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1 Introduction Quantum affine algebras are fundamental examples of Drinfeld-Jimbo quantum groups
(we refer to [43] and to the seminal ICM lecture by Drinfeld [8] introducing the subject). Consider a connected
simply connected simple algebraic group G over the complex numbers. The loop algebra

(1.1) Lg = g⊗ C[t±1]

defined from its Lie algebra Lie(G) = g admits a universal central extension ĝ = Lg⊕Cc which is called an affine
Kac-Moody algebra1, see [45]. The quantum affine algebra Uq(ĝ) is a quantization of the universal enveloping
algebra of ĝ. It is a Hopf algebra with a very rich representation theory which has been studied intensively during
the past thirty-five years from different points of view and with various applications.

We will review some of the results on the intricate structure of relevant categories of representations, in
particular on the structure of Grothendieck rings and on character formulas in terms of analogs of the Kazhdan-
Lusztig conjecture.

We will also focus on recent developments regarding two of the main applications of this theory: one which
is at the very origin of quantum groups, namely quantum integrable models, and a more recent one connected
to cluster algebras and their categorifications. Some of the main results in these directions include monoidal
categorification theorems and Baxter polynomiality.

Certain Grothendieck rings of representations of quantum affine algebras have a cluster structure, whose
exchange relations contain remarkable relations such as QQ-relations. The latter appear in the study of quantum
integrable models and the dual ordinary differential equations, to establish Bethe Ansatz relations among the
roots of Baxter polynomials. These polynomials are used to express the eigenvalues of transfer-matrices, which
are constructed in terms of quantum affine algebras. In an informal way we could sum up the content of this
circle of ideas discussed in this lecture in the following square:

Cluster Algebrasjj
Exchange relations

**
Quantum Affine Algebras

Grothendieck ring
44
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Spectra of QIM/ODE
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It will be stated precisely and illustrated in the lecture with examples and results. A part of the content is
also motivated by the geometric Langlands program, quiver varieties and Coulomb branches as explained below.
Additional recent subjects will include shifted quantum affine algebras and their truncations.

2 Quantum affine algebras and their representations Consider a complex simple Lie algebra g of
rank n (for example, the Lie algebra g = sl2 of rank n = 1 is already very interesting for the topics in this lecture).
The untwisted affine Kac-Moody algebra ĝ is the universal central extension of the loop algebra (1.1).

For q ∈ C∗ a quantum parameter (which is assumed to be generic, that is not a root of unity), we have
the corresponding quantum affine algebra Uq(ĝ) (also called affine quantum group). It is a Hopf algebra and a
q-deformation of the universal enveloping algebra U(ĝ) of ĝ. This is one of the most important quantum groups
in the sense of Drinfeld-Jimbo.

The quantum affine algebra Uq(ĝ) has a relatively elementary presentation: by generators ei, fi, k±1i

(0 ≤ i ≤ n) with the following relations for 0 ≤ i, j ≤ n:

kikj = kjki, kiejk
−1
i = q

Ci,j

i ej , kifjk
−1
i = q

−Ci,j

i fj ,

[ei, fj ] = δi,j
ki − k−1i

qi − q−1i

,

1−Ci.j∑
r=0

(−1)re(1−Ci,j−r)
i eje

(r)
i = 0 (i ̸= j),

1−Ci.j∑
r=0

(−1)rf (1−Ci,j−r)
i fjf

(r)
i = 0 (i ̸= j),

where C = (Ci,j)0≤i,j≤n is the Cartan matrix of ĝ, D = diag(d0, . . . , dn) is the unique diagonal matrix such that
B = DC is symmetric, the di’s are relatively prime positive integers and qi = qdi . For 0 ≤ i ≤ n we have set

x
(r)
i = xri /[r]qi ! (xi = ei, fi), with the standard notation for quantum factorials. The last two relations are called

quantum Serre relations.

Example 2.1. For g = sl2, C =

(
2 −2
−2 2

)
, we have generators e0, e1, f0, f1, k

±1
0 , k±11 with q0 = q1 = q. One

of the quantum Serre relations is

e30e1 − (q2 + 1 + q−2)e20e1e0 + (q2 + 1 + q−2)e0e1e
2
0 − e1e30 = 0.

The subalgebra of Uq(ĝ) generated by the ei, fi, k
±1
i with i ∈ I = {1, · · ·n} is isomorphic to the quantum

group of finite type Uq(g). The algebra Uq(ĝ) has a Hopf algebra structure with the coproduct defined by

∆(ei) = ei ⊗ 1 + ki ⊗ ei, ∆(fi) = fi ⊗ k−1i + 1⊗ fi, ∆(ki) = ki ⊗ ki for 0 ≤ i ≤ n.

One reason for the importance of Uq(ĝ) is the depth of its representation theory and the plethora of its
applications. In this lecture, in addition to the pure understanding of the representations of quantum affine
algebras and related algebras, we will focus mainly on two applications: the corresponding quantum integrable
models and the categorification of cluster algebras, as well as the relations between these two subjects.

Let C be the category of finite-dimensional representations of Uq(ĝ). This monoidal category is not semi-
simple and not braided. All simple finite-dimensional representations have level 0, that is, the central element
c = ka0

0 ka1
1 · · · kan

n acts as the identity or its opposite (here the ai are the Kac labels; for g = sl2, we have c = k0k1).
The simple objects of C have been parametrized in terms of Drinfeld polynomials by Chari-Pressley (see [7] and
[6] for a review):

Theorem 2.2. There is a bijection between simple representations2 in C and n-tuples (Pi(z))i∈I of polyno-
mials with complex coefficients and constant term 1.

Example 2.3. For i ∈ I and a ∈ C∗, we have the fundamental representation Vi(a) which corresponds to the
n-tuple of Drinfeld polynomials (1, · · · , 1, 1− za︸ ︷︷ ︸

position i

, 1, · · · , 1).

2In this lecture, we will only consider type I representations of quantum enveloping algebras, that is, the eigenvalues of the ki
belong to qZ. Any simple finite-dimensional representation can be obtained from a type I representation by twisting with some signs,
see [7, 10.1].



Example 2.4. Let g = sl2 and consider the finite-type quantum group Uq(sl2) with generators E, F , K±1 and

the usual relations KE = q2EK, KF = q−2FK, [E,F ] = K−K−1

q−q−1 . For every a ∈ C∗, we have a surjective algebra

homomorphism eva : Uq(ŝl2)→ Uq(sl2) such that:

eva(e1) = E, eva(f1) = F, eva(e0) = q−1aF, eva(f0) = qa−1E.

The simple finite-dimensional Uq(sl2)-modules are known to be classified by their dimension: for every N ∈ Z≥0
there is a unique (up to isomorphism) simple module VN of dimension N + 1. Therefore, pulling back by the

evaluation morphisms eva, we get a one-parameter family of simple Uq(ŝl2)-modules VN (a) (a ∈ C∗) of dimension
N + 1. The representations V0(a) are all equal to the trivial representation. Otherwise, for N ≥ 1, the simple
modules VN (a) and VN (b) are non-isomorphic if a ̸= b. The modules Vn(a) are called evaluation modules, and the
V1(a) are the fundamental representations.

Example 2.5. More generally, there exists an evaluation morphism as in the previous example for g of type
A by [44], but not for a general finite type. This is one of the main differences with the classical case (q = 1) and
a source of many technical difficulties. For example, let g be of type D4. The fundamental representation V2(a)
of Uq(ĝ) associated to the trivalent node i = 2 and a ∈ C∗ has dimension 29 and is not simple as a Uq(g)-module
(it decomposes as a direct sum of the fundamental representation of dimension 28 and the trivial representation).
This is an obstruction to the existence of an evaluation morphism from Uq(ĝ) to Uq(g) in this case.

