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1 Topological groups

In this first chapter we will introduce the basic properties of topological groups which
we will use in the following chapter when we define Lie groups.

1.1 Topological groups

Definition 1.1. A topological group is a group with a topology such that the group
operations, product G x G — G and inverse map G — G

(g,h) — ghand g— g_1
are continuous.

Remark 1.2. Fixing an element h € G we let Ly, : G — G be the composition of maps
G—-GxG—QG,

given by g — (h,g) — hg. Itis clear that Ly, is a homeomorphism with inverse map given
by Lj,-1. Analogously, the map Ry, : G — G defined by h — hg is a homeomorphism.

Example 1.3. Any group may be seen as a topological group by defining the discrete
topology where a basis of open sets is given by ({g}) geG-

Example 1.4. The set of rational numbers with its usual topology, Q, is a totally discon-
nected group. Any neighbourhood of the identity is not connected.

Example 1.5. The additive group R and the multiplicative group R’ are connected
topological groups.

Example 1.6. The groupU(1) ={seC||z| =1} isa compact group.

Example 1.7. A product of a finite number of topological groups is also a topological
group. But also note that the direct product of a countable number of topological groups
is a topological group with the product topology. In particular U1)N is a compact
topological group by Tichonoff theorem.

1.2 General properties

Proposition 1.8. A topological group is Hausdorffif and only if the set {e} (wheree € G is
the identity element) is a closed set.



Proof. Recall that a topological space is Hausdorff if and only if the diagonal in X x X
is a closed set. By the definition of topological group, the map ¢ : G x G — G given by
(x,y) — xy~! is continuous and the diagonal of G x G is precisely ¢! (e).

O

Proposition 1.9. Ifa subgroup H c G in a topological group is open then it is also closed.

Proof. Observe that the complement G\ H is open. Indeed, for any g € G\ H, the set
LgH < G\ His open. O

Proposition 1.10. Let Gy < G be the connected component of the identity in a topological
group G. Then Gy is a normal subgroup of G.

Proof. Itis a subgroup because if g € Gy then L,-1Gy is a connected subset containing
e. Therefore Lg-1Go < Go. Also for any g € G, gGog~! contains e and is connected.
Therefore gGog ™! = Gy and we conclude that Gy is a normal subgroup. O

Proposition 1.11. Let V < G be a neighborhood of the identity of a topological group G
whose connected component containing the identity is Gy. Then

00
Vn ) Go.

n=1

Proof. Here V" stands for all products g;---g, with g; € V for 1 <i < n. Note that
| V"isan open set becauseif g = g1---gn € V" then gV € V"*! is a neighborhood
of g. Consider instead the symmetric neighborhood W = Vn V™!, Clearly, o Whis
an open subgroup of G which, by proposition[1.8} is closed. Therefore it is a union of

connected components. We have US>, W" < U5, V" and therefore Go < US>, V" .
O

Remark 1.12. Ifthe neighborhood V is connected then clearly Gy =5, V". But there
exists topological groups which are not locally connected.

1.3 Example: The p-adic integers Z,

There is an important abelian topological group which is homeomorphic to a Cantor
set. Let p be a prime and consider the infinite direct product with the product topology,

oo .
[1z/p'z,
i=1



which is a totally disconnected Hausdorff compact abelian group. The group of p-adic
integers Z, is a subgroup of this group given by sequences (x, x2,--) such that

7 (Xi41) = Xi,
where 7;: Z/ p'*1Z — Z/ p'Z is the canonical projection with kernel p’Z/p'*'Z.

This is an example of a Hausdorff, compact and totally disconnected group (a
profinite group).

1.4 Example: Bounded operators on a Banach space

Let X be a Banach space and the set of bounded linear operators:

B(X) :{AEX—>X| ||A|| = sup ”A(X)“

<oo}.
xz0 X

The set B(X) itself is a Banach space. We consider now the set of invertible operators
GL(X)={A€ B(X) | Ahas abounded inverse }.

Theorem 1.13. The set of invertible operators GL(X) (with group operation the composi-
tion of operators) is an open subset of B(X) which is a topological group.

The proof is based on the following proposition.

Proposition 1.14. Let X be a Banach space and A : X — X be a linear operator with
[|All < 1. Then Id — A is invertible and

o0
(Id-A~71'=) A"
n=0

—1 1
Moreover ||(Id — A)H | < 17

Proof. The series Y5 ; A" converges normally because [|A"|| < || A||". This implies that

N
lim (Id-A)| Y A"|= lim (Id - AN*") =TId.
N—oo0 n=0 N—oco

Back to the proof of the theorem:



Proof. We first verify that GL(X) < B(X) is an open subset. Let A € GL(X) and consider
the operators B such that || A— B|| < €. Then

IIId - A™'B||=||A" (A= B)II < ||A7'||I|A- Bl| < el|A7"|l.

By the proposition A1 B is invertible with bounded inverse if | |]| A™}|| < 1 and therefore
B is invertible if it is contained in a small neighbourhood of A.

It remains to show that the map A — A~! is continuous. We will use the estimate
given in the proposition. First write

1B~ =AY =1IB"HA-B) A Y| < 1IB (A= B)IIIIA7H].

We want to estimate this difference in terms of ||(A— B)|| and || A||. It remains to estimate
[|B~Y|| in terms of ||(A — B)|| and || A||. Observe that B = A(Id — A"} (A - B)). Therefore if
I|JA"Y(A-B)|| < 1, by the previous proposition,

1 1

Id— A (A-B) < < :
Iit A=B) N = T S T A A= Bl

This gives an estimate || B~ A7l O

"<
T IATIIA-B

1.5 The definition of a Lie group

Definition 1.15. A Lie group is a topological group which is a smooth manifold and such
that the group operations, product G x G — G and inverse map G — G

(g,h)—ghand g— g_1
are smooth.
In our definition, a manifold is always second countable and Hausdorff.
Example 1.16. 1. The additive group R" is a Lie group.

Remark 1.17. We will deal, in almost all sections of these notes, with Lie groups which
are submanifolds of Gl,,(R). They are called linear Linear groups. We will not assume any
knowledge of the general theory of differential manifolds for the main results.

Proposition 1.18. The group of invertible matrices of rank n, Gl,,(R), is a Lie group.



Proof. We consider the group Gl,(R) as a subset of the space of n x n matrices M, (R
which is homeomorphic to R" . In fact,

G,R) ={AeM,(R| detA#0}

which is an open subset because the determinant map det: M, (R — R is continuous (it
is moreover smooth). The product of matrices and the inverse of a matrix are given by
smooth maps on the coefficients of the matrices and therefore Gl (R) is a Lie group.

O

1.6 Examples

We will give several examples and concentrate on the fact that they are topological
groups. We only discuss the smooth structure of SL(n,R) for the moment.

1.6.1 U(n,R)

We define
U(n,R)={geGl,(R) | detg=1}.

This is a closed subgroup of Gl (R) as the determinant is a continuous map. Moreover it
is smooth and one can prove that U(n,R) is a submanifold of Gl,(R) by showing that it
is of rank one. We compute the differential of the determinant map:

D(det)g(H) = det(g) tr(g " H).
Indeed, since g is invertible, we write
det(g + tH) = det(g) det(I + tg~ ' H).

Using the expansion
det(/+tX) =1+ ttr(X) + o(1),

the formula follows from
det(g + tH) = det(g)(1 + ttr(g " H) + o(1)).

From this formula it is clear that det is a map of constant rank one.



1.6.2 O(p,q)

Define the symmetric matrix

(I, ©
qu_(o _Iq)

where I, and I, are the identity matrix of dimension p and q respectively. Define

O(p,q,R) = {g€Gl,® | gTBpyg =Byy }.

1.6.3 Sp(n,R)
Define the skew-symmetric matrix
(0 I
=[5 %)
where I}, is the identity matrix of dimension n. The symplectic group is defined as

Sp(n,R)={geGL2n,R) | g Jg=7}.

Remark 1.19. We may define more generally the group associated to a bilinear form.
Consider a non-degenerate bilinear b : R" x R" — R". One defines

O(bh,R)={geGl,(R) | b(gu,gv)=b(u,v) forallu,v e R"}.

1.6.4 The upper triangular matrices 7' (n,R)

The upper triangular matrices in Gl, (R) form a solvable group.

1.6.5 Gl,(C),U(p,q)

One could repeat the definitions above using complex matrices and obtain the subgroup
Gl,,(C) € GL(2n,R). Also, one defines

U(p,q) =1g€Gl(©) | §"Bygg=Bpg }-

1.7 Hilbert 5th problem

The problem, in modern language, is to characterize topological groups which are Lie
groups. A characterization of locally compact topological groups which are Lie groups
is obtained by imposing that they have a neigborhood of the identity with no subgroups
different than {e}. (work by Gleason, Montgomery and Zippin). Note that, for the p-adic
numbers, any open subset containing e contains the subgroup pVZ p for sufficiently
large N.



1.8 Group actions and homogeneous spaces

Aleft (right) continuous group action G x M — M (M x G — M) of a topological group
on a Hausdorff topological space is a continuous map satisfying, for all g,h € G and
meM,

e em=m(me=m)
* (ghym=g(hm) (m(gh) = (mg)h)

Consider a left action G x M — M. The isotropy at a point m € M is the closed
(because M is Hausdorff) subgroup

Gn=1geGlgm=m}.

The action is said to be transitive if given two points m; and my, there exists an element
g € G such that m, = gm,;. We say, in this case, that M is a homogeneous space. Note
that this implies that the isotropy of the two points are conjugated. Indeed

Gm, = gszg_l-

Homogeneous spaces are identified to quotients of Hausdorff topological groups by
closed subgroups. First, define the quotient in general:

Definition 1.20. Given a subgroup H in a topological group G, define G/ H as the quotient
space where g, ~ g» ifand only if g1 = goh wherehe H. The map n : G — G/ H is called
the quotient map and we define A < G/ H to be an open set ifand only ifn ' (A) c G is
open.

We sometimes write 7(g) = [g].
Lemma 1.21. The quotient map n : G — G/ H is an open map.

Proof. Let U c G be open. Then 7 (U) is open if and only if 77! (7 (1)) is open. But
7~ (m(U)) = Upey Uh which is an open set.
0

The Hausdorff condition on G and the closed condition on H guarantee that the
quotient is Hausdorff:

Proposition 1.22. Let G be a Hausdorff topological group.

1. Let H < G be a closed subgroup. Then G/ H is a Hausdorff topological space which
is a homogeneous space for the action G x G/ H— G/ H given by (g,[h]) — [gh].

10



2. IfGx M — M is a transitive action then for any m € M, the map G/ I,,, — M defined
by [g] — gm is a continuous bijection.

Proof. First we show that G/H is a Hausdorff topological space. Consider the contin-
uous map ¢ : G x G — G given by (g,h) — gh™!. We have that ¢! (H) is closed. Let
x1 = [g1] and x, = [g»2] be two distinct elements in G/ H, thatis g; Hn go H = @. This im-
plies that (g7, g2) is in the complement of ¢p~ (H). Therefore, there exits open subsets U;
and U, containing respectively g; and g, with U; x U, in that complement. Clearly 7 (U;)
and 7 (U-) are open sets containing respectively [g;] and [g»] with empty intersection.

The map G x G/ H — G/ H is an action and it is continuous: From the commutative
diagram

GxG— G

! Lo

GxG/H — G/H

we conclude that if A< G/H is an open subset its inverse image in G x G/ H is an open
subset.

In order to prove the second assertion, observe that G — M defined by g — gmisa
continuous map which factors through the quotient G/ I,,. The continuity of G/I,;, = M
follows therefore from the continuity of G — M. Note that the map G/I,;, — M might
not be open and therefore it might not be a homeomorphism.

O

Remark 1.23. If G and M are locally compact and second countable topological spaces
then one may conclude that for a transitive action G x M — M that G/ I,;, is homeomor-
phic to M. This is the case for Lie groups acting on manifolds. We will use this result in
the sequel of these notes.

Lemma 1.24. Let G be a topological group and H G be a closed subgroup. Then, if H
and G/ H are connected then G is connected.

Proof. By contradiction, suppose G = U; U U, with U; and U, disjoint open subsets.
Then 7 (U;) and 7 (U>) are open sets. As G/ H is connected, there is a point [g] € 7 (U;) N
n(U>). But gH < G is a connected subset in G and therefore, either gH < U; or else
gH c U, and we conclude that 7(Uy) N (Uz) = @. O

1.8.1 Examples

1. The right or left action of a Hausdorff topological group on itself by the product
(g, h) — ghis a transitive action with trivial isotropy.

11



2. One can identify Gl,(R) with the set of basis 28 in R". Indeed the set of column
vectors of an element g € Gl (R) define the bijection between Gl,(R) and 2. It is
convenient to define a right action 4 x Gl,(R) — Gl (R). A basis b= (vy,::- vy) is
written as a columns in a matrix and the action is then a multiplication of matrices

(b, g) — (v1,---vn)g.
This action is transitive with trivial isotropy.

3. Analogously we identify O(n,R) with the set of orthonormal basis 9°. To each
element g € O(n) we consider the basis formed by the column vectors. Clearly this
is a bijection and one may define a right action as before #° x Gl,,(R) — Gl, (R).
It is transitive with trivial isotropy. One can define positive basis as those basis
corresponding to matrices in SO(n,R).

4. The action of SO(n) on S":

Define the unit sphere in R” (n = 2) as the set of vectors of norm one:

§S"={xeR"||x|=1}

The action SO(n) x S — S" is defined as

(8,x) — gx.

It is clearly a continuous action. It is a transitive action because SO(n) acts transi-
tively on positive basis and therefore, in particular, on vectors of norm one (one
can complete it to a positive orthonormal basis).

The isotropy at the point x = (1,0,--- ,0)T is the subgroup SO(n —1) (for n = 2).
Observe that, by induction, starting with the known result that SO(2) is connected
and that S” is connected for n > 1 one obtains from the last lemma that SO(n) is
connected.

2 The general linear group Gl,,(R)
In this section we prove two decompositions theorems, the polar decomposition and

the Gram decomposition which have a generalization to Lie groups as the Cartan and
KAN decomposition respectively.

12



2.0.1 The polar decomposition

Definition 2.1. We define P,, to be the set of positive definite symmetric matrices of
dimension n.

Recall that a matrix A is said to be positive definite if u” Au > 0 for all u € R”. It is
easy to verify that P, is a convex cone in the vector space defined by the symmetric
matrices. One can prove that it is also an open subset in the set of symmetric matrices.

Theorem 2.2. For every g € Gl,(R) there exists a unique decomposition g = kp where
k € O(n) and p € P,,. Moreover, the map Gl,(R) — O(n) x P, is a homeomorphism.

Proof. We first prove existence. The idea is to work with g7 g which is symmetric and
therefore diagonalizable. If the decomposition exists then g” g = p” kT kp = p?. From
the fact that g7 g is positive definite we may write g’ g = hDh™!, where h € O(n) and D
is diagonal with all entries strictly positive. We define then

p=hVvDh™,

where /D is the diagonal matrix with entries the square roots of the entries of D. Clearly
p € P,,. We verify that gp~! € O(n) by the computation

kkT — (gp—l)Tgp—l — p—1p2p—l — In

In order to prove unicity, suppose g = k; p1. But p;? = p? = gT'g, which implies
that p; and p commute with g’ g and therefore have the same eigenspaces. On each
eigenspace p; and p have the same eignevalue by definition (namely, the square root of
the eigenvalue of g’ g). This proves that p; = p and therefore k; = k.

We now prove that the decomposition defines a homeomorphism. Clearly, the map
Gl (R) — O(n) x Py, is continuous. To prove that Gl (R) — O(n) x P, is continuous we
consider a convergent sequence g, = k,pn, §» — g- We have to prove that conver-
gence k, — k and p, — p holds satisfying moreover g = kp. But O(n) is compact and
therefore there exists a convergence subsequence k; — k. This implies that p; = k; ' g;
converges. Therefore k;p; — g and we conclude that kp = g. All subsequences of k;,
have a subsequence converging to the same matrix k. This implies that k,, converges to
k and the result follows. O

Corollary 2.3. For every g € Gl,(R) there exists a unique decomposition g = k; Dk, where
ky, ko € O(n) and D is a positive definite diagonal matrix.

