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1 Preliminaries

General references for these notes are [Don11; FK92; For81; Mir95; Nar92].

Differential manifolds are usually equipped with other structures. For instance, every man-
ifold can be given a Riemannian metric. These structures might have local invariants, as the
curvature in the Riemannian case, which distinguishes arbitrarily small neighborhoods. Other
structures, on the contrary, are not distinguished by local invariants. An example is the structure
of a complex manifold.

Definition 1.1. A complex manifold of dimension n is a connected differential manifold (which
we suppose Hausdorff and second countable) equipped with a cover X = UU, by open sets U, and
homeomorphisms (charts) zq : Uy — 2q(Ug) = C™ such that the maps zg o z;l : 2q(Ug nUp) —
zp(Uq N Up) are biholomorphisms.

Remark 1.2. Sometimes we will consider complex manifolds without the connectedness hypothe-
Sis.

Once a chart cover (we call it an atlas) is defined, one usually considers a maximal family of
charts compatible with the given cover. We are thus allowed to introduce new charts whenever
we need. Maps between complex manifolds are defined as for real manifolds:

Definition 1.3. A continuous map F : X — Y between complex manifolds is holomorphic if, for
charts zg : Uy — C" and wg : Vg — C" of M and N respectively such that F(Uy) < Vg, we have
that wgoFo z;l 12q(Uq) — wg(Vp) is holomorphic.

We say then that two complex manifolds are biholomorphic if there exists a diffeomorphism
between them which is a holomorphic map.

Definition 1.4. A Riemann surface is a one dimensional complex manifold.

Remark 1.5. The second countability hypothesis in the definition of a complex manifold can be
put aside in the case of dimension one: having an atlas of one dimensional complex charts on a
Hausdorff space implies second countability (Radé’s theorem 1925).

Example 1.6. The Riemann sphere CP! is a Riemann surface whose underlying topological
manifold is the two dimensional sphere S>. We write S* = C U {oo}. There are two natural charts:

1. z1:CU{oo}\ {0} = Uy — C defined by z1(z) = 1/z if z # 0 and z; (c0) =0
2. zp:C=U, — Cdefined by z,(z) = z
In the intersection Uy N Uy = C\ {0} = z; (C\ {0}) = 2o (C \ {0}) we obtain
Zp0z;' :C\ {0} — C\ {0}

given by zp o z| Y(2) = 1/z which is a biholomorphism.



This is the most symmetric example of a Riemann surface. It has the largest group of
automorphisms (the group of diffeomorphisms which are holomorphic) namely, the group of
Mobius transformations. The Riemann sphere contains as an open subset the complex plane
whose automorphism group (the similarity group) is a subgroup of the Mébius group.

Complex manifolds of higher dimensions appear naturally in the theory of Riemann surfaces.
In particular, we will show that every Riemann surface is embedded in a complex projective
space.

Remark 1.7. We will see that any orientable topological surface has a complex structure making
it a Riemann surface. On the contrary, there are higher dimensional manifolds which don’t admit
any complex structure. For instance, a basic open problem is to decide if the sphere S® admits a
complex structure, the other spheres of dimension bigger than 2 are known not to admit a complex
structure.

Particularly important is the study of holomorphic maps of a Riemann surface X into C
(holomorphic functions). That is, continuous functions f : X — C such that for every chart
¢:U— Cof Mthemap fo gb_l :p(U) — Cis holomorphic. On a (connected) compact Riemann
surface, holomorphic functions are constant. Indeed, there would be a maximum of the function
at a point and the maximum principle applied to fo¢~! on a chart ¢: U — C containing that
point will force the function to be constant.

A much richer class of functions defined on a Riemann surface are holomorphic maps from
M into the Riemann sphere (also called meromorphic functions). Indeed a basic theorem in the
theory is that there exists at least one non-constant such function. Meromorphic functions are
holomorphic functions defined on the complement of a closed and discrete subset of points
(called poles) such that viewed through the charts are meromorphic. We will see that Riemann-
Roch theorem gives a quantitative description of the space of meromorphic functions.

Definition 1.8. Let X be a Riemann surface and D c X a closed and discrete subset. A meromor-
phic function is a holomorphic function f : X\ D — C such that for all charts the composition
fog~! is meromorphic. The set of meromorphic functions on X is denoted by 4 (X).

A point p € X is a pole of a meromorphic function f if lim,_.,, f(z) = co. Meromorphic
functions on a Riemann surface may be interpreted as holomorphic maps into CP!: it is a
consequence of the Riemann removable singularity theorem and we leave it as an exercise.

Proposition 1.9. Let X be a Riemann surface and f € 4 (X) be a meromorphic function. Let
D c X be the set of poles of f . Define an extension of f, f : CP! — CP!, by f(p) = co € CP! for all
p € D. Then f is a holomorphic map. Conversely, any holomorphic map f : X — CP! (which is
not identically oo) defines a meromorphic map on X which is holomorphic on the complement of
D= fY(c0).

The first part is a consequence of the Riemann removable singularity theorem. For the
converse one needs to show that D is discrete and this follows from the fact that a holomorphic



function defined on a connected domain which is constant on a set having an accumulation
point must be constant.

Remark 1.10. Clearly 4 (X) is a field (we supposed that a Riemann surface is connected). One
can prove that if X is a compact Riemann surface, 4 (X) is a transcendental extension of C of
degree one. Moreover, any transcendental extension of C of degree one is the field of meromorphic
functions of a Riemann surface.

A holomorphic function defined on some neighborhood of a point in the plane is determined
by the coefficients (an infinite sequence of numbers) of its power series development. By
contrast, a holomorphic function defined on a Riemann surface does not have a meaningful
power series associated to it. Indeed, up to a change of chart, one has always the same local
form depending only on a natural number described in the following lemma.

Lemma 1.11. Let ¢ : Y — X be a non-constant holomorphic map between Riemann surfaces
with ¢(yo) = xo. There exist charts ¢y and ¢ x around yy and xo respectively such that ¢y (yy) =
¢Gx(x0) =0 and pxopody 1 (z) = z" for somen=1.

Proof. Clearly we can assume that there exists local coordinates ¢!, (we will change that co-
ordinate next) and ¢ x around y, and xo, respectively, such that ¢/, (yo) = ¢px (x0) = 0. Now, if
¢xopo (/)’Y_l is non-constant we may suppose that there exists a holomorphic function f(w)
such that ¢ 0(,1)0(/)’1,_1 (w) = w" f(w) with n=1 and f(0) # 0. Therefore, on some neighborhood
of the origin, there exists a holomorphic function h(w) such that 2" (w) = f(w). Observe that the
map ¥ : w — wh(w) is a biholomorphism in a neighborhood of the origin so that ¢y = yo¢, isa
new chart around y. For z = wh(w) we obtain ¢y oy opy ! (z) = (/)Xowoc/)’y_l(w) =w"f(w) =
(wh(w))" = z". O

Observe that in the case n = 1 the map ¢ is alocal biholomorphism at yy € Y.

Definition 1.12. A point yp € Y with n = 2 in the above lemma is called a ramification point and
the point xy € X as above is a branching point of multiplicity n of the map ¢.

Definition 1.13. Let f € 4 (X) be a non identically zero meromorphic function. One defines the
orderof fatpe X
ordy(f)=n

if, on a local chart¢: U — C with p € U and ¢(p) =0, one can write
(o]
foo™ D= a,
k=n

withne€ Z and c,, # 0. If f is the null function we define ordy(f) = oo forallp € X.



Note that this definition does not depend on the chosen chart. Observe also that if one
considers the meromorphic function as a holomorphic function from X to CP! then p is a
ramification point of f when n = 2 or n < -2 and the order of ramification is then |n|. The
function ord,, defines a valuation on the field .# (X).

Exercises

1. Let¢: Y — X be a non-constant holomorphic map between Riemann surfaces. Show that
¢ is an open map.

2. Let ¢ : X — C be a non-constant holomorphic map. Show that |¢| does not attain its
maximum. Conclude that every holomorphic function on a compact Riemann surface is
constant.

3. Let ¢ : X — C be a non-constant holomorphic map. Show that Re¢ does not attain its
maximum.

4. Prove Liouville’s theorem: every bounded holomorphic function defined on C is constant.
5. Show that the meromorphic functions on CP! are quotients of two polynomials.

6. Let¢: Y — X be anon-constant holomorphic map between compact Riemann surfaces.
Show that ¢ is surjective.

7. Prove the fundamental theorem of algebra by considering a polynomial as a holomorphic
map between CP!.

Meromorphic functions on CP! are very simple to describe:
Definition 1.14. A rational function f € .4 (CP') is a meromorphic function of the form

_p@

fla)= e

where p(z) and q(z) are polynomials with no common factors.

By the exercise above .# (CP') is the set of rational functions. Here, one can also define
f:€P! — CP', defining £ = co e CP' if g(2) = 0 and p(2) #0.

Writing a meromorphic function in the neighborhood of a point z as f(z) = (z — 29)*g(2)
where g is holomorphic on a neighbourhood of zy and g(zg) # 0, we define the order of f(z) at
2o to be k. The order of the function defined on CP! at co is computed using the chart w = 1/z.
So that if p(z) has degree n and gq(z) degree m, then f(z) = % at oo will have order —(n — m).
For a rational function, this implies that the sum of the orders of the zeros and poles is zero.
Conversely, an easy construction gives the following characterization of meromorphic functions
by their zeros and poles.



Proposition 1.15. Let (z;) and (w;) be two finite disjoint families of points in CP! with the same
number of elements. Then there exists a rational function vanishing precisely at z; and having
poles precisely at w; (unique up to a non-vanishing scalar multiplication).

Note that order of the function at each zero is the number of times the point appears in the
family (z;). Analogously, the order of the function at a pole is the negative number the point
appears in the family (w;)

Proof. Suppose that there are n points in each family and none of them is co. Define

[T} (z-z)
[ z-w)

In the case z; = oo we substitute the factor z — z; by 1/z. On the other hand, if w; = co we
substitute z — w; by z. This clearly gives a rational function with the desired properties. O

This is not true for other Riemann surfaces. One cannot fix arbitrarily the structure of zeros
and poles of a meromorphic function. The proposition above has a generalisation to other
Riemann surfaces as Abel’s theorem. By the way, it is much more difficult to prove that there
exists a meromorphic function at all.

One way to describe the characterization of meromorphic functions given in the proposition
is to introduce the language of divisors. Fix a formal sum on CP! of the form

n n
DIZZi—Zwi.
i i

Then one can find a meromorphic function with poles and zeros as above. D is called a divisor
and it determines up to a non-vanishing scalar the meromorphic function.

Another approach to the description of meromorphic functions on CP! is based on prescrib-
ing the principal part at poles. Suppose we fix 7 points (w;) in CP! (we suppose here that co is
not a pole). each w; being a pole of order at most n; with principal part

o Cki
i (z—wpk

Clearly the function

has the prescribed principal part at a neighbourhood of each w; and is a rational function.
Observe that we can count the number of such functions: it forms a vector space of dimension
n+ 1 (n coefficients of the principal part plus constants). Observe also that in this count we
loose any information on the number of zeros of the meromorphic function.



The counting of meromorphic functions on a Riemann surface with bounds on the order
of poles or zeros is the goal of Riemann-Roch formula which we will prove later. Suppose we
define a divisor given n points in CP! as the formal sum

D= Znizi,

where n; € Z satisfy }_n; = d € Z (note that if d # 0, there is no rational function as in the
last proposition associated to the divisor). The integer d is called the degree of the divisor
degD. We are interested in the dimension of the space L(D) of meromorphic functions f such
that ord,, f = —n; and ord, f = 0 if z # z; for all i together with the null function. That is, if
n; <0, f has a zero of order at least n; at z; and if n; > 0, f has a pole of order at most n; at z;.
Observe that If d < 0 then L(D) = {0}. Indeed if f is meromorphic we showed that }_ ord,, f =0
(Proposition 1.15). The same proposition shows that if d =0, dim L(D) = 1 (the meromorphic
function with prescribed order of zeros and poles is defined up to a scalar). Suppose now
that d > 0. We may write D = D' + div(g) where D’ has only positive coefficients. Indeed,
writing D = D, — D_, decomposing the divisor into the positive and negative parts, there exists
a meromorphic function g having poles precisely at the negative part of the divisor. Now we
observe that the map L(D) — L(D') given by f — fg is an isomorphism. Now we may use the
counting of the previous paragraph to conclude that dim L(D) = d + 1.

Appendix: Projective space

Complex projective space CP" is the quotient of C"*! — 0 by the C*-action A(z1,---, Zn41) =
(Azy,-++,Azp41). The orbit containing the point (z1,- -+, z,+1) is denoted [z1,- -+, z;+1] (the ho-
mogeneous coordinates).

Natural charts are given by defining the open sets U; ={ [z}, - ,zp+1] | 2; #0}and ¢; : U; —
C" as
Zni1

21
¢i([zl»"';zn+1]) = (_;“'71»“'7
<i <i

)

where the coordinate 1 corresponding to z;/z; should be deleted in the identification with C".
The transition functions are given by

-1 _wm Wn+1
(rbjo(pi (wl)"';wn+1) - (E’ ’T])
where we think (wy,- -+, w,+1) as having the i-coordinate equal to 1 and (%, e %) having
7 J

the j-coordinate equal to 1.

We denote IT: C"*1\ {0} — CP" the projection. CP" is a compact manifold as the projection
ITis continuous and its restriction to the sphere $2"~! c C"*! is surjective.

The group GL(n +1,C) of invertible (n + 1) x (n + 1) matrices acts on CP": just use the action
on C"™*! and observe that it passes to the quotient. The subgroup C* < GL(n + 1,C) of multiples
of the identity acts trivialy on the quotient. In fact one can prove the following.



Proposition 1.16. The group of biholomorphism of CP" is

PGL(n+1,C) =GL(n+1,C)/C".

Appendix: Complex manifolds are orientable

Definition 1.17. A differential manifold is orientable if one can choose a covering by charts
(Uq, ¢pq) such that, for any two charts, the Jacobian of ¢ o (,bB1 is positive. That is, writing

Paody! (X1, %) = (V1,7 V)
we have

9yi

det
eax]'

> 0.
Observe that, using differential forms, one can write
dyi
dyin---ANdyp=det(z—)dx; N+ Ndxy.
0x]‘

Proposition 1.18. Any complex manifold is orientable.

Proof. Write
bao Py (21,0, 20) = (Wi, -+, wy)

forz; =xi+ixjrpand wj=yj+iyjipsothatdz;Adz; = d(x; +ixXi+p) Nd(X; —iXj1p) = —2idX; A
dx;in and analogously dw; A dw; = -2idy; A dy;+n. We have therefore

ow; ow;
dyy N+ Ndys, =det Wi det—_]dxlA---Aden
Zj Zj
so that )
0y; ow;
detl = ’det Wi > 0.
axj Zi

Appendix: The implicit function theorem

Examples of Riemann surfaces are easily obtained as submanifolds of complex manifolds by
using the implicit function theorem. Here is its simplest version with two complex coordinates.
We will mainly use that version.

10



Proposition 1.19. Let f be a holomorphic function in two complex variables defined on{ (z, w) | |z| <
€1, lw| < &2 }. Suppose that f(0,0) =0 and %(0, 0) #0. Then, thereexists0< 61 <€1,0<02<¢y
and a unique function ¢ defined on |z| < 81 such that {(z,$(2)) | |z <81} = fHO)N{ (2, w) | |z| <
61, lw| < 62 }. Moreover, ¢ is holomorphic.

Proof. As a—f(O, 0) #0, there exists 6, > 0 such that f(0, w) # 0 for |w| = §,. There exists therefore,

ow
by compactness, §; > 0 such that f(z, w) # 0 for |z| < 81, |w| = §,. Writing f,, (z, w) = aféi’)“’) , for

each z, the number of zeros of f(z, w) in |w| < §, is given by the holomorphic function

1 fw(zy w)
N = — L7
(Z) an |W|=52 f(Z; w)

which is therefore constant equal to one. The explicit solution is given by the residue theorem
(writing f(z, w) = (w — ¢(z)) h(z, w) for a non-vanishing function h(z, w)):

_ L Juw(z, w)
Pl = 2ni Jyw=s, flz,w)

which is holomorphic in z. O

Corollary 1.20. Suppose that P(w) = w" + ayw" ' +--- + a,, (with a; holomorphic functions
defined on a neighborhood of z) has n distinct solutions wn,--- , wy, at z. Then there exists unique
holomorphic functions fi,---, fn, (defined on perhaps smaller neighborhood of z) with f;(z) = w;
satisfying P(f;) = 0 so that P(w) = Hf(w -fi).

A more general statement of the implicit function theorem is the following:

Proposition 1.21. Let f = (fi,---, fm) : P — C™ be a holomorphic function defined on P =
{(z,w) | |zl < €1, |lw| < €y, } wherez = (z1,---,2y) and w = (wy,---, Wy). Suppose that f(0) =0
andforl<i,j<m

ofi

deta—(0,0) #0.

j
Then, there exists 0 < 61 < €1,0 <6, < €2 and a unique function ¢ defined on |z| < §, such that
{(z,0(2) | |z] < b1} = f‘l(O) N{(z,w) |zl <d1, lw| <2 }. Moreover, ¢ is holomorphic.

Proof. Apply the real version of the implicit function theorem first to obtain that there exists
61 > 0 and a unique function ¢ defined on |z| < §; such that f(z,$(z)) = 0. It remains to show
that the function is holomorphic. We compute

_ 6 0@) O, 01i 99  0fi %%

0 = .
621 02[ alI}j 621 aw]' 621

The first two terms in the right hand side are null because f; is holomorphic. Therefore

0fi 99; _,

6wj 0z;

11



Because d etg—l{jj # 0 we conclude that
6 .
%0 _y,
azl
O

We mention a simple application of the proposition: if f : C**! — C” is holomorphic of
constant rank n then the set
{zeC™| f(2)=0}

is a Riemann surface (maybe with several connected components). In particular if
F(z,w)=0

has no solution with simultaneously vanishing derivatives 2£ gZZ W) and % (gi')“’)

mann surface. Indeed, the charts are given by

, it defines a Rie-

» 1(2) = (2,8(2)

or
v (w) = (h(w), w).

In the intersection of two charts as above we obtain

vodp l(2)=g(2)

which is holomorphic with non-vanishing derivative (because v o ¢! is a bijection in the
intersection).

Appendix: holomorphic differential forms
Holomorphic differential forms are locally defined on every coordinate neighborhood
Pa(Ug) cCas
ga(2)dz

where the variable z lives in ¢, (U,) and the function g, : ¢4 (U,) — C is holomorphic. They
satisfy the expected compatibility condition for each intersection U, N Uy which reads

gp(w(2)w'(2) = gq(2),

where w(z) = ¢pgod,' (2).

Holomorphic functions defined on a compact Riemann surface are constants but the space of
holomorphic forms on a compact Riemann surface is a finite dimensional complex vector space
whose dimension depends only on the topology of the surface. We will see that it is precisely
the genus of the surface. For instance, for an elliptic curve the holomorphic differentials are all

12



multiples of the ’constant’ form dz. The Riemann sphere has only the trivial holomorphic form
which is identically zero. We can prove that right now:

Suppose we use the covering of CP! by the two open sets U; and U, as before. Then
w(z) = 1/z and therefore

1 1
——81(2) = 8(2).
z22°"z

The equation g(1/z) = —z? g»(z) has only one solution for holomorphic g, in C and g; in CPI\{0}
(in the coordinate w, with co givenby w =0, g1(w) =co+crw+---+cg wk). Tt is zero.

Example 1.22. Let X be given by an equation F(z, w) = 0 with partial derivatives non-vanishing
simultaneously. Suppose g—fj # 0 and solve for z. A holomorphic differential can be obtained as

OF
—d
0z “

on the coordinate z. On the other hand, using the coordinate w we define

——duw.
ow w

The equation

OF OF
&dz+ ﬁdW—O

shows that the form is well defined on the whole surface. Also, let

dz

OF
ow

and
dw

dF

0z
be defined in the corresponding coordinates. As the partial derivatives don’t vanish at the same
time the expressions define a global holomorphic form.

13



2 First examples, Elliptic functions

Examples of open Riemann surfaces are open subsets of C. In particular, the disc is the most
important one being biholomorphic to any simply connected bounded open domain by the
uniformization theorem. Among domains which are not simply connected, the cylinder is one
of the simplest. A cylinder can be realized as a Riemann surface through any of the open subsets
of C where r > 1:

Cr={zeCl|r>lz|>1}.

One can prove that for 1 < r; # rp, C;, is not biholomorphic to C,.

2.1 The infinite cylinder

We call the infinite cylinder the set C*. The infinite cylinder is not biholomorphic to any C;
with 1 < r < oco. One can obtain C* by taking the group of translations I" generated by z — z + 1
and considering the quotient C/I". The biholomorphism between the spaces is given by the
exponential function
7 — ezmz.

We will justify later these assertions and use the following description of meromorphic functions
on C*: they are in correspondence with meromorphic functions on C which are periodic with
respect to the translation z — z + 1. Clearly the holomorphic functions defined on C* are the
convergent power series

+00
Y a,w”.
—0o

Convergence is equivalent to the condition lim,— 4+ |a,|"'" = 0. In terms of the coordinates in
C, that gives functions of the form Y *% a, exp2nniz.
A usefull idea to obtain a periodic function on C is to define an infinite sum

Z flz—n)

nez

where f(z) is any meromorphic function. The problem here is that it is not clear that the sum
will converge. A successful example is obtained by taking the meromorphic function f(z) = %
for z € C. Define )

P(z)= )

nez (z— I’l)2

which is normally convergent on every compact subset of C\ Z. Indeed, on each compact subset
of C\ Z contained in a disc of radius R, for all n = 2R we have

n

n
lz—nl=zn—-|zlzn——=—.
2 2

Therefore )

(z—n)?

4

< —
n2
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and by Montel’s theorem we conclude that P(z) is a meromorphic function on € holomorphic
on C\ Z which is clearly periodic.

One can also obtain P(z) starting with a function given by an infinite product. In this way we
control the zeros of the function. Namely, define

2

z < z z
Q_zzkl—ﬁx1+%y

n

S =z[]Q-
1

The product is normally convergent on compacts as )_log(l — Z—i) is normally convergent on
compacts. It’s logarithmic derivative is

Sz 1 X 1 1 1 & 2z
Z = =—+ + = — 4+
(2) S(z) =z ;(z—n z+n) z z1“z2—n2

which converges normally on compact subsets of C \ Z. Therefore Z’(z) is also meromorphic on
C\ Z. Finally we get back to the meromorphic function

P(z) =-7'(2).
Exercise 2.1. Prove the following identities:

1. P(z) =72

_1

sin?(mz)
2

2 TPh=%.

3. Z(z) =ncot(nz).

4. S(z) =nsin(rz).

Observe that P(z) is defined on the cylinder but Z(z) and S(z) are not invariant functions
under the translation z — z + 1.

2.2 Elliptic Functions

The next examples of compact Riemann surfaces, after CP', consists of complex structures on a
torus. We will show later that any such structure arises as a quotient of C by a translation group
generated by two independent directions one of each we may suppose (by a conjugation by
a similarity transformation z — az + b) to be z — z+ 1 and the other one z — z+ 7 with € C.
More precisely, we will show that any compact Riemann surface whose underlying manifold is a
torus is biholomorphic to an elliptic curve:

15



Definition 2.2. let1€{zeC|Imz>0} and'; = Z+ Zt be the additive group generated by
1,7 € C. Wesay that E; = C/T'; is the complex torus associated toT';.

The set of points inside the parallelogram defined by 1 and 7 is called a fundamental region.
Its closure, with some identifications on the boundary, is homeomorphic to a torus. Observe
that any translation of that parallelogram also is a fundamental domain in the sense that any two
points in its interior are contained in different orbits and each orbit has a point in the domain or
its closure.