Theorem 2.6. [22] The Grothendieck ring K(C) of C is commutative and polynomial

K(C) ≃ Z[Xi,a]i∈I,a∈C∗ ,

with Xi,a is the class [Vi,a] class of the fundamental representation Vi(a).

The reader may refer to the recent lecture [34] for generalities on Grothendieck rings. The commutativity of
K(C) means that the Jordan-Hölder multiplicities of simple modules are the same in V ⊗ V ′ and in V ′ ⊗ V . But
these modules are not isomorphic in general. For example for g = sl2, V1(q

2)⊗ V1(1) and V1(1)⊗ V1(q2) are not
isomorphic. Indeed V1(q

2) ⊗ V1(1) has a unique proper submodule, which has dimension 1, and V1(1) ⊗ V1(q2)
has a unique proper submodule, which has dimension 3.

Although, as a ring, the structure of K(C) is understood by the Theorem 2.6, it is much more intricate as a
based ring: the basis of simple classes is difficult to describe in terms of the basis of monomials in the fundamental
classes (also called the standard basis). In fact, this description is not known in general. This is closely related to
the intricate combinatorics of cluster algebras as discussed below. For the simply-laced types, there is an answer
based on the study of perverse sheaves on quiver varieties by Nakajima (see Theorem 7.5 below).

The quantum affine algebra also has many interesting other infinite-dimensional simple representations, for

example the evaluation of simple Verma modules of Uq(ŝl2) (they are also of level 0). They belong to the category

Ô that will be discussed below.

Remark 2.7. The representations of Uq(ĝ) are closely related to representations of Yangians, see [27].

3 Quantum integrable models The historical motivation to study the representation theory of affine
quantum groups is closely related to quantum integrable models, more precisely to XXZ-models and their
variations. Recall that, by Drinfeld [8], the quantum affine algebra Uq(ĝ) has the fundamental property of
having a universal R-matrix.

Theorem 3.1. There exists a non-trivial formal power series

R(z) ∈ Uq(ĝ)⊗̂2[[z]]

with coefficients in a completion of the tensor square of Uq(ĝ), satisfying several properties including the quantum
Yang-Baxter equation

R12(z)R13(zw)R23(w) = R23(w)R13(zw)R12(z)

with the standard notations R12(z) = R(z) ⊗ 1, R23(z) = 1 ⊗ R(z), R13(z) = (P ⊗ Id)(R23(z)) where P is the
flip operator P (x⊗ y) = y ⊗ x.



The existence of the universal R-matrix has many important consequences, in particular it enables the
construction of quantum integrable systems (see [32] for a review). Let us recall the main points. Let V be
a finite-dimensional representation of Uq(ĝ) that we call “auxiliary space”. The corresponding transfer-matrix is:

(3.1) TV (z) = ((TrV ◦ρV )⊗ id)(R(z)) ∈ Uq(ĝ)[[z]],

where TrV is the trace defined on End(V ) and ρV is the algebra morphism corresponding the representation V .

Remark 3.2. It is also useful to introduce a twist in the definition of the transfer-matrices: the auxiliary space
V has a natural grading V =

⊕
ω=(ω1,...,ωn)∈Zn Vω by finite-dimensional weight spaces which are the common

eigenspaces of the k±1i (n is the rank of g). Then the trace TrV is replaced by
∑

ω∈Zn(u
ω1
1 . . . uωn

n )TrVω
for

formal variables ui with i ∈ I. We obtain the twisted transfer-matrix Tu,V (z). This will be useful for handling
infinite-dimensional auxiliary spaces below.

Proposition 3.3. The transfer-matrices commute: for V and V ′ in C we have

TV (z)TV ′(z′) = TV ′(z′)TV (z) in Uq(ĝ)[[z, z′]].

The same holds for twisted transfer-matrices for a fixed twist parameter u = (u1, · · · , un).

This fundamental “integrability” property follows from the quantum Yang-Baxter equation. It means that
the coefficients TV [N ] ∈ Uq(ĝ) of all the transfer-matrices TV (z) =

∑
N≥0 z

NTV [N ] commute.
Also, the properties of the trace and of R(z) imply that the map V 7→ TV (z) defines a ring morphism

(3.2) T (z) : K(C)→ (Uq(ĝ))[[z]].

This ring morphism is injective (see [22]).
Now consider W another finite-dimensional representation in C (W is called the “quantum space”). Each

transfer-matrix TV (z) defines an operator on W [[z]] = W ⊗ C[[z]]. Hence, W [[z]] has the structure of a
representation of the Grothendieck ring K(C). The coefficients TV [N ] act on W by a large family of commutative
operators. This is a quantum system and the next step is to study the spectrum of the quantum system, that is,
the eigenvalues of the transfer-matrices on W .

Example 3.4. The case where W is a tensor product of finite-dimensional simple representations of Uq(ĝ) is
remarkable. Indeed for g = sl2, V a 2-dimensional fundamental representation and the quantum spaceW a tensor
product of fundamental representations, we recover the historical case of the XXZ model (spin chain model).
The image of TV (z) in End(W )[[z]] is the original transfer-matrix defined by Baxter to solve the model3.

By [22], each representation V in C has a q-character χq(V ) ∈ Z[Y ±1i,a ]i∈I,a∈C∗ . It can be defined from a limit
of the twisted transfer-matrix Tu,V (z), or by analyzing the decomposition into common generalized eigenspaces
of a family of elements in Uq(ĝ) whose action on V commute (the Drinfeld generators hi,r with i ∈ I, r < 0).
Although the q-character of a general simple module in C is not known, the q-character χq(Vi(a)) of fundamental
representations can be computed from an algorithm [20].

Example 3.5. For g = sl2, we have χq(V1(a)) = Y1,a + Y −11,aq2 .

The following polynomiality extends results of Baxter (for g = sl2) and establishes a conjecture of [22].

Theorem 3.6. [14] The eigenvalues λk of TV,u(z) on W [[z]] are obtained from χq(V ) by replacing each Yi,a

by a quotient yi,k
fi(azq

−1
i )Qi,k(zaq

−1
i )

fi(azqi)Qi,k(zaqi)
where Qi,k(z) is polynomial, yi,k is constant and the functions fi(z) depend

only on W .

To prove this theorem, we use infinite-dimensional representations as explained in the next section.

3Baxter introduced the powerful method of ”Q-operators”, which he used to solve the more involved 8 vertex model. The 6 vertex
model has also been solved with other methods, in particular in the works of Lieb and Sutherland (1967).



4 Quantum affine Borel Consider now the quantum affine Borel Uq(b̂), the subalgebra of Uq(ĝ) generated
by the ei, k

±1
i with 0 ≤ i ≤ n. Uq(b̂) has the crucial property of being a Hopf subalgebra of Uq(ĝ). The proof

of Theorem 3.6 is based on the study of a category O of representations of Uq(b̂) which was introduced in [35].

The category O is the category of Uq(b̂)-modules with a diagonal action of the ki and finite-dimensional weight
spaces (plus a usual technical cone condition on the weights). It is a monoidal category. The simple objects in C
(the simple finite-dimensional representations of Uq(ĝ)) are still irreducible when the action is restricted to Uq(b̂).
Hence we can see the simples in C as simples in O and we can see K(C) as a (based) subring of K(O).

Theorem 4.1. [35] The simple objects Lb(Ψ) in O are parametrized by n-tuples of rational fractions
Ψ = (Ψi(z))i∈I regular at 0 (without pole or zero at 0).

Example 4.2. Let i ∈ I and a ∈ C∗. Set Ψi,a = (1− δi,jza)j∈I = (1, · · · , 1, 1− za︸ ︷︷ ︸
position i

, 1, · · · , 1).

(i) L−i,a = Lb(Ψ−1i,a ) is called a negative prefundamental representation and can be constructed as a limit of

simple modules in C (by using a linear inductive system [35, 31]). The action of Uq(b̂) can not be extended to an
action of the whole quantum affine algebra (but we will see in Section 8 that it can be extended to an action of
a shifted quantum affine algebra).