Proof. By the previous theorem g = kp where k € O(n) and p positive symmetric. We
may then write p = k' Dk, where D is positive and diagonal and k', k, € O(n). O

13



2.0.2 The Gram decomposition

The Gram decomposition is related to the Gram-Schmidt orthonormalization process
and will be generalized to general Lie groups as the KAN decomposition.

Theorem 2.4. For every g € Gl,(R) there exists a unique decomposition g = kt where
ke O(n) andt € T" (n,R) (that is, triangular matrices with positive diagonal coefficients).
Moreover, the map Gl,(R) — O(n) x T*(n,R) is a homeomorphism.

Proof. The existence is precisely the Gram-Schmidt orthonormalization process. Recall
that one may identify an element g € Gl,,(R) to a basis b € 2 of R". The basis b is formed
by the column vectors of g. The product gh is a change of basis where the columns are
the new basis vectors.

The Gram-Schmidt orthonormalization process starts with a basis and transforms
it into an orthonormal basis through a product by a triangular matrix. Indeed, if b =
(v1,-+-,vy) then the new basis is constructed by first defining v} = % and then, by
recurrence, having defined v}, we define v} | to be

i
Vie1 — 3 (Vir1, Vi)V
k=1

divided by its norm. That gives gt~ ! = k for a certain upper triangular matrix ¢ with
positive coefficients in the diagonal and k an orthogonal matrix.

Unicity follows from the fact that if g = kt = k’t' we obtain K"k = f/t~!. But
SO(n)NT*(n,R) = {Id}.

A proof that the map Gl,(R) — O(n) x T*(n,R) is a homeomorphism may be given
in a similar way to the proof that the polar decomposition defines a homeomorphism.
One can also observe that the Gram-Schmidt procedure gives an explicit continuous
map from Gl,(R) to T*(n,R).

O
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3 The exponential map

3.1 Exponential of a matrix

Let M,,(K) be space of n x n matrices with coefficients in the field K (K =R or C). We
consider it as a normed vector space with norm, for X € M,,(K), defined by

| X ()]
[|X]| =sup
uzo Ul

where |u] is the usual norm in R” or the hermitian norm in C”. In the following we will
consider mainly K =R.

Definition 3.1. For X € M,,(K) we define

00 k

exp(X) = —_—
i=o K!

From Cauchy-Schwartz inequality and the property || XY|| < || X]||||Y || we obtain that
Il Z — || = Z = Z
k! k=0

We conclude that the series is normally convergent on compact sets.

Theorem 3.2. Let X € M, (R) be a fixed matrix. Then the map exp : R — M, (R) defined by

||X’€|| ||X||k

r—exptX
is analytic and is the unique solution to the differential equation

ﬂ—XY
dr

with initial condition Y (0) =

Proof. This is a classic theorem in the theory of linear differential equations. Here we

just verify that the exponential satisfies the equation. Write exp rX = }.%7 | k, £ and

observe that the series
[’} tk 1xk o] Z'ka

k! k:O
is also normally convergent. We obtaln then

dexptX

=XexptX.
dt P

15



Proposition 3.3. The exponential map satisfies the following properties

1. Forany g € Gl,(R) and X € M, (R)
g(epr)g_1 =exp (ng_l).

2. If X, Y e M,,(R) are two commuting matrices then

exp(X+Y)=expXexpY.
3. Forany X e M, (R)
exp (—X) = (epr)_l.

Proof. The first property follows from the fact that (gXg™!)" = gX" g ! and the defini-
tion of the exponential.

The second property may be proven using the unicity in theorem 3.2|describing the
exponential via a differential equation. Indeed,

d
T, exprXexptY = XexptXexptY +(exptX)Yexpty =(X+Y)exptXexptY.

Therefore exp t X exp tY satisfies the same equation as exp (X + Y) with same initial
condition.
The third property is a consequence of 2. and the formula exp(X — X) = Id.

3.2 Computations

1. If X is diagonalizable then one writes

A0 0
X=g|o0 0 [g!
0 0 Ay,

and use the first property of the proposition above to get

e 0 0
expX=g| 0 0 g_l.

0 0 eln

16



2. If X=AId+ N is a Jordan block, with

we obtain
exptX =exp(t(Ald+ N)) =exp(tAld)exptN,

where, because the matrix N satisfies N" = 0, we may compute using a finite sum

exptN = Z 7
k=0
and
e 0 0
exp(tAld)=] 0 0
0 0 e

Proposition 3.4 (Jacobi’s formula). For any X € M, (K) we have
det (exp X) = "),

Proof. Any matrix in M, (C) may be transformed into an upper triangular matrix by
conjugation. We write
X = ng_1

where Y is upper triangular. Then
det (exp X) = det (exp ¥) = &™) = oTX)
O

This shows that the the image of the exponential map acting on M, (R) is contained
in GL* (n,R), the invertible matrices with positive determinant.

Example 3.5. The map exp : M(R) — GL; (R) is neither surjective nor injective.
Compute first

oe_iloe’“_1o+09+1—92 0V, 1(0 —6%
“Ploo o/ &Kkl-0 o) Tlo 1J7{-6 o/T2( 0 -62)T3(6® o0
_(cos@ sinH)

—sinf cos6
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1. The exponential map is not injective because
oo O 2T _(L O
Plozz o) {0 1)

2. Itis not surjective: One can always trigonalize a complex matrix A over C. That is,
write, for A1, A, € C and g € GL,(C),

We have then
e

*1 -1
expA=g 0 |8

In particular, if a matrix B has oposite signs real eigenvalues it is not in the image
of the exponential map.

3.3 exp:Sym,— P,

Theorem 3.6. The exponential map restricted to the real symmetric matrices exp :
Sym,, — P,, is homeomorphism onto the cone of positive definite symmetric matrices.

Proof. Surjectivity: Let p € P,. One can diagonalize the matrix by conjugating by an
orthogonal element:
Ay 0 0
p=k| - - - k!
0 0 A,

with positive diagonal coefficients. Therefore

lnAl 0 0
p=exp| k| - . e
0 0 InA,

Injectivity: Observe first that the eigenspaces of a symmetric matrix are the same as
those of its exponential. Moreover, the eigenvalues of the exponential matrix are the
exponentials of the eigenvalues of the matrix. Suppose now that exp(X) and exp(Y)
have the same eigenspaces and eigenvalues. By the observation, this implies X = Y.

The map is a homeomorphism: clearly Sym, — P, is a continuous map. It remains
to show that the inverse map is continuous. Suppose p, € P, is a sequence converging
to p. One needs to show that the sequence s, (defined by exp(s,) = p,) converges to s

18



with exp s,, = p. For that sake, write p,, = k,d, k,‘l1 where d,, is diagonal and therefore
sp = knIn(d,)k;, ! where In(d,,) is the diagonal matrix with coefficients equal to the
logarithm of the diagonal coefficients of d,. As O(n) is compact there exists a convergent
subsequence of k. For any such convergent subsequence we obtain that d,, converges
and k,d,k,' — p. we conclude that s, converges and by injectivity therefore s,, — s.
O

Remark 3.7. From theorem|2.2 and the previous theorem we conclude that the map
O(n) x Sym,, — Gl,(R)

is a homeomorphism.

3.4 The exponential is a local diffeomorphism at the origin

The image of the null matrix by the exponential map is the identity matrix. There is
a diffeomorphism if one restricts to a sufficiently small open set containing the null
matrix to an open subset containing the identity.

Theorem 3.8. The exponential map exp : M, (R) — Gl,(R) is a diffeomorphism on a
neighborhood of the null matrix onto its image.

Proof. We need to show that the differential is an isomorphism and apply the local
inversion theorem. We compute the differential of exp at the origin:

exp(0+ tH) —exp(0)
t

DexpO(H):ltiné =limt—O0HexptH = H.

Therefore D exp, = Id which is an isomorphism.

Remark 3.9. The exponential is not a global diffeomorphism as example[3.5 shows.

Remark 3.10 (The logarithm). The fact that the exponential is a local homeomorphism
at the origin allows us to define its inverse function which we also call the logarithm,
log, defined on a neighborhood of the identity of Gl,,(R) with values in M, (R) such that
expolog = Id. But note thatlog is not defined for all element in Gl (R). An explicit series
which compute the logarithm of U € Gl,(R) with ||U - Id|| <1 is

o (_1 k
logU=) =D
k=1

U-1d)7 "
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In order to compute the differential of the exponential at a matrix A we introduce
the adjoint map:

Definition 3.11. Let A€ M;,(R) be a matrix. The adjoint map
ad4 : My (R) — M, (R)
is defined by ad 4 (X) = AX — XA.
We may now describe the differential of the exponential map at A:

Theorem 3.12. Let Ae M,,(R). Then

00 (_Dk f
D X) = A da)" X.
exp 4(X) = exp( )I;) IS (ad )
Remark 3.13. Remembering the formula} 57 ((k_ ﬂ;c, zk = %, one may write formally
Dexp 5 (X) = exp(A) (1E4) (X).

The behaviour of products of exponentials near the origin is given in the following:

Proposition 3.14. Let X,Y € M, (R). Then
1. exp(tX)exp(tY) = exp (t(X+ Y)+L0X, Y]+ O(t3)),

2. exp(rX)exp(rY)exp(—tX) exp(—rY) = exp (£*[X, Y]+ O(23)).

Proof. 1. We compute

2 2
exp(tX)exp(tY) = (1+ tX + EXZ + O(t3)) (I+ tY + EYZ +0(%)

t2
=I+t(X+Y)+ E(XZ +2XY + Y3 + 0.

On the other hand

t° 3 J t° 2 3
exp t(X+Y)+3[X,Y]+O(t ))ZId+t((X+Y)+§[X,Y])+E(X+Y) + O(t°)

t2
=T+t(X+ Y)+E(XY—YX+X2+XY+ YX+Y)+01

which gives the same expression as above and therefore proves the first assertion.
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2. Use the first result to obtain
exp(tX)exp(tY)exp(—tX)exp(—tY) =

2 2
exp | t(X + Y)+%[X, Y]+O(t3))exp(—t(X+ Y)+%[X, Y1+0(3)|.

Use it again so that
=exp (£°[X, Y]+ O(£%).

O
Example 3.15. The Heisenberg group Heis® is a nilpotent subgroup of GL3(R) given by

matrices of the form
1 x z
(0 1 y) ,
0 0 1

where x, y, z € R. Consider the following matrices in M(3,R):

010 0 0O 0 01
X={0 0 0|, Y=10 0 1| and Z=1X,Y]=|(0 0 0O].
00O 000 0 00O

0 1 00 1 0 ¢
0|, exp(tY)= |0 1 ¢| and exp(tZ)=|0 1 0].
1 0 01 0 0 1

atin this case the first formula in the previous proposition is exact:

We compute

1
exp(tX) = (0
0

S = o~

S

A computation shows

1 t?
exp(tX)exp(tY)=|0
0

O = o~

tz
t|= exp(t(X+ Y)+ E[X’ Y]) .
1
Observe that the exponential map is a diffeomorphism between upper triangular matrices
with null diagonal with the Heisenberg group.

Corollary 3.16. Let X,Y € M, (R). Then

1 1_\k
kh_rg) (exp(%X) exp(% Y)) =exp(X+Y),
and

, 1 1 1 1 \F
kh_rgo(exp(EX)exp(%Y)exp(—EX)exp(—EY)) =exp([X,Y]).
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Proof. From the previous proposition we have

k

(lX) (lY))k—( (l(X+Y)+O(L))) = k(l(X+Y)+O(i))
exp v exp r = |exp k 2 = exp i 2|

which implies the first formula.
The second formula follows from

1 1 1 1 1 1
exp(EX) exp(% Y) exp(—EX) exp(—%Y) = exp (E[X’ Y]+ O(ﬁ)) .

3.5 Exponential of linear transformations

The exponential of a linear transformation A: V — V of a finite dimensional vector
space is defined as for the exponential of a matrix through an infinite series using the
operator norm for a fixed norm |- | in V' (that s, || Al| = sup %).

Definition 3.17. Let V be a finite dimensional normed vector space. Denote by End(V)
the vector space of its linear operators and G1(V) the group of its isomorphisms. Define

Exp:End(V) — GI(V)
by, for A€ End(V),

> 1
Exp(A) = ). EA’C.
k=0 ™*

The convergence of the series follows because for any linear maps A and B, || AoB|| <
[|All||B]| as for the series defining the exponential of matrices. Note, moreover, that the
convergence is independent on the norm on V because all norms on a finite dimensional
space are equivalent. Choosing a basis of the vector space, one can associate a matrix
My to the linear map A and one obtains

[o.0]

1

Mixpa) = exp(Ma) = Y. ﬁMA’“.
k=0

Remark 3.18. We may define the exponential map on bounded operators on Banach
spaces using the same series as above.
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4 Linear Lie groups and their Lie algebra

4.1 Linear Lie groups
Definition 4.1. A linear Lie group is a closed subgroup of Gl (R).
Remark 4.2. In particular, a discrete subgroup of Gl,,(R) is a Lie group.

Example 4.3. The topological group GL(n,C) may be embedded as a closed subgroup of
GL(2n,R): Let1: M, (C) — M2, (R) be defined by

. A -B
A+1B—>(B A)'

v .
One can check that a vector ( 1) € R?" satisfies

U2
A —-B)(v; —0
B All\v]
ifand only if (A+ iB) (v, + iv2) = 0. Therefore, restricting the domain of 1, we obtain the

injective homomorphism with closed image (check it!) 1 : GL,(C) — GLy,(R).

4.2 One parameter subgroups

Definition 4.4. A one parameter subgroup of a topological subgroup G is a continuous
homomorphism
Y:R—G.

Example 4.5. Let X € M,(R) be a matrix. The mapy :R — Gl,(R) defined by
t —exp(tX)
is a one parameter subgroup.

The next theorem shows that all one parameter subgroups arise as the above exam-
ple.

Theorem 4.6. Lety :R — G be a one parameter subgroup. Theny is analytic and
y(#) = exp(£X),

where X =vy'(0).
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Proof. First suppose that y: R — Gl,(R) is of class C 1 Then

Y,(t) = llmw = hmw — hmw

s—0 S s—0 S s—0

y(t) =y (0)y (D).

By the existence and unicity theorem[3.2]we obtain that y(#) = exp(¢X), where X = y'(0).
It remains to show that v is of class C!. For that sake we show that its convolution
with a convenient smooth function is equal to y multiplied by an invertible matrix. As
the convolution is smooth, vy itself will be smooth.
Let a be a real smooth function of compact support and define the convolution
(which is a smooth function with values in M;,(R))

f(t):fRa(t—s))/(s)ds.
We have
f(t):fRa(s)y(t—s)ds:fRa(s)y(—s)dsy(t).

Therefore f(f) = By(t) where B is a fixed matrix. One can choose « so that B be an
invertible matrix. Indeed, choose a = 0 with compact support sufficiently close to the
origin such that [, a(s)ds = 1. Then [ a(s)y(—s)ds is close to the identity and therefore
invertible. Indeed,

IIfRa(s)y(—s)ds—lllSfRa(s)lly(—S)—Ill

and choosing the support of @ conveniently we obtain that [, a(s)y(—s)ds is invertible.
O

4.3 The Lie algebra of a linear Lie group

Definition 4.7. A Lie algebra over a field K is a vector space g over K equipped with a
bilinear map (called Lie bracket)

[]:gxg—g,
such that
1. [X,Y]=-[X,Y] (skewsymmetry),
2. [ X,IY, Z11+Z,[X, Y]]+ 1Y, [Z, X]] =0 (Jacobi identity).

A Lie sub-algebra of g is a vector subspace f such that, forall X,Y € b, [X, Y] €b.
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Example 4.8. The vector space M, (K) is a Lie algebra with the Lie bracket defined for all
X, YeM,(K)by[X,Y]=XY-YX.

To any Lie group one can associate a Lie algebra. It is the tangent space at the
identity element of the group. We will first give the definition in the case of linear Lie
groups which does not involve the knowledge of the tangent space to a manifold.

Definition 4.9. Let G c Gl,(R) be a linear group. Define
Lie(G) ={ X eM,([R) | exp(tX) e G forall t e R}.

Proposition 4.10. Let G < Gl,(R) be a linear group. Then Lie(G) c M, (R) is a Lie subal-
gebra.

Proof. 1. Lie(G) is a vector space: It is clear that X € Lie(G) implies that X € Lie(G)
for all £ € R. Suppose now that X, Y € Lie(G). Then, for all 7 € R,

k
t t
kll_r};o (exp(EX) exp(E Y)) =expt(X+Y).
As the group G is closed, this implies that X + Y € Lie(G).

