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Abstract. We develop the representation theory of shifted quantum affine algebras Uµq (ĝ)
and of their truncations which appeared in the study of quantized K-theoretic Coulomb
branches of 3d N = 4 SUSY quiver gauge theories. Our approach is based on novel
techniques, which are new in the cases of shifted Yangians or ordinary quantum affine
algebras as well : realization in terms of asymptotical subalgebras of the quantum affine
algebra Uq(ĝ), induction and restriction functors to the category O of representations of

the Borel subalgebra Uq(b̂) of Uq(ĝ), relations between truncations and Baxter polyno-
miality in quantum integrable models, parametrization of simple modules via Langlands
dual interpolation. We first introduce the category Oµ of representations of Uµq (ĝ) and
we classify its simple objects. Then we establish the existence of fusion products and we
get a ring structure on the sum of the Grothendieck groups K0(Oµ). We classify simple
finite-dimensional representations of Uµq (ĝ) and we obtain a cluster algebra structure on the
Grothendieck ring of finite-dimensional representations. We prove a truncation has only
a finite number of simple representations and we introduce a related partial ordering on
simple modules. Eventually, we state a conjecture on the parametrization of simple mod-
ules of a non simply-laced truncation in terms of the Langlands dual Lie algebra. We have
several evidences, including a general result for simple finite-dimensional representations.
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1. Introduction

Shifted quantum affine algebras and their truncations arose [FT] in the study of quan-
tized K-theoretic Coulomb branches of 3d N = 4 SUSY quiver gauge theories in the sense
of Braverman-Finkelberg-Nakajima [BFN1] which are at the center of current important
developments (see for instance [N4, F] and references therein). A presentation of (trun-
cated) shifted quantum affine algebras by generators and relations was given by Finkelberg-
Tsymbaliuk [FT]. Their rational analogs, the shifted Yangians, and their truncations,
appeared in type A in the context of the representation theory of finite W -algebras [BrK],
then in the study of quantized affine Grassmannian slices [KWWY] for general types and in
the study of quantized Coulomb branches of 3d N = 4 SUSY quiver gauge theories [BFN1]
for simply-laced types and [NW] for non simply-laced types.

Shifted quantum affine algebras U
µ+,µ−
q (ĝ) can be seen as variations of Drinfeld-Jimbo

quantum affine algebras Uq(ĝ) in their Drinfeld presentation, but depending on two coweights
µ+, µ− of the underlying simple Lie algebra g. In the particular case µ+ = µ− = 0, the

algebra U
0,0
q (ĝ) is a central extension of the ordinary quantum affine algebra Uq(ĝ). The

algebra Uq(ĝ) and its representations have been under intense study in recent years, the
reader may refer to the recent ICM talks [Kas3, O] for recent important developments.

The truncations depend on additional parameters, including a dominant coweight λ.
In this context, these parameters λ and µ = µ+ + µ− can be interpreted as parameters

for generalized slices of the affine Grassmannian W
λ
µ (usual slices when µ is dominant)

or its symplectic dual in the sense of [BLPW], a Nakajima quiver variety Mλ,µ. Up to
isomorphism, U

µ+,µ−
q (ĝ) only depends on µ and will be denoted simply by U

µ
q (ĝ).

For simply-laced types, representations of shifted Yangians and related Coulomb branches
have been intensively studied, see [BrK, KTWWY1, KTWWY2] and references therein. For
non simply-laced types, representations of quantizations of Coulomb branches have been
studied by Nakajima and Weekes [NW] by using the method originally developed in [N5]
for simply-laced types.

In the present paper, we develop the representation theory of shifted quantum affine
algebras with an approach based on several novel techniques :

(1) for µ anti-dominant, realization in terms of the asymptotic algebra introduced in
[HJ], which is a subalgebra of the ordinary quantum affine algebra Uq(ĝ),

(2) induction and restriction functors to the category O of representations of the Borel

subalgebra Uq(b̂) of Uq(ĝ),

(3) relations of truncations with Baxter polynomiality in quantum integrable models,

(4) parametrization of simple modules via Langlands dual interpolating (q, t)-characters.

We underline that these techniques, and a large part of our results, are also new for
ordinary quantum affine algebras or shifted Yangians. Hence our study goes beyond a
trigonometric version of known results for Yangians.

Let us explain our results. We first relate these representations to q-oscillator algebras
and to the quantum affine Borel algebra Uq(b̂). It is known since [BLZ] that certain rep-
resentations of the q-oscillator algebra give rise to representations of the quantum affine
Borel algebra Uq(b̂) of the quantum affine algebra Uq(ŝl2). For general untwisted types,
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the category O of representations of the quantum affine Borel algebra Uq(b̂) was introduced
and studied in [HJ]. Some representations in this category extend to a representation of
the whole quantum affine algebra Uq(ĝ), but many do not, including the prefundamental
representations constructed in [HJ] and whose transfer-matrices have remarkable properties
for the corresponding quantum integrable systems [FH2]. However, it was first observed
in [HJ] that for some of the simple representations in O, the structure of representation of

Uq(b̂) can be extended to a larger subalgebra of Uq(ĝ), the asymptotic algebra Ũq(ĝ). It
was observed in [Z] that, in the Yangian case, certain examples of simple representations in
an analog of the category O can be extended to a shifted Yangian. We will prove that all
antidominant shifted quantum affine algebras can be realized in terms of Ũq(ĝ).

This picture motivated us to introduce a category Oµ of representations of Uµq (ĝ) which is
an analog of the ordinary category O. In particular, the category O0 contains the category
of finite-dimensional representations of the quantum affine algebra Uq(ĝ), but for some other
µ, there are much more finite-dimensional representations in the categories Oµ which seem
to be a natural extension of the ordinary representation theory of quantum affine algebras.
These categories Oµ are the main categories studied in the present paper.

Our main results are the following :

(1) The classification of simple representations in the category Oµ.

(2) The classification of simple finite-dimensional representations of Uµq (ĝ).

(3) A ring structure on the sum of Grothendieck groups K0(Oµ) from fusion products.

(4) A cluster algebra structure on the Grothendieck ring of finite-dimensional repre-
sentations of shifted quantum affine algebras.

(5) A q-characters formula for simple finite-dimensional representations of U
µ
q (ĝ) in

terms of the q-character of simple representations of Uq(b̂).

(6) The rationality and polynomiality of remarkable Cartan-Drinfeld series on simple
representations in Oµ, using Baxter polynomiality of quantum integrable models.

(7) The proof of the finiteness of the number of simple isomorphism classes for trun-
cations for general types and their complete classification for g = sl2.

(8) A new partial ordering on simple representations of Uµq (ĝ).

(9) The statement of a conjecture to explicitly parametrize simple representations of
non simply-laced truncated shifted quantum affine algebras involving the Langlands
dual Uq(

Lĝ).

(10) The proof that simple finite-dimensional representations descend to a truncation
as in the conjecture.

Let us comment on related structures and on previous results.
For simply-laced types, simple representations of truncated shifted Yangians have been

parametrized in terms of Nakajima monomial crystals [KTWWY2]. Combining with [N5],
this implies an analog statement for simply-laced shifted quantum affine algebras. This
is a fundamental motivation for our conjecture (9) in non simply-laced types. We have
several strong evidences, including a complete result in type B2, and a general result for
finite-dimensional representations as mentioned above.
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Based on [N5], Nakajima-Weekes [NW] gave a bijection between more general simple rep-
resentations of a non simply-laced quantized Coulomb branch and those for simply-laced
types (they are parametrized by the same canonical base). Nakajima explained to the au-
thor this bijection preserves finiteness of dimension and category O. Thus, combining with
[KTWWY2], this gives an explicit parametrization of simple representations in category O

of truncated non simply-laced shifted Yangians and quantum affine algebras. After using
the comparison between simply-laced and twisted q-characters [He4], one can consider a
possible relation between the two parametrizations. In small examples discussed in a corre-
spondence between Nakajima and the author, this different method seems to give the same
parametrization as our result. Note also that results (7) above can be obtained by this
method from simply-laced types and an equivalence of representations of truncated shifted
Yangians/quantum affine algebras. For this last point, in the formulation of [N5, NW],
once the spectral parameters are specialized, the algebras relevant to homological and K-
theoretic Coulomb branches become isomorphic by Riemann-Roch theorem (there should
be also other approaches to this last problem in some cases, in the spirit of [GTL]).

One of the aims of the last part of the paper is to understand truncations and their
representations, uniformly, from the direct methods developed in the first parts. We show
that it is also relevant to use the theory of quantum integrable models we have previously
studied. We derive an explicit parametrization using the direct algebraic and transfer-
matrices approaches.

Let us recall that to each finite-dimensional representation V of Uq(ĝ), and more generally

to each representation of Uq(b̂) in the category O, is attached a transfer-matrix tV (z) which
is a formal power series in a formal parameter z with coefficients in Uq(ĝ) (the transfer-
matrix is defined via the R-matrix construction). Given another simple finite-dimensional
representation W of Uq(ĝ), we get a family of commuting operators on W [[z]]. This is a
quantum integrable model generalizing theXXZ-model. As conjectured in [FR2] and estab-
lished in [FH2], the spectrum of this system, that is the eigenvalues of the transfer-matrices,
can be described in terms of certain polynomials, generalizing Baxter’s polynomials asso-
ciated to the XXZ-model. These Baxter’s polynomials are obtained from the eigenvalues
of transfer-matrices associated to prefundamental representations of Uq(b̂). Moreover, this
Baxter polynomiality implies the polynomiality of certain series of Cartan-Drinfeld elements
acting on finite-dimensional representations [FH2]. We relate this result to the structures of
representations of truncated shifted quantum affine algebras (results (6), (8), (10) above).

In non-simply-laced types, the parametrization (9) does not involve directly the monomial
crystal or the q-character of a standard module, but a ”mixture” between the q-characters
of Langlands dual standard modules obtained from interpolating (q, t)-characters. The
latter were defined in [FH1] as an incarnation of Frenkel-Reshetikhin deformed W-algebras
interpolating between q-characters of a non simply-laced quantum affine algebra and its
Langlands dual. They lead [FH1, FHR] to the definition of an interpolation between the
Grothendieck ring Rep(Uq(ĝ)) of finite-dimensional representations of Uq(ĝ) (at t = 1) and
the Grothendieck ring Rep(Ut(

Lĝ)) of finite-dimensional representations of the Langlands
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dual algebra quantum affine algebra Ut(
Lĝ) (at q = ε a certain root of 1) :

Kq,t
q=ε

%%t=1yy
Rep(Uq(ĝ)) Rep(Ut(

Lĝ))

Here Kq,t is the ring of interpolating (q, t)-characters. To describe our parametrization (9),
we found it is relevant to use a different specialization of interpolating (q, t)-characters that
we call Langlands dual q-characters (with t = 1 for variables but q = ε for coefficients).

The interpolating (q, t)-characters are closely related to the deformed W-algebras which
appeared in [FR1] in the context of the geometric Langlands program. Note also that the
parametrization in [KTWWY2] for simply-laced types can be understood in the context of
symplectic duality (more precisely from the equivariant version of the Hikita conjecture [Hi]
for the symplectic duality formed by an affine Grassmannian slice and a quiver variety).
Hence the statement of our conjecture has also as main motivations the symplectic duality
and the Langlands duality.

Let us discuss another application of our approach in the context of cluster algebra theory
(result (4) above). The cluster algebra A(Q) attached to a quiver Q is a commutative ring
with a distinguished set of generators called cluster variables and obtained inductively via
the Fomin-Zelevinsky procedure of mutation [FZ]. A monoidal category C is said to be a

monoidal categorification of A(Q) if there exists a ring isomorphism A(Q)
∼→ K0(C), with

some additional properties, in particular with cluster variables corresponding to classes of
certain (prime) simple modules (see [HL1]). Various examples of monoidal categorifica-
tions have been established. It was proved in [HL3] that the Grothendieck rings of certain

categories of representations of Uq(b̂) have a cluster algebra structure. Using (3) and induc-
tion/restriction functors, we obtain a cluster algebra structure on the Grothendieck ring of
finite-dimensional representations of shifted quantum affine algebras (result (4)).

We expect our results and conjectures will lead to further developments in the represen-
tation theory of shifted quantum affine algebras. We also expect our results to extend to
twisted shifted quantum affine algebras.

The paper is organized as follows.

In Section 2, we consider finite-type analogs of shifted quantum affine algebras and we
underline the relation with the q-oscillator algebras.

In Section 3, we recall the definition of shifted quantum affine algebras Uµq (ĝ). In the sl2-
case, we consider evaluation morphisms to the q-oscillator algebra (Proposition 3.8) which
give examples of evaluation representations. For general types, we prove for µ anti-dominant
that U

µ
q (ĝ) can be realized from the asymptotic algebra and that it contains a subalgebra

isomorphic to the quantum affine Borel algebra Uq(b̂) (Proposition 3.4).
In Section 4, we introduce the category Oµ of representations of the shifted quantum

affine algebra U
µ
q (ĝ) and we classify its simple objects (Theorem 4.12). The category Osh =⊕

µ∈Λ Oµ is the sum of the abelian categories Oµ. We study shift functors induced by shift
homomorphisms.
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In Section 5, we construct the fusion product of representations of shifted quantum
affine algebras by using the deformed Drinfeld coproduct and the renomalization procedure
introduced in [He2] (Theorem 5.4). This leads to the definition of a ring structure on the
Grothendieck groups K0(Osh). We establish a simple module in Osh is a quotient of a fusion
product of various prefundamental ones (Corollary 5.6). Along the way we consider analogs
of Frenkel-Reshetikhin q-characters of representations of shifted quantum affine algebras.
We establish q-characters of simple representations satisfy a triangularity property with
respect to Nakajima partial ordering (Theorem 5.11).

In Section 6, we classify the simple finite-dimensional representations of shifted quantum
affine algebras (Theorem 6.4).

In Section 7, we define and study induction and restriction functors relating the category
O of representations of the quantum affine Borel algebra Uq(b̂) and the categories Oµ of
representations of shifted quantum affine algebras.

In Section 8, we establish a q-characters formula for simple finite-dimensional represen-
tations of shifted quantum affine algebras in terms of the q-characters of certain simple
representations of Uq(b̂) in the category O (Theorem 8.1). Then, we prove the results in

[HL3] imply a description of simple finite-dimensional representations of Uµq (ŝl2) (Theorem
8.4), isomorphisms of Grothendieck rings between categories of representations of U

µ
q (ĝ)

associated to dominant and anti-dominant µ (Theorem 8.7), and a cluster algebra structure
on the Grothendieck ring of finite-dimensional representations of shifted quantum affine
algebras (Theorem 8.10).

In Section 9, we recall Cartan-Drinfeld series Y ±i (z), T±i (z) introduced respectively in
[FR2] and in [HJ] in the study of transfer-matrices of representations of quantum affine
algebras. We establish (Theorem 9.12) the rationality of Y ±i (z) (resp. the polynomiality of

(T±i (z))∓1) on a simple representation of a shifted quantum affine algebra in the category
Oµ, using Baxter polynomiality of quantum integrable models [FH2].

In Section 10, we recall the definition of truncated shifted quantum affine algebras and
we explain how it appears naturally in terms of the Cartan-Drinfeld series Y ±i (z), T±i (z).
We establish (Proposition 10.7) a necessary and sufficient condition for the defining series
to have a rational action on a simple representation.

In Section 11, we start investigating which simple representations descend to truncated
shifted quantum affine algebras. We establish a necessary condition (Proposition 11.11).
It implies that a truncated shifted quantum affine algebra has only a finite number of
isomorphism classes of simple representations (Theorem 11.15). Then we introduce a partial
ordering �Z on simple modules, related to the Langlands dual Lie algebra Lg. We prove
a related triangularity property for simple representations of truncated shifted quantum
affine algebra (Theorem 11.9). In the sl2-case we characterize simple representations of a
truncated shifted quantum affine algebra (Theorem 11.17).

In Section 12, we state a conjecture (Conjecture 12.2) on the parametrization of simple
modules of non simply-laced truncated shifted quantum affine algebras. It is given in
terms Langlands dual q-characters that we introduce. We establish in type B2 that our
parametrization indeed gives representations of the truncated shifted quantum affine algebra
(Proposition 12.7). In general, we establish that a simple finite-dimensional representation
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of a shifted quantum affine algebra descends to a truncation as in Conjecture 12.2 (Theorem
12.8). The proof of this last result is based on Baxter polynomiality.
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reading of a first version of this paper and for numerous precious comments. The author
is grateful to Hiraku Nakajima for useful discussions and correspondences, in particular
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Pavel Etingof, Christof Geiss, Bernard Leclerc, Alex Weekes and Huafeng Zhang for useful
discussions. The author was supported by the European Research Council under the Euro-
pean Union’s Framework Programme H2020 with ERC Grant Agreement number 647353
Qaffine.

2. q-oscillator algebras

We first consider finite-type analogs of shifted quantum affine algebras and we underline
the relation with the q-oscillator algebras.

2.1. Definition. Let g be a simple finite-dimensional of rank n and I = {1, · · · , n}. We
denote by (ωi)i∈I , {αi}i∈I , {α∨i }i∈I , {ω∨i }i∈I the fundamental weights, the simple roots,
simple coroots and fundamental coweights respectively. P is integral weight lattice and
PQ = P ⊗ Q. The set of dominant weights is denoted by P+. The Cartan matrix is
C = (αj(α

∨
i ))i,j∈I and r1, · · · , rn > 0 integers are minimal so that we have a symmetric

matrix

B = diag(r1, · · · , rn)C.

Let q ∈ C∗ be not a root of unity. For i ∈ I, we set qi = qri . The quantum Cartan matrix
C(q) is defined for i 6= j ∈ I by

Ci,i(q) = [2]qi and Ci,j(q) = [Ci,j ]q,

with the standard q-number notation [m]u = um−um
u−u−1 for m ∈ Z, u ∈ C∗ \ {−1, 1}.

Set t∗ =
(
C×
)I

, and endow it with a group structure by pointwise multiplication. We

define a group morphism : PQ −→ t∗ by setting ω(i) = q
ω(α∨i )
i . We shall use the standard

partial ordering on t∗:

ω � ω′ if ω′ω−1 is a product of {αi}i∈I .

We consider the following generalization of q-oscillator algebras. For J,K ⊂ I, the algebra

U
J,K
q (g) is defined by the same generators k±1

i , ei, fi as for the quantum group Uq(g) but
with the modified relation

[ei, fi] =
δi/∈Kki − δi/∈Jk−1

i

qi − q−1
i

for i ∈ I.

The other relations are the same, that is for i, j ∈ I

kikj = kjki , kiej = q
Ci,j
i ejki , kiff = q

−Ci,j
i fjki,
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and if i 6= j, [ei, fj ] = 0 and∑
0≤r≤1−Ci,j

(−1)r
[
1− Ci,j

r

]
qi

e
1−Ci,j−r
i eje

r
i = 0 =

∑
0≤r≤1−Ci,j

(−1)r
[
1− Ci,j

r

]
qi

f
1−Ci,j−r
i fjf

r
i .

We used here the standard q-binomials from the standard q-factorial notations.

Remark 2.1. For gln+1, certain contracted algebras are introduced in [T1, T2] and are

very close the algebras U
J,K
q (sln+1) above. This was pointed out to the author by Huafeng

Zhang.

2.2. q-oscillator algebras in the sl2-case. We recover the usual q-oscillator algebras

U+
q (sl2) = U∅,{1}q (sl2) and U−q (sl2) = U{1},∅q (sl2).

U±q (sl2) is generated by e, f , k, k−1 with relations

ke = q2ek , kf = q−2fk , kk−1 = k−1k = 1 , [e, f ] =
±k±1

q − q−1
.

Note that exchanging e and f , k and k−1, we have an isomorphism

(2.1) U+
q (sl2) ' U−q (sl2).

Remark 2.2. (i) The quantum Boson algebra Bq(sl2) of Kashiwara [Kas1] is isomorphic
to the subalgebra of U+

q (sl2) generated by f and

e′ = (q − q−1)k−1e as e′f − q2fe′ = 1.

(ii) We denote U±q,loc(sl2) the algebra U±q (sl2) localized at the Casimir central element

C± = ef +
q∓1k±1

(q − q−1)2
= fe+

q±1k±1

(q − q−1)2
.

(iii) The algebra U±q (sl2) has a natural triangular decomposition. In particular the Borel

subalgebra Uq(b) ⊂ Uq(sl2) generated by e, k, k−1 is a subalgebra of U±q (sl2).

Proposition 2.3. There is an anti-isomorphism S : U+
q (sl2)→ U−q (sl2) defined by

S(e) = −ek , S(f) = −k−1f , S(k) = k−1 , S(k−1) = k.

Composing with the isomorphism (2.1), it gives also anti-automorphisms

S± : U±q (sl2)→ U±q (sl2).

Proof. It suffices to check the relations are preserved. For the first three relations, it follows
from the fact that the usual antipode is well-defined. For the last one, one has :

[S(f), S(e)] = [f, e] =
k−1

q − q−1
= S([e, f ]).

�
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Proposition 2.4. There are algebra morphisms

∆± : Uq(sl2)→ U±q (sl2)⊗ U∓q (sl2),

∆±(e) = e⊗1+k∓1⊗e , ∆±(f) = f⊗k±1 +1⊗f , ∆±(k) = k⊗k , ∆±(k−1) = k−1⊗k−1.

The same formulas define left-comodule and right-comodule structures :

U±q (sl2)→ Uq(sl2)⊗ U±q (sl2) , U∓q (sl2)→ U∓q (sl2)⊗ Uq(sl2).

Proof. It suffices to check the compatibility with the defining relations of Uq(sl2). For the
first three standard relations which are the same as for the quantum groups, it follows from
the fact that the usual coproduct is well-defined. For the last one, one has :

[∆±(e),∆±(f)] = [e⊗ 1 + k∓1 ⊗ e, f ⊗ k±1 + 1⊗ f ] = [e⊗ 1, f ⊗ k±1] + [k∓1 ⊗ e, 1⊗ f ]

=
±k±1

q − q−1
⊗ k±1 ∓ k∓1 ⊗ k∓1

q − q−1
=
k ⊗ k − k−1 ⊗ k−1

q − q−1
= ∆±([e, f ]).

�

Note that composing with the isomorphim (2.1), we also get algebra morphisms

Uq(sl2)→ U+
q (sl2)⊗ U+

q (sl2)

which can be considered as analogs of a coproduct for U+
q (sl2). The author believes these

maps are known but could not find them in the literature.

2.3. Representations of U±q (sl2). Let C0 be the category of Uq(sl2)-modules and C1 be

the category of U+
q (sl2)-modules. It is well known that C0 has a monoidal structure

⊗ : C0 × C0 → C0.

From the algebra morphisms above we get bi-functors

C0 × C1 → C1 , C1 × C0 → C1 , C1 × C1 → C0,

which make the category C0 ⊕ C1 into a Z/2Z-graded monoidal category. In particular we
have a ring structure on

K0(C0)⊕K0(C1).

Remark 2.5. (i) C0 admits a left and a right action by the category C1.
(ii) For V ± a representation of U±q (sl2), V + ⊗ V − and V − ⊗ V + are Uq(sl2)-modules.
(iii) We expect to get a (Z/2Z)n-graded monoidal category for a general g, although we

will not use it in this paper. We plan to come back to it in a forthcoming paper.

From the triangular decomposition (see (iii) in Remark 2.2), U+
q (sl2) (resp. U−q (sl2))

has a Verma module V (γ) (resp. W (γ)) associated to each γ ∈ C∗ eigenvalue of k. These
representations V (γ) = Vect(vr)r≥0, W (γ) = Vect(wr)r≥0 can be explicitly described :

e.vr = δr>0vr−1 , f.vr = γq−r
[r + 1]q
q − q−1

vr+1 , k.vr = γq−2rvr,

e.wr = δr>0wr−1 , f.wr = −γ−1qr
[r + 1]q
q − q−1

wr+1 , k.wr = γq−2rwr.

Remark 2.6. V (γ) is also a representation of U+
q,loc(sl2) as the action of C+ is qγId

(q−q−1)2
.
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For L a representation of U±q (sl2), we can define its weight space Lγ = {v ∈ V |k.v = γv}
for γ ∈ C∗. We have a corresponding category O± of U±q (sl2)-modules (defined as for the
ordinary category O, see Section 4.1) and the corresponding character morphisms :

χ : K0(O±)→ E , χ(L) =
∑
γ

dim(Lγ)[γ],

where E ⊂ ZC∗ is a ring of formal power series as for the category O of Uq(sl2) (see [HJ,
Section 3.4] for instance).