2.2.1 General properties

Meromorphic functions defined on E; are identified with meromorphic functions defined on
C which are invariant under I'; (called elliptic functions) but holomorphic functions which
are invariant reduce to constants due to the maximum principle. It is not obvious that a non-
constant function exists but several of its properties, assuming existence, are simple to state.
The following is a basic property.

Proposition 2.3. Let f € 4 (E;) be a meromorphic function without poles on the boundary of a
fundamental region. Then, the sum of its residues in the fundamental region is zero.

16



Proof. The sum of residues in the interior is given by 2%;; J3p f(2)dz where P is a parallelogram
which is a fundamental domain. By translation invariance the integrals on opposite sides
cancel. O

This shows that, in order to construct a meromorphic function on E; with only one pole, its
order has to be at least two. A related proposition counts the number of zeros.

Proposition 2.4. Suppose there are no poles or zeros in the boundary of a fundamental domain.
Then the number of zeros is the same as the number of poles counting multiplicities.

Proof. The proofis simply a corollary to the previous proposition applied to the the function
f'1 f. In fact the sum of the residues is equal to the number of zeros minus the number of poles
counting multiplicity by the following

Exercise 2.5. If f has no poles nor zeros in 0P, prove that

REAC
2ni Jap f(2)

dz = number of zeros in P— number of poles in P

where P is a domain with boundary OP.

O

Another necessary condition on the zeros and poles of a meromorphic function is given in
the following proposition. It turns out that these necessary conditions are also sufficient (Abel’s
theorem).

Proposition 2.6. Suppose there are no poles or zeros in the boundary of a fundamental domain P.
Let a; and bj be two finite disjoint families of points inside P and f an elliptic function vanishing
precisely at a; and having poles precisely at b (we repeat the points according to the multiplicity

of the zero or pole). Then
Z a; — Z bj el;.

Proof. The same as above using the following

Exercise 2.7. ) f'( )
zf'(z

— dz= i— Y b;.

2 Jop fl) T LWL

Indeed, taking into account the invariance of f(z) under translations and supposing that P
is the parallelogram with corners 0,1,1+ 7,7, we get

/ 1(_ 1 T £
L. zf (z)dzzi. -nf (Z)dZJrL. f(Z)dZ
2ni Jop f(2) 2nido  f(2) 2riJo f(z)
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fOT ]}(ZZ) dz is the number of turns that f (z) describes around the origin

1 f'(2)
Jo Tt 4%, we obtain

and observing that 5~ 2m

when z follows the segment from 0 to T and analogously for 5— 2m

1
=5 (—Tlog(f(z))l(l) —log(f(2)I§) = mT + na.

2.2.2 Weierstrass function

The next goal is to construct meromorphic functions on E;. In the following discussion we fix
a translation 7 and let I'; be the lattice generated by 1 and 7. Several objects will depend on ©
although we will not make it explicit. A direct construction of elliptic functions is obtained by
means of the series
1
Fu(2) = Z

vel; (z=7" '
One can prove that the series converges absolutely and uniformly on compact sets for n = 3 so
that F,(z) is meromorphic. To see that, we start with the following

Lemma 2.8. The series )

yel,—{0} lyl®
is convergent for s > 2.

Proof. Consider the description of the lattice by the layers n; + npt € I';y with max(Im 1, |n2l) = n.
There are 87 elements of I'; in that layer. If we let r be the radius of an inscribed circle inside the
firstlayer (that is the parallelogram defined by +(1+7), +(r—1)), then |ny+ny7| = r max(|n,|, |n2l).

Therefore 1

> s ‘Z

yeloop IYI° az rond

rsns-1
which is convergent for s > 2. O

Lemma 2.9. The series

1
yeZI“T (z=7)°
is uniformly convergent on compact sets of C — I'; for any integer s > 2.
Proof. If K c C is a compact subset we can assume that, except for finitely many vy, |y| = 2|z
for z € K. In that case |z—y| = |y| —|z| = |y| — |21| = lzll Therefore for all z € K and y on the

complement of a finite subset in ',
1

> <2') —

~lz—yl =" &yl
which is convergent for s > 2. Together with the previous lemma, this implies the series is
uniformly convergent by Weierstrass M-test. O
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Having proved convergence, for each w € I'; we obtain

1 1
Fplz+w)= ), —————= -
yels (z+w—y) Yel; (Z_Y)

so that F,(z) is elliptic. In particular the function F3(z) is elliptic. It has a pole of order 3 at 0. To
obtain a meromorphic function with a pole of order 2 we solve the equation

P'(z) = —2F;3(z).

A solution is given by the Weierstrass function

1 1 1
P(2) = — + ).
(2) 22 yeI;—{O}(('Z_Y)Z YZ)

The naive idea would be to start with a function with a pole of order two, namely Zl—z, and

define } yer, (o) ﬁ which would make it invariant under I'; but unfortunately this sum is not
convergent.

Lemma 2.10. The series ) ) )
so=te ¥ (L-L)
z? yenz—{O} (z-y)? 7y?
defines an elliptic function with only one pole of order two modulo the lattice.

Proof. To show convergence, the argument is the same as in the previous lemma. The general
term of the series &2 satisfies, as in the previous lemma, for |y| = 2|z| with z in a compact subset
of C\T';.

11 2(z=2y) | _ 4lzl(5/2]yD) _ 102
(z-1* vl V-, WPy T P
Therefore, as before, we conclude that the series converges absolutely and uniformly on compact
sets of C\T';.

The periodicity is not clear from the formula. But we can use the periodicity of its derivative
to conclude that 22 (z) — 2 (z+ 1) and P (z) — P (z + 1) are constants. The value of the constants
are seen to be zero. In fact, 2(-1/2) - 22(-1/2+1) =0 and 2 (-71/2) — 2?(-7/2 + 1) = 0 because
2P(z) is clearly even. O

A meromorphic function on the elliptic curve can be interpreted as a function E; — CP!. In
general, the meromorphic function is locally a bijection but it has ramification points when its
derivatives vanish. It is important then to determine the zeros of 2’

Lemma 2.11. The zeros of %' in a fundamental parallellogram with vertices 0,1, T and 1+ 1 are

N~
N =
)
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Proof. As &' has order 3, it has only three zeros in the fundamental domain. We have %' (z) =
—2P'(-z) because 2’ is odd. On the other hand, because &' is periodic, 2'(z) = &' (z - ).
Therefore, for z =y/2, &' vanishes. O

One can prove that the Weierstrass function defined on E; assumes each value on the
Riemann sphere exactly twice except for 4 points; three corresponding to the vanishing of its
derivative 9”(%), P (%), e@(%) and the last one corresponding to the unique pole of order 2, co.
That gives an interpretation of the Weierstrass function as a branched covering of the Riemann
sphere by the torus.

The following existence theorem of meromorphic functions on an elliptic curve should be
contrasted to the corresponding existence theorem of rational functions on the Riemann sphere.
The only if part was proven in a previous proposition.

Theorem 2.12. (Abel’s theorem) Let E; be a complex torus with corresponding group T';. Let a;
and b; be two finite disjoint families of points in a fundamental domain P with the same number
of elements (greater than or equal to 2). Then there exists an elliptic function vanishing (inside P)
precisely at a; and having poles (inside P) precisely at b; if and only if

Z a; — Z b i€ I;.
Proof. A constructive proof of this theorem can be given by considering the Weierstrass sigma

function ,

Z iz
0(2) = zllyer(1 ——)er #7,
Y

which has only simple zeros at points of I'. They are not functions defined on the quotient but
their behavior with respect to the lattice is quite simple. In fact

gz +7) = (D)o (2)erE* 2D
where @, and n, depend only on y € I'. We define the meromorphic function in the theorem as

_0o(z—a))---0(z—ap)
"~ o(z—by)---0(z—bp)’

f(2)

It is easy to verify that f(z) is indeed defined on the quotient. O

Let us analyse more precisely the Weierstrass sigma-function. It is an analog of the function
S(z) introduced above.

2
z
2* converges normally on compact subsets of C.

Lemma 2.13. 0(2) = zllyer (1 - $)e?
Proof. We obtain for large y (for instance |y| = 2|z| for z in a compact):

2 3 4 3
:|log(1—f)+f+%|=|z i +...|5C|Z_3|
Yy v & Y

z 2,2
log((l —er ZYZ)
Y

—_— + —_—
3y3 4yt

for a constant C, which proves normal convergence. O
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Define the logarithmic derivative of the o-function:

( 1 1 z)
= =—+ +—+—]
0(2)  z2 e Z\2=Y Y Y

And observe that
P(2) =-{ (2.

In order to obtain the transformation law for o we start first to obtain the one for {. Indeed, as
22 (z) is doubly periodic, we obtain that, for all z,

((z+1)={(2)+m
and
((z+71)=((2) +n2.
Using the definition of { we obtain that there are constants c¢; and ¢, such that
logo(z+1)—logo(z) =n1z+c1
and
logo(z+ 1) —logo(z) =n2z+cy,

therefore
o(z+1)=0(2)eM*t g(z+71) = 0(z)e"?* %,

For z=—1/2 we have 0(1/2) = g(—1/2)e”M/2*¢1 g9 —eM/2 = ¢ because o is odd. Analogously
we obtain —e"2/2 = ¢%. We conclude with then that

o(z+1) = —a(z)e”l(“%)

and 1
0(z+71) = —0(z)e?#2),

It turns out that the two constants 17; and 7, are not independent. We will also need the
following lemma describing an explicit relation between them:

Lemma 2.14 (Legendre’s relation). Let A; be the lattice (1,T) and { the meromorphic function on
C defined above. Then
n1T — N2 = 27i.

Proof. { has a single pole in the interior of a fundamental domain P containing 0 in its interior.

Therefore
Zni:f ((z)dz:f C(z)dz+f ((z)dz+f ((z)dz+f ((2)dz
oP F1 rz 1—‘3 1—‘4

:f C(z)dz—f C(z+r)dz+f C(z)dz—f ((z—1)dz
I, I, I I,

= —UdeJrf mdz=mt—1nz.
I, Ty
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This lemma implies that there are particular combinations of the functions {(z — z;) that are
periodic:

Lemma 2.15. Fix k =1 and a collection of k points (z;)1<j<k. The function g(z) = Z’f a;i{(z— z;)
is elliptic if and only ilef a; =0.

Proof. Compute g(z+1) = Z’f a;((z+1—z;) = Zlf ai((z—z;) +Zlf a;n = gz)+mn Z’f a; and, anal-
ogously, g(z+71) = Z’f a;{(z+1—-2;) = Z’f ai{(z—z;)+ Z’f a;ina = gz)+n2 Z’f a;. The conclusion
follows using Legendre’s relation. O

2.2.3 Divisors on a complex torus

Another description of the set of meromorphic functions is given through divisors on a Riemann
surface X. More precisely we fix a divisor, that is, a formal linear combination

D=anz
V4

where n, € Z are different from zero only for a finite number of of points z € X. We think of a
divisor as giving the order n, of a possible function at z, except that a function with precisely
these orders might not exist. A divisor defines a function D : X — Z of finite support, so we also
use the notation D(z) = n,. The degree of a divisor will be the total order deg(D) =) ,n;. In
particular we call divisor of f the divisor (called a principal divisor)

div(f)= ) ord;(z,
zeX
and we will show that it has zero degree for any meromorphic function defined on any compact
Riemann surface. There exists an order relation between divisors: we say D; = D, iffor all z€ X,
D1 (z) = D, (zp). Define the vector space

LD)={fe(X)| f=0ordiv(f)=-D}

where div(f) = —D means that, for each z € X, the order of f at z is greater than or equal to
—nz. That is, a meromorphic function in L(D) has poles at z; of order at most n; if n; > 0 and
zeros of order at least n; if n; < 0. For instance, if D =0, then div(f) = —D = 0 means that f is
holomorphic. Therefore L(0) = C, the constant functions, and dim D = 1. But also, if D = z, that
is, just one point, we obtain that L(D) = C (on the torus) because there are no meromorphic
functions with a single simple pole at one point on the torus (the only such Riemann surface
is CP1). As another example consider L(div(g)) ={f € 4 (X) | f =0 or div(f) = -div(g) }.
Observe then that div(f.g) = div(f) + div(g) =0 and therefore f.g is a constant. We conclude
that L(div(g)) =Cg.

More generally, two divisors D, and D, which differ by a principal divisor (D2 = Dy +(g))
are called equivalent divisors and have isomorphic spaces L(D;) and L(Dy). Clearly f — f/g
defines an isomorphism.
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If a divisor is strictly negative, that is, n; < 0 with at least one n; non-vanishing, we clearly
have L(D) = {0}. If one adds a point [z] to a divisor D one obtains that L(D) c L(D + z) with
codimension at most one. Indeed, if the coefficient of D at z is n, then define L(D + z) — C as
the coefficient of order n + 1 in the Laurent expansion of a meromorphic function at z. Clearly,
L(D) is the kernel of this map.

Exercise 2.16. Let D be an effective divisor on E with d = deg(D) = 1. Then
dim(L(D)) =d.
A deeper theorem describing precisely the dimension of L(D) is the following:

Theorem 2.17. (Riemann-Roch for elliptic functions) Let D be a divisor on E withd = deg(D) = 1.
Then
dim(L(D)) =d.

Proof. Suppose that D =} n;[z;], 1 <i < nis the divisor. We will only prove the theorem in the
case n; = 1 for all i. The general case follows from proposition 2.19. For each i consider a family
of n; complex numbers (ck;)1<k<n, We write

f@=co+) crillz—z)+) c2iP(z—2zi)+ ) c3iFs(z—z)) +---+)_CniFn(z—2)).

The only problem in that expression being that {(z — z;) is not an elliptic function. The theorem
follows because of Lemma 2.15. Indeed, for each i one can choose n; coefficients of the Laurent
expansion and there is a constraint given by the lemma. The dimension is given then by "; n; —1
where we have to add one dimension because fixing all Laurent tails determines a function up
to a constant. O

2.2.4 The Jacobian map

One can state Abel’s theorem in a way more adapted to further generalizations introducing the
Jacobian map J: Div(E;) — E; defined by

IO i) =)z,
n; n;
where we use the notation [z] to denote the projection of the point z € C into E;. We state now
Abel’s theorem in the following version:
Theorem 2.18. A divisor D on E; is principal if and only if deg(D) = 0 and J(D) = [0].

An important consequence of Abel’s theorem is the observation that one can always deal
with effective divisors on a complex torus in the case degD = 1.

Proposition 2.19. Any divisor with strictly positive degree in E; is equivalent to an effective
divisor.
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Proof. Suppose deg(D) = d > 0. Define a new divisor of degree 0:
D'=D-d[z]

where we fix a point [z] € E. Choose z such that J(D') = [0], that is [dz] = J(D). Then, by Abel’s
theorem, there exists a meromorphic function f such that (f) = D — d|z], that is D is equivalent
to d|z], an effective divisor.

O

Remark that the effective divisor may be chosen with support at only one point.

2.2.5 The field of meromorphic functions

The field of meromorphic sections is described in the following

Theorem 2.20. ./ (E;) = C(P,2?'), that is, the field of meromorphic functions is generated by C,
the Weierstrass function and its derivative.

Proof. Suppose first that f € /4 (E;) is even of degree 2n. We choose a, b € C such that f(z) —a
and f(z) — b have only simple roots and none of them a zero or a pole of 22(z). Therefore

f@)—a
f@)-b

has zeros in a family +a;, with 1 < i < n, and poles in a disjoint family +b;. The function

[1(£(2) - Z(a;)
[1(Z(2) = 2 (b))

has the same zeros and poles as ;EZ:Z and therefore they are equal up to a multiplicative

constant. This proves that f is in the field generated by 2. If f is odd we use the same argument
with the function f/2' and for a general function we consider the decomposition into its even
and odd part. O

One can understand further the field extension C(2?, ') over the field C(£?) via the study of
a differential equation satisfied by £ (z) which, in fact, establishes an algebraic relation between
P(z) and P'(z).

Proposition 2.21. The Weierstrass function satisfies the equation
P'(2)" =49°(2) - ()P (2) - g3(1)

where
1

§@)=60 ) —
yelr,—(0} Y
and

1
g(1)=140 ) —.
yer,—{0} ¥
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Proof. A simple proof can be given by computing the Laurent series at the origin of 22(z) and
2'(z). One must show that the two sides of the equality have equal Laurent series up to the
constant term. In that case their difference would be a a bounded holomorphic function
vanishing at the origin and therefore, by Liouville, vanishing everywhere.

In order to obtain the Laurent series of 2(z) it is useful to consider the series below satisfying
{'(2) =-2P(2).

1 1 1 =z
(R)==+ ), +—+
Z yeroo\2=7) v ¥

Exercise 2.22. The Laurent series of {(z) at the origin is
1 3 5
((2)=——G4z° =Gz’ + -+
z

where )
Gn = —_—.
yelioioy V"

We obtain the following developments
1
P(2)=—{'(2) = — +3G42" +5Ggz" +- -
z

4 36G
49(2)325—74—60G6+"'

2
P'(2) = ——= +6G42+20Gez" +-+-
Z

24Gy

P (2)% = ~ 5 ~80Gg+-:

4
26
and then a simple computation shows that the Laurent series of each side of the equation is
equal up to zero order. O

Writing ¢ = 22(z) and the differential equation as (%)2 =413— g»t— g3 we see that the inverse
function of 2(z), 227! (t), would be formally given by

1
—dt.
f \/4t3—ggt—g3

But those integrals are not well defined in general. The problem is that the function /413 — g» 1 — g3
is not well defined in C. For each path of integration (which does not meet the roots) one can
define the integral by analytically extending the function along the path, but different paths will
give different integrals.

In fact, the study of integrals of the form

1
dt
f\/p(t)
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were the motivation for the whole theory. In particular one can think of the elliptic functions as
generalizations of the circular functions. For instance

1
dt
fx/l—tz

is Arcsin(t) and the inverse function of that integral is a periodic function. The elliptic functions
are inverse functions of the integrals as above with p(#) of degree three and they have the
remarkable property of being doubly periodic.

The map E; — [0] — C? given by z — (%(z),2?'(z)) defined on the complement of the pole
([0] is the projection of the lattice on the quotient space) is a holomorphic embedding whose
image is the curve

¥ =4x° - go(1)x— g3(7).

But one can extend that embedding to complex projective space.

Theorem 2.23. The map z — (P (z),2?'(2),1) forze C—T'; and z — (0,1,0) for z€ T; defines a
holomorphic embedding E; — CP? whose image is the algebraic curve

yzz =4x° - gg(r)x22 -83 (12>

Several results about elliptic curves are generalized for any compact Riemann surface. In
particular, we will

1. Describe any Riemann surface as a quotient of C, D, the unit disc, or the Riemann sphere
by a discrete group I'.

2. Prove that there exist meromorphic functions on any compact surface and, more generally,
give a generalization of Abel’s theorem, Riemann-Roch theorem and describe the structure
of its field of meromorphic functions.

3. Prove that there exists an embedding of a compact Riemann surface as a submanifold of a
complex projective space.
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3 Review of topology

3.1 Triangulations and classification of surfaces

A two dimensional topological manifold is called a surface. That is a Hausdorff topological space
M having a cover by open sets U, and a collection of homeomorphisms ¢, : U, — R? which are
compatible in the sense that the transition functions

Paody' i pp(Ua NUp) — dpa(Ua NUp)

are homeomorphisms. We will suppose that it is connected most of the times.

Any two dimensional topological manifold is also a differentiable manifold. That is, one can
find in the same maximal atlas defined as above, a covering U, and charts ¢, such that ¢, o gbBl
are diffeomorphisms.

Riemann surfaces being orientable, the surfaces we need to consider are the orientable ones.
We exclude for instance the real projective plane. It does not have a complex structure.

It is convenient to have a combinatorial description of surfaces by means of a triangulation.
This allows a direct computation of some topological invariants of the surface as the Euler
characteristic.

To be more precise define first the standard 2-simplex A given by the convex envelope
of the points (vertices) (0,0),(1,0),(0,1) in R2. Each boundary segment is called an edge. If
¢: A — ¢(A) c M is a homeomorphism, we call ¢(A) a triangle and the images of the vertices
and edges of the standard simplex are also called vertices and edges of the triangle.

Definition 3.1. A triangulation of a compact surface M is a finite set of homeomorphisms ¢; :
A — ¢;(A) € M covering M, that is, U; ¢; (A) = M, and such that the intersection of two triangles
is either

* emply,
* avertex or
* an edge of each of the triangles.

In particular the interior of the triangles are disjoint. We can now state the theorem whose
first rigorous proof was given by Radé in 1924.

Theorem 3.2. Any compact surface has a triangulation.

Remark 3.3. 1. In fact, Rado proved that any surface which has a countable basis of open sets
can be triangulated. For non-compact surfaces, as the number of triangles is not finite, we
need to impose that each point has a neighborhood intersecting only a finite number of
triangles.
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2. The existence of a triangulation for a compact manifold dimension 3 was established by
Moise in 1952, but in dimensions higher than three a topological manifold might not have
a triangulation.

3. One can define orientability for triangulated surfaces by saying that there exists a compatible
orientation on all triangles (they induce opposite orientations on common edges).

4. Any triangulation of a compact surface may be obtained from another one by a continuous
deformation and a finite sequence of the following elementary moves:

* the creation of a vertex inside a triangle and thereby introducing three new triangles
in the place of the original one and the corresponding inverse operation,

* replacing the common side of two adjacent triangles of the triangulation by the other
diagonal of the quadrilateral formed by these two triangles (this is called a flip).

A reference for the classification of compact surfaces is the first chapter of [Mas77] and we
state the main result without proof. Riemann surfaces being orientable surfaces we state the
theorem of classification only for orientable surfaces. A basic surgery construction is that of
connected sum. We start with two surfaces and remove one disc from each and glue the two
surfaces along the boundary of the discs. In fact we can obtain any surface, apart the sphere, by
this surgery procedure applied to tori.

Theorem 3.4. A compact orientable surface is homeomorphic to a sphere or to a connected sum
of tori.

Proof. Sketch: Once we know the surface is triangulated, one can prove the theorem of clas-
sification of compact surfaces by spreading the triangulation of the surface in the plane to
form a polygon with boundary identifications. More precisely, given a triangulated surface we
enumerate its triangles Ty, T», - -, T, in a way that each T; has an edge in common with one of
the previous triangles in the sequence. If T; has two edges in common, we choose one of them
to identify to one of the edges on the plane but leave the other one as a boundary of the polygon
thus obtained. The union of the first two triangles along the common edge gives a parallelogram
with possible boundary identifications. Adding each triangle makes the number of sides of this
polygon jump by two. At the end we obtain a polygon with a number of sides identifications.

The idea now is to find a normal form for this polygon describing the surface. A usual normal
form is the one which describes the surface as a connected sum of tori. A torus corresponds to a
sequence aba~'b~! and a handle to sequence aba™'b~'c. Clearly a, bya, ' by ‘asboa, 'b, ™!
corresponds to a connected sum of two tori. In other words, adding a handle to a torus. The
normal form we look for a surface with g handles is therefore

alblal_lbl_l e agbga;bg_1

as in Figure 1) with g = 1 or aa™! which is a sphere.
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Figure 1: A surface obtained by boundary identifications on a disc.

a-1

Figure 2: A sphere obtained by boundary identifications on a disc.
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This is done using a sequence of operations which simplify the structure of the identifications
on the boundary.
O

One can show that the following definition does not depend on the triangulation.

Definition 3.5. The Euler characteristic of a triangulated surface is defined by the formula
x=T—-E+V, whereT is the number of triangles, E is the number of edges and V is the number
of vertices of a triangulation.

The genus of a surface is related to the Euler characteristic through the formula
x=2-2g.

3.2 The fundamental group

In this section we recall some basic concepts of algebraic topology necessary to describe the
topology of a surface. We will not give proofs but, instead, refer to Hatcher for a complete
treatment.