2. Suppose again that X, Y € Lie(G). Then [X, Y] € Lie(G). Indeed, for all e R,

, t t t t \K
klggo (exp(%X) exp(%Y)eXp(—EX) exp(—EY)) =exp (f[X,Y]) €G.

Remark 4.11. One can verify that the following diagram commutes.

M, (C) ——— My, (R)

J/exp J/exp

GL,(C) ———— GLy,(R)

This allows considering Lie(G) of a linear Lie group defined as a subgroup in GL,(C) in
M, (C).

Proposition 4.12. Here are some examples of Lie algebras of linear Lie groups

1. IfT cGL,(R) is a discrete subgroup, then Lie(T') = {0}.

25



2. Lie(SL(n,R)) = { X e M,,(R) | tr X =0},
3. Lie(SO(n,R) = { X e M,®) | X" =-X },

4. Lie(Sp(n,R)) = { (é —iT) eEMy,(R) | AeM,(R), B,Ce Symy, },

5. Lie(U(n)) = { XeM,©) X =-X }
Proof. We prove the first two assertions and leave to the reader the other two.

1. From Jacobi identity det(exp(X)) = e'™X  Therefore, trX = 0 if and only if
det(exp(zX)) =1forall ¢.

2. From the formula (exp tX)” = exp(tX) we obtain that X € Lie(SO(n,R)) if and
onlyif exp(tXT) = exp(~tX) for all £ € R. As the exponential is a diffeomorphism
at the origin we obtain that this is equivalent to X = — X7,

O
Example 4.13 (SL(2,R) in more detail). A standard basis of Lie(SL(2,R)) is the following:

01 00 1 0
£=lo o #=[i o) #=[o 2
Note that [E, F) = H, [H,E] = 2E and [H,F] = —2F.

Example 4.14 (Affine transformations of R"). Consider the group Aff(n) defined as a
closed subgroup of GL(n+1,R):

Aff(n):{ (‘3 Y)eGL(nH,R) | A€ Gl,(R), veR" }

The affine group is a semi-direct product R" x Gl (R), meaning that there exits an exact
sequence
{0} — R" — Aff(n) — Gl,(R) — {e}

which splits (there exists a homomorphism h : Gl,,(R) — Aff(n) which, composed with the
last surjection is the identity).
The action Aff(n) x R — R" is given by

AV x| = A DX Ax+v
o 1)7) (o 1){1) ’
The computation of the Lie algebra gives

Lie(Aff(n)) = { (M n

0 0) EMp+1(R) | M e My (R), neR” }
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4.4 The adjoint maps

Definition 4.15. 1. A morphism A:g— b between Lie algebras is a linear map such
that, forall X,Y € g,
[AX,AY]IJ =[X,Ylg,

where[-,"]g and [-, -]b are the Lie brackets of g and by respectively. We define Aut(g) c
GL(g) o be the group of automorphisms (bijective morphisms) of g.

2. AderivationD : g — g of a Lie algebra g is a linear map satisfying
D(X,Y]) = [D(X), Y]+ [X,D(Y)].
We define Der(g) < End(g) to be the derivations of g.

Example 4.16. Let G be a linear Lie group, g its Lie algebra and g € G a fixed element.
The map
Adg:g—g,

defined by Adg(X) = g ' Xg is an automorphism of g. One easily verifies that for any
h,he Gand X € g,
Adgp X =AdgoAdy(X).

The map ady : g — g defined by adx (Y) = [X, Y] is a derivation. Observe that for all
X,Y,Zeg
adx,y)(Z) = [adx,ady](2).

This example justifies the following:
Definition 4.17. Let G be a linear Lie group and g be its Lie algebra.

1. The adjoint representation of the group is the homomorphism
Ad: G — Aut(g),
given by Ad(g) = Adg.
2. The adjoint representation of the Lie algebra is the homomorphism
ad:g— End(g),

given by ad(X) = ady.
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We refer sometimes to Adg as the adjoint map defined by g and sometimes to Ad
as the adjoint map. We also say that the derivation ady is the adjoint map (yet another
adjoint!) defined by X.

A first relation between those maps is given by the following:

Proposition 4.18. Let G be a linear Lie group, g be its Lie algebra and X € g. Then

d
%Adexp(tX) =0 = adx .

Remark 4.19. Here, Adexp(rx) € GL(g) for all t € R. The derivative at t = 0 is, therefore, an
element in End(g).

Proof. We write, for Y € g,

d d
——Adexp0;,_, (V) = ——exp(tX)Y exp(~1X), = XY - Y X.
O

Recall from that we define Exp : End(g) — GL(g) by a power series, as exp :
M, (R) — Gl,(R), applied to linear maps instead of matrices.

Proposition 4.20. Forall X € g,
Exp(ady) = Adexp X-

Remark 4.21. That is better seen with the commuting diagram
g —d End(g)

\l/exp J/Exp

G —2 5 GL(g)

Proof. Both sides of the equality are one parameter groups with values in GL(g). It
suffices to compute the derivatives at the origin and show they are equal:

d
—Exp(tadX)|t:0 = adXOEXp(tadX)lz:O =ady

dt
and, on the other hand, from the previous proposition,
d
—Ad =ady.
dt exp tX X
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4.4.1 The differential of the exponential map
We may now prove theorem That is, the formula

) o (—k k., 1—Exp(-ada)
Depr(H)—exp(A)kZ:O(k_i_l)!(adA) H= o H

Proof. We need to compute for H = X'(0) where X (¢) is a path in M, (R) such that
A= X(0),

d
exp(—A)E exp(X (1) ¢=0

Introduce the function in two variables I'(s, t) = exp(—sX(t)) % exp(sX (7). We have

ds.

d 1 3T (s,0)
eXp(—A)%eXp(X(t))z:o=F(1,0) :j; S

Now we compute

or'(s, 1) d d
35 = exp(—sX(t))(—X(t))a exp(sX (1) + exp(—sX(t))E(X(t) exp(sX (1))

= exp(—sX () X' (1) exp(sX(£)) = Adexp(-sx (X (1) = Exp (—adsxn (X' (1))

We conclude with the following:

L3I (s,0 L L sk
f (s )dszf Exp(—adsa(H)ds= | Y —(-ady¥Hds
o Os 0 0 k=0 k!
x 1 1-Exp(—ady)
=Y — (—adpfH="—"T—""2pq
& T ad,

4.5 Alinear Lie group is a submanifold of Gl,(R)
We first give the following definition of a submanifold of dimension m in R":

Definition 4.22. We say a subset G < RN is an embedded submanifold of dimension m if
forevery x € G there exists an open subset O c RN containing the origin, a diffeomorphism
®:0— W where W c RN such that ®(0) = x and a vector subspace V < RN of dimension
m such that

PO0ONV)=GnW.

The tangent space at x € G is
T:G=D(®D)o(V).
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Example 4.23. SO(2) x SO(2) can be seen as a closed topological subgroup of SO(4,R) c
GL(4,R). Writing SO(2) as the complex numbers of absolute value one we may describe
one parameter subgroupsy ,p:R— SO(2) x SO(2) given by

t - (eiat elbt)
where a,b e R. If % ¢ Q theny,p(R) is not an embedded submanifold.

The following theorem is the main step to prove that a linear Lie group is an embed-
ded submanifold. For a convenient map @, It says that the condition of definition
is satisfied for x = Id.

Theorem 4.24. Let G c Gl,(R) be a linear Lie subgroup and g = Lie(G) be its Lie algebra.
Choose h ¢ M, (R) such that M,(R) = g&b. Then, there exists a neighborhood O of
the origin in M, (R) such that the restriction of the map ® : g h — Gl,(R) given by
X+Y —exp(X)exp(Y) is a diffeomorphism onto its image and satisfies

POng)=GnNnd(0).

Proof. In order to prove that the map @ is a local diffeomorphism we compute its
differential:
DOy X+Y)=X+Y.

That is, D®g) = Id which is an isomorphism and, therefore, there exists a neighborhood
of 0, O c g& b, such that @, is a diffeomorphism onto its image.

We want next to prove that ®(Ong) = GN®(0). We need two lemmas in order to
finish the proof:

Lemma4.25. Let G be a linear Lie group and consider a sequence g € G converging to the

identity. Let X € M, (R) converging to 0 such that g = exp(Xy) . Then the accumulation

points of the sequence % are in Lie(G).

Proof. Note that X — 0. Suppose

Xk
2k yeM,(R).
| Xkl

We have to show that exp(tY) € G for all £ € R. Observe that

o) =l ~ [l o

| Xkl

x)
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where [s] is the integer part of s € R. For a fixed ¢ we have that, as X3 — 0,

lim e (( d t ])X ) Id
Xpl|l———-| = =1d.
koo P\ Xl LIl 1)K

The second factor is a power of an element of G for all k. Therefore it converges, because
G is closed, to an element in G. We conclude that exp(tY) € G. O

Lemma 4.26. Leth be a subspace of M, (R) such that M,,(R) = g & h. Then there exist a
neighborhood V of the origin in Yy such thatexp(V)n G = {Id}.

Proof. Suppose, by contradiction, that there exists X € h such that X; — 0 and exp(Xj) =
gk € G. By the previous lemma, any convergent subsequence % — Y converges to an
element in g (there is always a convergent subsequence by compactness of the set of
vectors of norm one). Therefore Y € gn h = {0}. A contradiction because || Y|| = 1.

O

Now we return to the proof of the theorem: It remains to prove that ®(Ong) =
GN®(0). Clearly ®(Ong) c GN®(O). In order to prove the other inclusion, suppose,
by contradiction, that there exists g € GN®(0) such that g =exp(X)exp(Y) and Y # 0.
Then exp(-X)g = exp(Y), a contradiction with the previous lemma choosing O of the
form

{X+Yegeh|XeU, YeV}

O

Corollary 4.27. A linear Lie group is an embedded submanifold of Gl,,(R). Its Lie algebra
is identified to the tangent space at the identity.

Proof. We use the neighborhood O constructed in the previous theorem: there exists a
neighborhood 0 € O € M,(R) and a diffeomorphism ® : O — W satisfying

d(0ng) =PO)NG.

Given g € G, we compose @ with the translation Lg to obtain a diffeomorphism Lgo ®:
O — Lg(W). Then
Lgo®(ONg)=Lgo®@(O)NG.

The tangent space to G at an element Id € G is given by

Do (®)(g) =1d(g) =g.
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4.6 homomorphisms of Lie groups and homomorphisms of Lie alge-
bras

In this section we make explicit the relation between homomorphisms of a Lie algebra
of alinear group and homomorphisms of the Lie group. But note that a homomorphism
between Lie groups is not necessarily continuous (you may try to find one from R to R).
For the next proposition we will impose that the homomorphism is smooth in order to
relate it to a morphism between their Lie algebras.

First we clarify the notion of smoothness. Let G < Gl (R) be a linear Lie subgroup
and g = Lie(G) be its Lie algebra. We proved in theoremthat there exists a neigh-
bourhood O of the origin in g such that the restriction of the exponential map to its Lie
algebra expg:g—Gisa local homeomorphism. We use this local homeomorphism to
define smoothness of a homomorphism ¢: G — H:

Definition 4.28. Let ¢ : G — H be a homomorphism between linear Lie groups. We say it
is a smooth homomorphism if for each g € G there exits a neighbourhood of the origin
U c g such that the map

expa1 oLpgn-1o¢poLgoexpyg:U—b
is smooth.

Remark 4.29. At the identity (g = e), the map is eXpB1 opoexpy:U — b. The differential
D¢ is, by definition, the differential of that map atO.

Proposition 4.30. Let ¢ : G — H be a homomorphism (which we suppose smooth)
between linear Lie groups. We define the homomorphism D¢, : g — b as the differential
of the map at the identity. Then

1. ker D¢, = Lie(ker¢),
2. D¢, is injective if and only ifker ¢ is discrete,

3. If D¢, is surjective then ¢(G) contains the connected component of the identity in
H,

4. If G and H are connected then D¢, is an isomorphism if and only if ¢ is a covering
map.

Proof. We verify that exp (D¢ (X)) and ¢(exp tX) are two one parameter groups with
the same derivative at ¢ = 0. Indeed,

d B d
E exp (tD(pe(X))|t=0 - D(pe(X) - Egb(exp tX)|t=()'
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From theorem[4.6/'we have, for all X € gand 7 € R,
exp (D¢ (X)) = Pplexp X).

Therefore X € ker D¢, if and only if exp £ X € ker¢ for all 7 if and only if X € Lie(ker ¢).
This proves the first assertion and the second follows immediately from the formula
and the fact that the Lie algebra of a Lie group is {0} if and only if the group is discrete.

If D¢, is surjective then the image of ¢ contains the image, by the exponential
map, of a neighbourhood of the origin in . This implies that ¢ is surjective onto a
neighbourhood of the identity in H. We conclude that ¢(G) contains the connected
component of the identity in H by the proposition .

For the last assertion: recall that a map ¢ : G — H is a covering map if it is a local
homeomorphism and for any h € H there exists an open neighbourhood & € U such
that ¢! (U) is a disjoint union of neighbourhoods which are homeomorphic to U via
the map ¢.

If ¢ is a covering map between Lie groups then, in particular, the Lie algebras are of
the same dimension and dim(ker ¢») = 0 which implies that D¢, is an isomorphism. On
the other hand, suppose D¢, is an isomorphism. We first verify the covering condition
at the identity: we may choose an open neighbourhood e € V of the identity such that
V nker¢ = {e}. Let U be a neighborhood of the identity in G such that ¢(V) = U. We
may choose V to be symmetric (satisfying V! = V). Now we claim that

o= U nv
neker ¢

is a disjoint union of neighbourhoods homeomorphic to U via ¢. Indeed, if nv = n'v’
with v,v’ € V then vv'~! = n’n! € ker¢. Thatis vv/~! = e which implies n = n'. In
general, if h € H, choose h' € c/)_l (h), then the neighbourhood hU satisfies

¢ thn= |J Wnv
neker ¢

which is a disjoint union of open sets homeomorphic to AU via ¢ and the proof is
complete.
O

Example 4.31. Consider SU(2) c GL,(C) the special unitary group. Its Lie algebra is
su@ ={ XeMy(©) | X+X =0}.
A general element in su(2) is of the form

iu v+iw
-v+iw —iu
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Observe that the det X = u? + v? + w? is the standard euclidean quadratic form on R3,
Define the adjoint map Ad : SU(2) — Aut(su(2)). and observe that det(Ad(g) X) = det(X).
This implies that, identifying su(2) toR> with the euclidean metric as above, Ad(g) < O(3).
In fact the image is in SO(3) because SU(2) is connected.

Exercise: show that the map Ad : SU(2) — SO(3) is a covering map withkerAd = {+1d}.
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5 Lie algebras

In this chapter we study the basic results on Lie algebras, including the theorems of Lie
and Engels.

5.1 Derivations and automorphisms

The set of linear transformations defined on a vector spaces V is denoted End(V) and
it is equipped with a Lie algebra structure. Indeed, for 7,S € End(V), define [T, S] =
ToS—SoT.
Recall from definition that a derivation D : g — g of a Lie algebra g is a linear map
satisfying
D([X,Y]) =[D(X), Y] +[X,D(Y)].

Proposition 5.1. Let g be a Lie algebra.
1. The set of derivations Der(g) c End(g) is a Lie sub-algebra of End(g).
2. The map ad: g — End(g) is a morphism of Lie algebras.
3. ad(g) < Der(g).
Proof. 1. If A and B are two derivations, then for X,Y € g,
[A,BI([X,Y])=(AB-BA)[X,Y]=A(BX,Y]+[X,BY]) - B([AX, Y] + [X, AY])
=[ABX,Y]+[BX,AY]+[AX,BY]|+[X,ABY]-([BAX,Y]+[AX,BY] + [BX, AY] + [X, BAY])
=[(AB-BA)X,Y]+[X,(AB—-BA)Y].

2. Indeed,
adixy)(2) =[X,Y],Z]1=[1X,Y], Z]

and, on the other hand
ladx,ady|(Z) =adxocady(Z) —adycadx(Z) = [X,[Y, Z]] + [V, [X, Z]].
The equality of both sides follows then from Jacobi identity.

3. we leave to the reader the last inclusion.
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Proposition 5.2. Let g be a finite dimensional Lie algebra. Then
Der(g) = Lie (Aut(g)) .

