and d ∈ Z

S−1(ei(z)) = −ei(z)φ̄+
i (z) ⇒ S−1(ei,d) = −

∞∑
k=0

ei,d−kφ̄
+
i,k

where we write
(
φ+
i (z)

)−1
=: φ̄+

i (z) =
∑∞

k=0

φ̄+
i,k

zk . Therefore, (144) becomes

(145) LHS of (130) =
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m,1≤y≤n−m

γ
(ℓx,y)
iax iby

〈
m∏

x=1

e
iax ,dax+

∑ax>by
1≤y≤n−m

ℓx,y

∏
ψ, F ′

〉

(−1)n−m
∞∑

k1,...,kn−m=0

〈
1∏

y=n−m

(
e
iby ,dby−ky−

∑ax>by
1≤x≤m

ℓx,y
φ̄+
i,ky

)∏
ψ, F ′′φ

〉
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Using formula (32), we have

(146) φ̄+
j (y)ei(x) = ei(x)φ̄

+
j (y)

ζij

(
x
y

)
ζji
(
y
x

) ⇒ φ̄+
j,kei,d =

k∑
ℓ=0

γ̄
(ℓ)
ij ei,d+ℓφ̄

+
j,k−ℓ

where the complex numbers γ̄
(ℓ)
ij are defined by

(147)
ζij

(
x
y

)
ζji
(
y
x

) =

∞∑
ℓ=0

γ̄
(ℓ)
ij

xℓ

yℓ

We can use (146) to move φ̄’s to the right in the third row of (145), so we have

(148) LHS of (130) = (−1)n−m
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m,1≤y≤n−m

γ
(ℓx,y)
iax iby

〈
m∏

x=1

e
iax ,dax+

∑ax>by
1≤y≤n−m

ℓx,y

∏
ψ, F ′

〉
∞∑

k1,...,kn−m=0

∑
{ℓ̄y,y′≥0}1≤y<y′≤n−m

∏
1≤y<y′≤n−m

γ̄
(ℓ̄y,y′ )

iby iby′〈
1∏

y=n−m

φ̄+

iby ,ky−
∑y−1

y′=1
ℓ̄y′,y

, φ

〉〈
1∏

y=n−m

e
iby ,dby−ky−

∑ax>by
1≤x≤m

ℓx,y+
∑n−m

y′=y+1
ℓ̄y,y′

∏
ψ, F ′′

〉
where in the last row we used (142). Recall from (59) that

(149) F ′ ⊗ F ′′φ =
F (zi1, . . . , zimi

⊗ zi,mi+1, . . . , zini
)i∈I

∏j∈I
1≤b≤mj

φ−
j (zjb)∏i∈I

1≤a≤mi

∏j∈I
mj<b≤nj

ζij

(
zia
zjb

)
with the variables expanded as |zi1|, . . . , |zimi

| ≪ |zi,mi+1|, . . . , |zini
| (we suppress

the implied summation signs). Therefore, we use formulas (62) and (72) in order
to evaluate the expressions on the second and third lines above, and we obtain

(150) LHS of (130) = (−1)n−m
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}

∑
{ℓx,y≥0}∀ax>by

ax>by∏
1≤x≤m

1≤y≤n−m

γ
(ℓx,y)
iax iby

∫
1≫|za1

|≫···≫|zam |

∏m
x=1 z

dax+
∑ax>by

1≤y≤n−m
ℓx,y

ax F ′(za1
, . . . , zam

)∏
1≤x<x′≤m ζia

x′ iax

(
za

x′
zax

) m∏
x=1

ψiax
(zax)