A curve in a topological space X is a continuous map c: [0, 1] — X. Two curves c¢; and ¢, with
1(0) = ¢2(0) and c¢; (1) = ¢ (1) are homotopic (with fixed end points) if there exists a continuous
map F:[0,1] x [0,1] — X such that

L Fygpujo,1y = €1(0) and Fyyyy g 1y = €1(1)
2. Fipg1)xjop = €1 and Fjjg gy = C2.

Aloop in X is a curve ¢ with ¢(0) = ¢(1). We can define the product of two loops ¢; and ¢,
such that ¢; (0) = ¢2(0) = xp (we say the loops are based at xp) as the loop c»c; : [0,1] — X given
by coc1(t) = c1(2t) for 0 < £t < 1/2 and cac;(¥) = c2(2(t —1/2)) for 1/2 < ¢t < 1. The constant
loop is defined to be c(f) = xy for all ¢, and the inverse of a loop c is the loop ¢! defined
by ¢ () = c(1 - ). We say that two loops are freely homotopic if there exists a homotopy
F:10,1] x [0,1] — X such that the first condition is not imposed. That is, the base point may
change during the homotopy.

Let X be a manifold and xj € X a base point. We denote by 7 (X, xp), the fundamental group,
the space of homotopy classes of loops based at xy. It has a group structure induced by the
multiplication on loops. Usually we denote by [y] the class containing the loop .

If x(’) is another base point, 7 (X, x(’)) is isomorphic to 7 (X, xo). In fact, let ¢ be a curve with
c(0) = xp and c(1) = x;. Then, one can define an isomorphism of groups 71 (X, xp) — 71 (X, x;)
byy— cyc™l.

Example 3.6. The fundamental group of S' is isomorphic to Z.
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Figure 3: A homotopy between two curves c; and cy.
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A continuous function f: X — Y between topological spaces such that f(xy) = yp induces a
homomorphism f, : 71 (X, xo) — 71 (Y, o). Ahomeomorphism induces an isomorphism but an
isomorphism between fundamental groups does not imply that the corresponding topological
spaces are homeomorphic. A typical situation of isomorphic fundamental groups arises in the
case of deformation retracts. They are very useful for computations.

Definition 3.7. A subset K c X of a topological space is a deformation retract of X if there exists a
homotopy F : X x [0,1] — X such that

e Forallxe X, F(x,0) = x.
e Forallxe K, F(x,.) = x.
e F(.,D(X)<K.

As in the following picture we can retract the two small segments on the right to obtain an
object with the same fundamental group.

Proposition 3.8. IfK c X is a deformation retract and xy € K then w1 (X, xo) = m1(K, Xp).

3.2.1 Group presentations and computations of the fundamental group.

A presentation of a group I' is given by
L=y, Iy,

The v; are the generators and the r; reduced words on the generators (words constructed with
Yi or yi‘l which don’t contain the sequence yiyi‘l). By definition, I' is the quotient of the free
group on the generators y; by the normal subgroup generated by the relators. We say that I is
finitely presented if there exists a presentation with a finitely number of generators and relators.

Example 3.9.
Z&Z=(y1,Y2 | ly1,y21).

To give the fundamental group by a presentation is very useful for computations. An applica-
tion of that description is the following theorem which we quote without proof.

Theorem 3.10 (Seifert-Van Kampen Theorem). Let M = M) U M, be the union of two path-
connected open sets with I = My n M, path-connected. Suppose the fundamental groups of M
and M, at a base point xo € I areT'y = (yy,-+- |r1, ). andTy = (61, |s1,-+). Suppose w1 (I, xp)
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is generated by the elementsn;. Write eachn; as ¢;1 and ¢;» using the generators of 'y and T,
respectively. Then
ﬂl(erO) = <Yl;“' 51 |r11'“ vsly'“ ;(,bll(,bl_21>

As a first application of the theorem we compute

Exercise 3.11. The fundamental group of the infinity symbol co is the free group with two
generators. More generally, the fundamental group of a bouquet of g circles is the free group with
g generators.

We use the theorem of Seifert-Van Kampen to provide presentations for surface groups.

Exercise 3.12. The fundamental group of a compact Riemann surface of genus g with a point
deleted is the free group with 2g generators.

We say a surface is of finite type if it is homeomorphic to a compact surface (genus g) with a
finite number ¢ of points (or disjoint discs) deleted.

Theorem 3.13. The fundamental group of an orientable surface of finite type has a presentation
of the form
< al’bly"' ,ag,bg,hl,"‘ht | H}g':l[aj’bj]h]"'ht =1 >-

The elements h; correspond to loops around the boundaries. In particular, from the presen-
tation, we see that if ¢ # 0 the fundamental group is free of rank 2g + r — 1.

Exercise 3.14. Prove the theorem using the classification of surfaces in the previous section.

Can we have isomorphic fundamental groups for non-homeomorphic surfaces?

3.3 Covering spaces

In the following we suppose that the topological spaces are all arc connected and locally arc
connected. In fact we are interested in connected surfaces which are manifolds and are therefore
locally arc connected.

We denote by ¢ : (Y, yy) — (X, xp) a continuous map ¢ : Y — X such that ¢(yy) = xp. Recall
that it induces the homomorphism ¢. : 71 (Y, yp) — 71 (X, xp) defined by [y] — [¢po].

Definition 3.15. A map p: X — X between topological spaces is a covering if each point x € X
has a neighborhood U, such that p~'(Uy) is a disjoint union of open sets homeomorphic to U
under p.

We say that two coverings p; : X; — X and p; : X, — X are equivalent if there exists a
homeomorphism p : X; — X5 such that p, o p = p1. Coverings have the fundamental path lifting

property:
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Proposition 3.16. Let p: (X, Xo) — (X, x0) be a covering space. A path ¢ : ([0,1],0) — (X, xo) can
be lifted to a unique path ¢ : ([0,1],0) — (X, Xo) satisfying po$ = ¢.

Proof. Let L={t€]0,1] | P,y Can be lifted }. We show that this set is open and closed. It is
clearly non-empty as 0 € L. If ty € L then ¢(%) is contained in a unique component U of p~! (V)
homeomorphic to V, a sufficiently small neighborhood of ¢(#y). There exists therefore a lift
of the curve in a neighborhood of f, by taking (p;y) ! o ¢p. Similarly if %, is a limit of points
t, in L we observe that there exists a sufficiently small neighborhood of ¢ (%) such that J)(tn)
are contained in a component U of p~' (V). As U is a homeomorphism we can define ¢(t).
Uniqueness follows by a similar argument. O

Using a similar proof we may lift homotopies on X to homotopies on a covering X:

Proposition 3.17. Let p: (X, %) — (X, xo) be a covering space. A homotopy F:[0,1] x [0,1] — X
between two paths ¢ : ([0,1],0) — (X, xo) and ¢, : ([0,1],0) — (X, xo) has a lift to a unique
homotopy F : [0,1] x [0,1] — X between ¢; : ([0,1],0) — (X, o) and ¢> : ([0,1],0) — (X, Xy). In
particular, (Z)l 1) = (Z)g(l).

Remark 3.18. 1. The proposition above shows that p. : (X, X9) — m1(X, xo) is injective.
2. If Xy is another base point for X over xq then p.(m1(X, X)) and p. (m1(X, %)) are conjugate.

Definition 3.19. The subgroup p.m(X, %) c n1(X, xo) is called the defining subgroup of the
covering.

Definition 3.20. The universal covering of a topological space (arc connected and locally arc
connected) is the covering having trivial defining group.

The definite article above means that two coverings having trivial defining group are equiva-
lent. It follows from the following basic result about coverings:

Theorem 3.21. There exists a bijection between conjugacy classes of subgroups of m1(X, xo) and
equivalence classes of coverings.

The construction of the covering space associated to a given subgroup I'  ; (X, xp) can be
accomplished by considering the set of equivalence classes of paths c: [0,1] — X with ¢(0) = xp.
Equivalence between paths c¢; and ¢, meaning that ¢; (1) = ¢»(1) and that [, c;] €T. The map
p: X— Xis given by p([c]) = c¢(1). For details see [Massey].

Remark 3.22. If X is simply connected any covering is homeomorphic to X.

The covering transformations (or deck transformations) of a covering p: X — X are those
homeomorphisms ¢ : X — X satisfying 7 o ¢p = . The description of the covering group is given
in the following theorem.
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Theorem 3.23. The group of covering transformations is isomorphic to
N(p.m1(X, %))/ po1(X, %o)
where N denotes the normalizer of the group in w1 (X, xp).

A covering whose defining subgroup is normal is called a regular or normal covering. In
particular the universal covering is regular and 7 (X, xp) is the group of covering transformations.

Exercises

1. Recall thatamap ¢p: X — Y is proper if for any compact K c Y, ¢~} (K) is compact. Show
that a local homeomorphism between manifolds is a finite covering if and only if ¢ is
proper.

2. The punctured unit disc D* has the upper half-plane as a universal covering. An explicit
map is given by ¢"/!. The fundamental group is Z acting on the half-plane by integer
translations. The regular covering corresponding to the subgroup generated by "™ also
is the disc with covering group isomorphic to Z/mZ. The finite coverings of the punctured
unit disc are equivalent to the maps ¢, : D* — D* given by z — 2.

3. The torus S! x S! is covered by the plane. Find its regular coverings.

4. Define the annulus astheset A={r <|w| <1} cC. Show that the map z — exp (2wilogz/logA),
where r = exp (—272/log ) defines a covering of A by the upper half plane. The covering
group is generated by z — Az.

5. Give an example of a surjective map which is a local homeomorphism but which is not a
covering.

6. Let X be a simply connected Riemann surface and f : X — C* a holomorphic function.
Prove that there exists a function f : X — C such thatexpo f = f.

7. Let M; and M, be two manifolds which have the same universal covering M with pro-
jections p; : M — M, and p» : M — M, and covering transformations group G; and G
respectively. If ¢ : M1 — M, is a homeomorphism, then we can lift it to a homeomorphism
¢ : M — M. Prove that G, = po G o™ 1.

3.3.1 Monodromy representation

LetI' = m; (X, x0) be the fundamental group of a manifold X. Theorem 3.21 states that finite
coverings of X, up to equivalence, are classified by conjugacy classes of subgroups of I of finite
index. Fixing a subgroup H c I of index d, the group I acts on the set of cosets I'/ H (a finite set
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with d elements) transitively. We obtain therefore a representation of I' into the permutation
group of the setI'/ H, call it S;(I'/ H):

pp:I'— ST /H).

Changing H by a conjugation to H' = zHz™! induces a bijection ¢, : S;(I'/H) — S4(T'/H').
Denoting by C, : " — I the conjugation by z we have then two intertwined representations:

czopg=pmgoC;.
Observe also that the stabilizer of the coset H is the subgroup H itself and the stabilizer of gH is
the conjugate Cq(H).

3.4 Group actions

Let G be a group and X a topological manifold.

Definition 3.24. G acts by homeomorphisms on X if there exists a map G x X — X such that
1. forfixed g € G, the induced map g : X — X is a homeomorphism.
2. (gh)x=g(hx) forallxe X andg,he G
3. lx=xforallxe X

If G x X — X is an action we call the set G, = {g € G | gx = x} the stabilizer or isotropy of
the action at x. The orbit of x € X is the set Gx. The action is said to be transitive if the orbit of
every point coincides with the whole space. The set of all orbits is denoted X/G and we define
a topology on it by imposing that U c X/G is open if and only if 77} (U) c X is open, where
m: X — X/Gis the canonical projection. A very special action is related to covering spaces. We
need the following definitions:

Definition 3.25. Let G x X — X be an action.

1. The action of G is free if no point of X is fixed by an element of G different from the identity
(that is, the isotropy of each element of X is trivial).

2. The action is properly discontinuous if for any compact K c X the set of ally € G such that
YKNK # @ is finite.

Proposition 3.26. Let G x X — X be an action on a manifold X. The quotient X/G is a manifold
with projection X — X/G a covering if the action is free and properly discontinuous.
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Proof. Suppose x € X and Uy is a relatively compact neighborhood. As the action is properly
discontinuous there exists only a finite number of elements in G such that gU, N Uy # @. As the
action is free, for each one of those elements, gx # x. As the space is Hausdorff, we can choose
a neighborhood V, c Uy such that for all g € G, gV, n Vy = . This proves that the projection
X — X/G is a covering.

The quotient is Hausdorff: suppose x,y € X are two points in distinct orbits. As X is a
manifold, there exists two relatively compact neighborhoods Uy and U, with Uyn Uy = @. As
before, because the action is properly discontinuous and free, we may suppose gU, N Uy = @
and gU, nU, = ¢. Consider K = Uy UU,. As the action is properly discontinuous, the set
of elements g € G such that gK N K = (gUx N U,) U (Uyn gU,) # @ is finite, and by the same
argument as before (using the fact that the action is free), we can choose U, and Uy, smaller such
that gKNnK =g forall g. O

In fact the fundamental group of a manifold X acts freely and properly discontinuously in
the universal cover X such that the quotient map X — X/ (X, xo) is equivalent to the covering
X—X.

Exercise 3.27. A discrete subgroup I of a topological group G acts freely properly discontinuously
on G by the natural actionT x G — G given by (y,g) — v§.

Example 3.28. A subgroup of R" is discrete if and only if it is generated by a set of linearly
independent vectors.

Proof. Suppose that the group is generated by a set of linearly independent vectors. By a linear
transformation we can transform the set into a subset of the canonical base vectors. It is clear
that the group is discrete as 0 is an isolated point of the group.

Conversely, suppose that the subgroup I' < R" is discrete and use induction on the dimension.
For n =1, let v be the smallest positive vector. Without loss of generality, suppose y € I' is
positive and let k be the largest integer such that kv <y. Then y — kv € I' and is smaller then v.
A contradiction unless y = kv. We conclude that I' is generated by v.

Suppose now that any discrete subgroup in R" ! is generated by a set of linearly independent
vectors. Let I' ¢ R” be discrete and v a vector with minimum norm. Because of the first step
of the induction ' "Rv = Zv. Let 7 : R” — R"/Rv be the quotient map. We claim that 7 (')
is discrete. Suppose v; is a sequence in I' such that 7(v;) — 0, that is, v; — r;v — 0 (where we
can suppose that r; < 1/2). Then for large i, v; < v. This implies that v; = 0 for large i so
that n(I') is discrete. By the induction hypothesis we can find linearly independent vectors
{m(wy), -, m(wm-1)} generating =(I'). {v, wn, -+, w;y,-1} are linearly independent and generate
T.

O
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4 Riemann surfaces as branched covers

4.1 Branched coverings

Recall that a non-constant holomorphic map ¢ : Y — X can be written locally, in adapted charts,
as px oo py 1(z) = z" for some n = 1. In the following definition we generalize this behaviour
for maps between two dimensional real manifolds. Here we use complex coordinates z = x + iy
but we don’t assume that there exists complex structures on the manifolds.

Definition 4.1. Amap ¢:Y — X between surfaces is a branched covering if

1. The restriction Plyr g where S is a discrete subset of X, is a covering.

2. For each point in yy € ¢~1(S) there are coordinates py around y, and px around xo =
¢d(yo) such that px oo py~(z) = z"". The integer n is called the ramification order of the
ramification point yy or the multiplicity of ¢ at y.

A basic result which we use repeatedly is the following proposition which we leave as an
exercise. Recall that a proper map is a map whose inverse image of any compact is compact. In
particular, the inverse image of a point by a proper branched cover is a finite set.

Proposition 4.2. Let¢:Y — X be a proper branched cover. Then there exists n € N* such that for
allxe X

Z mult,¢ = n.

yepl(x)

We say then that the degree of ¢ is n and write deg¢ = n.

Definition 4.3. Let¢:Y — X be a branched covering of compact Riemann surfaces. The ramifi-
cation divisor is the formal sum

Ry=(Q_ni—-1y;

where y; are the ramification points and n; their ramification order.

4.1.1 Riemann-Hurwitz formula

Any compact Riemann surface can be described as a branched covering of CP! once we admit
the existence of at least one non-constant meromorphic function. From that description we can
easily compute the genus of the surface. We state a more general version of that computation
valid for a covering between compact surfaces.

Theorem 4.4. Let¢:Y — X be a branched covering of degree d between compact surfaces. For
each ramification point y € Y, let multy,¢ be its multiplicity. Then

x(Y)=dy(X) =) (multy,p-1).
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Proof. The proof of the theorem follows from the existence of a triangulation with vertices
containing the branching locus, that is, the image of all ramification points by the covering map.
We will assume the existence of that triangulation of X. If the simplices of this triangulation are
sufficiently small, the inverse image of the triangulation is a triangulation of Y. The number of its
simplices is d times the number of original simplices, except for the vertices. Each ramification
point diminishes by (o(y) — 1) the maximum number of d times the number of vertices of the
original triangulation. O

4.2 Riemann existence theorem

Topological coverings of Riemann surfaces inherit a unique complex structure such that the
covering map is holomorphic. The equivalence between two coverings with their induced
complex structure is a biholomorphism. This implies that the classification of coverings up to
equivalence is in fact a classification of holomorphic coverings up to holomorphic equivalence.

A finite covering of a Riemann surface with a number of points deleted can always be ex-
tended to a branched covering. This follows from the following:

Exercise: The finite coverings, up to equivalence, of the punctured disc D \ {0} are given by
¢n : D\ {0} — D\ {0} where ¢, (2) = 2".

The following theorem is sometimes called the Riemann existence theorem. It constructs a
Riemann surface from a finite covering of a Riemann surface (usually the Riemann sphere) with
a number of points deleted. In this version it can be viewed as a purely topological property of
the existence of extensions of coverings of punctured surfaces.

Theorem 4.5. If X is a Riemann surface and S c X is a closed discrete subset, then any finite cov-
ering¢’: Y' — X' = X\ S (which we suppose connected) can be extended to a proper holomorphic
map ¢:Y — X, where Y is a Riemann surface containing Y' such that Y \'Y' is a closed discrete
subset.

Proof. At apoint s € S there exists a neighborhood U, with U;n S = {s} and a coordinate chart
¢s: Us — D where D is the unit disc centered at the origin. As ¢’ is a finite covering, there exists
a finite number of components ¢'~! (Us \ {s}). In fact, ¢’ : ¢'~1 (U \ {s}) — U, \ {s} is a covering. Let
V' be one of the components. As ({)l’ v is a finite covering of the unit punctured disc, there exists
amap ¥ : V' — D\ {0} so that ¢p;o oy’ ' : D\ {0} — D\ {0} and such that ¢sopoy’ " (z) = zF
and therefore we can add the point 0 to D\ {0} and obtain a holomorphic map from D to D. Let
V be the set obtained by adding an abstract point to V' so that v : V — D is a homeomorphism
and defines a holomorphic chart. ¢y becomes a branched holomorphic covering. Repeating
the procedure for each component above every U; \ {s} for s € S we obtain the Riemann surface
Y. O
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Remark 4.6. Observe that a covering space of X \ S is determined, up to equivalence, by its
monodromy. That is a representation of p : 11 (X \ S) — S; where S; is the permutation group of d
elements such that the image p (1) acts transitively.

4.3 Algebraic functions and the transcendence degree of the field of meromorphic
functions

Let ¢ : Y — X be a non-constant branched holomorphic covering of degree n between Rie-
mann surfaces. The map ¢* : 4 (X) — 4 (Y) defined by g — g o ¢ is clearly a monomorphism.
Considering the field extension ¢* (# (X)) c .4 (Y) we show the following

Theorem 4.7. Let¢:Y — X be a branched holomorphic covering of degree n between Riemann
surfaces. Then ¢* (M (X)) < 4 (Y) is an algebraic field extension of degree n.

Proof. We prove here that the degree is less than or equal to n In order to prove that the degree
is precisely n we need a result, which will be proved later, that guarantees the existence of a
meromorphic function which assumes pairwise different values at points of a generic fiber (that
is, whose points are not ramification points).

Let f € 4 (Y). Let S < X be a closed discrete subset such that ¢: Y \¢p~1(S) - X \Sis a
covering. Consider the restriction of f to the meromorphic function f € .4 (Y \ ¢~1(S)). We
can define meromorphic functions on X \ S by taking the elementary symmetric functions
S1,- -+ S, of the n functions fogbl._1 : U — C where ¢; = ¢y, : U; — Y and U; is a component of
¢~1(U) (supposing that each component of ¢~} (U) is homeomorphic to U). Observe that, by
construction, f is a solution of the equation

I (w=¢*(fopiN=w"—¢p*sw"  +--+ (-1 "p*s, = 0.

To conclude that the extension is algebraic we need to show that the coefficients s; extend to
meromorphic functions on X. We divide the proofin two steps:

1. If f is holomorphic then s; are bounded holomorphic functions on a neighborhood
of a point s € S. By Riemann’s removable singularity theorem we can extend s; to a
holomorphic function.

2. If f is meromorphic at a point in ¢~!(s), consider a coordinate chart z: U — D such
that z(s) = 0. Then (¢*2)" f is holomorphic if m is large and therefore the elementary
symmetric functions of (¢p* z)™ f can be extended to holomorphic functions of the form
z™is; and therefore the s; can be extended to meromorphic functions.

Suppose fy € 4 (Y) is an element such that the minimal polynomial is of maximal degree ny.
We show now that .# (X)(fo) = 4 (Y), thereby proving that the degree of the extension is less
than n. In factif f € #(Y) is another element we have, by the existence of a primitive element
(A (X) is of characteristic 0), 4 (X)(fy, f) = 4 (X)(g) and then

no=dim g x) M (X)(fo) < dim_y )M (X)(fo, f) =dim_yx) M (X)(g) < ng
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so that . (X)(fo) = A (X)(fo, f). O

In the following we will prove a converse to that theorem. One of the origins of Riemann
surface theory concerns the study of algebraic equations of the form

1

w'+a (2w +--+ay(z) =0,

where the coefficients a;(z) are rational functions on CP!. The idea is that the solution to that
equation is, in fact, defined on a Riemann surface Y which is a branched covering ¥ — CP!. We
state the theorem in a more general form substituting CP! for a general Riemann surface X.

Theorem 4.8. Let X be a Riemann surface and

Pw)=w'"+aw" ' +---+a,
be an irreducible polynomial in 4 (X)[w] of degree n. Then there exists a Riemann surface Y, a
branched holomorphic covering p: Y — X of degree n and a meromorphic function F € 4 (Y)
such that
PF)=F"+p*a;F" ' +..-+p*a,=0.

Definition 4.9. We say that Y is the Riemann surface associated to the irreducible polynomial P.

Remark 4.10. 1. As 4 (X) is a field of characteristic 0, we know that the irreducible polyno-
mial P(w) € 4 (X)[w] is separable. That is, its roots in the algebraic closure of 4 (X) are
all distinct.

2. Recall that the elementary symmetric polynomial s;(t,---, t,;) (1 <i < n) on the variables t;
generate the algebra of symmetric polynomials of those variables. Observe that the functions
a; € M (X) are the elementary symmetric functions of the roots of the polynomial P(w).
That is

1

Mcicn(w—1)=w"—s;w" " +---+(=1)"sp.

Therefore, the polynomial A =T1;<(t; — L‘j)2 which is clearly symmetric belongs to 4 (X). It
is called the discriminant of P(w). In particular, by the previous remark, the discriminant
vanishes identically only if P(w) is reducible.

Proof. The discriminant A of P(w) vanishes at points of X where there are multiple roots.
Therefore, because P(w) is irreducible, A vanishes only on a closed discrete set of points S
which we also suppose contains the poles of a;. Let X' = X\ S and define Y’ to be the set of all
points in (z, w) € (X \ S) x C satisfying the equation P(w) = 0. By the implicit function theorem
(Proposition 1.19) and its corollary, ¢’ : Y’ — X' is a covering map. We extend then this covering
to a branched covering ¢p : Y — X. The meromorphic function is defined first as a holomorphic
function on Y’ as (z, w) — w and then by extension (with a similar argument as in the previous
theorem) to the whole of Y. To show that Y is connected, suppose that Y = Y;u---U Y isa
decomposition in connected components with ¢; : Y; — X branched coverings. Then, for each
¢; the meromorphic function F restricted to Y; defines a polynomial P;(w) € .# (X) such that
P(w) = P1(w)--- Px(w) contradicting the irreducibility of P(w). O
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Theorem 4.11. Let k be a finitely generated field of transcendence degree one over C. Then, there
exists a compact Riemann surface X such that 4 (X) = k.

