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Abstract. We study the class of analytic binary relations on Polish spaces, compared by the notions
of continuous reducibility or injective continuous reducibility. In particular, we characterize when a
locally countable Borel relation is 22 (or Hg), when £ > 3, by providing a concrete finite antichain
basis. We give a similar characterization for arbitrary relations when £ =1. When & =2, we provide
a concrete antichain of size continuum made of locally countable Borel relations minimal among
non-X9 (or non-II9) relations. The proof of this last result allows us to strengthen a result due to
Baumgartner in topological Ramsey theory on the space of rational numbers. We prove that positive
results hold when & = 2 in the acyclic case. We give a general positive result in the non-necessarily
locally countable case, with another suitable acyclicity assumption. We provide a concrete finite
antichain basis for the class of uncountable analytic relations. Finally, we deduce from our positive
results some antichain basis for graphs, of small cardinality (most of the time 1 or 2).
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1 Introduction

This article presents a continuation of the work in [L5], in which the descriptive complexity of
Borel equivalence relations on Polish spaces was studied (recall that a topological space is Polish if it
is separable and completely metrizable). These relations are compared using the notion of continuous
reducibility, which is as follows. Recall that if X, Y are topological spaces and A C X 2 BCY?,

(X, A) <. (Y,B) & 3f: X =Y continuous with A= (f x f)"}(B)

(we say that f reduces A to B). When the function f can be injective, we write C. instead of
<.. Sometimes, when the space is clear for instance, we will talk about A instead of (X, A). The
motivation for considering these quasi-orders is as follows (recall that a quasi-order is a reflexive
and transitive relation). A standard way of comparing the descriptive complexity of subsets of zero-
dimensional Polish spaces is the Wadge quasi-order (see [W]; recall that a topological space is
zero-dimensional if there is a basis for its topology made of clopen, i.e., closed and open, sets). If
S, Z are zero-dimensional Polish spaces and CC S, DC Z,

(5,C) <w (Z,D) < 3g: S — Z continuous with C =g~ (D).

However, the pre-image of a graph by an arbitrary continuous map is not in general a graph, for in-
stance. Note that the classes of reflexive relations, irreflexive relations, symmetric relations, transitive
relations are closed under pre-images by a square map. Moreover, the class of antisymmetric relations
is closed under pre-images by the square of an injective map. This is the reason why square maps are
considered to compare graphs, equivalence relations... The most common way of comparing Borel
equivalence relations is the notion of Borel reducibility (see, for example, [G], [Ka]). However, very
early in the theory, injective continuous reducibility was considered, for instance in Silver’s theorem
(see [S]).

The most classical hierarchy of topological complexity in descriptive set theory is the one given
by the Borel classes. If T'is a class of subsets of the metrizable spaces, then I':= {—S | S €'} is its
dual class, and A(T) :=T N T. Recall that the Borel hierarchy is the inclusion from left to right in
the following picture:

¢ =open »9=F, 22=(U,<e IM))o
A =clopen AY=3IN 11 Agzﬂg ﬂHg

19 =closed M)=G; = 22

This hierarchy is strict in uncountable Polish spaces, in which the non self-dual classes are those of
the form 22 or Hg. In the sequel, by non self-dual Borel class, we mean exactly those classes. A class
I' of subsets of the zero-dimensional Polish spaces is a Wadge class if there is a zero-dimensional
space Z and a subset D of Z in I such that a subset C' of a zero-dimensional space S is in I" exactly
when (S,C) <w (Z,D). The hierarchy of the Wadge classes of Borel sets, compared with the
inclusion, refines greatly the hierarchy of the non self-dual Borel classes, and is the finest hierarchy
of topological complexity considered in descriptive set theory (see [Lo-SR2]).



We are interested in the descriptive complexity of Borel relations on Polish spaces. In order to
approach this problem, it is useful to consider invariants for the considered quasi-order. A natural
invariant for Borel reducibility has been studied, the notion of potential complexity (see, for example,
[L2], [L3], and [Lo2] for the definition). A Borel relation R on a Polish space X is potentially in a
Wadge class T if we can find a finer Polish topology 7 on X such that R is in T in the product (X, 7)2.
This is an invariant in the sense that any relation which is Borel reducible to a relation potentially in
T has also to be potentially in I'. Along similar lines, any relation which is continuously reducible to
arelation in I has also to be in I

We already mentioned the equivalence relations. A number of other interesting relations can be
considered on a Polish space X, in the descriptive set theoretic context. Let us mention

- the digraphs (which do not meet the diagonal A(X):={(z,z) | z€ X} of X),
- the graphs (i.e., the symmetric digraphs),

- the oriented graphs (i.e., the antisymmetric digraphs),

- the quasi-orders, strict or not,

- the partial orders (i.e., the antisymmetric quasi-orders), strict or not.

For instance, we refer to [Lo3], [L1], [K-Ma]. For locally countable relations (i.e., relations with
countable horizontal and vertical sections), we refer to [K2] in the case of equivalence relations. An
important subclass of the class of locally countable Borel equivalence relations is the class of treeable
locally countable Borel equivalence relations, generated by an acyclic locally countable Borel graph.
More generally, the locally countable digraphs have been widely considered, not necessarily to study
equivalence relations (see [K-Ma]). All this motivates the work in the present paper, mostly devoted
to the study of the descriptive complexity of arbitrary locally countable or/and acyclic Borel relations
on Polish spaces.

We are looking for characterizations of the relations in a fixed Borel class I'. So we will consider
the continuous and injective continuous reducibilities. In other words, we want to give answers to the
following very simple question: when is a relation 22 (or Hg)? We are looking for characterizations
of the following form: a relation is either simple, or more complicated than a typical complex relation.
So we need to introduce, for some Borel classes I', examples of complex relations.

Notation. Let IT" be a non self-dual Borel class, i.e., a class of the form 22 or Hg for some countable
ordinal &£ >0, called the rank of T".

If the rank of T is one (i.e., if T' € {39, TI{}), then we set K:= {0} U{27% | k € w} CR, C:={0}
if =39, and C:=K\ {0} if I =TIY. The particular choice of K and C provides the injectivity part
in Theorem 1.5 to come.

If the rank of T is at least two, then we set K := 2%, and C N N, € I'(NV,) \ T'(V,) for each

s€2<% where Ng:={a€2¥ | sCa} is the standard basic clopen subset of 2* associated with s (the
existence of C comes from Lemma 4.5 in [L5]). In particular, C is dense and co-dense in 2“. We set

Ci=l:={aec2”|3I°ncw a(n)=1}

if T=3%9, and C:=Qy:={a€2¥ | Y*°ncw a(n)=0} if I =IIY. The particular choice of K and
C provides the injectivity part in Theorems 1.3 and 1.6-1.8 to come.



In the sequel, we will say that (K, C) is T'-good if either the rank of T" is at most two and (KK, C)

corresponds to the particular choices just above, or the rank of I' is at least three, K = 2%, and
C N N, € I(N,)\T'(N,) for each s € 2<¢. In particular, K is a metrizable compact space and
CeT(K)\I'(K) if (K, C) is T'-good.
Examples. Let T be a non self-dual Borel class, and (K, C) be I'-good. In [L5], the equivalence
relation EX on D:=2x K is defined as follows: (¢,2) EXY (n,y) < (¢,2)=(n,y) V (z=y€C). The
graph GL :=EL'\ A(D), obtained from Ef by removing the diagonal, will be very important in the
sequel (the letter “m” expresses the minimality).
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The main result in [L5] is as follows. Most of our results will hold in analytic spaces and not only in
Polish spaces. Recall that a separable metrizable space is an analytic space if it is homeomorphic to
an analytic subset of a Polish space.

Theorem 1.1 Let I' be a non self-dual Borel class of rank at least three. Then Eg is the C.-minimum
among non-I locally countable Borel equivalence relations on an analytic space.

In fact, this result is also valid for equivalence relations with 9 classes, i.e., 29 sections. Recall
that if (@, <) is a quasi-ordered class, then a basis is a subclass B of () such that any element of @
is <-above an element of B. We are looking for basis as small as possible, so in fact for antichains
(an antichain is a subclass of () made of pairwise <-incomparable elements). As we will see, the
solution of our problem heavily depends on the rank of the non self-dual Borel class considered. The
next result solves our problem for the classes of rank at least three.

Theorem 1.2 (1) Let I be a non self-dual Borel class of rank at least three. Then there is a concrete
34 element C. and <.-antichain basis for the class of non-I" locally countable Borel relations on an
analytic space.

(2) GL is the C.-minimum among non-T locally countable Borel graphs on an analytic space.

(3) These results also hold when T has rank two for relations whose sections are in A(T").

The next surprising result shows that this complexity assumption on the sections is useful for the
classes of rank two, for which any basis must have size continuum.

Theorem 1.3 Let I' be a non self-dual Borel class of rank two. Then there is a concrete <.-antichain
of size continuum made of locally countable Borel relations on 2¥ which are <. and C.-minimal
among non-I" relations on an analytic space.

Similar results hold for graphs (see Corollary 3.13 and Theorem 3.15). Our analysis of the rank
two also provides a basis for the class of non-X9 locally countable Borel relations on an analytic space
(see Theorem 2.15). The proof of Theorem 1.3 strengthens Theorem 1.1 in [B] (see also Theorem
6.31 in [T], in topological Ramsey theory on the space Q of rational numbers).
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Theorem 1.4 There is an onto coloring ¢ : Q1 — w with the property that, for any H C Q homeo-
morphic to Q, there is h:Q— H, homeomorphism onto h[Q), for which c({z,y})=c({h(z), h(y)})
if x,y € Q. In particular, ¢ takes all the values from w on H'2.

Question. For the classes of rank two, we saw that any basis must have size continuum. Is there an
antichain basis?

The next result solves our problem for the classes of rank one.

Theorem 1.5 Let I' be a non self-dual Borel class of rank one. Then there is a concrete 7360 element
<c-antichain basis, made of relations on a countable metrizable compact space, for the class of non-
T relations on a first countable topological space. A similar result holds for ., with 2 more elements
in the antichain basis.

Note that in Theorem 1.5, the fact of assuming that X is analytic or that R is locally countable
Borel does not change the result since the elements of the antichain basis satisfy these stronger as-
sumptions. The “first countable” assumption ensures that closures and sequential closures coincide.
Here again, similar results hold for graphs, with much smaller antichain basis (of cardinality <.-5,
C.-6 for IT{, and 10 for X¥). We will not give the proof of Theorem 1.5 since it is elementary. We
simply describe the different antichain basis in Section 5.

Remark. Theorem 1.5 provides a finite antichain basis for the class of non-closed Borel relations
on a Polish space, for C. and <.. This situation is very different for the class C of non-potentially
closed Borel relations on a Polish space. Indeed, [L1] provides an antichain of size continuum made
of minimal elements of C, for any of these two quasi-orders. It also follows from [L-M] that in fact
there is no antichain basis in C, for any of these two quasi-orders again.

The works in [K-S-T], [L-M], [L-Z], [L4] and also [C-L-M] show that an acyclicity assumption
can give positive dichotomy results (see, for example, Theorem 1.9 in [L4]). This is a way to fix our
problem with the rank two. If A is a binary relation on aset X, then A~':={(z,y) € X2 | (y,z) € A}.
The symmetrization of A is s(A):= AU A~!. An A-path is a finite sequence («;);<,, of points of
X such that (z;, z;+1) € Aif i <n. We say that A is acyclic if there is no injective A-path (x;)i<,
with n>2 and (z,, o) € A. In practice, we will consider acyclicity only for symmetric relations. We
will say that A is s-acyclic if s(A) is acyclic.

Theorem 1.6 (1) There is a concrete 34 element T, and <.-antichain basis for the class of non-Eg
s-acyclic locally countable Borel relations on an analytic space.

0
(2) Gfrzf is the C.-minimum among non—Eg acyclic locally countable Borel graphs on an analytic
space.

Notation. For the class IT), we need some more examples since the complexity of a locally countable
relation can come from the complexity of one of its sections in this case. Let I' be a non self-dual
Borel class of rank at least two, and (2¥, C) be I'-good. We set S :={0°°} U N; (where N; is the
basic clopen set {a €2 | «(0)=1}), and Gr® =s({(0®,1a) | a«€C}).



Theorem 1.7 (1) There is a concrete 52 element C. and <.-antichain basis for the class of non-Hg
s-acyclic locally countable Borel relations on an analytic space.

0 0
(2) {(D, GEQ), (S, GE?’“)} is a C. and <.-antichain basis for the class of non-I13 acyclic locally
countable Borel graphs on an analytic space.

Theorems 1.6 and 1.7 are consequences of the following, which does not involve local countabil-
ity.
Theorem 1.8 Let I be a non self-dual Borel class of rank two.
(1) There is a concrete 76 element C. and <.-antichain basis for the class of non-TI' s-acyclic Borel
relations on an analytic space.
2) {(D,GL), (S, GL")} is a C. and <.-antichain basis for the class of non-T' acyclic Borel graphs
on an analytic space.

This result can be extended, with a suitable acyclicity assumption. In [L4], it is shown that the
containment in an s-acyclic XY relation allows some positive reducibility results (see, for example
Theorem 4.1 in [L4]). A natural way to ensure this is to have an s-acyclic closure (recall Theorem 1.9
in [L4]). In spaces of infinite sequences like the Baire space w®, having s-acyclic levels is sufficient
to ensure this (see Proposition 2.7 in [L4]). Moreover, there is an s-acyclic closed relation on 2%
containing Borel relations of arbitrarily high complexity (even potential complexity), by Proposition
3.17 in [L4]. The next result unifies the classes of rank at least two.