∞∑
y1,...,yn−m=0

∑
{ℓ̄y,y′≥0}1≤y<y′≤n−m

∏
1≤y<y′≤n−m

γ̄
(ℓ̄y,y′ )

iby iby′

∏
1≤x≤m,1≤y≤n−m

ζiax iby

(
zax

zby

)
ζiby iax

(
zby
zax

)
∫
1≪|zb1 |≪···≪|zbn−m

|

∏n−m
y=1 z

dby−
∑y−1

y′=1
ℓ̄y′,y−

∑ax>by
1≤x≤m

ℓx,y+
∑n−m

y′=y+1
ℓ̄y,y′

by
F ′′(zb1 , . . . , zbn−m

)∏
1≤y<y′≤n−m ζiby iby′

(
zby
zb

y′

) n−m∏
y=1

ψiby
(zby )

If we recall the definition of the coefficients γ and γ̄ from (140) and (147), we obtain

(151) LHS of (130) = (−1)n−m
∑

{1,...,n}={a1<···<am}⊔{b1<···<bn−m}



BOREL AND SHIFTED CATEGORY O 29

∫
|zam |≪···≪|za1

|≪1≪|zb1 |≪···≪|zbn−m
|

ax<by∏
1≤x≤m,1≤y≤n−m

ζiax iby

(
zax

zby

)
ζiby iax

(
zby
zax

)
∏m

x=1 z
dax
ax F ′(za1

, . . . , zam
)∏

1≤x<x′≤m ζia
x′ iax

(
za

x′
zax

) ∏n−m
y=1 z

dby

by
F ′′(zb1 , . . . , zbn−m)∏

1≤y<y′≤n−m ζib
y′ iby

( zb
y′

zby

) m∏
x=1

ψiax
(zax

)

n−m∏
y=1

ψiby
(zby )

Once we recall formula (149), the right-hand side of the formula above is precisely
the same as the right-hand side of (130), which concludes the proof of Lemma 3.10.

□

4. Grothendieck rings and extended QQ-systems

We establish a ring isomorphism between the Grothendieck rings of O and Osh,
which is also compatible with respect to renormalization. This allows to formulate
the conjectures in [17] on generalized QQ-system in terms of the Borel category O.
As an application, we also establish an explicit solution of the QQ-system in the
Borel category O. This generalizes the result of [16] from finite type to an arbitrary
symmetrizable Kac-Moody Lie algebra g.

4.1. Normalization factors. Let us recall the normalization factors χr that ap-
pear in (5), which in the present Section will be denoted by χµ (with respect to the
correspondence r ↔ µ given by

r = (ri ∈ Z)i∈I ↔ µ =
∑
i∈I

riω
∨
i

which will be in force throughout the present Section). The factor χς
i

= χω∨
i is the

character of a positive prefundamental module, which corresponds to a prefunda-
mental ℓ-weight

(152) ψi,a =
(
1, . . . , 1, 1− a

z
, 1, . . . , 1

)
with the non-trivial term situated on the i-th position. When g is of finite type, it
was calculated using limits of Kirillov-Reshetikhin modules in [25]. On the other
hand, in [30], this factor was conjectured to be given by an explicit product formula
over positive roots (the conjecture was proved case-by-case in all types except E8,
in several papers). The aforementioned formula was later generalized by [38] to the
following conjecture

(153) χµ =
∏

α∈∆+

(
1

1− [−α]

)max(0,(µ,α))

where ∆+ is the set of positive roots of the finite type Lie algebra g, and

[−α] =
[(
q−(α,ςi)

)
i∈I

]
is an I-tuple of constant power series. Formula (153) was proved in [34]. In fact,
loc. cit. shows that for all symmetrizable Kac-Moody Lie algebras g, we have

(154) χµ =
∏
n∈NI

(
1

1− [−n]

)certain exponents
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where the exponents have a shuffle algebra interpretation, and are expected to
depend only on the horizontal subalgebra B0 ⊂ Uq(Lg) (see [34, Sections 1.4 and
3.1] for details, and for a conjecture on the exponents in Kac-Moody types).