Proposition 2.7. The Verma modules of U±q (sl2) are irreducible and exhaust all sim-

ple modules of the category O±. The non-zero representations of U±q (sl2) are infinite-
dimensional.

Proof. In V (γ) (resp. W (γ)), the highest weight vectors C.v0 (resp. C.w0) are the only
primitive vectors. This implies V (γ) and W (γ) are simple.

By standard arguments, a simple finite-dimensional representation of U±q (sl2) is a quo-
tient of a Verma module, the second point follows. �

Example 2.8. (i) For γ, β ∈ C∗, the Uq(sl2)-modules V (γ)⊗W (β) and W (β)⊗V (γ) have
the same character ∑

r,r′≥0

[γβq−2(r+r′)] =
∑
r≥0

χ(M(γβq−2r))

where M(λ) is the Verma module of Uq(sl2) of highest weight λ. For γ, β so that γβ /∈ qZ≥0,
these representations are semi-simple and

V (γ)⊗W (β) 'W (β)⊗ V (γ) '
⊕
r≥0

M(γβq−2r).

Indeed, the weight space associated to γβq−2r has dimension r+ 1. Hence e is not injective
on this weight space which contains a primitive vector generating M(γβq−2r).

(ii) For γ ∈ C∗ and V a fundamental Uq(sl2)-module of highest weight [q], we have

V ⊗ V (γ) ' V (γq)⊕ V (γq−1).

3. Shifted quantum affine algebras

We recall, for µ in the coweight lattice, the definition of the shifted quantum affine algebra
U
µ
q (ĝ) in the sense of Finkelberg-Tsymbaliuk [FT] and its first properties. In the sl2-case,

we consider evaluation morphisms to the q-oscillator algebras of the previous section which
give examples of evaluation representations (Proposition 3.8). For general types, we prove
that for µ anti-dominant, the shifted quantum affine algebra U

µ
q (ĝ) can be realized from a

subalgebra of the ordinary quantum affine algebra, the asymptotic algebra introduced in
[HJ]. We also prove that for µ anti-dominant, it contains a subalgebra isomorphic to the

quantum affine Borel subalgebra Uq(b̂) of the quantum affine algebra (Proposition 3.4).
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3.1. Definition and first properties. For ĝ an untwisted affine algebra, recall the Drin-
feld presentation of the quantum affine algebra Uq(ĝ) (established in [Dr, Be, Da2], see for
instance [CP]).

Let Λ =
⊕

i∈I Zω∨i be the coweight lattice (that is the weight lattice of the Langlands dual

Lie algebra Lg). It contains the set Λ+ of dominant coweights ω∨ ∈ Λ so that αi(ω
∨) ≥ 0

for i ∈ I.
Let µ+, µ− ∈ Λ. The shifted quantum affine algebra U

µ+,µ−
q (ĝ) is defined in [FT, Section

5] by Drinfeld generators x±i,m, φ±i,m, hi,r with i ∈ I,m ∈ Z, r ∈ Z \ {0} and the same
relations as for the ordinary quantum affine algebra except that∑

r∈Z
φ±i,±rz

±r = φ±i (z) = z∓αi(µ±)φ±i,∓αi(µ±)exp(±(qi − q−1
i )

∑
r>0

hi,±rz
±r),

with φ±i,∓αi(µ±) which are invertible and satisfy the same relations as the ordinary k±1
i .

Explicitly, for i, j ∈ I, r, r′ ∈ Z, m ∈ Z \ {0}, we have

(3.2) [φ±i,r, φ
±
j,r′ ] = [φ±i,r, φ

∓
j,r′ ] = 0,

(3.3) φ+
i,−αi(µ+)x

±
j,r = q

±Ci,j
i x±j,rφ

+
i,−αi(µ+) and φ−i,αi(µ−)x

±
j,r = q

∓Ci,j
i x±j,rφ

−
i,αi(µ−),

(3.4) [hi,m, x
±
j,r] = ± 1

m
[mCi,j ]qix

±
j,m+r,

(3.5) [x+
i,r, x

−
j,r′ ] = δi,j

φ+
i,r+r′ − φ

−
i,r+r′

qi − q−1
i

,

(3.6) x±i,r+1x
±
j,r′ − q

±Bi,jx±j,r′x
±
i,r+1 = q±Bi,jx±i,rx

±
j,r′+1 − x

±
j,r′+1x

±
i,r,

and for i 6= j, r′, r1, · · · , rs ∈ Z where s = 1− Ci,j ,

(3.7)
∑
π∈Σs

∑
0≤r≤s

(−1)r
[
s
r

]
qi

x±i,rπ(1) · · ·x
±
i,rπ(r)

x±j,r′x
±
i,rπ(r+1)

· · ·x±i,rπ(s) = 0.

The relations may be written in terms of currents x±i (z) =
∑

r∈Z x
±
i,rz

r, δ(z) =
∑

r∈Z z
r :

[φ±i (z), φ±j (w)] = [φ±i (z), φ∓j (w)] = 0,

(3.8) φεi(z)x
±
j (w) =

q±Bi,jw − z
w − q±Bi,jz

x±j (w)φεi(z) for ε = + or −,

(3.9) [x+
i (z), x−j (w)] =

δi,j

qi − q−1
i

[
δ
(w
z

)
φ+
i (z)− δ

( z
w

)
φ−i (z)

]
,

(w − q±Bi,jz)x±i (z)x±j (w) = (q±Bi,jw − z)x±j (w)x±i (z),∑
π∈Σs

∑
0≤r≤s

(−1)r
[
s
r

]
qi

x±i (wπ(1)) · · ·x±i (wπ(r))x
±
j (z)x±i (zπ(r+1)) · · ·x±i (zπ(s)) = 0 for i 6= j.
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Remark 3.1. (i) Up to isomorphism, U
µ+,µ−
q (ĝ) depends only on µ = µ+ + µ−, see [FT,

Section 5.(i)]. We will simply denote U
µ
q (ĝ) = U

0,µ
q (ĝ).

(ii) For i ∈ I, the product

φ+
i,−αi(µ+)φ

−
i,αi(µ−)

is central. The quantum loop algebra Uq(ĝ) is the quotient of U0,0
q (ĝ) by identifying φ+

i,0φ
−
i,0

with 1 for i ∈ I, see [FT].
(iii) The algebra U

µ+,µ−
q (ĝ) has a triangular decomposition analogous to the Drinfeld

triangular decomposition of Uq(ĝ) (see [FT, Proposition 2] and [He1, Theorem 2]). Each
triangular factor can be presented by their Drinfeld generators and the relations of U

µ+,µ−
q (ĝ)

involving these generators (there are no hidden relations). The subalgebra generated by the
φ±i,m, (φ±i,αi(µ±))

∓1, with i ∈ I, m ∈ Z, is commutative and called the Cartan-Drinfeld

subalgebra.
(iv) Consequently, for µ+, µ− ∈ −Λ+ and J± = {i ∈ I|αi(µ∓) 6= 0}, the q-oscillator

algebra U
J+,J−
q (g) of the previous section is a subalgebra of

Uµ+,µ−q (ĝ)/ < φ+
i,0φ
−
i,0 = 1, i /∈ J+ ∪ J− > .

(v) The algebra U
µ+,µ−
q (ĝ) has a natural Z-grading defined so that

deg(x±i,m) = deg(φ±i,m) = m and deg(hi,r) = r for i ∈ I, m ∈ Z, r ∈ Z \ {0}.

In particular, for a ∈ C∗, there is an algebra automorphism τa of U
µ+,µ−
q (ĝ) such that for

i ∈ I, m ∈ Z and r ∈ Z \ {0} :

τa(x
±
i,m) = amx±i,m , τa(φ

±
i,m) = amφ±i,m , τa(hi,r) = arhi,r.

(vi) z−1 in the notations of [FT] is z here.
(vii) In type A, RTT realizations have been established in [FT, FPT] when µ ∈ −Λ+.

Example 3.2. Let i ∈ I. For U
−ω∨i ,0
q (ĝ) (resp. U

0,−ω∨i
q (ĝ)), the modified relations are :

[x+
i,r, x

−
i,−r] =

−φ−i,0
qi − q−1

i

(resp. [x+
i,r, x

−
i,−r] =

φ+
i,0

qi − q−1
i

) for r ∈ Z,

with the definition of the φ+
i,r (resp. φ−i,−r) modified to :

φ+
i (z) = zφ+

i,1exp((qi − q−1
i )

∑
r>0

hi,rz
r)

(resp. φ−i (z) = z−1φ−i,−1exp(−(qi − q−1
i )

∑
r>0

hi,−rz
−r)).

3.2. Antidominant case : relation to asymptotic and Borel algebras. The asymp-
totic algebra Ũq(ĝ) is defined in [HJ] as the subalgebra of ordinary quantum affine algebra
Uq(ĝ) generated by the

x+
i,m , k−1

i x−i,m , k−1
i φ±i,m , k−1

i for m ∈ Z, i ∈ I.
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These elements are denoted respectively by x̃+
i,m, x̃−i,m, φ̃±i,m, κi. Note that φ̃+

i,0 = 1 and

φ̃−i,0 = κ2
i . We will denote

φ̃±i (z) =
∑
m≥0

φ̃±i,±mz
±m.

Consider an antidominant coweight µ ∈ −Λ+. The defining relations of the shifted
quantum affine algebra and the presentation of the asymptotic algebra by generators and
relations in [HJ, Section 2.2] imply the following.

Proposition 3.3. The shifted quantum affine U
µ
q (ĝ) is obtained from the quotient

Ũq(ĝ)/(κi = φ−i,−1 = · · · = φ−i,αi(µ)+1 = 0, i ∈ I)

by localizing at the φi,αi(µ) for all i ∈ I, and by adding, for i ∈ I so that αi(µ) < 0, the

generators k±1
i with the quasi-commutation relations (3.2), (3.3).

Let Uq(b̂) be the quantum affine Borel subalgebra of Uq(ĝ), in the sense of Drinfeld-

Jimbo. It is generated by the subset ei, k
±1
i , i ∈ I t {0}, of the Chevalley generators of

Uq(ĝ).
From the last Proposition, we have a natural algebra morphism

Uq(b̂) ∩ Ũq(ĝ)→ Uµq (ĝ).

But Uq(b̂) is obtained from Uq(b̂) ∩ Ũq(ĝ) by localization at the κi, i ∈ I, and so the
morphism extends to an algebra morphism

Iµ : Uq(b̂)→ Uµq (ĝ).

Proposition 3.4. If µ ∈ −Λ+, then U
µ
q (ĝ) contains a subalgebra isomorphic to Uq(b̂).

Proof. Let us consider the triangular decomposition of Uq(ĝ) as in (iii) of Remark 3.1. It

induces a triangular decomposition of the quantum affine Borel algebra Uq(b̂) (this follows
from [Be, Da1], see [HJ, Section 2.3] for instance) :

Uq(b̂) ' U−q (b̂)⊗ U0
q(b̂)⊗ U+

q (b̂).

Now let us consider the analogous triangular decomposition of Uµq (ĝ) :

Uµq (ĝ) ' Uµ,−q (ĝ)⊗ Uµ,0q (ĝ)⊗ Uµ,+q (ĝ)

as in (iii) of Remark 3.1. The triangular decomposition statement is not only a linear
isomorphism with the tensor product of the three algebras. In addition, it states that each
of the three algebras can be presented by Drinfeld generators and the relations involving
these generators only (no additional hidden relations are necessary).

Hence each triangular factor, U
µ,−
q (ĝ), U

µ,0
q (ĝ), U

µ,+
q (ĝ), is isomorphic, as an algebra,

to the corresponding triangular factor in U0
q(ĝ). Hence U

µ,−
q (ĝ) (resp. U

µ,0
q (ĝ), U

µ,+
q (ĝ))

contains a subalgebra isomorphic to U−q (b̂) (resp. U0
q(b̂), U+

q (b̂)). By construction, these
three isomorphism are given by the restrictions of Iµ to the corresponding triangular factors.
This implies that Iµ is injective as it is injective on each triangular factor. Consequently

these three subalgebras generate a subalgebra isomorphic to Uq(b̂).
�
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The images Iµ(ei) of the Chevalley generators ei, i ∈ I t {0}, of Uq(b̂)), now seen in
U
µ
q (ĝ), will be denoted by the same symbols ei.

Example 3.5. For µ ∈ −Λ+, the subalgebra of U
µ
q (ŝl2) generated by e1 = x+

1,0, e0 =

(φ+
1,0)−1x−1,1, (φ+

1,0)±1 is isomorphic to Uq(b̂) ⊂ Uq(ŝl2).

Remark 3.6. The algebra Uq(b̂) contains the x+
i,m, x−i,r, φ

+
i,m, (φ+

i,0)−1 for i ∈ I, m ≥ 0,

r > 0, but is not generated by these elements (except in the sl2-case).

The same argument as for the proof of Proposition 3.4 implies the following.

Proposition 3.7. Let µ ∈ Λ. The subalgebras of Uq(b̂) and of Uµq (ĝ) generated by :

x+
i,r , x−i,s , φ+

i,r , (φ+
i,0)−1

for i ∈ I, r ≥ 0, s > Max(0, αi(µ)), are isomorphic.

We will denote this algebra by U
µ
q (b̂).

3.3. Example - the algebras U±q (ŝl2). In the sl2-case, we will simply denote

U+
q (ŝl2) = U

0,−ω∨1
q (ŝl2) and U−q (ŝl2) = U

−ω∨1 ,0
q (ŝl2).

Note that we have e1 = x+
1,0 and e0 = k−1

1 x−1,0 in Uq(b̂).

It is well known there exist evaluation morphisms Uq(b̂)→ U±q (sl2) (see [BLZ]) but they

can not be extended to Uq(ŝl2). We prove it can be extended to a shifted quantum affine
algebra.

Proposition 3.8. For a ∈ C∗, we have evaluation morphisms

ev±a : U±q (ŝl2)→ U±q,loc(sl2)

defined for m ∈ Z, r > 0 by :

eva(x
+
m) = amekm , eva(x

−
m) = amkmf,

eva(φ
+
r ) = ar[ekr, f ](q − q−1) , eva(φ

−
−r) = a−r[ek−r, f ](q−1 − q),

eva(φ
+
0 ) = δ±,+k , eva(φ

−
0 ) = δ±,−k

−1.

Remark 3.9. (i) Only the last two formulas differ from the Jimbo evaluation morphism [J]

Uq(ŝl2)→ Uq(sl2).

(ii) Closely related morphisms are introduced in [FPT, Proposition 3.85 and Remark 3.89]
for g = gln+1 using an RTT -presentation.

Proof. First we have

ev±a (φ∓∓1) = −q±1a∓1(q − q−1)2C±k
∓1

which is invertible in U±q,loc(sl2). We have to check the other defining relations of U±q (ŝl2) are

compatible with the defining formulas of eva. From the result for the standard evaluation
morphism, this is clear for the formulas (3.2), (3.3), (3.4), (3.5), (3.6) except of r + r′ = 0
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(note that there are no Drinfeld-Serre relations (3.7) in the sl2-case). In the last case, we
have for r ∈ Z

[x+
r , x

−
−r] =

φ+
0 − φ

−
0

q − q−1
7→ δ±,+k − δ±,−k−1

q − q−1
= [e, f ] = [aekr, a−rk−rf ] = [eva(x

+
r ), eva(x

−
−r)].

�

Example 3.10. Recall the Verma module V (γ) of U+
q (sl2). Its evaluation at q2γ−1 satisfies

e0.vr = q−r+2 [r + 1]q
q − q−1

vr+1 , f0.vr = γq−2vr−1.

By twisting by the automorphisms τa, we get a continuous family of representations that we
denote by L−γ,a. The action of φ±(z) ∈ U+

q (ŝl2)[[z±1]] is given by

φ±(z).vj = γq−2j 1− q2za

(1− q2−2jaz)(1− q−2jaz)
.vj ∈ L−γ,a[[z±1]].

This matches formulas in [HJ, Section 4.1] : the restriction to Uq(b̂) is [γ] ⊗ Lb,−
a where

Lb,−
a is a prefundamental representation and [γ] is 1-dimensional (see Section 4.1). Note

that for m ≥ 0, r > 0, we recover the action on L−γ,a from the action on L−1,a by the twist

x−r 7→ γx−r , x+
m 7→ x+

m , φ±m 7→ γφ±m.

Remark 3.11. The action of Uq(b̂) on Lb,−
1,a can not be extended to Uq(ŝl2) (see [HJ]).

This implies there is no embedding Uq(ŝl2) ⊂ U+
q (ŝl2) which induces the embedding Uq(b̂) ⊂

U+
q (ŝl2) above.

4. Category Osh

In this section we introduce categories Oµ of representations of shifted quantum affine

algebras and classify their simple objects (Theorem 4.12). The category Osh is the sum of
these abelian categories. We also study shift functors induced by shift homomorphisms.

4.1. Reminder - the category O for the quantum affine Borel algebra. The category
O of representations of Uq(b̂) is defined in [HJ] as an analog of the ordinary category O (see

[Kac]). It is the category of Uq(b̂)-modules V which are the sum of their weight spaces

Vω = {v ∈ V |ki.v = ω(i)v,∀i ∈ I} where ω ∈ t∗,

such that the Vω are finite-dimensional and there are a finite number of ω1, · · · , ωs ∈ t∗ so
that the weights of V , that is the ω so that Vω 6= 0, belong to D(ω1) ∪ · · · ∪D(ωs) where

D(ωi) = {ω ∈ t∗|ω � ωi}.

A series Ψ = (Ψi,m)i∈I,m≥0 of complex numbers such that Ψi,0 6= 0 for all i ∈ I is called
an `-weight. We also denote

Ψ = (Ψi(z))i∈I where Ψi(z) =
∑
m≥0

Ψi,mz
m.
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A Uq(b̂)-module V is of highest `-weight Ψ if there is v ∈ V with V = Uq(b̂).v and

ei v = 0 (i ∈ I) , φ+
i,mv = Ψi,mv (i ∈ I, m ≥ 0) .

We recall here that the φ+
i,m, with i ∈ I, m ≥ 0, are indeed in Uq(b̂).

For any `-weight Ψ, there exists a unique simple highest `-weight Uq(b̂)-module Lb(Ψ)
of highest `-weight Ψ. For example, for i ∈ I and a ∈ C×, we have the prefundamental
representations

Lb,±
i,a = Lb(Ψ±1

i,a ) where (Ψi,a)j(z) =

{
(1− za) (j = i) ,

1 (j 6= i) .
(4.10)

The superscript b is to distinguish with representations of shifted quantum affine alge-
bras we will study. For ω ∈ t∗, we have the 1-dimensional representation, called constant
representation

[ω] = Lb(Ψω) where (Ψω)i(z) = ω(i) (i ∈ I).

Let r be the group of rational `-weights Ψ, so that the Ψi(z) are rational for i ∈ I (the
group structure is given by the ordinary multiplication of rational fractions).

Theorem 4.1. [HJ] The simple modules in the category O are the Lb(Ψ) for Ψ ∈ r.

For V in the category O and Ψ an `-weight, we have the `-weight space

VΨ = {v ∈ V | ∃p ≥ 0,∀i ∈ I, ∀m ≥ 0, (φ+
i,m −Ψi,m)pv = 0}.(4.11)

A representation in the category O is the direct sum of its `-weight spaces. Moreover :

Theorem 4.2. [HJ] For V in category O, VΨ 6= 0 implies Ψ ∈ r.

4.2. Reminder - the category Ô for the quantum affine algebra. The category Ô of
Uq(ĝ)-modules which are in the category O as Uq(b̂)-modules was introduced in [He1]. The

categories Ô and O are monoidal (with respect to the ordinary Drinfeld-Jimbo coproduct)
and there is a forgetful functor

f̂ : Ô→ O.

The following was established by Bowman [Bo] and Chari-Greenstein [CG] for finite-dimensional

representations. The proof in [HJ, Proposition 3.5] can be adapted to the category Ô.

Proposition 4.3. For V a simple representation in Ô, f̂(V ) is simple.

Remark 4.4. (i) It is proved in [He1, Lemma 14] and [HJ, Lemma 3.9] that for i ∈ I, the

action of φ+
i (z) and φ−i (z) coincide on a representation V in Ô, seen as rational operators

on each weight space (it follows directly from the existence of a polynomial P (z) so that
P (z)(φ+

i (z)− φ−i (z)) = 0; this is also proved in [GTL, Section 3.6]).

(ii) As φ+
i (z) (resp. φ−i (z)) is regular at 0 (resp. ∞), this also implies that φ+

i (z)

has degree 0 and that φ+
i (0)φ+

i (∞) = Id. In particular, the simple representations V in

Ô are parametrized by the highest `-weight Ψ of f̂(V ) : it is rational of degree 0 with
Ψi(0)Ψi(∞) = 1 for i ∈ I. The converse statement is true by [MY] : these rational `-

weights parametrize the simple representations in Ô.
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4.3. The category Õ for the asymptotic algebra. Recall the asymptotic algebra Ũq(ĝ)
which is a subalgebra of Uq(ĝ) (see Section 3.2). For our purposes, we will consider rep-

resentations of Ũq(ĝ) with 0 as a possible eigenvalue of κi. Hence we have to modify the
axioms to introduce the proper notion of category O for this algebra.

A representation V of Ũq(ĝ) is said to be t∗-graded if there is a decomposition into a

direct sum of finite-dimensional subspaces (the weight spaces) V =
⊕

ω∈t∗ V
(ω) such that

x̃±i,rV
(ω) ⊂ V (ωαi

±1) , φ̃±i,±mV
(ω) ⊂ V (ω) , κiV

(ω) ⊂ V (ω) for any ω ∈ t∗, i ∈ I, r ∈ Z,m ≥ 0.

The weights of V are the ω so that V (ω) 6= 0.
The same argument as in Remark 4.4 (i) shows that for each i ∈ I, the action of φ̃±i (z) are

rational on weight spaces and coincide as rational operators. The representation V is the
direct sum of its `-weight spaces corresponding to pseudo-eigenvalues Ψi(z) of the φ̃+

i (z).
Besides, for i ∈ I, we have deg(Ψi) ≤ 0 from the development of the rational function at ∞
and Ψi(0) = 1 from the development at 0. Hence we have

V =
⊕

µ∈−Λ+

V(µ)

where for µ ∈ −Λ+, V(µ) is the sum of the `-weight spaces VΨ with deg(Ψi) = αi(µ).

For ω ∈ t∗ and µ ∈ −Λ+, we set

V(µ,ω) = {v ∈ V(µ)|φ̃−i,αi(µ).v = ω(i)v,∀i ∈ I}.

Definition 4.5. A t∗-graded representation V of Ũq(ĝ) is said to be in the category Õ if :
(i) We have V =

⊕
µ∈−Λ+,ω∈t∗ V(µ,ω).

(ii) The spaces V(ω) =
⊕

µ∈−Λ+ V(µ,ω) are finite-dimensional.

(iii) There are a finite number of elements ω1, · · · , ωs ∈ t∗, so that V (ω) 6= 0 or V(ω) 6= 0
implies ω ∈

⋃
1≤j≤sD(ωj).

As for the category O, a simple representation in Õ is determined up to isomorphism by
its highest `-weight Ψ. It is rational, with deg(Ψi) ≥ 0 and Ψi(0) = 1 for any i ∈ I. We

will prove that such Ψ parametrize the simple representations in Õ (see Theorem 7.2).
It is proved in [HJ, Section 2.4] that a t∗-graded1 representation V gives a representation

of Uq(b̂) such that

ei v = x̃+
i,0v, e0 v = y v, kiv = ω(i)v (i ∈ I, v ∈ V (ω)) ,(4.12)

where y ∈ Ũq(ĝ) is a certain distinguished element defined via iterated quantum brackets.
This defines a functor

f̃ : Õ→ O.

This is how the prefundamental representations Lb,−
i,a are constructed in [HJ].

Example 4.6. For i ∈ I, a ∈ C∗, the prefundamental representation Lb,−
i,a of Uq(b̂) is in

the image of a module in Õ by the functor f̃ (see [HJ]).