Theorem 1.9 Let I' be a non self-dual Borel class of rank at least two.

(1) There is a concrete 76 element . and <.-antichain basis for the class of non-I' Borel relations
on an analytic space contained in an s-acyclic 3 relation.

(2) {(D,GL), (S, Gm™)} is a T, and <.-antichain basis for the class of non-T' Borel graphs on an
analytic space contained in an acyclic $9 graph.

Questions. For the classes of rank at least three, we gave finite antichain basis for small relations.
Is there an antichain basis if we do not assume smallness? If yes, is it finite? Countable? Is it true
that any basis must have size continuum? The graph (2‘” , (CQ\A(Q‘”)) shows that we cannot simply
erase the acyclicity assumptions in Theorems 1.8.(2) and 1.9.(2) (in order to see that, an argument
by contradiction provides a continuous reduction f, we use the density of C, and we discuss the
constantness of f).

Theorems 1.2, 1.3-1.4, 1.6-1.9 are proved in Sections 2, 3, 4 respectively. In Section 6, we close
this study of C. by providing an antichain basis for the class of uncountable analytic relations on a
Hausdorff topological space, which gives a perfect set theorem for binary relations. We extend the
notation G | G;* to the class T'={{}.



Theorem 1.10 (/) There is a concrete 13 element T -antichain basis for the class of uncountable
analytic relations on a Hausdorff topological space.

(2) {(D, Gq{f?}), (S, G,{J?}’“), (2¥,#)} is a Cc-antichain basis for the class of uncountable analytic
graphs on a Hausdorff topological space.

As (2¢, #) is not acyclic, we recover the basis met in Theorems 1.8.(2) and 1.9.(2) in the acyclic

case. Also, (S, G ) and (2¢, #) are not locally countable. In conclusion, [L5] and the present
study show that, when our finite antichain basis exist, they are small in the cases of equivalence
relations and graphs.

We saw that there is no antichain basis in the class of non-potentially closed Borel relations on
a Polish space. However, it follows from the main results in [L2] and [L3] that this problem can be
fixed if we allow partial reductions, on a closed relation (which in fact is suitable for any non self-dual
Borel class). This solution involves the following quasi-order, less considered than C. and <.. Let
X, Y be topological spaces, and Ap, A1 CX 2 (resp., By, B1 C Y?) be disjoint. Then we set

(X, Ag, A1) < (Y, By, B1) < 3f: X —Y continuous with Ve€2 A.C(fx f)"!(B.).

A similar result holds here, for the Borel classes instead of the potential Borel classes. We define
Of,:={((0,z), (1,z)) | z€C}. Note that GL, = s(O},,).

Theorem 1.11 Let T’ be a non self-dual Borel class.

(1) Let X be an analytic space, and R be a Borel relation on X. Exactly one of the following holds:
(a) the relation R is a T' subset of X2,
(b) (D, 0L, 0\ OF) < (X, R, X2\R).

(2) A similar statement holds for graphs, with (GL , e \GY) instead of (OF, o \QL).

This last result can be extended to any non self-dual Wadge class of Borel sets. Note that there is
no injectivity in Theorem 1.11. For instance, if (D, GL , e \GE) < (S,Gh?,S2\Gr;®) with an
injective witness f, then we can find ¢ €2 and [ €w such that f(e, 1'a)(0) =0 and thus f(e, 1'a) =0>
for any « € 2%, contradicting the injectivity of f.

2 The general case

2.1 Preliminary results

We first extend Lemma 4.1 in [L5].

Lemma 2.1 Let I be a class of sets closed under continuous pre-images, Y, Z be topological spaces,
and R, S be a relation on Y, Z respectively.

(a) If R is in I, then the sections of R are also in T'.

(b) If S has vertical (resp., horizontal) sections in T and (Y, R) <. (Z,5), then the vertical
(resp., horizontal) sections of R are also in T'.

(c) If S has countable vertical (resp., horizontal) sections and (Y, R) C. (Z,S), then the vertical
(resp., horizontal) sections of R are also countable.



Proof. (a) comes from the fact that if y € Y, then the maps i, : v/ — (y,9), jy : v — (v, y) are
continuous and satisfy Ry, =1, YR), RY= Jy L(R). The statements (b), (c) come from the facts that

Ry=f""(Sy(y)) B =f"1(STW). 0
‘We now extend Theorem 4.3 in [L5].
Notation. Let R be a relation on . We set, for e, n€2, Re;:={(a, 8) €K? | ((e, ), (n,8)) ER}.

Theorem 2.2 Let I' be a non self-dual Borel class of rank at least two, (2¥,C) be T'-good, X be an
analytic space, and R be a Borel relation on X. Exactly one of the following holds:

(1) the relation R is a T subset of X2,

(2) one of the following holds:
(a) the relation R has at least one section not in T,
(b) there is a relation R on 2% such that R N A(2¥)=A(C) and (2¥,R) C. (X, R),
(c) there is a relation R on D such that Rg; N A(2¥)=A(C) and (D,R) C. (X, R).

Proof. We first note that (1) and (2) cannot hold simultaneously. Indeed, we argue by contradiction,
which successively implies that R has sections in I' by Lemma 2.1.(a), R € I'((2¥)?), R € T'(D?),
and RN A(2¢) €T (A(2¢)), Ro,s N A(2¢) €T (A(2¥)). Thus Ce T'(2¢), which is absurd.

Assume now that (1) and (2).(a) do not hold. Theorem 1.9 in [L5] gives an f:=(fo, f1):2* = X 2
continuous with injective coordinates such that C= f~!(R).
Case 1. f[-C]CA(X).

Note that f[2*] C A(X), by the choice of C, which implies that fo = fi. We next define
R:=(fox fo) }(R). Note that R N A(2*)=A(C) and (2*,R) C,. (X, R), with witness fo.
Case 2. f[-C|Z A(X).

We may assume that fy and f; have disjoint ranges, by the choice of C. We define ¢g:ID — X by
g(e, ) fg( ). Note that g is injective continuous, {((0,), (1,a)) | a€C} C(gxg) ' (R) and
{((o, @) |a¢C}C(gxg)~H(—R). It remains to set R:= (g x g) ' (R). O

The followmg property is crucial in the sequel, as well as in [L5]. It is strongly related to condition
(2) in Theorem 2.2.

Definition 2.3 Let f:K— K be a function, and C CK. We say that f preserves C if C= f~1(C).

Lemma 2.4 Let f:K— K be a function, CCK, and R be a relation on K with R N A(K) =A(C).
Then the following are equivalent:

(1) f preserves C.
(2) (f>xf)"H(R) N A(K)=A(C).
Proof. We just apply the definitions. U

Finally, we will make a strong use of the following result (see page 433 in [Lo-SR1]). When £ =2,
this result strengthens Hurewicz’s theorem characterizing when a Borel subset of a Polish space is X9
(see 21.18 in [K1]). Indeed, B does not have to be the complement of A in what follows, which will
be used several times. Moreover, this allows applications in analytic spaces.



Theorem 2.5 (Louveau-Saint Raymond) Let £ > 1 be a countable ordinal, (K, C) be Eg—good (or
simply C € Hg(2”)\22(2w) if € >3), X be a Polish space, and A, B be disjoint analytic subsets of
X. Then exactly one of the following holds:

(a) the set A is separable from B by a 22 set,

(b) we can find an injective continuous f:K— X such that CC f~(A) and ~CC f~(B).

A first consequence of this is Theorem 1.11 (these two results extend to the non self-dual Wadge
classes of Borel sets, see Theorem 5.2 in [Lo-SR2]).

Proof of Theorem 1.11. (1) As C ¢ T, QL is not separable from ol \OL by asetin T, and (a),
(b) cannot hold simultaneously. So assume that (a) does not hold. As X is separable metrizable, we
may assume that X is a subset of the Polish space [0, 1] (see 4.14 in [K1]). Note that the analytic set
R is not separable from the analytic set X2\ R by a T subset of ([0, 1])2. Theorem 2.5 provides a
continuous h: K — ([0, 1])? such that CC h~!(R) and ~C Ch~1(X?\ R). Note that h takes values
in X2. We define f:D— X by f(e,x):=h(z)(c). Note that f is continuous. Moreover,

((0,2),(1,2)) €OF, « 2€C <« h(z)= (h(z)(0), h(z)(1)) € R & (£(0,2), f(1,2)) €R,

which implies that (b) holds.

(2) We just have to consider the symmetrizations of the relations appearing in (1). O

2.2 Simplifications for the rank two

We will see that, for classes of rank two, the basic examples are contained in A(2*) U Q3. The
next proof is the first of our two proofs using effective descriptive set theory (see also Theorem 4.6).

Lemma 2.6 Let R be a Borel relation on I whose sections are separable from Q2 by a 9 set. Then
we can find a sequence (Ry,)ne., of relations closed in 1o x 2% and 2% x I5, as well as f : 2% — 2%
injective continuous preserving Qz such that (fx )™ (R) CU,c, Bn-

Proof. In order to simplify the notation, we assume that R is a A} relation on 2¢. Recall that we can
find 1! sets W C 2% xw and C' C 2% x w x 2 such that A}(a)(2¥) = {Cun | (o, n) € W} for each
a€?2¥and {(a,n,B8) €2¢ xwx2¥ | (a,n) €W A (a,n,B) ¢ C}isa Il subset of 2 x w x 2
(see Section 2 in [Lol]). Intuitively, W, is the set of codes for the A%(a) subsets of 2¢. We set
Wa:={(a,n) €W | Cqp is a I3 N Al(c) subset of 2¢'}. Intuitively, (W2), is the set of codes for
the TI3 N Al(«) subsets of 2¢. By Section 2 in [Lol], the set W is IT{. We set

P:= {(a,n)62w><w | (Od,?’L)EWQ /\Rag_‘ca,ng[2}-

Note that P is Hll. Moreover, for each « € I, there is an n € w such that (a, n) € P, by Theorem 2.B’
in [Lol]. The A-selection principle provides a Aj-recursive map f:2% —w such that (o, f(a)) € P
if a € I (see 4B.5 in [Mo]). We set B:= {(a, B) eIy x2v | (oz7 fla), 6) ¢ C}. Note that B is a Al
set with vertical sections in 28, and R, C B, C I, for each a € I5. Theorem 3.6 in [Lol] provides a
finer Polish topology 7 on 2* such that B € 39((2, 7)x2*). Note that the identity map from (2¢, 1)
into 2% is a continuous bijection. By 15.2 in [K1], it is a Borel isomorphism.



By 11.5 in [K1], its inverse is Baire measurable. By 8.38 in [K1], there is a dense G5 subset G of
2% on which 7 coincides with the usual topology on 2¢. In particular, B N (G'x2¥) € £9(G'x2¥) and
we may assume that G’ C I. Note that G is not separable from Q)3 by a set in 39, by Baire’s theorem.
Theorem 2.5 provides g : 2* — 2¢ injective continuous such that Ir C ¢~ (G) and Q2 C g~ (Q2).
Note that (g x g)~!(B) is 39 in I, x 2 and contained in 2. So, replacing B with (g x g)~'(B) if
necessary, we may assume that R is contained in a Borel set B which is 39 in Iox2% and contained in
I2. Similarly, we may assume that R is contained in a Borel set D which is 39 in 2“xI5 and contained
in I3. Let (Bp)pew, (Dg)qew be sequences of closed relations on 2¢ with B=J,c,, B, N (Iax2),
D =,e, DyqN (2¢x1Iy) respectively. We set R, , := B, N Dy N I3. Note that R,, ; is closed in
Ir x2¥ and 2“ x Iy since, for example, R, , := B, N Dy N (I3 x2¥) = B, N Dy N (2¥ x I3), and
R < Up qEW P q- O

Notation. We define a well-order <; of order type w on 2<“ by s <;t < |s| <[t| V (|s|=t| A s <jex )
and, as usual for linear orders, set s <;t <& s <;t As#t Letb: (w,<) — (2%, <) be the
increasing bijection, ay,4+1 := b(n)10%°, ag := 0°°. Note that Q2 = {a, | n € w}. We then set
Q:={0} U {ul | ue2<“}. Note that Q2 ={t0>® | t€Q}.

Definition 2.7 A Cantor set with dense finites is a copy C of 2% in 2¥ such that Q2 N C' is dense in
C.

Note that if C' is a Cantor set with dense finites, then (2N C' is countable dense, and also co-dense,
in C, which implies that Q2 N C'is XY and not I1Y in C, by Baire’s theorem.

Conventions. In the rest of Sections 2 and 3, we will perform a number of Cantor-like constructions.
The following will always hold. We fix a Cantor set with dense finites C', and we want to construct
f 2% — C injective continuous preserving (J2. We inductively construct a sequence (7);co<w
of positive natural numbers, and a sequence (U;);co<w of basic clopen subsets of C, satisfying the
following conditions.

(1) U CU

(2) Qp, € U,

(3) diam(U;) <2
(4) U NUn =0
(5) no="mny

(6) Un N{ay, | n<|t]}=0
Assume that this is done. Using (1)-(3), we define f : 2% — C by {f(8)} := ,eo, Usn> and f
is injective continuous by (4). If ¢t € @ and « = t0*°, then f(«a) = «a,, by (5), which implies that
Q2 C f~1(Q2). Condition (6) ensures that Iy C f~1(I3), which implies that f preserves Q2. For
the first step of the induction, we choose ny > 1 in such a way that a;,, € C, and a basic clopen
neighbourhood Uy of «;,,. Condition (5) defines n4. It will also be convenient to set s; =b(ny—1)1.