(ii) L+
i,a = Lb(Ψi,a) is called a positive prefundamental representation and can be obtained from L−i,a by

a certain duality procedure. Together with negative prefundamental representations, these representations play
the role of fundamental representations in O (any simple is a subquotient of a tensor product of prefundamental
representations, up to an invertible factor). In the sl2-case, the representation L+

1,1 was known as a q-oscillator
representation by Bazhanov-Lukyanov-Zamolodchikov [1].

(iii) Vi,a = Lb([ωi]Ψi,aq−1
i

Ψ−1i,aqi
) is a fundamental representation in C. Here [ωi] = (q

δi,j
i )j∈I is a multiplicative

notation for the fundamental weight ωi of g (it corresponds to a one dimensional invertible representation in O).

The objects in O are not necessarily of finite length (the subcategory of finite length objects is not stable by
tensor product, for instance L+

i,a ⊗ L
−
j,b is of infinite length for any a, b ∈ C∗ and any i, j ∈ I).

Theorem 4.3. [14] Let V in C. Replace every variable Yi,a appearing in the q-character χq(V ) with

Yi,a 7→ [ωi]
[L+

i,aq−1
i

]

[L+
i,aqi

]
.

By equating the resulting expression with [V ] and clearing the denominators, we obtain a relation in K(O).

Example 4.4. For g = sl2, we obtain the original Baxter TQ-relation

(4.1) [V1(a)][L
+
1,aq] = [ω][L+

1,aq−1 ] + [−ω][L+
1,aq3 ],

which corresponds to the q-character in Example (3.5) (the relation is known in this case by [1]). Hence the
relations in Theorem 4.3 are the generalized Baxter TQ-relations. These relations imply in particular that
V1(a)⊗ L+

1,aq has length 2.

Remark 4.5. Theorem 4.3 implies Theorem 3.6. Indeed, as the left tensor factors of the universal R-matrix
R(z) belong to Uq(b̂), the (twisted) transfer-matrices TV,u(z) are well-defined for objects V in O. In particular,
we have the Q-operator Qi(z) = TL+

i,1,u
(z) associated to the prefundamental representation L+

i,1. It is then proved

that the action of a Q-operator on the quantum space W [[z]] is polynomial up to a scalar factor (note that the
Q-operator used in [14] involves a representation R+

i,1 dual to L+
i,1, but the statements hold for both definitions).

Together with the generalized Baxter TQ-relations, this gives the result (see [14]).

5 ODE/IM and Bethe Ansatz The ODE/IM correspondence (Ordinary Differential Equa-
tions/Integrable models) was discovered at the end of the 90’s (Dorey-Tateo, Bazhanov-Lukyanov-Zamolodchikov)
and gives a surprising relation between functions associated to Schrödinger differential operators and the spec-
trum of quantum systems called ”quantum KdV”. Feigin-Frenkel [9] have proposed a large generalization and an
interpretation of this correspondence in terms of Langlands duality. The Schrödinger operators are generalized
to affine opers (without monodromy), associated to the Langlands dual affine Lie algebra of the affine Lie algebra



which is attached to the quantum KdV system. This conjecture is largely open, but it is a fruitful source. In
particular, a remarkable system of relations (the QQ-system) was observed [54] to be satisfied by spectral deter-
minants of certain solutions of affine opers (their additive analogues first appeared in [55]). The QQ-system of
[54] for two families of functions (Qi(z))i∈I , (Q̃i(z))i∈I is

Qi(zq
−1
i )Q̃i(zqi)−Qi(zqi)Q̃i(zq

−1
i ) = K

∏
j|Ci,j<0

Qj(zq
Ci,j+1)Qj(zq

Ci,j+3) · · ·Qj(zq
−Ci,j−1).

Depending on the context,K might be a constant or a polynomial in z. Motivated by the ODE/IM correspondence,
we obtained the following.

Theorem 5.1. [15] There is a family of simple classes [L̃i,a] (i ∈ I, a ∈ C∗) in the Grothendieck ring K(O)
such that Qi(z) = [L+

i,z], Q̃i(z) = [L̃i,z] satisfy the QQ-system in K(O) (with K constant).

We have L̃i,a = Lb(Ψ̃i,aq−2
i

) (up to a twist by an invertible representation) where

(5.1) Ψ̃i,a = Ψ−1i,a

 ∏
j,Ci,j=−1

Ψj,aqi

 ∏
j,Ci,j=−2

Ψj,aΨj,aq2

 ∏
j,Ci,j=−3

Ψj,aq−1Ψj,aqΨj,aq3

 .

The QQ-systems4 imply the Bethe Ansatz equations, which are crucial informations on the root of the Baxter’s
polynomials, as conjectured by various authors (see [22, 34]): recall Qi,k(z) as in Theorem 3.6 and consider w a
(generic) root of Qi,k, then

v−1i

∏
j∈I

Qj,k(wq
Bi,j )

Qj,k(wq−Bi,j )
= −1,

where vi =
∏

j∈I u
Ci,j

j and B is the symmetrized Cartan matrix.

Example 5.2. In the sl2-case, the QQ-system is nothing else than the quantum Wronskian relation

[L+
1,a][L

−
1,a]− [−ω1]

2[L+
1,aq2 ][L

−
1,aq−2 ] = χ where χ = (1− [−ω1]

2)−1.

The Bethe Ansatz equation in this case reads

Q1,k(wq
2)

Q1,k(wq−2)
= −v1.

Example 5.3. In the dual context of opers, the QQ-system may be expressed with polynomial solutions and
an additional polynomial factor K on the left hand-side (see for instance [19, Section 5.2]). This can also be
realized in the present context after renormalization. For example, let g = sl2 and W = V (q−1). Let f+(z) (resp.
f−(z)) be the eigenvalue of Tu,L+

1,1
(z) (resp. Tu,L−

1,1
(z)) on a highest (resp. lowest) weight vector of W at the limit

vi = 0. Then Tu,L±
1,1

(z) = f±(z)Q±(z) with Q±(z) operator which depends on z and u which is a polynomial in

z (this is the result of [14] for Q+ and of [69] for Q−). Then the QQ-system implies

Tu,L+
1,1

(z)Tu,L−
1,1

(z)− uTu,L+

1,q2
(z)Tu,L−

1,q−2
(z) = (1− u)−1.

Evaluating on the lowest weight vectors, one gets f+(z)(1 − z)f−(z) = 1 and f+(zq
−1)f+(zq) = (1 − zq−1)−1

f−(z) = f+(zq
2). Hence

Q+(z)Q−(z)− uQ+(zq
2)Q−(zq

−2) = (1− u)−1(1− z).

Remark 5.4. The genericity condition in the Bethe Ansatz equation was dropped in [10] by using the QQ∗-
systems which emerge from the cluster [38] (see the next Section):

[L∗i,a][L
+
i,a] =

∏
j,Ci,j<0

[L+

j,aq−Bj,i
] + [−αi]

∏
j,Ci,j<0

[L+

j,aqBi,j
] for i ∈ I, a ∈ C∗,

with [−αi] =
∏

j∈I [ωj ]
−Cj,i of dimension 1 and L∗i,a is the simple module in the category O associated to

Ψ−1i,a

∏
j,Ci,j<0 Ψj,aq−Bj,i .

4The QQ-systems for twisted quantum affine algebras have been established in [68].



Example 5.5. In the sl2-case, the QQ
∗-system and the TQ-relation (4.1) match, but they differ in general.

This a point where two important fields connected to quantum affine algebras, namely cluster algebras and
quantum integrable models, collide. The QQ-relations themselves will play a role in this connection.