Proof. If D € Lie (Aut(g)) then Exp(zD) € Aut(g) for all # € R. Thatis, Exp(tD)([X,Y]) =
[Exp(tD)X,Exp(¢D)Y]) for all X, Y € g. Differentiating at ¢ = 0, we obtain

D(X,Y)=[DX,Y]+[X,DY].
On the other direction, if D is a derivation, define two functions F; :R— g, 1 <i <2, by
F (1) =Exp(tD)[X, Y], Fi(t)=[Exp(tD)X,Exp(tD)Y].

We show that they satisfy the same first differential equation with initial condition
F1(0)=F(0) =[X,Y]:

Fj()=DI[X,Y]=[DX,Y]+[X,DY] = E(¢).

We conclude Fj (t) = F»(t) for all ¢ and therefore Exp(zD) € Aut(g).

O
Remark 5.3. In view of the proposition, we may write the diagram (compare with remark
g a4d> Der(g)
G —24— Aut(g)
5.2 Ideals

Definition 5.4. Let g be a Lie algebra. A subalgebraly c g is said to be an ideal if, for any
XegandY eh, [X,Y]eh.

Example 5.5. Let g be a Lie algebra. Then its center
Z(g={Xeg|[X,Y]=0, forallY e g}

and its derived algebra
2(9) = 9,9l

are ideals.
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Ideals are an infinitesimal version of normal subgroups as the following proposition
shows.

Proposition 5.6. Let G be a linear Lie group and Let H c G be a normal closed subgroup.
Thent = Lie(H) is an ideal of g = Lie(G).

Proof. Let Y ehand X € g. Then, for all ¢,se R, exp(tX) exp(sY)exp(—tX) € H. There-
fore, for allt € R,

%I exp(tX)exp(sY)exp(—tX) =exp(tX)Y exp(—tX) €b.
0

Differentiating again, we obtain that

d
2r, SPUX)Y exp(—1X) = adx (V) =[X, Y] €h.
0

O

Definition 5.7. A Lie algebra is simple if it is not abelian and the only ideals are {0} and
itself.

Example 5.8. The Lie algebras((2,R) is simple. Indeed, suppose t) c sl(2,R) is an ideal.
We recall the basis E, F, H of the Lie algebra satisfying [E, F1 = H, [H, E] = 2E and [H, F] =
—2F. Writing a nonzero element of )y as X = aE + bF + cH we obtain

adgoadg(X) =adg(bH —2cE) = -2bE, adroadp(X) =adr(—aH +2cF) = —-2aF.

Therefore, if a or b are nonzero we immediately obtain that by = s[(2,R). On the other
hand, if a= b =0 then c # 0 and this implies again thatt = s(2,R).

5.3 Representations: first definitions

Definition 5.9. Let G be a topological group and V a finite dimensional vector space. A
representation of G on 'V is a continuous homomorphism

m:G— GL(V).
We say that a subspace W c V is an invariant subspace if n(g)W c W forall g € G.

Definition 5.10. Let g be a Lie algebra and V a finite dimensional vector space. A
representation of g on 'V is a morphism of Lie algebras

p:g— End(V).

We say that a subspace W c V is an invariant subspace if p(X)W c W forall X € g.
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Example 5.11. The maps Ad : G — Aut(g) and ad : g — End(g) are representations of the
Lie group G and its Lie algebra g.

Proposition 5.12. Letn: G — GL(V) be a representation of a linear Lie group. Then the
map
p:g— End(V)

defined by

(X)—i 7 (exp(£X))
p ~drt=0 P

is a representation of the Lie algebra g.

Proof. Observe that 7 (exp(#X)) is a one parameter group and therefore smooth. The
map p is then well defined and we have exp(fp(X)) = n(exp(tX)). We will suppose, in
order to simplify the proof, that r is differentiable. In this case p = dn, the differential
of . It is then clear that it is a linear map.

It remains to prove that it is a morphism of Lie algebras. Recall that exp(tAdg Y) =
gexp(tY)g‘l. Therefore (exp(tAdg Y)) = n(g)ﬂ(exp(tY))ﬂ(g_l). Differentiating at
t =0 we obtain

p(Adg Y) =m(g)p(YV)m(g™)
Writing now g = exp(sX) and differentiating the linear map p, we obtain on the left side

d d
%P(Adexp(sX) Y)ls=0 = p(%AdeXp(sX) Yls=0) == P(adX Y)= p([X, Y.
On the right side, on the other hand,
p(X)p(Y)—p(Y)p(X).

O

Remark 5.13. If we don’t suppose smoothness of m we may still prove linearity of p
considering

k
m(exp(t(X+Y))=n (klim (exp(%X) exp(%Y)) )

k k
r r r t
= klim (n (exp(%X)) i1 (exp(% Y))) = klim (exp(Ep(X)) exp(%p(Y))) =exp (1(p(X) + p(Y))).
Although there exists Lie groups which are not linear Lie groups, Lie algebras always
admit injective representations:

Theorem 5.14 (Ado’s theorem). Every finite dimensional Lie algebra admits an injective
representation on a finite dimensional vector space.
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5.4 Nilpotent and solvable Lie algebras

Let g be a (finite dimensional) Lie algebra over R or C. Define, for any subsets A, B € g,
[A,B] g,

to be the vector subspace generated by the Lie brackets of A and B.

Definition 5.15. Let g be a Lie algebra over C or R.

e The derived series is defined by recurrence by 2'(g) = 2(g) (the derived algebra)
and then, forn=1,
2" @ =2(2"©).

e central series is defined by recurrence by €' (g) = [g, gl and then, forn =1,

€" g =[€"(9) 9]

Remark 5.16. 1. An alternative notation is g = 2"(g) and g" = €"(g).
2. Each2"(g) and each €"(g) is an ideal.
3. forn=1,2"(g) c€"(g).

4. The series are decreasing (€"+'(g) c €"(g), 2" (g) € 2" (g)) and therefore they
are constant after a certain rank.

Definition 5.17. Let g be a Lie algebra over C or R.
 The Lie algebra is said to be solvable if there exists n such that 2" (g) = {0}.
 The Lie algebra is said to be nilpotent if there exists n such that €¢" (g) = {0}.
Remark 5.18. Note that if g is nilpotent then it is also solvable.

Example 5.19. The set ty(n) of strictly upper triangular matrices of size n is a nilpotent
Lie algebra. On the other hand, the set of upper triangular matrices t(n) is a solvable Lie
algebra.

Proposition 5.20. Leth c g be an ideal of the Lie algebra g.
1. Ifb and g/ are solvable then g is solvable.

2. Ifh, andb, are two solvable ideals of g then by, + b, is a solvable ideal.
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Proof. 1. There exists n such that ©"(g/h) = {0}. That is, means that D" (g) c . As
there exists m such that ©"(h) = {0}, we obtain that

D" (g) c D™ (h) = {0}.

2. We apply the first result to the quotient (h; + b,)/h, which is solvable by the
isomorphism

(51 +52) /by = b, /by Ny,

The proposition allows us to define the maximal solvable ideal:

Definition 5.21. Let g be a Lie algebra. Definerad(g) to be the maximal solvable ideal of
g.

Recall that a nilpotent matrix N € M, (R) (or a nilpotent transformation 7: V — V
defined on a vector space) satisfies N =0 (or T" =0) foraneN.

Lemma 5.22. Ifan element X € End(V) is nilpotent then ad x € End (End(V)) is nilpotent.
Proof. If X is nilpotent then X N =0 fora NeN. We compute, for all A€ End(V),

LERIF A,

n
(adx)"(A) = (Lx—Rx)"(A) =) (Z
k

where Ly A= XA and RxA = AX. Therefore, as X~ = 0 we obtain that each monomial
isnullif, forall0<i<mn,i=Norn-k= N, thatis, n = N + k. We conclude that (adx)"
forn=2N-1.

L]

5.4.1 Nilpotent algebras: Engel’s theorem

A Lie algebra g is nilpotent if there exists N such that forany Y e gand X;,---, Xy € g
we have
adXIO---oadXN Y=0.

In particular, for all X € g, (ady)" = 0. Engel’s theorem is the converse statement:

Theorem 5.23. Letg be a Lie algebra such that, for all X € g, (adx) is nilpotent, that is,
for any X € g there exists N such (adx)"N = 0. Then g is nilpotent.

The proof is based on the following theorem:
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Theorem 5.24. Let p : g — End(V) be a representation such that each element in p(g) is
nilpotent. Then there exists v € V \ {0} such that p(X)v =0 forall X € g.

Proof. Itis sufficient to prove the theorem for an injective representation. We suppose
then that g < End(V) and p = Id. The proof is an induction on the dimension of g.
If dim(g) = 0 the result is obvious. If dim(g) = 1 then g = (X) and, as X is nilpotent,
consider the minimum N such that X" = 0. Then there exists w € V \ {0} such that
v=XN"1w # 0 and it follows that Xv = 0.

Suppose the proposition true for dim(g) = n — 1. Consider a maximal subalgebra
h C g. We claim it is an ideal of dimension n — 1. Indeed, define the representation
h — End(g/h) by X — (Y +h — [X, Y] +h). Bylemmal5.22|the representation is nilpotent
and therefore by the induction hypothesis, there exist Yy € g/ \ {0} such that, for all
X € h, we have [X, Yp] =0in g/h. Let Xj € g be a lift to g of ¥y. Then [X, Xy] € h and
therefore b + (Xj) is a subalgebra. As ) was maximal, g = h + (Xy). We conclude that
dim(h) = n—1 and that § is an ideal.

We apply the induction hypotheses to h: Let Vj be the set of all vectors v € V such
that p(h)v = 0 (V is non-empty because of the induction hypothesis). V; is stable
by Xp: if v € Vj then, for all X € h, XXov = XoXv + [X, Xplv = 0. We apply now the
induction hypothesis to (Xp) and obtain that there exists v € V; such that Xov =0 and
this concludes the proof. O

We may now give the proof of Engel’s theorem:

Proof. We are supposing that g is such that ad x < End(g) is nilpotent for all X € g. From
theorem applied to the representation ad : g — End(g), there exists a nonzero
element X € g such that adg(X) = 0. That is, the center Z(g) of g is non-trivial. We prove
the theorem by induction on the dimension of g. Indeed, the theorem is clear if the
dimension of g is null. Assume the theorem true for the Lie algebra g/ Z(g). From the
nilpotency of Z(g) and g/ Z(g) we conclude that g is nilpotent (if there exists n such that
2" (gl Z(g)) = {0}, that is 2" (g) < Z(g) then 2" (g) = {0}).

O

The following corollary makes it explicit the fact that a nilpotent algebra has a
representation on the space of strictly upper triangular matrices.

Corollary 5.25. Let p : g — End(V) be a representation such that each element in p(g) is
nilpotent. Then there exists a basis of V such that the matrix of p(X) is upper triangular
with vanishing diagonal coefficients for all X € g.
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Proof. Let v; € V be the an element given by the previous theorem such that p(X)(v;) =
0 for all X € g. Let V; be the vector space generated by v; and consider now the repre-
sentation induced by p on V/V}. It is also nilpotent and therefore one can find a vector
v2 € V such that p(X) v, € V; for all X. By induction we construct a basis (v;) such that
the matrix of p with respect to it is upper triangular with zero diagonal coefficients.

O

5.4.2 Solvable algebras: Lie’s theorem

We will prove that solvable algebras always admit a representation with values in upper
triangular matrices. This is the analogue of the corollary following Engel’s theorem in
the case of nilpotent algebras. But one should be careful because the theorem is not
valid in general for Lie algebras defined over R.

Theorem 5.26 (Lie’s theorem). Let g be a solvable Lie algebra over C. Let p : g — End(V)
be a representation on a finite dimensional complex vector space. Then there exists
v e V\{0} and a function A : g — C such that p(X)v = A(X)v forall X € g.

Proof. By induction on the dimension of g. The zero dimensional case is obvious.
Suppose now that the result is true for dimensions less than or equal to n—1. Let g be a
solvable Lie algebra with dim(g) = n. We divide the proof in several steps:

1. Find an ideal of codimension one f) c g. Consider any codimension one subspace
containing [g,g] C g (itis a proper inclusion because the algebra is solvable). § is
clearly an ideal because [, g] < [g, g].

2. Apply the induction hypothesis to h: there exists wp € V and A : h — C such that
p(Y)wy=A(Y)wp forall Y €b.

3. Let Xp € g\ b. Define the sequence wy, ---, w; where w;,+; = p(X)w; and k is the
largest index so that (wy,---, wy) is a linearly independent family. The subspaces
Wi = (wy,---, w;) clearly satisfy, for0<i < k-1,

P(XO) Vvl < V‘/i+lr
moreover, p(Xy) Wi € Wg.

4. We show now that p(Y)(X) = A(Y)X forall X € Wi and Y €.
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* Prove first that p(Y)w; = A(Y)w; mod W;_; for j < kandall Y € h. The
case j = 0 is obvious defining W_; = {0}. Compute, for Y € b, using the
induction hypothesis,

pYwjs1=pY)pXo)wj=pXo)p(Y)w;+p(Y, Xo)w;

=pX)A(Y)w; + A(lY, XoDw; mod (Wj-1) =A(Y)wjy1 mod (W))

e If Z=1Y,Xo] for Y € hh then 1(Z) = 0. Indeed, compute (from the previous
item)
tr(p(2)w,) = (k+ DA(Z),

and observe that the trace of any commutator is null.

* We finish the proof that p(Y)w; = A(Y)w;j for all j and Y € b by induction.
By definition, p(Y)wy = A(Y)wy for all Y € . Suppose the formula correct
for j. We compute

PV w1 = p(YV)p(Xo)wj = p(Xo)p(Y)w; + p(Y, X)) w;
= (XA wj +0 = A(Y) w;41.

5. We choose finally an eigenvector v with eigenvalue p for p(Xjp) in Wy and define
the extension of the map A: h — C to g by A(Xp) = .

O

Analogously to the case of nilpotent algebras, there exists a representation of a
solvable algebra in the space of upper triangular matrices. We leave the proof to the
reader.

Corollary 5.27. Let g be a solvable Lie algebra over C. Let p : g — End(V) be a represen-
tation on a finite dimensional complex vector space. Then there exists a basis of V such
that the matrix of p(X) is upper triangular for all X € g.

5.5 Semi-simple Lie algebras and the Killing form

Recall that a Lie algebra is simple if it is not abelian and it admits no non-trivial ideal.

Remark 5.28. The Lie algebra g is simple if and only if the representation ad : g — End(g)
is irreducible.

Definition 5.29. A Lie algebra g is semi-simple if its only abelian ideal is {0}.

43



Remark 5.30. Ifg is semi-simple then its center is trivial. Equivalently, ker(ad) = {0}.

Example 5.31. A direct sum of simple algebras is a semi-simple algebra and we prove
later that any semi-simple algebra is of this form.

We state a theorem which decomposes a Lie algebra into a solvable ideal and a
subalgebra which is semisimple:

Theorem 5.32 (Levi-Malcev). Any Lie algebra g has a decomposition as a direct sum of
vector spaces
g=s+rad(g),

wheres is a semi-simple algebra.

We now define a bilinear form which has an important role in characterizing semi-
simplicity and also solvability.

Definition 5.33. Let g be a Lie algebra and p : g — End(V) be a representation (V is finite
dimensional). The Killing form of the representation is the bilinear form

1. Bo(X,Y) = tr(p(X)p(Y)),

2. Inthe case p = ad we write simply B(X,Y) orBg(X,Y) = tr(ad(X) ad(Y)) and say
that the form is the Killing form of the Lie algebra.

Clearly, the Killing form of a representation is symmetric.

Lemma 5.34. Forany X € g the linear map adx € End(g) is skew-symmetric with respect
to By. That is,
Bp(adx Y, Z) + B,(Y,adx Z) =0

forallY,Z e g.
Proof. We compute
By(adx Y, Z) = tr(p([X, Y1), p(2)) = tr([p(X), p(V)]p(2)) = tr ((p(X)p(Y) — p(Y) p(X)) p(2))

= tr(p(X)p(Y)p(2) - p(V)p(X)p(2) = tr (p(V)p(Z2)p(X) - p(Y)p(X)p(2))
=tr(p(Y) (p(2)p(X) - p(X)p(2))) =tr(p(Y) (p(2)p(X) — p(X)p(Z))) = —B,(Y,adx Z).
0
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Example 5.35. Letg=M,(R). Then
B(X,Y)=2ntr(XY) - 2tr(X) tr(Y).