Proof. Let z € k generating a purely transcendental extension. Then k/C(z) is a finite extension
(say of degree d) which we can write, by choosing a primitive element f € k as k = C(z, f) By the
hypothesis, one can write k = C(z)[w]/ P, as the quotient ring by the ideal generated by P (the
minimal polynomial in C(z)[w], of degree d, satisfied by f).

Identify C(z) to the field of rational functions on X = CP!. Now, we construct the Riemann
surface Y associated to P as in theorem 4.8. Let .# (Y) be its field of meromorphic functions. We
may consider z € 4 (Y). As P has degree d in w one obtains that [/ (Y),C(2)] = d = [k,C(z)]
and therefore k = 4 (Y). O

4.4 Hyperelliptic Riemann surfaces

Let f(z) =(z—ay)---(z—ag) e M (CPY) with distinct roots a; € C. The algebraic function defined
by P(z, w) = w? - f is a Riemann surface together with a branched covering of degree two which
is branched on ay, - - - ay if k is even and on ay, - - - ay, 00 if k is odd. These Riemann surfaces are
called hyperelliptic.

Observe that in that case the algebraic curve { (z, w) € C?| P(z, w) =0} is a Riemann surface
by the implicit function theorem as at each solution (z, w) we have P, # 0 or P, #0.

To understand the topology of hyperelliptic Riemann surfaces, consider the Riemann-
Hurwitz formula to compute their genera. Let Xy be the Riemann surface as defined by
Pz, w) = w? - f. If k is even we obtain

x(Xp)=2x(CPY-k=4-k

and as the Euler characteristic is given by y =2 —2g, we obtain g = %”“ = k/2—-1. In the case k
is odd we obtain
x(Xp)=2x(CPY-(k+1)=3-k

so that g = %J“k

Exercises

= (k—1)/2. In particular, for k = 3 we obtain an elliptic curve.

1. Determine the Riemann surface defined by P(z, w) = z% — w3 over CP!.
2. Determine the genus of the Riemann surface defined by P(z, w) = z" + w" — 1 over CP!.

3. The field .4 (CP') is C(z), a purely transcendental extension of C.

4.5 Belyi’s theorem

As an application of the construction of a Riemann surface of an algebraic function we will
describe a relation between the field of definition of an algebraic function and the number of
branching points of the covering over CP!.
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We say that the Riemann surface X is defined over Q if it is constructed as above starting
with an irreducible polynomial in Q[z, w], where Q is the field of algebraic numbers.

Theorem 4.12 (Belyi). A compact Riemann surface X is defined over Q if and only if there exists a
holomorphic covering w : X — CP' branched on three points.

Proof. We will prove the “only if” part. The other implication being outside our scope because it
needs basic algebraic geometry. We start with a polynomial P € Q[z, w]. By theorem 4.7 there
exists ¢ : X — CP! which is branched over a finite set S of algebraic points. We divide the proof
in two steps:

1. We first modify this branched covering to a covering which is branched over rational
points. Take s € S and let k1 € Q[X] be its minimal polynomial. The map ho¢: X — CP!is
a branched covering with branching points contained in h(S) U {h(z) | h'(z) = 0}. Observe
that h(s) = 0 so we made one of the branching points in S rational at the cost of introducing
new branching points. But the minimal polynomial of a point zq € {z| h'(z) =0} is of
degree strictly smaller than the degree of h and therefore the minimal polynomial of
h(zo) € {h(z)| h'(z) = 0} has strictly smaller degree too (being in the same field extension
as Q(zp)). We repeat this procedure with each element in S and obtain, by composing
with each minimal polynomial, a branched covering where the new branching points
have minimal polynomials of strictly smaller degrees. Eventually the degree is one and we
obtain only rational branching points.

2. By the previous step, we may suppose that ¢ : X — CP! is branched on rational points.
Now we reduce the number of branching points to at most three. Supposing it is greater
than three, we can always assume that {0, 1,00} are among those points by composing
with an automorphism of CP!. For m,n € Z* such that m + n # 0, consider the map
fmn : CP! — CP! defined by

(m + n) m+n
fmn(z) = —mni’ln zZ"(1-2)n.
The critical values are computed solving f;, . (z) = 0 and we obtain that they are contained
in {0, 1,00, -"-}. But the branching points are contained in {0, 1,c0}. We conclude that for
each rational branching point of ¢ outside {0, 1,00} we can find a map f,,, so that f;,, 0 ¢

transforms this branching point to one of {0, 1,00}. This concludes the proof.
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5 Riemann surfaces as quotients

One of the most challenging problems concerning Riemann surfaces is their classification. A
natural classification is up to equivalence under biholomorphisms. Fortunately simply con-
nected Riemann surfaces have a simple classification. We will state this fundamental theorem
without proof.

Theorem 5.1 (Riemann uniformization theorem). A simply connected Riemann surface is bi-
holomorphic to either

1. cp!
2.C
3. Hi ={z€eC, |zl <1}.

This theorem implies that the study of Riemann surfaces is very related to the study of
discrete subgroups of the automorphism groups of the simply connected Riemann surfaces:
Any Riemann surface is biholomorphic to the quotient of one of these simply connected models
by a discrete subgroup of its automorphism group.

Remark 5.2. In higher dimensions the classification of simply connected complex manifolds
does not have a clear answer. For instance,it is easy to construct deformations of the complex two
dimensional ball such that any two of those deformed balls are not biholomorphic.

5.1 Automorphism groups

It will be important to determine for each manifold M its group of biholomorphisms Aut(M). For
the proof of the following theorem we need to recall Schwarz lemma:

Lemma5.3. Let f: Hé - Hé be a holomorphic map such that f(0) =0. Then | f(z)| < |z| for all
ze HL and|f'(0)| < 1. If1f'(0)| = 1 or if f (2) = z for some z # 0 then f(z) = €' .

Theorem 5.4. The automorphism groups of the simply connected Riemann surfaces are
1. Aut(CPY) = PSL(2,C) = SL(2,C)/{+1}, all Mobius transformations.
2. Aut(C)={az+b|a#0, beC}.
3. Aut(Hé) =PSU1,1) =SUQ,1)/{+I}, Mobius transformations preserving the disc.

Proof. We first describe f € Aut(C), which is an entire function. We have f(z) =ap+ajz+---.
As f is an automorphism, the image of a neighborhood of infinity is a neighborhood of infinity.
Therefore it can be extended to a holomorphic function at infinity. We conclude that f(z) is a
polynomial and by the fundamental theorem of algebra, it must be linear.
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To show 1. observe that we can write, in homogeneous coordinates, CP' ={[zy, z1]}, where
zp, 21 are not both null. Any transformation of the form [zy, z;] — [azy + bz, czy + dz1], with
ad—bc # 0 is an automorphism. So we have an action PSL(2,C) x CP! — CP!. Given an element
y € Aut(CP') we can find an element y; € PSL(2,C) such that y o y; (co) = co. So y oy € Aut(C)
and we conclude using the description of Aut(C).

To show 3. we observe first that PSU(1,1) c PSL(2,C). Thatis, SU(1,1) ={A€ SL(2,C) | h(Az, Az) =
h(z,z)}, where h(z, w) = zgwy — zyw; is a hermitian form. So PSU(1,1) preserves the disc
Hé ={z € CP! | h(z,z) < 0}. Ifye Aut(Hé), there exists an element y; € PSU(1,1) such that
Y ov1(0) = 0. By Schwarz’s lemma we obtain |f'(0)| < 1 and, as f is a biholomorphism, the
same inequality for the inverse function gives | f’(0)| = 1. By Schwarz’s lemma we conclude that
yo7v1(2) = €%z and that concludes the proof. O

Corollary 5.5. A Riemann surface covered by CP! is biholomorphic to CP'.

Proof. This follows from the fact that any Mébius transformation has a fixed point. It implies
that there is no subgroup of the Mébius group acting freely on CP!. O

On the other hand observe that the involution ¢: z — —% defined on CP! does not have fixed
points. The quotient space CP!/ (1) is the real projective plane which is not a Riemann surface.

Exercise 5.6. A meromorphic function on CP' is a holomorphic map of CP' on itself. They are

all rational functions, that is f(z) = % where p(z) and q(z) are polynomials.

Exercise 5.7. The disc and the half plane Hr = {z € C | Imz > 0} are biholomorphic. Aut(Hg) =
PSL(2,R).

Exercise 5.8. IfK is a field PSL(n,K) = PGL(n, K) if and only if every element of K has an n-th
root. Forinstance PSL(2,R) # PGL(2,R).

Exercise 5.9. PU(1,1) acts doubly transitively on the boundary. That is given x1, y1, X2, yo € 0H'C
with x; # y;, there exists an elementy € PU(1,1) such thatyx; = x, andyy; = y».

5.1.1 Conjugacy classes

It is important to understand the conjugacy classes of elements in the automorphism groups.
Elements in the same conjugacy class act in an “equivalent” way.

Lemma 5.10. An elementin PSL(2,C) has one or two fixed points. We have
1. Ifit has only one fixed point then it is conjugate to z — z + 1.

2. Ifit has only two fixed points it is conjugate to z — Az, A # 1,0.
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Proof. Given any (non-trivial) M6bius transformation we solve the equation

az+b
=2z
cz+d

It has one or two solutions. If it has only one solution, by conjugating with an element of
PSL(2,C), we can suppose that co is that fixed point. In that case the element must be of the
form z — az + b. We immediately see that a = 1 otherwise there would be a second fixed point.
Moreover, by conjugating with z — %z we obtain z — z + 1. To show the second part we observe
that we can conjugate an element with two fixed points to one fixing 0 and co. That gives clearly
the form z — Az. O

We can further refine that lemma to obtain the orbit space by the conjugation action of
PSL(2,C). The proof of the following proposition is a simple consequence of the lemma.

Proposition 5.11. The conjugacy classes of PSL(2,C) are uniquely represented by the following
elements

1. z— z+1 called parabolic.
2. z—e%2,0<0 <, called elliptic.

3. z— Az, A€ C|A| > 1, called loxodromic. In the case A € R we call it a hyperbolic transfor-
mation.

Proof. The first part is contained in the previous lemma. For the second and third part we
observe that if y(z) = Az, in order to preserve the fixed points, we are allowed to conjugate by
elements of the form z — az, which commute with y (so irrelevant), or z — a/z. In that case y is
transformed to gyg~!(z) = %z. This shows the result. O

Considering only elements in PSU(1,1) we describe conjugacy classes in the following
definition.

Definition 5.12. y € PSU(1,1) is called
1. Elliptic ifit has a fixed point in Hé.
2. Parabolic if it has a unique fixed point in qul:.
3. Hyperbolic if it has two fixed points in 6Hé.

There exists a convenient description of the conjugacy classes using trace computations on
matrices:

Proposition 5.13. Lety € PSU(1,1) and consider a lifty € SU(1,1). Theny is

1. ellipticifand only if tr*y < 4,
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2. parabolic ifand only if tr*>y = 4 and y is not the identity,
3. hyperbolic if and only if tr’y > 4.

Observe, however, that conjugation in PSU(1, 1) splits certain conjugacy classes in PSL(2,C)
(also, some disappear because they don’t correspond to elements in PSU(1,1)). For instance,
the parabolic class is split in two: z — z+ 1 and z — z — 1. Analogously, the elliptic class z — e?,
0 <0 < & splits in two, so that 0 < 0 < 2x is the parameterization of the classes. On the other
hand, the only loxodromic classes which appear in PSL(2,C) are those with 1 > 1 and they don’t

split.

Remark 5.14. Let PSU(1,1) = (PSU(1,1),z — Z). Using conjugation on that group we can
collapse again the splitting. In particular z — z+1 and z — z—1 are conjugate in the corresponding
group PSL(2,R).

5.2 The complex plane C and its quotients

Theorem 5.15. A Riemann surface is covered by C if and only if it is biholomorphic to C , C\ {0} or
a torus.

Proof. We prove first the only if part. The other implication is a consequence of the next
proposition. Let I' ¢ Aut(C) be the covering group. If y(z) = az+ b is an element of I' then a =1,
otherwise y would have a fixed point. So I is generated by translations. We saw in theorem 3.28
that a discrete subgroup of Aut(C) generated by translations is one of the following:

1. {id}
2. <y>=/Z,agroup generated by one translation y(z) = z+ ®

3. <Y1,Y2>=Z® Z, a group generated by two translation y;(z) = z+w; and y2(2) =z + w>
with w; and w; linearly independent over R .

The first case corresponds to C. For the second case the function z — ¢**#/“ establishes a

biholomorphism between C/ < y > and C\ {0}. In the third case the quotient manifold is
diffeomorphic to a torus. O

To complete the theorem we need to show that any torus is covered by C. That is, using the
uniformization theorem, the complex disc (or the half plane) cannot cover a torus. This follows
from the following proposition.

Proposition 5.16. LetI' c Aut(Hg) be a discrete group without fixed points. IfT is abelian, then
it is cyclic.
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Proof. There are two cases. If Id # y €T is parabolic we can, without loss of generality, suppose
that y(z) = z+ x, where x = £1. A computation then shows that any commuting element is

parabolic. Indeed,
1 x a b\ (a b 1 x
0 1 c d) \c d){o 1

(a+xc b+ xd a ax+b)
c d c cx+d

implies

So xc =0 and x(a — d) = 0 which implies ¢ = 0 and a = d. That is, the commuting element is
parabolic. By discreteness we obtain that the group generated by the two elements is cyclic.
Analogously, if y is hyperbolic, without loss of generality, suppose that y(z) = Az. We easily
conclude (by the lemma bellow) that an element commuting with it is of the same form and
using discreteness we conclude that the subgroup is cyclic. O

Lemma 5.17. Two hyperbolic elements commute if and only if they have the same fixed points.

Proof. We write one element as z — Az and the other by a general Mobius transformation. Then,
by commutativity

(/1‘”2 0 )(a b)(A“Z 0 )(d —b)_(l 0)
0 AY2 )\ ¢ d 0 A Y2 )l - a ) {0 1

A computation shows that b= ¢ =0. O

Remark 5.18. Observe that if G (any group) acts on M (any space) and g1 commutes with g» the
fixed points of g1 are preserved by g, and the fixed points of g, are preserved by g1, indeed,

81(x) = x= g281(x) = 82(x) = 81(82(x)) = g2(x).
Ify has only one fixed point any commuting element will have precisely the same fixed point (so if
Y is parabolic the commuting element is also parabolic).
5.3 Fuchsian groups

Definition 5.19. A Fuchsian group is a discrete subgroup of PSU(1,1).

In order to define a quotient of the disc by a discrete group as a Riemann surface we need
to verify that the action is free and properly discontinuous. The action is free if there are no
elliptic elements, also called torsion elements. On the other hand, the action is always properly
discontinuous as is shown by the next theorem.

Theorem 5.20. A subgroupl c Au t(Hé) is Fuchsian if and only if it acts properly discontinuously.
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Proof. ClearlyifI acts properly discontinuously then it is discrete. Now suppose it is discrete
and it does not act properly discontinuously. Recall the normal family theorem:

Theorem 5.21 (Normal family theorem). Suppose f,, : Q — C is a family of holomorphic functions
defined on a region of C. If f,, is uniformly bounded on each compact subset of Q) (a normal family)
then there exists a subsequence which converges uniformly on compact subsets (the limit function
will then be holomorphic).

We need the following lemma

Lemma 5.22. Ifa sequencey, € Au t(Hé) converges uniformly on compact subsets toy then
1. ye Aut(H}) or
2. y is a constant function with value some e'? in the boundary of Hé.

Proof. If there exists xp € Hé such that y,(x¢) — b with |b| = 1 then by the maximum modulus
principle y(z) = y(xg) = b, forall z€ Hé. Otherwise we have y : Hé - Hé and taking a subse-
quence if necessary y,! converges uniformly on compact subsets to 4 : qu: — Hé such that
6oy =1Id. Therefore y € H;. O

Back to the proof: if the action is not properly discontinuous there exists a compact K Hé
and a sequence of distinct elements y, € I' such that y,(K) n K # @. Clearly the sequence y, is a
normal family. Therefore, taking perhaps a subsequence, it converges uniformly on compact
subsets to a holomorphic function. Taking a subsequence if necessary we have y,(x,) = y, for
two sequences (x;,) and (y;) in K with limx,, = x and lim y,, = y, therefore limy,(x) = y. We
conclude, using the lemma, that y,, converges to an element of Au t(Hé), therefore the group is
not discrete. O

The following lemma is an important technical component of the next theorem.

Lemma 5.23 (Shimizu). Ifz — z+ 1 belongs to a Fuchsian group in PSL(2,R), then every other

elementy of the form
az+b

cz+d

satisfies |c| = 1, provided c # 0.
Proof. We set
a b 11
w=(¢a)w=lo )
and define by induction for n =1,
Api1= ApAgALL.
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We compute the coeficients of A, obtaining

an+1=1-cpan
by = a%
Cn+1=—C4
dpi1=1+apcy

If ¢ < 1 then ¢, converges, in fact |c,| = ICIZH. We claim that lim a,, = 1. Observe that |a, 1| <

1+|ancnl <1+ |ayl. By induction then |a,+1] < n+ |al. We obtain then |a;+1] < 1+ |a,chl <
n-1

1+lcyl(n+la) <1+|c|?" (n+|al) and the result follows. O

A Fuchsian group I' € PSL(2,R) is said to be co-compact if the quotient Hé/ I' is compact.
From Shimizu lemma we conclude the following theorem which says that if a Riemann surface
is compact and not the sphere or a quotient of the complex plane then its fundamental group
does not have parabolics.

Theorem 5.24. IfT c PSL(2,R) is co-compact without torsion then any non-trivial element is
hyperbolic.

Proof. If there were a parabolic element, by conjugation we may suppose it z — z+ 1 and
generator of the parabolic group I', fixing co. As

Im(z)

I =

mly(2) lcz+d|?
az+b
cz+d

for any y(z) =

in I" we estimate using Shimizu’s lemma that if /m(z) > 1 then

Im(Y(Z)) < m <1

for y notin I'y,. Therefore the set { z | — % <Rez< % , Im(z) > 1} passes to the quotient, but it is
not compact, a contradiction. O
5.4 Fundamental domains

Definition 5.25. A fundamental domain of a properly discontinous action on a topological
manifold, ' x X — X is an open set F c X such that

L Uyer yF = X, where F is the closure of F
2. Ifx,y € F they are not in the same orbit.

We do not suppose that the action is free but observe that a fixed point of an element in T" is
never contained in F. It might be contained in the closure of F.

Example 5.26. A fundamental domain for the action of the additive group generated by the
translations z — z+1 and z — z + 1 is the parallelogram defined by the sides 1, 1.
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Figure 4: A fundamental domain for a triangle group containing PSL(2,Z) as an index two
subgroup. The fundamental domain for PSL(2, Z) is the symmetric double of the grey region.

Figure 5: A fundamental domain for PSL(2,Z) and some of its translates.
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5.4.1 PSL(2,72)
Theorem 5.27. D={z¢€ Hé |lz| >1,-1/2 < Re(z) < 1/2} is a fundamental domain for PSL(2,7).

Proof. Again we use
Im(y(2)) = Amt@)
Y lcz+d|?
to observe that fixing 7 € C, there is only a finite number of elements y € PSL(2, Z) with |cT +d|? <
M for a fixed bound M. This follows because Z7 + Z is a discrete group. Take y such that
Im(y(r)) is maximum. Using the translation we can suppose without loss of generality that
—1/2 < Re(t) < 1/2. We claim that |y(7)| = 1, otherwise using the inversion s(z) = —1/z we would

get Im(sy(1)) = Ilrgl/g)(lrz)) > Im(y(r)). A contradiction.

Suppose now that T and y(r) belong to D. Without loss of generality we may assume that
Im(y(7)) = Im(t). Therefore

lct+d|<1.

Just looking at the imaginary part, that is, Im(ct+ d) = cIm7 = c@, we obtain that the only

possibilities are ¢ = 0,1, —1. If ¢ = 0 it follows easily that vy is either the translation or the identity.
If c = 1, we must have |z + d| < 1. We claim that that is only possibleif z=worz=-® or z =i.
That can be seen easily in the picture. Analogously we obtain those two points if ¢ = —1. O

54.2 T'(2)

Let mn: SL(2,Z) — SL(2,Zp) be the homomorphism obtained by reducing modulo N. It passes
to the quotients
¢n:SL2,2)/{I,-1} — SL(2,ZN) /{1, -1}.

The kernel of this homomorphism is called the principal congruence group of level N, I'(N)
PSL(2,7).

The simplest case, I'(2), acts freely on the complex disc so that quz/ I'(2) is a sphere with three
points deleted.

To understand the action, observe first that the homomorphism ¢y is clearly surjective and,
as SL(2,Z,) = PSL(2,Z5) has 6 elements which can easily be enumerated:

1 0 1 1 1 O 0 1 1 1 0 1
01 01 1 1 1 0 1 0 1 1)
we have, therefore, that I'(2) c PSL(2,Z) is of index 6.

The fundamental domain of subgroups of finite index can be computed using the following
lemma.

Lemma 5.28. Suppose D is a fundamental domain for a group G acting on a space M. Let Hc G
be a subgroup of index k and Hg,---, Hgy be its left cosets. Then Dy =g1DU---UgiD isa
fundamental domain for H.
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81 8

84
86| 83

AL

Figure 6: A fundamental domain for I'(2) showing the six translates of the fundamental region of
PSL(2,27) corresponding to each coset.

Proof. If x,y € Dy and there exists h € H such that y = hx then, as x€ g;D and y € g;D, we
might suppose that g;y = hg; X for X,y € D. That s, y = g].‘1 hg;x which contradicts the fact that

D is a fundamental domain for G. On the other hand, HDj; = M follows because G = U H gi- O

Left coset representatives of I'(2) are obtained by chosing an inverse image for each element

of SL(2,75):
(1 0 (11 (1 0
81 = 0 1 82 = 0 1 83 = 11

(0 -1 (1 -1\ (0 1
8=11 o 18=1 o /8| -1 1)
The boundary of the fundamental domain consists of 2 vertical half lines paired by the parabolic

element
Y1=2—2z2+2

and two pairs of arcs paired by parabolic elements in the group:

z
2z+1

Y2=84118; =2

for the sides of the region g4 D U ggD (where D is the fundamental domain for PSL(2, Z) found

before), S
Z —

z—
2z—-1

for the sides of the region g3D U g5D. One should observe that the three points of Hé in the
boundary of the region are identified by those pairings and, around that point, the regions match
together to form a complex disc. The quotient is the sphere where 3 points are deleted.
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6 Riemann surfaces as algebraic curves

The principal source of examples of Riemann surfaces comes from subsets of C" or complex
projective spaces CP" defined by zeros of polynomials. They are called algebraic curves. It turns
out that every compact Riemann surface can be embedded as an algebraic curve in CP3. Indeed,
a deep theorem proves that any compact Riemann surface can be embedded as a projective
algebraic curve in some CP”. A simple argument shows then that any complex algebraic curve
CP", n > 3, can be projected as an embedding into a CP3.

6.1 Affine plane curves

Let
Fx,y) =) crex'y’

s

be a polynomial in two variables with complex coefficients. That is, F € C[x, y].

Definition 6.1. The affine complex plane curve defined by a non-constant polynomial F is the set
Cr={(x,y)€C*| F(x,y) =0}

Examples:

1. A complex line is given by the equation ax+ by + ¢ =0.
2. A conic is given by the equation ax? + bxy +cy®> +dx+ey+ f =0.