6 Cluster structures The theory of cluster algebras was introduced by Fomin-Zelevinsky [12]. A cluster
algebra is a commutative algebra with a distinguished set of generators grouped into overlapping subsets (the
clusters). Each element of the cluster algebra can be expressed as a rational fraction in the elements of a given
cluster. More precisely, the cluster algebra AQ is a commutative algebra associated with a quiver Q (without
loops or 2-cycles). It has a distinguished set of generators (the cluster variables) defined by a combinatorial
process. The cluster algebra AQ attached to the quiver Q (with set of vertices Q0) is a subring of the field

F = Q(Xi)i∈Q0

with free variables Xi which are called the initial cluster variables (together with the initial quiver Q, the initial
cluster variables form the initial cluster). The cluster algebra AQ is defined as the subalgebra of F generated
by the cluster variables, obtained inductively from the initial cluster variables by an inductive process called
mutations. For example, the first step mutated variables X∗i are defined by the formula:

XiX
∗
i =

∏
j→i

Xj +
∏
j←i

Xj ,

were the arrows → and ← are arrows in the initial quiver Q (the quiver gets also mutated in the process). The
number of cluster variables is not necessarily finite. In addition, the cluster variables are grouped into overlapping
subsets called clusters, which are all in bijection with Q0. The cluster monomials are defined as the monomials
into the cluster variables of the same cluster. In some situations, one may have additional non-mutable cluster
variables: they are called frozen variables and they belong to all clusters (the number of clusters does not depend
on the frozen cluster variables).

One of the fundamental properties of cluster algebras is the Laurent phenomenon: any cluster variable can
be expressed as a Laurent polynomial in the cluster variables of a given seed. For the initial seed, this can be
written as AQ ⊂ Z[X±1i ]i∈Q0 .

Example 6.1. Consider a quiver Q of type A2 • −→ •. We have the initial cluster variables (X1, X2), and five
cluster variables X1, X2,

1+X2

X1
, 1+X1

X2
, 1+X1+X2

X1X2
. There are also five clusters:

(X1, X2),

(
1 +X2

X1
, X2

)
,

(
1 +X2

X1
,
1 +X1 +X2

X1X2

)
,

(
1 +X1

X2
,
1 +X1 +X2

X1X2

)
,

(
1 +X1

X2
, X1

)
.

Definition 6.2. [36] A monoidal categoryM is a monoidal categorification of a cluster algebra A if there is

ϕ : A → K(M)

a ring isomorphism so that the cluster monomials are sent to simple classes.

In the definition above, the simple modules corresponding to cluster monomials are called reachable modules.
They have the property to be real (the tensor square is also simple), as the square of a cluster monomial is a
cluster monomial.

A monoidal categorification can be seen as a cluster symmetry of the Grothendieck ring, see [34]. It gives
useful informations on the monoidal category: for example, it points out remarkable simple representations
(corresponding to cluster variables) and it gives a tensor factorization of simple representations corresponding
to cluster monomials. The original examples [36] were obtained from the finite-dimensional representations of
quantum affine algebras (see references and reviews in [52, 40, 34]). These are motivated by the T -system which
are remarkable relations between simple classes in K(C) established in [58, 29] (and which imply the proof of
the Kirillov-Reshetikhin conjecture on explicit character formulas for certain simple representations in C). These
T -systems can then be interpreted as exchange relations from the point of view of monoidal categorification.
Another motivation is the explicit tensor factorization of simple representations for g = sl2 by Chari-Pressley
(see [7]). A crucial point is the interpretation of q-characters in terms of purely cluster theoretical data called
F -polynomials (see [36] and [5] for other examples).



Example 6.3. For example for g = sl2, one has the T -system

[V1(a)][V1(aq
2)] = 1 + [W ]

where W is a simple evaluation module of dimension 3. This has the form of an exchange relation.

Example 6.4. Let g = sl3. We define M as the monoidal Serre subcategory of the category C generated
by the four fundamental representations V1(1), V1(q

2), V2(q), V2(q
3). Then we obtain a monoidal categorification

K(M) ≃ AQ with an initial seed

[W1] // [V1(1)] // [V2(q)]dd
[W2]oo

We have written at each vertex the simple class corresponding to the initial cluster variable attached to this
vertex. Here W1 and W2 are classes of 8-dimensional evaluation representations in M and they correspond to
frozen cluster variables (see Example 2.5). The total number of cluster variables is 7, as in the example 6.1. As
an application, we obtain that every simple representation inM can be factorized into tensor products of these
7 representations. Note that there are infinitely many simple classes in this categoryM.

Example 6.5. Let g = sl2. Let K(C−Z ) (resp. K(CZ)) be the subring of K(C) generated by the [V1(q
2r)] with

r ≤ 0 (resp. r ∈ Z). This defines monoidal categories C−Z and CZ of representations whose class in K(C) belongs
to the respective subrings K(C−Z ) and K(CZ). Then C−Z is a monoidal categorification with the initial seed:

[1− z]← [(1− z)(1− zq−2)]← [(1− z)(1− zq−2)(1− zq−4)]← · · ·

where [P (z)] is the class of the simple module of Drinfeld polynomial P (z).
The monoidal category CZ is a monoidal categorification with the initial seed:

[1− z]← [(1− z)(1− zq−2)]→ [(1− zq2)(1− z)(1− zq−2)]← · · ·

Example 6.6. For g = sl3, let K(C−Z ) be the subring of K(C) generated by the [V1(q
2r)], [V2(q

2r−1)] with
r ≤ 0. As above this defines a monoidal category C−Z which is a monoidal categorification with the initial seed:[

W
(2)
1

]
""

[
W

(2)
2

]
oo

""

· · ·oo

[
W

(1)
1

]
<<

[
W

(1)
2

]
oo

<<

[
W

(1)
3

]
>>

oo · · ·oo

where W
(1)
r (resp. W

(2)
r ) is the simple module of Drinfeld polynomials ((1− z)(1− zq−2) · · · (1− zq2r−2), 1) (resp.

(1, (1− zq−1)(1− zq−3) · · · (1− zq2r−3))).

Statements for finite-dimensional representations in general type will be given below in a more general context
(see Theorem 9.1).

There are many interesting examples of monoidal categorifications (the reader may refer to references in
[47, 34]). Here is a new example.

Example 6.7. Consider the category Ô of modules in O whose action can be extended to the whole quantum

affine algebra. Let g = sl2 and K(Ô+
Z ) be the subring of K(O) generated by the [Lb(q−1 1−q2rz

1−q2r−2z )] with r > 0 .

This defines a monoidal category Ô+
Z . This is a monoidal categorification with the initial seed[

Lb

(
q−1

1− q2z
1− z

)]
←
[
Lb

(
q−2

1− q4z
1− z

)]
←
[
Lb

(
q−3

1− q6z
1− z

)]
← · · ·

These are evaluations of simple Verma modules (see Example 2.4). The first step mutations are for r ≥ 1:[
Lb

(
q−r

1− q2rz
1− z

)][
Lb

(
q
1− zq2r−2

1− zq2r

)]
=

[
Lb

(
q−r−1

1− q2r+2z

1− z

)]
+

[
Lb

(
q−r+1 1− q2r−2z

1− z

)]
.

In this lecture, we conjecture that such a statement holds for general types.



There are other known interesting subcategories ofO whose Grothendieck ring have a cluster algebra structure,
see [38, 4] for instance (in particular categories O+

Z , O
−
Z which satisfy a certain duality, see [38, 63]). The QQ∗-

relations and the QQ-systems will also be seen as exchange relations in monoidal categorifications (Section 9).
Although it is not expected that the whole category O itself provides a monoidal categorification of a cluster
algebra (because the tensor product is not compatible with the finite length property as discussed above), a
closely related category will be monoidal categorification (a category defined in terms of shifted quantum affine
algebras, see Section 9).