The next result is in the style of the Mycielski-Kuratowski Theorem (see 19.1 in [K1]).

Lemma 2.8 Let (Ry,)new be a sequence of relations on Iy which are closed in Io 2% and in 2% X I5.
Then there is f : 2% — 2¥ injective continuous preserving Q2 such that (f(c), f(8)) ¢ Upe B if

aFpel.
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Proof. We ensure (1)-(6) with C'=2% and

(7) (Ua xUs) N (| Rn)=0if s£te2!

n<l

Assume that this is done. If aw# 3 € I, then we can find | with «|l # |1, and a strictly increasing se-
quence (I ke of natural numbers bigger than [ such that «(l;) =1 for each k. Condition (7) ensures
that Uy, +1) X Up| (1, +1) does not meet | J,,;, Ry, which implies that (f(@), £(B)) ¢U,ew, Bn-

So it is enough to prove that the construction is possible. We first set ny := 1 and Uy := 2“.
We choose n; > 1 such that o, # ap,, and Up, U; disjoint with diameter at most 271 such that
oy, €U C2°\{ap}. Assume that (nt) 1< and (Ut))¢<; satisfying (1)-(7) have been constructed for
some [ > 1, which is the case for [=1. We set F:={ay, | t€2!} U{a, | n<I}and L:=J, ., Rn.

Claim. Let U, Uy, - - - , Uy, be nonempty open subsets of 2“, ~v; € Q2 N U;, for each i < m, and F
be a finite subset of Q2 containing {y; | i <m}. Then we can find v € Q2 N U and clopen subsets
V, Vo, -+, Vi of 2% with diameter at most 27" such that v €V CU\(F U V), v € V; CU; and

(VxV)U(VixV))NnL=0

for each i <m.

Indeed, fix i <m. Note that Iy x {~;} CIax Q2 and L CI. 22 are disjoint closed subsets of the zero-
dimensional space Iox2%. This gives a clopen subset ;C' of [ox2% with Iox{~;} C;C' C—L (see 22.16
in [K1]). So for each 3 € I we can find a clopen subset ; 3O of I3 and a clopen subset ; gD of 2% such
that (3,7i) €:,50x;3D C;C and ; 5D CU;. As Iy = ¢, 1,30, we can find a sequence (3p)peq of
points of I5 with the property that I ={J,c,, i,5,0- We set ;0 := 5,0\ (U,<, i,3,0). Note that
(i,pO)pew is a partition of I into clopen sets. We set ;,D :=; g D. Note that ;,0 x;,D C;C. Let
i,pW be an open subset of 2* with ; ,O =15 N; ,W. By 22.16 in [K1], there is a sequence (; ,U)pcw
of pairwise disjoint open subsets of 2* such that ; ,U C; , W and Upew ipU = UpEw i,pW . Note that
i,pO =N i,pU-

Similarly, let C; be a clopen subset of 2 x I with {v;} x Iz CC; C =L, (O; 4)4cw be a partition
of I into clopen sets, (D; ,)qc. be a sequence of clopen subsets of 2, and (U; 4)qc. be a sequence
of pairwise disjoint open subsets of 2* such that D; ; x O;  CC;, v; € D;  CU; and O; g =12 N U 4.
Now pick € o NU, p; €w with B € ,,0, and ¢; € w with 5€ O; 4,. We set

=UN () (pUNUig)\F.

<m

As U’ is an open subset of 2% containing (3, we can choose 7€ Q2 N U’, and a clopen subset V' of 2¢
with diameter at most 2-/~1 such that ~veV CU'. If i <m, then we choose a clopen neighbourhood
V; of ~; with diameter at most 2-=1 guch that V; C ipi D N Dy .. As v # 70, we can ensure that
V' does not meet 1{). For example, note that (1o N V) xV; C (Io N, U) x4, D C;C C L since
I mi,piU:i,piO- o

We put a linear order on the set 2! of binary sequences of length I, which implies that 2! is
enumerated injectively by {¢; | j <2!}. Let j <2'. Note that (5) defines nt;0-
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We construct, by induction on j < 2!, n; 1, and sequences (Ut{))t@z, (Utjz 1)i<; of clopen subsets

of 2% satisfying the following:

(a) U CURLC U AUIT UL C U,

(b) Oy 6Ut() A anf 1 EUt 1

(c) diam( tO) dlam(UtJ <27t

(d) UtJO a Utjlf‘b

(e) Ug LNF=0
(f) ((Ut X (U UUL)) U (U VTR ) X UL ) N L=0if i<
In order to do this, we first apply the claim to U := Uy, and a family (7;)i<n of elements of Q2
enumerating {c,, | t € 2!} in such a way that g = Qn,,. The corresponding family of open sets
enumerates {U; | ¢ € 2!}. The claim provides 1 € Q2 N Uy, and clopen subsets Up 1, Ugy of 2¢
with diameter at most 2~~1 such that Oy € Up  CU\(FUUR), an, €Uy CU; and

(U2 xUQ) U (Ugyx UL 1)) N L=0

for each ¢ € 2'. Assume then that j <2'—1 and (n¢,1)k<js (Ufy)seat p<j and (UF))i<p<; satisfying
(a)-(f) have been constructed, which is the case for j =0.

We now apply the claim to U:=Uy,,, and a family (7;)i<m of elements of Q2 enumerating
{an, | te2l} U {ant . | i< j} in such a way that v = an, - The corresponding family of open

sets enumerates {U}, | t€2!} U {Ut] 1 | i<j}. The claim pr0V1des O, 1 €Q2 N Uy, and clopen

subsets U7 +11, Uit U} 1 of 29 of diameter at most 27/~ with the properties that oy, , is in
1 1 1 1
Ug]tl1 Ut]+1\(FngLO) an, €U CUY, i, , €UI T CUY | and, when i <5,
Jj+1 J+1 Jj+1 Jj+1 J+1 Jj+1 _
(U x @ uuith) u (Wl v i) < Uit ) nL=0.
It remains to set Uy := U2 1 O

Corollary 2.9 Let R be a locally countable Borel relation on 2%. Then we can find f : 2 — 2%
injective continuous preserving Qo such that R':=(f x f)~1(R) CA(2*) U Q3.

Proof. As )2 is countable and R is locally countable, the set C':={J,cq, (Ra U R%) is countable.
We set G:=15\C. Note that G C I5 is a non-meager subset of 2* having the Baire property. Lemma
7.2 in [L5] provides f : 2¥ — 2% injective continuous such that f[/2] C G and f[Q2] C Q2. This
proves that we may assume that R N ((I2x Q2) U (Q2 x 1)) =0. By Lemma 2.6 applied to R N I3,
we may assume that there is a sequence (R, )ne. of relations closed in I x 2¢ and 2 x I such that
RNI3CU . It remains to apply Lemma 2.8. g

Corollary 2.9 leads to the following.

new

Definition 2.10 Let I' be a non self-dual Borel class of rank two, and (2%, C) be I'-good. A relation
R on 2% is diagonally complex if it it satisfies the following:

(1) RNA(2Y)=A(C),

(2) RCA(C)U Q3.

Note that a diagonally complex relation is not in I" by (1), and locally countable Borel by (2).
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Notation. We set, for any digraph D on Q, Rp :=A(C) U {(s0°°,t0>) | (s,t) € D}. Note that any
diagonally complex relation is of the form Rp, for some digraph D on Q).

In our future Cantor-like constructions, the definition of n;; will be by induction on <;, except
where indicated. Corollary 2.9 simplifies the structure of the locally countable Borel relations on 2.
Some further simplification is possible when the sections are nowhere dense.

Lemma 2.11 Let R be a relation on 2% with nowhere dense sections. Then there is f : 2% — 2%
injective continuous preserving Qg such that (f(c), f(8)) ¢ R if a# B € Qo.

Proof. We ensure (1)-(6) with C'=2% and
(7) (., Oty ), (Qny s O, ) E RIfEE€Q A s€2 A 5 <o t

Assume that this is done. If a # 8 € 2, then, without loss of generality, o <jex 8 and there are
initial segments s, t of «, 5 respectively satisfying the assumption in (7). Condition (7) ensures that

(f(a), f(B)) ¢ R.

So it is enough to prove that the construction is possible. We first set ny := 1 and Uy := 2“.
Assume that (nt)|t|§l and (Uy)|y<; satisfying (1)-(7) have been constructed, which is the case for
[=0. Fix t € 2!. We choose n¢; > 1 such that

any €UN{om,} U{on [n<l}U ) Ra,, UR),
sE2HT st

which exists since 12 has nowhere dense sections. We then choose a clopen neighbourhood with small
diameter Uy, of oy, contained in Uy, ensuring (4) and (6). Il

Corollary 2.12 Let R be a diagonally complex relation.
(1) If R has nowhere dense sections, then (2, Ry) C. (2, R).
(2) If Q3\'R has nowhere dense sections, then (2*,Rz) C. (2*,R).

Proof. Lemma 2.11 gives f:2% — 2* injective continuous preserving Q2 such that (f(c), f(8)) is
not in R (resp., in R) if a# B € Q2. Note that (f x f) "1 (R) =Ry (resp., (f x f) "1 (R)=R,). O

Theorem 1.2 provides a basis. Theorem 2.15 to come provides another one, and is a consequence
of Corollary 2.9.

Notation. Let I" be a non self-dual Borel class of rank at least two, and (2¥, C) be I'-good. We set
So:=C, S1:=0, S3:=2%\C, S3:=2“. The next result motivates the introduction of these sets.

Lemma 2.13 Let I be a non self-dual Borel class of rank at least two, (2*, C) be I'-good, and B be
a Borel subset of 2%. Then we can find j € 4 and f : 2% — 2% injective continuous preserving C such
that f~1(B)=35,.

Proof. Note that since C € I'(2¥)\ I'(2¥), either C\ B is not separable from —~C by a set in T', or
C N B is not separable from —C by a set in I', because I is closed under finite unions. Assume, for
example, that the first case occurs.
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Similarly, either C\ B is not separable from (—C) N (=B) by a setin I', or C\ B is not separable
from (—=C) N B by a set in I, because I is closed under finite intersections. This shows that one of
the following cases occurs:

- C\ B is not separable from (—C) N (—-B) by asetin T,
- C\ B is not separable from (—C) N B by asetin T,

- C N B is not separable from (—C) N (—B) by asetin T,
- C N B is not separable from (—C) N B by asetin I'.

Assume, for example, that we are in the first of these four cases. By Theorem 2.5, there is
f 2% — 2¢ injective continuous such that C C f~!(C\ B) and ~C C f~((—=C) N (—=B)). In this
case, f1(B) =0 = S;. In the other cases, f~!(B) = Sa, So, S3, respectively. So we proved that
f~Y(B) =S, for some j €4. O

Corollary 2.14 Let T' be a non self-dual Borel class of rank at least two, (2¥,C) be I'-good, and
R be a Borel relation on D. Then there is f : 2% — 2% injective continuous preserving C such that
(fx )" Rem) NA(2Y)€{A(S)) | 1 <3} for each e, n€2.

Proof. We set, for e, €2, E. ;:={a€2¥ | (a,a) € R.;}. Note that E, ,, is a Borel subset of 2*
and R, N A(2*)=A(E. ). Now fix €, € 2. Lemma 2.13 provides j € 4 and g:2“ — 2* injective
continuous preserving C such that (gxg) " (E. ) =S;. We just have to apply this for each &, n€ 2.00

Theorem 2.15 Let I be a non self-dual Borel class of rank two, (2¥, C) be T'-good, X be an analytic
space, and R be a locally countable Borel relation on X whose sections are in I'. Exactly one of the
following holds.

(1) the relation R is a T' subset of X2,
(2) one of the following holds:
(a) there is a diagonally complex relation R on 2% such that (2, R) C. (X, R),
(b) there is a relation R on D such that, for each e, €2, if R. , N A(2¥)=A(E: ), then
(i) Eoqn=C=250, E1p€{5; | <3}, and E. . €{S; | 1<j <3},
(ii) Re, CA(E: ) U Q3 (in particular, Ry ; is diagonally complex),
and (D,R) C. (X, R).

Proof. By Theorem 2.2, (1) and (2) cannot hold simutaneously. Assume that (1) does not hold. By
Theorem 2.2 again, one of the following holds.

(a) There is a relation R on 2 such that R N A(2*) = A(C) and (2*,R) C. (X, R). By Corollary
2.9 we may assume that R C A(2¥) U Q3, which implies that R is a diagonally complex relation.

(b) There is a relation R’ on I such that Rj ; N A(2¢) = A(C) and (D,R’) C. (X, R). Note that
R’E,n is a locally countable Borel relation on 2%, for each ¢, n € 2. Corollary 2.9 provides ¢ : 2% — 2%
injective continuous preserving C such that (¢’ x ¢’ )_I(UEJ}62 RL,) € A(2¥) U Q3. We define
h:D— D by h(e, @) := (g,¢'(a)) and set R = (hx h) "} (R’). Note that R.,, C A(2¥) U Q3. By
Corollary 2.14, we may assume that R, ;, N A(2¥) € {A(S;) | 7 <3}. We are done since we are
reduced to Case (a) if R, . N A(2¥)=A(C). O
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2.3 Proof of Theorem 1.2
We now introduce a first antichain basis.
Notation. Let I be a non self-dual Borel class of rank at least two, and (2, C) be I'-good. We set
Pi={t€4®) | £(0,0),4(1,1)#£0 A #(0,1)=0 A (¢(1,0)=0 = £(0,0)<t(1,1))}
and, for t € P, R} := {((¢,2),(n, %)) € D? | x € Sy, }. We order 22 lexicographically, which
implies that, for example, EX :R£07073. Note that GL, = R£07071. Finally,
AT :={(2¢,A(C))} U{(D,RY) | te P}.
Note that the sections of the elements of A" have cardinality at most two, and are in particular closed.