We verify the equality on the basis of g given by the elementary matrices E; j whose only
non-zero coefficient is 1 at the (i, j) entry.

B(Eierkl) = tl'(adEij adEkl) = Z(adEij adEkl EI'S)EI‘S>»
TS

where (:,-) is defined so that (E;j, Ex;) = 6;j6 ;. We obtain
adg,; adg,, Ers = [Eij, [Ex1, Ersll = [Eij, 61y Eks — 6 sk Er ]

=070 jxEis—0siExj) —65k(0jrEii — 01 Erj).

Now,
(adg;; adgy, Ers, Ers) =017 (0jk0ir —05i0kr0sj) =05k (0jr0irb1s—081i0rs)

and then

;<adgij adg,, Ers, Ers) =218 j61; — 266 1.
On the other hand we have the easy computation

2ntr(E;jEx) — 2 tr(E; ) tr(Egy) = 2168 161 — 28 ;6 k1,

which shows that the two sides are equal.

The Killing form of an ideal of a Lie algebra is the restriction of the Killing form of
the Lie algebra:

Proposition 5.36. Leth c g be an ideal. Then
By =Blp.
wher Bb is the Killing form of b and B Ih is the Killing form of g restricted to}).

Proof. We consider a basis of h and complete it to a basis of g. In that basis, for all X € b,
the matrix of ady : g — g is of the form

l[adx] = (AX *)

0 0)
Note that the matrix of adx : h — b is simply Ax. Therefore, for all X,Y € b,
B(X,Y) =tr([adx][ady]) = Bh (X, Y).

Example 5.37. sl(n,R) c gl(n,R) is an ideal. Therefore for X,Y € sl(n,R),
Bsinmr) (X, Y) =2ntr(XY).
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5.6 Cartan’s criteria

5.6.1 Linear algebra recollection: The Jordan-Chevalley theorem

Here we assume that V is a vector space over C.

Definition 5.38. A linear map T : V — V is semi-simple if it is diagonalizable.
We will assume the following theorem of linear algebra:

Theorem 5.39 (Jordan-Chevalley decomposition). Let T : V — V be a linear map. Then
there exists a unique decomposition

T=Ts+T,

where T is semi-simple and T,, is nilpotent with [T, T,,] = 0. Moreover, Ts and T, are
polynomials in T (with no constant term) and therefore commute also with T.

The decomposition of ad 7 is inherited from the decomposition of T

Proposition 5.40. If T = T+ T}, is the Jordan-Chevalley decomposition of a linear map
T:V —V then
adr = ade + adTn

is the Jordan-Chevalley decomposition of ad .

Proof. The proof that adr, is nilpotent was already given in lemma In the next
lemma we prove that adr, is semi-simple. It remains to show that [adr,,adr,] = 0. This
follows from the fact that ad is a morphism of Lie algebras.

(|

Lemma 5.41. Ifalinear map T : V — V is semi-simple then the linear map
adr:End(V) — End(V)
is semi-simple.

Proof. Write the matrix of T in a basis where it is a diagonal matrix D with coefficients
Ai, 1 =i < n. In the same basis a basis of End(V) is given by E;; where the coefficient at
(i, j) is 1 and 0 elsewhere. Compute

n n
[D,E;j] = DE;j—E;jD=)_ Ax(ExkEij—EijExk) = Y Ai(6kiExj—0 jkEik) = Ai—A;)Ejj.
k:l k:1

This shows that the vectors E;; are eigenvectors of adp. O
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5.6.2 Cartan’s criterium for a solvable Lie algebra
We state in this section the following Cartan’s criterium:

Theorem 5.42. A Lie algebra g is solvable if and only if Bg(X,Y) = 0 forall X € g and
Y elg,gl.

Proof. We suppose that g is a solvable Lie algebra defined over C and use Lie’s theorem
so that ady is a triangular matrix for all X € g. Then ad|x, x,) is strictly triangular for
all X3, X5 € g and so is adx ad|x, x,). This shows that Bg(X,Y) =0 for all X € g and
Y € [g,gl.

Suppose now Bg(X,Y) =0forall X € gand Y € [g, gl. We claim that [g, g] is nilpotent
which clearly implies that g is solvable. It suffices, by Engel’s theorem, to show that each
element in [g, g] is nilpotent.

The proof is by contradiction: suppose ady is not nilpotent and write the Jordan-
Chevalley decomposition ady = S+ N where S is semi-simple and N nilpotent with
NS=SN. Let uj, 1 <i < nbe the eigenvalues and v; be the corresponding eigenvectors
of ady. Define the conjugate S with eigenvalues ji; so that tr (SS) = Y |u; |2 > 0. Note that
NS = SN which implies (SN)™ = §™ N and therefore SN is nilpotent. We obtain that

tr(Sady) = tr (S(S+ N)) =trSS > 0.
On the other hand, writing Y = [X;, X»] (or a sum of commutators) we obtain
tr(Sady) = tr(Sad|x, x,)) = tr(Sladx,, adx,]) = tr ([S, adx, ] adx,) = tr ((adg(adx,)) adx,).

Note that, by proposition[5.40} ad is semisimple and ads = g(ad,q,) for a polynomial g
(with g(0) = 0). There exists also a polynomial r (with r(0) = 0) such that ads = r(adagq, ).
Indeed ads is diagonal with eigenvalues y; — ;. It suffices to find a polynomial p such
that p(u; — ;) = fi; — it and p(0) = 0 and then make r = pog.
We have to compute then tr ((r (adaq, ) (adx,)) adx,) where r is a polyomial with r(0) =
0. In particular
tr((adaq, (adx,))adx,)

= tr((ady adx, —ady, ady) ady,)

=tr ((ad[y,Xl]) adxz)
which is null by hypothesis. Analogously,

tr((adZy (adx,))ady,) = tr((adady adag, (adx,)) adx,) = tr ((adaq, (ady,x,))) adx,)
= tr((ady,iv,x, ) adx,) =0
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and, also for each monomial,
tr((ad;‘dy (adx,))adx,) == tr((ady,(v,..x,1..)) adx,) = 0.

The contradiction with tr(Sady) > 0 implies that S = 0 and therefore any Y € [g,g] is
nilpotent and we conclude that g is solvable.
]

Remark 5.43. In particular, if the Killing form is null, the Lie algebra is solvable.

5.6.3 Cartan’s criterium for a semi-simple Lie algebra

We give a characterization of semi-simple Lie algebras using the Killing form. Its proof
is based on the Cartan’s criterium for a solvable algebra.

Proposition 5.44. Let g be a Lie algebra over C or R. The following assertions are equiva-
lent.

1. g is semi-simple.
2. rad(g) = {0}.
3. The Killing form is non-degenerate.

Proof. 1. We prove 1. implies 2. by contraction: Suppose rad(g) # {0}. As it is
solvable, there exists a minimal n such that ©"(rad(g)) = {0}. But this implies that
D" 1(rad(g)) # {0} is an abelian ideal. A contradiction with the hypothesis that g
is semi-simple.

2. Assume the Killing form is degenerate. We will prove that rad(g) # {0} establishing
then that 2. implies 3. : Let

I=g-={Xeg|BX,Y)=0forall Yeg}.

We show that [ is an ideal. Indeed, fora X € I and Y,Z € g B([X,Y],Z2) =
B(X,[Y,Z)) = 0. The fact that it is abelian follows from Cartan’s criterium be-
cause forall X € I, B(X, X) =0 and lemma/5.36]

3. We prove that 3. implies 1. again by contradiction: Suppose I is an abelian ideal.
ThenforaXelandallY,Zeg

adyocady(Z2) =[X,[Y,Z]] €.

Therefore (adx cady)?(Z) = 0 for all Z, which implies that adx cady is nilpotent.
We conclude that tr(ady cady) = 0 and B is degenerate.
O
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A final proposition gives the structure of a semi-simple Lie algebra.
Proposition 5.45. A semi-simple Lie algebra g is a direct sum of simple algebras.
Proof. Let I c g be an ideal. Consider the set

I'={Xeg|BX,Y)=0forallYeI}.

One shows easily that I is an ideal and g = I ® I is a direct sum of algebras. The
proposition is proved by repeating this decomposition until we find simple ideals
0
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6 Examples

In this chapter we list low dimensional Lie algebras and Lie groups and state the classifi-
cation of semi-simple complex Lie algebras.

6.1 Low dimensional Lie algebras

In general, once a Lie algebra is fixed, there exists a unique simply connected Lie group
with that Lie algebra up to isomorphisms. But this simply connected Lie group is not
necessarily linear.

Clearly, there is only one Lie algebra of dimension one over R or C. There exists
two non-isomorphic Lie groups corresponding to the one dimensional Lie algebra over
R. Indeed, the abelian Lie group R is the simply connected one but there exists also a
compact quotient, the circle U(1). The simply connected Lie group corresponding to a
one dimensional Lie algebra over C is the abelian group C.

6.1.1 Two dimensional Lie algebras

Let g be a two dimensional Lie algebra over R or C which is not abelian. Then [g, g] is
a one dimensional ideal. If one defines X as a generator of this ideal one obtains that
for any Y € g which is linearly independent to X, [X, Y] = A X where A # 0. Therefore
one may chose a basis (X, Y) such that [X, Y] = X. One recognizes then the Lie algebra
aff(1) of the Lie group Aff(1) of affine transformations. Observe that the algebra aff(1) is
solvable but not nilpotent.

6.1.2 Three dimensional Lie algebras over R

In this section we classify Lie algebras g of dimension three. We will divide in cases
according to the dimension of [g, g]. We have already met the abelian algebra R3, the
nilpotent Lie algebra of the Heisenberg group, h(3,R), and the simple Lie algebras s[(2, R)
and su(2). Observe that one may also form the direct sum aff(1,R) ® R of the affine
algebra with the one dimensional Lie algebra to obtain a solvable three dimensional
example.

Clearly, there exists only one abelian Lie algebra and in this case dim([g, g]) = 0. We
enumerate now the other cases.

1. Suppose dim([g, g]) = 1. Let Z be a generator of [g, g]. There are two possibilities:

e The algebra is nilpotent, that is, €2 (9) = [g,[g,gl] = {0}. Therefore Z is in the
center and we recognize the Lie algebra of the Heisenberg group.
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. dim(céz(g)) =1, that is ‘62(9) =[g,[g,9]] = [g, 9] (the algebra is solvable but
not nilpotent). In this case, there exists X € g such that [X,Z] = Z. We
claim now that we may chose Y in the center of the algebra so that (X, Y, Z)
is a basis of the algebra (and we conclude that g = aff(1) @ R): write ¥ =
aX +bZ+ cY' for abasis (X,Y’, Z). We impose that [X,Y] =[Y,Z] =0 to
obtain bZ +c[X,Y'] =0and aZ + c[Y', Z] = 0 which has a solution with an
appropriate choice of a and b.

2. Suppose dim([g,g]) =2 and let (X, Y) be a basis of [g, g]. Let Z € g so that (X, Y, Z)
is a basis of g. There are two possibilities for the ideal [g, g].

* [g,g] is a solvable but not abelian ideal. Than it is the algebra aff(1) and we
may assume [X, Y] =Y. Thenady X =0,ady Y = Y and adx Z € [g, g] which
implies tr(adx) = 1 which contradicts the fact that X is a commutator (and
therefore tr(adx) = 0). This case is then impossible.

* [g,9] is an abelian ideal. Consider the linear map adz|l(g,g; : [g,0] — [g,g].
From the fact that [g, g] = (X, Y) is two dimensional and abelian we conclude
thatadz |ig,g) € GL(g) (indeed, [g,g] = ([Z, X],[Z, Y])). We have, on the basis

(X,Y) for [g, 9],
b
l[adz] = (Z d)'

The idea now is to find a basis which puts the matrix in a canonical form. Two
algebras which have different canonical forms are not isomorphic. Changing
the basis of [g, g] through a matrix M and Z by AZ mod [g, g] changes the
matrix above by

a b

-1
AM (C b

Therefore, the algebra g is determined by the classes of similarity of GL, up
to a scalar multiple. Note that conversely any matrix in GL, determines a Lie
algebra because the Jacobi identity is satisfied.

)M.

We may divide then in cases according to the similarity classes:

- ady is diagonalizable: We may choose X, Y and Z so that the matrix of
ad, is

10
[adz|[g,g]]=(0 d)

with |d| = 1.
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- ady is not diagonalizable. In this case one may find a basis such that

11
[adzl[g,g]]=(0 1)

or, for b >0 (if b < 0 we permute X and Y),

1 -b
ladz lig,g)] = (b 1 )

or, finally,
0 -1
ladz lig,g] = (1 0 )

Each of these solvable Lie algebras are non-isomorphic because no
further reduction is possible by a change of basis.

3. Suppose dim([g,g]) = 3. We claim the algebra is simple and it is either s[(2,R)
or su(2). First note that if (X, X», X3) is any basis of g then f3 = [X;,X5], fi =
[X2, X3], f> = [ X3, X1] generate [g, gl and therefore are linearly independent. Define
the matrix A = (a;;) by f; = Z?Zl a;jX;. We claim that A is symmetric. Indeed, the
Jacobi identity (the only non-trivial one in a three dimensional Lie algebra)

(X1, [ X2, X3]] + [X3, [X7, X2]] + [ X5, [ X3, X111 =0

imposes that

3
a1 XL, X1+ ) a3jlXs, Xj1+ ) azj1Xa, X]

3 3
(X1, fil + [ X3, f3] + [ X2, fol =
j=1 j=1 j=1

= (a12 — az1) f3 — (@13 — az1) f2 + (as2 — az23) f2 = 0.
Changing the basis X] = 231:1 m;jX; (where M = (m;;) € GL3) we compute a
change of basis f} = [X], X;] = Z*;le n;jf; given by

N=(n;j) = detyM™",

Indeed,
fi= [X},X,’C] = mjrmys[ Xy, Xs]
IS

= (mjamy3 — mjsmyo) fi — (Mj1miz — mjzmy) fo + (Mj1 Mo — mjamya) f3
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and we recognize the adjoint matrix, that is, det(M) M -1 T. Therefore the change
of basis by the matrix M implies the following change of A

A—detdM T am .

As Ais symmetric one can normalize to a diagonal matrix with eigenvalues 1, a, §
(use first an orthogonal matrix to diagonalize A and then use a diagonal matrix to
make one of the eigenvalues equal to one). We obtain then

(X1, Xo] = X3, (X, X3] = a Xy, [ X3, X1] = BXo.

Changing the basis to X| = X;,X; = X, X; = 1X3 changes the constants to
a' = A?a and 8’ = 3, therefore one may reduce to bases with & = +1. Analogously,
by changing to X] = 1X;, X = X,, X] = 1 X3 one may reduce to bases with = +1.
Note now that by permuting the basis, and eventually multiplying all the basis
element by —1, one can arrange so that we have a basis with f =1and a =1 or
a = —1 and we finally obtain the two simple Lie algebras, respectively, su(2) or
sl(2,R).

Remark 6.1. In order to obtain the classification of Lie algebras over C we follow the same
path but there are simplifications:

1. The only matrices of adz appearing in the classification of the algebras with
dim([g,g]) =1 are

1 0
[adz]=(o d)
with|d| =1 and
(ad ] = 1 1
adzl=10 1

Indeed the matrices

and

are diagonalizable over C.

2. There exists only one simple Lie algebra (over C) of dimension three, up to isomor-
phism. Indeed, the last two algebras are isomorphic (considered as algebras over
C).
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Remark 6.2. The solvable Lie algebras such that dim([g, g]) = 2 can be realized in M3 as
subalgebras of the affine algebra

aff(2,R) = { (g[(%, R g) | veR? }

We describe them via the adjoint representation. Note that ad : g — M3 is faithful: We
write in the basis (X, Y, Z) the first case where

1 0
[adzl[g,g]]—(o d)'

Let W = —xX —yY + tZ € g then the matrix of ady is
t 0 x
ladwl=|0 td yd

0 0 O

and we obtain an isomorphic algebra in M3 as the image of the map ad:

r 0 Xx
ad(g) = 0 td y|lx,yteR ;.
0 0 O

The other examples are obtained analogously, the matrix [adz |(g,g)] appearing as an
upward left block matrix.

l‘[adz|[g)g]] v 2
{( 0 0 |veR” ;.