4.2. Coproducts. Let ∆′ be the Drinfeld-Jimbo coproduct on Uq(Lg) ∼= Uq(ĝ)c=1

for finite type g, while for an arbitrary symmetrizable Kac-Moody Lie algebra g we
let

(155) ∆′ : Uq(Lg) → Uq(Lg) ⊗̂ Uq(Lg)

be the new new topological coproduct defined in [35] (the definition is unambiguous,
since the new new coproduct was shown in loc. cit. to match the Drinfeld-Jimbo
coproduct in finite types). We will not recall the specific completion necessary in
(155), but suffice it to say that it gives rise to a well-defined action

V,W ∈ O ⇝ V ⊗W ∈ O.

We have the following formula for all i ∈ I

(156) ∆′(φi(z)) ∈ φi(z)⊗ φi(z) + U−
q (Lg)⊗ U+

q (Lg)

which was proved for finite type g in [6] and for arbitrary symmetrizable Kac-Moody
g in [35]. Equation (156) implies that φi(z) acts on V ⊗W in a block triangular
fashion (with respect to Vψ ⊗Wψ′ for various ℓ-weights ψ,ψ′), with φi(z)⊗ φi(z)
on the diagonal blocks. Thus, by the argument of [19], we conclude that

(157) χq(V ⊗W ) = χq(V ) · χq(W )

for all V,W ∈ O.

4.3. Grothendieck rings. Consider the Grothendieck ringsK0(O),K0(Osh). The
q-character morphisms for category O and for category Osh are injective and have
the same image (the arguments in [20, Section 9.1] and [37, Theorem 4.19] hold for
arbitrary symmetrizable Kac-Moody Lie algebras).

Proposition 4.1. There is a natural isomorphism of topological rings

I : K0(O)
∼−→ K0(Osh),

which commutes with the q-character morphisms.

Note that the multiplicative structure is defined in a different way for O and
for Osh: for the first one using the new new coproduct ∆′, while for the second
one using the fusion procedure derived from the Drinfeld coproduct ∆, see [23]. It
would be interesting to compare these two operations at the level of categories O.

Recall the Grothendieck ring E of the subcategory of O consisting of modules
with constant ℓ-weights (see [17, Section 2.3] for instance). There is an analogous
(and equivalent) subcategory in Osh. Its simple objects are the one-dimensional
invertible representations [ω] parameterized by weights ω. Thus, as in [28, Section
9.7], we will regard elements of E as formal sums

c =
∑

ω∈Supp(c)

c(ω)[ω].

The multiplication is given by [ω][ω′] = [ω + ω′] and E is regarded as a subring of
K0(O) (resp. of K0(Osh)).
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Each χµ of (154) can be seen as an element of E , and we may consider the
subring A that they generate. Then, we can realize A as a subring of K(O) and of
K0(Osh). This makes K0(O) and K0(Osh) into A-modules. The morphism I is in
fact an isomorphism of A-modules.

Formula (5) implies the following (recall that χµ = χr with µ =
∑

i∈I riω
∨
i ).

Theorem 4.2. For L(ψ) simple in O with corresponding shift µ, we have

I([L(ψ)]) = χµ[Lsh(ψ)].

In particular, I is an isomorphism of rings preserving the bases of simple classes
(up to invertible factors in A).

4.4. Finite length. Assume that g is of finite type throughout the present sub-
section. Recall the following.

Theorem 4.3. [27] The subcategory Osh
f of modules of finite length in Osh is stable

under fusion product when g is of finite type.

In other words, the subgroup ofK0(Osh) generated by simple classes is a subring.
It will be denoted by K0(Osh

f ). Note that the analogous statement would not be
true in O: for example, the tensor product of a positive prefundamental module
L(ψi,a) and a negative prefundamental module L(ψ−1

j,b ) (of the quantum affine Borel

algebra) is not of finite length. However, by our results, we obtain the following
analog of the Jordan-Hölder property for O.

Theorem 4.4. The sub A-module of K0(O) generated by simple classes is a subring
of K0(O).

Consider the subgroup K0(O) of K0(O) generated by the χ−µ[L(Ψ)], as Ψ runs
over ℓ-weights and µ =

∑
i∈I riω

∨
i for r = ord ψ. We also obtain the following.