1It is proved in [HJ] for Q-graded representations, but the proof also works for t∗-graded representations.
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Example 4.7. Monoidal subcategories O± of O were introduced in [HL3] in the context of
monoidal categorification of cluster algebras. O± is the subcategory of representations in O

whose simple constituents have highest `-weight which is a product of various Ψi,aΨ
−1
i,aq2i

,

Ψ±1
i,a , [ω] for various i ∈ I, a ∈ C∗, ω ∈ t∗. By [HL3, Section 7.2], the simple representations

in O− are in the image of the functor f̃ .

4.4. The category Oµ for the shifted quantum affine algebra. For µ+, µ− ∈ Λ, we
introduce the following category.

Definition 4.8. The category Oµ+,µ− is the category of U
µ+,µ−
q (ĝ)-modules

V =
⊕
ω∈t∗

V +
ω =

⊕
ω∈t∗

V −ω

where for ω ∈ t∗, the weight spaces

V +
ω = {v ∈ V |φ+

i,−αi(µ+).v = ω(i)v,∀i ∈ I} , V −ω = {v ∈ V |φ−i,αi(µ−).v = (ω(i))−1v,∀i ∈ I}

are finite-dimensional and there are a finite number of ω1, · · · , ωs ∈ t∗ so that V +
ω 6= {0} or

V −ω 6= {0} implies

ω ∈ D(ω1) ∪ · · · ∪D(ωs).

Remark 4.9. (i) In general V +
ω and V −ω do not coincide as φ+

i,−αi(µ+) and φ−i,αi(µ−) are not

inverse one to each other.
(ii) By (i) in Remark 3.1, this category depends only on µ = µ+ +µ−. We will be simply

denote Oµ = O0,µ.

(iii) By (ii) in Remark 3.1, the category Ô is a full subcategory of O0.

Proposition 4.10. Let V be a representation in Oµ (or in Õ). For each weight space of
V , there is a non-zero polynomial P (z) so that for any i ∈ I, P (z)(φ+

i (z) − φ−i (z)) and

P (z)x±i (z) are zero on this weight space. The action of φ+
i (z) and φ−i (z) are rational of

degree αi(µ) on this weight space and coincide as rational operators.

Proof. The same argument as in Remark 4.4 (i) shows that for each i ∈ I, the action of
φ+
i (z) and φ−i (z) are rational on weight spaces of a representation in Oµ and coincide as

rational operators. In particular on each weight space φ+
i (z) is equivalent to φ−i,αi(µ)z

αi(µ)

when z → ∞, which implies the degree is αi(µ) as φ−i,αi(µ) is invertible. The statement for

the x±i (z) is proved as in [He2, Proposition 3.8] (it is proved there under the assumption the
representation is integrable, but the fact that weight spaces are finite-dimensional is only
used there; an analogous result was also obtained in [BeK]). �

As above, the representations in Oµ are the direct sum of their `-weight spaces corre-
sponding to pseudo-eigenvalues of the φ+

i (z). The simple representations are determined
up to isomorphism by their highest `-weight Ψ which is rational with deg(Ψi) = αi(µ). We
will denote by rµ the set of such `-weights :

rµ = {Ψ = (Ψi(z))i∈I ∈ r|deg(Ψi(z)) = αi(µ)}.
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A representation in Oµ is said to be of highest `-weight Ψ ∈ rµ if it is generated by a
vector v such that

x+
i,m.v = 0 and φ±i,m.v = Ψ±i,mv for i ∈ I, m ∈ Z,

where

Ψi(z) =
∑
m≥0

Ψ+
i,mz

m =
∑

m≥−αi(µ)

Ψ−i,−mz
−m ∈ C(z).

Here, the second and third expressions are just expansions of the same rational function in
z and z−1 respectively.

Corollary 4.11. A simple representation in the category Oµ, µ ∈ −Λ+ (resp. in the

category Õ) is simple as a representation of Uq(b̂).

Proof. Consider a simple representation V in the category Oµ. From Proposition 4.10, we
have established that the action of the operators x+

i,m (resp. x−j,m) for m ∈ Z are determined

by the action of these operators for m ≥ 1, which are in Uq(b̂). Hence, V is generated by

its highest weight vector and has no other primitive vector as a representation of Uq(b̂). So
it is simple. �

Theorem 4.12. For µ ∈ Λ, the simple modules in the category Oµ are parametrized by rµ.

Proof. We have seen in Section 4.4 that for i ∈ I, a simple representation in the category
Oµ has a highest `-weight Ψ satisfying deg(Ψi) = αi(µ) and that φ+

i (z), φ−i (z) coincide as
rational operators on this representation. So we have to prove that there exists a simple
representation in the category Oµ for each such `-weight Ψ. In contrast to the case of the
category O, we have all Drinfeld generators in U

µ
q (ĝ). So we do not have to use the strategy in

[HJ] (asymptotic representation theory), but we can use arguments as for finite-dimensional
representations in [CP] (see also [MY, Theorem 3.6]). We consider a representation L of
highest `-weight Ψ (such a representation can be constructed from a Verma module of
highest `-weight as in [HJ] for instance). It suffices to prove its weight spaces Lω′ , ω

′ ∈ t∗,
are finite-dimensional. Let ω = Ψ(0) ∈ t∗ be the highest weight of L. As in [CP, Section 5,
PROOF of (b)], this is proved by induction on the height of ω′ω−1 factorized as a product
of simple roots. The first step in the proof is to establish that for any j ∈ I, Lωαj−1 is

finite-dimensional (the induction starts on weights ω′ so that ω′ω−1 has height 2). By the
properties of Ψ, there is a non-zero polynomial P (z) such that for any i ∈ I, the operator
P (z)(φ+

i (z)− φ−i (z)) is 0 on Lω. For i, j ∈ I and s ∈ Z, by the relation (3.9),

x+
i,s(P (z)x−j (z)) = 0

on Lω. As L is simple, we get P (z)x−j (z) = 0 on Lω. This implies that Lωαj−1 is finite-

dimensional. We finish the proof word by word as in [CP, Section 5, PROOF of (b)]. �

Example 4.13. For i ∈ I, a ∈ C∗, we have the positive and negative prefundamental
representations L±i,a = L(Ψ±1

i,a ) in the category O±ω∨i . The representation L(Ψi,a) is one-

dimensional, with the action of the x±j,m equal to 0 for j ∈ I, m ∈ Z, and

φ+
j (z) = 1− azδi,j , φ−i (z) = z(z−1 − aδi,j).
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The structure of U
−ω∨i
q (ĝ)-module of L−i,a extends the structure of Uq(b̂)-module. This gener-

alizes the result in the sl2-case obtained in terms of evaluation morphisms in Example 3.10
(L−γ,a there is L(γ(1 − za)−1)). In the case of shifted Yangians, these examples were first

discussed in [Z]. It was first noted in [HJ] that the action of Uq(b̂) can be extended to the
asymptotic algebra, but not to the whole quantum affine algebra : we understand now that
the correct framework is given by shifted quantum affine algebras.

We now define the direct sum of the abelian categories

Osh =
⊕
µ∈Λ

Oµ.

By Theorem 4.12, the simple objects in Osh are parametrized by r.

4.5. Shift functors. A shift homomorphism is introduced in [FT, Section 10.(vii)] as an
analog of the morphism defined for shifted Yangians in [FKPRW]. For µ ∈ Λ, µ′ ∈ −Λ+

and a ∈ C∗ there is an algebra morphism

ιµ,µ′,a : Uµq (ĝ)→ Uµ+µ′
q (ĝ)

defined by the following (for i ∈ I) :

(4.13) x+
i (z) 7→ x+

i (z) , x−i (z) 7→ (1− az)−µ′(α∨i )x−i (z) , φ±i (z) 7→ (1− az)−µ′(α∨i )φ±i (z).

This is obtained from the shift homomorphism in [FT] after conjugating by the change of
variables z 7→ az.

Proposition 4.14. [FT] The shift homomorphism ιµ,µ′,a is injective.

Remark 4.15. (i) This is proved explicitly in type A in [FT, Proposition I.4], but Tsym-
baliuk explained to the author the same argument, combined with embedding into shuffle
algebras, gives the result for general types.

(ii) Consequently, for µ ∈ −Λ+, Uµq (ĝ) contains a subalgebra isomorphic to U0
q(ĝ) and so

a subalgebra isomorphic to Uq(b̂). It is not equal to the subalgebra constructed in the proof
of Proposition 3.4 if µ 6= 0 (this follows from Remark 3.11).

Let µ ∈ Λ and µ′ ∈ −Λ+. Then the shift homomorphism ιµ,µ′,a defines a functor

Rµ,µ′,a : Oµ+µ′ → Oµ.

Conversely, for a representation V of Uq(ĝ), let us consider the U
µ+µ′
q (ĝ)-module :

Iµ,µ′,a(V ) = Uµ+µ′
q (ĝ)⊗U

µ
q (ĝ) V.

This gives a functor

Iµ,µ′,a : Modµ → Modµ+µ′ ,

from the category Modµ of representations of Uµq (ĝ) to the category Modµ+µ′ of represen-

tations of Uµ+µ′
q (ĝ).

From the defining formulas of ιµ,µ′,a, we get the following.
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Proposition 4.16. Let L(Ψ) be a simple module in Oµ+µ′. Then Rµ,µ′,a(L(Ψ)) is a highest
`-weight module of highest `-weight

Ψ′ = Ψ
∏
i∈I

Ψ
−µ′(α∨i )
i,a

and so admits L(Ψ′) as a subquotient. Conversely, Iµ,µ′,a(L(Ψ′)) is a representation of

U
µ+µ′
q (ĝ) of highest `-weight Ψ which admits L(Ψ) as a simple quotient.

Example 4.17. For i ∈ I and a ∈ C∗ we have the functor

Rω∨i ,−2ω∨i ,a
: O−ω∨i → Oω∨i .

Then, L+
i,a is a 1-dimensional subquotient of Rω∨i ,−2ω∨i ,a

(L−i,a) which is not simple. Note also
that the functors factors through O0 where we see already a 1-dimensional subquotient.

5. Fusion product and Grothendieck ring

We construct the fusion product of representations of shifted quantum affine algebras
in the category Osh by using the deformed Drinfeld coproduct and the renomalization
procedure in [He2] (Theorem 5.4). This leads to the definition of a ring structure on the
Grothendieck group K0(Osh). We establish a simple module in Osh is a quotient of a fusion
product of various prefundamental and constant representations (Corollary 5.6). Note that
the Drinfeld coproduct is not an analog of the shifted Yangian coproduct of [FKPRW] (see
Remark 5.3). Hence the methods and results in this section are not trigonometric versions
of known results for Yangians.

Along the way we consider analogs of Frenkel-Reshetikhin q-characters of representations
of shifted quantum affine algebras. We establish q-characters of simple representations
satisfy a triangularity property with respect to Nakajima partial ordering (Theorem 5.11).

5.1. Characters. Following [FR2, HJ], there is a linear q-character morphism

χq : K0(Oµ)→ E`,µ

where K0(Oµ) is the Grothendieck group of the abelian category Oµ and E`,µ ⊂ Zrµ is a
group of formal series with coefficients in rµ as in [HJ]. It is defined by

χq(V ) =
∑

Ψ∈rµ

dim(VΨ)[Ψ]

where VΨ is the `-weight space of `-weight Ψ as above and [Ψ] is the map δΨ,. (which

assigns 1 to Ψ and 0 to all other Ψ′). We recover the standard character

χ(V ) = $(χq(V )) =
∑
ω∈t∗

dim(Vω)[ω]

where we have set $([Ψ]) = Ψ(0) ∈ t∗.
Due to Theorem 4.12, the q-characters morphism separates isomorphism classes of simple

modules and the q-characters of simple modules are linearly independent for weight reasons.
Hence, by standard arguments one obtains the following.

Corollary 5.1. The q-character morphism χq is injective.
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Example 5.2. (i) For i ∈ I and a ∈ C∗, the prefundamental representation L+
i,a in Oω∨i

satisfies
χq(L

+
i,a) = [Ψi,a].

It is different from the q-character of the corresponding simple Uq(b̂)-module in O which is
infinite-dimensional.

(ii) When restricted to the category Ô ⊂ O0, we recover the q-character of Uq(ĝ)-modules.
(iii) For g = sl2, we have

χq(L
−
1,a) =

∑
m≥0

[q−2mΨ−1
1,aq−2mΨ1,aq2Ψ

−1
1,aq2(1−m) ].

(iv) More generally, for i ∈ I, a ∈ C∗, we get an analog of the q-character formula
established in [FH3] :

Ψ̃i,a = Ψ−1
i,a

 ∏
j,Ci,j=−1

Ψj,aqi

 ∏
j,Ci,j=−2

Ψj,aΨj,aq2

 ∏
j,Ci,j=−3

Ψj,aq−1Ψj,aqΨj,aq3

 ,

χq(L(Ψ̃i,a)) =
∑
m≥0

[−mαi][Ψ̃i,aq−2m
i

Ψi,aq2i
Ψ−1

i,aq
2(1−m)
i

].

Indeed, this representation can be realized with a basis (vm)m≥0 of `-weight vectors corre-
sponding to the terms in this sum. For r ∈ Z, the x±j,r have a 0 action if j 6= i,

x+
i,r.vm = arq2r(1−m)δm>0vm−1 , x−i,r.vm = arq−(2r+1)m [m+ 1]q

q − q−1
vm+1.

Let E` =
⊕

µ∈Λ E`,µ. We get an injective linear morphism.

χq : K0(Osh) =
⊕
µ∈Λ

K0(Oµ)→ E`.

We have a natural bilinear product

E`,µ1 ⊗ E`,µ2 → E`,µ1+µ2 ,

which induces a ring structure on E`. Hence, we can multiply q-characters. Let us explain
the categorical meaning of this product.

5.2. Deformed Drinfeld coproduct. The Drinfeld coproduct, and its deformed version
[He2, Section 3.1], can be defined for shifted quantum affine algebras by using the same
formula as for quantum affine algebras (see [FT, Section 10.1]).

For u a formal parameter and µ1, µ2 ∈ Λ,

(Uµ1q (ĝ)⊗ Uµ2q (ĝ))((u))

is the algebra of formal Laurent series with coefficients in U
µ1
q (ĝ) ⊗ U

µ2
q (ĝ). The deformed

Drinfeld coproduct is the algebra morphism :

∆u : Uµ1+µ2
q (ĝ)→ (Uµ1q (ĝ)⊗ Uµ2q (ĝ))((u))

define by the formulas

∆u(x+
i (z)) = x+

i (z)⊗ 1 + φ−i (z)⊗ x+
i (zu) , ∆u(x−i (z)) = 1⊗ x−i (zu) + x−i (z)⊗ φ+

i (zu),
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∆u(φ±i (z)) = φ±i (z)⊗ φ±i (zu).

Remark 5.3. (i) The specialization at u = 1 of ∆u is well-defined only in a completion of
the tensor product U

µ1
q (ĝ)⊗ U

µ2
q (ĝ).

(ii) Another coproduct, analog to the Drinfeld-Jimbo coproduct of quantum affine algebras
and to the coproduct for shifted Yangians in [FKPRW], is defined in [FT] for type A shifted
quantum affine algebras (it is conjectured to exist for any types).

5.3. Fusion product. Consider V1, V2 respectively in Oµ1 , Oµ2 . We get a structure of

U
µ1+µ2
q (ĝ)-module on the space of Laurent formal power series with coefficients in V1⊗V2 :

(V1 ⊗ V2)((u)).

This representation is the sum of its weight spaces which are infinite-dimensional. But let
us study how to get a representation in the category Oµ1+µ2 from this representation.

We use the fusion procedure introduced in [He1, He2] for quantum affine algebras (and
quantum affinizations). In general, the formal parameter u can not be specialized directly
to a specific complex number. However, one can prove as in [He1, Lemma 3.10] that for
V = V1 ⊗ V2, the subspace of rational Laurent formal power series

V (u) ⊂ V ((u))

is a stable submodule.
Let A ⊂ C(u) be the subring of rational fractions regular at 1. An A-form Ṽ ⊂ V (u) is a

A⊗Uµ1+µ2
q (ĝ)-submodule generating V (u) as a C(u)-vector space and so that its intersection

with any weight space of V (u) is a finitely generated A-module.
Suppose that V1, V2 are of highest `-weights. Then it is proved as in [He2, Theorem

6.2] that V (u) is cyclic for the action of Uµ1+µ2
q (ĝ) ⊗ C(u) generated by a tensor product

v1 ⊗ v2 of highest weight vectors v1, v2. Then we obtain as in [He2, Lemma 4.8] that the

A⊗ U
µ1+µ2
q (ĝ)-submodule generated by v1 ⊗ v2 is an A-form that we denote Ṽ . Then

V1 ∗ V2 = Ṽ /(u− 1)Ṽ

is a U
µ1+µ2
q (ĝ)-module in the category Oµ1+µ2 called the fusion product of V1 and V2.

Theorem 5.4. The fusion product V1 ∗ V2 is a well-defined highest `-weight module in
Oµ1+µ2 satisfying

χq(V1 ∗ V2) = χq(V1)χq(V2).

For V1, · · · , Vr a family of highest `-weight representations Vi in Oµi , the same procedure
gives a fusion module

V1 ∗ V2 ∗ · · · ∗ Vr
in Oµ1+···+µr with

χq(V1 ∗ V2 ∗ · · · ∗ Vr) = χq(V1) · · ·χq(Vr).
The first example is the following fusion of positive (resp. negative) prefundamental repre-
sentations.

Theorem 5.5. A fusion product of positive (resp. negative) prefundamental representations
is simple :

L±i1,a1 ∗ L
±
i2,a2
∗ · · · ∗ L±iN ,aN ' L((Ψi1,a1Ψi2,a2ΨiN ,aN )±1)
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for any i1, · · · , iN ∈ I, a1, · · · , aN ∈ C∗.

Proof. For positive prefundamental representations, it is clear as these representations are
one-dimensional. It is proved in [FH2] that a tensor product of negative prefundamental

representations of Uq(b̂) is simple as a Uq(b̂)-module. Hence, by Corollary 4.11, this tensor
product has the same q-character as a simple module of the corresponding shifted quantum
affine algebra. But, due to Theorem 5.4, this is also the q-character of the fusion product
of these negative prefundamental representations, hence this fusion product is simple. �

The following confirms prefundamental representations play the role of fundamental rep-
resentations in the category Osh.

Corollary 5.6. A simple module in Osh is a quotient of a fusion product of various pre-
fundamental representations and a simple constant representation.

Proof. For L(Ψ) such a simple representation, it suffices to write Ψ = Ψ(0)Ψ+Ψ− where
Ψ± is a product of various Ψ±1

i,a . Then L(Ψ) is a subquotient of L(Ψ(0)) ∗L(Ψ+) ∗L(Ψ−).
�

Corollary 5.7. A simple module in Osh is a subquotient of a fusion product of 1-dimensional
module by a simple module of Uq(b̂).

Proof. Let L(Ψ) be a simple representation in Oµ. Then we can factorize Ψ = λΨ+Ψ−

where λ is constant, Ψ± is a product of various Ψ±1
i,a . Then L(λΨ+) is 1-dimensional and

by Corollary 4.11, L(Ψ−) is simple when restricted to Uq(b̂). Then L(Ψ) is a quotient of

L(λΨ+) ∗ L(Ψ−).

�

Remark 5.8. (i) For V2 a fusion product of positive prefundamental representations and
V1 a representation in Oµ1, (V1 ⊗ V2) ⊗ A is an A-lattice. Indeed V2 is 1-dimensional

and x±i,r act by 0 and φ+
i,r act by 0 for r large enough. Then the image of U

µ1+µ2
q (ĝ)

by ∆u, after composing by the representation morphisms, gives a Laurent polynomial in
End(V1 ⊗ V2)[u±1].

(ii) For V2 = L+
i,a, one gets a functor

∗i,a : Oµ → Oµ+ω∨i

which preserves the dimension and the character so that χq(∗i,a(V )) = [Ψi,a]χq(V ). It
coincides with the functor Rµ+ω∨i ,−ω∨i ,a from Section 4.5.

5.4. The Grothendieck ring K0(Osh). As the q-character morphism is injective by Corol-
lary 5.1, it follows from Theorem 5.4 that the image

χq(K0(Osh)) ⊂ E`

is a subring of E`. This induces a ring structure on K0(Osh) with positive constant structures
on the basis of simple modules. By construction

χq : K0(Osh)→ E`

is an injective ring morphism. Clearly, K0(O0) is a subring of K0(Osh).
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Example 5.9. (i) For g = sl2, we have

[L−1,a][L
+
1,a] = 1 + [−α1][L−

1,aq−2 ][L+
1,aq2

]).

(ii) More generally, recall the representations L(Ψ̃i,a) from Example 5.2. We have an

analog of the QQ̃-system established in [FH3] in K0(O) :

[L(Ψ̃i,a)][L
+
i,a] = [−αi][L(Ψ̃i,aq−2

i
)][L+

i,aq2i
]

+

 ∏
j,Ci,j=−1

[L+
j,aqi

]

 ∏
j,Ci,j=−2

[L+
j,a][L

+
j,aq2

]

 ∏
j,Ci,j=−3

[L+
j,aq−1 ][L+

j,aq][L
+
j,aq3

]

 .

5.5. Root monomials and Nakajima partial ordering. Following [FR2], we introduce
for i ∈ I, a ∈ C∗ the following `-weight which is a monomial analog of a simple root :
(5.14)

Ai,a = Yi,aq−1
i
Yi,aqi

 ∏
j∈I,Cj,i=−1

Y −1
j,a

∏
j∈I,Cj,i=−2

Y −1
j,aq−1Y

−1
j,aq

∏
j∈I,Cj,i=−3

Y −1
j,aq−2Y

−1
j,a Y

−1
j,aq2

 ,

where
Yi,a = ωiΨ

−1
i,aqi

Ψi,aq−1
i
.

Note this `-weight can also be written simply as

Ai,a = αi
∏
j∈I

Ψ−1

j,aqBi,j
Ψ
j,aq−Bi,j

.

Remark 5.10. Note that the Langlands dual Cartan matrix (Cj,i)i,j occurs in the definition

of Ai,a in contrast to the definition of the `-weights Ψ̃i,a in Example 5.2. However, we can
rewrite the formula therein

χq(L(Ψ̃i,a)) = [Ψ̃i,a]
∑
k≥0

A−1
i,aA

−1

i,aq−2
i

· · ·A−1

i,aq
−2(k−1)
i

.

We extend Nakajima partial ordering [N3] to `-weights : we set Ψ � Ψ′ if and only if
Ψ′Ψ−1 is a monomial in the Ai,a.

Theorem 5.11. For Ψ an `-weight, we have

χq(L(Ψ)) ∈ [Ψ] +
∑

Ψ′≺Ψ

N[Ψ′].

Proof. By Corollary 5.7, it suffices to prove the statement for prefundamental representa-
tions. This is clear for positive prefundamental representations as they are 1-dimensional.
For negative prefundamental representations L−i,a, it follows from Corollary 4.11 that the
q-character coincides with the q-character of the negative prefundamental representation

Lb,−
i,a of Uq(b̂). In this case the result is proved in [HJ]. �

Remark 5.12. (i) The statement was proved for finite-dimensional representations of quan-
tum affine algebras in [FM].

(ii) The analogous statement is not satisfied in general for the representations of the

quantum affine Borel algebra (for example for positive prefundamental representations Lb,+
i,a ).



26 DAVID HERNANDEZ

6. Finite-dimensional representations

In this section we classify the simple finite-dimensional representations of shifted quantum
affine algebras (Theorem 6.4).

For g simply-laced, a classification of simple finite-dimensional representations of simply-
laced shifted Yangians is given in [KTWWY1, Theorem 1.4] (see (iii) in Remark 6.3) by a
different method.

Our results and methods are uniform for any type of g, simply-laced or not simply-laced.

The standard Theorem of Chari-Pressley [CP] classifying finite-dimensional representa-
tions of quantum affine algebras in terms of Drinfeld polynomials can be formulated in the
following form (see also [HJ, Examples in Section 3.2]).

Theorem 6.1. The simple finite dimensional representations of U
µ=0
q (ĝ) are the L(Ψ)

where Ψ(z)(Ψ(0))−1 is a monomial in the

Ỹi,a = ωi
−1Yi,a = Ψi,aq−1

i
(Ψi,aqi)

−1 for i ∈ I, a ∈ C∗.