Lemma 2.16 Let T be a non self-dual Borel class of rank at least two. Then A is a 34 element
<.-antichain.

Proof. Let (X,R) # (X, R’) in AT, We argue by contradiction, which gives f : X — X’ continuous.
Assume first that (X, R), (X, R’) are of the form (D, R} ), (D, R}) respectively, which implies that
f(e,a) is of the form (fo(e, @), fi(e, @) €2x 2%,

Let us prove that f(0, ) # fo(1, ) if € C. We argue by contradiction, which gives [ € w such
that fo(0, 3) = fo(1,8) =: € if B € Nyy;, by the continuity of fy. This also gives continuous maps
gn: Nojy— 2% such that f1(n, 8) =gy (8) if BE Ny If B€C N Ny, then ((0,8), (1,8)) €R, which

implies that (£(0,8), £(1,8)) = ((=.90(8)): (=.91(8)) ) €K', go(8) = g1(8) and go = g1 =: g by
the continuity of go, g1. Note that there is j € {1,2,3} such that C N Ny, = g 1(S;) N N> which
contradicts the choice of C.

Fix a€ C. Note that there is [ € w such that 0 := fo(0, 8) # fo(1, ) if B€ Ny, by the continuity
of fo. There are g, : Ny — 2* continuous such that f1(n, 8) = g, (B) if B € Ny. If BEC N Ny,

then ((0, 8), (1, 3)) € R, which implies that (/(0, 8), (1, 8)) = (=0, 90(8)). (1-20,1(8)) ) €’
90(8)=¢1(B) and go= g1 =: g by the continuity of gg, g;. Note that

Cn Na\l :g_l(st’(ao,lfeo)) N Na|l’
which implies that ¢'(o, 1 —£0) =0 by the choice of C and C N N, =g 1(C)N Nyjp- If €0 =0, then
Stten NV Nap=9""(Sp(em)) N Najp=Svm N Napi
for €, €2, which implies that ¢ =¢' by the choice of C. Thus g =1 and
Sttem VNap=9""(Sp(1=e,1-m)) N Naji=5Sp (12,1 N Nayi

for €,n € 2, which implies that t(e,n) =t'(1—¢,1—n) if £, € 2, by the choice of C. In particular,
note that #'(1,0)=#(0,1) =0=¢'(0, 1) =¢(1, 0), (0, 0), #/(1, 1) 0,

H(1,1)=£(0,0)<#'(1L, 1)=£(0,0).
t(0,0),t(1,1)#0and t'(1,1)=¢t(0,0) <t(1,1)=¢t'(0,0), which implies that t =¢' again.
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We now have to consider (2%, A(C)). Assume first that (2*, A(C)) <. (D, R}), with (D, R;) in
AT and witness f. Let o€ C. Then we can find £ € 2 with fo(a) =€, and [ € w such that fo(3) =&
if 8 € Ny, by the continuity of fo. Note that C N N, = ffl(St(aoygo)) N N> which implies that
t(g0,£0) =0 by the choice of C, which contradicts the definition of AT

Assume now that (D, Rf) <. (2*,A(C)), with (D, R;) in A" and witness f. Let o € C. Then
((0,a), (1,)) € Rf, which implies that f(0, ) = f(1, ) € C. Then g(8) := f(0, 8) = f(1, 8) for
each 3 €2, by the choice of C. We set, fore,n€2, R. :={(a, 8) €2x2¥ | ((¢, ), (1, 8)) R }.
Note that

(@, B) ERzy & (9(),9(8)) €A(C),
which implies that Rg o =R 1, which contradicts the definition of AT, O

The next result provides the basis part of Theorem 1.2.

Lemma 2.17 Let I be a non self-dual Borel class of rank at least two, X be an analytic space, and R
be a locally countable Borel relation on X whose sections are in A(T"). Exactly one of the following
holds:

(a) the relation R is a T' subset of X2,
(b) there is (X, R) € AL such that (X,R) C. (X, R).

Proof. By Theorem 2.2, (a) and (b) cannot hold simutaneously. Assume that (a) does not hold. By
Theorem 2.2 again, one of the following holds.

(1) There is a relation R on 2 such that R N A(2¥)=A(C) and (2¥,R) C. (X, R). As R is locally
countable Borel, so is R by Lemma 2.1, which implies that we can apply Corollary 3.3 in [L5] if the
rank of I' is at least three. This gives g : 2% — 2% injective continuous such that g preserves C, and
(9(),9(B)) ¢ Rif v # B. Note that g is a witness for the fact that (2, A(C)) C. (2¥,R), which
implies that (2, A(C)) C. (X, R). If the rank of I" is two, then by Corollary 2.9 we may assume
that RC A(2¥) U Q3. As the sections of R are countable and TI9, so are those of R. In particular, R
has nowhere dense sections. By Corollary 2.12, we may assume that R = A(C), which implies that,
here again, (2¢, A(C)) C. (X, R).

(2) There is a relation R on D such that Ry ; N A(2*)=A(C) and (D, R) C. (X, R). Note that R ,,
is a locally countable Borel relation on 2¢. If the rank of I" is at least three, then Corollary 3.3 in [L5]
provides g : 2¥ — 2* injective continuous such that g preserves C, and (g(c), 9(8)) ¢ U ez Rey
if a # 3. If the rank of I is two, then Corollary 2.9 provides ¢” : 2* — 2% injective continuous
preserving C such that R” := (¢” x 9”)_1(U5,77€2 R.,) € A(2¥) U Q3. As the sections of R are
countable and TT9, so are those of R”. In particular, R” has nowhere dense sections. By Lemma 2.11,
we may assume that R” C A(2¥). So we may assume that g exists in both cases.

We define i : D — D by h(e,a) := (¢, g()). Note that h is injective and continuous. We
then set R’ := (h x h)"}(R). Repeating the notation above, R, , € A(2¥) by the property of
g, and h is a witness for the fact that (D,R’) C. (D,R). This means that we may assume that
R., CA(2¥), for €,n €2, and that Ry 1 = A(C) = A(Sp). By Corollary 2.14, we may assume that
Re, € {A(S;) | j<3}. Note that if R. . = A(Sp) for some ¢ €2, then (2¥, A(C)) C. (X, R). So we
may assume that R. . = A(S}) for some j € {1, 2, 3}. Finally, (D, R}, ;) Cc (D, RY ;) if i>5>0
with witness (¢, @) — (1—¢, ). So (b) holds. O
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Proof of Theorem 1.2. For (1) and (3), we apply Lemmas 2.16 and 2.17. For (2), we use the closure
properties of C,. and the fact that GT is the only graph in AT g

3 Rank two

In this section, I is a non self-dual Borel class of rank two.

3.1 Diagonally complex relations: minimality and comparability

Up to restrictions to Cantor sets, two comparable diagonally complex relations are bi-reducible.

Lemma 3.1 Let R, R. be diagonally complex, and K be a Cantor set with dense finites and the
property that (K, R. N K?) <. (2¥,R). Then (C,RNC?) C. (K,R.N K?) for some C with
dense finites.

Proof. Let f be a witness for the fact that (K, R, N K?) <. (2*,R). Note that f preserves C since
R+, R agree with A(C) on A(2¥). This implies that f is nowhere dense-to-one. Let us prove that
there is g : 2¥ — K continuous such that g preserves C and f(g(c)) <iex f(9(8)) if o <iex 8. We
ensure (1)-(6) with C =K and

(4) f(Oé) <lex f(ﬁ) ifa€ UtO and ﬁ S Utl

Assume that this is done. If « <jex 5, then Condition (4) ensures that f (g(a)) <jex [ (g(ﬁ))

So it is enough to prove that the construction is possible. We set Uy := K. Assume that (n¢)|¢<;
and (Ut)mgz satisfying (1)-(6) have been constructed, which is the case for [ = 0. Fix ¢t € 2!, Note
that v, is in Uy N Q2, which implies that f (v, ) € Q2. This gives s € 2<% such that f(a,, ) = s0°.
In particular, there is a clopen neighbourhood N C U, of ay,, such that f(5) € N, if 5 € N. We

choose n; > 1 such that av,,, € N'\ <{an | n<l}U ffl({f(am)})), which is possible since f is

nowhere dense-to-one. Note that f(c,,) <iex f(@n,, ). It remains to choose a small enough clopen
neighbourhood Uy, of «,,, to finish the construction, using the continuity of f.

Note then that f| 2] is a homeomorphism onto C:= f [g[2w]] . Moreover,

(9(0). 9(8) €R- & (f(9(e)), £ (9(8)) ) €R,

which implies that f|;[12“} is a witness for the fact that (C, RN C?) C, (K, R, N K?2),and RN C? is
not in I" since the map o (f (9()), f(g(a))) reduces C to R N C2. Thus C' N C is not separable

from C\C by a " set. Using the Hurewicz theorem, we get m : 2 — C' injective continuous such that
C=m~Y(C). It remains to set C:=m[2*]. O

The minimality of diagonally complex relations can be seen on restrictions to Cantor sets.

Lemma 3.2 Let R be a diagonally complex relation, X be an analytic space, and R be a non-TI$
relation on X such that (X, R) <. (2, R), with witness f. Then there is g : 2* — X injective
continuous such that Qo =g~ " (f_l (Qz)).
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Proof. Note that R=A(S) U (RN Q3), where S=1 if '=3XY, and S=0 if T =TIJ. As Q3\R is
countable, it is a 39 subset of Q3, and R N Q3 is a ITY subset of Q3, which provides G € IT3(2% x2¥)
such that R N1 Q3 =GN Q3. As R=(fx 1) (R) = (Fx )~ (A(S)) U((Fxf)~H(G) N 71 (Q2)?).
f74(Q2) is not TI9. Theorem 2.5 provides g as desired. O

Corollary 3.3 Let R be a diagonally complex relation, X be an analytic space, and R be a non-I'
relation on X with (X, R) <. (2*,R). Then there is a Cantor set C with dense finites such that
(C,RNC?H C, (X, R).

Proof. Assume first that T' =TIJ, and let f be a witness for the fact that (X, R) <. (2¥,R). Lemma
3.2 provides g : 2* — X injective continuous with the property that Qo = g~! ( f _I(Qg)). We set
R’:=(gxg)"'(R). Note that, for each av € 2%,

(a,0)eR' & (g9(a),g(a)) eR & (f(g(a)), f(g(a))) €ER = f(9(a)) €Q2 & aeQy.

In other words, R’ N A(2*) = A(Qz). This argument also shows that R’ C Q3. In other words, R’ is
diagonally complex, (2¢,R') C. (X, R) and (2, R’) <. (2¥, R). Lemma 3.1 provides a Cantor set
C with dense finites such that (C, R N C?) C. (2*, R').

Assume now that T' = £9. As R is diagonally complex, the vertical sections of R are in X9,
which implies that the vertical sections of R are also in 9. By Theorem 2.2, one of the following
holds:

(1) there is a relation R, on 2 such that R, N A(2¥)=A(l2) and (2*,R,) C. (X, R).
(2) there is a relation R, on I such that Do :={((0, ), (1,)) | € I3} CR,,

Dy:= { ((O, a), (1, a)) | CVGQQ} C—R,
and (D, R,) C. (X, R). Weset D:=D, U Dy.
Assume that (2) holds, which gives f:ID — 2% continuous such that R, = (fx f)~!(R). Note that

- (f < f)[Dso]) CR is not separable from (f x f)[Dy] by a £ set,
- Ino:=(f % f)[Doo] N A(2%) is not separable from (f x f)[Dy] by a 9 set since R\ A(2*) CQ3 is
0.
- I is not separable from I¢:=(fx f)[Ds] N A(2¥) by a £ set,
- Roo:=D N (fx f)"}(Ioo) is not separable from Ry :=D N (f x f)~1(If) by a 9 set (otherwise
Ro ©SC =Ry and I is separable from Iy by the K set (f x f)[S N D)),
- Coo:={a€2%|((0,), (1,a)) € R } is not separable from Cy:={a€2*|((0,a), (1,a)) € Ry}
by a X9 set.

Theorem 2.5 provides g : 2* — 2¢ injective continuous with I C g71(Cw) and Q2 C g~ (Cy).
We define a map c:2¥ — {0} x2¥ by ¢() := (0, g(at)), and set ¢’ := foc,

R':= (' xd)"HR)=(cxc) " (Ry).

As c is injective continuous, R’ is a Borel relation on 2 and (2, R’) C. (D, R,), (X, R). If « € I,
then (0, 9(a)), (1,9(a)) ) € Rocs and (£(0, 9(e)), £ (1, 9(a)) ) € Loc CA(2%).
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This implies that ( £(0,g(a)), £(0, g(a))) € R and (a,a) € R'. Similarly, if & € Q2, then
(a,a) ¢ R'. Thus R’ N A(2%) = A(13), and R’ is a witness for the fact that (1) also holds. So (1)
holds in any case.

This implies that (2¥,R,) <. (2*,R), with witness f’. By Lemma 2.4, f’ preserves (2. In
particular, R, N ((Q2 x I2) U (I2 X Q2)) = 0 since R is diagonally complex. Note that R, has 39
sections since so does R. This implies that R, N I3 is a Borel relation on I whose sections are
separable from Q2 by a XY set. Lemmas 2.6 and 2.8 provide ¢’ : 2“ — 2“ injective continuous
preserving Q2 such that (¢’ x ¢') "1 (R, N I2) C A(I3). Thus we may assume that R, is diagonally
complex. We now apply Lemma 3.1. O

A consequence of Lemma 3.1 is a characterisation of the minimality of diagonally complex rela-

tions.