3. (Exercise) A homogeneous polynomial in two variables can be factored as a product of
linear polynomials.

The definition has some obvious problems. Namely, two different polynomials might define
the same curve (think of F(x, y) and F(x, y)?) and the set Cr might not be connected (F(x, y) =
Xx(x+1)). Another problem is that the set Cr might not be a smooth subvariety of C2.

The important notion to address the first problem is that of irreducible polynomial. F
(non-constant polynomial) is irreducible if it cannot be written as F = Q.R where Q and R are
non-constant polynomials. Any polynomial can be written in a unique way (up to multiplica-
tive constants and permutation of factors) as a product of irreducible factors. The following
theorem shows that Cr is determined by the irreducible factors of F. One can also show that
if F is irreducible Cr is connected (this is not trivial, see Milne, Algebraic Geometry, prop 15.1
https://www.jmilne.org/math/CourseNotes/ AG15.pdf). We say that a curve Cr is irreducible if
F is irreducible. We will admit the following fundamental theorem which we state in the special
case of polynomials in two variables:
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Theorem 6.2 (Hilbert Nullstellensatz). IfF and Q are two polynomials, then Q vanishes on Cr if
and only if there exists n € N* and a polynomial H € C[x, y] such that Q" = FH. That is, Q" isin
the ideal (F) c Clx, y] generated by F.

Therefore, if a polynomial is factored into its prime factors as

F:flnl...f"k,

where n; = 1, then
Cr=Cf...f,.

We will say that fi--- f is a minimal polynomial. The curves Cy, defined by the irreducible
factors of F are the irreducible components of Cr.

Definition 6.3. The degree of a curve Cr defined by a minimal polynomial F is the degree of F,
that is
d=max{r+s|c,s#0}.

Definition 6.4. A point (xo, yo) € Cr is singular if

aF( ) 6F( =0
— (X0, Y0) = =— (X0, ¥0) = 0.
ox 0, Yo 3y 0, Yo

Otherwise, it is called a non-singular point. We say a curve is non-singular if it does not have
singular points.

By the implicit function theorem, the curve Cr —{ singular points} is a complex subman-
ifold. At a singular point (xg, o), we can further analyse the curve by computing the Taylor
polynomial

Fop=Y ¥ = O"F ez (v yo)]
Y _m21i+j:mi!j!6xiayj 0, Y0 0) (¥y—y0)’.

The smallest m with a?ciLal;/f (x0, o) # 0 is the order of the singular point. Then, the homogeneous

polynomial

y - O"F o yo)(x = x0)' (v = yo)!
52 111 OxT0Y] 0, Y0 0 y=Jo

has linear irreducible components. Each irreducible component defines a line which is tangent
to the curve at the singular point. We say that the singular point is ordinary if the number of
lines equals the order of the singular point.

Example 6.5. Let h(y) be a polynomial with no multiple roots (there are no common roots of h
and ). Set F(x,y) = x*> — h(y) and

Cr={(x,y)€C? | x*~h(y)=0}.
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Note that x* — h(y) is irreducible (prove it). Singular points in the curve satisfy

OF ax=02% iy =0

ox oy =0
There are none. Therefore Cr is a conected Riemann surface. What happens if h is not a perfect
square? Is Cp connected? Is it non-singular?

6.2 Projective plane curves

Affine curves are never compact. Indeed, supposing that F(x, y) depends on x, the function
(x,y) — x is a non-constant holomorphic function on Cr. In order to consider compact surfaces
we define projective curves in CP2. We start with a homogeneous polynomial F(x, y, z) defined
on C3.

Definition 6.6. The projective complex curve defined by F is the set
Cr =1[x,y,21 € CP* | F(x,y,2) =0}.

We factor homogeneous polynomials by irreducible homogeneous polynomial and Hilbert’s
Nullstellensatz is valid for homogeneous polynomials. So a projective curve is defined by a
minimal polynomial whose irreducible factors have multiplicity one. We define, as for affine
curves, the irreducible components of Cr to be the projective curves defined by the irreducible
factors of F.

Definition 6.7. The degree of a curve Cr defined by a minimal polynomial F is the degree of F.

In order to interpret geometrically the degree we define first the intersection multiplicity
of aline and a projective curve. Suppose L c CP? is a complex line which is not an irreducible
component of a projective curve Cr given by a polynomial F. By changing coordinates we may
suppose that L = { [x, y,0] }. To find the intersections we solve the equation

F(x,y,0)=0.

As Lis not a component, F(x, y,0) # 0. Also, remark that F(x, y,0) is homogeneous and therefore
it can be factored into degF linear factors which might be repeated. Each factor is of the form
(bix — a;y) and the point [a;, b;,0] is an intersection point with a multiplicity defined by the
number of times the same factor appears.

(-x ’ t ’ Z ) (;C ’ ’ Z ) B (;’C ’ )
a a a ) Z O.

Otherwise, it is called a non-singular point.
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Example: A projective line in CP? is defined by the equation ax + by + cz = 0.

The relation between affine curves and projective curves is made explicit by writing CP? =
C2uCP! = {[x, ¥zl z#0}u{[x, y,0] }. Ahomogeneous polynomial of degree d, F(x, y, z), which
does not have z as a factor, defines a polynomial F(x, y,1) on C? of degree d. And reciprocaly,
if F(x,y) =Y., s crsX"y® is a polynomial of degree d on C* we define a degree d homogeneous
polynomial on three variables

F(x,3,2) =Y cpsx yS297775
TS

One can interpret the projective curve Cg as the compactification of the affine curve Cg. The
points at infinity are

{601l Y, crarx’yT =0}
0<r<d

To each infinity point (a;, b;) corresponds an asymptote line in C? given by
a;ix—b;y=0.

It is also clear that F(x, y, z) is irreducible if and only if F(x, y, 1) is irreducible.
The tangent line at a non-singular point is the projective line defined by the equation

x, ,Z x+_x, ,Z + - x, ,Z V4 0.

Exercise : Prove Euler’s relation: If F is homogeneous of degree d then

OF OF OF
— (X0, Y0, 20) X0 + = (X0, Y0, Z0) Yo + &(JC(), Y0, 20)z20 = AF (X9, Yo, 20).

O0x oy
The following Lemma relates non-singular points of a projective curve and its affine curve.
It follows immediately from Euler’s relation.

Lemma 6.9. [xg, )0, 20], With zo # 0 is a non-singular point of a projective curve defined by
F(x,y,2) ifand only if (xo/ 29, yo/ 20) is a non-singular point of the affine curve defined by F (x, y,1).
The tangent line of Cr(x,y,z) at [xo, Yo, Z0] (restricted to C? c CP?) coincides with the tangent line of
CF(x,y,l) at (xo/ zg, y()/Zo).

Using the previous lemma for each affine coordinate chart of CP?> we conclude that a projec-
tive curve whose points are non-singular is a Riemann surface (one can show that if all points
are non-singular then the homogeneous polynomial is irreducible and this implies that the
curve is connected, this is not true for affine curves as the following example shows). It is called
a smooth projective plane curve.
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Example 6.10. Let f(x,y) = x(x—1). The affine curve C ¢ is smooth and reducible (the union
of two parallel lines). On the other hand its compactification Cr is given by the algebraic curve
in CP? defined by F(x, y, z) = x(x — z), a reducible polynomial. Note that now, Cr is not smooth.
Indeed, the point (0,1,0) is a singular point.

Example 6.11. Consider the curve defined for g = 1 and pairwise distincta; € C,1<i<2g:
C={[x,y,21 €CP* | F(x,y,2) = y*2*8 = (x — @12) - (X — apg2) = 0 }.

We compute the partial derivatives:

OF -

i —Zi:(x— a12)-- (x = a;z)- (X — apg2)
oF _ 2yz2872
oy

Z—Z =(2g-2)y*z*8 1+ Z aij(x—ayz)--+ (x—a;z) - (x— ag?)
1

To compute the singular points, observe that from the second equation z=0or y=0. Ify =0 then

z # 0 (otherwise we also have x = 0). We may suppose that z = 1 in that case and as the a; are

pairwise distinct there are no solutions to the first equation in C. If z = 0 analogously we have

y #0. Making x = 0 we see that [0, 1,0] is the unique solution of the equations and therefore is the

unique singular point of the curve.

Exercise: Any projective line is biholomorphic to CP!.

Exercise: A conic in CP? is defined by a degree two homogeneous polynomial
F(x,y,2) = ax’* +dy* + fz° + 2bxy +2cxz + 2eyz

which can be written as X7 Ar X where

o T Q
QU

~ Q O
N———————

and



1. Prove that Cr is non-singular if and only if det Ar # 0.

2. Prove that any smooth projective conic is isomorphic to CP!.

6.3 Algebraic sets and algebraic curves

In order to give some perspective we give in this section a very short introduction to algebraic
geometry. Indeed, algebraic sets in C" of any dimension are defined as follows.
Consider A =Clxy,---, x,] the polynomial ring in n-variables over C.

Definition 6.12. An affine algebraic set defined by a subset T < A is
Z(T)={xeC"|F(x)=0forallFeT }.

So the empty set, any finite subset of C”, the whole C" and affine algebraic curves are
examples of algebraic sets. An hypersurface, is an algebraic set defined by one polynomial. In
particular, if the polynomial is linear, the algebraic set is called an hyperplane. Again, the fact
that Z(T) might have different defining sets is an obvious problem. One can show that any
algebraic set is a finite union of irreducible algebraic sets which are themselves related to prime
ideals of A.

Definition 6.13. An irreducible affine algebraic set (or algebraic variety) X is an algebraic set
whose ideal
IX)={FeA|F(x)=0forallxe X }

is prime.

Recall that a prime ideal I < A is a proper ideal such thatif abe I, eitherae I or be I. As
an example, if F € C[x, y] is an irreducible polynomial, then the ideal generated bt F is prime
and the complex algebraic curve is therefore an algebraic variety. We define projective algebraic
varieties analogously by considering homogeneous polynomials. In principle, in CP” we need
n — 1 equations but one sometimes need more equations. The best possible situation is given in
the following Definition.

Definition 6.14. A smooth complete intersection curve is the set
C={[x]€eCP" | Fi(x)=-+=Fy1(x)=0}.

where F; are homogeneous polynomials in C"*L such that the (n—1) x (n+ 1) matrix

(aFi)
ax]'

has maximal rank at each point in C.
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As for plane curves we can prove, using the implicit function theorem, that a complete
intersection is a complex submanifold. It defines therefore a compact Riemann surface.

Not all projective curves are complete intersections. But one can show that every embedding
of a Riemann surface in projective space CP" is a local complete intersection, meaning that it
is a projective curve defined by a finite number of homogeneous polynomials which is locally
defined by only (n — 1) polynomials satisfying the rank condition above.

Example The classic example of a local complete intersection is the twisted cubic:
t:CP! — CP?

defined by t([x, y]) = [x3, x2 2 xyz, y3]. Observe that if x # 0, one can write in a local chart
t([1,y]) = [1,, % ¥%]. Otherwise, £([0,1]) = [0,0,0,1]. The curve is defined by three equations:
XoX3 = X1X2, XoX2 = xf and x;x3 = x%. On each chart x; # 0 one can use two of them. But one
cannot define the curve using only two equations.

6.4 All projective curves can be embedded in CP3

Given a point v € CP" and a hyperplane L not containing it we may define the projection from v
to L, m: CP"\ {v} — L; choose lifts L and j to C"*!. Given z € CP" \ {v}, choose a lift Z in C"*!.
Define n(z) = [span(Z, D) N I] € L. Here span(z, D) is the vector space generated by z, ¥ and
the intersection is not empty as dim(L) = n and dim(z, ) = 2. We could also consider, more
intrinsically, the projective space defined by all lines passing through v and the projection 7 to
be given by z — [span(Z, 1)] in this space. In the case v = [0,0, - - -, 1] the projection is given by

[x()’ te »xn] - [xO) e ’xn—lyolu
Proposition 6.15. Any smooth projective curve can be embedded in CP3.

Proof. The proofis obtained by projecting a curve embedded in CP” from a linear space into
a convenient CP3. If we want that the projection be an embedding we need to be careful. The
linear space from where we should project should avoid secants and tangents.

Definition 6.16. A complex line passing through two points of a projective curve is called a secant.

Suppose that v € CP” and X a projective curve disjoint from v. Clearly, the projection from
p is injective restricted to X if and only if v is not contained in any of the secants to X.

Lemma 6.17. Let p € X be a point in a smooth projective curve and v € CP" disjoint from all the
secants of X. The projection from p restricted to X is an embedding at p if and only if v is disjoint
from the tangent line to X at p.
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Proof. We may suppose that p =[1,0,---,0] and v ={[0,---,0,1]}. The projection from v is given
by [x9,+**,Xn] — [X0,-**, Xn-1,0]. On a neighborhood of p, the smooth projective curve is given
by (1, 81(2),: -+, gn(2)] with g; (z) #0forsome 1 < i < n—1 if we impose that the tangent line does
not contain v. This completes the proof. O

To prove the proposition, we start with a projective curve. Define the complex manifold
defined by triples of points (x, y, z) such that x # y are points in X and z a point in the secant
between x and y. It is of dimension 3 and therefore, its image by the projection (x, y,z) — z is
of maximal dimension 3. We conclude that there are points in CP” which are not contained in
any secant. Analogously, we may conclude that the set of points contained in a tangent line is of
dimension at most 2. If the projective curve is embedded into a projective space of dimension
greater than or equal to 4 we obtain a point not contained in any secant or tangent line and the
projection from that point embeds X in a projective space of one dimension smaller. We may
proceed with projections until an embedding into CP3. O

Remark 6.18. An embedding into CP? is not always possible but one can project any projective
algebraic curve onto a singular curve whose singular points are all ordinary double singularities.

6.5 Intersections of projective curves: Bézout’s theorem

In this section we prove a formula which counts the intersection number of two projective
curves. The formula involves a definition of multiplicity and is best described using the notion
of a divisor. Meromorphic functions on projective curves are obtained by taking quotients of
homogeneous polynomials of the same degree.

Consider a smooth projective curve X and a non-zero homogeneous polynomial F of degree
d.

Definition 6.19. The intersection divisor of F on X, div(F) = ¥ nyp, is the formal sum of points
p € X where F(p) = 0 with n), being the order of the meromorphic function obtained from F by
dividing it by a homogeneous polynomial G of the same degree which is non-vanishing at p.

Observe that the order of the meromorphic function does not depend on the choice of the
non-vanishing homogeneous polynomial G because G(p) # 0. If F is linear, we call div(F) a
hyperplane divisor.

In general, the degree of a divisor D =} n,pisdeg(D) =} n,. If F; and F, are homogeneous
polynomials of the same degree than div(F;) — div(F,) = div(F,/F») which is the divisor of a
meromorphic function. But the degree of a principal divisoris 0 so deg(div(F;)) = deg(div(F»)).
In particular all hyperplane divisors have the same degree.

Definition 6.20. The degree of a smooth projective curve, deg(X) is the degree of a hyperplane
divisor.
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Exercise: The degree of a smooth plane projective curve coincides with the degree of the
irreducible polynomial defining it.

Bézout’s theorem computes the degree of an intersection divisor:

Theorem 6.21 (Bézout’s theorem). Let X be a smooth curve and F a non-zero homogeneous
polynomial . Then
deg(div(F)) =deg(X)deg(F).

Proof. Let H ahomogeneous polynomial of degree 1. Then deg(div(H?8F)) = deg(div(F)).
Now deg(div(HdegF)) =deg(F)deg(div(H)) =deg(F)deg(X). O

6.6 Algebraic curves and ramified covers: Pliicker’s formula

Given a smooth projective plane curve X < CP?, not containing the point [0, 1,0], defined by a
homogeneous polynomial F we can define a ramified cover  : X — CP! by taking the projection
from the point [0,1,0], that is 7 : [x, y,z] — [x,z]. We obtain the Riemann surface which as
ramified cover of CP!.

Proposition 6.22. Let X be a smooth algebraic curve defined by the homogeneous polynomial
F in CP? not containing the point [0,1,0] and 7w : X — CP! the projection as above. Then, the
ramification divisor R; < X isequal to di v(g—l;) (which is a homogeneous polynomial).

Proof. Without loss of generality we will work on a chart with z # 0. We suppose therefore
z = 1. By the implicit function theorem, if g—; (x0, Yo, 1) # 0 the projection has multiplicity one
in [xo, yo,1]. On the other hand, if g—l; (x0, Y0, 1) = 0 we have g—i (x0, Y0, 1) # 0 and therefore there
exists a holomorphic function g defined on a neighborhood of y, such that F(g(y),y,1) =0. In

that case AFE 1) OF oF
g /

— L - 1 — L1, 1) =0,

dy ax(g(y) »lg (y)+ay(g(y) »1=0

so that g’(yp) = 0. In fact, differentiating again and again we observe that the order of g’ at y,
is the same as the order of the function g—l; at yp (where xy is fixed). Therefore n([g(y),y,1]) =

[g(y),1] which in charts is writen y — g(y) has multiplicity at (xo, yo) given by ord,, g—l; (x0,¥) + 1.
O

Example 6.23. Consider the Fermat curve ford = 1:

C={lx,y21€CP? | x*+y+z9=0}.
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It is a smooth curve. Let n: [x,y,z] — [x, z] be the projection as above. Observe that the point
[0,1,0] does not belong to Cr. We have g—i (x,¥,2) = dy?®~'. The ramification points correspond

44 29 = 0. That gives d solutions. The

to y = 0 and are given by solutions to the equation x
multiplicity at each solution is ordyzog—}; +1=d.

By Riemann-Hurwitz, we obtain that
¥(C) =dy(CPYH—dd-1)

which gives its genus g = (d_l)zﬂ.

This computation can be carried on for a any smooth projective plane curve:

Theorem 6.24 (Pliicker’s formula). Let X € CP? be a smooth plane projective curve of degree d.

Then, the genus of X is
_d-1D(d-2)
= > .
Proof. Suppose X =1{[x,y,z] € CP? | p(x,y,z) = 0} and consider the projection 7 : [x, y,z] —
[x, z] as above (suppose without loss of generality that [0, 1,0] does not belong to X) and therefore
— giq,00P
R, =di v(@).
Now, by Bézout, as degp = d and deg g—z =d—1, we obtain that

. 0 0
degR, =deg(di v(%)) = degp.deg£ =d(d-1).

Therefore
¥(X) =dy(CPY)—d(d-1).

O

The relation between the compact Riemann surface constructed from an irreducible poly-
nomial in two variables and the complex algebraic curve obtained through the associated
homogeneous polynomial is given in the following discussion.

Let P(x, y) be an irreducible polynomial of degree d in y. Set Vp = { (x,y) € C* | P(x,y) =0}
and Y — CP! be the compact Riemann surface constructed in theorem 4.8 . In particular, Y
contains, as a dense subset, the set Vp \ T where

>=1{(x )€C2|de P(x~)<d0r6—P(x )—a—P(x )=0}
= Y g , ay ,y—ay yY) = .

One can homogenize P to obtain the (irreducible) homogeneous polynomial P(x, ¥, 2). Note
that the complex curve V < CP? might have singularities. On the other hand Y/, by construction,
is smooth. The relation between the two constructions is given in the following:

Proposition 6.25. Let P(x, y) be an irreducible polynomial and consider the dense subset Vp\ X c
Y as above. Then, the inclusion Vp \ T < V5 < CP? extends to a holomorphic surjection

Y — Vp.
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7 Divisors and line bundles

7.1 Vector bundles

Let X be a topological space and 7 : E — X a (complex) vector bundle over X. By this we mean

1. alocally trivial bundle in the sense that for each x € X there exists an open neighborhood
U, c X and a homeomorphism hy : 71 (U) - U x C" such that puo hy(e) = m(e), where
pu : U x C" — U is the projection in the first factor. We call hy; a trivialization of E over U.

2. For each x € X the fiber 771 (x) is a vector space and for any trivialization hy; : L U) -
U x C", the map p}; 0 hylz-1(x : 77 (x) — C", where pj, : U x C" — C" (the projection on
the second factor), is an isomorphism.

We say that the vector bundle is C*° (holomorphic) if all the manifolds and maps are C*
(holomorphic). The dimension of the fibers is called the rank of the vector bundle and in the case
the dimension is one the vector bundle is said to be a line bundle. Morphisms between vector
bundles E and F are maps ¢ : E — F which map linearly fibers into fibers. An isomorphism
is a morphism which is a diffeomorphism whose restriction to each fiber is an isomorphism
between vector spaces. A trivial vector bundle over X is a vector bundle isomorphic to X x C".
The definition of real vector bundles is the same with R substituted for C.

We usually work with vector bundles over a fixed base space X. We restrict then the category
of vector bundles so that a morphism ¢ : E — F satisfies np o ¢ = g, where g and 7y are the
projections.

7.1.1 Transition Cocycles
Given a vector bundle 7 : E — X over X and trivialisations hy, : 77} (U;) — U; x C"* (R" in the
case of real vector bundles) defined over a covering X =JU; one can define the maps
-1. 7. . n_ (T, . n
hUlohU]~(Uan])XC (UlﬂU])XC
which have the form
hy, o h&fl_(x, v) = (x,8ij(x)v)

where g;; : UinU; — GL(n,C), GL(n,R) in the case of real vector bundles, are called transition
functions of the vector bundle associated to the covering [JU;. If the vector bundle is C*
(holomorphic) then the transition functions are C*° (holomorphic).

The transition functions satisfy a cocycle condition, namely, on U; n U; n Uy we have

8ij8jk = 8ik-

Conversely, given a family of transition functions satisfying the cocycle condition one can
construct a vector bundle. To see that, we construct the disjoint union E = {J; U; x C"* with
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projection 7 (x, v); = x where (x,v); € U; x C"*. To obtain the vector bundle we quotient this
space by the equivalence relation (x,v); = (y, w); ifand onlyif x = yand v = g; jw.

Let ¢ : E — F be an isomorphism whose projection on the base is the identity. Let UU; be a
covering and choose vector bundle trivializations hy and h;] on the source and on the target,
respectively. We can write then

hy, o do hy! (x,v) = (x, ¢ (x)v)
where ¢;(x) € GL(n,C). On U; n U; we obtain on one hand
hy, o hyg (x,v) = (x, 8}, V)
and, on the other hand,
hy, o hy (x,v) = hy, oo™ oyt (x,v) = hy, 0o hajl, o hy, o hytohy, 0™ o byt (x,v)
That is
gii=¢igiid;-

In particular, if E = F we obtain the description of all possible transition functions over a
fixed cover.

Example 7.1. The tangent space of a surface:

Let (U;, ¢;) be an atlas of a surface X. We define transition cocycles as the Jacobian matrices
8ij: U;n Uj — GL(2,R) defined by

8ij(0) = D(io¢; 1) ().

The corresponding vector bundle associated to these transition functions is called the tangent
vector bundle of X and is denoted by T X.

Example 7.2. The holomorphic tangent space of a surface:

If the surface has a complex structure we can use a holomorphic atlas (Uj, z;) to define the
rank one complex vector space, called holomorphic tangent bundle, with transition functions

.. —_ aZi
§ij = 0z j '
Example 7.3. The cotangent space of a surface:

Let (Uj, ¢;) be an atlas of a surface X. We define transition cocycles by taking the transpose
of the Jacobian matrix
8,0 =D@io¢p;"" (x).

The corresponding vector bundle is denoted by T* X.
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Example 7.4. The canonical line bundle K over a surface or holomorphic cotangent space:

From the holomorphic atlas (Uj;, z;) we define the rank one complex vector space, called
holomorphic cotangent bundle, with transition functions

aZj

gij:a_z,-‘

Example 7.5. Line bundles over CP!

The line bundles over CP! can be described by the transition cocycles defined over the
covering Uy = C and U; = C* U {oo}. We let go; = 2" and denote by & (n) the corresponding
holomorphic line bundle. Observe that from

-1
le = —de(),
<)
the canonical line bundle over CP! is identified to @ (-2).
Uy =C and U; = C* U {oo}. We let g1 = 2" and denote by @ (n) the corresponding holomor-
phic line bundle. Observe that from
-1
le = —ZdZ(),
)

the canonical line bundle over CP! is identified to @ (-2).