Proof. By [CP], the simple finite dimensional representations of the quantum affine algebra
Uq(ĝ) are parametrized by the Ψ which are monomial in the Yi,a.

Recall that by (ii) in Remark 3.1, U0
q(ĝ) is a central extension of Uq(ĝ). Let L(Ψ) be

a simple finite-dimensional representation of U0
q(ĝ). Then for λ ∈ (C∗)n a square root of

(Ψ(0)Ψ(∞))−1, L(λΨ) is a simple finite-dimensional representation of Uq(ĝ) and so Ψ has
the correct form. Conversely, if Ψ = λ−1Ψ′ where L(Ψ′) is a simple finite-dimensional
representation of Uq(ĝ) and L(λ−1) is a one-dimensional representation of U0

q(ĝ), then

L(Ψ) ' L(λ−1) ∗ L(Ψ′)

is a finite-dimensional of U0
q(ĝ) with the same dimension as L(Ψ′). �

To generalize this for all shifted quantum affine algebras, first the following follows easily
from the previous results.

Proposition 6.2. For µ ∈ Λ, the algebra Uµ(ĝ) admits non-zero finite-dimensional repre-
sentations if and only if µ is dominant.

Let µ ∈ Λ+ be dominant and Ψ ∈ rµ be such that Ψ(Ψ(0))−1 is a product of various

Ỹi,a and Ψi,a for i ∈ I, a ∈ C∗.

Then L(Ψ) is a simple finite-dimensional representation of Uµq (ĝ).

Proof. If there is i ∈ I so that αi(µ) < 0, then U
µ
q (ĝ) contains a subalgebra isomorphic

to U+
qi(sl2). So it follows from Proposition 2.7 that zero is the only finite-dimensional

representation of Uµq (ĝ). This implies the ”only if” part of the first point. For the ”if” part,
it suffices to establish the second point. So consider Ψ(z) as in the statement. We can write

Ψ(z) = Ψ(0)M1M2 where M1 is a product of various Ỹi,a and

M2 = Ψi1,a1Ψi2,a2 · · ·ΨiN ,aN
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for various i1, · · · , iN ∈ I, a1, · · · , aN ∈ C∗. Then L(Ψ(0)M1) is a simple finite-dimensional
representation of U0

q(ĝ) by Proposition 6.1. Using inductively the functors

Rω∨i1+···+ω∨ij−1
,−ω∨ij ,aj

: Oω∨i1+···+ω∨ij−1
→ Oω∨i1+···+ω∨ij

from Section 4.5, we get from Proposition 4.16 that L(Ψ) is finite-dimensional (with di-
mension no larger than the dimension of L(M1)). �

Remark 6.3. (i) The condition in Proposition 6.2 appeared in [HL3] and in [FJMM] for
the `-weights of the simple modules of a category O+ of representations of the quantum
affine Borel algebra (see Remark 4.7).

(ii) If Ψ satisfies the condition of the statement and in addition is a Laurent monomial

in the Ỹi,a, then the powers of the Ỹi,a are positive. So, following [FR2, FJMM], let us call
a general `-weight satisfying this condition a dominant `-weight.

(iii) Let Ψ(z) be an `-weight whose poles and zeros are in qZ. It is a Laurent monomial in
the Ψ±1

i,qr . There is a structure of crystal on the set of such Laurent monomials [N2, Kas2]

(the variables Yi,qr in [N2, Kas2] are the Ψi,qr here; this should not be confused with the Yi,qr
above). Such an `-weight Ψ(z) is dominant if and only if it is highest weight for this crystal
structure. For g simply-laced, it is the condition found in [KTWWY1, Theorem 1.4] where
a classification of simple finite-dimensional representations of simply-laced shifted Yangians
was given (the proof therein is based on type A results in [BrK, Section 7.2]).

We will prove the converse statement which gives a complete classification of finite-
dimensional representations of shifted quantum affine algebras.

Theorem 6.4. The simple finite-dimensional representations of shifted quantum affine al-
gebras are the L(Ψ) where Ψ is dominant.

Proof. From Proposition 6.2, it suffices to prove for g = sl2 that L(Ψ) finite-dimensional
implies Ψ dominant.

Let µ ∈ Λ+ and suppose that L(Ψ) is a simple finite-dimensional representation of

U
µ
q (ŝl2). As discussed above, Ψ(z) is a rational fraction of non-negative degree. Without loss

of generality, we may assume Ψ(0) = 1. There is a (non-unique) factorization Ψ = Ψ+Ψ0

where

Ψ0 = (Ψa1Ψ
−1
b1

) · · · (ΨaNΨ−1
bN

) for certain N ≥ 0, a1, · · · aN , b1, · · · , bN ∈ C∗,

Ψ+ = Ψc1 · · ·ΨcM where M = deg(Ψ) ≥ 0 and c1, · · · , cM ∈ C∗.
We will denote

F = {1 ≤ j ≤ N |aj′ ∈ bj′q−2Z} and I = {1 ≤ j ≤ N |aj′ /∈ bj′q−2Z}

so that for j ∈ F (resp. j ∈ I) L(ΨajΨ
−1
bj

) is finite-dimensional (resp. infinite-dimensional).

Moreover, we may assume that for any 1 ≤ j ≤M , 1 ≤ j′ ≤ N :

(6.15) (cj /∈ bj′q−2Z if j′ ∈ I) and (cj /∈ {bj′ , bj′q−2, · · · , aj′q2} if j′ ∈ F).

Then we prove that

L(Ψ) ' L(Ψ0) ∗ L(Ψ+).
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As χq([L(Ψ+)] = [Ψ+], we want to prove that the multiplicities of `-weights are the same

in χq(L(Ψ)) and in [Ψ+]χq(L(Ψ0)). First L(Ψ) is a quotient of L(Ψ0) ∗ L(Ψ+), so the

multiplicities in χq(L(Ψ)) are lower or equal to the multiplicities in [Ψ+]χq(L(Ψ0)). But

L(Ψ0) is a quotient of L(Ψ) ∗L((Ψ+)−1). We have precise informations on the q-character
of L(Ψ0) and L((Ψ+)−1) :

χq(L((Ψ+)−1) ∈ [(Ψ+)−1](1 +
∑
j

A−1
cj Z[A−1

a ]a∈C∗),

χq(L(Ψ0)) ∈ [Ψ0]Z[A−1
bjq−2m ]j∈F,m≥0Z[A−1

bj
, A−1

bjq−2 , · · · , A−1
ajq2

]j∈I.

(see (iii) in Example 5.2 for the first one; as L(ΨaΨ
−1
b ) is a quotient of the fusion L(Ψa) ∗

L(Ψ−1
b ), the second also follows from this Example). Now, from (6.15), only the `-weight

[(Ψ+)−1] of L((Ψ+)−1) can contribute to an `-weight of L(Ψ0). So we get that the mul-
tiplicities of `-weights in χq(L(Ψ0)) are lower or equal than in [(Ψ+)−1]χq(L(Ψ)). We

have proved the isomorphism L(Ψ) ' L(Ψ0) ∗ L(Ψ+). This implies that L(Ψ0) is finite-
dimensional and we obtain the desired condition on Ψ0 from Theorem 6.1. Hence the
result. �

Remark 6.5. (i) The result implies that L(Ψ) is finite-dimensional if and only if the simple

module Lb(Ψ) of Uq(b̂) is in the category O+ (see Remarks 4.7, 6.3).

(ii) The factorization of Ψ = Ψ+Ψ0 appeared in [FJMM] in the classification of ”finite-

type” simple representations of Uq(b̂). The proof that Lb(Ψ) ' Lb(Ψ+) ⊗ Lb(Ψ0) in this
context is given in [FJMM, Lemma 5.9] and is more complicated.

(iii) In type A, a classification of simple finite-dimensional representations of shifted
quantum current algebras is obtained in [KW] in terms of Drinfeld polynomials. These are
subalgebras of a shifted quantum affine algebra of type A generated by positive mode Drinfeld
generators. Their motivation comes from representations of cyclotomic q-Schur algebras.

Example 6.6. In addition to finite-dimensional representations of quantum affine algebras,
there are many new examples of finite-dimensional representations. For example the positive
prefundamental representations L(Ψi,a) have dimension 1 and for

Ψ∗i,a = Ψ−1
i,a

∏
j,Ci,j 6=0

Ψ
j,aq
−Cj,i
j

the `-weight in [HL3, Section 6.1.3], L(Ψ∗i,a) has dimension 2 with

χq(L(Ψ∗i,a)) = [Ψ∗i,a] + [−αi][Ψ−1
i,a

∏
j,Ci,j 6=0

Ψ
j,aq

Cj,i
j

] = [Ψ∗i,a](1 +A−1
i,a ).

This representation is in Oµ with µ =
∑

j,Cj,i<0 ω
∨
j and can be realized with a basis v0, v1

of `-weight vectors corresponding to the terms in this sum. For r ∈ Z, the x±j,r have a zero
action if j 6= i and

x+
i,r.v0 = x−i,r.v1 = 0 , x−i,r.v0 = arv1 , x+

i,r.v1 = arq−1v0.
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We get an analog in K0(Osh) of the QQ∗-system established in [HL3] in K0(O) :

[L(Ψ∗i,a)][L
+
i,a] = [−αi]

∏
j,Ci,j 6=0

[L+

j,aq
Cj,i
j

] +
∏

j,Ci,j 6=0

[L+

j,aq
−Cj,i
j

].

7. Induction and restriction functors

We define and study induction and restriction functors relating the category O of repre-
sentations of the quantum affine Borel algebra Uq(b̂) and the categories Oµ of representations
of shifted quantum affine algebras U

µ
q (ĝ). These functors will be useful tools for our study

in the following. No analogs of these functors are known for shifted Yangians.

7.1. Functors for antidominant weights.

Proposition 7.1. We have an equivalence of categories

Õ
∼−→

⊕
µ∈−Λ+

Oµ.

Proof. For µ ∈ −Λ+, let Õµ be the subcategory of representations in Õ on which for i ∈ I

κi = φ−i,−1 = · · · = φ−i,αi(µ)+1 = 0

and φi,αi(µ) is invertible. It is the subcategory of the representations V in Õ so that V = V(µ).

Such representations V are representations of Uµq (ĝ). Indeed, recall from Section 3.2 that

U
µ
q (ĝ) is obtained from a quotient of the asymptotic algebra Ũq(ĝ). Then for a representation

V as above, we set ki.v = ω(i)v for v ∈ V (ω). We obtain an equivalence of categories

Õµ
∼−→ Oµ.

Now let V be a representation in Õ and µ ∈ −Λ+. As the φ−i,αi(µ) are invertible and

diagonalizable on V(µ) (from the definition of the category Õ), it follows from relations

(3.8) that V(µ) is a submodule of V which is in Õµ. Moreover, we obtain that there are no
non-trivial extension between the modules V(µ) and V(µ′) for µ 6= µ′.

We obtain that Õ =
⊕

µ∈−Λ+ Õµ. �

For µ ∈ −Λ+, composing the equivalence Oµ
∼−→ Õµ with f̃ , we get a functor

fµ : Oµ → O.

Any simple module in Õ is in one of the categories Õµ.
As a consequence and from the results of the previous Sections, one gets the following.

Theorem 7.2. The simple modules in the category Õ are parametrized by rational `-weights
of non-positive degree and constant term 1.
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7.2. Induction functors. To generalize the results of the previous section to µ ∈ Λ, we
have to proceed differently.

Recall the algebra U
µ
q (b̂) from Proposition 3.7. It is isomorphic to a subalgebra of Uµq (ĝ)

and of Uq(b̂).

For V a U
µ
q (ĝ)-module in the category Oµ, one can consider its restriction to U

µ
q (b̂) and

then its induction to Uq(b̂) :

Iµ(V ) = Uq(b̂)⊗
U
µ
q (b̂) V.

As U+
q (b̂) and U0

q(b̂) are both contained in U
µ
q (b̂), the weight spaces of Iµ(V ) are finite-

dimensional and we get a representation in the category O. So this defines a functor

Iµ : Oµ → O.

Remark 7.3. For V = L(Ψ) in Oµ, the Uq(b̂)-module Iµ(V ) is of highest `-weight generated

by a highest weight vector of V . It admits Lb(Ψ) as a quotient.

Example 7.4. For i ∈ I, a ∈ C∗, let µ = ω∨i and V = L+
i,a in Oω∨i . It has dimension 1.

Then Iω∨i (V ) admits the simple infinite-dimensional Uq(b̂)-module Lb,+
i,a as a quotient. In

the sl2-case, we have Uq(b̂) = U
ω∨1
q (b̂)⊗ C[x−1,1] and so Iω∨i (V ) =

∑
m≥0(x−1,1)m.V = Lb,+

1,a .

7.3. Restriction functors. Let µ ∈ Λ. For i ∈ I, we set µi = Max(1, αi(µ)).
For V a representation in O, we consider its subspace Vµ (resp. V<µ) of vectors v ∈ V so

that for any i ∈ I, φ+
i (z).v ∈ V (z) has degree lower or equal to αi(µ) (respectively strictly

lower than αi(µ)).

Remark 7.5. Vµ is not a submodule of V in general. Let g = sl2 and V = L((1− z)3) with
highest weight vector v. Let

x+,+(z) =
∑
m≥0

x+
mz

m.

For w = x−1 .v one has x+,+(z).w = z2−3z+3
q−q−1 v and

−q2(1−z)3x+
0 (φ+

1 (z))−1.w = −x+
0 .w+(1−q4)x+,+

i (zq2).w =
(1− q4)(q4z2 − 3q2z + 3)− 3

q − q−1
.v

In particular, (φ+
1 (z))−1.w has degree larger or equal to −1. But on the weight space of V

of weight −α1, φ+
1 (z) = q−2(1− z)3Id +N(z) with N(z)3 = 0. Its inverse is

q2(1− z)−3Id− q4(1− z)−6N(z) + q6(1− z)−9N2(z).

Hence N(z) has degree larger or equal to 4, and so is the degree of φ+
1 (z).

Proposition 7.6. For v ∈ Vµ (resp. V<µ), there is M ≥ 0 so that φ+
i,s.v, x+

i,m.v, x−i,m.v are

in Vµ (resp. V<µ) for any i ∈ I, s ≥ 0, m ≥M .

Proof. It suffices to show the statement for Vµ as

V<µ =
∑
i∈I

Vµ−ω∨i .
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Let v ∈ Vµ and i, j ∈ I. Let m > 0 so that

deg(φ+
i (z)x+

j,m.v) ≥ deg(φ+
i (z)x+

j,m−1.v).

Then the relation

φ+
i (z)(x+

j,m−1 − q
Bi,jzx+

j,m).v = (qBi,jx+
j,m−1 − zx

+
j,m)φ+

i (z).v

implies that deg(φ+
i (z)x+

j,m.v) ≤ αi(µ). So we are reduced to the case when for any m ≥ 0,

the maximum of the deg(φ+
i (z)x+

j,m′ .v), m′ ≥ m is realized at m′ = m only. This means

that deg(φ+
i (z)x+

j,m.v) is strictly decreasing. Contradiction as weight spaces are finite-
dimensional.

This is analogous for the x−j,mv. And it is clear for the φ+
j,s which commute with φ+

i (z). �

We identify the elements of Uq(b̂) with the corresponding operators on V . For v ∈
Vµ, we consider M as in the previous Proposition. Let i ∈ I. The rational function∑

m≥M x+
i,m.vz

m ∈ Vµ(z) has a degree d. Let M ′ > Max(M,d). Then
∑

m>M ′ x
+
i,mz

m.v

has degree M ′. We expand it in z−1 and we get a series −
∑

m≤M ′ v
(M ′)
m zm. We also set

v
(M ′)
m = x+

i,m.v for m > M ′. We get a new family (v
(M ′)
m )m∈Z. It does not depend on the

choice of M ′. Indeed, for M ′′ > M ′, we have

−
∑

m≤M ′′
v(M ′′)
m zm =

∑
m>M ′′

v(M ′′)
m zm =

∑
m>M ′

v(M ′)
m zm −

∑
M ′′≥m>M ′

v(M ′)
m zm

= −
∑
m≤M ′

v(M ′)
m zm −

∑
M ′′≥m>M ′

v(M ′)
m zm = −

∑
m≤M ′′

v(M ′)
m zm.

Identifying the developments in z−1, we get v
(M ′′)
m = v

(M ′)
m for m ≤ M ′′, and the develop-

ments in z v
(M ′′)
m = v

(M ′)
m for m > M ′′. So we can set x̃+

i,m.v = v
(M ′)
m which is well defined

for m ∈ Z. In the same way, one defines operators x̃−i,m on Vµ for i ∈ I, m ∈ Z.

These operators are well defined on Ṽµ = Vµ/V<µ. Also φ+
i (z) is rational of degree αi(µ)

on this quotient. Expanding in z−1 we get an operator series

φ−i (z) ∈ zαi(µ)End(Ṽµ)[[z−1]].

Proposition 7.7. The operators x̃±i,m, φ±i (z) constructed above on Ṽµ define a structure of

U
µ
q (ĝ)-module on Ṽµ which is in the category Oµ.

We obtain a restriction functor

Rµ : O→ Oµ.

Proof. We have to check the defining relations of U
µ
q (ĝ) are satisfied. For example let us

study the relation

[x+
i (z), x−i (w)] =

δ(wz−1)φ+
i (w)− δ(zw−1)φ−i (z)

qi − q−1
i

,
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which is the most complicated to handle as it involves all operators. We work on a vector
v for which we can consider M large enough so that x̃±i,m.v = x±i,m.v for i ∈ I and m ≥M .

First, we prove exactly as in [FT, Lemma B.2 (c)] that for

x±,Mi (z) =
∑
m≥M

x±i,mz
m , φ±,Mi (z) =

∑
m≥M

φi,±mz
±m,

we have in Uq(b̂)[[z, w]] :

[x+,M
i (z), x−,Mi (w)] =

zMw1−Mφ+,2M
i (w)− wMz1−Mφ+,2M

i (z)

(w − z)(qi − q−1
i )

.

Now we expand this in z−1 and we get

[−x̃+,M
i (z), x−,Mi (w)] =

zMw1−Mφ+,2M
i (w)− wMz1−Mφ−i (z) + wMz1−M∑

0≤m<2M φ+
i,mz

m

(w − z)(qi − q−1
i )

,

where we denote

x̃±,Mi (z) =
∑
m<M

x̃±i,mz
m.

This implies

[x̃+
i (z), x−,Mi (w)] = zM−1w1−M φ+

i (z)− φ−i (z)

(qi − q−1
i )

∑
r≥0

(wz−1)r.

In the same way, one gets

[x̃+
i (z), x̃−,Mi (w)] = zMw−M

φ+
i (z)− φ−i (z)

(qi − q−1
i )

∑
r≥0

(zw−1)r.

The sum of the two relations give the correct relation. �

Example 7.8. (i) Let V be a simple finite-dimensional representation in O. Then, up to
a twist, it is a representation of the quantum affine algebra and the action of the φ+

i (z) are
of degree 0. This gives the restricted action and Rµ(V ) is simple of dimension dim(V ).

(ii) Consider the prefundamental representation V = Lb,−
1,1 in the sl2-case. Then V =

V−ω∨1 and R−ω∨1 (V ) is simple in O−ω∨1 .

(iii) Consider the prefundamental representation V = Lb,+
1,1 in the sl2-case. Then V =

Vω∨1 . By construction, x̃+
1 (z) = x̃−1 (z) = 0 on Rω∨1 (V ) which is semi-simple in Oω∨1 equal to

an infinite direct sum of simple modules of dimension 1.

Remark 7.9. We get functors

I : Osh → O and R : O→ Osh.

We may wonder if these functors are biadjoint.
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8. Characters and cluster algebra structures

In this section we establish a q-character formula for simple finite-dimensional represen-
tations of shifted quantum affine algebras in terms of the q-characters of certain simple
representations of the quantum affine Borel algebra Uq(b̂) in the category O (Theorem 8.1).
Then, we prove the results in [HL3] imply a description of simple finite-dimensional repre-

sentations of Uµq (ŝl2) (Theorem 8.4), isomorphisms of Grothendieck rings between categories
of representations of Uµq (ĝ) associated to dominant and anti-dominant µ (Theorem 8.7), and
a cluster algebra structure on the Grothendieck ring of finite-dimensional representations
of shifted quantum affine algebras (Theorem 8.10). No analogs of these results are known
for shifted Yangians.

Note that the structure of K-theoretic Coulomb branches of a 3d N = 4 quiver gauge
theory has been studied in the context of cluster theory in [SS]. Here we consider cluster
structures emerging from their representation theory.

8.1. q-characters of finite-dimensional representations. For i ∈ I, let χi be the char-
acter of Lb(Ψi,1). It is proved in [HJ, FH2] that for a ∈ C∗ :

(8.16) χq(L
b,+
i,a ) = [Ψi,a]χi.

Theorem 8.1. Let L(Ψ) be a simple finite-dimensional representation of U
µ
q (ĝ). The q-

character of the simple Uq(b̂)-module Lb(Ψ) is :

χq(L
b(Ψ)) = χq(L(Ψ))

∏
i∈I

χ
αi(µ)
i .

Remark 8.2. This generalizes the q-characters formulas (8.16) for Lb(Ψi,a) established in

[FH2]) and the formula in [HL3] for Lb(Ψ∗i,a) (see Example 6.6) :

χq(L
b(Ψ∗i,a)) = [Ψ∗i,a](1 +A−1

i,a )
∏

j,Cj,i<0

χj = χq(L(Ψ∗i,a))
∏

j,Cj,i<0

χj .

Example 8.3. For i ∈ I, r ≥ 0 and Ψ̃i,1 is defined as in (iv) of Example 5.2, we have

χq(L
b(Ψ̃i,1Ψi,q−2r

i
)) = [Ψ̃i,1Ψi,q−2r

i
]
∑

0≤m≤r
(Ai,1Ai,q−2

i
· · ·Ai,q−2m

i
)−1

∏
j 6=i

χ
−Ci,j
j .

Indeed, it can be checked along the lines of (iv) of Example 5.2 that L(Ψ̃i,1Ψi,q−2r
i

) is (r+1)-

dimensional with the q-character corresponding to the formula above.

Proof. From Theorem 6.4, L(Ψ) is a quotient of L(Ψ0) ∗ L(Ψ+) where L(Ψ0) is a finite-
dimensional representation of Uq(ĝ) and L(Ψ+) is one-dimensional.

Consider the Uq(b̂)-module Lb(Ψ0) ⊗ Lb(Ψ+) in the category O. Let v0 and v+ be
corresponding highest weight vectors. By [FJMM, Lemma 5.6], the Drinfeld coproduct gives

a well-defined action of Uq(b̂) on this tensor product. Let us denote by V this representation.
It is established in [FJMM, Lemma 5.7] that any non-zero submodule of V is of the form
W ⊗Lb(Ψ+) where W ⊂ Lb(Ψ0) is a subspace containing v0. In particular, the submodule
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V ′ of V generated by v0 ⊗ v+ is simple isomorphic to Lb(Ψ). There is a corresponding
W ⊂ Lb(Ψ0) :

Lb(Ψ) 'W ⊗ Lb(Ψ+) = V ′ ⊂ V.
By construction, W is stable by the action of the x+

i,m, φ±i,m for i ∈ I, m ≥ 0. Then by

Formula (8.16), We have

χq(L
b(Ψ)) = χq(W )χq(L

b(Ψ+)) = χq(W )[Ψ+]
∏
i∈I

χ
αi(µ)
i .

Consider the restricted representation Rµ(V ) in the category Oµ. It admits L(Ψ) as a
subquotient.

By construction, W ⊗ v+ is stable for the action of the x̃+
i,m, φ

+
i,m. Besides, the φ+

i (z)

have degree 0 on W (as a subspace of a Uq(ĝ)-module). This implies (W ⊗ v+)µ = W ⊗ v+

and (W ⊗ v+)<µ = {0}. This implies we have a subspace W ⊗ v+ ⊂ Rµ(V ′).
Now, for m > αi(µ), we have x−i,m.v+ = 0 (this follows from x+

j,rx
−
i,m.v+ = δi,j(qi −

q−1
i )−1φ+

i,m+r.v+ for any r ≥ 0, j ∈ I). Hence

(8.17) x−i,m.(w ⊗ v+) = (
∑

0≤r≤αi(µ)

Ψ+
i,rx
−
i,m−r)w ⊗ v+,

where Ψ+
i,r is the eigenvalue of φ+

i,r on v+. This implies that W ⊗ v+ is stable for the action

of Uµq (ĝ). So, we have a submodule W ⊗ v+ ⊂ Rµ(V ′).
To conclude, it suffices to prove this module is simple isomorphic to L(Ψ).
Let us prove that the U

µ
q (ĝ)-module W ⊗ v+ is generated by v0 ⊗ v+.