Corollary 3.4 Let R be a diagonally complex relation. The following are equivalent:
(a) R is <. and C.-minimal among non-I relations on an analytic space,
(b) (2*,R) C. (C,RNC?) if C is a Cantor set with dense finites.

Proof. (a) = (b) As Q2 N C is dense in C, R N A(C) and R N C? are not in T'. As
(C,RNC? C. (2¥,R)

and (a) holds, (b) holds.

(b) = (a) Let X be an analytic space and R be a non-T" relation on X with (X, R) <. (2“,R).
Corollary 3.3 provides a Cantor set C' with dense finites and the property that (C, R N C?) C. (X, R).
By (b), (2¥,R) C. (X, R). 0

Another consequence of Lemma 3.1 is about the comparison of minimal diagonally complex
relations.

Notation. If R, R’ are relation on 2, then we set
(29, R) =, (2“,R) & (2°,R)) C. (2, R) A (29, R) T, (2, R').

Corollary 3.5 Let R, R’ be diagonally complex relations, <. and C.-minimal among among non-T'
relations on an analytic space, with (2*,R) <. (2*,R'). Then (2, R’) =. (2*,R).

Proof. Lemma 3.1 provides a Cantor set with dense finites C such that (C, R’ N C?) C. (2*,R). By
Corollary 3.4, (2¥,R') C. (2¥, R). An application of this fact implies that (2, R) C. (2¥,R’). O

3.2 Proof of Theorems 1.3 and 1.4

We now introduce our antichain of size continuum.

Notation. We define i : Q> — w as follows. We want to ensure that i(z,t) = i(s,, s;), where s; is
defined before Lemma 2.8. The definition of ¢ is partly inspired by the oscillation map osc defined
in [T] after Theorem 6.33 as follows. The elements of 2<% are identified with finite subsets of w,
through the characteristic function.
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The oscillation between z and ¢ describes the behaviours of the symmetric difference zAt. The
equivalence relation ~; is defined on zAt by

J ~z k< [min(j, k), max(j, k)] N (z\t) =0V [min(j, k), max(j, k)] N (¢\z) =0.

Then osc(z,t) :=|2At/ ~|. For i, we work on z Ut instead of zAt, and the definition depends more
heavily on the initial segments of z and ¢, in particular on their lexicographic ordering. If z € 2<“\{0},
then we set 2~ :=zlmax{l < |z| | z|l€Q}. We also set, for L€ {<, >},

L:={(z,t)eQ? | Ji<min(|z|, |t|) z|i=t|i A 2(i) L t(i)}.
The definition of i(z, t) is by induction on max(|z|, |t|). We set

(0if z=1,
i(2, ) if |2 <|t7| V (|2 =[] A (2, t7) € Lo ),
(2, ) FLHE (2] <[t A 2] > [0 V (12 =67 A (2, 67) L),
2t it <]z Vv ([t =[] A (8 2) eLe),
e O L ([t] < [2| At > =)V (1H=127[A (1, 27) ¢ Lo )
-t
-t

(
(
i(z,t):= zE
(
(

i(z7, )+ Lif [2] =[N (([27 | <[t <iex 2 ) V([ET ] <[27|A27 <iext 7)),
i(z7, ) +2if [2] = [t A (|27 <[t |A27 <iext )V ([E7]<]27 At <iex27)
\ (=7 [=lt"[Az"#t7)).

Note that i(z,t)=1i(t, z) if z,t € Q.

Lemma 3.6 Let (s¢);co<w be a sequence of elements of Q with

(a) |sz| <|st| if z<it arein Q

(b) 5t G sp1 if tisin 2<¥
Theni(z,t)=1(sz, s¢) if 2, t€Q.
Proof. We argue by induction on max(|z|, |t]). Asi(z,t) =i(t, z) if z,t € @), we may assume that
z <y t. In particular, ¢ # () is of the form ¢'1, and s;,- = sy ; S¢1 = St since n;— =ny. We go through
the cases of the definition of <.

If |z| <[t7], then [s:| <|s,~ | <|(s¢) | since s,- S s¢, and
i(2,t)=i(z,t7 ) =i(s2, 8- )= -=1i(s2, (s)7) =i(s2, 8¢).
If |[z|=|t7| and (2,t7) €L, then |s.| <|s;— | <|(s¢) | again and we conclude as above.

If |z| <|t| and |z| > |t~ |, then |s.| <|s¢| and |s,| >|s;-|. Let s €@ with s Cs; and |s,| <|s| be of
minimal length. Note that i(z,t) =1i(z,t7)+1=i(s;, 54— ) +1=1(s2, 5) =1i(s2, 5¢).

If |z|=|t"| and (2,t”) ¢, then either z=t", or (z,¢~) € L, which implies that
i(z,t)=i(z,t7 )+1=i(ss, 8- )+1="-- -:i(sz, (st)_) =i(sz, St).

If [z|=|t

7| <|z7 | and 27 <jext 7, then |s;— | <|s,— | <|s.| <|s¢

B s

i(z,t)=i(z",t7 )+1=i(s,—, 8- )+ 1=i(s,, 8- )+ 1=i(sz, s¢).
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B

If |z| =

27| <|t7|and 27 <jex t 7, then [s,— | <|s;— | <sz| <|s¢

i(z,t)=i(z7,t7 )+2=i(s,—, 8- )+2=1i(s,, 8- )+ 1=1i(s2, s¢).

If |z|=|t], |27 |=|t"|and 2~ #t ", then (27,t7) €L, |s,-| <|s;— | <|sz| <|st|, and we conclude as
above. Thus i(z,t) =i(s,, s¢) in any case, as desired. O

The next result is the key lemma to prove Theorems 1.3 and 1.4.

Lemma 3.7 Let H C Q2 be homeomorphic to QQa. Then there is [ : 2 — 2% injective continuous
satisfying the following properties:

(i) f|Q2) C H; in particular, for each t € Q there is ny > 1 with f(t0°°)=s,0,

(ii) f[I2] C I,

(iii) i(z,t)=1i(sz, 8¢) if 2, t EQ.

Proof. We ensure (1)-(6) with C':= H, that U, is of the form N, N C, and

(2) an, €N,, N H if t is in 2<%

(4) 210 <tex z¢1 and |z¢0| =241 | if ¢ is in 2<%
(7) |sz| <|s¢] if z<;t are in Q

(8) 5t Gsprif tisin 2<¢

(9) i(z,t)=i(ss, s¢) if 2, t€Q

It is enough to prove that the construction is possible. We choose ny > 1 with s30°° € H, and

set 2 := sp. Assume that (1¢)y<; and (2¢)|¢|<; satisfying (1)-(9) have been constructed, which is the
case for [ =0.

Fix t € 2!. As an, €Uy = N, NC, z C 5:0°. We choose s C 5;0° extending z; and s, in
such a way that Ny N ({ay, | n <1}\{an,}) =0 and |s,| < |s| if z <; t1. Let nyg > 1 such that
an,y, € Ns N H\{ay, }, which is possible by density of H in the perfect space C. We set z;; = sy and
210 = Qipn, ||z¢1]- Note that (1) holds. (2) holds by definition. By our extensions, (3) holds. (4) holds
because of the choice of s and ns1. (5)-(8) hold by construction. By Lemma 3.6, (9) holds. O

Proof of Theorem 1.4. We may replace Q with its topological copy Q2. We set, for z,t € Q,
c({20%°,t0°°}) := i(z, t), which is well-defined by symmetry of 7. As i((10)¥0°, (01)*0>°) = 2k
and i((01)k0°°, (10)%10°°) =2k+1, c is onto. If H C Qs is homeomorphic to @2, then Lemma 3.7
provides f:2% =2 We set h:= fqg,. If z,t€Q, then

c({h(20), h(t0%°)}) =c({s.0, 5:0™°}) =i(s2, st) =i(2, t) = ({20, 10°}).

In particular, c takes all the values from w on H2. U

Notation. We now set, when (2, C) is I'-good and 3 €2,

Rs:=AC)U [ {(20°,t07) ]z #t€QA i(z,t)=p}.
B(p)=1

Note that Ry is symmetric.
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Corollary 3.8 Let 3 € 2¥. Then Rg is <. and C.-minimal among non-I" relations on an analytic
space.

Proof. Note that R is a diagonally complex relation, and therefore not in I'. Let C' be a Cantor set
with dense finites. By Corollary 3.4, it is enough to see that the inequality (2, Rg) C. (C, Rz N C?)
holds. We apply Lemma 3.7 to H:=C N Q2. As C'is a Cantor set with dense finites, H is nonempty,
countable, metrizable, dense-in-itself, and therefore homeomorphic to Q)2 (see 7.12 in [K]). Lemma
3.7 provides a witness f:2* — 2% for the fact that (2*, Rg) C. (C,Rg N C?). O

Lemma 3.9 The family (Rg)sen, is a <.-antichain.

Proof. Assume that 3,3’ € No and (2¥,Rg) <. (2*,Rg), with witness f. By Lemma 2.4, f
preserves C.

Claim. Let ug € 2<%. Then we can find uj, € Q and uy,u} € Q\{0} such that f(uo0>)=u,0> and
[ (uoui0%°) = ugu) 0.

Indeed, let uy € @ with f(up0°°) = u,0°°. We can find a sequence (S)ie,, of points of Iy
converging to up0>. As f preserves C, f(ug0>)# f(5k), and we can find (ny) ke, stricly increasing
such that oy, |k =Bk |k and f(ug0%) # f(ay, ), which implies that (o, )kew is a sequence of points
different from ug0°° converging to ug0>°. Let vy, vfg € @ with ay,, =00 and f(ay, )= v,;0°°. We
may assume that ug ; vg. As f is continuous, we may assume that f(ay, ) € N% for each k, which
implies that ug G vj. It remains to choose u1, u} € Q\{(} such that v; =ugu; and v} =ugu;. o

Assume that tg, - - - , top2 € 2<% are not initial segments of 0°°. Then
(totlo‘tQ‘ .. t2k710‘t2k‘t2k+10007 t00|t1|t2 .. .0|t2k+1|t2k+2000)
is in {(20°°,t0%°) | z #t€Q A i(z,t)=2k+2}. Similarly,
(t[)o‘tl‘tQ ... 0\t2k—1\t2k0007 t0t10|t2| .. -tgk_10|t2k|t2k+10°°)

isin {(20°,t0%°) | z At € Q A i(z,t) =2k+1}. We first apply the claim to ug := to € ), which
gives ¢t € Q and t1,t] € Q\ {0} with the properties that f(t,0°°) =t;0° and f(tot10°°) = t;t;0°.
The continuity of f provides k1 > [t1| such that f[N; or, ] C N, e~ We next apply the claim to
0
up :=to0", which gives Zo, ) in Q\ {0} such that f(to0*1£,0%°) = t4#,0°°. Note that 01l C #,. We
set to:=0F1~111l{, and t}, :=#,—0"1|. Note that t,, t}, are not initial segments of 0> and

Ft0M150%) =t 0l 0%,

This argument shows that we can find sequences of finite binary sequences (t;) e, and (¢}) je., which
are not initial segments of 0°° and satisfy f(to0tlty - - - 0lf26-1l25,0°0) = th 0t ¢, - . . 0|t/2k71|t’2k0°°
and f(tot10/%2] - -t 10M2xlty, 10°) = tht)0lt2] . --t’%_10‘t§k|t’2k+10°° for each k € w. By the
remark after the claim, 5=/'. O

Proof of Theorem 1.3. We apply Corollary 3.8 and Lemma 3.9. O

Theorem 1.3 shows that if < is in {<., C.}, then the class of non—Hg countable relations on
analytic spaces, equipped with <, contains antichains of size continuum made of minimal relations.
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3.3 Graphs

Theorem 1.3 shows that, for the classes of rank two, any basis must have size continuum. It is
natural to ask whether it is also the case for graphs. We will see that it is indeed the case.

Notation. We define, for €2, Gg:= s({ ((0,a),(1,7)) €D? | (o, ) € RB})- Note that Gg is a
locally countable graph.

Lemma 3.10 Let T':=X, (2%, C) be T'-good, 3 € 2%, and R be a relation on D with the properties
that Ro1 N A(2¥) = A(C) and (D,R) C. (D,Gg). Then (2,Rg) C. (2*,Ro,1) with witness h
having the property that (Roo URy 1) N h[29]2 =

Proof. Let f be a witness for the fact that (D, R) C. (D, Gg).