Remark : All vector bundles over CP! can be obtained using those building blocks. In fact,
a theorem of Birkhoff and Gothendieck shows that any holomorphic vector bundle of rank n
over CP! is isomorphic to @ (n;) @ --- @ 0 (ny), for some n; € Z.

Suppose X is a fixed Riemann surface and consider the space of line bundles over X with
isomorphism between bundles defined as isomorphism of vector bundles whose induced map
on the base is the identity. Given two line bundles L; and L, one can form their product L® L' by
defining the transition functions g;; g; i The inverse of a line bundle L with transition functions
gij is denoted by L* and has transition functions gi‘jl. This product is clearly commutative and
defines a group structure on the space of line bundles modulo isomorphisms.

Definition 7.6. The Picard group Pic(X) associated to a Riemann surface is the abelian group of
all holomorphic line bundles modulo isomorphisms.

7.1.2 Sections of vector bundles

Definition 7.7. A section of a vector bundlen:E— X isamap s: X — E such thatmo s(x) = x. If
the vector bundle is C* (holomorphic) then we can consider C* (holomorphic) sections.
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In local trivialisations over a covering JU;, a section is given by functions f; : U; — C"
satisfying the compatibility condition

filx)=gijfi(x)
on U; nU;j where g;; are the transition functions.

Remark 7.8. Holomorphic sections can be seen as solutions of a Cauchy-Riemann operator. Let
E — X be a holomorphic vector bundle over a Riemann surface X. Define the Cauchy-Riemann
operator

0p:C®°(X,E) » C®°(X,E®K)

by fixing a trivialization e; over a neighborhood U and writing any section over U as s(z) =
Y fi(2)e; and writing
0p(s) =05} _ fi(2)e;) = ) 0(fi(2))e;,

where, in local coordinates of X, 0(f) = %dé. By chosing another trivialization so that e;. =gjiei
with gj; holomorphic, we observe the the definition does not depend on the trivialization.

The space of sections of a vector bundle is a vector space.

Definition 7.9. Let E be a holomorphic bundle. The space of holomorphic sections of a holomor-
phic vector bundle E over a complex manifold M is denoted by H° (M, E).

A simple but very important theorem is that the space of holomorphic sections of a vector
bundle over a compact manifold is finite dimensional. We prove the theorem in the case of line
bundles over a Riemann surface. The general proof is similar.

Theorem 7.10. For any holomorphic line bundlen : L — X over a compact Riemann surface X,
HY%X,L) is finite dimensional.

Proof. Choose a finite covering % of X by open sets U; satisfying the following conditions:

1. There exists charts ¢; : U; — A(1).
2. ¥ defined by V; = ¢; "1 (A(1/2)) is a covering.

3. For each i, U; c W;, an open set such that p; : 71 (W;) = W; x C is a trivialization with
transition functions g;;.
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Given a s € H°(X, L), that is a section of L we define its norm with respect to a covering %
subordinated to the trivialization defined by # as

U
[IsII™ =max; supzey,|si(2)|

where s;(z) is defined by p;(s(z)) = (z, s;(z)), that is the expression of s(z) in the coordinates
defined by the trivialization. Analogously

v
[IsIl” =max; supzev,|si(2)l.

Let z? € V; be such that ¢; (z?) = 0. The idea of the proofis that if a holomorphic section vanishes
with sufficiently high order at z? for all i than it vanishes everywhere. This clearly proves the
theorem because over each V; the holomorphic sections modulo the ones vanishing with order
k at z? is a finite dimensional vector space (given by the coefficients of the series expansion to
order k—1 at z?).

There are two relevant inequalities:

* The first one is local. For each V; c U; and s a section over W; vanishing to order k we
have for w € V;

|si (W) < SuPzev-IZk si(2) | < iSLtl7zeUA|ﬁ|
TToZk T 2k ir
1 5i(2) 1
= z—ksupzean|7| = Z—kSLleean|Si(Z)| = z_ksupZEU,-|Si(Z)|

where we use the maximum principle to obtain the last line. So
1
supzev;1si(2)| = ﬁsupzeUJSi(ZH

* The other inequality is where compactness comes into play. In fact, although % is a bigger
covering there exists a constant C > 0 (which does not depend on the section) such that

u 4
IIsII™ < CllsII™.

To prove this, take a point zy € U; realizing l|s||%. Then zo € Vj for some j. and then
si(z0) = gijSj(20) so writing C =max; ; maxzeu;nu;18ij(2)l we obtain

lIsI% =151 (20)| < Cls;j(z0)| = ClisI”
as we wished.

From the two inequalities we obtain
o
u ¥ u
IsII™ < ClIsll” = —lsll
2

which implies that s vanishes for k large enough. O
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7.1.3 Meromorphic sections
Let X be a Riemann surface and 7 : E — X a holomorphic vector bundle.

Definition 7.11. A meromorphic section of E is a holomorphic section s: X\ D — E where D c X
is a discrete set such that for each p € D there exists a chart z: U — C with U n D = {p} satisfying

* z(p)=0,

e there exists k = 0 such that zF(x)s(x) is the restriction of a holomorphic section over U to
U\{p}.

We set —ordy(s) to be the minimum k as above and call it the order of the meromorphic section at
p.

Inlocal coordinates this means that the n-tuple of functions f; defined over each U; are mero-
morphic. Meromorphic functions are simply meromorphic sections of the trivial holomorphic
bundle X x C.

If a meromorphic section s: X — E vanishes at p € X, consider a chart z: U — C vanishing at
p as above. Define ord),(s) = k to be the positive integer such that s = z*g where g is an n-tuple
of holomorphic functions over U with g(p) # 0. Those definitions are clearly independent on
the chosen charts.

7.2 Divisors and line bundles

In this section we describe holomorphic line bundles by divisors.

7.2.1 Divisors on Riemann surfaces

Definition 7.12. Let X be a Riemann surface. A divisor on X is a locally finite linear combination

D= ZSiZ,'
wheres; € Z and z; € X.

Locally finite meaning that each point in the Riemann surface has a neighborhood inter-
secting only a finite number of points z;. Another way of saying it is that the set of points {z;} is
discrete and closed in X.

The set of divisors Div(X) on a fixed Riemann surface forms an abelian group generated by
its points.

The divisor is said to be effective if s; = 0 (we write D = 0). This defines a partial order by
writing Dy = D, if Dy — D, = 0.

To a meromorphic section s of a holomorphic vector bundle over a Riemann surface one
can associate the divisor

div(s)=)_ordy(s)p
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where the sum is over all zeros and poles of the section. In particular if s is holomorphic the
divisor is effective.

Definition 7.13. Two divisors are linearly equivalent if their difference is the divisor of a mero-
morphic function.

The divisor of a meromorphic function f is called a principal divisor and is denoted by (f).
Definition 7.14. The degree of a divisor D =) s;z; isdegD =)_s;.

The degree defines a homomorphism deg : Div(X) — Z. In the next paragraph we show
that from a divisor we obtain a line bundle.

7.2.2 Line bundles from divisors

Proposition 7.15. Given a divisor D = ) s;p;, 1 < i < n over a Riemann surface X one can
associate a line bundle [ D] and a meromorphic section s such that div(s) = D.

Proof. Choose charts z; : U; — C for 1 < i < nsuch that p; € Uj, z;(p;) =0, and U; nU; = @ for
i>0,i#j.LetUp=X\{p1, - pn}. Let fi(z) =zfi(z),forz€ Uij,1<i<nand fy(z) =1 for z € Uy.
We define transition functions by g;; = f;/ fj which are clearly holomorphic in the intersections
U; nU;. They also satisfy the cocycle condition and therefore define a holomorphic bundle
which we denote [D]. Moreover, the functions f; defined on U; match up to form a global
meromorphic section f, as f; = g;; f; on the intersections. Observe then that div(s) = D. One
can check that using a different choice of charts one gets an isomorphic line bundle.

O

Example 7.16. Let D = n0 be the divisor defined on CP' with support on the point0€ C c CP!.
Given the covering Uy = C and U, = C* U {oo} (we changed notations with respect to the proof of
the proposition above) consider the meromorphic functions z" on Uy and 1 on U,. We obtain
transition functions
_2
8o1 = 1° z.

We conclude that [n0] =0 (n).

Observe that if s; and s, are two meromorphic sections of a line bundle over X, there exists
a meromorphic function f defined on X such that s, = f's;. Therefore the divisors defined by
them differ by a principal divisor. That gives the motivation for the next proposition.

Proposition 7.17. Two divisors are linearly equivalent if and only if their associated line bundles
are isomorphic.

In order to show that the correspondence between classes of divisors and classes of line
bundles is one to one we need to show that there exists a non-trivial meromorphic section of
any given line bundle.

70



8 Calculus on a Riemann surface: Hodge theorems

8.1 Forms

We first recall the definitions and introduce notations describing forms on a real two dimensional
manifold X. A 0-form defined on an open subset U of a Riemann surface is simply a function
(complex) defined on an open subset U c X and we write £°(U) for the space of smooth
functions defined over U. A smooth differential 1-form « is written in local coordinates ¢p: U —
R? as

Gra=drdxt + padx®.

Here, the coefficients ¢; are complex functions. For a change of coordinates =z x?), it
satisfies the relation .
-« 0x/
(pi - Z 656’ (p]
The space of smooth 1-forms over U will be denoted glw.
The space of 2-forms over U will be denoted &2 (U). In local coordinates one writes

fdx' andx?,
where f is a (complex) function. For a change of coordinates, we obtain

= a(x!, x?)
ol 2
h 6(x1 sz) . . .

where 5 is the Jacobian determinant.
On a Riemann surface we may use complex charts z = x + i y and then write dz =dx + idy

and dZ =dx—idy. Interms of dz and dz a 1-form is written locally as

adz+ bdz.

The space of 1-forms which can be written for every point as adz in one chart centred at the
point (and therefore in all charts of the Riemann surface) are called forms of type (1,0). We write
&) the space of 1-forms on U c X of type (1,0). Analogously the forms of type (0,1) are
written locally as adz and the space of these forms defined on U is denoted £%! (U). We have
the decomposition

el =" e & (U).

Using local coordinates z = x + i y we may write a differential 2-form as
fdxndy= %de/\ dz.

We also denote then by &1 (U) = £2(U) the space of all 2-forms over U.
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One usually considers 1-forms as smooth sections of the cotangent bundle T* U and 1-forms
of type (1,0) as sections of T*", a holomorphic line bundle over X (see the next chapter).
Recall the exterior differentiation of a 0-form f defined on a surface is, in local coordinates
(x!, x?), given
s 2L g

+

af = 62

For a 1-form a = ¢ dx' + pdx? itis

(a%_ (pl)d Adx?.

On a Riemann surface one introduces operators d and 0 as projections of the exterior
differentiation into the spaces & LO(7) and &% (1) respectively. In coordinates,

of = gdz, of = de
0z 0z

and
d(adz + bdz) = ?dz AdZ dadz+bdz) = ?dz Adz.
< Z

Definition 8.1. A I-form a € &'(U) is holomorphic on U < X if locally it is written as g(z)dz
with g holomorphic . A 1-form defined on the complement of a discrete and closed subset of U is
meromorphic if locally it is written as g(z)dz with g meromorphic.

Remark that & is holomorphic if and only if da = 0.

8.2 Integration

Given a differential form a on a surface X and a piece-wise smooth curve c: [0,1] — X we define
the integral
[ @
c

using local charts ¢ : U — C with coordinates (x,y). That is, suppose Im(c) c U and a =

¢1dx+ ¢pody then
fa:[(gb1x+cp2y)dt

If Im(c) is not contained in a single coordinate chart we use a partition 0=y < f; <--- <, =1
of [0,1] so that each c([t;, t;+1]) is contained in a coordinate chart. Clearly this definition does
not depend on the chart because if (%, y) are different coordinates then a = ¢1dx + ¢ody =

((,bl +azz 9y ) ax+ ((,b X+ (,bg ) dy and therefore by the chain rule
; . 0x oy ;_ ox ay) .
+ =h1dx+drdy=|p1—=+P=|dX+|Pp1—=+ P2 |d
Pr1X+ 2y =prdx+pody (¢1 Y ¢2 656) x (¢1 57 b2 57 y
and the integrals are the same.
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Proposition 8.2. Let a be a closed form and c, ¢’ be homotopic curves between two points xg, X
on a surface. Then [,a = [, a.

Proof. By Stokes theorem (see next section). O

Theorem 8.3. On a simply connected surface every closed 1-form « is exact. That is, there exists a
function F (called a primitive of «) such that a = dF. Two primitives differ by a constant.

Proof. It follows from the previous proposition by defining F(x) = / ;f) a as the integral does not
depend on the path of integration. O

In general, if X is a Riemann surface and 7 : X — X is its universal cover, then [;n*a = [ . a.
So if @ is a 1-form on a Riemann surface X we can compute its integral

f a = F(&(1) - F(E(0))
[
where ¢ is a lift of ¢ to the universal cover of X and F is a primitive of 7% a.

Remark: Let I be the group of Deck transformations of the cover 7 : X — X. If F is a primitive of
the form 7* a then F oy is also a primitive because d(Foy) =dy*F=y*dF =y*n*a = (ny)*a =
n* a. As two primitives differ by a constant we obtain that Foy = F + q,.

Definition 8.4. Let a be a closed one-form defined on a surface X. The period map associated to
a is the homomorphism

m1(X,x9) — C given by c—»fa.
C

Let I be the group of Deck transformations of the cover 7 : X — X and F a primitive of a
defined on X, then the image of the period map is given by the set { ay | y €T } where a, are
defined in the remark above. This can be seen easily if we interpret an element of I" as a closed
curve ¢ with lift €. Then

fw = F(¢(1)) - F(c(0)) = F(yc(0)) — F(¢(0)) = ay.

Theorem 8.5. Suppose a closed differential form has all periods zero. Then it has a primitive.

Proof. Construct explicitly the primitive as F(z) = [, ZZO a where zj is a point in X. This function is
well defined as the periods are null. O

Corollary 8.6. Ifw is a holomorphic form on a compact Riemann surface such that the associated
period map is zero then w = 0.

Proof. A holomorphic form is closed. By the previous theorem the form w has a primitive. It is
holomorphic on a compact Riemann surface therefore constant. O
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If¢: V — U is a diffeomorphism, recall the change of variable formula

f[[]fdxdy:/fv(,b*fdudv

which can be written more explicitly as

[ Jpasav=] [, rooigsgiana

where 222 a( 1s the Jacobian determinant. In the case ¢ is a biholomorphism we have

fodeAdzszvfo@j—iﬁdumdw

To define the integral of a 2-form on a Riemann surface we use a partition of unit subordinated
to a cover by charts. The fundamental theorem we will use is the following version of Stokes
theorem.

Theorem 8.7 (Stokes Theorem). Let a be a smooth 1-form defined on a neighborhood of a domain
Q with piecewise smooth boundary 0Q) contained in a surface.

f a:fda.
0Q Q

8.2.1 Theresidue theorem

We will admit the following integral formula (for a proof see [Hormander]).

Theorem 8.8. Let Q) c C be a connected open domain whose boundary is a union of finitely many
C! Jordan curves. Let f € C1(Q). Then, for z€ Q,

f(() d( faf(()/a(d(/\df.

2rif(z) =
Let w be a meromorphic 1-form which is not identically null. Let pe X and z: U — Cbe a
chart such that w is holomorphic on U \ {p}. We define the residue of w at p as

respy(w) = - §
where y is a curve with winding number 1 around p contained in U. It is easy to see that
this integral is well defined. It can be computed using a Taylor expansion; write, using local
coordinates, w = f(z)dz where f(z) has a pole at p and the residue is simply the coeficient of
the terrn ~ in the Taylor expansion. If we change the local chart then w = g(w)dw = f (&) dw dz
and the re51due is the same.
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Proposition 8.9. If X is compact then

Z resp(w) =0
peX

Proof. Stokes theorem. Suppose D = {p;}1<i<n are the poles of w. Choose non-intersecting
neighborhoods U; containing each p; with boundary y; and compute

Z w=—f dw=0
i JYi X-UU;

because dw = 0w + 0w = 0. O

Proposition 8.10. If X is compact and f is a meromorphic function, then the degree of the divisor
div(f) is zero.

Proof. This follows from the proposition above and the fact that deg(f) = 2. pex resp(w) for
w=dflf. O

8.3 Homology and Cohomology
8.3.1 The de Rham complex

The de Rham complex over a surface X is
0—R— & X)-L&'(x)-L62(x)-Lo0.

where £°(X) = € (X) is the space of C* functions on X, &1(X) is the space of i-forms on X
and d is the exterior differentiation. Poincaré’s lemma says that the sequence is locally exact.
The cohomology groups measure how much the sequence is far from being exact. Observe that
the space of closed or exact forms (respectively forms a such that da = 0 or @ = df for a form )
are vector spaces.

Definition 8.11. The i-th cohomology group H' (X, R), of the surface X is the quotient of the space
of closed i-forms by the space of exact i-forms.

Observe that dimH°(X,R) is the number connected components of X. In fact the space of
exact 0-forms is formed by the trivial vector space of null functions.

In order to compute H 1(X,R) we will introduce the singular homology. A singular p-simplex
is a differential map from a p-simplex to X. We will write sometimes (P) for a singular 0-simplex,
(P1, Py) for a singular 1-simplex and (P, Py, P3) for a singular 2-simplex. Fix now an abelian
group G (we will mostly use Z,R or C). A p-chain is a finite linear combination of singular
p-simplices with coefficients in G. The space of p-chains will be noted C,, (with a convention
that C_; = {0}). There exists a boundary operator 0: C, — Cp_ satifying 8%c =0 for any chain c.
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It is defined on singular simplices by the formulas (using the obvious notation for the restriction
of maps to the boundary of a simplex)

0(P) =0 0(Py, P2) = (P2) — (P1) O(Py, Py, P3) = (P2, P3) — (P1, P3) + (Py, P2)

and extended by linearity to all chains.
A chain cis called a cycle if dc = 0 and a boundary if there exists a chain ¢ such that 0¢ = c.
We define

Definition 8.12. The p-th homology group, H,(X, G), is the quotient of the space of cycles, Z,,, by
the space of boundaries, B;,.

If the surface X is connected dim Hy(X,R) = 1. If X is compact, orientable and connected
then dim H(X,R) = 1. To compute H; (X, Z), we will invoke van Kampen theorem, that de-
scribes the first homology as the abelianization of the fundamental group:

m1(X, 2)
{la,bl)la,be m (X, 2)}

H(X,2) =

Using the generators a;, b;, 1 < i < g for a compact surface of genus g we obtain that H; (X, Z) =
Z?%§. The generators a;, b;, viewed as a basis of H (X, Z) are also called a canonical basis for the
homology. It follows from general theorems on the homology that we also have H; (X,R) = R28.

The relation between homology and cohomology is essentially given by Stokes theorem on a

chain c:
f w= f dw.
dc c

Lemma 8.13. Ifw is closed and c, and c, are two homologous chains then

[o=[o
C1 C2

Proof. By hypothesis ¢, — ¢; = dC. Apply Stokes theorem. O
This lemma shows that the bilinear map in the following theorem is well defined.

Theorem 8.14. Let X be a compact orientable surface of genus p. The bilinear map H; x H' — R

defined by
(c,w) — f w
a

Proof. The fact that (-, w) is non-zero follows from the fact that if all periods are null, the form w
is null. On the other hand, given an element ¢ € H; we construct a form such that (c,w) #0in
the following two lemmas. O

is non-degenerate.
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Suppose X is orientable. Let y be simple closed curve in X. We consider an annulus A
containing y and let A~ be the left side and A* the right side. Let f be a function with compact
support on A~ which is one on A™ intersected with a neighborhood of y. Define thenn, = df.
Even if f is not continuous, 77y is C*° 1-form. On the other hand 7 is not exact in general. The
form 7y is dual to y in the sense of the following lemma.

Lemma 8.15. Letw be a closed 1-form. Then

w= Aw.
Jo=Jor
Proof. We compute

fxny/\wzfAdf/\w:fAd(fw)—fAfdwzfyfw:fyw.

Remark: Using notation of the next section we write fy w = (w, *1y).

Lemma 8.16. Let a;, b; be an homology basis. Then

S
Lina] j;inb] u[nb] binal ij

Proof. The first equality follows from the previous lemma. For the second one, we compute
in the case that a, b are two loops intersecting once at a point with orientation given by the
tangent vectors to a and b at the point of intersection in that order. we denote by f}, a function
associated to the loop b with supportin A, as before. We obtain

= [mo=[ agi=1.

The last equality follows from the explicit form of the function f, at the intersection point; it
corresponds to the integration on a closed interval [0, 1] of the derivative of a function such that
f0)=0and f(1) =1. O

8.4 The Dolbeault complex

Recall the Cauchy-Riemann operator 4 = %(% -1 6‘7—},) defined on functions on an open subset
U cC. Itis better understood in the guise of an operator:
0: 6> WU) — & (U)
given by f — %di.
Local solvability of the Cauchy-Riemann equation: for each g € C*°(U) there exists V c U
and f € C*°(V) such that
of

0z 8
on V. A stronger result is true:
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Proposition 8.17 (Dolbeault’s lemma). LetQ c C be an open subset and g € C*°(Q). Then there
exists a function f € C*(Q) such that
of

0z
Proof. There are two cases:

1. In the first case we suppose g of compact support. An explicit solution is given in terms of

the integral formula
g(w)
[tz = 2mi f f

The integral is well defined as can be seen by using polar coordinates w — z = re’® so that
2” dr A df. Because g is of compact support, the integration is made in
a sufficiently large rectangle and therefore we may differentiate under the integral sign.
We obtain making the change w for w -z

0
f(z) ff 6g(z+w) ld A dib.
e~02m (w|>e 0z w
So

af(Z) = lim ff (g(“"") dw /\dw——hm—ff (g(ZHU) )
s—»O 271 lw|>e ow w e—0 271 lw|>e w

1
— lim — 8+ W) = g2).
e—0271 Jyw|=¢ w

2. If suppg < Q is not compact we construct an exhaustion sequence of compact sets
K, (K, c Int(K,+1) with Q\ K}, having no relatively compact component) and cut-off
functions ¢, with bk, =1 and $ni,, =0.We solve

Ofn
i—(/)ng

We would like to make sense of

=+ fnr1 =)+ (fnez— fue) +--

As this sum might not converge we modify each term by a holomorphic function using
Runge’s theorem: As fi;,+1 — fim, m = 1, is holomorphic on a neighborhood of K, there
exists a holomorphic function h,, on Q such that

1
|fm+1 _fm_ hm| < Z_m
on K,;;. We redefine the sum to be

=+t naa—fo—hn)+ (fns2— fne1—hps) +---

Now the sum is uniformly convergent on Kj,, for each m = n so f is well defined on Q.
Moreover we imediately see that on each K}, f solves the equation.
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O

Remark 8.18. On an n-dimensional complex manifold we have the following exact sequence

()_,@_,cgoo_a.gorl_‘_a,gorz...

’

and more generally
0— QPI_gpa 9, gra+l O epq+2,

where the vector spaces in the exact sequence are germs of of differential forms. A better formula-
tion is obtained using sheaf theory.

8.5 Poisson equation and functional analysis
8.5.1 The Laplacian on a Riemann surface

Given a Riemannian manifold the Laplacian operator can be defined. In the case of real two
dimensional manifolds one does not need a metric to define a Laplacian, but instead a conformal
Riemannian structure is enogh.

We write &' as the space of C-valued 1-forms. If X is a Riemann surface we define the space
&19 of forms of type (1,0) and the space &%1 of forms of type (0, 1). One has the decomposition
&' =&10¢ &%, Note that complex conjugation interchanges &° and £%1.