The results of the classification are put together in the following table which uses
the description Bianchi of the Lie algebras enumerating them into types from I to IX.
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Three dimensional Lie algebras over R

Bianchi classification Lie brackets dim((g, g])
I Abelian algebra (X, YI=1X,Z]1=1X,Z]=0 0
II Heisenbergalgebra || [X,Y]=Z2,[X,Z]=[X,Z]=0 1
I aff(2,R) xR (X,Y]1=Y,[X,Z]1=(Y,Z]=0 1
v X, ¥1=0, ladzlg] = [ 1) 2
e 10
V Similarity algebra [X,Y]=0,[adz]|g] = 0 1) 2
1 0
VI [X,Y]=0,[adzlg] = ,dl>1 2
0 d
. , 1 0
VI Poincaré algebra [X,Y]=0,[adz|g] = 0 _1) 2
1 -b
VII [(X,Y]=0,[ad;]|g] = b1 ), b>0 2
. 0 -1
VIIj Euclidean algebra || [X,Y]=0, [adz|g] = 1 0 ) 2
VIII sl(2,R) (X1, Xo] = X3,[ X2, X3] = — X1, (X3, X5] = X» 3
IX  su2,R) (X1, Xo] = X3, [Xp, X3] = X1, [ X3, X511 = X» 3

6.2 Low dimensional Lie groups

Classifying Lie groups with the above Lie algebras can be achieved considering first the
simply connected Lie group with a fixed Lie algebra and then classify possible quotients
by discrete subgroups. For instance, in the case of the two dimensional abelian Lie
algebra, the simply connected Lie group is isomorphic to R?. But we will not deal here
with the classification of the continuous families of quotient groups. Sometimes it is
easier to give a Lie group which is not simply connected but a quotient which is easier
to describe as a linear Lie group.

In two dimensions we have already seen the Lie group Aff* (1, R) « whose Lie algebra
is aff(1,R).

In three dimensions, the Lie groups R3, the Heisenberg group Heis(3, R) and Aff* (1, R) x
R are simply connected and correspond to the Lie algebras R3, the Heisenberg algebra
h(3,R) and aff(1,R) @ R.

Also the two simple real Lie algebras correspond to the Lie groups SU(2) and SL(2,R).
Note that SU(2) is diffeomorphic to S3 and therefore simply connected but SL(2,R) is
not simply connected.

It remains to find Lie groups corresponding to the family of solvable Lie algebras
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found in the previous section. Using[6.2]we can compute Lie groups of each of the
solvable Lie algebras by exponentiation:

1. In the case
1 0
ladz lig.g)] = (0 d)

e’ 0 u
exp(fad(@) =4 [0 e¥ v||tuveRr }.
0 0 1

Note that if d = 1 this is the similarity group of R2.

we obtain

2. In the case
1 1
ladz lig,g)] = (0 1)

el tel u
exp([ad(g)]) = 0 e v|ltuveR }.
0 0 1

1 -b
ladz l(g,g] = (b 1 )

we obtain

3. In the case

we obtain
e'cosbt —e'sinbt u
exp(lad(g)]) =< | e’sinbr e’cosbt v||t,u,veR ;.
0 0 1

4. In the case
0 -1
ladzlig,g)] = (1 0 )

cost sint u
exp([ad(g)]) = sint cost v||tuveR 3,
0 0 1

we obtain

which is the Euclidean group of isometries of R?.

Note that they are all subgroups of the affine linear group Aff(2, R).
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6.3 The classical simple Lie algebras over C

The simple Lie algebras over C were classified by Killing and Lie. Here we only describe
the classical Lie algebras which are gathered into families called series A, B, C and D:

Ap,(nz21) sl(n+1,€) {X€ M, 1(C)|tr(X)=0} n®+2n

B, (n=2) s0@2n+1,C0) {X€Myu (O X+XT=0} 2n’+n

C,(n=3) sp2n,C) {XeMgn(C)IXT]+]X:O},Where]:( (} I(;’) 2n’+n
—1in

D, (n=4) so(2n,C) (XeMyp© | X+XT=0} 2n’—n

Remark 6.3. e Therestrictionsonn (n=1 for A,,n=2 forB,,n=3 forC,, n=4
for D) avoid isomorphisms in low dimensions:

A1 =B 2(C (sl(2) =s50(3) =sp(2))
B, =(C, (s0(5) =sp(4))
D= A0 A (so(4) =sl(2) @sl(2)
D3 = A3 (50(6) = sl(4))

» All algebras are simple (except D», which is semisimple).

Remark 6.4. Besides the classical Lie algebras there exist five exceptional (simple) Lie
algebras Eg, E7, Eg, Fy and Go.
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7 The Haar measure

7.1 Haar measure

The goal of this chapter is to introduce invariant measures on Lie groups which will be
important in order to understand the theory of representations. There exists a general
construction of an invariant measure on any locally compact topological group.

Consider the Borel o-algebra on a locally compact Hausdorff topological space X. A
Radon measure p is a positive measure which is finite on compact subsets and which
is inner and outer regular (for any open set U, u(U) = supy u(K) where the supremum
is taken over all subsets K < U and for any Borel set B, u(B) = infy u(U) where the
infimum is taken over all subsets U > B).

Remark 7.1. Let X be a locally compact Hausdorff topological space. Given a Radon
measure there exits then a continuous linear map (integration with respect to the
measure) from the space of compactly supported continuous functions to R,

1:C.(X)—R

which is positive on positive functions. Continuity meaning that, for every compact
K c X, there exists a constant Cg such that, for all continuous f with support contained
in K,

11()I SCKSUEIf(X)I.

Reciprocally, by the Riez-Markov-Kakutani theorem, if there exists such a positive con-
tinuous linear map, there exists a Radon measure defining it.

Definition 7.2. A Radon measure p on a locally compact topological group G is said to
be a left invariant (right invariant) measure if, for any Borel subset B and any g € G,

p(gB) = pu(B) (p(Bg)=pu(B)).
This is equivalent to imposing that, for any f € C.(G) and h € G,

[ rngmiagn = [ romuas, ( [ rgmutag= [ f(g)u(dg))-
X X X X

Example 7.3. The Lebesgue measure on R” is a left and right invariant measure. On

R*, with the multiplication group structure, p = £* is a left and right invariant measure.
Indeed,
(sB) = f f dis't) _[dt_ B)
H sB B st TR

The left and right invariant measure with total mass one on the circle is given by d6 in
the usual parametrization 6 — e?"%.
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Example 7.4. Let G be the affine group in dimension 1. That is the group given by affine
transformations x — ax + b. It has a representation in GL(R?) given by matrices of the
form (witha>0)

a b

o 1)

The group is homeomorphic to R} x R and the measure puy = %d adb is left invariant
(dadb is the usual Lebesgue measure on R x R). One needs to check what happens when
translating by a fixed group element. One computes

(hl hg)(d b)_(hla h1b+h2

0o 1Jlo 1/ (o0 1

and therefore

1 1
——dhia)d(hib+ h)) = —dadb.
I a)? (ha)d(h 2) p a

The right invariant measure is different and is given by ugr = %d adb .

The following theorem will not be proven in these notes. We will, on the other hand,
give a proof of the existence of an invariant measure for certain matrix groups.

Theorem 7.5 (Existence of the Haar measure). Let G be a locally compact group. There
exits a unique, up to a positive factor, left invariant measure which is non-trivial.

Remark 7.6. A non-trivial left invariant measure has the property that any open set has
strictly positive measure. Indeed, there exists a compact subset K < G such that (K) >0
and if U c G is an open subset, consider the cover Uycx XU of K. One can extract a finite
cover UY.| x;U and then

N N
0<u(K) = p(xiU) <) pux;U) = Nu),
i=1 i=1
where the last equality is due to the left invariance property.
If the group is compact we can pick a unique measure by imposing that the measure

is a probability measure.

7.1.1 Unimodular groups

Groups such that there exists a measure which is right and left invariant are called
unimodular. We will prove here that compact groups are unimodular.
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Consider a locally compact topological group with a left invariant measure pu. Let
¢ : G — G be a continuous automorphism of G. Then the measure ¢. (u) (that is, for B a
Borel subset in G, ¢. (1) (B) = u(¢p~1(B))) is also left invariant. Indeed, by left invariance
of u,

G (1) (gB) =@ 1 (gB) = u@ (g (B) = @' (gB))) = p. (W) (B).

In particular for an inner automorphism Adj,-1, we obtain that Adj,-1,u is also left
invariant. That is the measure B — ,u(hBh_l) is left invariant. But ,u(hBh_l) = ,u(Bh_l)
by left invariance of u. Therefore the measure B — u(Bh™!) is left invariant. By unicity
of the left invariant measure we must have

p(Bh™Y = A(h)u(B)
for a function A: G — R}.
Definition 7.7. We call A: G — R} the modular function of G.
Proposition 7.8. The modular function A : G — R} is a continuous homomorphism.

Proof. A is an homomorphism: By definition
p(B(hiho)™") = A(hy ho) u(B).
On the other hand
p(B(hiho)™) = p((Bhy i) = A(h)p(Bhy ") = A(h) A(hz) u(B).

It remains to show continuity. It is enough to show continuity at the identity, that is, for
every € > 0 there exists a neighborhood V of the identity such thatforall ve V,

—e<A(v)—-1<e.

This is equivalent to show, for a fixed KcGandallve V,

(Kv™h
l-€< B ) <l+e.
H(K)
N wKv™) _ pWvh . . .
ote that S RET() for any two sets K, U with non zero measure. The inequalities

follow from the regularity of the measure. Let K c G be a compact set with non-empty
interior (so that u(K) > 0 by remark and U o K an open set such that u(U) <
w(K)(1 +¢). Let V be a symmetric neighborhood (V™! = V) of the identity element such
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that KV~! c U (this is possible by the continuity of the group multiplication). Then, for
vevV,

-1 -1 -1
- 1 <.U(K)SN(UV ):u(Kv )S,u(KV )S,U(U)<1+E.
1+ p) n(U) 1K) w(K) w(K)

O

A corollary to the above proposition is the following result because the image of a
compact group by the modular function should be a compact subgroup of R} which
is {1}. Alternatively, one could have noticed that, for a compact group, u(G) < oo, so
w(G) = u(Gg) = A(g)u(G) implies A(g) =1 forall g.

Proposition 7.9. Any compact group is unimodular.

7.2 Haar measure on matrix groups
7.2.1 Groups which are homeomorphic to open sets in euclidean space

We suppose now that G < RY is an open subset and the group operation is smooth. We
will find a measure with a continuous density /(x) with respect to the Lebesgue measure
dl. We want, for any Borel set B and g € G,

w(gB) = h(x)dl(x) :f h(x)dl(x) = u(B).
gB B
Recall the change of variable formula:
h(x)dl(x) :f h(gx)J(g)ldl(x),
gB B
Where J(g-) is the Jacobian of the map x — gx. Therefore we need to satisfy the equation
h(gx)1J(g)| = h(x),

for all x,g € G. One may fix x = e, the identity of the group, and then we have the
expression

h =C }
&=

Example 7.10. Revisit the affine group with the formula above. We need to compute
the Jacobian of the map, for fixed hy, hy,

(a) b) - (hla) hlb+ h2)

Thatis |J((hq, hy)-)| = hf We obtain again the invariant measure

1
— dhydhy.
ny
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7.2.2 Matrix groups

This section uses basic facts of differential geometry. If you are not familiar with this
language you may skip this section. The matrix groups are submanifolds of an euclidean
space and one can describe their Haar measure using differential forms. Let m be the
dimension of a submanifold G in R” and suppose  is a form of degree m on G. One
defines a positive measure through w:

Definition 7.11. Let w be an m-form on G written in local coordinates (x1,--- , Xm) as
a(x)dx' A---Adx™.

The measure associated to w, denoted |w|, is defined on the same local coordinates by a
density with respect to the Lebesgue measure:

lw|(dx) = |a(x)|dx"---dx™.

We need to show that the measure is well defined, that is, the measure does not
depend on the local coordinates. Suppose ¢ : V;, — V, is a diffeomorphism. Then

¢* () = al I, y)dy' A---ndy™

and therefore
lp* ()I(dy) = lalPp() ] (¢, y)ldy1 ceedy™.

Now, let f: V;, — C be a continuous function with compact support. Then the formula
of change of variables implies

fv f@)lwl(dx) = fv f@la@)|dx' - dx™

:fvf(cb(y))la((l)(y))](qb,y)lldyl--‘dym=fvf(cb(y))lwl(dy).
y y

This shows that the measure is locally well defined. In order to define the measure on
the whole group we use a partition of unity.

Recall that a tangent vector X at a point g of a submanifold G is given by X =y'(0)
where y is a smooth curve defined on a neighbourhood of the origin with values in the
submanifold G. We may then identify the Lie algebra Lie(G) of a linear group with its
tangent space at the identity. If G < GL,, then one identifies the tangent space at g€ G
(denoted T¢G) to a linear subspace of M, which itself is the tangent space of GL,, at that
point.
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Given a smooth map ¢ : G — G we define the differential ¢. : TG — TG by

d
b« (X) = Eqb(}f(t)htzo

Given an element X € Lie(G) one defines a left invariant vector field X* (g) € TG as
follows:

. d
X (g)= Eg-etxltzo-

Identifying X as an element in T,G we may write X*(g) = Lg_(X). Itis invariant in the
sense that Ly, (X*(g)) = X*(hg):

. d d .
X*(hg) = Ehg.e”ﬂt:o = hag.e”ﬂt:o =L, (X*(g).

Differential forms which are left invariant are described similarly. Recall that the
dual space of the vector space TG (denoted T4 G) is the space of 1-forms at g. Given a

smooth map ¢ : G — G, we define the map ¢* : T(Z(g) G— T;Gby, forve T,G,

(" (@) (V) = 0 (P« (V).

As for left invariant vector fields, one can define invariant 1-forms by translating along
the group a 1-form defined at 7, G:

Le(w(8) =w(e).

One extends the definitions to k-forms. If the dimension of G is m then invariant
m-forms are unique up to a constant factor. They give rise to the Haar measure on G.

Proposition 7.12. Let w be a left invariant n-form on a linear group of dimension n.
Then |w| is a left Haar measure.

Proof. We explained before that |w| defines a measure. Now w is left invariant so that
L;:, (w) = w. To show that it is an invariant measure we compute, for a continuous
function of compact support f € C.(G),

ff(x)lwl(dx)zf f(x)lwl(dx)zff(gx)ILZ,wI(dx):ff(gx)lwl(dx),
G gG G G

where we used the formula of change of variables in the second equality. O
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Example 7.13. Consider in R" the (n — 1)-form w defined as, where dx! means that this
term does not appear in the sum,

n ) _
w=Y D" 'x'dx' A Adxi A A dX".
i-1

This form is invariant under the action of SL(n,R). Indeed, let vy,---,v,_1 be n—1
vectors in R”. Then at x € R”,

wx(vy, -+, vp-1) =det(x, vy, -, Vp—1).

We need to show that wgy(gv1, -+, 8Vn-1) = wx(v1, -+, Vy—1) which follows from the
expression as a determinant.

Let 1: S" ! — R” be the embedding of the n — 1-dimensional sphere in euclidean
space and define ws = t*w. The measure |wg| is invariant under the action of the
orthogonal group SO(n).
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8 Representations of compact groups

In this section we will deal with the general theory of representations of compact groups.
The goal is to prove that all irreducible representations are finite dimensional and
Peter-Weyl theorem which constructs a Hilbert space basis of L2(G) out of the matrix
coefficients of irreducible representations.

8.1 Representations of topological groups

Definition 8.1. Let G be a topological group and V a Banach space (over R or C). A
representation of G in V is a continuous homomorphism

p:G— GL(V)

into the continuous operators with continuous inverse of V. The continuity of the map p
is defined by, fixing any v € V, the induced map g — p(g)v is continuous. IfdimV =d
we say that the representation is of degree d.

The space GL(V) was seen in example[L.4]to be a topological group.
An important role is played by representations in C:

Definition 8.2. A character is a representation of dimension one. That is a continuous
homomorphism
x:G—C".

Example 8.3. The set of charactersonU (1) ={z€C||z| =1} are of the form
xm(2) =2z",
formeZ.

Definition 8.4. Given a representation p : G — GL(V), a subspace W c V is said to
be stable (or invariant) if p(§)W = W for any g € G. The representation p" : G —
GL(W), defined by restricting each p(g) to W, is said to be a subrepresentation of p. The
representations without stable subspaces (other than the subspaces {0} and V) are said to
be irreducible.