We set, for e € 2, X, :={z €D | fo(z) = ¢}, which defines a partition of I into clopen sets.
The definition of Gg shows that R C (X x X1) U (X1 x Xp). If ag € C, then ((0, ), (1, a0)) €R,
which gives g € 2 and [ € w such that (0, ) € X¢ and (1, ) € X1, if o€ N, ;. This shows that

RN (2% Nyopp)? € s({((ao, @), (1-¢c0,7)) | o,y € 2”}). Note that R, , is a relation on 2¥. As
Ro,1 N A(2¥)=A(C), Ry, is not in I'. Moreover, by symmetry of Rg,

(a77)6R0,1 e ((0,0&), (177)) ER& (f(ova)af(laf}/)) GGB <~ (fl(oaa)vf1(1>’7)) ER,B
ifOéGNaO”.
Claim. f1(0,a)=f1(1,a) if a€C N Nyy1-

Indeed, note that « € C < ((0,a), (1,a)) €R < (f1(0,a), f1(1,a)) € Ry if a €Ny, We
argue by contradiction, which gives ap € C N Ny, t €2<%, n €2 and I > with the properties that
f1(0, @) € Ny and f1(1, @) € Ny(1—yy) if @€ Ny In particular,

CN Nygr ={@ €Ny | (f1(0,0), f1(1,a)) €Rz N (Niy X Ny1—p) }»

which shows that C N N,y €T'= 39 since Rg\ A(2¥) is countable, contradicting the choice of C.o
By the claim, continuity of f and density of C, f1(0,a) = f1(1, @) if & € N This shows that
(Nayli> Ro1 N Ngo\l) <. (2¥,Rg). By the proof of Corollary 3.4 and Corollary 3.8,

(2,R3) Ec (Nagji; Ro,t N NZ 1),

olls
and we are done. O

Lemma 3.11 Let T':= X3, (29, C) be I'-good, and 3 € 2*. Then Gg is C.-minimal among non-T
relations on an analytic space.

Proof. Let X be an analytic space, and R be a non-T" relation on X with (X, R) C. (D, Gg). As Gg
has sections in I'=3X9, R too. By Theorem 2.2, one of the following holds:

(1) there is a relation R on 2* such that R N A(2*)=A(C) and (2¥,R) C. (X, R),
(2) there is a relation R on D such that Ry ; N A(2¥)=A(C) and (D,R) C. (X, R).
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As Gg is a digraph, R and R are digraphs too. So (1) cannot hold. By Lemma 3.10,
(2%, Rp) Ec (2, Ro,1),

with witness h having the property that (Roo U Ry 1) N h[29]2 = (). We define k : D — D by
k(e, o) := (e, h()). Note that k is injective, continuous, and

((0, a), (1,7)) €Gs & (h(a), h(v)) €eRoy & (k:((), a), k‘(l,v)) eR,
showing that (D, Gg) T, (X, R) as desired. O
Lemma 3.12 Let T:=3%9, and (2¥,C) be T'-good. Then (Gg)gpen, is a C.-antichain.

Proof. Let 3, ' € Ny. Assume that (D, Gg) C. (D, Gg). Lemma 3.10 shows that
(2*,Rg) Ce (27, (Ggloa) = (2%, Rg),
which implies that 5= 3’ by Lemma 3.9. O

Corollary 3.13 There is a concrete T -antichain of size continuum made of locally countable Borel
graphs on D which are C.-minimal among non-X9 graphs on an analytic space.

Proof. We apply Lemmas 3.11 and 3.12. O

We now turn to the study of the class IT9.
Lemma 3.14 Assume that T =119 and 3€ No\{0°°}. Then Rg has a non-II3 section.

Proof. We argue by contradiction, which implies that Rz has nowhere dense sections since it is
locally countable. By Corollary 2.12, (2¥, A(C)) C. (2¢,Rg). Note that (2, Rg) C. (2*, A(C))
by Theorem 1.2 and Corollary 3.5, which contradicts the injectivity since 3 € NO\{OOO} O

Remark. Lemma 3.14 shows that a locally countable relation can have a non-II9 section, and there-
fore be non-IT) because of that. This is not the case for the class 39. This is the reason why we
cannot argue for the class HO as we did in Corollary 3.13 for the class 20 More precisely, note that
Ggg’ is a (locally) countable graph with a non-IT) section. Moreover, (S, GHQ’ ) Cc (D,Gg) for
any 3 € No\{0>°}. Indeed, Lemma 3.14 gives o € 2 such that (Rp)q, is not IT9 since R is symmet-
ric. By the Hurewicz theorem, there is g: 2% — 2“ injective continuous such that Q=g ! ((]Rg)ag).
We define f:S—D by f(0°):=(0, o) and f(1):=(1,g(a)). Note that f is injective continuous

and
(sa,nv)eGgg’a®(6 ONa=0®An=1Av€Q2)V (e=1NacQaAn=0A~vy=0%)
& (((7tea). 50m) = ((0.00), (1.96))) A (a0 90) €R5 )

((#tea). 1) = ((1:9(00). 0,00)) A a0, gfe0) € s
& (f(ea), f(1)) €Gp.

So we need to find other examples for the class TI9.
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Theorem 3.15 There is a concrete C.-antichain of size continuum made of locally countable Borel
graphs on 2¥ which are C.-minimal among non-Hg graphs on an analytic space.

Proof. We set, for 5 € No\{0>}, Hg:=Rg\A(2¥). As Rg is symmetric, Hpg is a graph. In particular,
we can speak of proj[Hjg|. By Lemma 3.14, Rs has a non-ITY section. A consequence of this is that Hg
isnot IT9. Let X be an analytic space and R be a non-II3 relation on X with (X, R) C,. (2¥, Hg), with
witness f. By the injectivity of f, we get (X, RU(fxf) 1 (A(C))) C. (29, Rg). As A(C)ex)
is disjoint from Hg, R U (f x f)~*(A(C)) is not IT3. By Corollary 3.8 and the injectivity of f,
(2¥,Rp) C. (X, RU(fxf)™t (A((C))) By the injectivity of f again, (2, Hpg) C. (X, R), show-
ing the minimality of Hg.

Assume now that 3, 5/ € No\ {0} and (2¥, Hpg) T, (2, Hg ), with witness f.

Claim. Let ug € 2<% with ug0° € proj[Hpg|. Then we can find uf, € Q and u,u} € Q\{0} such that
J(100%) =u(0%, upui 0% € proj[Hg] and f(uou10°°) =ugyu;0%°.

Indeed, as up0> € proj[Hip], there is ~ such that (10>, ) is in Hpg, and (f(uo0%), f(7)) is
therefore in Hpg . In particular, f(uq0°) € Q2 and there is uj € @ with f(ug0%) =u0>. As f is
continuous, there is ko such that f[N, o] € Ny .

is dense in 2¢. Let s € 2<%, and p:=2k+e > 1 with 5(p) =1. We set

Let us prove that proj[Hpg]
)¥). Note that z#t € Q, i(z,t) =p, (20, t0°°) € Hg N N2 and proj[Hy]

(z,t):=(s1(10)k+1, s1(01
meets N, as desired.

Let o € proj[Hg| N N, ko> and d such that (a, 6) is in Hg. Then (f(a), f(8)) is in Hg, and
f(@) € @2 N Ny \ {up0>} by injectivity of f. This gives u1,uy € Q\{0} with a = uou10> and
fo) =uyuy0. o

The end of the proof is now similar to that of Lemma 3.9. Let us indicate the differences. We first
apply the claim to ug := to € Q such that ¢(0> € proj[Hpg], which gives ¢, € Q and ¢1,t} € Q\ {0}
such that f(t00°°) =(0%, tot10°° € proj[Hjs] and f(tot10°°) =4t 0°°. The continuity of f provides
k1 > |t1| such that f[NtOOkl] C tho“ll" We next apply the claim to ug :=to0*!, which gives #2, th in
Q\{0} such that t,0*17,0° € proj[Hp] and f(to0*1£20°°) =1(,0°. This provides sequences (t;)jew
and (t;) jew as in the proof of Lemma 3.9. By the remark after the claim in the proof of Lemma 3.9,
p=p" O

4 Acyclicity

Remark. Assume that 3 € N\ {0>°}. Then Rp is not s-acyclic. Indeed, (0°°,10°°,1%0%) is an
s(Rg)-cycle if B(1)=1, (10°°,010°°,0%10°) is an s(Rg)-cycle if 3(2) =1,

(101%+1p°° 1530 0101%0°)
is an s(Rp)-cycle if 4(2k+3) =1, and (010120(110)*0>°,1010%(10%)¥0°°, 010212(101)¥0°) is an

s(Rg)-cycleif 3(2k+4) =1. We will see that Theorem 1.2 can be extended, under a suitable acyclicity
assumption. We need to introduce new examples.
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Notation. Let I" be a non self-dual Borel class of rank at least two, and (2%, C) be I'-good. We set
A:={te4®) | £(0,0)€2 A (£(0,1)=0V ¢(1,0)=0) A £(1,1)#0}. We then set, for t € A,

RI‘,CL::{(OOO?OOO) | t(0,0):l} U {(0007 104) | aest(o,l)} U {(1()[,000) ‘ aest(l,O)} U
{(la, 1a) | O4€St(1,1)}~

Note that G, =Rg ' ;. Finally BT :={(S, R} ") | t€ A}.

Lemma 4.1 Let T be a non self-dual Borel class of rank at least two. Then AY U BY is a 76 element
<.-antichain.

Proof. Assume that ¢, ' € A and Rf " is <,.-below R?’“ with witness f:S—S. If Rg’“ is symmetric,
then R} ** is too, and ¢ is of the form (£,0,0,¢'). As Rf’a,Rg’a have only one vertical section
not in I, f(0%°) = 0, f(1,a)(0) = 1 by the choice of C, and the function f;(1,.) defined by
1f1(1,«) = f(la) preserves C. Thus ¢t =t'. So we may assume that R{,"a is not symmetric, i.e., ¢’
is of the form (e, &’,e”, ") with ¢’ £&”, and &' =0 or ¢” = 0. If, for example, &’ # 0, then Rg’a has
vertical sections in T, as well as Rf’a, which implies that ¢ is of the form (n,7’,0,7"") with n’ # 0.
Note that Rf’a, Rf,’a have only one horizontal section not in I', f(0%°) =0, f(1,a)(0) =1 by the
choice of C, and f1(1,.) preserves C. Thus t=t', even if ” #£0.

As the elements of BT have a section not in T" and the elements of AT have closed sections, an
element of BT is not <.-below an element of AT By Theorem 1.2, it remains to see that an element R
of A" is not <.-below an element R{’a of BY'. We argue by contradiction, which provides f:2% —S
or f: D —S. In the first case, note first that f(«)(0) = 1, since otherwise f(3)(0) =0 if 5 is in
a clopen neighbourhood C of a. If B # v € C N C, then f(B) = f(v) = 0°°, which implies that
(0°°,0%) GR?G and (3,~) € A(C), which is absurd. This shows that A(C) €T since (Rf’a)m er,
which is absurd. In the second case, note first that f(0, «)(0) = 1, since otherwise f(0, 5)(0) =0 if
B is in a clopen neighbourhood C of . We may assume that there is £g € 2 with the property that
F(1,8)(0)=¢g if B€C. If B#~€C NC, then either £g =0, (£(0, B), f(1,7)) = (0°,0°) e R} *

and ((0, 8), (1,7)) €R, or eo =1, (£(0, ), F(1,8)). (£(0,7), f(1,7)) €RT", f(1,5), f(1,) are
in {la | a € C}, (f(0,8), f(1,7)) € RI* and ((0,8),(1,7)) € R, which is absurd. Similarly,
f(1,a)(0)=1. This shows that Rq ; € T since (R} ); 1 €T, which is absurd. O

We now study the rank two case.

Lemma 4.2 Let R be an s-acyclic Borel relation on Is. Then we can find a sequence (Ry)new of
relations closed in Io x2% and 2% x Io, as well as f:2% — 2% injective continuous preserving Qo such

that (fxf)_l(R)gUnEw Rn

Proof. Assume first that R, is not separable from @ by a set in X9, for some aq € I5. Theorem 2.5
provides h:2% —2“\{ap} injective continuous such that Iy Ch~1(R,,) and Q2 Ch~1(Q2). We set
R':=(hxh)"Y(R). If a, B, € I are pairwise distinct and 3,y € R}, then (h(3), h(ct), h(7), o) is
an s(R)-cycle, which is absurd. Thus R’ has vertical sections of cardinality at most two. So, replacing
R with R’ if necessary, we may assume that R, is separable from Q)3 by a set in 39 for each v € 2¢.
Similarly, we may assume that R is separable from Q3 by a set in 39 for each a € 2¢. It remains to
apply Lemma 2.6. O
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Lemma 4.3 (a) Let R be an s-acyclic subrelation of Q3. Then there is f:2* — 2 injective continu-
ous preserving Qg such that (f x f)~1(R) C A(Q2).

(b) Let R be an s-acyclic subrelation of (2x Q2)%. Then there is f :2* — 2“ injective continuous
preserving Qo such that (f x f)_l(U&7762 R. ;) CA(Q2).

Proof. (a) Assume that R,, is not nowhere dense for some ag € Q2. This gives s € 2<“ with the
property that N C R,,,. Note that NsN R, \{} is not separable from NsN 15 by a II9 set, by Baire’s
theorem. Theorem 2.5 provides h:2* — N\ {ao} injective continuous such that Qo Ch~!(R,,)
and Iy C h=1(L,). If R := (hx h)"Y(R), a, B, € Q2 are pairwise distinct and 3, € R/, then
(h(B), h(c), h(7), @) is an s(R)-cycle, which is absurd. This shows that, replacing R with R’
if necessary, we may assume that R has vertical sections of cardinality at most two. In any case,
we may assume that R has nowhere dense vertical sections. Similarly, we may assume that R has
nowhere dense horizontal sections. It remains to apply Lemma 2.11.

(b) We argue similarly. Fix ¢,n € 2. We replace R with R. ;. We just have to note that the cycle
(h(8), hl@), h(7), @) becomes ( (1, 4(8)). (=, h(@)). (1, h(%); (=, a0) ) 0

Lemma 4.4 (a) Let R be an s-acyclic Borel subrelation of (Qg x Iz) U (I3 X Q2). Then there is
f:2% —2% injective continuous preserving Qs such that (f x f)~'(R) =

0.
(b) Let R be an s-acyclic Borel subrelation of ((2x Q2)x (2xI3)) U ((2x I3) x (2x Q2)). Then
there is f:2¥ —2* injective continuous preserving Qo such that (f x f)~1 (. ne2 R6 n)=0.