The Hodge star operator on 1-forms on a Riemann surface is the following:

Definition 8.19 (Hodge star operator). Leta € &' and writea = a1 + ap witha, € 840, ap € £%1.
Define
*q@=—Ia]+ids.

In complex coordinates, for a = adz + bdz, we obtain *a = —iadz + ibdz. On real coordi-
nates such that z = x+ iy, we have *dx = dy and *dy = —dx. The geometric interpretation of
the *-operator acting on exact 1-forms is given by the formula

(xdf)(v)=dfUv).
That is the dual of the J-operator acting on vectors.

Remark 8.20. Note that we don’t need a metric to define the star operator on &' on Riemann
surface.

By a straight computation one can verify that the Hodge star operator defined above satisfies
the following properties:

Proposition 8.21. Leta € &'. Then

l. xxa=—-a
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2. x@=%*a

Proposition 8.22. Leta; € &0, ay € £% and f € £°. Then
1. d*a;=—-ida;
2. d*xay=1i0ay

3. x0f =—-idf

5 dxdf =2i00f =-2i00f
Definition 8.23. Let f € £°. Define the Laplacian A : §° — &2 by the formula
Af=dxdf.
We say f is harmonic if Af = 0.

In local coordinates z = x + i y we obtain the formula

o’f o*f
Af:(ﬁ-i-a_yz dX/\dy.

Using the star operator we define a hermitian product on 1-forms over a compact Riemann

surface:

Definition 8.24. Let X be a compact Riemann surface and ay, a, 1-forms in &' (X). Define

(a1, az) =f ay A xap.
X

Clearly (a1, a2) = (a2, a1). To show that (&, @) > 0 for non-vanishing «a, write in local coordi-
nates @ = adz+ bdz. Then a A xa = i(la|?> + |b|>)dz A dZz = 2(|a|* + |b|*)dx A dy. Therefore the

integrand is a positive form and the product is 0 if and only if a = 0.

Remark 8.25. Note that this Hermitian metric on the space of 1-forms does not come from a
pointwise Hermitian metric. On the other hand, once a volume form v is fixed, we can define a

pointwise Hermitian metric (-,-) by the formula
a1 Axd = (ag,a)v.
Definition 8.26. Leta € &'.
e aisclosedifda =0.

* a isco-closedifd = a =0.
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* a isharmonicifda=0andd * a =0.

Observe that if a is harmonic then, from da = 0 and Poincaré’s lemma, we may write, locally,
a = df, where f € £°. Therefore a is harmonic if and only if, locally, one can write a = d f where
f is harmonic.

Exercise 8.27.

Prove that a € Q10 (that is, a is holomorphic) if and only if, locally, a = d f with f holomorphic.
The following proposition is left as an exercise.
Proposition 8.28. The following are equivalent:

1. « is harmonic

2. da=0a=0

3. a=a;+ay witha; € Q" and a, € Q10

8.5.2 Riez representation theorem: weak solutions
A fundamental theorem in functional analysis is the following:

Theorem 8.29 (Riez representation theorem). Let / be a Hilbert space and T : # — R be a
bounded linear map. Then there exists xT € /€ such that for every x € /€, T (x) = (X, X).

If A is defined to be the completion of a vector space H equipped with a scalar product ¢, -,
Riez representation theorem says that if 7 : H — R is a bounded linear map, then there exists a
Cauchy sequence (h;) in H (called a weak solution) such that, for each vin H

T(v) — lim {(h,,v).
n—oo

Therefore, in the case of Hilbert spaces obtained by completions of spaces of smooth func-
tions, one can usually make arguments which only involve estimates on smooth functions. In
particular, if one can prove that the Cauchy sequence (/) converges to an element of H one
obtains a smooth representation of T (in the context of the Laplacian this result is called Weyl’s
lemma).

We use Riez representation theorem and Weyl’s lemma to find solutions to an equation

P¢=p,

where P is a differential operator and p is a given C* function (or section of a bundle). To find a
C® solution directly is most of the times hard. The idea therefore is first to identify a convenient
Hilbert space and a linear operator T, on this Hilbert space related to the equation. Then find a
'weak’ solution as an element in the Hilbert space using Riez theorem. Finally, prove that the
'weak’ solution is in fact regular using Weyl’s lemma. It turns out that for an important class of
operators, one can find solutions outside a finite dimensional subset of the space of functions
(or sections).
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8.5.3 The Poisson equation

Consider the equation
Ag = p,
where p is a smooth 2-form on a Riemann surface X. Observe that if ¢ exists, for any smooth

function ¥ we have that
| wao=[ vo.
X X

fXA¢=pr,

p=0.
X

In particular,
which, from Stokes theorem, implies

This is a necessary condition which turns out to be sufficient:

Theorem 8.30. On a compact Riemann surface, for any smooth 2-form p satisfying [y p = 0, there
exists a smooth function ¢ such that A¢ = p.

The identity
f YAp = —f dy A xd¢
X X

suggests the Hilbert space we will work with. Consider C*°(X) and the bilinear form

<w,¢>>=fxde*d¢.

This is clearly a metric on the space of smooth functions modulo an additive constant, C*°(X)/R.
To avoid considering the quotient modulo constants we fix a volume form v on the surface.
Define the space of smooth functions satisfying

fwz;:o.
X

The completion W of this metric will be our Hilbert space and the operator

) :f 174
X

will be the linear form associated to the differential operator A. The first step then is to show
that this operator is bounded in order to apply Riez representation theorem. That is, there exists
a constant C such that, for all 1 in the Hilbert space,

fve
X

Clearly, it suffices to prove this bound for smooth functions with null average as this space is
dense in the Hilbert space.

2
sC/ dy A xdy.
X
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Theorem 8.31. Let X be a compact Riemannn surface with a fixed volume form v and p a smooth
2-form on X satisfying [y p = 0. Then, there exists a constant C, such that for any smooth function

v on X with [yyv =0,
e
X

Proof. Recall first that [, a A * defines a metric on the space of real 1-forms. Cauchy-Schwartz
inequality states then that
‘ f anx*f
X

where ||a|| = [y @ A xa As [y p =0 and v is a generator of H*(X,R), we obtain that p = d§ where
B is a smooth one form. Now, by Stokes and then Cauchy-Schwartz:

[l o

for a constant C = ( [y S A *ﬁ)“z.

1/2
sCU dy A *du/) .
X

< llall.lIAll,

1/2
SIIdWII-IIﬁH:CUdeA*dw)

8.5.4 Weyl’slemma

The last part of the proof is the regularity proof. It is a special case of more general results
for elliptic operators. We want to show that a weak solution ¢ (that is a convergent sequence
¢n — ¢) to the Poisson equation A¢ = p is smooth:

Theorem 8.32. Let ¢ be a weak solution of the equation A¢ = p where p is a smooth 2-form on a
closed Riemann surface. Then ¢ may be represented as a smooth function.

The first observation is that the weak solution can be thought as an element in L?(X). Indeed,
from Poincaré’s inequality one has fX lpi —pjlv= Cfd((,b,- —¢j) A*xd(¢p; — ¢;) (Here, as before,
we used a fixed volume form v on X in order to define L?). As ¢; is a Cauchy sequence in the
Hilbert space defined by the metric on the space of differentials, it implies that it is also a Cauchy
sequence in the L2 norm.

The second observation is that it suffices to prove the result on a local chart. Indeed, the
solution ¢ € L?(X) (where ¢,, — ¢ in L?) to A¢ = p satisfies

ft//p:limnﬁoof dl,t//\*d(/)n:limn_,oof (,bnd*dulzf(,bd*du/.
X X X X

Consider only test functions ¥ with compact support inside an open subset U’ < U < X, where
U’ < U is of compact closure and U carries a chart. We must have then

[ o= ¢axay.
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In the coordinates of the chart we have

[ wrax= [ oaw,

with f smooth of compact support in Q and y € C5°(Q).

We have to show that ¢ is smooth. The third observation is that it is enough to deal with
p = 0. Indeed, first prove that the Poisson equation A¢ = f, for f € C3°((2), on an open subset
Q < R? has a particular explicit solution ¢ € C*°(Q). We will have to show that all of them are
in C*(Q). Now, if ¢ is any solution, ¢ — ¢y is a solution of the Poisson equation with f =0. To
obtain regularity of solutions it suffices then to show that all solutions of A¢ = 0 are smooth.

The particular solution is given by a convolution with the function K(x) = % In|x| thought
as alocally L! function on R?. Indeed, in polar coordinates,

1
— ln|x|=—f (InnNrdrdf = rinrdr < oco.
27 Jyxi<e 27 Josr<e Osr<e

Proposition 8.33. Let f € C°(R?). Then K * f € C*(R?) and
AK = f) = f.
That is K = f is a smooth solution to the Poisson equation.

Proof. From the definition, K * f(x) = ng K(y)f (x—y)dy which implies that it is in C*®(R?) as
K islocally L! and f is smooth. Compute

A[RZK(y)f(x—y)dy:fRzK(y)Af(x—y)dy:ling) N KyAf(x—-ydy.
e=0Jylze

The limit can be shown to be 0 (exercise). O

We finally prove the necessary local regularity result for the Laplace equation (here we use
the notation Q for Q'):

Proposition 8.34 (Weyl’s lemma). Let Q c R? be a bounded domain and ¢ € L?(Q) be a weak
solution of Ap =0 on Q. Then ¢p € C®(Q).

Proof. We consider C*°(Q) smoothing deformations of ¢: Define a function y with compact
support on the interval [0, 1)with value one at a neighborhood of 0 and such that fj, ,, ry(r)dr = 1.
Define also the family of functions y. : D — R on the unit disc by the formula

(x)—i (m)
Xe —827( € .

Observe that fp xe(X)dx =271 05 Eiz x(£)rdr = 1. The smoothing is a convolution with y.. That

is, define, for ¢p € 12(Q), Xe * O(x) = fQ Xe(x—y)p(y)dy, which is smooth and such that y.(x - y)
has compact supportin Qifxe Q, ={xe€ Q| x+ B(x,e) cQ}.
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The proof is completed by computing A(y, * ¢p) = 0 and showing that y * ¢ — ¢ in the C*
norm:
First,

A()cg*d))=A(fgxe(x—y)¢>(y)dy)=fQAxxs(x—y)qb(y)dy:fQAy)cg(x—ykb(y)dy

Observe that for x € Q,, y.(x — y) has compact support and as ¢ is a weak solution we conclude
that A(ye * ¢) = 0.

Secondly, in order to show convergence to a smooth function, we use the mean value
property of harmonic functions. That is, for a smooth harmonic function g defined on Q, y € Q
and a relatively compact disc B(y,r) < 2, we have

1
y) = —f (x)dx.
8V = B(y,r)g

This equality implies uniform bounds in all derivatives of the harmonic function by L! norms of
g (exercise).

The family y. * ¢, using Arzela-Ascoli theorem contains a sequence y., * ¢ converging
together to all its derivatives to a smooth function ¢. But this family also converges in L? to ¢.
This concludes the proof. O

8.6 Hodge theory

8.6.1 Hodge theorem

In this section we establish the relations between cohomology groups on a Riemann surface
X (which we suppose connected) associated to the following sequences. We will see later a
formulation using sheaf cohomology. The following sequences of homomorphisms are not exact
and give origin to cohomology groups. The first arrow in each sequence is the embedding as a
subset.

0—C—&" Lol Le2_,

0—6—&-2.6% 0

and _
0—»Ql'0—><5°‘1'°i>€1'1 _o.

Here O is the set of holomorphic functions over the Riemann surface, 019 is the set of holomor-
phic differentials, £° = € is the set of C* functions and &"/ is the set of smooth forms of type
(i, j). Note that &Ll = &2, In the case of compact Riemann surfaces ¢ = C.
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The cohomology groups are, for the first sequence, the usual de Rham cohomology groups

kerd &2
H°(X,C)=kerd=C, H'(X,C) = ——, H*(X,C) = —.
(X,C) = ker X,0=—=5 H'X,0=—7

For the second sequence:

0,1
H*0(X,C) =kerdieo =0, H*'(X,C) = ——.
180 3(&Y)
For the third:
HY(X,C) =kerd o0 = Q"°, HY(X,C) = &
( ’ )— er |&L0 = ’ ( ’ )_W'

Remark 8.35. On a compact Riemann surface we clearly have HY(X,C) = HY(X,C) =C. We
used in the proof of the existence theorem for the Poisson equation the result dim¢ H>(X,C) = 1.
On the other hand, if theorem 8.30 is known, one can use the solution to Poisson equation to
compute that dim¢ H?(X,C) = 1. Indeed, consider p € &2. Let v be a volume form for X which we
normalize so that [y v=1.1If [, p = A #0, then [x(p — Av) = 0 and therefore there exists a smooth
function f € &° such that Af = p— Av. This implies that [p] = A[v] in H>(X,C).

The main theorem which describes the relations between the cohomology groups is the
following decomposition theorem:

Theorem 8.36. On a compact Riemann surface X we have
HY(X,0) = H*(X,0), H"(X,0) = H"(X,0).

Moreover,
H'(X,0)= HY°(X,0)» H”' (X, C).

Remark 8.37. Note that the theorem implies that if X is a surface of topological genus g then
dim H'°(X,C) = g and we computed the dimensions of all cohomology groups.

Proof. The proof consists in defining explicit isomorphisms and using the solution of the Poisson
equation.

For the first isomorphism: note that &'! — &? is an isomorphism of real vector spaces
which induces a (surjective) homomorphism H"!(X,C) — H?(X,C) because, clearly, 0(&°) =
0+0)(EYY) c d&'. We need to show it is injective. Suppose p € &1 is such that there exists
B € &' satisfying d = p (that is p is trivial in the cohomology H?(X,C)). This implies that
Jx p =0 and therefore by the solution of the Poisson equation there exists a smooth function
fe&%suchthat Af = —2idd f = p. This shows that p € 0(&"?).

For the second isomorphism, consider the sequence

QL0 @l0__, e01__, &% = H%'(X,0)
5(6”0) ) )
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where the second arrow is complex conjugation and the third is the quotient map. We want to
show that the composition
600,1
1,0

0(&)
is an isomorphism of real vector spaces. First we show surjectivity: suppose a € £”! we need to

find € Q0 and f € &° such that a = B+ 0f. That is, we need to find f such that d(a —0f) = 0.
As A = —2i00, this equation is

Af=da=da.
This is a Poisson equation which admits a solution. To prove injectivity observe that if there
exists f e QL0 guch that B =0f (thatis, its image into H%!(X,C) is null), then

[onb=[ prag=-[ aup+ [ sop=o

This forces g =0.

In order to prove the last isomorphism, define for §; € HY(X,C) = ker(d) and [B2] €
H%'(X,C) (with B; € £'? a d closed form and we choose 8, € £%! which is d closed by adding
a convenient df found by solving Poisson equation), f = §; + 2. We see then that df =
(0+0)(B1 + B2) = 8B + 0B, = 0. First surjectivity: For an element 8 € &' (with decomposition
B = B1 + B2) such that d 8 = 0 we show that there exists f € &% such that

B+df=(B1+0f)+(B2+0f),

with 0(f1 +0f) =0 and d(f2 +0f) = 0. This follows from the solution of the Poisson equation as
dp = 0implies B; = —8f,. For the injectivity, observe that, if  =d f then f; =df and B, =0 f
but then, 0, = 00f = 0 and therefore f is harmonic so constant by the maximal principle. [

8.6.2 Duality

There exist a duality between H L0(x €) and H*!(X,C) which was implicit in the proof of the
isomorphism HY(X,C) = H%' (X, C). Define first the bilinear map b: HY(X,C)x H*(X,C) —» C
by taking representatives ! € Q% and 2 € £%!

B(,Bl,[ﬁzl):fxﬁl/\ﬁz.

Stokes theorem implies that the bilinear map is well defined and does not depend on the choice
of the representatives.

Proposition 8.38 (Duality). On a compact Riemann surface

HYY(X,0* = H* (X,0).
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Proof. From the definition of the bilinear map, each element in H%!(X,C) defines an element
of the dual H"°(X,C)*. It remains to show that the bilinear map is non-degenerate. Suppose
a € &% issuch that [y fra=0forall e Q0. But in the previous theorem we showed that
there exists an element 8 € Q'? such that a = + 8 f. For this element

fXﬁ/\a:fXﬁ/\B>0.

8.6.3 Orthogonality and Harmonic forms: Hodge theorem

Using the star operator, recall that we defined a hermitian product on 1-forms over a compact
Riemann surface X: For a;, @» 1-forms in &1 (X),

(a1, ap) = / a) A .
X
Proposition 8.39. Let X be a compact Riemann surface. Then
1. 08°(X), 06°(X), QY (X) and Q1O0(X) are pairwise orthogonal.
2. d&°(X) and xd&°(X) are orthogonal
3. d&%(X) @ xd&°(X) =06°(X) ©06°(X).
Proof. The proof of the first two items is an application of Stokes theorem.

1. Clearly, £'°(X) and £19(X) = £%!(X) are orthogonal and therefore Q°(X) and Q19(X)
are also orthogonal. For the same reason 0&°(X), 0&8°(X) are orthogonal. In order to prove
that 0£°(X) is orthogonal to Q!(X) compute by Stokes, for f € £ and g e Q10(X):

[ orn%p=[ aurspr- [ roxp=o,
X X X
The other cases are similar.

2. Compute, by Stokes theorem,
(df,xdg) =f df nx+dg= —f df ndg=0.
X X

3. Observe that da = da + 0« and *da = —ida + i0a and therefore we have the equality.

O

The space QLX) ® QLO(X) is the space of harmonic forms. Indeed, by the formulae da =
da+0a and d x @ = —ida +ida we obtain da = d * & = 0 if and only if @ € Q1°(X) ® Q19(X). The
following decomposition theorem is a consequence of Theorem 8.36.
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Theorem 8.40 (Smooth Hodge decomposition). For a compact Riemann surface X,
EYX) =d&"(X) @ +»d&°(X) © QM0 (X) @ QLO(X).

Proof. Ifaeé& 1(X) then one can solve d * d f =da. Moreover if da # 0 then one obtains a non-
trivial @ = *d f. By theorem 8.36 any form a such that da = 0 satisfies a € d§°(X) e Q"0 (X) @
Q9(X). This proves the decomposition.

O

8.7 Existence of meromorphic functions

The existence of meromorphic functions with prescribed singularities follows from Theorem
8.30 or, more precisely, its consequence Theorem 8.36.

Theorem 8.41. Let X be a compact Riemann surface of genus g and zy € X. There exists a
holomorphic function on X \ {29}, meromorphic on X with a pole of order at most g + 1.

Proof. Let U c X be aneighborhood in a Riemann surface defined in local coordinates by |z| < 1.
With a slight abuse of notation, we write a function on U using the local coordinate. For instance,
we say that 1/z", n = 1, is a function defined on U with a singularity at zy = 0.

Let y € C;°(X) with support in U and such that it is the identity on |z| < 1/2. We define
the differential a,, = d(y/z") € X \ {zg}. Observe that a,, is null on |z| < 1/2 and therefore a, is
smooth on X.

We want to solve

ou=—ay,.

If there exists a solution, then f = u+ y/z" is a holomorphic function on X \ {zg}, meromorphic
on X with a pole of order n at zy. The problem is that this equation does not always have
solutions. Indeed, we have a, € kerod but

3 kero

HO ==
0&0

might not be trivial.

We know by now that dim H*! = g, the genus of X. In particular, if g = 0, one can always
solve the equation for any n € N. The argument to show existence is to consider the set of forms
{@nt1<ns<g+1. It givesrise to a set {[a ]} 1<pn<g+1 Of classes in H%! which therefore satisfies a linear

relation
_ g+1 X
1

—=1|=0.
Zl

One can solve now equation ou=-awitha=2a (Z‘f 1 Ci %) to obtain a meromorphic function

f with one single pole at zy of order at most g + 1.
O
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Remark 8.42. 1. The same argument proves the existence of a meromorphic function with
only possible poles at points zy,--- , zy. of order ny,---, ny such thatzlf ng<g+1.

2. The proof depends only on the fact that H*! has a finite dimension.

8.8 Existence of abelian differentials

It is easier to understand abelian differentials with prescribed singularities than meromorphic
functions with prescribed singularities as the following result shows. The relation between the
two is explained later by Riemann-Roch theorem.

Theorem 8.43. Let X be a compact Riemann surface of genus g and zy € X. There exists a
holomorphic form on X \ {zy}, meromorphic on X with a pole of order n for each n = 2.

Proof. Consider again the sequence of homomorphisms
0-Ql0_gl0 0, 011 | 0,

and the same function (by a slight abuse of notation) as in the previous section y/z", n =1,
defined on X\ {zy}. Define the meromorphic form %dz € &V0(X \ {zo}) and Pn€ &L1(X) as

on :5(%dz).

We need to solve the equation
aa =—Pn

thatis 0(a + 2 dz) = 0. Here a € £"°(X) is defined on X and then a + £ dz € Q"°(X\ {z}) would
have a pole of order n.
Note that the equation has a solution only if [p,,] = 0in H!(X,C) = H?(X, C). As dim H?(X,C)
1, [p1] and [p,], n = 2, are linearly dependent. Therefore there exists a non-trivial linear com-
bination [¢;p1 + ¢xpn] = 0 in HV!(X,C). This implies that there exists a € £4°(X) such that
w=a+c %dz + cnzx—ndz € QLO(X \ {zy}). Observe that ¢; = 0 and ¢, # 0 otherwise w would have
a non-vanishing residue. We conclude that w is a meromorphic form with a pole of order  at z.
O

Remark 8.44. 1. Inlocal coordinates centred at zg, w = (ZL,, +ag+az+---)dz.

2. Asimilar argument proves the existence of a meromorphic differentials with local forms
%dz and —%dz around two given points zy, zp € X and holomorphic elsewhere.

3. More generally, if k complex numbers satisfy a; +---+ ay =0 and z1, -+ , zy. are k points in
X, there exists a holomorphic form in QY°(X \ {z1,---, zi}) which is meromorphic of order
one at z; with residue c;.
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9 Bilinear relations, Riemann-Roch and Abel’s theorems

9.1 Periods
Consider the space H' (X, C) identified to closed 1-forms modulo exact forms. One defines the

skew-symmetric product H L x,0)x HY(X,C)—C given by

(¢1,(/J2)—>fx¢1/\¢2-

The goal in this section is to express this skew-symmetric product in terms of the periods of
the 1-forms. For that sake, let a;, b;, 1 <i < g, be a canonical homology basis of a surface X of
genus g.

Definition 9.1. The a-periods and b-periods of a closed C* 1-form ¢ are respectively
Ai(p) =/ ¢ and B;(¢) =fb ¢
a; i

We let A(p) = (A1(¢), -+, Ag(¢)) and B(¢p) = (B1(¢h), -+, Bg(¢p)). We call vector period of ¢ the
vector

P(¢) = (A¢), B(d)) = (A1(¢), -+, Ag(h), B1(), -+, Bg ().

Proposition 9.2. Let ¢, and ¢, be two closed 1-forms defined on X. Then

fX¢1 A2 =) (Ai(p1)Bi(2) — Bi (1) Ai(¢2))

i

Proof. Let A be the polygon whose boundary is a homology basis. Fix a point zy € int(A). If a is
closed and defined on A we can define for each P € A,

u(z):f a

The proposition follows immediately from the following lemma, using Stokes formula

fXaAgbngaAugbg.

Lemma 9.3. Suppose that ¢ is a 1-form defined on a neighborhood of 0A. Then, with a and u
defined as above,

fa b= (A@Bi(9) - Bi(@) i)
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Proof. Write

faAu(/):;(faiu(/)+f_aiu</)+fbiu(,b+f_biugb)

Observe now that, for corresponding points z and z’ in a; and —a;,

u(z’)—u(z)zf a—f azf azfa
20 20 z b;
[ ups | wp= [ w-weno@=-[ af o

Analogously, we have
fu(p+f u(p:faf(p.
bi —bi a; bi

and therefore

O
O

Remark 9.4. 1. Observe, from the proof, that ¢, need to be defined only on a neighborhood of
the homology basis.