Theorem 4.5. K0(O) is a subring of K0(O) isomorphic to K0(Osh
f ).

Let us call K0(O) the renormalized Grothendieck ring of the category O. It
allows to study the ring structures in the shifted and Borel cases on equal footing.
For example, in simply-laced types, we can also reformulate the monoidal categori-
fication conjecture of [20] for Osh in terms of O. It is proved in loc. cit. that there
is an embedding of a cluster algebra of infinite rank A into K0(Osh)

i : A → K0(Osh).

Moreover, the closure of the image of i is K0(Osh) (more precisely, an integral
subcategory Osh

Z should be used instead of Osh, but we will abuse notation and use
the same symbol). By the discussion above, we have also an embedding

I−1 ◦ i : A → K0(O).

The main Conjecture of [20] states that the cluster monomials in A should corre-
spond to simple classes in K0(Osh). This can now be reformulated as follows.

Conjecture 4.6. The image by I−1 ◦ i of the cluster monomials in A are simple
classes up to a factor χµ and belong to K0(O).
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4.5. QQ-systems for finite types. Still assuming that g is of finite type, recall
the QQ-systems [16] and their extended versions [17] in the Grothendieck ring
K0(O) ≃ K0(Osh). This is a system of algebraic relations

(158) Qwsi(ω∨
i ),aqiQw(ω∨

i ),aq−1
i

− [−w(αi)]Qwsi(ω∨
i ),aq−1

i
Qw(ω∨

i ),aqi

= [−w(αi)]+
∏
j ̸=i

∏
s∈{cij+1,cij+3,...,−cij−3,−cij−1}

Qw(ω∨
j ),aqsi

where variables Qw(ω∨
i ),a depend on i ∈ I, a ∈ C∗ and a Weyl group element w

(here we consider the Weyl group of the underlying Lie algebra; it is isomorphic
to the Weyl group its Langlands dual Lie algebra). We also use the notation
[−w(αi)]+ = 1 if w(αi) ∈ ∆+ and [−w(αi)]+ = −[−w(αi)] if w(αi) ∈ ∆−, where
∆± refers to a choice of positive/negative roots of g.

A solution of the QQ-system was constructed in [17] in K0(O) ≃ K0(Osh), as
follows: let us recall the prefundamental ℓ-weight

(159) ψω∨
i ,a = ψi,a =

(
1, . . . , 1, 1− a

z
, 1, . . . , 1

)
with the non-trivial term situated on the i-th position. Although we will not recall
the formula, for any Weyl group element w ∈W one can define an ℓ-weight

(160) ψw(ω∨
i ),a

as in [17] (in a nutshell, ψw(ω∨
i ),a is constructed in [17] by using an extension of the

Chari braid group action [3]; the shift associated to this ℓ-weight is w(ω∨
i )).

Conjecture 4.7. [17, Conjecture 6.11] For any i ∈ I, a ∈ C∗, w ∈W we have

Qw(ω∨
i ),a = [Lsh(ψw(ω∨

i ),a)]

in K0(Osh).

The results of the previous section allow us to infer that Conjecture 4.7 is equiv-
alent to the following.

Conjecture 4.8. For any i ∈ I, a ∈ C∗, w ∈W we have the relation

Qw(ω∨
i ),a = (χw(ω∨

i ))−1[L(ψw(ω∨
i ),a)]

in K0(O).

Conjecture 4.8 is a more precise formulation of the conjectural solutions of the
QQ-system in terms of the representation theory of quantum affine Borel algebra.
Also, the second part of [17, Conjecture 6.8] for the character of Lsh(ψw(ω∨

i ),a) can

be reformulated as the following. Recall the series χw(ω∨
i ) introduced in [17].

Conjecture 4.9. For w ∈W , i ∈ I and a ∈ C∗, we have

χ(L(ψw(ω∨
i ),a)) = χw(ω∨

i )χw(ω∨
i ).