Let w ⊗ v+ ∈ W . We know there is x in the negative subalgebra U−q (b̂) ⊂ Uq(b̂) so that

x.(v0⊗v+) = w⊗v+. Although all Drinfeld generators are not in Uq(b̂), x can be written in
Uq(ĝ) as an algebraic combination of various x−i,m, and from the Drinfeld coproduct formula.
We have

x.(v0 ⊗ v+) ∈ (x′.v0 ⊗ v+) + additional terms

where x′ is obtained from x by replacing each x−i,m by x−,
′

i,m =
∑

0≤r≤αi(µ) Ψ+
i,rx
−
i,m−r (see

formula (8.17)) and the additional terms have a right factor of weight strictly lower than
the weight of v+. Hence

w ⊗ v+ = x.(v0 ⊗ v+) = (x′.v0)⊗ v+.

This implies that

W ⊗ v+ ⊂ (< x−,
′

i,m >i∈I,m∈Z .v0)⊗ v+ = (< x−,
′

i,m >i∈I,m≥αi(µ) .v0)⊗ v+ ⊂ Uµq (ĝ).(v0 ⊗ v+).

We have proved that W ⊗ v+ = U
µ
q (ĝ).(v0 ⊗ v+) is an highest `-weight module. To

conclude it is simple, we just have to prove it has no primitive vector except the highest
weight vectors. Recall that the there is a non-zero polynomial P (z) so that P (z).x±i (z) = 0
on the finite-dimensional representation L(Ψ0) (see Proposition 4.10 for instance). If there
is w⊗ v+ ∈W ⊗ v+ so that x̃+

i,m(w⊗ v+) = 0 for any m ≥ αi(µ), i ∈ I, then x+
i,m.w = 0 for

any m ∈ Z,i ∈ I, and w is an highest weight vector. �
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8.2. Description of simple finite-dimensional representations of U
µ
q (ŝl2). We get

a complete description of all simple finite dimensional representations of shifted quantum
affine algebras Uµq (ŝl2), that is simple objects in the category Csh ⊂ Osh of finite-dimensional
representations.

Suppose that g = sl2. A description of simple modules of the category O+ was given in
[HL3, Section 7.3].

For k ≥ 0 and a ∈ C∗, we have the Kirillov-Reshetikhin (KR) module

Wk,a = L(kωΨaq−1Ψ−1
aq2k−1) = L(YaYaq2 · · ·Yaq2(k−1)).

It is a representation of Uq(ŝl2) of dimension k + 1 obtained by evaluation from a Uq(sl2)-
module.

A q-set is a subset of C∗ of the form {aq2r | R1 ≤ r ≤ R2} for some a ∈ C∗ and
R1 ≤ R2 ∈ Z ∪ {−∞,+∞}. The modules Wk,a, Wk′,b are said to be in special position if

the union of {a, aq2, · · · , aq2(k−1)} and {b, bq2, · · · , bq2(k′−1)} is a q-set which contains both
properly. The module Wk,a and the prefundamental representation L+

b are said to be in

special position if the union of {a, aq2, aq4, · · · , aq2(k−1)} and {bq, bq3, bq5, · · · } is a q-set
which contains both properly. Two positive prefundamental representations are never in
special position. Two such representations are in general position if they are not in special
position.

The invertible elements in the category Csh are the 1-dimensional constant simple repre-
sentations [ω].

From Theorem 8.1, we have now the following direct consequence of [HL3, Theorem 7.9].

Theorem 8.4. Suppose that g = sl2. The prime simple objects in the category Csh are the
positive prefundamental representations and the KR-modules. Any simple object in Csh can
be factorized in a unique way as a fusion product of prefundamental representations and
KR-modules (up to permutation of the factors and to invertibles). Moreover, such a fusion
product is simple if and only all its factors are pairwise in general position.

Remark 8.5. (i) This is a generalization of the factorization of simple representations in

the category C of finite-dimensional representations of Uq(ŝl2) by Chari-Pressley [CP].
(ii) All simple finite-dimensional representations can be factorized in a unique way into a

fusion product of a simple finite-dimensional representation of U0
q(ŝl2) and a one-dimensional

representation.
(iii) This result for g = sl2 implies that all simple finite-dimensional representations are

real and that their factorization into prime representations is unique.

8.3. Grothendieck ring isomorphisms. Let us consider completed tensor products ⊗̂Z
as in [HL3, Section 4.1]. We have the following consequence of Theorem 8.1.

Corollary 8.6. There is a ring isomorphism

K0(Csh)⊗̂ZE ' K0(O+)

which preserves the classes of simple objects.
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Proof. For L a finite-dimensional representation of U
µ
q (ĝ), we assign to the class of L in

K0(Csh) the class in K0(O+) of q-character

χq(L)
∏
i∈I

χ
αi(µ)
i .

This defines an injective ring morphism from K0(Csh)⊗̂ZE to K0(O+) which sends a simple
class to a simple class. As K0(O+) is topologically generated by the [Lb(Ψ)] where Ψ is a
dominant `-weight, the morphism is surjective. �

It is proved in [HL3] that there is an isomorphism of Grothendieck rings

D : K0(O+)→ K0(O−)

which preserves dimensions, characters and so that D([Lb(Ψ)]) = [Lb(Ψ−1)]. Note however
that it is not compatible with q-characters.

Let Osh,+ (resp. Osh,−) be the subcategory of representations in Osh whose simple con-
stituents have a highest `-weight Ψ so that Ψ is dominant (resp. Ψ−1 is dominant). This

is motivated by analogous categories of Uq(b̂)-modules (see Remarks 4.7, 6.3).

Note that all simple modules in Osh,+ are finite-dimensional and that Csh ⊂ Osh,+.

Theorem 8.7. The categories Osh,+, Osh,− are stable by fusion product and we have a ring
isomorphism which preserves simple classes⊕

µ∈Λ+

K0(Oµ) ⊃ K0(Osh,+) ' K0(Osh,−) ⊂
⊕

µ∈−Λ+

K0(Oµ).

Proof. The stability of Osh,+ by fusion product follows from the stability of the category
Csh of finite-dimensional representations as both categories have the same simple objects.
We have

K0(Osh,+) = K0(Csh)⊗̂ZE.

The stability of Osh,− by fusion product is clear as the simple objects in O− and Osh,− have
the same q-character (Corollary 4.11). Hence we have an isomorphism

K0(Osh,−) ' K0(O−).

Then we can use the isomorphism in Corollary 8.6, combined with the isomorphism D and
the previous line :

K0(Osh,+) = K0(Csh)⊗̂ZE ' K0(O+).

�

8.4. Cluster algebra structure. A certain monoidal subcategory

O+
2Z ⊂ O+ ⊂ O

of representations of Uq(b̂) is introduced in [HL3]. It is defined as the subcategory of
representations in O+ whose simple constituents have a highest `-weight Ψ such that the
roots and the poles of Ψi(z) are of the form qr where (i, r) belong to certain remarkable
V ⊂ I × Z.
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Its Grothendieck ring K0(O+
2Z) captures the combinatorics of K0(O+). Moreover the main

Theorem of [HL3] is a ring isomorphism

K0(O+
2Z) ' A⊗̂ZE,

where A is a cluster algebra and the classes of prefundamental representations [Lb,+
i,qr ](i,r)∈V

in O+
2Z form an initial seed.

Now consider the subcategory

Csh2Z ⊂ Csh ⊂ Osh

of finite-dimensional representations whose simple constituents have a highest `-weight Ψ
such that the roots and the poles of Ψi(z) are of the form qr where (i, r) ∈ V .

Similarly, we have also corresponding categories O
sh,±
2Z ⊂ Osh,±.

Theorem 8.8. We have ring isomorphisms

K0(Osh,+2Z ) ' A⊗̂ZE ' K0(Osh,−2Z ),

with classes of prefundamental representations corresponding to an initial seed.

Let us recall that a simple object is said to be real if its fusion square is simple.

Conjecture 8.9. The classes of real simple objects in K0(Osh,+2Z ) (resp. K0(Osh,−2Z )) get
identified with cluster monomials.

By the results in the present paper, in particular Corollary 8.6, this Conjecture 8.9 is
equivalent to [HL3, Conjecture 7.12]. Moreover, by [HL3, Theorem 7.12], [HL3, Conjecture
7.12] is equivalent to [HL2, Conjecture 5.2]. Then a part of this Conjecture 8.9 was estab-
lished in [Q] for ADE types, for general types recently in [KKOP1, KKOP2]. Combining
these results, one gets the following.

Theorem 8.10. (i) We have an algebra isomorphism

A ' K0(Csh2Z).

(ii) The cluster monomials in A are real simple objects in K0(Csh2Z).

Proof. By the discussion above, (ii) is known. The arguments in [HL3, Proposition 6.1]
imply that

K0(Csh2Z) ⊂ A.

As cluster monomials generate a cluster algebra, now (i) follows from (ii). �

Remark 8.11. In the sl2-case, Conjecture 8.9 is proved in [HL3, Theorem 7.11].

We will study again these and other cluster algebra structures related to the representa-
tion theory of shifted quantum affine algebras in another work.
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9. Cartan-Drinfeld series and Baxter polynomiality

Adjoint versions of shifted quantum affine algebras are defined as the usual adjoint ver-
sions of quantum affine algebras by adding Cartan generators corresponding to fundamental
weights. We discuss series of Cartan-Drinfeld elements Y ±i (z) and T±i (z) (i ∈ I) introduced
respectively in [FR2] in the study of transfer-matrices of finite-dimensional representations
of quantum affine algebras and in [HJ] as limits of transfer-matrices of prefundamental
representations of quantum affine Borel algebras.

As the main result of this section (Theorem 9.12), we establish the rationality of Y ±i (z)

(resp. the polynomiality of (T±i (z))∓1) on a simple representation in the category Oµ (up
to the highest eigenvalue). The proof is partly based on the Cartan-Drinfeld polynomiality
established in [FH2] as a limit of Baxter polynomiality of quantum integrable models.
We also obtain the equality up to a scalar multiple of the rational operators associated
respectively to Y +

i (z) and Y −i (z).
These methods and results are also new in the case of ordinary quantum affine algebras

or shifted Yangians.

9.1. Adjoint versions. Adjoint versions for quantum affine algebras are used in the liter-
ature (see [FR2] for instance where additional elements are denoted by k̃i).

Fix µ ∈ Λ. The adjoint version U
µ,ad
q (ĝ) of the shifted quantum affine algebra in [FT] is

a slight extension of Uµq (ĝ). New generators (φ
+
i )±1, (φ

−
i )±1 are added satisfying∏

j∈I
(φ

+
j )Cj,i = φ+

i,0 and
∏
j∈I

(φ
−
j )Cj,i = φ−i,αi(µ),

and satisfying the analogs of the quasi-commutations relations (3.2), (3.3), that is, for
i, j ∈ I, r ∈ Z :

[φ
±
i , φ

±
j ] = [φ

±
i , φ

∓
j ] = [φ±i,r, φ

±
j ] = [φ±i,r, φ

∓
j ] = 0,

φ
+
i x
±
j,r = q

±δi,j
i x±j,rφ

+
i and φ

−
i x
±
j,r = q

∓δi,j
i x±j,rφ

−
i .

Remark 9.1. (i) For i ∈ I, φ
+
i φ
−
i is central in U

µ,ad
q (ĝ).

(ii) There is a group of automorphisms of Uµ,adq (ĝ) isomorphic to (Z/2Z)n : for (ε1, · · · , εn) ∈
{±1}n, there is a unique automorphism so that for i ∈ I and m ∈ Z :

φ
±
i 7→ εiφ

±
i , φ±i,m 7→ ηiφ

±
i,m , x−i,m 7→ ηix

−
i,m , x+

i,m 7→ x+
i,m where ηi =

∏
j∈I

ε
Cj,i
j ∈ {±1}.

This induces a group of automorphisms of U
µ
q (ĝ) that we call sign-twist (the order is 2n,

except 2n−1 in type Bn and 1 in type A1).

The representation theory of Uµ,adq (ĝ) is a slight modification of the representation theory

of Uµq (ĝ). Indeed, a representation in Oµ has a structure of Uµ,adq (ĝ)-module, but it is not

unique. A representation of U
µ,ad
q (ĝ) is said to be in the category Oµ,ad if it is in the

category Oµ as a U
µ
q (ĝ)-module. A module in Oµ,ad is simple if and only if it is simple as a

U
µ
q (ĝ)-module. Hence the simple module in Oµ,ad are parametrized by triples

(Ψ, ω+, ω−) ∈ rµ × t∗ × t∗
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satisfying :∏
j∈I

(ω+(j))Cj,i = Ψi(0) and
∏
j∈I

(ω−(j))Cj,i = (z−αi(µ)Ψi(z))(∞) for i ∈ I.

Such ω± are said to be compatible with Ψ. The corresponding simple representation is
denoted by L(Ψ, ω+, ω−). The dimensions of its weight spaces are the same as those of
L(Ψ) and its structure can be completely described from the structure of L(Ψ), and ω±.

Remark 9.2. ω+ (resp. ω−) is uniquely determined by Ψ up to an element (c1, · · · , cn) in

the group K ⊂ (C∗)n of solutions of the equations
∏
j∈I c

Cj,i
j = 1.

Example 9.3. The algebra U
−ω∨1 ,ad
q (ŝl2) has additional generators φ

±
with (φ

+
)2 = φ+

0 and

(φ
−

)2 = φ−−1. For a, b ∈ C∗, the representation L(b(1− az)−1) is in the category O−ω∨1 . For

α (resp. β) a square root of a (resp. b), we have compatible ω+ = β and ω− = iβα−1 which

give a structure of U
−ω∨1 ,ad
q (ŝl2)-module on L(b(1− az)−1).

9.2. Fundamental Cartan-Drinfeld series. We consider a collection of Cartan-Drinfeld
series which appear naturally from R-matrices and transfer-matrices in [FR2]. For i ∈ I,
set

Y ±i (z) = φ
±
i exp

(
±(q − q−1)

∑
m>0

h̃i,±mz
±m

)
,

h̃i,m =
∑
j∈I

[rj ]qC̃j,i(q
m)hj,m for m 6= 0,

where C̃(z) is the inverse of the quantum Cartan matrix C(q) (invertible for a generic q).
By [FR2, Formula (4.9)] (see formula (5.14) above), we have

(9.18) z−αi(µ)δ±,−φ±i (z) = Hi(Y
±

1 (z), · · · , Y ±n (z))

where Hi(Y
±

1 (z), · · · , Y ±n (z)) is set to be equal to

Y ±i (zq−1
i )Y ±i (zqi)∏

j∈I,Cj,i=−1 Y
±
j (z)

∏
j∈I,Cj,i=−2 Y

±
j (zq−1)Y ±j (zq)

∏
j∈I,Cj,i=−3 Y

±
j (q−2z)Y ±j (z)Y ±j (q2z)

.

Remark 9.4. Note that for Laurent formal power series di(z) ∈ A((z)) with coefficients in
a commutative algebra A, if the system of n-functional equations

di(z) = Hi(s1(z), · · · , sn(z)) , i ∈ I,

has a solution as a formal Laurent power series, it is unique up to constant factors.

The following Cartan-Drinfeld series are introduced in [FH2] as limits of transfer-matrices
associated to prefundamental representations :

T±i (z) = exp

(
∓
∑
m>0

z∓m
h̃i,±m

[ri]q[m]qi

)
.
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We have

(9.19) Y ±i (z) = φ
±
i

T±i (z−1q±1
i )

T±i (z−1q∓1
i )

.

For i ∈ I and a ∈ C∗, recall the `-weight Ψ̃i,a in Example 5.2. Motivated by the next result,
we set

Λi,a = Ψ̃
−1

i,aq−1
i

Ψi,aqi

= Ψi,aq−1
i

Ψi,aqi

 ∏
j,Ci,j=−1

Ψ−1
j,a

 ∏
j,Ci,j=−2

Ψ−1
j,aq−1Ψ

−1
j,aq

 ∏
j,Ci,j=−3

Ψ−1
j,aq−2Ψ

−1
j,aΨ

−1
j,aq2

 .

In particular we have

(9.20) Ai,a = αiΛi,aq−1
i
/Λi,aqi .

Remark 9.5. The degrees of the coordinates of Λi,a form the simple roots α∨i of the Lang-
lands dual Lie algebra Lg, in opposition to the powers of the monomial Ai,a in terms of the
Yj,b which give the simple roots of g. This is an indication of the important role played by

the Langlands dual Lie algebra Lg in the following (see Section 12).

Lemma 9.6. Consider a rational `-weight Ψ = Ψ(0)
∏
i∈I,a∈C∗ Ψ

νi,a
i,a . For i ∈ I, the

corresponding eigenvalue of (φ
±
i )−1Y ±i (z) is equal to

Y
±
i,Ψ(z) = exp

 ∑
j∈I,m>0,a∈C∗

C̃j,i(q
m)νj,a

a±m

−m
z±m

 .

The following are equivalent :

(i) for any i ∈ I, Y
+

i,Ψ(z) is rational.

(ii) for any i ∈ I, Y
−
i,Ψ(z) is rational.

(iii) Ψ(Ψ(0))−1 is a Laurent monomial in the Λi,a, i ∈ I, a ∈ C∗.
Then Y

+

i,Ψ(z) and zωi(µ)Y
−
i,Ψ(z) coincide as rational fractions up to a constant.

Proof. The formula for Y
±
i,Ψ(z) is clear as the eigenvalue of hi,m associated to Ψ is

−
∑
a∈C∗

νi,aa
m

m(qi − q−1
i )

for m ∈ Z \ {0}.

Now suppose that (i) is satisfied. There are vi,b ∈ Z so that for any i ∈ I, m ∈ Z \ {0} :∑
j∈I,a∈C∗

C̃j,i(q
m)νj,a

am

m
=
∑
b∈C∗

vi,bb
m

m
.

Note that finitely many vi,b are non-zero. We obtain for any k ∈ I :∑
a∈C∗

νk,aa
m =

∑
i∈I,b∈C∗

Ci,k(q
m)vi,bb

m,
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Ψ(Ψ(0))−1 =
∏

k∈I,b∈C∗
Λ
vk,b
k,b .

Hence we get (iii). The same computation gives that (ii) implies (iii), and that (iii) implies
(i) or (ii).
To conclude, let us suppose that the conditions are satisfied. From (9.18), we have

deg(Y
+

i,Ψ(z)) = ωi(µ) and deg(Y
−
i,Ψ(z)) = 0.

The vi,b are well-defined from (iii) as the powers of the Λi,b in the factorization of Ψ(Ψ(0))−1.
Then from the computations above :

Y
+

i,Ψ(z) =
∏
b∈C∗

(1−zb)vi,b = (−z)ωi(µ)
∏
b∈C∗

bvi,b(1−z−1b−1)vi,b = ((−z)ωi(µ)
∏
b∈C∗

bvi,b)Y
−
i,Ψ(z).

�

Remark 9.7. This statement can be seen as a generalization of [FR2, Lemma 5] where the
case when Ψ is a Laurent monomial in the Yi,a is considered.

With the same notations as in Lemma 9.6, the eigenvalue2 of T±i (z) associated to Ψ is

T±
i,Ψ

(z) = exp

 ∑
j∈I,m>0,a∈C∗

z∓mC̃j,i(q
m)

(qmi − q
−m
i )m

a±mνj,a

 .

9.3. Rationality and polynomiality. Consider W = L(Ψ) simple in the category Oµ.
Let ω = Ψ(0) be its highest weight and w be a highest weight vector of W .

Let Ψ′ be an `-weight space of W . We have proved in Theorem 5.11 that there are
i1, · · · , iR ∈ I, a1, · · · , aR ∈ C∗ so that

Ψ′ = ΨA−1
i1,a1
· · ·A−1

iR,aR
.

The same computation as for [FH2, Proposition 5.8] gives the following.

Proposition 9.8. The eigenvalue of T±i (z) on WΨ′ is

T±
i,Ψ′

(z) = T±
i,Ψ

(z)×
∏

1≤k≤R,ik=i

(1− (za−1
k )∓1)∓1.

Remark 9.9. The formula in [C, Proposition 1.6] to define an involution of Uq(ĝ) also
defines an involution

σ : Uµ,adq (ĝ)→ U−µ,0,adq (ĝ) ' Uµ,adq (ĝ)

so that for i ∈ I, m ∈ Z, r ∈ Z \ {0} :

σ(x±i,r) = x∓i,−r−δ±,−αi(µ) , σ(hi,m) = −hi,−m , σ(φ
±
i ) = φ

∓
i .

For W a representation of Uµ,adq (ĝ), we denote by W σ its twist by σ. Note that we have :

σ(φ+
i (z)) = zαi(µ)φ−i (z−1) , σ(Y +

i (z)) = Y −i (z−1) , σ(T+
i (z)) = T−i (z−1).

2This is consistent with the eigenvalue computed in [FH2, (5.20)] when Ψ is a Laurent monomial in the

Yj,b, except that there is a misprint in that paper : C̃i,j(q
m) there should be C̃j,i(q

m)).
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Example 9.10. The representation W = L(Y 2
1 ) of Uq(ŝl2) was studied in the Example of

[FH2, Section 5.8]. It is a simple representation of U0,ad
q (ŝl2) with parameter

(
q2 (1−zq−1)2

(1−zq)2 , q, q−1
)

.

It has a weight space of weight 0 of dimension 2. In a slight modification of the basis in
[FH2], the matrix of T−(z)/T−

Ψ
(z) and of Y −(z)/Y −

Ψ
(z) are respectively

1 0 0 0
0 1− zq−1 z 0
0 0 1− zq−1 0
0 0 0 (1− zq−1)2

 ,


1 0 0 0

0 q−z−1q−1

1−z−1
z−1(1−q2)
(1−z−1)2

0

0 0 q−z−1q−1

1−z−1 0

0 0 0 (q−z−1q−1)2

(1−z−1)2

 ,

for
T−
Ψ

(z−1q−2)

T−
Ψ

(z−1q2)
=

(
1− z−1q

1− z−1q−1

)2

, Y −
Ψ

(z) =
q−1T−

Ψ
(z−1q−1)

T−
Ψ

(z−1q)
.

As W σ ' L(Y 2
q−2), the matrix of T+(z)/T+

Ψ
(z) and Y +(z)/Y +

Ψ
(z) are respectively

1 0 0 0

0 1
1−z−1q

z−1q2

(1−z−1q)2
0

0 0 1
1−z−1q

0

0 0 0 1
(1−z−1q)2

 ,


1 0 0 0

0 q−1−zq
1−z

z(1−q2)
(1−z)2 0

0 0 q−1−zq
1−z 0

0 0 0 (q−1−zq)2
(1−z)2

 ,

for T+

Ψ
(z) = T−

Ψ
(z−1q2)(1− z−1q)2 , Y +

Ψ
(z) = q

T+

Ψ
(z−1q)

T+

Ψ
(z−1q−1)

= q
T−
Ψ

(zq)(1− z)2

T−
Ψ

(zq3)(1− zq2)2
.

These operators are rational. The action of Y +(z)/Y +

Ψ
(z) and Y −(z)/Y −

Ψ
(z) coincide. On

a weight space of weight ω2α−h, the action of the following does not depend on z :

z−h
T+(z)T−(z)

T+

Ψ
(z)T−

Ψ
(z)

=


1 0 0 0
0 −q−1 1 0
0 0 −q−1 0
0 0 0 q−2

 .

We note that (T±(z)/T∓
Ψ

(z−1q2))±1 and (T±
Ψ

(z)/T±(z))±1 are polynomials in z∓1.

Example 9.11. Consider the prefundamental representation W = L(Ψ−1
1 ) of U

−ω∨1
q (ŝl2)

as in Example 3.10. Then we have for j ≥ 0 :

Y ±(z)

Y ±
Ψ

(z)
.vj =

q−j(1− zq)
1− q1−2jz

.vj ,
T±(z)

T±
Ψ

(z)
.vj = (1−z∓1)∓1(1−z∓1q∓2)∓1 · · · (1−z∓1q∓2(j−1))∓1.vj ,

for Y ±
Ψ

= (i)δ±,−exp

(
−
∑
m>0

z±m

m(qm + q−m)

)
, T±

Ψ
(z) = exp

(∑
m>0

z∓m

m(q2m − q−2m)

)
.