7 Quantum Grothendieck rings Let t be a new indeterminate. The Grothendieck ring K(C) has a
natural non-commutative deformation, the quantum Grothendieck ring (Kt(C), ∗t). The quantum Grothendieck
ring is defined as a Z[t±1/2]-subalgebra of a quantum torus, with a distinguished set of generators called
fundamental quantum classes [Vi(a)]t (i ∈ I, a ∈ C∗). There is a canonical surjection π : Kt(C) → K(C)
such that π(t) = 1 and π([Vi(a)]t) = [Vi(a)] for any i ∈ I, a ∈ C∗.

Kt(C) was originally defined in simply-laced types [57, 65] from the point of view of geometric representation
theory (categories of perverse sheaves on quiver varieties). It has also a purely algebraic construction that leads
to its existence for all types [28], as well as a categorical construction (the monoidal Jantzen filtrations [23]) and
a close connection with cluster algebras that will be discussed below.

Example 7.1. In the sl2-case, the subring Kt(CZ) generated by the quantum classes [V1(q
2r)]r∈Z is enough to

describe the whole ring Kt(C) and its ring structure is uniquely defined by

(7.1) [V (qr)]t ∗ [V (qr
′
)]t = tN (r′−r)[V (qr

′
)]t ∗ [V (qr)]t + δr′−r,2(1− t−2) for r′ ≥ r,

where N (r) =

{
2(−1)k if r = 2k > 0

0 otherwise.
.

Let n be the ”positive part” of the Lie algebra g, and N be a unipotent Lie group with Lie(N) = n.

Theorem 7.2. [37] For the simply-laced types, there is a natural monoidal subcategory CQ so that the
subalgebra Kt(CQ) ⊂ Kt(C) generated by the fundamental classes [V ]t with V in CQ satisfies C⊗ZKt(CQ) ≃ Ut(n).

Remark 7.3. The result in [37] (with Theorem 7.5 below) also implies that the monoidal category CQ is a
categorification of C[N ], together with its dual canonical basis in the sense of Lusztig [53] (the basis of simple
classes in K(CQ) matches the dual canonical basis though an isomorphism C⊗Z K(CQ) ≃ C[N ]).

Example 7.4. Let g = sl3. The algebra Kt(CQ) is generated by [V1(1)]t, [V1(q
2)]t and [V2(q)]t. We have

[V1(1)]t ∗ [V1(q2)]t − t−1[V1(q2)]t ∗ [V1(1)]t = (t1/2 − t−3/2)[V2(q)]t

which implies that E1 = [V1(1)]t and E2 = [V1(q
2)]t generate the algebra and satisfy the quantum Serre relations

[V1(1)]t ∗ [V1(1)]t ∗ [V1(q2)]t − (t+ t−1)[V1(1)]t ∗ [V1(q2)]t ∗ [V1(1)]t + [V1(q
2)]t ∗ [V1(1)]t ∗ [V1(1)]t = 0,

[V1(q
2)]t ∗ [V1(q2)]t ∗ [V1(1)]t − (t+ t−1)[V1(q

2)]t ∗ [V1(1)]t ∗ [V1(q2)]t + [V1(1)]t ∗ [V1(q2)]t ∗ [V1(q2)]t = 0.

Nakajima [57] proved that the quantum Grothendieck has also a remarkable canonical basis [L]t parametrized
by simple modules L in C and that can be computed by an analog of the Kazhdan-Lusztig algorithm which produces
also analogs of Kazhdan-Lusztig polynomials.

Theorem 7.5. [57] Suppose g is of simply laced-type. Then we have π([L]t) = [L] for any simple L in C
and so the q-character of simple modules can be computed by an algorithm. Also the analog Kazhdan-Lusztig
polynomials are positive.

The proof in [57] is a culmination of a series of papers on the geometric study of the representation theory of
simply-laced quantum affine algebras in terms of quiver varieties, see [56] and references there in.

Note that geometric character formulas for standard modules (tensor products of fundamental representations)
have been obtained in [39] for all types. Although the analog of Kazhdan-Lusztig polynomials are now known
to be positive for general types [25], the analog of the Kazhdan-Lusztig conjecture (that is π([L]t) = [L]) is
still open in general (in its form formulated for the non simply-laced types in the phD thesis of the speaker



[33]). Recent advances, using cluster categorification, have been obtained for the non simply-laced types. These
advances are partly based on relations to cluster algebras and to categorification results in [51] that will be also
discussed below. Note that first results in the simply-laced types [2, 64] showed the compatibility between quantum
Grothendieck rings and quantizations of cluster algebras. Then the following relies in part on the interpretation
of the quantization of the Grothendieck ring for general types in terms of quantum cluster algebras.

Recall that a simple module is said to be reachable if it corresponds to a cluster monomial in a monoidal
categorification (here we use the monoidal categorification as defined in the next sections).

Theorem 7.6. [24, 25] For non-simply laced quantum affine algebras, the dimension (and character) of any
simple reachable representation can be obtained from a Kazhdan-Lusztig algorithm.

8 Shifted quantum groups The shifted quantum affine algebras form a new class of quantum groups
closely related to (quantized K-theoretical) Coulomb branches (in the sense of Braverman-Finkelberg-Nakajima
[3]) that were introduced by Finkelberg-Tsymbaliuk [11]. The algebra Uµ

q (ĝ) can be seen as a variation of the
quantum affine algebra Uq(ĝ) depending on a shift parameter which is a coweight µ of the Lie algebra g (for
example in the sl2-case, we can see µ as an integer). For µ = 0, U0

q (ĝ) is essentially Uq(ĝ). These algebras have
a very interesting representation theory. In [34] the speaker started a systematic study of the representations of
shifted quantum affine algebras. Let us illustrate this with some first results.

Theorem 8.1. [34] Uµ
q (ĝ) has a non-zero finite-dimensional representation if and only if µ is codominant.

For a general µ, Uµ
q (ĝ) contains a copy of the Cartan subalgebra Uq(h) = C[k±1i ]i∈I of Uq(b̂), and so we have

a notion of weight space as well as an abelian category Oµ of representations of Uµ
q (ĝ) defined as above (an object

in Oµ is not necessarily finite-dimensional but its weight spaces are finite-dimensional).

Theorem 8.2. [34] If µ is anti-codominant, then Uµ
q (ĝ) contains a subalgebra isomorphic to Uq(b̂) so that

any simple module in Oµ is simple as a Uq(b̂)-module.

This implies a profound relation between the representation of shifted quantum affine algebras and quantum
affine Borel algebras, and so a relation to quantum integrable models. This is illustrated in the example below.

Example 8.3. The action of Uq(b̂) on the prefundamental representation L−i,a = Lb(Ψ−1i,a ) can be extended to

an action of U−ω
∨
i

q (b̂), where ω∨i is a fundamental coweight, to obtain L(Ψ−1i,a ) (see Example 4.2).

Theorem 8.4. [34] The simple objects L(Ψ) in Oµ are parametrized by n-tuples of rational fractions
Ψ = (ψi(z))i∈I regular at 0 satisfying deg(ψi(z)) = αi(µ) where (αi)i∈I are the simple roots of g.

Example 8.5. As explained above, for µ anti-codominant, we recover the representation Lb(Ψ) of Uq(b̂)
(the underlying vector space, graded by weights, is the same). This includes the negative prefundamental
representations and the finite-dimensional fundamental representations.

Example 8.6. For i ∈ I and a ∈ C∗, the simple representation L(Ψi,a) of Uω∨
i

q (ĝ) is called a positive
prefundamental representation (here ω∨i is a fundamental coweight). It is of dimension 1 ! (in contrast, recall
that Lb(Ψi,a) is infinite-dimensional).