2. Another way to write the proposition is with the help of the matrix
0 I
(2]
and the vector of periods P(¢p) = (A1 (), ..., Ag(P), B1(¢), -+, Bg(¢h)), so that

fs ®1 A2 = P(p1) TP ()

9.2 Periods and bilinear relations for holomorphic and meromorphic forms

The Hodge decomposition theorem says that HY (X,O)=H'(X,2)9C=H"YX,C) e H"(X,C).
We have that HY9(X,C) = H%1(X,C) and there exists a skew-symmetric pairing on H Lx,0)
given by (¢1,¢2) = [ [x $1 A ¢ such that it is null when restricted to H'?(X,C) and such that,
forall ¢ € H°(X,C), —i(¢h,p) > 0.

Letayp, 1< p < g, be abasis of holomorphic 1-forms on a Riemann surface of genus g. We
define the period matrix 7 of X as the g x 2g matrix with columns

P;=(Ai(ar),, Ailag)”, Pirg=(Bi(ar), -, Bilag)’.

Lemma 9.5. The vectors P € C& are linearly independent over R.
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Proof. Otherwise, there would exist a real linear combination ) ¢; [, a @it > Citg /; p@j=0 for
each fixed j. By corollary 8.6 this implies that all ¢; vanish. O

We conclude that the set of vector periods P; define a lattice A < C8.

Definition 9.6. Let X be a Riemann surface of genus g = 1 with a fixed canonical homology basis
and a fixed basis of holomorphic forms and A the period lattice defined as above. The Jacobian
variety J(X) is the complex torus C8/A. The Jacobian map

Jzo : X = J(X)

ng(Z):(f al»"'»‘/‘ ag)

where zy is a chosen point in X and the integrals are computed using any path.

is given by

The map is well defined because different choices of paths lead to equal vectors modulo A.

Proposition 9.7. Let X be a Riemann surface of genus greater than or equal to one. The Jacobian
map j, : X — J(X) is a holomorphic embedding.

Proof. We postpone the proof of the injectivity of the map which uses Abel’s theorem. Write

z ¥4
([ [
20 20

where we choose a local chart with coordinate z centred at a point p € X. Then

d 7 —_ . e
——J20) = (fi0),+, f¢(0)

where, in local coordinates, a;(z) = f;(z)dz. Now we invoke proposition 9.19, which implies that
there exists a holomorphic differential which is non-vanishing at p. O

Remark 9.8. In the case of a surface of genus one the Jacobian map is a biholomorphism.

Now, we apply proposition 9.1 giving the formula for the skew-symmetric product on 1-forms
in terms of the periods to the case of ¢p; holomorphic and ¢, meromorphic.

Theorem 9.9. Let ¢, (holomorphic) and ¢, (meromorphic) be two 1-forms defined on X. Suppose
¢2 is nonsigular along the homology basis and let Let u = [, ZZO ¢ for zo e A. Then

271 Y Res(ugps) = Y (Ai(p1) Bi(2) - Bi(pr) Ai (¢h2)

1
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Proof. The result follows from the previous proposition and the identity:

27n'ZRes(u(/§2):faA u¢2=fj;¢>1/\¢2

Remark. Suppose that at zp = 0 in local coordinates, we have
¢1(2) =(ap+---)dz
and pole of the meromorphic form:
$2(2) = (boppz” "+~ + by +---)dz.

Then
u(z) =apz+---

andatz=0

Reso(ugpy) = ) =L

b_j.
k=2 k_ 1

Remark 9.10. Ifboth forms ¢1 and ¢, are holomorphic 1-forms defined on X, then

Oszx‘/’l’\‘/’2=Z(Ai(‘/’1)3i(¢>2)—Bi(</>1)A,-(</>2)).

On the other hand,
[fX(Pl Ao =) (Ai(1)Bi(d2) — Bi(P1) Ai($2))

i

and, therefore, in the last formula if 1 = 2 = ¢,
0<vV=1(p,G) = \/Iffsdwﬁ = VEIY (4i(@)Bi () - Bip) Ai()).

The following theorem is the explicit description, in terms of the properties of the period
matrix, of the Hodge decomposition with the polarization given by the skew-symmetric pairing
(.,.) defined above. One consequence of this theorem (which is outside the scope of these notes)
it is that the Jacobian variety J(X) can be embedded into a projective space.

Theorem 9.11 (Riemann’s bilinear relations). Let S be a compact surface of genus g with a fixed
canonical homology basis. Then there exists a basis of holomorphic differentials such that the
period matrix has the form

(1, 2)

where I is the identity matrix of rank g and Z is a symmetric matrix satisfying ImZ > 0.
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Proof. A change of basis of holomorphic forms is given by a matrix g = (g]i.) sothat¢;=3; g]’:(,b,-.
In that case, the new period matrix 7’ is 7' = gm. We need to prove that 7;;, 1 < i,j < g is
invertible. But if this is not the case there would exists a linearly combination of holomorphic
forms, say ¢ with zero a-periods. This is impossible from the expression of (¢, ¢) in the remark
above.

Now, in that basis, A;(¢p;) = §;; and by theorem 9.9 we obtain

0=3" (A:(¢)B;(@m) ~ Bi (@) Ai (@)

which implies that B;(¢,,) = By, (¢;) so that Z is symmetric.
Lastly, from the above remark we get

0<\/—_1((/)i,(,l_)j):\/—_lf[s(/)i/\(l)j=\/—_1(Bi((/_)j)—Bj((/)i))=21rnBj((/),~).

Exercises. Let X be a compact Riemann surface.

1. (normalized abelian differentials of the second kind) Prove that there exists a unique mero-
morphic 1-form, w7 with only one pole at zq such that at a local coordinate neighborhood
dz

(U, z) around zop, w — 7 is holomorphic and such that its a-periods are null.

2. (normalized abelian differentials of the third kind) Prove that there exists a unique mero-
morphic 1-form, w,, ,, with only two simple poles with residues +1 and -1 at two points
z1, 2y such that its a-periods are null.

3. Any meromorphic 1-form is a combination of holomorphic 1-forms, normalized abelian
differentials of the third kind and of the second kind.

4. Prove the following reciprocity relations. Let ¢ be a normalized basis of holomorphic
forms (A;(¢p;) = 6;;). Fix two points inside the fundamental polygon A, then

21
fwzl,@:me P.
bk V43

and (if ¢y = fr(2)dz = (ar0 + ax,1z+---)dz on a neighborhood of the pole and n = 2)

-2
w o BP0 agnes

f Wy =201 —————— =27
bi (n—1)! n—-1
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9.3 Riemann-Roch theorem

A quantitative version to the existence of meromorphic functions is given by the Riemann-Roch
theorem. Here we give the classical formulation of the result and in a later section we will give a
formulation using cohomology theory. Let D =} n;z; be a divisor on a Riemann surface X. The
relevant space is the following:

Definition 9.12. L(D) is the vector space whose non-null elements are meromorphic functions f
satisfying (f) = —D. We let [(D) = dim L(D).

Remark 9.13. Note that L(D) is the space of holomorphic sections of a holomorphic line bundle
associated to the divisor D.

On a compact Riemann surface the dimension of L(D) is always finite (find an estimate for
it). Moreover, it is invariant under linear equivalence of divisors. Indeed if D, = D; + (h) then
f — hf is an isomorphism between L(D;) and L(D5).

Remark 9.14. The space L(D) is non-trivial if and only if the divisor D is equivalent to an effective
divisor. Indeed, if D is effective, L(D) contains the constant functions. On the other hand, if L(D)
is non-trivial, there exists f € L(D) such that (f) = —D so that D' = D + (f) = 0 is an equivalent
effective divisor.

Observe that if w is any meromorphic form, K = div(w) (called a canonical divisor) is
computed using the expression of w in local coordinates, say around z = 0, h(z)d z and evaluating
ordph(z). As any two meromorphic forms w; and w, are related by a meromorphic function f,
thatis, wy = fw; we obtain that div(w,) = div(w;) + div(f). We proved:

Lemma 9.15. Any two canonical divisors are linearly equivalent.
Proposition 9.16. Let K be a canonical divisor of a surface X of genus g. Then
degK=2g-2.

Proof. Consider a meromorphic function f: S — CP!. Suppose there are n poles (counted with
multiplicity). The map f is a ramified cover of degree n. We have that, by Riemann-Hurwitz,

2-2g= n.Z—Z(ordzf— 1).

Butdegdf =Y (ord,, f—1) -3 (ord,_f +1), where zy and z, are, respectively, the zeros and
poles of f. Therefore degdf =2g—2. O

A simple observation is the following
Lemma 9.17. IfdegD <0 then I(D) = 0.
Proof. If f € L(D) is non-zero we have f = —D and so deg(f) = —deg(D) > 0. But the degree of

any principal divisor is zero. O
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One can think of L(D) as the space of meromorphic functions having at worst singularities
at z; of order n;. On the other hand, L(K — D) is identified to the space of meromorphic 1-forms
vanishing at least at order n; at z;. Indeed

LK-D)={fe(X)|div(f)z-K+D}={fe(X)|div(f)+K=D}
={fedX)|div(fw)=D}
where w is a meromorphic form such that div(w) = K.

Theorem 9.18 (Riemann-Roch). Given a divisor D of degree d on a compact Riemann surface of
genus g, we have
dimL(D)-dimL(K-D)=d-g+1.

We postpone the proof of the theorem to the next section and give only a heuristic argument.
Indeed, dim L(D) (we suppose D positive in this argument) should be at most the d + 1 the
number of slots in the Laurent development of a meromorphic function at the possible poles plus
one for the constant functions. Now each holomorphic 1-form w;, 1 < i < g gives a constraint

Y Res;,(fw;) =0.
Therefore, we obtain Riemann’s inequality:
dimL(D)=d—-g+1.

In order to obtain the equality we should deduce from the number of constraints space of
holomorphic 1-forms whose products with a meromorphic function in L(D) do not have residues.
That is precisely L(K — D). Those holomorphic forms do not pose constraints in the counting of
the dimension. We obtain then dimL(D) =d — g+ 1+dim L(K — D).

One frequently uses the notation Q(D) = L(K — D) (seen as meromorphic forms such that
div(w) = D and define i(D) = dimcQ(D) = dim L(K — D), the index of speciality of the divisor
D.

9.4 Proof of Riemann-Roch Theorem

Proof. Suppose first that D is an effective divisor
D=) lizi1<i<N,
with distinct z; and [; > 0. Observe that the map f — d f gives a surjective homomorphism
L(D) — My(D)

where My (D) is the space of meromorphic forms with no residues and periods and whose
poles have order at most [; + 1 at z;. Its kernel is the space of constant functions. Indeed,
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any 1-form in My(D) can be integrated to give a meromorphic function. Therefore /(D) =
dim My (D) + 1. We need to compute the dimension of My(D). For this sake we define a sequence
of homomorphisms

so that My(D) is identified to the kernel of the last map.

Any principal part at z; with poles of order between 2 and /; + 1 can be obtained using the /;
1-forms wZ_, n=2,---1;+1 defined in exercise 1 (w7 is meromorphic with only one pole of order
n at z; and null a-periods). Consider the map Py, : Cll+ *+In _, C8 given by the b-periods of these

normalized differentials;
n*(f nf ,,),
b, by

Here we identify C& = C1*+!v with the space of abelian differentials of the second kind gener-
ated by a)’;i, n=2,---1; + 1. Clearly, My (D) = ker Py,

Choose now a fixed normalized basis (¢¢)1<k<g, (zero a-periods and J; b P1= 0;) of holomor-
phic differentials, written in local coordinates, as ¢ (z) = fi(z)dz. By the reciprocity relations
(see exercise 1) we have

(n-2)
(zp)
f n =21V i 2
by (n !
So
N ;+1 N [;+1 f(n 2(z)
Y ) cniwl —Olfandonlylech,
by i n=2 i n=2 - D!

In order to prove the theorem we need to conclude that dim(ker Py) = dimQ(D) + deg(D) —
A particular instance of this isomorphism is when D = Iz, with [ > 0 (the proof in general case
of effective divisors is similar with appropriate minor modifications). In this case P}, : C! — C&

and

I+1 flin 2(z)
keerZ{ (c2,-+,c141) | Z T (n-1)!

Observe now that dimker Py, = deg(D) — dim(Im Pp) = deg(D) - (g — dim(ker P}})). But

—O,ISksg}.

g P

keerT:{ (a,--,ag) | Y ax———

=D 0,25nsl+1},
k=1 -

which is precisely Q(D) as Zi:l ay flin_z) (z) =0for2 < n<1[+1isequivalent to

g
ordz(z a;p;) = 1.
1

This concludes the proof for effective divisors or, more generally, divisors which are equivalent
to an effective divisor.
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If K — D is equivalent to an effective divisor, we apply the formula
I(K-D)=deg(K-D)—g+1+I(K-(K—-D)))=-degD+2g—-2—-g—-1+1(D),

and the formula is also verified.

If the divisor D and K — D are not equivalent to an effective divisor then /(K — D) = [(D) = 0.
We should prove in that case that deg(D) = g — 1. We write D = D; — D, with D; effective.
Applying Riemann-Roch we obtain

I(D1)=deg(D1)—g+1+1(K—D))=deg(D1)—g+1=deg(D)+deg(Dy)—g+1.

If deg(D) > g — 1 we obtain /(D) > deg(D;). Therefore, there exists a meromorphic function
g € L(Dy) vanishing at all points of D,. Indeed, each vanishing condition is a linear equation on a
space of dimension /(D;). But then (g) + D = (g) + D1 — D2 = D; = 0, a contradicion. Analogously,
assuming deg(D) < g — 1 we obtain a contradiction. O

9.5 First applications of Riemann-Roch

In this section we prove that any compact Riemann surface which is not hyperelliptic is embed-
ded in a projective space. The embedding is obtained fixing a basis of holomorphic differentials.
We will show later the embedding theorem for any Riemann surface.

We start with some simple consequences of Riemann-Roch. Even if some of them have been
obtained before, it is worth to see how one can obtain them directly from the formula.

1. I(K) = g follows by taking D = 0 in the formula.
2. deg K =2g -2 follows by taking D = K and the previous result.
3. If degD >2g—2then [(D)=deg(D)— g+ 1because [(K—-D)=0 (deg(K - D) <0).

4. If [(p) = 2 then the surface is CP!. Indeed, in that case, there is a nontrivial meromorphic
function f : S — CP! with one simple pole at p. f is a biholomorphism. In fact g = 0 and
we obtain I(p) = 2.

o

. Elliptic curves. Suppose g = 1. We have deg K = 2g —2 = 0 and therefore I(p) =1-1+
1+ I(K — p) = 1. That means that there are only constant functions on L(p). On the other
hand /(2p) = 2. So there exists a non-constant meromorphic function, say x, with a double
pole at p. Also, [(3p) = 3 so there exists a meromorphic function, y, with a triple pole at p.
As I(6p) =6and 1, x,x%, x>, y, y?, xy are all in L(6p), there exists a linear relation between
them of the form

a+bx+cx’+dx*+dy+ey*+ fxy=0,

with e # 0 (otherwise y would have an even order pole). By a linear change of coordinates
we can write y° = x5 + grx + g3.
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Proposition 9.19. If X is a compact surface which is not biholomorphic to CP! then for each
point z € X there exists a holomorphic 1-form w with w(p) # 0.

Proof. If that is not the case, as all meromorphic one forms are given by gwy (where g is
meromorphic and wg a fixed holomorphic 1-form) and so holomorphic one forms are iden-
tified to L(K) = { g ; (g) + (wg) = 0 }, we obtain that L(K — z) = L(K). By Riemann-Roch,
I(z) =1—-g+1—- g =2. This means that there exists a meromorphic function with only one
pole at z. This is impossible if the Riemann surface is not CP!. O

From the proposition it is easy to see that the following map is well defined.

Definition 9.20. Let (w;) be a basis of holomorphic differentials on a surface X of genus g = 1.
Write w;(z) = f;(z)dz in local coordinates. The canonical map is the map

¢pr: X —Cps1

given by pi(2) = [f1(2), -, fg(2)].

Lemma 9.21. Let X be a Riemann surface of genus g = 1. If g (p) = ¢px(q) for two distinct points
p, q € X then there exists a ramified cover of f : X — CP! of degree 2.

Proof. If px(p) = px(q) then w;(p) = Aw;(q) forall 1 <i < g and a constant A. Therefore, for any
holomorphic form w, div(w) = p+ g if and only if div(w) = p. Thatis L(K—p—-q) = L(K - p).
By Riemann-Roch

l(p_;,.q)_l(K—p):2—g+1andl(p)_l(K_p):l_g+l'

From the second equation we obtain (as X is not of genus 0, I(p) = 1) /(K- p) = g—1. Substituting
in the first equation one obtains I[(p+q) =2—-g+1+g—1 = 2. That is, there exists a meromorphic
function with only simple poles at p and q. Therefore it defines a ramified cover of CP! of degree
2. O

Proposition 9.22. If X of genus g = 2 is not hyperelliptic than ¢y is an embedding into CP8~ .

Proof. We need to prove that ¢ is of rank one. That is the case if, for any p € X, there exists
w € QY0 with a zero of order one at p. As in the previous lemma, if this does not happen at p
then

I(K—-2p)=1(K-p).

Then one concludes by Riemann-Roch that [(2p) = 2. This implies that there exists a ramified
cover of degree 2 from X to CP!. That is, X is hyperelliptic. O

In order to obtain embeddings of hyperelliptic surfaces we consider a generalization of
holomorphic forms described by multiples of canonical divisors. Indeed, the space L(nK), for
n e N, is the space of meromorphic functions satisfying (f) = ndiv(w) where w is a holomorphic
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one form. It may be identified to meromorphic functions such that div(fw") = 0, where we
define a holomorphic n-differential fw” in local coordinates as f(z)h''(z)dz" (when w(z) =
h(z)dz). In the study of the set of complex structures on a given surface the holomorphic 2-forms
(also called quadratic differentials) play an important role. In particular /(2K) gives the complex
dimension of the moduli space.

Exercise: Prove that, for any n € N*, [(nK) = 0 for surfaces of genus 0. For any n € Z,
I(nK) = 1 for surfaces of genus 1 and, for n = 2, [(nK) = (2n—1)(g —1) for surfaces of genus g = 2.

We define maps into higher dimensional projective space by considering the divisors nK
and a basis of holomophic n- forms of L(nK) :

Definition 9.23. Let w; be a basis of holomorphic n-forms of L(nK) of a surface of genus g. Write
wi(2) = fi(z)dz" in local coordinates. The n-canonical map is the map

(an : S - CPl(nK)_l

given by ¢k (2) = [f1(2),", fimx) (2)].

Theorem 9.24. For any surface S of genus g = 3, the map ¢sx : S — CP!GO~1 = €p38-6 js qn
embedding.

Proof. In order to prove the theorem we show that [(nK — z; — zp) < [(nK — z;) for any z;, 2, € S.
This ensures the existence of a holomorphic n-form vanishing at z; but not in z, (in the case
z1 = zp itimplies the existence of a n-form with a simple zero at z;.

Now we apply Riemann-Roch and conclude. O

In fact one can prove that we may embed any Riemann surface in CP3.

9.6 Abel’s Theorem

Abel’s theorem gives a characterization of principal divisors in terms of their image through
the Jacobian map. Recall the Jacobian variety J(X) = C8/A of a surface X of genus g and the
Jacobian map

Ja : X — J(X)

Jz (@) = (f al,---,f “g)

given by

101



where zj is a chosen point in X and the integrals are computed using any path. We can extend
this definition to a homomorphism between Z-modules:

Jz : Div(X) — J(X).
Let Divy(X) be the degree zero divisors. The restriction map
j:Divg(X) — J(X)

does not depend on the base point zy. Indeed, let D = Z’f(zi — pi) be a zero degree divisor. We

compute
zj pi 2i Pi

pi pi
](D):(Zf al)""Z\/‘A ag).

Theorem 9.25. Let X be a compact Riemann surface and j : Divy(X) — J(X) be its Jacobian map.
Adivisor D € Divy(X) is principal if and only if j (D) = 0.

so that

Proof. First we consider the case g = 0. As there are no non-trivial holomorphic forms we
consider J(X) = {0} and the theorem says that any divisor D = Zi’(zi — pi) is a principal divisor
which was proved in the first chapter.

We start with a lemma which relates the existence of meromorphic functions with prescribed
zeros and poles to that of meromorphic 1-forms of the third kind with prescribed residues.
Recall the definition of the normalized forms w_;, with simple singularities at z and p and null
a-periods.

Lemma 9.26. LetD = Z{’ (z; — pi) be a divisor and (w,) be a basis of holomorphic forms. There
exists f such that (f) = D if and only if there exist ¢,, 1 < n < g such that the form ¢ =Y w,p, +
Y cnay have periods in2mniZ.

Proof. From f we obtain ¢ = %. By the residue theorem the periods of ¢ are in 27iZ. Conversely,
given ¢ we define f(z) = el ?, where z is a fixed point. O

We consider therefore the form ¢ =3 w;, p, + 3 cyay. The a-periods are (as w.,, are normal-
ized) A, = c;,. The b-periods are, using the reciprocity relations,

fbkgbzzsz:iak+26n[bkan.

1

The conditions in the lemma are equivalent to the existence of integers mj and nj such that

pi
¢ =2mimy and ZZﬂi[ ak+chf Ap =2ming.

zi by,
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That is .
z[ ak+zmnf o
V4] bk

or

priak:—Zmnfb A+ N
Z

i k
But those conditions are precisely the conditions of the statement of the theorem. O
9.7 Jacobi inversion theorem

Another particular restriction of the map j,, : Div(X) — J(X) has interesting properties and
leads to a higher genus analogue (Jacobi inversion theorem) to the fact that a surface of genus
one is biholomorphic to its Jacobian variety. Namely, one considers divisors of degree equal to
the genus of the surface.

Consider a Riemann surface of genus g and the map

¢: X8 — J(X)
given by

(P(Zl:"'»zg):(Z/ lalr"',Zf lag).

We compute the differential of this map writing locally, in appropriate charts, a;(z;) = fi(z;)dz;:

fitz) - filzg)
D(p(Zl,"‘,Zg): S
felz) - felzg)

Lemma 9.27. The divisor D = z1 + -+ + zg satisfies (K — D) = 0 if and only if
det(D¢(z1,--+,2zg)) = 0.

Proof. Observe that L(K — D) is isomorphic to the space of holomorphic abelian differentials
vanishing at the points z;,---, z¢. The space corresponds then to the kernel of the transpose
matrix. The kernel is trivial if and only if the determinant is null. O

Lemma 9.28. let X be a Riemann surface of genus greater than or equal to one. The set (z1, -, zg) €
X8 such thatl(K —(zy +---+ zg)) = 0 is open and dense.

Proof. For any fixed z; € X, by Riemann-Roch, (K —z;) =2g-3—-g+1+(z;) = g— 1. Consider
the space of differentials vanishing at z; which is of dimension g —2. O

Theorem 9.29 (Jacobi inversion). The map j: Di VO (X)— J(X) is surjective.
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Proof. O

Remark 9.30. Abel’s theorem implies that the map j : Divo(X) — J(X) descends to a map on the
quotient of Div° by the the linear equivalence relation between divisors. That is

[jl: Pic®(X) — J(X).
As a consequence of Jacobi theorem we may state the following description of Pic?:
Corollary 9.31. The map [j]: Pic®(X) — J(S) is an isomorphism of groups.

Suppose D is principal, that is, there exists a meromorphic function g such that (g) = D.
Consider the two parameter family of functions 1;g + A,. The zeros of each function in the
family are continuous functions of the parameters and the maps

Pi
(M%z)-’f ag
zi

give rise to holomorphic functions CP! — C which are therefore constant.
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