We have (T+(z)T−(z)/(T+

Ψ
(z)T−

Ψ
(z))).vj = (−z)jqj(j−1)vj.

The following was partly established in [FH2, Theorem 5.17] for simple finite-dimensional
representations of Uq(ĝ). Let ω′ be a weight of W . For i ∈ I, we denote by hti(ω(ω′)−1)
the multiplicity of αi in the factorization of ω(ω′)−1 as a product of simple roots.
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Theorem 9.12. (i) The operators

Y −i (z)

Y −
i,Ψ

(z)
and

Y +
i (z)

Y +

i,Ψ
(z)
∈ (End(W ))(z)

are rational of degree 0 on W and coincide.
(ii) On Wω′ the operators

T−i (z)

T−
i,Ψ

(z)
and zhti(ω(ω′)−1)

T+

i,Ψ
(z)

T+
i (z)

∈ (End(Wω′))[z]

are polynomial in z of degree hti(ω(ω′)−1) and coincide up to a constant operator factor.

Remark 9.13. This constant operator is not necessarily diagonalizable, see Example 9.10.

Proof. For m ∈ Z \ {0}, r ∈ Z, ε = 1 or ε = −1, we have

[h̃i,m, x
±
j,r] = δi,j

[mri]q
m

x±j,m+r and φ
±
i x

ε
j,r = q

±δi,jε
i xεj,rφ

±
i .

In particular [xεj(w), Y ±i (z)] = 0 for j 6= i and ε = 1 or −1. For i = j, the relation (3.4) is

[(qi − q−1
i )hi,m, x

±
i,r] = ±

q2m
i − q−2m

i

m
x±i,m+r.

It is the same relation as

[(q − q−1)h̃i,m, x
±
i,r] =

qmi − q
−m
i

m
x±i,m+r,

except that in the right side we have qi replaced by q2
i , the term (qi−q−1

i )hi,m being replaced

by (q − q−1)h̃i,m as in the definition of Y ±i (z) in comparison to the definition of φ±i (z) (we
have the same substitution for the analog of the relations (3.3)). Hence we get as for the
relation (3.8) :

Y ε
i (z)x±j (w) =

(
q±1
i w − z
w − q±1

i z

)δi,j
x±j (w)Y ε

i (z) for ε = + or −,

First assume that T±i (z)/T±
i,Ψ

(z) has a rational action onW . Then by (9.19) Y ±i (z)/Y ±
i,Ψ

(z)

has a rational action on W of degree 0. By the remarks above, the rational operator

Y +
i (z)Y −

i,Ψ
(z)

Y −i (z)Y +

i,Ψ
(z)

commutes with all operators in the image of Uq(ĝ) in the endomorphism ring of W . Hence,
by Schur Lemma, Y +

i (z)/Y +

i,Ψ
(z) and Y −i (z)/Y −

i,Ψ
(z), as these operators coincide on an

highest weight vector, they coincide as rational operators on W . Hence (i) is proved.
Besides, consider the rational operator on Wω′ :

U(z) = z−hti(ω(ω′)−1) T−i (z)T+
i (z)

T−
i,Ψ

(z)T+

i,Ψ
(z)
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Then by (9.19) and (i), we get that U(z) = U(zq2
i ) and so U(z) does not depend on z, that

is
T−i (z)

T−
i,Ψ

(z)
, zhti(ω(ω′)−1)

T+

i,Ψ
(z)

T+
i (z)

coincide up to a constant operator factor.

Now we establish (ii) in the Theorem (it does not follow directly from Proposition
9.8 as the operator do not have necessarily a diagonal action). The polynomiality for
T−i (z)/T−

i,Ψ
(z) is known for finite-dimensional simple Uq(ĝ)-modules by [FH2, Theorem

5.17]. But, using the involution σ of Uadq (ĝ) as in Remark 9.9, we get that T+
i (z) is rational

on a finite-dimensional W up to a scalar map, and so that T+
i (z)/T+

i,Ψ
(z) is rational. By

the discussion in the first part of this proof, this implies the polynomiality result for T+
i (z)

in this case.
Now let W be a tensor product of various negative prefundamental representations. By

Corollary 4.11, it is simple as a Uq(b̂)-module isomorphic to Lb(Ψ). This representation
can be constructed in [HJ, HL3] as an inductive limit of a linear inductive system of simple
tensor products of Kirillov-Reshetikhin modules which are simple finite-dimensional repre-
sentations of Uq(ĝ). In this inductive system, the highest weight vectors are preserved and
the action of φ+

i (z) is stationary up to a scalar function factor. Hence the polynomiality

result follows for T+
i (z) for W from the result for the finite-dimensional Uq(b̂)-modules.

But not only the inductive construction gives the action of Uq(b̂), but also of the whole

asymptotic algebra Ũq(ĝ) from which the action of T−i (z) on W is obtained. As above, it is

stationary up to a scalar function factor. The polynomiality of T−i (z)/T−
i,Ψ

(z) on W , and

the result, follow.
The result is also clear for a tensor product of various positive prefundamental represen-

tations as they are one-dimensional. Now, as

∆u(T±i (z)) = T±i (z)⊗ T±i (zu−1),

it follows from Corollary 5.6 and (i) in Remark 5.8 that the result holds true for a tensor
product of negative prefundamental representations by a tensor product of positive prefun-
damental representations. The result follows. �

10. Truncated shifted quantum affine algebras

Truncations of shifted quantum affine algebras are defined in [FT, Section 8.(iii)] in the
study of quantized K-theoretic Coulomb branches of 3d N = 4 SUSY quiver gauge theories
(see the Introduction).

We recall the definition of truncated shifted quantum affine algebras in terms of series

AZ,±
i (z) of Cartan-Drinfeld generators. We explain how these series appear naturally in

terms of the Cartan-Drinfeld series derived from transfer-matrices in the previous section.
We establish (Proposition 10.7) a necessary and sufficient condition for the defining series

AZ,±
i (z) to have a rational action on a simple representation.

10.1. Truncation series. We consider a variation of the series Y ±i (z). We fix

λ =
∑
i∈I

Niω
∨
i ∈ Λ+ and λ � µ = λ−

∑
i∈I

aiα
∨
i ∈ Λ,
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with the Ni, ai ∈ Z non-negative. We consider a family of polynomials Zi of degree Ni :

Zi(z) = (1− qizzi,1)(1− qizzi,2) · · · (1− qizzi,Ni),
and we get an `-weight Z = (Zi(z))i∈I . We also fix additional parameters z′i ∈ C∗ so that∏

j∈I
(z′j)

Cj,i = (−qi)Nizi,1 · · · zi,Ni .

These are unique up to the group K of Remark 9.2. The collection of these data is denoted

Z = (Z, z′1, · · · , z′n).

Then we define

(10.21) AZ,±
i (z) =

∑
r≥0

AZ,±
i,±rz

±r = (z′i)
δ±,−

Y
±
i,Z(zq−1

i )

Y ±i (zq−1
i )

∈ Uµ,adq (ĝ)[[z±1]].

In particular, Y
i,ZΨ−1(zq−1

i ) is the eigenvalue of AZ,+
i (z) on a highest weight vector of a

simple representation L(Ψ) in Oµ.
Note that by definition we have

(10.22) AZ,+
i,0 = (φ

+
i )−1 , AZ,−

i,0 = z′i(φ
−
i )−1.

From (9.18), we recover the defining formula in [FT], that for i ∈ I :

zαi(λ−µ)δ±,−φ±i (z)(Zi(z))
−1 = (Hi(A

Z,±
1 (zq1), · · · , AZ,±

n (zqn)))−1.

Remark 10.1. (i) The series AZ,±
i (z) are uniquely characterized by this property and by

(10.22), see Remark 9.4.

(ii) The notations could be misleading as the series A−,Zi (z) in [FT] are variations of the
Yi(z) in [FR2], not of the Ai(z) therein.

(iii) The subalgebra generated by the Yangian counterpart of the AZ,±
i,±r is called the

Gelfand-Tsetlin subalgebra in [BrK]. It equals the Cartan-Drinfeld subalgebra generated

by the φ±i,±m and the AZ,±1
i,0 .

Example 10.2. Assume that g is of type B2 with r1 = 2 and r2 = 1. The formula give

φ+
1 (z)(Z1(z))−1 =

AZ,+
2 (z)AZ,+

2 (zq2)

AZ,+
1 (z)AZ,+

1 (zq4)
and φ+

2 (z)(Z2(z))−1 =
AZ,+

1 (zq2)

AZ,+
2 (z)AZ,+

2 (zq2)
.

10.2. Definition.

Definition 10.3. The truncated shifted quantum affine algebra U
µ,Z
q,λ (ĝ) is the quotient of

U
µ,ad
q (ĝ) by the relations that for i ∈ I, AZ,±

i (z) is a polynomial of degree ai in z±1 and :

AZ,+
i,0 A

Z,−
i,0 = (−qi)ai , AZ,+

i (z) = (zq−1
i )aiAZ,−

i (z) for i ∈ I.

Remark 10.4. (i) The relations imply φ+
i,0φ
−
i,αi(µ) = φi,Z for

φi,Z = (−1)Ni+
∑
j Cj,iajq

αi(µ)
i zi,1zi,2 · · · zi,Ni .

(ii) We do not write the relations [FT, (8.11)] which are redundant in our notations.
(iii) The relations are not preserved by a twist of the spectral parameter z 7→ az.
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Example 10.5. U
−ω∨1 ,Z
q,ω∨1

(ŝl2) is the quotient of U
−ω∨1 ,ad
q (ŝl2) by the relations :

AZ,±
±s = 0 for s > 1, AZ,+

0 AZ,+
1 = −1 , AZ,−

0 = AZ,+
1 q , AZ,−

−1 = AZ,+
0 q.

In the following, when Z is fixed without ambiguity, we will simply denote A±(z) and
U
µ
q,λ(ĝ). The defining relations of Uµq,λ(ĝ) can be interpreted in the following way.

Proposition 10.6. For each i ∈ I, the images of φ±i (z) in U
µ
q,λ(ĝ)[[z±1]] are rational of

degree αi(µ) and coincide in U
µ
q,λ(ĝ)(z). They satisfy φ+

i (0)(φ+
i (z)z−αi(µ))(∞) = φi,Z.

Proof. The rationality is clear as the A±j (z) are polynomials. Then we get in U
µ
q,λ(ĝ)(z) :

φ+
i (z)

Zi(z)
=

∏
j,Cj,i=−1 z

aj
∏
j,Cj,i=−2(zq−1zq)aj

∏
j,Cj,i=−1(zq−2zzq2)aj

(zq−1
i zqi)ai

zαi(λ−µ)φ−i (z)

Zi(z)

=
∏
j∈I

z−ajCj,i
zαi(λ−µ)φ−i (z)

Zi(z)
= z

∑
j∈I Cj,iωj(µ−λ) z

αi(λ−µ)φ−i (z)

Zi(z)
=
φ−i (z)

Zi(z)
.

This implies the equality as rational fractions. The degree is

Ni −
∑
j∈I

Cj,iaj = αi(λ) +
∑
j∈I

Cj,iωj(µ− λ) = αi(µ).

�

10.3. Rationality of truncation series. Let W = L(Ψ) be a simple module in Oµ.

Proposition 10.7. (1) The following are equivalent :

(i) for any i ∈ I, AZ,+
i (z) is rational on W .

(ii) for any i ∈ I, AZ,−
i (z) is rational on W .

(iii) Ψ(0)ZΨ−1 is a Laurent monomial in the Λi,a, i ∈ I, a ∈ C∗.
(2) When these conditions are satisfied, AZ,+

i (z) and (zq−1
i )aiAZ,−

i (z) coincide on W as
rational fractions (up to an element of the group K of Remark 9.2) and have degree ai.

Proof. (1) As above, it does not follow directly from Proposition 9.8 as the operator do not

have necessarily a diagonal action. However, from Theorem 9.12, AZ,±
i (z) is rational on W

if and only the eigenvalue on a highest weight vector is rational. From Lemma 9.6, this is
equivalent to (i) or (ii) or (iii).

(2) When the conditions are satisfied, it follows from Theorem 9.12 that Y ±i (z)/Y ±
i,Ψ

(z)

coincide as rational fractions, so it suffices to prove that (z′iz
ai)δ±,−Y

±
i,Z(z)/Y ±

i,Ψ
(z) coincide

as rational fractions. From Lemma 9.6, they coincide up to a constant ci :

Y
+
i,Z(z)/Y +

i,Ψ
(z) = ciz

′
iz
aiY
−
i,Z(z)/Y −

i,Ψ
(z).

As
Hi(Y

−
1,Z(z), · · · , Y −n,Z(z)) = (−qiz)−Ni(zi,1 · · · zi,Ni)−1Zi(z),

we get
Zi(z)Ψ

−1
i (z) = Hi(c1, · · · , cn)zαi(−µ)Zi(z)/(z

−αi(µ)Ψi(z)),

and so (c1, · · · , cn) ∈ K. �
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Example 10.8. We continue Example 9.10. Let us consider the polynomial operators :

A−(zq) =
T−(z−1q)

T−
Ψ

(z−1q)

T−∗ (z−1q−1)

T−(z−1q−1)
=
q3(1− q−2z−1)2Y −

Ψ
(z)

Y −(z)

=


q3(1− q−2z−1)2 0 0 0

0 (q2 − z−1)(1− z−1) z−1(q3 − q) 0
0 0 (q2 − z−1)(1− z−1) 0
0 0 0 q(1− z−1)2

 .

A+(zq) =
T+(z−1q−1)

T+
∗ (z−1q−1)

T+

Ψ
(z−1q)

T+(z−1q)
=
q−1(1− zq2)2Y +

Ψ
(z)

Y +(z)

=


q−1(1− zq2)2 0 0 0

0 (1− zq2)(1− z) z(q3 − q) 0
0 0 (1− zq2)(1− z) 0
0 0 0 q(1− z)2


We note that A±(z) = AZ,±(z) with Z = ((1− zq−1)2(1− zq3)2, q2) as we have

A+(z) = (zq−1)2A−(z) , A+(0)A−(∞) = q2Id,

(A+(z)A+(zq2))−1 =
φ+(z)

(1− zq−1)2(1− zq3)2
and (A−(z)A−(zq2))−1 =

z2φ−(z)

(1− zq−1)2(1− zq3)2
.

Remark 10.9. We see from the proof of Lemma 9.6 that the contribution of the factor Λi,a
to the eigenvalue of A+

i (z) is (1− zaq−1
i )−1.

11. Descent to the truncation

We study which simple representations descend to truncated shifted quantum affine al-
gebras using methods which are also new in the case of ordinary quantum affine algebras or
shifted Yangians. See the introduction for a discussion on earlier results [BrK, KTWWY1,
KTWWY2, N5, NW].

We establish a necessary condition on a simple representation to be a representation of a
truncated shifted quantum affine algebra (Proposition 11.11). As a consequence we establish
that a truncated shifted quantum affine algebra has only a finite number of isomorphism
classes of simple representations (Theorem 11.15). Then we introduce a partial ordering �Z

on `-weights (up to sign) and we prove that the simple representations L(Ψ) of a truncated
shifted quantum affine algebra of parameter Z must satisfy Ψ �Z Z (Theorem 11.9). We
note this partial ordering is also related to the Langlands dual Lie algebra Lg, a point which
will be crucial in the next Section. In the sl2-case we establish a complete characterization
of simple representations of a truncated shifted quantum affine algebra (Theorem 11.17).
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11.1. Descent.

Definition 11.1. A representation in Oµ descends to the truncation U
µ,Z
q,λ if it has a struc-

ture of Uµ,adq (ĝ)-module compatible with the defining relations of the quotient U
µ,Z
q,λ (ĝ).

This defines an abelian subcategory Oλµ,Z of Oµ.

Remark 11.2. The category Oλµ,Z is stable by sign-twist.

We investigate which simple modules L(Ψ) are in Oλµ,Z. It means that there is a structure

L(Ψ, ω+, ω−) of Uµ,adq (ĝ)-module on L(Ψ) which is a U
µ,Z
q,λ (ĝ)-module. If ω± exist, then

(11.23) (ω+ω−)(i) = z′i(−qi)−ai for any i ∈ I.

By Proposition 10.6, such ω± compatible with Ψ ∈ rµ exist if and only if for any i ∈ I,

Ψi(0)(Ψi(z)z
−αi(µ))(∞) = φi,Z. We will denote by rµ,Z the set of such Ψ. We will work with

such `-weights (if necessary, although not written explicitly, we will renormalize `-weights
by constants to work in this set). So let us consider Ψ ∈ rµ,Z and ω± ∈ t∗ compatible with

Ψ satisfying the relations (11.23). Then the central element φ
+
i φ
−
i (resp. AZ,+

i,0 A
Z,−
i,0 ) acts

as the scalar z′i(−qi)−ai (resp. (−qi)ai) on L(Ψ).

Example 11.3. Suppose λ = µ. Then for V in O
µ
µ,Z, the operator AZ,+

i,0 = AZ,+
i (z) =

AZ,−
i (z) = AZ,−

i,0 is constant and satisfies Id = AZ,+
i,0 A

Z,−
i,0 = (AZ,+

i,0 )2 and φ+
i (z)(Zi(z))

−1 =∏
j∈I(A

Z,+
j,0 )−Cj,i. Hence O

µ
µ,Z is semi-simple, its simple objects are 1-dimensional of highest

`-weight Ψ(z) = (ηiZi(z))i∈I with ηi =
∏
j ε
Cj,i
j for a choice of εj = ±1 (see Example 4.13).

Up to a sign-twist, there is a unique simple representation in O
µ
µ,Z.

Example 11.4. Let g = sl2, λ = 2ω∨1 , µ = 0. Set Z = ((1 − aq3z)(1 − aq−1z), aq). For

Ψ(z) = aq(1−aq−1z)
(1−aqz) , L(Ψ) is a 2-dimensional representation in O

2ω∨1
0,Z . Indeed its other `-

weight is Ψ′(z) = aq−1(1−aq3z)
(1−aqz) . Choose α so that α2aq = 1. For A(z) = (α − α−1z) and

A′(z) = (qα− α−1q−1z), one has

Ψ(z) =
Z(z)

A(z)A(zq2)
, Ψ′(z) =

Z(z)

A′(z)A′(zq2)
.

Remark 11.5. Let i ∈ I and V be a representation in Oµ so that the central element φ
+
i φ
−
i

acts by z′i(−qi)−ai. As a direct consequence of Proposition 10.7, if AZ,+
i (z) has a rational

action on V , then A+
i (z) = (zq−1

i )aiA−i (z) if and only if we have

A+
i (z) ∼∞ (−z)ai(A+

i (0))−1

on V . Besides it suffices that this condition is satisfied on a highest weight vector.

11.2. Partial ordering. We have the following refinement of Proposition 10.7.

Lemma 11.6. If for any i ∈ I, AZ,+
i (z) is polynomial on L(Ψ), then Ψ(0)ZΨ−1 is a

monomial in the Λi,a, i ∈ I, a ∈ C∗.
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In fact, our proof implies it suffices it is polynomial on a highest weight vector of L(Ψ).

Proof. By Proposition 10.7, Ψ(0)ZΨ−1 is a Laurent monomial in the Λi,a, i ∈ I, a ∈ C∗.
Following the proof of Lemma 9.6, we see that the powers of the Λi,a have to be non-negative

so that the eigenvalue of AZ,+
i (z) on a highest weight vector of L(Ψ) is a polynomial. �

This suggests the following definition for the set of `-weights :

rZ =
⊔
µ∈Λ

rµ,Z.

For Ψ,Ψ′ ∈ rZ, we set Ψ′ �Z Ψ if (Ψ(0))−1(Ψ′(0))Ψ(Ψ′)−1 is a monomial in the Λi,a,
i ∈ I, a ∈ C∗.

Proposition 11.7. If Ψ′ �Z Ψ, then Ψ is determined by Ψ′ and (Ψ(0))−1(Ψ′(0))Ψ(Ψ′)−1

up to a sign i ∈ I.
In particular, �Z defines a partial ordering on rZ (up to signs).

Proof. Let Ψ ∈ rµ,Z, Ψ′ ∈ rµ′,Z. It suffices to prove that each Ψi(0) is determined up to a

sign. The conditions imply that for any i ∈ I, (Ψi(0))−1(Ψi(z)z
−αi(µ))(∞) is determined.

But Ψi(0)(Ψi(z)z
−αi(µ))(∞) is fixed, so (Ψi(0))2 is determined.

For the second point, it suffices to consider Ψ, Ψ′ so that Ψ �Z Ψ′ and Ψ′ �Z Ψ. Then,
(Ψ(0))−1(Ψ′(0))Ψ(Ψ′)−1 = 1 and from the first point we get that Ψ and Ψ′ are equal (up
to a sign for each i ∈ I). �

Remark 11.8. (i) If we add the data of a ω± ∈ t∗ compatible with each Ψ as above, then
as for Lemma 9.6 we can replace ”up to a sign” by ”up to a sign twist”.

(ii) This partial ordering is different from the extension of Nakajima partial ordering �
in Section 5.5.

Now Lemma 11.6 can be reformulated in terms of this partial ordering.

Theorem 11.9. For L(Ψ) a simple representation in Oλµ,Z we have

Ψ �Z Z.

Remark 11.10. For L(Ψ) a representation in Oλµ,Z, all its `-weights Ψ′ must also satisfy

Ψ′ �Z Z (by the proof of Lemma 9.6). As an example, more concretely, consider an `-weight
of the form Ψ′ = ΨA−1

i,a . Then Formula (9.20) gives that a factor Λi,aqi in the factorization

of ZΨ−1 is replaced by Λi,aq−1
i

in the factorization of Z(Ψ′)−1.

11.3. A necessary condition on highest `-weight and finiteness.

Proposition 11.11. Suppose that L(Ψ) is in Oλµ,Z. Then for i ∈ I, Y
+

i,ZΨ−1(zq−1
i ) and

Y
+

i,ZΨ−1(zq−1
i )Ψi(z) are polynomials with

Y
+

i,ZΨ−1(zq−1
i ) ∼∞ (−z)ai(Y +

i,ZΨ−1(0))−1.

Remark 11.12. (i) The property does not depend on the choice of ω± but only on Ψ.
(ii) The degree of the two polynomials are ai and ai + αi(µ) respectively.
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We will use the currents defined for i ∈ I by

x+,+
i (z) =

∑
r≥0

x+
i,rz

r , x−,+i (z) = −
∑
r>0

x−i,rz
r , Ci(z) = (qi−q−1

i )x−,+i (z)A+
i (z) =

∑
r>0

Ci,rz
r.

The following relations were proved in [FT] when µ ∈ −Λ+. But since the commutators
[x±i,r, φ

+
j,s] are the same for a general µ ∈ Λ, it holds in general :

(11.24) (w − z)[Ai(z), Ci(w)]qi = (qi − q−1
i )(zCi(w)Ai(z)− wCi(z)Ai(w)).

Here we use that standard notation [a, b]q±1
i

= ab− q±1
i ba.

Proof. Let i ∈ I and v be a highest weight vector of L(Ψ). The polynomiality of Y
+

i,ZΨ−1(z),

which is the eigenvalue of AZ,+
i (z) on v, is clear. It is already observed in [FT] that the

polynomiality of Ci(z) can be deduced in the following way : the coefficient of w in relation
(11.24) gives

−z[A+
i (z), Ci,1]q−1

i
= −(qi − q−1

i )Ci(z)A
+
i,0.

As A+
i,0 is invertible, Ci(z) is a polynomial on L(Ψ). Now we have also :

x+
i,0.Ci(z).v = (qi − q−1

i )[x+
i,0, x

−,+
i (z)]A+

i (z).v = −Y +

i,ZΨ−1(zq−1
i )(

∑
r>0

(φ+
i,r − φ

−
i,r)z

r).v

= −Y +

i,ZΨ−1(zq−1
i )(Ψi(z)−Ψ+

i,0 −
∑

0<r≤αi(µ)

Ψ−i,rz
r).v,

As Y
+

i,ZΨ−1(zq−1
i ) and x+

i,0.Ci(z).v are polynomial in z, this implies that Y
+

i,ZΨ−1(zq−1
i )Ψi(z)

is a polynomial. For the second point, the eigenvalue of A+
i,ai

on v is (−1)ai(Y
+

i,ZΨ−1(0))−1.