Remark 8.7. The last example underlines the difference with the representation theory of ordinary quantum

affine algebras: for any type of g, the algebra Uω∨
i

q (ĝ) has a non-countable family of non-isomorphic 1-dimensional

representations. Another illustration: U−ω
∨
1

q (ŝl2) admits evaluation morphisms not to the ordinary quantum group

Uq(sl2) as in Example 2.4, but to the q-oscillator algebra ([E,F ] equals K
q−q−1 instead of K−K−1

q−q−1 ).

Without loss of generality, we may assume that all roots and poles of the rational fractions as in Theorem
8.2 are integral powers of q. One obtains an abelian category

Osh =
⊕

µ coweight

Oµ

which contains Osh,l its subcategory of modules of finite length.



Theorem 8.8. [34, 42] The sum of Grothendieck groups

K(Osh) =
⊕
µ

K(Oµ)

has a natural topological ring structure, with positive structure constants on the topological basis of simple classes.
Moreover K(Osh,l) is a subring K(Osh).

The ring structure is induced by a fusion product construction obtained from the Drinfeld coproduct as in
[30]. This ring can be considered as an analogue of a Grothendieck ring. In addition, it is commutative. The fact
that the subcategory of finite length representations is stable by fusion product is established in [42].

9 Shifted quantum groups and cluster algebras Consider the subcategory Csh ⊂ Osh,l of finite-
dimensional representations of shifted quantum affine algebras. Its Grothendieck ring K(Csh) contains as a
subring the Grothendieck ring K(C) of finite-dimensional representations of the ordinary quantum affine algebra.

Theorem 9.1. [38, 51, 34] K(Csh) is isomorphic to a cluster algebra AΓ∞ , with an explicit quiver Γ∞. The
initial cluster variables are classes of positive prefundamental representations. The cluster monomials correspond
to certain classes of simple modules.

Example 9.2. For g = sl2, the initial seed is

· · · −→
[
L(Ψ1,q−2)

]
−→ [L(Ψ1,1)] −→

[
L(Ψ1,q2)

]
−→ · · ·

(up to factors by invertible representations, that we omit in this lecture to avoid technicalities). The first step
mutations are given by the Baxter TQ-relations

[L(Ψ1,a)][V1(a)] = [L(Ψ1,aq2)] + [L(Ψ1,aq−2)].

This connects cluster categorification to quantum integrable models (for general types, the first step mutations
are QQ∗-relations as in Remark 5.4).

Example 9.3. For g = sl3, the initial seed is

· · · // [L(Ψ1,q−2)]

ww

// [L(Ψ1,1)] //

xx

· · ·

· · · // [L(Ψ2,q−3)] //

dd

[L(Ψ2,q−1)] //

gg

[L(Ψ2,q)] //

ff

· · ·

Remark 9.4. The results of [48, 49, 50] culminating in [51] established a monoidal categorification conjecture
formulated in [39] for finite-dimensional representations of ordinary quantum affine algebras.

We use the Weyl group action and the generalized QQ-relations in [16, 17] to obtain the following Theorem
9.6. Indeed we introduce in [16] the operators Θi (i ∈ I) on a sum

Π =
⊕
w∈W

Ỹw

of completions Ỹw of Y = Z[Y ±1i,a ]i∈I,a∈C∗ , parametrized by the Weyl group W of g. The operators are
characterized by the formula (i, j ∈ I and a ∈ C∗):

Θi(Yj,a) = Yj,aA
−δi,j
i,aq−1

Σ
δi,j
i,aq−3

Σ
δi,j
i,aq−1

,

(9.1) where Ai,a = Yi,aq−1
i
Yi,aqi

∏
j|Cj,i=−1

Y −1j,a

∏
j|Cj,i=−2

Y −1j,aq−1Y
−1
j,aq

∏
j|Cj,i=−3

Y −1j,aq−2Y
−1
j,a Y

−1
j,aq2

are the root monomials of [22] and Σi,a is the solution in Π of the q-difference equation

Σi,a = 1 +A−1i,aΣi,aq−2 .

Now Y embeds in Π diagonally, and we have the following analogue of a classical result.



Theorem 9.5. [16] The Θi are involutions and define a Weyl group action on Π (with the simple reflexions
acting as Θi). Moreover, the ring of invariants YW equals the ring of q-characters in Y.

Now starting from Q
ω∨

i
a = [L(Ψi,a)], and using this Weyl group action, we introduce in [17] for general w ∈W ,

i ∈ I new elements Q
w(ω∨

i )
a in the Grothendieck ring K(Osh) which satisfy a generalized version of the QQ-system

for each w ∈W (with the Q
w(ω∨

i )
a for the Q-variables and the Q

(wsi)(ω
∨
i )

a for the Q̃-variables).
These solutions of the generalized QQ-systems lead to the construction of remarkable cluster variables (the

Q-variables) used to construct initial seeds for the following result.

Theorem 9.6. [26] For the simply-laced types, the Grothendieck ring K(Osh) is isomorphic to (a completion
of) a cluster algebra AΓ′

∞
, with an explicit quiver Γ′∞.

Example 9.7. For g = sl2, the new quiver Γ′∞ is obtained from the older quiver Γ∞ by just inverting the
direction of one arrow:

· · · −→
[
L(Ψ1,q2)

]
−→ [L(Ψ1,1)]←−

[
L(Ψ−11,q−2)

]
−→

[
L(Ψ−11,q−4)

]
−→ · · ·

The mutation at the vertex corresponding to L(Ψ1,1) is

· · · −→
[
L(Ψ1,q2)

]
←−

[
L(Ψ−11,1)

]
−→

[
L(Ψ−11,q−2)

]
−→

[
L(Ψ−11,q−4)

]
−→ · · ·

as we have the remarkable QQ-relation

(9.2) [L(Ψ1,1)][L(Ψ
−1
1,1)] = 1 + [−ω1]

2[L(Ψ1,q2)][L(Ψ1,q−2)].

Here Q
ω∨

1
a = [L(Ψ1,a)] and Q

−ω∨
1

a = [L(Ψ−11,aq−2)].

Example 9.8. For g = sl3, the new quiver Γ′∞ is also built from the periodic quiver Γ∞, but it contains now
3 quadrilaterals:

· · · • // •

��

•oo // •

��

• //oo · · ·

}}
· · · // • //

bb

•

__

•oo // •

__

// · · ·

The initial cluster variables are the [L(Ψ1,q2r )], [L(Ψ2,q2r−1)], [L(Ψ−11,q2s)], [L(Ψ−12,q2s−1)], with r ≥ 0, s ≤
−2, as well as L(Ψ̃1,q−2) and L(Ψ̃1,q−4) (recall (5.1)). These are Q-variables as here Q

ω∨
1

a = [L(Ψ1,a)],

Q
ω∨

2 −ω
∨
1

a = [L(Ψ2,aq−1Ψ−11,aq−2)], Q
−ω∨

2
a = [L(Ψ−12,aq−3)], Q

ω∨
2

a = [L(Ψ2,a)], Q
ω∨

1 −ω
∨
2

a = [L(Ψ1,aq−1Ψ−12,aq−2)],

Q
−ω∨

1
a = [L(Ψ−11,aq−3)].

The quantization of this structure is discussed in [62].

Remark 9.9. By [33], Equation (9.2) generalizes to all finite types and the QQ-relation in Theorem 5.1 also

holds in K0(Osh), with the simple classes [L(Ψi,a)] = Q
ω∨

i
a and [L(Ψ̃i,aq−2)] = Q

si(ω
∨
i )

a which are Q-variables.
This is one of the motivations for the next Conjecture.

In general, we conjecture the following, which can be seen as a generalization of Theorem 9.1 to the category
Osh.

Conjecture 9.10. [26] All cluster monomials in AΓ′
∞

correspond to classes of simple objects in Osh through
the isomorphism in Theorem 9.6.

This general Conjecture is, for the moment, only known for g = sl2 in [26].