For w = si a simple reflection, as we know the q-character of Lsh(ψsi(ω∨
i ),a) by

[23, Example 5.2], we obtain the q-character and the character of L(ψsi(ω∨
i ),a). In

particular, we have

χ(L(ψsi(ω∨
i ),a)) = χsi(ω

∨
i ) 1

1− [−αi]
.
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Thus, Conjecture 4.9 is established for w = si. Moreover, this allows to make all
the constants precise for the QQ-system established in [16]. Consider the simple
classes

Qi,a = [L(ψi,a)] and Q̃i,a = [L(ψ̃i,aq−2
i

)]

with the notation as in [16]. Indeed, it is established in loc. cit. that we have in
K0(O) the relation

(161) Q̃i,aqiQi,aq−1
i

− [−αi]Q̃i,aq−1
i
Qi,aqi

= χ
∏
j ̸=i

∏
s∈{cij+1,cij+3,...,−cij−3,−cij−1}

Qw(ω∨
j ),aqsi

for a constant χ.

Theorem 4.10. The constant in the QQ-system (161) is equal to

(162) χ = χω∨
i χsi(ω

∨
i )(χsi(ω

∨
i )+ω∨

i )−1.

4.6. QQ-systems for general types. Let us now assume that g is an arbitrary
symmetrizable Kac-Moody Lie algebra. We conjecture that all the formulas in the
preceding Subsection remain valid in this new generality. Specifically, we write (see
(99))

(163) A−1
i,a =

[
ψ̃i,aq−2

i
ψ−1

i,a

]
[
ψ̃i,aψ

−1
i,aq2i

]
where the ℓ-weight

ψ̃i,a has j-component

{∏
s∈{cij+2,cij+4,...,−cij−2,−cij}

(
1− aqsi

z

)
if j ̸= i(

1− a
z

)−1
if j = i

and one can run the machinery of [15, 16, 17] without modifications. In particular,
we obtain a generalization to general symmetrizable Kac-Moody Lie algebras of the
main result of [16].

Theorem 4.11. For a general symmetrizable Kac-Moody Lie algebra, we have a
solution of the QQ-relation (161) in K0(O) given by the simple classes Qi,a =

[L(ψi,a)] and Q̃i,a = [L(ψ̃i,aq−2
i

)]. The constant χ is given by (162).

Proof. We first prove the QQ-relation without constant in K0(Osh), with Qi,a, Q̃i,a

corresponding to simple representations. The proof is the same as in [23, Section
5.4], provided the crucial relation (163). Then we conclude using Theorem 4.2. □
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[6] Damiani I., La R-matrice pour les algèbres quantiques de type affine non tordu, Ann. Sci.

Ecole Norm. Sup. 31 (1998), no. 4, 493-523.

[7] Damiani I., From the Drinfeld realization to the Drinfeld-Jimbo presentation of affine
quantum algebras : Injectivity, Publ. Res. Inst. Math. Sci. 51 (2015), 131–171.

[8] Damiani I., On the Drinfeld coproduct. Pure Appl. Math. Q. 20 (2024), no. 1, 171–232.

[9] Drinfeld V., A new realization of Yangians and of quantum affine algebras, (Russian)
Dokl. Akad. Nauk SSSR 296 (1987), no. 1, 13–17; translation in Soviet Math. Dokl. 36

(1988), no. 2, 212–216.

[10] Enriquez B., On correlation functions of Drinfeld currents and shuffle algebras, Transform.
Groups 5 (2000), no. 2, 111-120.

[11] Feigin B., Frenkel E., Quantization of soliton systems and Langlands duality, in Adv.

Stud. Pure Math. 61, 185-274 Math. Soc. Japan, Tokyo, 2011.
[12] Feigin B., Jimbo M., Miwa T. and Mukhin E., Finite type modules and Bethe Ansatz

equations, Ann. Henri Poincaré 18 (2017) 2543–2579.
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