�

This condition is not sufficient in general.

Example 11.13. Let g = sl3, λ = ω∨1 , µ = λ−2α∨1 −α∨2 = −2ω∨1 , Z1(z) = 1−z, Z2(z) = 1,

Ψ =

(
q−4

(1− zq−4)(1− zq−2)
, 1

)
.

We fix Z with compatible z′1, z
′
2. We have

Y
+

1,ZΨ−1(zq−1) = α2(1− zq−4)(1− zq−2) and Y
+

2,ZΨ−1(zq−1) = α(1− zq−3)

with α3 = q4. The condition of Proposition 11.11 are satisfied. However, L(Ψ) is not
in Oλµ,Z. Indeed, by Theorem 5.5, this representation is the fusion product of two negative

prefundamental representations (with a 1-dimensional constant representation). The q-
character of each of these factors is known as it is the same as for the corresponding negative
prefundamental representation of Uq(b̂) (in the sl3-case these representations are explicitly
described in [HJ]). The following is an `-weight of L(Ψ) :

Ψ′ = ΨA−1
1,q−2A

−1
2,q−1 =

(
q−5

(1− zq−4)2
,
q−1(1− zq)

1− zq−1

)
.
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and is not of the correct form(
(1− z)A2(zq)

A1(z)A1(zq2)
,

A1(zq)

A2(z)A2(zq2)

)
for A1(z), A2(z) polynomials of respective degrees 2, 1. Indeed, identifying the second
coordinates, we would have A1(z) of the form (1 − z)(1 − za) up to a constant and for a
certain a ∈ C∗. This contradicts the relation for the first coordinates, as q4 could not be a
pole of order 1.

However in some cases the conditions are enough to determine the simple representations
in Oλµ,Z. This is the case for the g = sl2 in the next section. We have also the following.

Example 11.14. Let λ = ω∨i and µ = ω∨i − α∨i . Set Zj(z) = 1− zaq2
i δi,j and associate z′j

accordingly. Up to sign twist Oλµ,Z contains a unique simple representation whose highest `-

weight is Ψ̃i,a (up to a constant, see Example 5.2). The uniqueness follows from Proposition
11.11. From Example 5.2, the `-weight spaces are of dimension 1 parametrized by m ≥ 0

with the corresponding eigenvalue of AZ,+
j (z) equal to 1 if j 6= i and if j = i equal to

v−1
i qmi − viq

−m
i z where v2

i = ai are fixed.

We have the following consequence of Proposition 11.11.

Theorem 11.15. There is a finite number of simple representations L(Ψ) in Oλµ,Z.

Proof. Let L(Ψ) be in Oλµ,Z. As Ψ �Z Z by Theorem 11.9, there are vi,a ≥ 0 so that

Ψ(Ψ(0))−1 = Z
∏

i∈I,a∈C∗
Λ
−vi,a
i,a .

Moreover, Ψ is determined by the vi,a up to sign twist. So it suffices to show that there is
a finite number of possibilities for the vi,a. Besides,

∑
a∈C∗ vi,a = ai. So it suffices to prove

that there is a finite number of possible a so that vi,a 6= 0.
For i ∈ I, a ∈ C∗, let zi,a be the multiplicity of a−1 as a root of Zi(z).
For each i ∈ I, let

Z̃i(z) =
∏
a∈C∗

(1− za)vi,a

which is equal to Y
+

i,ZΨ−1(zq−1
i ) up to a constant. Then from Proposition 11.11, Z̃i(zq

2
i )

divides

Zi(z)

 ∏
Cj,i=−1

Z̃j(zqi)

 ∏
Cj,i=−2

Z̃j(z)Z̃j(zq
2)

 ∏
Cj,i=−3

Z̃j(z)Z̃j(zq
2)Z̃j(zq

4)

 .

Suppose that vi,a 6= 0. Then zi,aq2i
6= 0 or there is j 6= i so that vj,b 6= 0 with b = aqr for

r = ri if Cj,i = −1, r = 4 or 2 if Cj,i = −2, r = 6 or 4 or 2 if Cj,i = −3.
Consequently : vi,a 6= 0 implies that there is R ≥ 0 and a finite sequence

(i0, a0) = (i, a), (i1, a1) = (i1, aq
r1), · · · , (iR, aR) = (iR, aq

rR)
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so that for any k, rk < rk+1 ≤ rk + 2rik and vik,ak > 0, and

ziR,aqrRqiR > 0.

This implies that 0 ≤ r ≤ 6
∑

l∈I al. So there is a finite number of possible a and the result
follows. �

Remark 11.16. (i) It follows from the proof that Ψ is the product of Z by various Λ−1
i,a so

that there are j ∈ I, r > 0 with zj,aqr 6= 0.
(ii) The same proof as above, taking into account not only the fact that the vj,b 6= 0, but

also there actual value, implies that the category

OλZ =
⊕
µ∈Λ

Oλµ,Z

has a finite number of simple objects. Indeed, there is a finite subset A ⊂ C∗ of a ∈ C∗ so
that one vi,a might be non zero. One obtains by induction on |{r ≥ 0, aqr ∈ A}| ≥ 0 that
the possible values of the vi,a are bounded.

11.4. Descent for g = sl2. We suppose in this section g = sl2.
The condition of Proposition 11.11 is

(11.25) (Z(zq−2))−1 �Z Ψ(z) �Z Z(z).

Indeed Y
+

ZΨ−1(zq−1) polynomial means Ψ(z) �Z Z(z). Let Z̃(z) be this polynomial. Then

Ψ(z)Z̃(z) = Z(z)/Z̃(zq2) = Q(z) polynomial means Z̃(zq2) divides Z(z). But

Ψ(z)Z(zq−2) =
Z(z)Z(zq−2)

Z̃(zq2)Z̃(z)
= Q(z)Q(zq−2)

and so Ψ(z)Z(zq−2) �Z 1.
We shall prove now that the condition (11.25) is sufficient. Let us denote

Φ(z) =
∑
r≥0

Φrz
r =

∑
r≥0

(φ+
r − φ−r )zr = φ+(z)−

∑
0≤r≤α1(µ)

φ−r z
r.

Note that if µ ∈ −Λ+ \ {0} is strictly antidominant, Φ(z) = φ+(z). For m,m′ ≥ 0, we have
(q − q−1)[x+

m, x
−
m′ ] = Φm+m′ , and so

(11.26) (z − w)[x+,+(z), x−,+(w)] = w
Φ(w)− Φ(z)

q − q−1
.

This generalizes formulas established in [FT] for µ ∈ −Λ+. The following relation is estab-
lished in [FT] (for µ ∈ −Λ+ but the same proof gives the result in general) :

(11.27) [C(z), C(w)] = 0.

We prove the converse of the statement in Proposition 11.11 is true in the sl2-case.

Theorem 11.17. L(Ψ) in Oµ descends to the truncation U
µ,Z
q,λ (ŝl2) if and only if Y

+

ZΨ−1(zq−1)

and Y
+

ZΨ−1(zq−1)Ψ(z) are polynomials with Y
+

ZΨ−1(zq−1) ∼∞ (−z)a(Y +

ZΨ−1(0))−1.
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Proof. One implication is proved in Proposition 11.11. Let us suppose that the conditions
are satisfied. We prove that the action of A+(z), and also of C(z), are polynomial on
V = L(Ψ). Let ω0 be the highest weight of V . For N ≥ 0, let VN be the sum of weight
spaces Vω with ω − ω0 = Nα.

First we prove that C(z) is polynomial on V0. Let v ∈ V0. We prove that for m ≥
a + |α1(µ)|, the coefficient of wm+1 in C(w).v is zero. As V is simple, it suffices to prove
this for x+(z)C(w).v. Due to Proposition 4.10, it suffices to prove this is true for

x+,+(z)C(w).v = (q − q−1)[x+,+(z), x−,+(w)]A+(w).v.

Relation (11.26) gives

(z − w)x+,+(z)C(w).v = w(Φ(w)− Φ(z))A+(w).v.

For l ≥ 0, considering the coefficients of wl+1, we get

−x+,+(z)Cl.v + zx+,+(z)Cl+1.v = (ΦA)l.v − Φ(z)Al.v,

where (ΦA)l is the coefficient of zl in Φ(z)A+(z). Let us multiply this relation by zl and
take the sum of the relations for l = 0, · · · ,m. As C0 = 0, A+(z).v is a polynomial of degree
a ≤ m and Φ(z)A+(z).v a polynomial of degree lower than m :

x+,+(z)zm+1Cm+1.v = (
∑

0≤l≤m
(ΦA)lz

l − Φ(z)Alz
l).v = (Φ(z)A+(z)− Φ(z)A+(z)).v = 0.

This proves the claim, that is Cm+1.v = 0.
Now by the relation (11.27), we get by induction on N that C(z) is a polynomial on VN

of degree lower than a+ |α1(µ)|. Then, using relation (11.24), we obtain that the action of
A+(z) on V is polynomial. We conclude by Remark 11.5. �

Remark 11.18. As a by product one gets that B(z) = (q− q−1)A+(z)x+,+(z) and D(z) =
A+(z)φ+(z) + (q − q−1)2x−,+(z)A(z)x+,+(z) are polynomial on this representation.

Example 11.19. Let λ = ω∨1 , µ = −ω∨1 = λ − α∨1 . We fix z1, z
′
1 ∈ C∗. From Example

11.14, up to sign twist there is a unique simple representation L(Ψ) in O
ω∨1
−ω∨1 ,Z

with

Ψ(z) =
q−1z1

1− zq−1z1
.

This is Example 9.3 with a = b = z1q
−1. Indeed for L(b(1− az)−1) we have (here α2 = a) :

A+(z).vj = (α−1qj − αq−jz)vj , φ+(z).vj =
a(1− q2az)q−2j

(1− q2−2jaz)(1− q−2jaz)
vj ,

B(z).vj = α−1(q − q−1)qj−1vj−1 , C(z).vj = [j + 1]qq
−2jα3zvj+1 , D(z).vj = αq−jvj .

The representation L(b(1− az)−1) descends to a truncation if and only if a = b.

Example 11.20. Let λ = 2ω∨1 , µ = −2ω∨1 = λ − 2α∨1 . We fix z1, z2 ∈ C∗. Let Ψ be of

degree α(µ) = −2 and Ψ(0)(Ψ(z)z2)(∞) = φΨ = q−2z1z2. We have Y
+

ZΨ−1(z) of degree 2
and

(11.28) Ψ(z) =
(1− qzz1)(1− qzz2)

Y
+

ZΨ−1(zq−1)Y
+

ZΨ−1(zq)
.
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The conditions of Proposition 11.11 give that the roots of Y
+

ZΨ−1(z) are z−1
1 , z−1

2 and

Ψ(z) =
Ψ(0)

(1− zq−1z1)(1− zq−1z2)
=

q−2z1z2

(1− zq−1z1)(1− zq−1z2)
.

There is one simple representation in O
2ω∨1
−2ω∨1 ,Z

. It is a fusion product of two negative pre-

fundamental representations.

Example 11.21. Let λ = 2ω∨1 , µ = 0 = λ − α∨1 . We fix z1, z2 ∈ C∗. Let Ψ be an
`-weight of degree α(µ) = 0 and Ψ(0)(Ψ(z)z2)(∞) = z1z2. We have (11.28) but with

Y
+

ZΨ−1(z) of degree 1. The conditions of the Proposition 11.11 give that Y
+

ZΨ−1(zq−1) =

Y
+

ZΨ−1(0)− (Y
+

ZΨ−1(0))−1z. Hence the root of Y
+

ZΨ−1(z) is z−1
1 or z−1

2 , say it is z−1
i , and

let z−1
j be the other root. Then

Ψ(z) =
Ψ(0)(1− qzjz)
(1− q−1ziz)

=
q−1zi(1− qzjz)

(1− q−1ziz)
.

Hence if z1 6= z2, there are two simple representations in O
2ω∨1
0,Z . If z1 = z2, there is one

simple representation in O
2ω∨1
0,Z , its `-weight is q−1z1 and it is of dimension 1.

Corollary 11.22. If Oλµ,Z is non empty then −λ � µ � λ. Its simple representations are

in bijection with the divisors Z̃(z) of Z(zq2) of degree ω1(λ − µ) satisfying Z̃(0) = 1. The
corresponding `-weight satisfies

Ψ(z) = Ψ(0)
Z(z)

Z̃(zq−2)Z̃(z)
.

Proof. The conditions of the Theorem 11.17 imply that Y
+

ZΨ−1(zq) divides Z(z). This

determines Ψ(z) up to the constant Ψ(0). Conversely, for each divisor Z̃(z) of Z(zq2) nor-

malized with Z̃(0) = 1, we can fix Y
+

ZΨ−1(zq−1) = αZ̃(z) for a certain α ∈ C∗ determined
up to a sign by the limit condition. �

11.5. An example for g = sl3. Let g = sl3, λ = ω∨1 with Z1(z) = 1− zq3 and Z2(z) = 1.
µ = λ = ω∨1 . By Example 11.3, we get L(1− zq3, 1) is the unique simple in Oλµ,Z.

µ = λ − α∨1 = ω∨2 − ω∨1 . By Example 11.14, we get L( q
1−zq , v

−1(1 − zq2)) is the unique

simple in Oλ
µ,Ψ up to sign twist (here v is a square root of q).

µ = −ω∨2 = λ − α∨1 − α∨2 . By Proposition 11.11, there is at most one simple module

L(q, v
−1

1−z ) in Oλµ,Z up to sign twist. The action of Uq(b̂) is described in [HJ, Section 4.1].

The `-weight spaces are of dimension 1 with `-weights parametrized by 0 ≤ n′ ≤ n :(
q1+n−2n′ (1− q3z)(1− q1−2nz)

(1− q1−2n′z)(1− q3−2n′z)
, v−1qn

′−2n 1− q2−2n′z

(1− q−2nz)(1− q−2n+2z)

)
,

with v−1qn
′ − vq−n′z, qn − q−nz respective eigenvalues of A+

1 (z), A+
2 (z).
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12. A conjecture : truncation and Langlands dual standard modules

We state a conjecture (Conjecture 12.2) on the parametrization of simple modules of non-
simply laced truncated shifted quantum affine algebras. The statement of the conjecture
involves the Langlands dual Lie algebra Lg : it is given in terms of the structure of a
standard module of the twisted quantum affine algebra Uq(

Lĝ), more precisely in terms of
its Langlands dual q-character that we introduce.

For simply-laced types, simple representations of truncated shifted Yangians have been
parametrized in terms of Nakajima monomial crystals [KTWWY2]. Combining with [N5],
this implies an analogous statement for simply-laced shifted quantum affine algebras. This is
a fundamental motivation for our conjecture in non simply-laced types. See the introduction
and Remark 12.3 for a discussion on earlier results.

We have several strong evidences for our conjecture. We establish in type B2 that
our parametrization gives representations of the truncated shifted quantum affine algebra
(Proposition 12.7). In general, we establish that a simple finite-dimensional representation
of a shifted quantum affine algebra descends to a truncation as in Conjecture 12.2 (Theorem
12.8). The proof of this last result is based on Baxter polynomiality of quantum integrable
models.

For non simply-laced types, the conjecture, these results and these methods are also new
in the case of ordinary quantum affine algebras or shifted Yangians (see the discussion in
the Introduction and Remark 12.3).

As in the previous section, we have fixed λ ∈ Λ+ and corresponding Z, Z.

12.1. Reminder - interpolating (q, t)-characters. Interpolating (q, t)-characters were
introduced in [FH1] as an incarnation of Frenkel-Reshetikhin deformed W-algebras [FR1]
to interpolate between q-characters of a non simply-laced quantum affine algebra and its
Langlands dual. These interpolating (q, t)-character are tools in [FH1] to study Langlands
duality between finite-dimensional representations of quantum affine algebras.

Let r = Maxi∈I(ri) be the lacing number of g. We set ε = eiπ/r.
For i ∈ I, a ∈ C∗, we set

Zi,a =


Yi,a if ri = r,

Yi,aq−1Yi,aq if ri = r − 1,

Yi,aq−2Yi,aYi,aq2 if ri = r − 2.

(12.29)

Then W = L(Zi,a) is a Kirillov-Reshetikhin module of the untwisted quantum affine algebra
Uq(ĝ) (it is a fundamental representation when ri = r).

Let us recall that the interpolating (q, t)-character χq,t(W ) of W (more precisely its
refined version constructed in [FHR]) is an element of a (completion of a) quotient of the
ring

Z[Y ±1
j,b , α]j∈I,b∈aqZtZεZ

where t is an additional formal variable and α is an indeterminate (in type G2, this inde-
terminate is denoted by β in [FH1]).

The interpolating (q, t)-characters have various interesting limits, for instance the follow-
ing limits discussed in [FH1, FHR] :
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When t → 1, α specializes to 1 and χq,t(L(Zi,a)) specializes to the q-character of the
Uq(ĝ)-module L(Zi,a).

When q → ε, α specializes to 0 and χq,t(L(Zi,a)) specializes to the t-character of the
fundamental representation V L

i (a) of highest monomial Zi,a of the Langlands dual twisted
quantum affine algebra Ut(

Lĝ) (in the sense of [He4]).

12.2. Langlands dual q-characters. For i ∈ I, a ∈ C∗, consider the interpolating q, t-
character χq,t(L(Zi,a)).

To state our conjecture, let us consider another specialization : we set t = 1 but we
discard the monomials with coefficient α, that is we set α = 0. By [FHR], this limit is
well-defined, and only variables Z±1

j,aqm with j ∈ I, m ∈ Z, occur. We get a well-defined

element χLq (V L
i (a)) in (a completion of) the ring

Z[Z±1
j,aqm ]j∈I,m∈Z,

that we call the Langlands dual q-character of V L
i (a).

The Langlands dual q-character in defined from a combination of the limit t = 1, which
gives monomials occurring in the q-character of the Uq(ĝ)-module L(Zi,a) (which is not a
fundamental representation in general, but a Kirillov-Reshetikhin module), and of the limit
α = 0, which give the coefficients of the t-character of a fundamental Ut(

Lĝ)-module.
Now let V L be the standard module of Uq(

Lĝ) of highest monomial

M0 =
∏
i∈I

Zi,q−1
i z−1

i,1
· · ·Zi,q−1

i z−1
i,Ni

.

It is defined as a tensor product (for the ordinary coproduct) of the fundamental represen-
tations V L

i (q−1
i zi,j) (as for standard modules considered in simply-laced cases in [N1, VV]).

Its isomorphism class depends on the ordering of the tensor product, but not its class in
the Grothendieck ring.

We introduce its Langlands dual q-character

(12.30) χLq (V L) =
∏

i∈I,1≤s≤Ni

χLq (V L
i (q−1

i z−1
i,s )).

It should not be confused with its q-character χq(V
L) as a representation of Uq(

Lĝ).
We also the use a representation V of Uq(ĝ) which is Langlands dual to V in the sense

of [FH1], that is an (ordered) tensor product of the simple Uq(ĝ) representations of highest
monomial Zi,q−1

i z−1
i,j

, expressed in terms of the Yj,b variables as in (12.29) (these are not

fundamental representations in general).

12.3. Statement. For a Laurent monomial M =
∏
i∈I,a∈C∗ Z

ui,a
i,a , we define the correspond-

ing `-weight ΨM = (Ψi(z))i∈I by

(12.31) Ψi(z) = Ψi(0)
∏
a∈C∗

(1− za−1)ui,a ,

with

(Ψi(0))2 = (
∏
a∈C∗

(−a)ui,a)φi,Z
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(this `-weight is defined up to sign-twist). The corresponding weight is µM =
∑

i∈I,a∈C∗ ui,aω
∨
i ∈

Λ. As an example, we have ΨM0 = Z up to a constant.
Recall the partial ordering �Z in Section 11.2.

Proposition 12.1. For a monomial M occurring in the Langlands dual q-character of V L,
we have

ΨM �Z Z.

Proof. By definition, M is the limit at t = 1 of a monomial M̃ in the interpolating (q, t)-
character of V , without a factor α. By construction [FH1, Section 4], M0 is the product of

M̃ by a product of various
Ãj,bts with j ∈ I so that rj = r,

Ãj,bq−1tsÃj,bqts with j ∈ I so that rj = 1 and r = 2,

Ãj,bq−2tsÃj,btsÃj,bq2ts with j ∈ I so that rj = 1 and r = 3,

for certain b ∈ qZ{q−1
i z−1

i,p }i∈I,1≤p≤Ni , s ∈ Z. The limits at t = 1 are respectively

Aj,b = Zj,bq−1
j
Zj,bqj

∏
k,Cj,k=−1 Z

−1
k,b ,

Aj,bq−1Aj,bq = Zj,bq−1Zj,bq
∏
k,Cj,k=−1 Z

−1
k,b

∏
k,Cj,k=−2 Z

−1
j,bq−1Z

−1
j,bq,

Aj,bq−2Aj,bAj,bq2 = Zj,bq−1Zj,bq
∏
k,Cj,k=−1 Z

−1
k,b

∏
k,Cj,k=−3 Z

−1
j,bq−2Zj,bZ

−1
j,bq2

.

The corresponding `-weight, as defined by (12.31), is Λj,b−1 , hence the result. �

Recall that by Theorem 11.9, L(Ψ) in Oλµ,Z must satisfy Ψ �Z Z, the same condition as
in Proposition 12.1.

We state our main Conjecture for g of non simply-laced type.

Conjecture 12.2. (A) For a monomial M occurring in the Langlands dual q-character of
V L, the simple module L(ΨM ) is in the category OλµM ,Z.

(B) For a simple module L(Ψ) in a category Oλµ,Z, there is a monomial M occurring in

χq(V ) so that Ψ = ΨM and µ = µM .

(C) This defines a bijection between the classes of simple representations in Oλµ,Z up to
sign-twist and the monomials of weight µ occurring in the Langlands dual q-character of
V L.

Remark 12.3. (i) As explained above, results already obtained for simply-laced types are
fundamental motivations for this conjecture. Simple representations of simply-laced trun-
cated shifted Yangians have been parametrized in terms of Nakajima monomial crystals
[KTWWY2]. Combining with [N5], this implies an analogous statement for simply-laced
shifted quantum affine algebras. In simply-laced type, V L is a standard module of Uq(

Lĝ) =
Uq(ĝ). Note that the set of monomials occurring in χq(V

L) is the product of the set of
monomials occurring in the monomial crystals M(Yi,q−1z−1

i,s
), see [KTWWY1, Section 7].

(ii) Conjecture 12.2 does not involve the monomial crystal for non simply-laced types in
[Kas2] (see also [HN]) or the q-character of the standard module of Uq(ĝ) (see also Remark
12.4).

(iii) According to our conjecture, the `-weights of simple representations in Oλµ,Z can
be read from the monomials in the Langlands dual q-character. By interpolation, these
monomials correspond to monomials in the q-character of the standard module of the twisted
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quantum affine algebra, but the `-weights can not be read directly from the latter in general.
Also, by folding in [He4], these monomials correspond to monomials in the q-character of a
standard module of a corresponding untwisted simply-laced quantum affine algebra. Hence
we get a relation between non simply-laced shifted quantum affine algebras and simply-laced
quantum affine algebras (see also (iii) in Remark 12.4).

(iv) As discussed in the introduction, Nakajima-Weekes [NW], combining with [KTWWY2],
gave an explicit parametrization of simple representations in category O of truncated non
simply-laced shifted Yangians and quantum affine algebras. Using the previous point (iii),
one can compare and consider a possible relation between the two parametrizations. In small
examples this different method seems to give the same parametrization as our result.

(v) Conjecture 12.2 implies that an arbitrary simple representation in Oµ is in one of the

categories Oλµ,Z. Indeed, for any i ∈ I, a ∈ C∗, the monomial Z−1
i,a occurs as the lowest weight

monomial of the q-character of the Uq(ĝ)-module L(Zi,aq−rh∨ ), where Zi,aq−rh∨ is expressed

in terms of the Yj,b variables as in (12.29) (this follows from [FM]). Here h∨ is the dual

Coxeter number of g and i ∈ I is set so that w0(αi) = −αi for w0 the longest element of
the Weyl group of g. Let us assume Conjecture 12.2 is true. Then the Langlands dual q-
character of the representation V L

i
(aq−rh

∨
) has the lowest monomial Z−1

i,a , and an arbitrary

Laurent monomial in the Z±1
i,a occurs in the Langlands dual q-character of a standard module

of Ut(
Lĝ). The statement follows.