Definition 8.5. A map between two representations of G, p1 : G — GL(V}) and p» : G —
GL(V,) is a continuous linear map ¢ : Vi — V, (called interlacing homomorphism)
satisfying, forallg e G and v e V1,

P(p1(g)v) = p2(8)P(v).

The two representations are said to be similar or equivalent if the map ¢ is an isomor-
phism.
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Example 8.6. Representations of finite groups are the source of the theory of representa-
tions of groups and in particular the theory of representations of compact groups.

1. Consider an action of G on a finite set X with d elements. Define a representation
of degree d as follows. Let Vx be the vector space with basis (ex) xex and define
1(g)ex = egyx. The matrices of that representation are permutation matrices.

2. A special case of the above representation is the regular representation of a group G.
We let X = G so the basis is described by (eg) gex .

3. Consider the space of functions V ={ f : G — C}. Define the representation p : G —
GL(V), defined by
(e g = f(h'g).
We have indeed
(p(h1h2) )(8) = f((h1h2) ™' 8) = (p(h2) ) (2 ™" 8) = (p(h1) p(h2) ().

Itis equivalent to the regular representation: Let (6 ¢) ge be the basis of V consisting
of characteristic functions of the singletons of G. Observe that p(h)6g = 6p,g. The
homomorphism ¢ defined by the map on the basis elements ¢p(6¢) = eg satisfies

T(NPBg) = T(Weg = eng = p(dng) = p(p(M)S).

4. Arepresentation of degree one of a group of order d have its image contained in the
set of d-roots of unity.

Example 8.7. U(1) = SO(2) has irreducible real representations of dimension two. Indeed,
the the representation of SO(2) = [0,2r]/0 ~ 27 defined by

cosmbl sinm0

pm(0) = —sinm@ cosmb0

is irreducible.

8.2 Duals, direct sums and tensor products

One can construct representations from given ones using direct sums, tensor products
and by duality. Suppose the vector space V is finite dimensional.

Definition 8.8. Given a representation p : G — GL(V), one defines the dual representation
p*:G—GL(V*) by, forallpe V* andveV,

(p* ()P (V) = p(p(g M)
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The dual representation p* associated to a representation p is defined so that
(p*(2)P)(p(g) (V) = ¢(v). Note that in the infinite dimensional case one has to be
careful with the definition of the topology in the dual space.

Consider two vector spaces V] and V; and their direct sum V; @ V,. In the case the
vector spaces spaces V; and V; are finite dimensional, V; @ V5, has dimension equal to
dim V; @ V> = dim V7 +dim V». Given basis (e;,;) and (egj) of V] and V5, abasisof Vi & V5
is given by (ey; ® 0) together with (0@ e;)).

Definition 8.9. Let p, and p, be two representations of G in Vy and V, respectively. The
direct sum representation p1 @ p» is the representation of G in Vy & V5 defined by

(p1®p2)(8)(v1® 1) = p1(g) V1 ® P2(8)(v2).

One defines, given n representations pi,---,p, in V4,--+,V},, arepresentatiion p;
-++® pp in the direct sum V; & - -- ® V,,. One may easily prove that any permutation in the
components of the direct sum defines an equivalent representation.

Consider now two vector spaces V; and V, and their tensor product V; ® V5. In the
case the vector spaces spaces V; and V, are finite dimensional, V; ® V, has dimension
equal to dim V; @ V, = dim V;.dim V». Given basis (e;;) and (e ) of V; and V5, a basis of
Vi1 ® Vs is given by (e, ® e2;).

Definition 8.10. Let p; and p» be two representations of G in V, and V; respectively. The
tensor product representation p ® p is the representation of G in V, ® V, defined by

(p1©p2)(8) (V1 ®v2) = p1(g) V1 ® P2(8)(V2).
If ry,,(g) and rzjl(g) are the matrices of p; and p; in the basis (e;;) and (e2;) of

and V>, the matrix of (p; ® p»)(g) in the basis (e;; ® 62].) is given by r1,,(g) 2 (g). Thatis,

(P1®p2)(g)er, ®ey,) = Z 1, (8)r2;,(8)e1; ® ea;.
]
As for direct sums, one defines, given n representations py,:--,p, in Vp,---,V,, a
representatiion p; ® --- ® p, in the tensor product V; ® --- ® V;,. Again, any permutation
in the components of the tensor product defines an equivalent representation.

Example 8.11. Given a representation p : G — GL(V) one may construct the representa-
tion p ® p. There are always two supplementary stable subspaces in Ve V:

VeV =Sym*(V)e Alt*(V).

They are the eigenspaces (corresponding to eigenvalues +1 and —1) of the involution
0:VeV — VeV defined by extending the formula 0 (v ® w) = w ® v by linearity.
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8.3 Invariant hermitian product

Definition 8.12. Let (V,(-,-)) be a Hilbert space with a hermitian product -,-). A repre-
sentation p : G — GLV is said to be unitary if, forallge Gandve V,

p(@ vl =Ivll.
We also say in that case that the hermitian metric (-,-) is invariant.

Proposition 8.13. Let p : G — GL(V) be a finite dimensional representation of a compact
group. Then there exits an invariant inner producton V.

Proof. Start with any inner product (-,-) defined on V and average with respect to the
left invariant Haar measure u. That is, define

(v, w) =fG(p(g) v,p(@wuldg).

The group being compact, the integral of the left side is finite and it is clearly an inner
product. By the definition of g, it is invariant. O

Proposition 8.14. Given a representation p : G — GL(V) of a compact group and a stable
subspace W < V, there exists a supplementary stable subspace W'

Proof. Let (-,-) be an invariant hermitian metric on V. Then it is clear that the orthogo-
nal space to W is stable. Indeed, note that p(g)W = W so if (w, w') = 0 for all w e W we
obtain that {p(g) w, p(g) w'y = 0 which implies that (w, p(g)w') = 0 for all w. O

Theorem 8.15. Any representation of a compact group in a finite dimensional vector
space is a direct sum of irreducible representations.

Proof. By induction. A degree one representation is always irreducible. Suppose the
assertion is true for representations of degree strictly less than d and let p : G — GL(V)
be a representation of degree d. If it is not irreducible, there exists a stable space
W < V. But then there exists a stable subspace W' ¢ V with V = W & W’ and therefore
p=p"e pW,. The result follows because each of the subrepresentations has degree
strictly less than d. O

8.4 Schur’slemma

In order to understand of the uniqueness in the above decomposition theorem we first
prove Schur’s lemma. It is an important tool in the theory.
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Proposition 8.16 (Schur’s lemma). Suppose ¢ : Vi — Vs is an interlacing homomorphism,
that is, a linear map satisfying, forall g € G,

$pop1(g) =p2(8)o¢

where p; : G — GL(V}) and p» : G — GL(V») are two irreducible finite dimensional repre-
sentations. Then either ¢ =0 or ¢ is an isomorphism. If p1 = p» and the vector space V' is
defined over C then ¢ is a multiple of the identity.

Proof. From the formula satisfied by ¢ we deduce that Ker ¢ and Im ¢ are stable. This
implies the first assertion.

If p1 = p2, consider an eigenvalue A of ¢p: V; — V| = V; (it exits because we assume
V1 =V, is defined over C). We obtain that Ker(¢ — AId) is stable. Indeed, we also have
the formula p; o (¢p—A1d) = (p—AId)op,. We conclude that ¢ — A1d = 0 as the kernel is
not zero dimensional. O

Remark 8.17. Define the space Homg(Vy, V») to be the space of linear maps from V)
to Vo, which are equivariant with respect to representations p, and p,. That is ¢ €
Homg(V1, Vo) when ¢po p1(g) = p2(g) o¢p. Schur’s lemma is the assertion that the ele-
ments of Homg(V1, V2), if p1 and p, are irreducible, are either trivial homomorphisms or
isomorphims.

Remark 8.18. Let p = p; @ p» be a decomposition of a representation withV =V; & V5.
Then the morphism; : V; — V belongs to Homg(V;, V) and the projectionsn;: V — V;
belong to Homg(V, V;).

For the statement of the unicity of the decomposition it is convenient to write V¢
for the direct sum of a copies of V.

Theorem 8.19. Let p : G — V be a representation. Then, up to a permutation, there exists
a unique direct sum decomposition

V=V"e. ..oV %

corresponding to a direct sum p = pf“l ®---& pi“k where the family of distinct irreducible

representations (p;)o<i<k IS unique up to isomorphisms.

Proof. Consider another decomposition V = WfBb 'g---@ W;Bb’ and the map fj;,, the
composition of an injection and a projection V;, — V — W, where V;,, W;, are irre-
ducible factors. It satisfies, for ve V;_, fjﬁia op(glv=p(g)o fjﬁ i, V. By Schur’s lemma
[igi, is either null or an isomorphism. It follows that the number of different irreducible

69



components is the same in both decompositions, that is k = [ and that the multiplicity
of each irreducible representation is the same. Up to a permutation we suppose that
Vi = W;. Now, the identity map restricted to Vi@“" composed with the projection on

da;

Wi@“i should be an isomorphism. On the other hand, the identity restricted to v
composed with the projection on each W;mj with j # i is trivial. This implies that
V@a,‘ — W@ai |

1 4

Remark 8.20. The subspaces V; are not uniquely determined. For instance, the trivial
representation (that is, p(g) = Id for all g) of degree d has only one irreducible (which is
of degree one) of multiplicity d but it can be chosen arbitrarily.

Remark 8.21. The components V;B  are called isotypic components of the representation
and are unique.

We fix a notation for the set of fixed vectors by a fixed representation. The dimension
of this subspace is the multiplicity of the trivial representation in the decomposition by
irreducible representations.

Definition 8.22. Given a representation p : G — GL(V), define
Ve={veV|p@v=vforallgeG}.

Exercise 8.23. All finite dimensional representations of an abelian group are of degree
one.

8.5 Characters

Definition 8.24. Let p : G — GL(V) be a representation in a finite dimensional space V.
The character of p is the map x : G — C* given by

x(8) =tr(p(8)).

Remark that the trace of an element H € GL(V) can be computed through the matrix
of H in a fixed basis. In particular, the character of a representation p of degree d
evaluated at the identity element is d. From the properties of the trace function, we
have, forall g,h € G,
x(ghg™") = x(h)

and
x(gh) = x(hg).
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If G is a compact group one can assume that the representation is unitary. This
means that there exists a basis such that the matrix representation is formed by unitary
matrices. It follows that

x(g H=x.

Proposition 8.25. Let p; and p, be two representations and y1 and x» be their associated
characters. Then

1. The character of p1 ® p2 is x1 + X2,

2. The character of p1 ® p2 is x1X2-

Proof. For the character of p; @ p», just organize the matrix representation after a choice
of basis as a block diagonal matrix.

Writing the tensor product representation in matricial form after a choice of basis,
we compute its character as

x(8) = 1, (&), (8) = x1(8)x2(8).
ij

8.6 Averages

In this section we start with averages on groups. We will first deal mainly with finite
groups and later repeat the definitions in the case of compact groups. The arguments
are very similar with a sum over element of the group having the role of an integral over
the group equipped with the Haar measure.
For finite groups (or compact groups) one can always construct invariant objects

by averaging over the group. Let G x A — A be an action on a vector space A. Fora€ A
define the average of the orbit of a as

_ 1

a=—> g.a.

Gl =

Then, clearly, a is fixed by the whole group G. If the group is compact we use the Haar
measure to define

1
i=—— . dg).

An important case of the average process is to let A = Hom(V3, V»). Given two
representations p; : G — V; (i = 1,2), and any homomorphism

o V1=V
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we may form the average

Z p2(8)opopi(g™h.

Gl &

Another way to describe this average is to consider ¢ as an element of Hom(Vy, V) =
Vv ® V, with the action of the group G given by p} ® p,. The average ¢ is invariant under
the action p] ® p». Schur’s lemma leads to the following:

Proposition 8.26. Suppose p;: G — GL(V;) (i = 1,2) are irreducible representations and
¢ : V4 — Vs is a homomorphism. Then

1. IfV; and Vs are not isomorphic then ¢ = 0.
2. If i =V, (withdimV, = n) and py = p, then ¢ = L trpld.

Proof. As ¢ is an equivariant homomorphism we may apply Schur’s lemma. The first
assertion is clear. For the second assertion, from Schur‘s lemma, we have that ¢ is an
homothety. To obtain the constant of homothety we compute

trep = —tr(Z p1(gopopi(g™)) = Z tr(¢) = tr(¢p).
|Gl geG |G| geiG

O

Choosing basis vectors of V; and V» one obtains matrix representations [p;(g)] =
(riyj, (&) and [p2(g)] = (14, (g)).

Corollary 8.27. 1. IfV; is not isomorphic to V, then, for any fixed iy j, i2, jo,

Z rlz]z (g) rll]l (g ) -

161 &

2. If Vi =V, and p1 = p, then

Z iz jo (g)rlljl (g ) 6j2i16i2]'1'
[EF=

Proof. We prove the second assertion and leave the first one to the reader. If we write
any homomorphism ¢ as a matrix, ¢ = (x;;), we obtain
: 1 1
¢= @ Y Tip@XpiTij(g) = w0 = > 8jair Xjoir Oy -
8€G,j2,i1 J2)i1
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This formula is valid for all (x;;) which implies that the coefficients are equal. Therefore

Z rlz]z(g)rhh (g_l) - 6]211512]1
Gl &6

O

Remark 8.28. The relations above may be interpreted as orthogonality relations between
coefficients of the matrices of representations in a fixed basis (see the next section). More
precisely, suppose the representations involved are unitary so that, in a hermitian basis,

[p1 (g_l)] =[p1(8)] T. Then one may write in

|G| ég('_;ruh(g)rhll(g)

and

Z rlZ]Z(g)rjlll (8) = 6j2i16i2j1'
i &

8.6.1 The projection formula

A particular case of the average arises choosing A = Hom(V, V), p;(g) = Id the trivial
representation and p = p» : G — GL(V). Let Id € Hom(V, V) be the identity map. The
average of Id will be

geG
We claim that ¢ is the projection of V into the set of fixed vectors V¢ = { v | p(g)v =1}
defined in[8.22| Indeed,

p(MP(w) = Z p(hg)(w) = Z p(8)(w) = Pp(w).
Gl & 1Gl &6

Moreover, it is clear that ¢p(v) = v for all v € VY proving the claim. Observing that the
dimension of V¢ is precisely tr(¢) we obtain the following:

Corollary 8.29. Given a representation p : G — GL(V), the multiplicity of the trivial
representation in the irreducible decomposition is

G Z x(8).

geG
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8.7 Orthogonality

It is convenient to introduce a Hermitian product on the space of complex functions on
G.

Definition 8.30. For ¢, @» complex functions on G we define the Hermitian product

1 -
— Y 01(8)p2().

(p1,¢92) =
1,92 |G|g€G

Remark 8.31. We proved before that, for any representation of a finite group, one may
find a basis such that its matrix representation on that basis is unitary. That is [p(g™1)] =
[p(g)]*. It follows that a character y satisfies the property

x(g hH=x(g).

Remark 8.32. The proposition in the previous section, applied when the representations
are unitary, imply that the matrix entries of non-isomorphic irreducible representations
are orthogonal. Also, different entries of an irreducible representation are orthogonal.

The proof of the following proposition follows from corollary[8.27/and will be left to
the reader.

Proposition 8.33. If y and y' are characters of two non-isomorphic irreducible represen-
tations then (y,x") =0 and (y, x) = 0.

Proposition 8.34. Let y be the character of a representation p and xo be the character of
an irreducible representation py. Then (x, xo) is the number of times the representation
Po appears in the decomposion by irreducibles of p.

Proof. The character of a representation is the sum of the characters of a decomposition
in direct sums. The last remark then implies the result. O

As arepresentation is determined up to isomorphism by its irreducible direct sum-
mands, the last proposition implies the following corollary.

Corollary 8.35. Two representations with the same character are isomorphic.

Remark 8.36. Given a representation p = pf“l ®--- @ p:“k

irreducible, we obtain from the orthogonality relations

=Y a’

1<i<k

whereeachp; 1<i<k)is

Therefore a representation is irreducible if and only if (x, x) = 1.
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8.8 Example: the regular representation

Recall that the regular representation of a finite group is given by defining a basis eg
and then the action pr(h)eg = epg. The corresponding matrices [pr(h)] on that basis
are permutation matrices with null diagonal elements if /2 # e. This observation proves
the following description of the character of the regular representation.