Proof. (a) By symmetry, we may assume that R C Q2 x I5. Assume first that R, is not meager for
some oy € Q2. This gives s € 2<“ with the property that Ny N Ry, is comeager in N;. In particular,
NsNQ2\ {ap} is not separable from NsM R, by a IT) set, by Baire’s theorem. Theorem 2.5 provides
h:2¥ — N\ {ap} injective continuous with Q2 Ch~1(Q2) and I, Ch~1(R,, ). If R':=(hxh)"'(R),
a€Qa, B #~ER,, then (h(B), h(c), h(7), ap) is an s(R)-cycle, which is absurd. This shows that,
replacing R with R’ if necessary, we may assume that R has meager vertical sections. Let F' be a
meager X9 subset of 2% containing UaeQ2 R,. Note that Q2 is not separable from I3\ F' by a II9
set. Theorem 2.5 provides f:2¥ —2¥ injective continuous with Q2 C f~1(Q2) and I, C f~ (L2 \ F).
Thus (f x f)~(R) is empty.

(b) We argue as in the proof of Lemma 4.3.(b). Il

Corollary 4.5 (a) Let R be an s-acyclic Borel relation on 2. Then there is f : 2* — 2% injective
continuous preserving Qa such that (f x f)~1(R) C A(2%).

(b) Let R be an s-acyclic Borel relation on ID. Then there is f : 2% — 2% injective continuous
preserving Qo such that (f x f)_l(Us,n@ R. ;) CA(2Y).

Proof. (a) By Lemma 4.3, we may assume that R N Q3 C A(2¥). By Lemma 4.4, we may assume
that RN ((Q2x I2) U (I3 x Q2)) =0. By Lemma 4.2, we may assume that R\ A(2¥) is contained
in the union of a sequence (R,,)ne., of relations on Iy which are closed in I x 2* and in 2¥ X 5. By
Lemma 2.8 applied to (R, )new, We may assume that R N I3 C A(2¥).

(b) By Lemma 4.3, we may assume that | J Re, NQ3CA(2¢). By Lemma 4.4, we may assume

£,n€E2

that B (1 (((2xQ2) % (2x 12)) U (2 12) % (2% Q2)) ) =
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By Lemma 4.2, we may assume that (. ,cy Re,5)\A(2*) is contained in the union of a sequence
(Rp)new of relations on Iy which are closed in Iz x 2* and in 2* x I;. By Lemma 2.8 applied to
(Rn)new, we may assume that |, ., Re, N I3 CA(2Y). O

Theorem 1.9 for classes of rank at least three is a consequence of Lemma 4.1 and the following
result since the elements of A" are contained in either A(2%), orin {((e, z), (n,z)) €D? | x €2¥},
and the elements of BT are contained i in A(S) U ({0} x N1) U (N1 x{0°}), which are s-acyclic and
closed on the one side, and G, and GL;® are the only graphs in AT U BT on the other side. The next
proof is the last one using effective descriptive set theory.

Notation. We set, for any relation R on S, Ry 1:={(c, §) €2“x2% | (1, 18) € R}.

gne

Theorem 4.6 Let I' be a non self-dual Borel class of rank at least three, X be an analytic space, and
R be a Borel relation on X contained in an s-acyclic Borel relation with 9 vertical sections. Exactly
one of the following holds:

(a) the relation R is a T' subset of X2,
(b) there is (X, R) € AT U B such that (X,R) C. (X, R).

Proof. By Theorem 1.2 and since the elements of BT have a section not in T, (a) and (b) cannot hold
simultaneously. Assume that (a) does not hold. By Theorem 2.2, one of the following holds:

(1) the relation R has at least one section not in T,
(2) there is a relation R on 2% such that R N A(2¥)=A(C) and (2*,R) C. (X, R),
(3) there is a relation R on D such that Ry ; N A(2¥)=A(C) and (D, R) C. (X, R).

(1) Let zp € X such that, for example, R, is notin I, the other case being similar. Note that R \{zo}
is not separable from X\ (R,, U{zo}) by asetin I. Theorem 2.5 provides h:2“ — X\{zo} injective
continuous with C=h"1(R,,). We define g:S— X by g(0°):=x¢ and g(1a):=h(c). Note that g
is injective continuous. Considering (g x ¢)~*(R) if necessary, we may assume that X =S, z¢ =0~
and R;, N N1 = {la | @ € C}. Let A be an s-acyclic Borel relation with XY vertical sections
containing R.

For the simplicity of the notation, we assume that the rank of T is less than w$¥, and C, A are
A%. Theorem 3.5 in [Lol] gives a sequence (C,,) of A% relations with closed vertical sections such
that A = (J,c,, Cn. By Lemma 2.2.2 in [L5], A% N 2“ is countable and Hll, which implies that
V= 2%\ (Al N 2¥) is X}, disjoint from A} N2, and V N C is not separable from V'\ C by a
set in I'. We will apply Theorem 3.2 in [L5], where the Gandy-Harrington topology Y5 on 2%
generated by X} (2) is used. Let us prove that A; 1 N V? is (Xow)2-meager in V2. It is enough to
see that (Cy,)1,1 N V? is (Xow)?-nowhere dense in V2 for each n. By Lemma 3.1 in [L5], (Cp,)1.1 is
(Xaw)?-closed. We argue by contradiction, which gives n and nonempty X} subsets S, 7" of 2% with
the property that SxT'C (Cp,)1,1 N V2. By the effective perfect set Theorem (see 4.F1 in [Mo]), S, T
are uncountable. So pick z,y € S and z,t € T pairwise different. Then (1z,1z, 1y, 1t) is an s(A)-
cycle, which is absurd. Theorem 3.2 in [L5] provides f:2“ — 2“ injective continuous preserving C
with the property that (f(c), f(8)) ¢ A1 if a# 3.

Considering the set (f x f)"'(R) if necessary, we may assume that Ry C A(2%). We set
Ei1:={a €2 | (a,a) € Ry 1}. Note that F ; is a Borel subset of 2* and Ry = A(E71). By
Lemma 2.13, we may assume that Ey; =.S; for some j €4. If =0, then (2, A(C)) C. (X, R).
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So we may assume that j # 0. Similarly, {a € 2 | (1,0°) € R} = S; for some j € 4. This
provides ¢ € A with (S, R} ) C. (X, R).

(2) We partially argue as in (1). Note that R is Borel and contained in an s-acyclic Borel relation with
39 vertical sections A.

This time, C, € A} ((2¥)?). Let us prove that C,, N V? is (X« )?-nowhere dense in V2 for each n.
We argue by contradiction, which gives n and nonempty X} subsets S, T of 2¥ with SxT' CC,, N V2.
Note that (x, z,y,t) is an s(.A)-cycle, which is absurd. Theorem 3.2 in [L5] provides f : 2% — 2¥
injective continuous preserving C such that (f(«), f(8)) ¢ Aif a#S.

Considering (f x f)~!(R) if necessary, we may assume that R C A(2¥), which means that
(2¢,A(C)) Ce (X, R).

(3) We partially argue as in (2).

This time, C,, € A}(D?). Fix e,7 € 2. Let us prove that (C,)c,, N V? is (Xaw)?-nowhere dense
in V2 for each n. We argue by contradiction, which gives n and nonempty X} subsets S, T of
2 with S x T C (Cn)eyy N V2. Note that ((g,2), (n,2), (¢,9), (1,t)) is an s(A)-cycle, which is
absurd. Theorem 3.2 in [L5] provides f : 2“ — 2“ injective continuous preserving C such that

(f(), £(8)) $ Uz pea Acif a7 B.

Considering (f x f)7'(R) if necessary, we may assume that R., C A(2¢) and Ro1 = A(C).
Theorem 1.2 provides (X, R) € AT such that (X,R) C, (X, R).

So (b) holds in any case. O

Theorem 1.8 is an immediate consequence of the following result.

Theorem 4.7 Let I' be a non self-dual Borel class of rank two, X be an analytic space, and R be an
s-acyclic Borel relation on X. Exactly one of the following holds:

(a) the relation R is a T subset of X 2
(b) there is (X, R) € AT U B such that (X,R) C. (X, R).

Proof. We partially argue as in the proof of Theorem 4.6. For the case (1), recall that we may assume
that X =S, 9 =0 and R;, N N1 = {la | a € C}. Corollary 4.5 provides f : 2* — 2% injective
continuous preserving C such that ( fla), f (5)) ¢ Ry 1 if o S. For the case (2), R is s-acyclic Borel,
and by Corollary 4.5 we may assume that R C A(2*), which means that (2, A(C)) T, (X, R). For

the case (3), by Corollary 4.5 we may assume that {J, ,co Ren ©A(27) and Ro,1 =A(C). O

Theorem 1.6 is an immediate consequence of the following result.

Corollary 4.8 Let X be an analytic space, and R be an s-acyclic Borel relation on X whose sections
are in 28. Exactly one of the following holds:

(a) the relation R is a Eg subset of X2,
(b) there is (X, R) € AZ2 such that (X,R) C, (X, R).

. 0. N .
In particular, A>2 is a 34 element T, and < -antichain basis.

Proof. We apply Theorem 4.7 and use the fact that the elements of BT have a section not in T". O

29



Notation. We set
CH = AT U
0
{(S,R;™>%) | t€4@) A 1(0,0),£(0,1),#(1,0)€2 A (£(0,1)=0V (1,0)=0) A £(1,1)#0}.
Theorem 1.7 is an immediate consequence of the following result.

Corollary 4.9 Let X be an analytic space, and R be an s-acyclic locally countable Borel relation on
X. Exactly one of the following holds:

(a) the relation R is a Hg subset of X2,
(b) there is (X, R) € C™2 such that (X,R) C, (X, R).

Moreover, C™2 is a 52 element <c-antichain (and thus a C. and a <.-antichain basis).

Proof. We apply Theorem 4.7 and use the fact that {a€ 2% | (1a,0%°) € R} =.5; for some j € 2 since
0

R is locally countable. This provides (S, ]Rtn 2% in C™2 below (X, R). O

S Rank one

Notation. Let K:={27% | kcw} U {0}, and C:={27% | kcw}. We first set

So:={(z,y)€K? | z,ycC Az <y},
Sy:={(z,y)eK? | z=yecC},
So:={(z,y)€K? | z,ycCA x>y},
S3:={(z,y)€K* | 2€CAy¢C},
Sy:={(z,y)€K? | ¢ CAyeC},
Ss:={(z,y)€K? | x,y ¢ C}.

Note that (.S;);<¢ is a partition of K2, and the vertical sections of S and the horizontal sections of

So are infinite. We set N:={t€2% | (t¢15At(5)=0)V (t(2)=1At(3)=0) V (t(0)=1At(4)=0) }.
0 0

We first consider the class IT{ and set, for ¢ € 2°, Rﬂlg’}/ =U;<6.4(5)=1 Si- {(K, jo) |teN}isads
element <.-antichain since (2° —1)++24"1 (241 —24-1-2) =45,

We next code relations having just one non-closed vertical section, with just one limit point on
this vertical section, out of the diagonal. We set
Vi={te(25)% | £(0,0) € ({0}°x2) A t(0,1)=(0,0,0,0,1,0) A £(1,0) € ({0}* x2x {0} x2)

At(1,1)¢ N},

and L:=(—C) ® K. We set, forteV,

0
Ry} = U {((&;2),(n,9)) €L | (z,y) €55}
(5777)6227j<67t(5177) (]):1

0
{(L, Rg%) | t €V} is a 152 element < -antichain since 2-1-22- (2% —45) = 152. Similarly, we code

relations having closed vertical sections, and just one non-closed horizontal section, with just one
limit point on this horizontal section, out of the diagonal.
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We set
H:={te (2 | t(0,0)¢ N At(0,1)=(0,0,0,1,0,0) A #(1,0) € ({0}*x22)\{(0,0,0,0,1,0)}
At(1,1)€({0}°x2)},
and M:=K & (—C). We set, for t € H,

Ryl := U {((s,2), (n,9)) €M? | (z,y)€8;}.

(e,m)€22,5<6,t(e,n)(j)=1

{(™, R&i) | t€ H} is a 114 element <_-antichain since (26—45)-1:(22—1)-2=114. We define a set
of codes for relations on K with closed sections as follows:
C:={te2’|t(0)=1=td)=1=>t(5)=1At(2)=1=t(3)=1 = t(5)=1}.
We define a set of codes for the missing relations in our antichain basis. We set
S:={te (26)2% | £(0,0),¢(1,1)¢ N A £(0,1)=(0,1,0,0,0,0) A t(1,0)€C A
¢(1,0)=(0,1,0,0,0,0) = t(0,0) <jex t(1,1)}.

m .
We set, fort €5, Ry :=U., 17)622,j<6 e (G)=1 {((,2),(n,y)) €D? | (x,y) €S;}. Finally,

_{(]K ]R )|t€N}U{(IL ]R )|t€V}U{(M R ) |te H} U {(D, ]R )|t€S}
is the 7360 element <.-antichain basis mentloned in the statement of Theorem 1.5, since
(26 —45) - (26 —45+1)
2

We set, for j € 22, T; := {(272k—7(0) 2=2k—5(1 ) | k€ w} We then define relations on K by

ROH :=To,1) and Rl = T(OJ) UTq,0)- (K, RO ), (K, RI ) are the 2 elements mentioned at the

end of the statement of Theorem 1.5. For the class X, we simply pass to complements.