(vi) Recall the category OλZ has a finite number of simple objects by Remark 11.16. We
may expect it is a categorification of (a natural subspace of) the module V , associated to the
monomials of χLq (V L), in the spirit of [KTWWY2].

(vii) Should we extend the construction of this paper to twisted shifted quantum affine
algebras, we expect the parametrization of simple representations would involve interpolating
(q, t)-characters of finite-dimensional representations of twisted quantum affine algebras as
in [FH1, Section 6], as well as Langlands dual q-character of standard modules of untwisted
non-simply laced quantum affine algebras.

12.4. Examples in simply-laced types. See the Introduction and Remark 12.3 for gen-
eral earlier results in simply-laced types (see also Corollary 11.22 for g = sl2).

For g = sl3, in the examples in section 11.5, the 3 simple representations in OλZ correspond
to the 3 monomials occurring in

χq(L(Y1,q−3)) = Y1,q−3 + Y2,q−2Y −1
1,q−1 + Y −1

2,1 .

12.5. Examples in type B2. We work in type B2 with r1 = 2 and r2 = 1.
First let us set λ = ω∨2 , Z1(z) = 1, Z2(z) = 1−z. The interpolating (q, t)-character of the

Uq(B
(1)
2 )-representation L(Z2,1) has 11 terms and was computed explicitly in [FH1, Section

3.5] :

Y2,q−1Y2,q + αY2,q−1Y −1
2,q3t2

Y1,q2t + Y −1
2,qt2

Y −1
2,q3t2

Y1,tY1,q2t + αY2,q−1Y2,q5t2Y
−1

1,q6t3
+ Y1,q2tY

−1
1,q4t3

+Y −1
2,qt2

Y2,q5t2Y
−1

1,q6t3
Y1,t + αY2,q−1Y −1

2,q7t4
+ Y −1

1,q4t3
Y −1

1,q6t3
Y2,q3t2Y2,q5t2 + αY −1

2,qt2
Y −1

2,q7t4
Y1,t

+αY −1
1,q4t3

Y2,q3t2Y
−1

2,q7t4
+ Y −1

2,q5t4
Y −1

2,q7t4
.
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We put α = 0, t = 1, Z2,qr = Y2,q−r−1Y2,qr+1 , Z1,qr = Y1,qr and we get

χLq (V L
2 (1)) = Z2,1 +Z−1

2,q2
Z1,1Z1,q2 +Z1,1Z

−1
1,q6

Z−1
2,q2

Z2,q4 +Z1,q2Z
−1
1,q4

+Z−1
1,q6

Z−1
1,q4

Z2,q4 +Z−1
2,q6

.

We have

φ+
1 (z) =

A+
2 (z)A+

2 (zq2)

A+
1 (z)A+

1 (zq4)
and φ+

2 (z) =
(1− z)A+

1 (zq2)

A+
2 (z)A+

2 (zq2)
.

For the following values of µ, one gets a unique simple object in Oλµ,Z up to sign-twist :

µ = ω∨2 : Ψ = (1, 1− z).
µ = λ− α∨2 = 2ω∨1 − ω∨2 : Ψ =

(
q2(1− zq−2)(1− z), q−2

1−zq−2

)
.

µ = λ− α∨2 − 2α∨1 = ω∨2 − 2ω∨1 : Ψ =
(

q−8

(1−zq−6)(1−zq−4)
, q3(1− zq−4)

)
.

µ = λ− 2α∨2 − 2α∨1 = −ω∨2 : Ψ =
(
q−2, q−3

1−zq−6

)
.

The first two cases follow respectively from respective Example 11.3 and Example 11.14.
The representation associated to µ = ω∨2 − 2ω∨1 is a subquotient of

L

(
q−8

1− zq−4
, q3(1− zq−4)

)
⊗ L−

1,q−6 and L

(
q−8

1− zq−6
, q3(1− zq−4)

)
⊗ L−

1,q−4 .

This implies [Ψ−1]χq(L(Ψ)) equals∑
0≤α,β,0≤γ≤Min(2α,1+2β)

(A−1
1,q−4A

−1
1,q−8 · · ·A−1

1,q−4α)(A−1
1,q−6A

−1
1,q−10 · · ·A−1

1,q−2−4β )(A−1
2,q−2 · · ·A−1

2,q−2γ ).

It is a thin representation, that is its `-weight spaces have dimension 1. So to check this
representation descends to truncation reduces to a direct combinatorial check on the explicit
q-character formula, which can be done directly.
By [He3], Kirillov-Reshetikhin modules are thin in type B and we have an explicit formula
for its q-character. So this is also true for negative prefundamental representations which are
limits of Kirillov-Reshetikhin modules by [HJ]. Hence we can conclude as for the previous
representation.
Let us focus for the details on the most subtle weight µ = λ− α∨2 − α∨1 = 0.
Let L(Ψ) be a simple representation in Oλµ,Z. We have

Y
+

1,ZΨ−1(zq−2) = (δ−1 − zδ) , Y
+

2,ZΨ−1(zq−1) = (γ−1 − zγ)

for some β, γ ∈ C∗. As Ψ2(z)Y
+

2,ZΨ−1(zq−1) and Ψ1(z)Y
+

1,ZΨ−1(zq−2) are polynomials, we

have Y
+

2,ZΨ−1(zq−1) = ±(q − zq−1) and Y
+

1,ZΨ−1(zq−2) = ±(q3 − zq−3) or ±(q2 − zq−2).

Hence, up to sign-twist, we get two possibilities for Ψ(z) :

Ψ1 =

(
q−2 1− z

1− zq−6
, q

1− zq−4

1− zq−2

)
or Ψ2 =

(
q−2 1− zq−2

1− zq−4
, 1

)
.

We can check directly these two simple representations descends indeed to the truncation.
First

χq(L(Ψ1)) = Ψ1

∑
αβ≥0,β≤2α+1

(A1,q−6A1,q−10 · · ·A1,q−2−4α)−1(A2,q−2A2,q−4 · · ·A2,q−2β )−1,
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with the action on the 1-dimensional `-weight space corresponding to each term given by

A+
1 (z) = q3+2α − zq−3−2α , A+

2 (z) = qβ+1 − zq−β−1.

The formula is compatible with Remark 11.10 as ZΨ−1
1 = Λ1,q−4Λ2,q−1 . Then

χq(L(Ψ2)) = Ψ2

∑
αβ≥0,β≤2α

(A1,q−4A1,q−8 · · ·A1,q−4α)−1(A2,q−2A2,q−4 · · ·A2,q−2β )−1

with the action on the 1-dimensional `-weight space corresponding to each term given by

A+
1 (z) = q2+2α − zq−2−2α , A+

2 (z) = qβ+1 − zq−β−1.

We get two non twist-equivalent simple representations in the category Oλµ,Z as predicted
by Conjecture 12.2. This proves Conjecture 12.2 for these weights in type B2.

Remark 12.4. (i) There are 6 terms in χLq (V L
2 (1)) which is the dimension of the funda-

mental representation V L
2 (1) of Uq(

L(B
(1)
2 )) = Uq(A

(2)
3 ), but the number of vertices in the

corresponding crystal of finite type B2 in only 5. This example also explains the importance
of involving the Langlands dual Lie algebra Lg in Conjecture 12.2. Indeed, the study of these

simple representations in Oλµ,Z would not be compatible with usual q-character of type C
(1)
2 :

Y2,1 + Y −1
2,q4

Y1,qY1,q3 + Y −1
1,q5

Y1,q + Y −1
1,q3

Y −1
1,q5

Y2,q2 + Y −1
2,q4

,

or with the monomial crystal :

M(Y2,1) = {Y2,1, Y
−1

2,q2
Y 2

1,q, Y1,qY
−1

1,q3
, Y −2

1,q3
Y2,q2 , Y

−1
2,q4
}.

(ii) The q-character of V L
2 (1) would not be directly relevant either :

Z2,1 + Z−1
2,q4

Z1,−qZ1,q + Z1,qZ
−1
−q3 + Z1,−qZ

−1
1,q3

+ Z2,q4Z
−1
1,q3

Z−1
1,−q3 + Z−1

2,q8
.

(iii) For µ = 0, we have seen the two `-weights can be read in terms of the Langlands
dual q-character, involving the monomials of the q-character a Kirillov-Reshetikhin modules

of the untwisted quantum affine algebra Uq(B
(1)
2 ) :

Z1,q2Z
−1
1,q4

= Y1,q2Y
−1

1,q4
= (Y2,q−1Y2,q)A

−1
2,1A

−1
2,q2

A−1
1,q2

,

Z1,1Z
−1
1,q6

Z−1
2,q2

Z2,q4 = (Y2,q−1Y2,q)A
−1
2,1A

−1
2,q2

A−1
1,q4

.

By interpolation, they correspond to the following monomials occurring in the q-characters

of the fundamental module L(Z2,1) of the twisted quantum affine algebra Uq(A
(2)
3 ) :

Z1,qZ
−1
1,−q3 = Z2,1A

−1
2,q2

A−1
1,−q2 , Z1,−qZ

−1
1,q3

= Z2,1A
−1
2,q2

A−1
1,q2

.

By folding [He4], they correspond to the following monomials occurring in the q-character

of the fundamental module L(Y2,1) of the simply-laced quantum affine algebra Uq(A
(1)
3 ) :

Y1,qY
−1

3,q3
= Y2,1A

−1
2,qA

−1
3,q2

, Y3,qY
−1

1,q3
= Y2,1A

−1
2,qA

−1
1,q2

.

The corresponding eigenvalues of A+
1 (z) and A+

2 (z) are respectively

(q2(1− zq−4), q(1− zq−2)) and (q3(1− zq−6), q(1− zq−2)),

which correspond to the contribution of Λ−1
1,q−2Λ−1

2,q−1 and Λ−1
2,q−1Λ−1

1,q−4 (see Remark 10.9).
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To complete the picture of fundamental representations in type B2, let us now set λ = ω∨1 ,
Z1(z) = 1− z, Z2(z) = 1. An analogous computation gives

(12.32) χLq (V1(1)) = Z1,1 + Z−1
1,q4

Z2,q2 + Z−1
2,q4

Z1,q2 + Z−1
1,q6

.

In the same way the following representations descend to the corresponding truncation :
µ = ω∨1 : Ψ = (1− z, iq−1),

µ = λ− α∨1 = ω∨2 − ω∨1 : Ψ =
(

q
1−zq−4 , iq

−1(1− zq−2))
)

,

µ = λ− α∨1 − α∨2 = ω∨1 − ω∨2 : Ψ =
(
q−1(1− zq−2), i

1−zq−4

)
,

µ = λ− 2α∨1 − α∨2 = −ω∨1 : Ψ =
(

q2

1−zq−6 , iq
−1
)

.

12.6. Reduction to fundamental representations. Let us first study the compatibility
between fusion products and truncated shifted quantum affine algebras.

Let µ1, µ2 ∈ Λ and λ1, λ2 ∈ Λ+ so that µ1 � λ1 and µ2 � λ2. We consider corresponding
set of parameters Z1, Z2. The product Z1Z2 is defined component-wise.

Proposition 12.5. If V1 is in Oλ1µ1,Z1
and V2 is in Oλ2µ2,Z2

then V1 ∗ V2 is in Oλ1+λ2
µ1+µ2,Z1Z2

.

Proof. This follows from

∆u(φ±i (z)) = φ±i (z)⊗ φ±i (zu).

Let us explain it for φ+
i (z). Consider elements A+

i,u(z) associated to Z1(z)Z2(zu). The

A-form which defines V1 ∗ V2 is stable by the coefficients of A+
i,u(z) and

∆u(A+
i,u(z)) = AZ1,+

i (z)⊗AZ2,+
i (zu).

Hence A+
i,u(z) is a polynomial in z on the A-form and A+

i (z) is polynomial on V1 ∗ V2. �

Let µ ∈ Λ and recall the functor ∗i,a : Oµ → Oµ+ω∨i
. Consider V a representation in Oµ.

Let λ ∈ Λ+ so that µ � λ.

Proposition 12.6. The representation ∗i,a(V ) is in O
λ+ω∨i
µ+ω∨i ,Z

′ if and only if V is in Oλµ,Z.

Here Z′ is obtained from Z by replacing Zi(z) by Zi(z)(1− za).

Proof. If V is in Oλµ,Z, we obtain from Proposition 12.5 that L+
i,a ∗ V is in O

λ+ω∨i
µ+ω∨i ,Z

′ as L+
i,a

is in O
ω∨i
ω∨i ,Z

′/Z (up to a constant). Now, suppose that L+
i,a ∗ V is in O

λ+ω∨i
µ+ω∨i ,Z

′ . Recall that for

j ∈ I, the action of A
Z′/Z,+
j (z) on L+

i,a in the category O
ω∨i
ω∨i ,Z

′/Z is given by a constant scalar

(see 11.3). Let us denote aj,0 ∈ C∗ this scalar. The computation in the proof of Proposition
12.5 shows that for j ∈ I, we have the following action on the fusion product

AZ′,+
j (z).(vi,a ⊗ v) = aj,0vi,a ⊗ (AZ,+

j (z).v).

This implies that V is in the category Oλµ,Z. �

As a consequence, to prove Conjecture 12.2 (A), it suffices to treat the case when V L is
a fundamental representation, that is when λ is a fundamental coweight.
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Indeed, in Equation (12.30), a monomial M occurring in χLq (V L) is of the form

M =
∏

i∈I,1≤s≤Ni

Mi,s

where Mi,s is a monomial occurring in χLq (V L
i (q−1

i z−1
i,s )). For each i, s, consider Zi,s associ-

ated to λ = ω∨i and Zi,s = ΨMi,s . If we know that the simple representation L(ΨMi,s) is in

O
ω∨i
µMi,s ,Zi,s

for any i, s, we obtain that the fusion product of the L(ΨMi,s) is in O
µM ,Z
λ from

Proposition 12.5. And so L(ΨM ) is in this category O
µM ,Z
λ as ΨM =

∏
i,s ΨMi,s .

Consequently, from the examples above, we obtain the following.

Proposition 12.7. In types A2, B2, Conjecture 12.2 (A) is true.

12.7. Finite-dimensional representations. We use Baxter polynomiality of quantum
integrable systems to establish the following.

Theorem 12.8. A simple finite-dimensional representation of a shifted quantum affine
algebra U

µ
q (ĝ) is in a category Oλµ,Z, as predicted by Conjecture 12.2.

From Proposition 12.5 and by the classification in Theorem 6.4, it suffices to consider the
case of W simple finite-dimensional representation of Uq(ĝ).

Let w∗ be a lowest weight vector. Let ω∗ be its weight. For i ∈ I, let T±i,∗(z) ∈ C[[z∓1]] be

the eigenvalue of T±i (z) on w∗. By Proposition 9.8, T−i,∗(z)/T
−
i,Ψ

(z) and zhti(ω(ω∗)−1)T+

i,Ψ
(z)/T+

i,∗(z)

are polynomial in z of degree hti(ω(ω∗)
−1).

Example 12.9. This can be observed in Example 9.10 with the respective eigenvalues of
T−(z) and T+(z) on a lowest vector :

(1− zq−1)2T−
Ψ

(z) = T+

Ψ
(z−1q2) , T+

Ψ
(z)(1− z−1q)−2 = T−

Ψ
(z−1q2).

More generally we have the following.

Proposition 12.10. For ω′ a weight of W , on Wω′ the operators

zhti(ω
′(ω∗)−1) T

+
i (z)

T+
i,∗(z)

and
T−i,∗(z)

T−i (z)
∈ (End(Wω′))[z]

are polynomial in z of degree hti(ω
′(ω∗)

−1) and coincide up to a constant operator factor.

Proof. It suffices to twist the representation by the morphism σ of [C, Proposition 1.6] as
in the proof of Theorem 9.12. Then the statement follows from this Theorem. �

We consider AZ,+
i (z) (this is analogous for AZ,−

i (z)). We have

AZ,+
i (z) = (φ

+
i )−1Y

+
i,Z(zq−1

i )
T+
i (z−1)

T+
i (z−1q2

i )
= Y

+
i,Z(zq−1

i )
T+
i,∗(z

−1)

T+

i,Ψ
(z−1q2

i )
Pi(z),
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where Pi(z) = (φ
+
i )−1 T

+
i (z−1)

T+
i,∗(z

−1)

T+

i,Ψ
(z−1q2i )

T+
i (z−1q2i )

is a polynomial operator of degree hti(ω(ω′)−1) +

hti(ω
′(ω∗)

−1) = hti(ω(ω∗)
−1). Besides

(12.33) Y
+
i,Z(zq−1

i )
T+
i,∗(z

−1)

T+

i,Ψ
(z−1q2

i )
= Y

+

i,ZΨ−1(zq−1
i )×

T+
i,∗(z

−1)

T+

i,Ψ
(z−1)

.

Note that by Proposition 9.8,

T+

i,Ψ
(z−1)/T+

i,∗(z
−1) =

∏
a∈C∗

(1− za)vi,a

is a polynomial of degree hti(ω(ω∗)
−1) where we have denoted Ψ∗ = Ψ

∏
i∈I,a∈C∗ A

−vi,a
i,a the

lowest `-weight of W . We will also denote by ui,a the multiplicity of Yi,a in Ψ for i ∈ I,
a ∈ C∗. Then consider

Z =
∏
a∈C∗

∏
i∈I

(Ψi,aq−1
i

Ψ
i,aqri+rh

∨ )ui,a
∏

i∈I,ri=16=r
(Ψi,aqiq1−rΨi,aqri−r+1+rh∨Ψi,aqiqr−1Ψi,aqri+r−1+rh∨ )ui,a

∏
i∈I,ri=r 6=1

(Ψi,aqiq−2Ψi,aqri−2+rh∨ )ui,a
∏

i∈I,ri=3=r

(Ψi,aqiq−4Ψi,aqri−4+rh∨ )ui,a

and a corresponding Z, where we use the same notations as in (v) of Remark 12.3. We
claim that Ψ �Z Z, that L(Ψ) is in the category Oλµ,Z for the corresponding λ.

By (v) of Remark 12.3, with monomials translated in terms of the corresponding `-weights
as above, and by Proposition 12.1, we obtain that for each i ∈ I, a ∈ C∗ :

1 �Z Ψi,aΨi,aqrh∨ .

This implies that, up to constants :

ZΨ−1 =
∏
a∈C∗

∏
i∈I

(Ψi,aqiΨi,aqri+rh
∨ )ui,a

∏
i∈I,ri=16=r

(Ψi,aqiq1−rΨi,aqri−r+1+rh∨Ψi,aqiqr−1Ψi,aqri+r−1+rh∨ )ui,a

∏
i∈I,ri=r 6=1

(Ψi,aqiq−2Ψi,aqri−2+rh∨ )ui,a
∏

i∈I,ri=3=r

(Ψi,aqiq−4Ψi,aqri−4+rh∨ )ui,a �Z 1.

For the second point, let νi,a ≥ 0 so that

ZΨ−1 =
∏

i∈I,a∈C∗
Λ
νi,a
i,a .

We obtain as in the proof of Lemma 9.6 that the eigenvalue of Y
+

i,ZΨ−1(zq−1
i ) corresponding

to a factor Λi,a is (1− zaq−1
i ). Hence the condition

(12.34) νi,aqi ≥ vi,a for any i ∈ I, a ∈ C∗.

implies that the scalar function (12.33) is polynomial and so that L(Ψ) in Oλµ,Z. Let us

establish (12.34).
For simply-laced types, the defining formula of the Λj,b in terms of the Ψk,c is the same

as the defining formula of the Aj,b in terms of the Zk,c = Yk,c. In particular, the factoriza-
tion of each Ψi,aqΨi,aq1+rh∨ a product of the Λi,b is the same as the factorization of each
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Yi,aqYi,aq1+rh∨ in terms of the Aj,b. This implies νi,aq = vi,a for any i ∈ I, a ∈ C∗, the

condition (12.34) is clear.
For general types, the factorizations of Aj,b and Λj,b do not match, and so the powers νi,aq

and vi,a are not equal in general. However, the computation in the proof of Proposition 12.1
shows that the factorization of Ψi,aΨi,aqrh∨ in terms of the Λj,b matches the factorization

of Yi,aYi,aqrh∨ in terms of the Aj,b if rj = r, in terms of the Aj,bq−1Aj,bq if rj = 1 = r− 1, in

terms of the Aj,bq−2Aj,bAj,bq2 if rj = 1 = r−2. Hence, the power ai,a,j,b of Aj,b in Yi,aYi,aqrh∨

and the power bi,a,j,b of Λj,b in Ψi,aΨi,aqrh∨ are related by :

ai,a,j,b = bi,a,j,b if rj = r,
ai,a,j,b = bi,a,j,bq−1 + bi,a,j,bq if rj = 1 = r − 1,
ai,a,j,b = bi,a,j,bq−2 + bi,a,j,b + bi,a,j,bq2 if rj = 1 = r − 2.

Now for j ∈ I, b ∈ C∗, we have :

νj,bqj =
∑
a∈C∗

(
∑
i∈I

ui,abi,a,j,bqjq−1
i

+
∑

i∈I,ri=16=r
ui,a(bi,a,j,bqjq−1

i qr−1 + bi,a,j,bqjq−1
i q1−r)

+
∑

i∈I,ri=r 6=1

ui,abi,a,j,bqjq−1
i q2 +

∑
i∈I,ri=3=r

ui,abi,a,j,bqjq−1
i q4)

≥
∑

i∈I,a∈C∗
ui,aai,a,j,b = vj,b.

and we obtain the inequalities (12.34).
To complete the proof of Theorem 12.8, we check that the truncation we found is one

of the possible truncations predicted by Conjecture 12.2. Let us assume this Conjecture
is correct and let us check that our result is compatible with it. As we as seen in (v) in
Remark 12.3, for any i ∈ I and a ∈ C∗, the monomial Z−1

i,aqrh
∨ occurs as a monomial of

χLq (V L
i,a). Then MΨ occurs in the Langlands dual q-character associated to MZ. Indeed,

each factor (Ψi,aq−1
i

Ψ
i,aqri+rh

∨ )ui,a contributes as (Ψi,aq−1
i

Ψ−1
i,aqi

)ui,a = ([−ωi]Yi,a)ui,a in Ψ

and all other factors contribute as 1. Now, this implies that L(Ψ) is in Oλµ,Z, where µ is the
weight of MΨ. This coincides with the result that we have established.

Example 12.11. Let g of type B2 with r1 = 2 and r2 = 1. Let Ψ = [−ω1]Y1,1 = Ψ1,q−2Ψ−1
1,q2

corresponding to a 5-dimensional fundamental representation. We have its lowest-weight

Ψ∗ = [−ω1]Y −1
1,q6

= [−2ω1]Ψ1,q8Ψ
−1
1,q4

= ΨA−1
1,q2

A−1
2,q4

A−1
2,q2

A−1
1,q4

.

We have also for any a ∈ C∗ :

Ψ1,aΨ1,aq6 = Λ1,aq2Λ2,aq3Λ1,aq4 .

That why we set as is the proof of Theorem 12.8 :

Z = Ψ1,q−2Ψ1,q8Ψ1,1Ψ1,q6

polynomial so that

Ψ = ZΛ−1
1,q4

Λ−1
2,q5

Λ−1
1,q6

Λ−1
1,q2

Λ−1
1,q3

Λ−1
1,q4

.



REPRESENTATIONS OF SHIFTED QUANTUM AFFINE ALGEBRAS 65

We see that the inequalities (12.34) are satisfied. Hence L(Ψ) is in the category O
4ω∨1
0,Z for

a certain Z compatible with Z. The corresponding Langlands dual standard module is

V = V L
1,q2 ⊗ V

L
1,q−8 ⊗ V L

1,1 ⊗ V L
1,q−6 .

The Langlands dual q-character of the V L
1,a are give by formula (12.32). We obtain that

Z1,q2Z
−1
1,q−2 = Z1,q2Z

−1
1,q−2Z1,1Z

−1
1,1

occurs as a monomial in the Langlands dual q-character χLq (V L) as in Conjecture 12.2.
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