10 Truncated shifted quantum groups Let us now discuss truncated shifted quantum affine algebras,
quotients Uµ

q,Z(ĝ) of Uµ
q (ĝ) depending on a truncation (or flavor) parameter Z = (Zi(z))i∈I which is a collection of

polynomials with constant term 1. These truncations defined in [11] are closely related to the geometric context
of Coulomb branches (in their K-theoretical version).

The truncated shifted quantum affine algebras appear also naturally from the point of view of quantum
integrable systems (Section 3). Indeed, the defining relations of the truncated shifted quantum affine algebras are
expressed in terms of the polynomiality of certain A-operators A±i (z) (i ∈ I) which have coefficients in the shifted
quantum affine algebra. The A-operators can be also obtained as limits of transfer-matrices, not associated to
infinite-dimensional representations as the Q-operators, but associated to finite-dimensional representations.

We will use methods related to the Baxter polynomiality in quantum integrable systems to approach the
representation theory of truncated shifted quantum affine algebras of general types.

Example 10.1. Let g = sl2. We have the Q-operator Qu(z) = TR+
1
(z, u) obtained in [14] from the (infinite-

dimensional) Uq(b̂)-prefundamental representation R+
i,1 of [35] (it is a dual of L+

i,1). We have the limit u → 0 of
the Q-operator computed in [14, Section 5.3] in terms of Drinfeld generators h−m :

(Qu(z))u→0 = T−(z) = exp

(∑
m>0

h−mz
m

[m]q(qm + q−m)

)
.

In fact, the operator A−(z) of [11] is equal, up to a scalar function in z, to

A−(z) = k̃
T−(z−1q2)

T−(z−1)
,

with k̃2 = k. It can also be obtained as a limit of a transfer-matrix in the following way. We have the T -operator

Tu(z) = tV (1)(z, u).

The Baxter TQ-relation (4.1), in terms of transfer-matrices, reads

Tu(z)Qu(zq) = uk̃−1Qu(zq
−1) + u−1k̃Qu(zq

3).

Then for u→ 0 we obtain

(uTu(z))u→0 = k̃
T−(zq3)

T−(zq)

which equals A−(z−1q−1) up to a scalar function. The proof of the polynomiality of Q-operator in [14] can be
extended to T -operators as established in [10]. Hence the polynomiality of the A-operators can be studied from
these methods.

Recall that it is established in [14] that the eigenvalues of Q-operators on finite-dimensional representations
can be described in terms of certain polynomials, generalizing Baxter’s polynomials associated to theXXZ-model.
Moreover, this Baxter polynomiality implies the polynomiality of certain series of Cartan-Drinfeld elements acting
on finite-dimensional representations [14]. For instance, it implies the following two Theorems.

Theorem 10.2. [34] Each truncation has a finite number of simple representation in the category Osh.

For a fixed Z, we denote by Osh
Z =

∑
µO

µ
Z the sum for various coweights µ of the categories Oµ

Z of

representations in Oµ that descend to Uµ
q,Z(ĝ).

Remark 10.3. From the defining relation of the truncated shifted quantum affine algebras, if L(Ψ) is in Oµ
Z,

then for any i ∈ I we have Zi(0)Zi(∞) = Ψi(0)Ψi(∞) up to a sign, where Zi(∞) = limz→∞z
−deg(Zi)Zi(z) and

Ψi(∞) = limz→∞z
−deg(Ψi)Ψi(z). These conditions determine the constant part of (Ψi(0))i∈I (up to a 4th root if

1). Hence for clarity we will omit the constant parts in the following.

Theorem 10.4. [33, 69, 42] Each simple representation L(Ψ) in Osh descends to a truncation (moreover,
an explicit truncation parameter Z so that L(Ψ) belongs to Osh

Z can be computed from Ψ).



Example 10.5. (i) For a truncation parameter Z = (Zi(z))i∈I , let λ =
∑

i∈I deg(Zi)ω
∨
i . Then Oλ

Z contains a
unique simple object which is L(Z). It is a one-dimensional module.

(ii) Let Z = Ψi,a. Then Oω∨
i −α

∨
i

Z contains a unique simple object which is precisely L(Ψ̃i,aq−2
i

) the simple

representation that occurs in the QQ-system in Theorem 5.1.

A partial ordering is defined in [34] : Ψ ⪯ Ψ′ if and only if Ψ′Ψ−1 is a monomial in the Λi,a =

Ψi,aqi(Ψ̃i,aq−1
i

)−1, i ∈ I, a ∈ C∗.

Theorem 10.6. If L(Ψ) is in Osh
Z , then Ψ ⪯ Z.

Using the same tools as for the proof of these results, one obtains the following.

Proposition 10.7. Let Z, Z′ truncation parameters (that is collections of polynomials as above).
(i) L(Z′) is in Osh

Z if and only if Z′ ⪯ Z.
(ii) In this case, we have Osh

Z′ ⊂ Osh
Z .

Proof. (i) follows from the fact that, as the components of Z′ are polynomials, L(Z′) is one-dimensional. So
this is just a statement on the eigenvalues of the A-operators.

(ii) If Z′ = ZΛ with Λ a product of various of Λi,a, the truncation relations for Z′ imply the truncation
relations for Z.

11 Representations of truncations This last Section is more technical as we discuss Conjectures. For
the non-simply-laced types, we proposed in [33] a parametrization of simple representations in Osh

Z in terms of
specializations of commutative analogs of deformed W -algebras.

Remark 11.1. (1) The shifted quantum affine algebras have rational analogs called shifted Yangians. For
the simply-laced types, simple representations of truncated shifted Yangians have been parametrized in terms of
Nakajima monomial crystals [46] (this parametrization can be understood in the context of symplectic duality,
more precisely from the equivariant version of the Hikita conjecture for the symplectic duality formed by an affine
Grassmannian slice and a quiver variety). As for ordinary (non shifted) quantum groups [27], the representations
of shifted Yangians and shifted quantum affine algebras are expected to be closely related. This is true at the
level of truncations by [67] and the parametrization also holds for the simply-laced truncated shifted quantum
affine algebras. Note that a bijection is given in [60] between certain simple representations of a non simply-laced
quantized Coulomb branch and those for the simply-laced types.

(2) The prefundamental representations have also been recently studied by using other approaches, for example
in [61, 66].

In our approach to general types, we use a limit obtained from interpolating (q, t)-characters. The latter were
defined by Frenkel and the speaker as a commutative incarnation of Frenkel-Reshetikhin deformedW-algebras [21]
which appeared in the context of the geometric Langlands program [13, 18]. They lead to an interpolation between
the Grothendieck ring Rep(Uq(ĝ)) of finite-dimensional representations of Uq(ĝ) (at t = 1) and the Grothendieck
ring Rep(Ut(Lĝ)) of finite-dimensional representations of the Langlands dual quantum affine algebra Ut(Lĝ) (at
q = ϵ a certain root of 1):

Kq,t

q=ϵ

%%t=1yy
Rep(Uq(ĝ)) Rep(Ut(Lĝ))

Here Kq,t is the ring of interpolating (q, t)-characters. It is generated by fundamental interpolating (q, t)-characters
Xi,q,t(a), i ∈ I, a ∈ C∗ that can be computed by a deformation of an algorithm of Frenkel-Mukhin [20].

To describe our parametrization of simple representations in Osh
Z , we found in [33] that it is relevant to use a

mixed specialization of interpolating (q, t)-characters (with t = 1 for variables but q = ϵ for coefficients). By our
specialization process, for each i ∈ I, a ∈ C∗, we obtain a fundamental

χi,a ∈ Z[Z±1j,aqr ]j∈I,r∈Z.

Informally, this χi,a can be seen as obtained from the q-character of a fundamental representation of the Langlands
dual twisted quantum affine algebra Ut(Lĝ), where each term has been replaced through interpolation by a
monomial which occurs in the q-character of a representation of Uq(ĝ). χi,a can be computed algorithmically.