45+1524-114+ (25 —-45)%-1- (20— 1)+ 12 ="7360.

For graphs, in the case of the class I}, the 5-element <.-antichain basis is described by the
following codes:

- (0,0,0,1,1,0) (acyclic) , (1,0,1,0,0,0),(1,0,1,1,1,0) €N,
- ((O, 0,0,0,0,0),(0,0,0,0,1,0),(0,0,0,1,0,0),(0,0,0,0,0, 0)) €V (acyclic),
- ((0,0,0, 0,0,0),(0,1,0,0,0,0),(0,1,0,0,0,0),(0,0,0,0,0, 0)) € S (acyclic).

In order to get the 6-element C.-antichain basis, we just have to add (K, ]R{[(l)) (which is acyclic).
In the case of the class X9, the 10-element <. and C.-antichain basis is described as follows: take
-for (1,1,1,0,0,1) €N, Uj6.4(j)=0 S5 (Which is acyclic),
- for

t€{((0,0,0,0,0,1),(0,0,0,0,1,0),(0,0,0,1,0,0), (g0, 1,0, €1,1,1)) €V | (0,€1) #(1,0)},
Ulemye22,j<6.t(e:m ()=o 1 ((€:2), (n,y)) €L? | (x,y) €S} (which is acyclic when (g9, 1) = (1, 1)),
- for
te{((e0,1,€0,€1,€1,1),(0,1,0,0,0,0),(0,1,0,0,0,0), (2,1, 22,3,€3,1)) €S |
(e0,€1), (e2,23) #(1,0) A (0,1, €0, 61,61, 1) <iex (€2, 1, €2, €3, €3, 1) }.

Ulemye2z,j<6.i(em()=o 1 ((€:2), (n,y)) €D? | (z,y) €S, }.
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6 Uncountable analytic relations

Notation. We set H:=N; x{0>°}, V := {0®} x Nj, and L := HU V. If A € {H,V,L}, then
AT:=AU{(0°,0°)}. Let 0: 2 — 2% be defined by o(a)(n):=«a(n) exactly when n > 0. Then o is
a homeomorphism and an involution. We set
Ac={(2%,(2¥)%), (S, H), (S, V), (S,L), (S, H*), (S,V*), (S,LF),

(29, %), (2, <iex), (29, =), (2, <iex), (2, Graph(0)), (2, Graph(o|, )) }-
We enumerate A :={&; | ¢ <12} (in the previous order). The relation &;; is closely related to the

relation G;{g 4 on D := 2 x 2“ we met before Theorem 1.10. Indeed, the homeomorphism A : 2% — DD
defined by h(a):= (a(0), ((1), (2), - - +)) is a witness for the fact that (2, £11) =, (D, GiM.

Lemma 6.1 A€ is an antichain.

Proof. Note that if (X, A) C. (Y, B) and B is in some Borel class I, then A is in I" too. The second
coordinate of a member of £y-& (resp., E7-Es, E9-E12) is clopen (resp., open not closed, closed not
open). This proves that no member of £7-£15 is reducible to a member of £y-&, and that the members
of £7-&g are incomparable with the members of £9-£12. Note that the second coordinate of

- & and Ey-&1 is reflexive.

- &1-E3, E7-Eg and £11-E19 is irreflexive.

- &0, &3, &6, E7, Eg and £11 is symmetric.

- £1-E9, E4-E5, Eg-E10 and E19 is antisymmetric.
- &9-Ea, E4-E5, Eg-E1 and &9 is transitive.

Assume that (X, A) C. (Y, B), and that P is one of the following properties of relations: reflex-
ive, irreflexive, symmetric, antisymmetric, transitive. We already noticed that (X, A) has P if (Y, B)
does. Note also that if (X, A) has P, then there is a copy C of X in Y such that (C, B N C?) has
P. This implies that the only cases to consider are the following. In all these cases, we will prove a

result of the form (X, &;) L. (X, &), & L & for short. We argue by contradiction, which gives
i:X; — X}, injective continuous with £; = (i xi) 71 (&).

&1 Ze &0 i(10%°) =4(1°°) =0°°, which contradicts the injectivity of 4. Similarly, £, Z. €1, E4 is
incomparable with Es, &1 ZC Es, &y Zc &y

&1 e &4 1(0°°) =0°°, which implies that (0°°,0°°) € H, which is absurd. Similarly, & Z. &
and 53 Zc 56-

&1 L Es: for example i(10%°) <jex 4(1°°) and (10°°,1°°) € H, which is absurd. Similarly,
& Le Es.

&1 Ze &12: (i(10%),4(0°°)) = (0, 1ar), (i(1%°),4(0°°)) = (08, 18), which implies that a = §3,
contradicting the injectivity of 4. Similarly, &3 Z. £12.

Es L. E7:i(10%°) #£4(1°°), which implies that (10°°, 1°°) € I, which is absurd.
& Ze Enrx (i(0%°),4(1%°)), ((0°),4(10°°)) € Graph(o), which implies that i(1>) = i(10°),

contradicting the injectivity of 7. U
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From now on, Y will be a Hausdorff topological space and B will be an uncountable analytic
relation on Y. Note that B N A(Y') is analytic.

Lemma 6.2 Assume that BNA(Y') is uncountable. Then (2, (2¢)?) C,. (Y, B), (2¥,=) C. (Y, B)
or (20.1’ Slex) L. (K B)

Proof. The perfect set theorem gives j:2“ — B N A(Y") injective continuous. Note that

m :=projg [§(2°]] =proj [j[2“]]

is a copy of 2¢, A(n) C BN x? and (7, B N 7?) C. (Y, B), which implies that we may assume
that Y = 2% and A(2¥) C B € 3{((2¥)?). By 19.7 in [K], there is a copy P of 2 in 2“ such that
<jex NP2 C B or <jex NP?2C—B. Similarly, there is a copy @ of 2 in P such that > NQR?C B or
>lex mQQ - —-B.

Case 1. <jox NQ?>C B and >1x NQ%C B.

Note that Q?=B N Q? and (2“’, (2‘*’)2) C. (Y, B).
Case 2. <jex NQ?C =B and >1ox NQ?>C —B.

Note that A(Q)=B N Q? and (2¥,=) C. (Y, B).
Case 3. <jex NQ?C B and > NQ*C,.—B.

Note that <jx NQ=B N Q? and (2, <iex) Ce (Y, B).
Case 4. <;ox NQ?C—B and >1x NQ?*C B.

Note that > NQ? = BN Q? and (2¥, >1x) Ce (Y, B). But (29, <jex) Ce (2%, >1ex ), With
witness ¢ defined by i(a)(n):=1—a(n). Thus (2¥, <jx) C. (Y, B). O

Lemma 6.3 Assume that there is C CY countable such that BC (CxY) U (Y xC). Then there is
1<i<6 suchthat & C. (Y, B).

Proof. As B is uncountable, there is y € C such that BY or B, is uncountable. As BY and B, are
analytic, there is a copy P of 2¥ in Y, disjoint from C, such that P x{y} C B or {y} x PC B.
Case 1. Px{y}CB.
Case 1.1. ({y} x P) N B is countable.
Note that there is a copy @ of 2* in P such that {y} x Q C—-B.
Case 1.1.1. (y,y) ¢ B.
Note that Q@ x {y} =B N ({y} UQ)? and (S, H) C. (Y, B).
Case 1.1.2. (y,y) € B.
Note that @ x {y} U{(y,y)} =B N ({y} UQ)*and (S,H") C. (Y, B).
Case 1.2. ({y} x P) N B is uncountable.
Note that there is a copy @ of 2* in P such that {y} xQ C B.
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Case 1.2.1. (y,y) ¢ B.
Note that @ x {y} U{y} xQ=Bn ({y} UQ)? and (S,L) C. (Y, B).
Case 1.2.2. (y,y) € B.
Note that @ x {y} U{y} xQ U {(y,y)} =B N ({y} UQ)*and (S,LF) L. (Y, B).
Case 2. {y} xPCB.
Similarly, we show that &2 C. (Y, B), &3 C. (Y, B), & C. (Y, B) or & C.. (Y, B). O

So from now on we will assume that BN A(Y") is countable, and that there is no countable subset
C of Y such that BC (CxY) U (Y xC). In particular, we may assume that B is irreflexive. By
Theorem 1 and Remark 2 in [P], there are ¢ :2“ — Y and h: p[2¥] — Y injective continuous with
Graph(h) C B. As B is irreflexive, we may assume that i has disjoint domain and range. We define
i:2Y =Y by i(0a) := ¢(a) and i(la) := h(p(a)). Note that i is injective continuous. We set
A:= (ixi)~!(B). Note that A is an analytic digraph on 2¥, which contains Graph(oyy, ), and that
(2¢,A) C. (Y, B). So from now on we will assume that Y =2%, B € 3} ((2*)?) is a digraph, and
Graph(o|y,) € B.

Lemma 6.4 Assume that B is meager. Then there is 11 <1 <12 such that & C. (Y, B).

Proof. We first prove the following.

Claim. It is enough to find a Cantor subset P of Ng such that B N (P U o[ P])? C Graph(o).
Indeed, we distinguish two cases.

Case 1. Graph(o,(p]) N B is uncountable.

There is a copy @ of 2% in o[P] with the property that Graph(o|g) € B, which implies that
Graph(ojquojg)) =B N (Q U 0[Q])?. Let ¢ : 2% — @ be a homeomorphism. We define j : 2 — 2%
by the formulas j(0c) := ¢ () and j(1e) := o(¢(c)). Note that j is injective continuous. Also,
Graph(o) =(j x j)~'(B), which implies that (2, Graph(o)) C. (Y, B).

Case 2. Graph(o,p]) N B is countable.

There is a copy @ of 2¢ in o[P] with the property that Graph(o;p) € —B, which implies that
Graph(oje[q]) = B N (Q U 0[Q])?. Let ¢ : 2¥ — 0[Q] be a homeomorphism. We define j : 29 — 2¢
by the formulas j(0c) := ¢(a) and j(1e) := o(t(c)). Note that j is injective continuous. Also,
Graph(oyy,) = (j %)~ (B), which implies that (2, Graph(oy,)) C (Y, B). ©

We now give the end of the proof suggested by the anonymous referee, which simplifies the
original one. Let S : 2 — 2% be the shift map, defined by S(a)(n) := a(n+1). As B is meager,
so is B’ := (8 x 8)[B]. The Mycielski-Kuratowski theorem provides a copy @ of 2¢ in 2 such that
B'NQ?C A(2¥) (see 19.1 in [K1]). We set P.= {0} x @. Note that P is a copy of 2* in Ny and
BN (P U o[P])?CGraph(o) since B is a digraph. O

So we may assume that B is not meager. The Baire property of B and 19.6 in [K] give a product
of Cantor sets contained in B. This means that we may assume that Ny x N1 C B C—-A(2Y).
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Proof of Theorem 1.10. (1) We distinguish several cases.
Case 1. B N (N1 x Np) is not meager.

By 19.6 in [K], B N (N7 x Ny) contains a product of Cantor sets, which implies that we may
assume that (Nox Np) U (N1 x Np) C B.

Case 1.1. There is a Cantor subset of 2* which is B-discrete. Then (S,L) C. (Y, B).

Indeed, assume for example that ) C Nj is a Cantor B-discrete set. Let h : 2¥ — @ be a
homeomorphism. We define i : S — Y by ¢(0°°) := 0°° and i(1c) := h(«). Note that 7 is injective
continuous. Clearly I C (ixi)~!(B), and the converse holds since B is a digraph and @ is B-discrete.
Case 1.2. No Cantor subset of 2 is B-discrete. Then (2¥, #) C. (Y, B) or (2, <jex) C¢ (Y, B).

Indeed, as in the proof of Lemma 6.2 there is a Cantor subset () of 2% with <jex NQ? C B or
<lex NQ? C =B, and >1ex NQ? C B or >1ex NQ? C —B. As B is irreflexive and no Cantor subset of
2% is B-discrete, we cannot have <jox NQ? C —B and > NQ?C —B.

Case 1.2.1. <jox NQ?C B and >1x NQ*C B.

Note that Q?\ A(Q) =B N Q% and (2¥, #) C. (Y, B).
Case 1.2.2. <jox NQ?C B and >1ex NQ?>C —B.

Note that <jex NQ?=B N Q? and (2%, <iex) Ce (Y, B).
Case 1.2.3. <jox NQ%>C—B and >1x NQ C B.

Note that >1ex NQ =B NQ and (2¥, >1x) T (Y, B). But (2¥, <jex) C¢ (2, >1ex ), With witness
i defined by i(«)(n):=1—a(n). Thus (2¥, <jx) C. (Y, B).

Case 2. BN (N1 x Np) is meager.

By 19.6 in [K], (—=B) N (N1 x Np) contains a product of Cantor sets, which implies that we may
assume that Ny x N1 C BC —(Ny x Ny).

Case 2.1. There is a B-discrete Cantor subset of 2“. Then (S, H) C, (Y, B) or (S,V) C. (Y, B).

Indeed, assume for example that () C Ny is a Cantor B-discrete set. Then as in Case 1.1 we see
that (S, H) C. (Y, B). Similarly, if Q@ C V; is a Cantor B-discrete set, then (S,V) C. (Y, B).

Case 2.2. No Cantor subset of 2 is B-discrete. Then (2¥, #) C. (Y, B) or (2, <jex) C.. (Y, B).
Indeed, we argue as in Case 1.2.

(2) The indicated elements are the only graphs in .A°, up to the isomorphism (¢, o) — cav. H
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