Proposition 8.37. Let r : G — C be the character of the regular representation. Then
re)=|Glandr(h)=0ifh #e.

Proposition 8.38. Let G be a finite group.

1. There exists a finite familly (p;)1<i<k 0of non-isomorphic irreducible representations
of G. We denote by n; their degree.

2. Any irreducible representation p; is a direct summand in the regular representation
with multiplicity equal to its degree n;.

k
n =|Gl.
i=1

4. Forh+#e,
k
> nixi(h) =0.

i=1

Proof. Let p; be an irreducible representation with character y;. The multiplicity of p;
in the decomposition by irreducibles of py is given by

1

Y xi(@)r(g) = xile) = deg(py).

(xi,r) =
M6l &

This proves the first and second assertions. The other two then follow from the formula

k
r(h) =Y niyi(h)
i=1

evaluated at e and & # e. O
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8.9 Characters as basis vectors of class functions
A class function f: G — Cis a function satisfying, forall g, h € G,
fhgh™) = f(g).

That is, it is a function which factor through the set of the conjugacy classes of G. Let
H be the set of class functions. The character of a representation is an example of
a class function and we prove in this section that the set of characters of irreducible
representations of G is a basis of the space of class functions H. This implies that
the number of non-isomorphic irreducible representations is equal to the number of
conjugacy classes in the group.

8.9.1 Averages with weight a class function

Observe that if p : G — GL(V) is a representation and f : G — C is a class function then

=G geZGf(g),o(g)

is equivariant with respect to p. Indeed, forany ve V,

Bt = — Y. f@p@ptv=— f@pghv=— fgphph ghv
Gl &6 lel=2 Gl geg

Y f(@phph ' ghyv= p(h)— Y f@pthghyv= p(h)— Y fghpgh
|G| geG |G| geG |G| g'eG

where we made a change g’ = h™! gh and used the fact that f is a class function.

Proposition 8.39. Ifp is irreducible with character y and degree n then

p=— Y f@p(e
Gl &

is a homothety with homothety constant equal to g (f, 7).

Proof. As p is an equivariant homomorphism we may apply Schur’s lemma and con-
clude that it is a homothety. The constant of homothety is given by ﬁ tr p:

trp = —tr(z f@pg) = Z f@x(& =
|G| geG |G| geaG
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Theorem 8.40. The characters of irreducible representations of a finite group G form a
basis of the class functions space H.

Proof. Characters form a linearly independent family by the orthogonality relations.
It remains to show that it generates H. Let f € H be orthogonal to all characters. The
previous proposition implies that, for each irreducible representation p; : G — GL(V;),

1
)i = ——(f,x)1d =0.
Pi= mv, (f X
By decomposing into irreducible representations, we obtain for any representation p
that p = 0. Choose now p = pr the regular representation. Then

1

pleg)=0=—3 f(gp(geg = . f(g)egg:
|G| geG |G| geG

1

This implies f = 0. O

Corollary 8.41. The number of irreducible representations of a finite group G is equal
the number of conjugacy classes in G.

Proof. Observe that the space of class functions H has dimension precisely the number
of conjugacy classes in G. O

8.10 Examples and character tables

Character tables list the irreducible representations. Each row corresponds to an irre-
ducible representation and each column corresponds to a conjugacy class. It is useful
to include other informations as the number of elements in each conjugacy class as well
an element in it.

8.10.1 S3

Consider the symmetric group Ss (of order 3! = 6). There are three conjugacy classes
whose representatives are Id = 1, (12), (123) with respectively 1, 3,2 elements each.

Thre are two obvious irreducible representations of degree 1: the trivial represen-
tation 1 and the sign representation €. The character of the trivial one evaluated on
the three conjugacy classes is the row (1,1, 1). The character of the sign representation
corresponds to the row (1,-1,1).

The standard representation p; of the permutation group in n letters is obtained by
restricting the permutation matrix representation pp to the subspace W < C" defined
by the equation z; +---+z;, = 0. It is a degree n — 1 representation such that pp = ps; ® 1.
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We show that pg; of S is irreducible. Compute the character of the representation by
chosing the basis (1,-1,0),(0,1,—-1) of W. Then y(e) =2, x((12)) =0 and x((123)) = —1.
Now, (x,x) = %(1.22 +3.0+2.(~1)?) = 1 and therefore the representation is irreducible.

S3 (12) (123)
3 2

1
1
trivial: 1 1 1 1
1
2

alternate: € -1 1
standard: pg¢ 0 -1

8.10.2 Abelian groups

Proposition 8.42. The irreducible representations of an abelian group are one dimen-
sional. If the group is finite and all irreducible representations are one dimensional then
it is abelian.

Proof. Let p be an irreducible representation of an abelian group G. For a fixed g € G,
p(g): V — V is equivariant with respect to G. Indeed, for all h € G, p(h)p(g) = p(g)p(h).
By Schur’s lemma, p(g) is an homothety. It follows that, for all g, p(g) is an homothety
and therefore, as the representation is irreducible, its degree is one.

Suppose now that all irreducible representations of a finite group G are of degree one.
From the formula |G| =} ”12 we obtain that the number of irreducible representations
(which equals the number of conjugacy classes of G) is equal to the order of G. This
implies that the group is abelian. O

8.10.3 The cyclic group

Let C, be the cyclic group Z/nZ. There are n irreducible representations all of degree
one. We may organize the list of representations defining pg to be the trivial representa-
tionand,forl<k<n-1,

21i
k

pr(l)=e*.

2mi
For instance, for n = 3 we obtain the following character table (where w =e 3 ).

C3|0 1 2
1 1 1
0l1 1 1
p1 |1 w w?
p2 |1 w? w
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8.10.4 Abelian subgroups

If a group has a large abelian subgroup the irreducible representations are more easily
described.

Proposition 8.43. If A c G is an abelian subgroup of index n then the degree of the
irreducible representations of G are at most n.

Proof. Let p: G — GL(V) be an irreducible representation and p 4 be its restriction to
A. Let W be an invariant subspace under p 4 of dimension one (it exist by the previous
section). Consider now the space V' generated by all the images p(g)W for g € G.
Clearly, because W is A invariant,

Vi= ) p(nw.
reG/A

Therefore, dim V' < |G/ A|. But, V' is invariant by G. So V' = V by irreducibility of G. [

8.10.5 The dihedral group

The dihedral group D,, (of order 2n) is the isometry group of a regular polygon of n
vertices. It contains a cyclic group C,, of rotations and 7 reflections. A presentation of
the group is given choosing the generator of the rotation group r to be the rotation by
27” and one reflection s:

(r,s|r=1,s*=1,srs=r"1).

The relation srs=r~! = r"~! implies that sr*¥s=r"%=r

most n/2+ 1 (from 0 to [n/2]) classes in C,.

The cyclic group C,, € D,, is an index two subgroup. Therefore all irreducible repre-
sentations of D, are of degree at most two. The elements of D,, are listed as rk and srk,
O0<sk=n-1

We may identify two irreducible representations of degree one: The trivial represen-
tation, wl(rk) =1, pl(srk) =1, and u/g(rk) =1, pz(srk) =-1.

The description of the irreducible representations depends on the parity of n. The
number of conjugacy classes are described in each case as follows:

"=k and therefore there are at

e If nis even there are n/2 + 1 classes in C,, and two classes of reflections,

e if nis odd there are (n +1)/2 classes in C;, and only one class of reflections.
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Indeed, suppose first that n is even. There are precisely n/2 + 1 classes in C,, as one
can easily verify. We claim that there are only two classes of reflections: Observe first that
rk(sr™r=F = sr=k =k = 5y=2k Therefore there are at most two classes corresponding
to sr” with h even or odd. On the other hand sr¥(sr™)r=%s = sr¥(sr™ srk = srkr=1rk =
sr2k=h = srh+n=2k \which proves that there are exactly two classes of reflections corre-
sponding to sr” with h odd of even. The result for n odd is proven similarly.

For n even, we may identify two other one dimensional representations: 3 (r%) =
(=K, w3(sr%) = (=1, and w4 (r5) = (-1, w,u(sr¥) = (=1)**1. They don't appear for
odd 7 as one should have p(r") = 1.

Degree two representations py, 0 < h < n/2, may be defined as follows:

hk —hk
w 0 k 0 w
Ph(rk)=( 0 w—hk)’ pn(sr )=(whk 0 )’

where w = e . Observe that for the values h = 0, n/2 the representations are reducible.
But for all 0 < h < n/2, the representations are irreducible because the matrix pj (r*)
have only two invariant linear spaces which, on the other hand, are not invariant under
pn(srb).

We obtained all the irreducible representations as 41%+ (n/2-1).22 =2n=|D,|.
The character table is:

D, rk srk
(VA1 1 1
Yo 1 -1

vy | (=DF (=1F
vy | (=DF (=DkH!

[ ZCOSZ%i 0

We leave to the reader to find the irreducible representations and the character table
in the case n is odd.
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9 Peter-Weyl theorem

In this section we will deal with the general theory of representations of compact groups.
The goal is to prove that all irreducible representations are finite dimensional and
Peter-Weyl theorem which constructs a Hilbert space basis of L2(G) out of the matrix
coefficients of irreducible representations.

9.1 Averages on compact groups

On compact groups, as for finite groups, one can always construct invariant objects by
averaging over the group. We consider functions with values on a finite dimensional
vector space V equipped with a hermitian metric.

Definition 9.1. Let G be a compact Lie group and p its normalized Haar measure. Let
f:G—V be a continuous function where V is finite dimensional. Define

fG f@uldg)

as the unique vector in V associated to the continuous form
w— L(f(g), w)p(dg).

Remark 9.2. .

1. One may use a basis and write the function f : G — V as a column of complex
valued functions. The integral is the column of formed by integrals of each com-
ponent.

2. Because the one form is invariant, the integral just defined is clearly invariant,
thatis, for all i € G,

fc;f(hg)u(dg)szf(g)u(dg).

3. Let ¢: A — A be a continuous linear map. Then
¢ (f(}f(g)u(dg)) = fG¢> (f (&) udg).

4. One can also extend the integral to Hilbert space valued functions.
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Example 9.3. Let p: G — GL(V) be a representation. For v € V define the average of the
orbit of v as

V= pr(g)vu(dg).

Then, clearly, p(g) v is a continuous vector valued function and using the definition above
we obtain that v is fixed by the whole group G.

Example 9.4. Given two finite dimensional representations p; : G — GL(V;) (i = 1,2),
and any homomorphism
¢p: V1=V,

we may form the average

d=| pa(gopopi(g Huldg).
geG

Another way to describe this average is to understand ¢ as an element of Hom(V, V>) =
V" ® V, with the action of the group G given by p; ® p2. The average ¢ is invariant under
the action p; ® p» and this is equivalent to the condition that ¢ be equivariant.

Combining the discussion above with Schur’s lemma we obtain as in the case of
finite groups:

Proposition 9.5. Suppose p;: G — GL(V;) (i = 1,2) are irreducible representations and
¢ : Vi, — V, is a homomorphism. Then

1. IfV; and Vs are not isomorphic then ¢ = 0.
2. If Vi = Vo (withdim Vi = n) and py = p, then ¢ = L trpId.

The proof of the following fundamental theorem is postponed. It is the core of
Peter-Weyl theorem.

Theorem 9.6. Irreducible representations of a compact group are finite dimensional.

9.2 Orthogonality relations

We consider a Hermitian product on the space of complex functions on G as in the case
of finite groups.

Definition 9.7. For 1,2 complex functions on G we define the Hermitian product
(p1,92) =f P1(8)p2(guldg).
geG
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Remark 9.8. We let L2(G) be the space square integrable functions with respect to the left
invariant Haar measure.

Now we will study the subspace of L?(G) generated by the coefficients of a matrix
representation. That is, functions of the form g — (p(g) v, w) where p is a representation
of G.

Definition 9.9. Given a unitary representation p : G — GL(V), where V is a finite di-
mensional Hermitian space we define 4, < L2(G) to be the subset generated by the
functions

g—(p(gvw),

where v, w € V are any two vectors. They are called representative functions.

Remark 9.10. If (¢;)1<i<q Is a basis of the vector space (of dimension d) then ., is
generated by ((p(e;), e;))

1<i,j=<d’

Proposition 9.11. 1. Letp;:G— GL(W1) and p; : G — GL(V2) be two non-isomorphic
irreducible unitary representations. Then for any u,v € Vy and u',v' € Vs,

fG<p1(g) u, vY{p2(g)u, vyu(dg) =0.

2. Letp:G— GL(V) be an irreducible unitary representation. Then

(u, u'Y{(v, V).

TN _
L(p(g) u, vY{p@u,vHuldg) = Tmy

Proof. Use proposition[9.5]to average the map

o, (W) =(u,v)v'.

That is
by, (W) =[G<p1(g‘1)u, vp2(g)v' udg).

In the first item, v € V; and v’ € V5. We obtain an equivariant map ¢,, ,» (satisfying
Gy 0 p1(8) = p2(g) © Py,), which by Schur’s lemma, as the representations are not
isomorphic, is null.

In the second item v, v/, u’ € V to obtain

(Py,p(w),u'y = L(p(g‘l)u, v)p@V, u'yudg)
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and using the unitary property of p we get

=L<p(g‘1)u, v><v’,p(g‘1)u’>u(dg)sz<p(g‘1)u, v)p(g~Hu', vy u(dg).

The equivariant map ¢, ,» is a multiple of the identity by Schur’s lemma. That is, for
allueV,
Gupou=Aw,v)u.

We get
L(p(g'l)u, v)p(g~Vu', vy u(dg) = AMv, v'){u, u')

where A is the trace of the map ¢,,,» divided by dim V. Now,

tr(pr(g)°</>u,vr°p(g“)u(dg))=fGtr(p(g)°</>u,u'°p(g‘1)) pdg)

:fGtr(Py,v’,U(dg) :tr(/)v,y’fG,u(dg):tr(Pv,v’-

But, choosing a basis of V,
dimV dimV

= Y. (Pyple ey =) (e, )V, e)udg) =, v).

i=1 i=1

9.3 Peter-Weyl theorem

Peter-Weyl theorem states that the coefficients of all irreducible representations of
a compact group generate the space L?>(G). The classical case being for the group
U(1) = S! the fact that the irreducible representations (given by z — z”, where |z| = 1)
generate L>(S').

We first consider the set of all equivalence classes of irreducible representations.

Definition 9.12. We denote by G the set of equivalence classes of irreducible unitary
representations of a compact group G.

Recall definition[9.9|for a finite dimensional unitary representation p : G — GL(V),
the set ./, c L?(G) generated by representative functions

g—(p(Qeie)),

where (e;) is an orthogonal basis of V.
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Remark 9.13. One can show that if two unitary representations are equivalent, they are
isomorphic through a unitary isomorphism.

Remark 9.14. One verifies easily that equivalent representations define the same subspace
and therefore we will denote ./, by 4 where the equivalent class [p] defined by p is
equalto L€ G.

We may state now the main theorem.

Theorem 9.15 (Peter-Weyl). Let G be a compact group. Then
L*(G) =DM
where @ denotes the closure of the direct sum in L*(G).

Proof. Suppose, by contradiction, that the orthogonal complement of A4 = 25} 1ecMa
(call the complement .#%) is not empty. Note that % is closed. It is also invariant by
the right regular representation: if f € /) and u € /4, then

fG (o(h) ) () ulRp(dg) = fG v(ghugpldg) = fG v(@)u(gh Hu(dg).
But if u(g) = (pa(g)a, b) is a representative function then

u(gh™ =(pa(gh™a,b) = (p(g) (p(h HYa), b

is also a representative function and therefore the integral above is zero.

The key argument is to use theorem[9.6| The regular representation restricted to 4
has an invariant finite dimensional subspace W such that the restricted representation
is irreducible. We show now that an element f € W is itself a representative function.
Indeed, choose a basis (e;) of W and write

dim W
(Pr(MA(Q= Y ci(hei(g).
i=1
We have then
dim W

figh= Y ciei(g)

i=1
and, making g = 1 we obtain
dim W
fmy="% ci(hei),
i=1
which is a linear combination of the representative functions c;(h) = ((pr(h) f)(g), ei).
We conclude that f itself is a representative function, a contradiction, unless f = 0.
O
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