Example 11.2. (i) For g of simply-laced type, χi,a is just the q-character of the finite-dimensional fundamental
representation Vi(a) of Uq(ĝ), where we have set Zi,a = Yi,a.

(ii) Let g in type B2 with r1 = 2 and r2 = 1. Then we have

χ1,a = Z1,a + Z−11,aq4Z2,aq2 + Z−12,aq4Z1,aq2 + Z−11,aq6 ,

χ2,a = Z2,a + Z−12,aq2Z1,aZ1,aq2 + Z1,aZ
−1
1,aq6Z

−1
2,aq2Z2,aq4 + Z1,aq2Z

−1
1,aq4 + Z−11,aq6Z

−1
1,aq4Z2,aq4 + Z−12,aq6 .

The respective number of terms, 4 and 6, are the respective dimensions of the fundamental representations of the

twisted quantum affine algebra Uq(A(2)
3 ) (Langlands dual to Uq(B(1)

2 )).

Remark 11.3. A priori χi,a may have infinitely many terms, but we conjecture that the number of terms is
finite, that is the algorithm to compute χi,a stops.

Now consider a truncation parameter Z = (Zi(z))i∈I . Then we define

χ(Z) =
∏

i∈I,a∈C∗

χ
ui,a

i,a−1 ,

where ui,a is the multiplicity of a−1 as a root of Zi. For M a monomial in χ(Z), we set ΨM =
∏

i∈I,a∈C∗ Ψ
zi,a
i,a−1

where zi,a is the power of Zi,a in M (ΨM is defined up to an explicit constant, as discussed in Remark 10.3). In
this situation, we say that ΨM comes from χ(Z).

Now we reformulate and adjust the conjecture in [33].

Conjecture 11.4. (i) The representation L(Ψ) belongs to Osh
Z if Ψ comes from χ(Z) .

(ii) The representation L(Ψ) belongs to Osh
Z only if there is a finite sequence (Z0 = Z,Z1, · · · ,ZN ) of

truncation parameters such that Zk+1 comes from χ(Zk) for all 0 ≤ k < N and Ψ comes from χ(ZN ).

Remark 11.5. (1) For Ψ = Z′ a truncation parameter, (i) is true by Proposition 10.7 as the condition implies
that Z′ ⪯ Z.

(2) The statement in (i) is equivalent to the converse of (ii). But the converse of (i) is untrue in general (see
the counter example 11.7). That is why (ii) is reformulated in comparison to [33]. Note that, for the simply-laced
types, (i) and its converse have been established (at least for truncated shifted Yangians) by [46] in the context
of categorification of action of Lie algebras. This implies that for simply-lace types, the converse of (ii) is (i). For
these types, χ(Z) is the q-character of a standard module, and the set of its monomials is a monomial crystal
which is a product of fundamental monomial crystals in the sense of Nakajima [59] (see [41] for a generalization).
The formulation can be simplified: L(ΨM ) belongs to Osh

Z if and only if ΨM comes from χ(Z). In particular,
Z′ = ΨM ′ ⪯ Z = ΨM if and only if M ′ dominant occurs in χM q-characters of a standard module (M ′ dominant
means that the powers of the variables Yj,b are positive). This implies the following: consider a dominantM ′ ≤M
(for the Nakajima partial ordering, that is M ′M−1 is a product of various Aj,b as in (9.1)). Then M ′ occurs in
the q-character of the standard module associated to M .

(3) For general types, from the discussions above, the condition (ii) can be replaced by: there is Z′ ⪯ Z
truncation parameter such that Ψ comes from a monomial in χ(Z′). This formulation is less explicit as we have
to determine the truncation parameters that satisfy Z′ ⪯ Z.

(4) An alternative formulation of Conjecture 11.4 is given in [67] in terms of crystals.
(5) Theorem 10.4 is a main evidence as it gives a truncation parameter as predicted by Conjecture 11.4.

Example 11.6. We continue Example 11.2 in type B2.
(1) First let us set λ = ω∨2 , Z1(z) = 1, Z2(z) = 1− z. We list the parameters of the 6 simple modules in Osh

Z :
µ = ω∨2 : Ψ2,1 ; µ = 2ω∨1 − ω∨2 : Ψ1,q−2Ψ1,1Ψ

−1
2,q−2 ; µ = ω∨2 − 2ω∨1 : Ψ

−1
1,q−6Ψ

−1
1,q−4Ψ2,q−4 ; µ = −ω∨2 : Ψ

−1
2,q−6 ;

µ = ω∨2 − 2ω∨1 : Ψ1,1Ψ
−1
1,q−6Ψ2,q−4Ψ−12,q−2 and Ψ1,q−2Ψ−11,q−4 .

(2) Set λ = ω∨1 , Z1(z) = 1− z, Z2(z) = 1. We have 4 simple modules in OZ:
µ = ω∨1 : Ψ1,1 ; µ = ω∨2 − ω∨1 : Ψ

−1
1,q−4Ψ2,q−2 ; µ = ω∨1 − ω∨2 : Ψ1,q−2Ψ−12,q−4 ; µ = −ω∨1 : Ψ

−1
1,q−6 .

Example 11.7. Let us set Z = ((1− zq−6), (1− z)(1− zq−2)(1− zq−6)). Then

Z′ = (1− z, (1− zq−4)(1− zq−6)) = ZΛ−12,q−1Λ
−1
1,q−4



is associated to the monomial Z1,q6(Z1,1Z
−1
1,q6Z

−1
2,q2Z2,q4)Z2,q2Z2,q6 = Z1,1Z2,q4Z2,q6 in χ(Z). Besides

Z′′ = ((1− z)(1− zq−4)(1− zq−6), 1) = Z′Λ−12,q−5

is associated to the monomial Z1,1Z2,q4(Z
−1
2,q4Z1,q4Z1,q6) = Z1,1Z1,q4Z1,q6 in χ(Z′).

Hence, L(Z′′) belongs to Osh
Z as predicted by the conjecture. But Z′′ does not come from a monomial in

χ(Z).

We have the following compatibility property with the ring structure.

Proposition 11.8. [33] For truncation parameters Z, Z′, we have

K(Osh
Z )K(Osh

Z′ ) ⊂ K(Osh
ZZ′),

where ZZ′ is obtained by multiplying the polynomials (coordinate by coordinate).

An open and important question is to understand the compatibility with the cluster algebra structures (and
with the Conjecture 9.10). For example, by the last Proposition, for the truncation parameter

Z =

 ∏
j,Ci,j=−1

Ψj,aqi

 ∏
j,Ci,j=−2

Ψj,aΨj,aq2

 ∏
j,Ci,j=−3

Ψj,aq−1Ψj,aqΨj,aq3

 .

the QQ-relation in Remark 9.9 is a relation in K(Osh
Z ).
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J. Éc. polytech. Math. 6 (2019), 581–619.

[5] E. Casbi, Dominance order and monoidal categorification of cluster algebras, Pacific J. Math. 305 (2020),
no. 2, 473–537.

[6] V. Chari and D. Hernandez, Beyond Kirillov-Reshetikhin modules, in Quantum affine algebras, extended
affine Lie algebras, and their applications, 49–81, Contemp. Math. 506 (2010).

[7] V. Chari and A. Pressley, A guide to quantum groups. Cambridge University Press 1994.

[8] V. Drinfeld, Quantum groups in Proceedings of the International Congress of Mathematicians, Vol. 1, 2
(Berkeley, Calif., 1986), 798–820, Amer. Math. Soc., Providence, RI, 1987.

[9] B. Feigin and E. Frenkel, Quantization of soliton systems and Langlands duality, in Adv. Stud. Pure
Math. 61, 185-274 Math. Soc. Japan, Tokyo, 2011.

[10] B. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Finite type modules and Bethe Ansatz equations, Ann.
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